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AN ANALOGUE OF HARDY’S THEOREM FOR VERY
RAPIDLY DECREASING FUNCTIONS ON SEMI-SIMPLE
LIE GROUPS

A. SITARAM AND M. SUNDARI

We generalise a result of Hardy, which asserts the impos-
sibility of a function and its Fourier transform to be simul-
taneously “very rapidly decreasing”, to: (i) all noncompact,
semi-simple Lie groups with one conjugacy class of Cartan
subgroups; (ii) SL(2,R); and (iii) all symmetric spaces of the
noncompact type.

1. Introduction.

A celebrated theorem of L. Schwartz asserts that a function f on R is ‘rapidly
decreasing’ (or in the ‘Schwartz class’) iff its Fourier transform is ‘rapidly
decreasing’. Since this theorem is of fundamental importance in harmonic
analysis, there is a whole body of literature devoted to generalizing this result
to other Lie groups. (For example, see [18].) In sharp contrast to Schwartz’s
theorem, is a result due to Hardy [5] which says that f and f cannot both be
“very rapidly decreasing”. More precisely, if |f(z)| < Ae=*I* and ] f (y)] <
Be AW and o8 > 1, then f = 0. (See [2], pp. 155-157.) However, as
far as we are aware, until very recently no systematic attempt was made
to generalize Hardy’s theorem to other Lie groups. In [12], [13], and [15],
this result has been generalized to the Heisenberg groups H,,, the Euclidean
motion groups M (n) and for certain eigenfunction expansions. In this paper
we establish an analogue of Hardy’s theorem for a class of noncompact semi-
simple Lie groups and all symmetric spaces of the noncompact type.

Hardy’s theorem can also be viewed as a sort of ‘Uncertainty Principle’.
The results in [12] and [13] are presented from this point of view.

(In [1], Cowling and Price have proved an “LP — L?” version of Hardy’s
theorem on R. The theorem of Beurling in [9] is similar in spirit to Hardy’s
theorem, although far more general, and indeed Hardy’s theorem, as well as
the result of Cowling and Price, can be deduced from it as special cases.)

2. Notation and Preliminaries.

Let G be a connected, non-compact, semi-simple Lie group with finite centre
and K a fixed maximal compact subgroup of G. Let G, K denote the Lie

187



188 A. SITARAM AND M. SUNDARI

algebras of G and K respectively. Suppose G = K@ P is a Cartan decom-
position of G and B is the Cartan-Killing form of G. It is known that B
restricted to P is positive definite. Therefore B defines an inner product on
the real vector space P. Let P = expP. Then G is diffeomorphic to K x P
under the map (k,u) — ku for k € K and u € P. Therefore each g € G can
be uniquely written as g = gxgp with gx € K and gp € P. Since P and
P are diffeomorphic under the exponential map, gp = exp X for a unique
X € P. Define |g|l¢ = B(X, X)z.

Fix a maximal abelian subspace A of P. Let the dimension of A be I.(‘I’
is called the real rank of G.) The restriction B| 4, 4 gives an inner product
on A and we can identify A with R! under this inner product. Let A denote
the set of roots for the adjoint action of A on G. Fix a Weyl-chamber A" of
A and let A" be the corresponding set of positive roots (see [7] for details).
Let A = exp A and AT = exp AT. If A+ denotes the closure of A1 in
G then it is known that G = KATK, the polar decomposition of G i.e.
each € G can be written as ¢ = kyak,, for ki, k» € K and a € A+. If
G. denotes the root space corresponding to a € A, then we can choose a
Haar measure dx on G such that relative to the polar decomposition it is
given by dz = J(a)dk,dadk, where J(a) = [[ e+ (€208 — gmalloga)jn(a)
n(a) = dim G, and ‘log’ is the inverse of the map ‘exp’ on Aie. [, f(z)dx =
Jx Ja7 Jx f(kiraks)J(a)dk,dadk,, where da is the Haar measure on A. Let
G = KAN be the corresponding Iwasawa decomposition of G (see [7] for
details). The Iwasawa decomposition gives rise to the projection mappings
k:G—=>K,a:G— A, and n: G — N. Then we have

x = k(x) exp H(z)n(z),

where k(z) € K, H(z) € A, H(z) = loga(z), n(z) € N.

If M denotes the centralizer of A in K then P = M AN is the minimal
parabolic subgroup of G. Fix £ € M and let He be the finite dimensional
Hilbert space on which ¢ acts, d(§) = dimH,. For A € A"(the real dual of
A), define a representation (£, \) of P by:

(&, A)(man) = £(m) exp((1A + p)(log a)),

where log : A — A is the inverse of the map exp : A — A and p =
3> wearn(a@)a, m € M, a € A, n € N. From this representation we get, by
induction, a representation 7, ) of G' acting on the Hilbert space

Hg = {g : K — H; measurable : g(km) = £(m ™ )g(k), ke K,me M

and /KHg(k)HQdk < oo}
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where || - || denotes the norm on H,. The induced representation ¢ ) acts
unitarily on Hg by the formula

(2.1) (mea()g)(k) = e~ MAEEM g (1 (27 1))

forz € G, k € K, g € Hg. Note that the action of K on Hf is just the left
regular action.

Given £ € M , it is known that one can find a dense open subset O;¢ of A"
such that ¢ , is irreducible for all A € O¢ (see [10], pp. 174 for details). Let
W be the Weyl group of the pair (G,.A) . Then there is a natural action of W
on M x A* and the only identifications among the irreducible representations
in these series of representations are the identifications given by the Weyl
group action (see [10], pp. 174 for details).

For the remaining part of this section we assume that G has only one
conjugacy class of Cartan subgroups. Given f in L'(G), we can define the
group Fourier transform on M x A* by

(22) FEN) = fmen) = mealh) = [ F@)mea(e)do

for (&, M) € Mx A (-the integral being interpreted suitably). If f € L'(G)N
L?(G), we have the Plancherel theorem for such G: There exists an explicitly
computable measure y on M x A* such that

@3) [ @ = [ e (Prea(£) (e ).

For fixed & € M , this measure is of at most polynomial growth on A" (see
[10], pp. 511 and [6] for details). Let A; = A" ® C. Since B is positive
definite on A, it defines an inner product on A. Hence there is a natural
inner product on A, and the corresponding norm on A* will be denoted by
||-]]. This real inner product can be extended in a unique fashion as an inner
product on the complex vector space A and the corresponding norm on Af
will also be denoted by || - ||. By abuse of notation, the norm induced by B
on A will also be denoted by || - ||.

If 1 is the trivial representation in M, then we denote m , by m\. The
set of representations {my}, cA- are called the class — 1 principal series rep-
resentations of G, and they are realized on the Hilbert space L*(K /). Let
®, be the “elementary spherical function” corresponding to A € Ag. Then
for A € A7,

(2.4) O, (z) = (m\(2)1,1), z€q
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where 1 is the constant function 1 on K/\1. Also one has;
Dy(z) = / e~ (AEAHETIR) g,
K

(2.5) — / e(A—P)(H(zk)) 71
K

for A € AL(= C'). Moreover for A € A* (2 R') and any a € AT, we have the
following estimate:

(2.6) 1D, (a)] < &' o5

where AT is the element in the fundamental Weyl chamber corresponding to
A (see [4] for details).

Finally, we end this section with a lemma from complex analysis that is
crucial for the proof of our main theorem. We shall also denote the standard
Euclidean norms on R™ and C™ by || - ||.

Lemma 2.1. Letn > 1. Let h be an entire function on C™ such that

(2.7) Ih(z)] < Ce? I 2 ecCm,

(2.8) Ih(t)| < Ce @l teR™,

for some positive constants a and C. Then h(z) = Const. e it +=) > —
(zlv e 7Zn) S (Cn
Proof. To prove this, we will need the following lemma from [17] (pp. 175):

Lemma (*). Let h be an entire function on C such that h(z) = O (e*!) for
z € C and h(t) = O(e™™) for t € RT, where a is a positive constant. Then
h(z) = Const.e~**, z € C.

We shall prove Lemma (2.1) in two steps. First, we prove the lemma for
the case n = 1, and then proceed to prove it in general.
Let h be an entire function on C satisfying the following estimates:

(2.9) h(z)] < Ce®,  zec,

(2.10) Ih(t)] < Ce ', teR,

for some positive constants a and C. If h is even, then by applying ()
to ¢(z) = h(y/z), the result will follow immediately. (Note that since h
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is even and entire ¢(z) = h(y/z) is an entire function and will satisfy the
assumptions of (x).)

Suppose h is an odd, entire function and h satisfies (2.9) and (2.10). Then
the function ¢(z) = h(z)/z is an even, entire function on C satisfying the
estimates (2.9) and (2.10). Therefore, by the even case, we have, ¢(z) =
h(z)/z = C'e """, z € C, for some constant C'. In particular, h(t) =
C'te=*" t € R. Then by (2.10) it will follow that:

}c’te*atz < Ce t € R,

which is impossible, unless C'’ = 0. Hence h = 0.

If h is an entire function on C satisfying the estimates (2.9) and (2.10),
then write h(z) = (h(2) + h(—2))/2+ (h(2) — h(—2))/2 = heven(2) + oda(2),
as the sum of even and odd entire functions. Since h satisfies (2.9) and (2.10),
it is easy to see, in view of the expressions for h.ye, and h,qq, that they also
satisfy (2.9) and (2.10) respectively. Applying the even and odd cases to
heven and h,qq respectively, we conclude that h(z) = Const.e %", z € C.
This proves the lemma in the case when n = 1.

Now consider the case n > 1. For fixed (uy,- - ,u,_1) in R" 1 let g(z) =
h(uy, - ,un_1,2), z € C. Clearly, g is an entire function on C in the variable
z. Since h satisfies (2.7) and (2.8), for fixed (uy,- -+ ,u,_;) € R""! we have:

9(2)] = [B(ug, -+ yup_q,2)| < CeallualttlunalPeall® 0y e

lg()] = |h(ug, - Up_1,t)] < Cefa(\ul|2+---+|un71|2)efat2, teR.
Applying the one dimensional case to g we can conclude that
9(2) = Cu(uq,--- ,un_1)e*‘“‘2,z €C,(u, - ,Up_q) ER™H
where C,, depends only on wuy,- -+ ,u,_1. Setting z = 0, we have
Cn(z1, -+ y2n-1) = 9(0) = h(z1,- -+ , 2,-1,0)
for (z1,++ ,2,-1) € R"* Thus
(2.11) h(z1, s Zn_1,2n) = h(2z1,+ , Zn_1, O)efazi

for all (21, ,2n_1,2,) € R™. However, both sides are entire functions on
C™ and hence (2.11) must actually hold for all (z,- -, z,-1,2,) € C™. Here
we are using the fact that two entire functions on C™ which agree on R"™
have to actually agree on C™. Now from (2.7) and (2.8) it follows that

h(zh ce 7Zn—170) =0 (ea(\zl\2+‘..+|zn71|2)> 7(217 - 7Zn—1) c (Cn717
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and
h(tr, - tn 1,0) = O <e—a(|t1\2+~~+|tn—1\2)) (1, teoy) ERTY
and applying exactly the same argument as before we will have
h(z1, -y 2n-1,0) = h(z1,- - ,zn_g,O,O)e*‘”i*I,

and so
h(zh e azn) = h(zla Tty Rn—2, 07 0)efa(zn_1+zn)‘

Repeating the above, we finally have
h(z1,-++,2,) = h(0,0,--- ,O)e_a(z%J”"'J’zi), (21, ,2,) €C™,
and the proof of the lemma is complete. [l

In the next section we will state and prove an analogue of Hardy’s theorem
for a class of semi-simple Lie groups.

3. Semi-simple Lie groups with one conjugacy class of Cartan
subgroups.

We retain the notation introduced in Section 2. However we assume that G
has only one conjugacy class of Cartan subgroups. Thus, throughout this
section, G will denote a connected non-compact semi-simple Lie group with
finite centre and having only one conjugacy class of Cartan subgroups. For
such groups, as described in Section 2, the Plancherel measure is entirely
supported on the various principal series representations associated with the
minimal parabolic. We now state and prove an analogue of Hardy’s theorem
for such groups.

Theorem 3.1. Suppose f is a measurable function on G satisfying the
following estimates:

(3.1) f() < CellE zeq

(32)  ||[fEN)|], . = Imealf)llms < Cee ™M, (6,0) € I x A

where C, C¢, o and B are positive constants and C¢ depends on &. If a3 > i,
then f =0 a.e.

(Note: (i) The very rapid decay of f implies f € L'(G). Hence 7 \(f) is
defined for all £ € M, A € A". Here ||T||gs denotes the Hilbert-Schmidt
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norm of T
(ii) If = kyaks, a = exp H, then ||z||¢ = ||H]||, where || - || is the norm on
A described in Section 2.)

Proof. For £ € M let {e§ : j € N} be a basis of HZ consisting of K-finite
vectors. (As observed earlier the action of K on HY is just left regular action.)
Let (-,-) ¢ denote the inner product on Hg. We shall show that if a8 >
(me(f)es,, n> =0, for all A € A", m,n E N. Fix m,,n, € N. We have by
(2.2):

(33 (meal)eh e = [ 1) (rea(@)ef,, e, ), do.

Let ®75" (z) = (mea(2)es,, €5, ), for & € G. Then it can be shown from

Me? "No

the definition of 7, \(x) acting on Hg that:

(3.4) @3 (x) :/ g~ (AR (H(EME) (€5, (r(z7'k)), €5, (k)) dk

? "N
K

where (-, -) inside the integral is the inner product on H. Thus

(35) (rea (D)€ )e = [ F@)225 ™ (@)d

The basis vectors €, , e, being K-finite, actually belong to C*° (K, H) and
hence are bounded as functions into H,. Therefore it follows easily that for
each x € G, the integral defining ®;;""* makes sense even for A € A; and
in fact, for each fixed z, the function A — ®’"’(z) extends as an entire
function of A € A7 (= C!). Writing A = Ag + 27, one has the following easy
estimate from the above integral:

(3.6) ’<I>’"° e )] gConst./ eP =) (H@™k) g

K

where the constant depends only on m,, n, and £&. The integral on the
right is just the elementary spherical function ®,,, and hence we have the
following easy estimate

(3.7) ’q)m" o ( )‘ < Const. ®@,,, ().

Using the K-biinvariance of ®@,,,, one therefore finally has, if x is written as
r = klak'z, k'l, k2 S K, ac A+,

(3.8) B3 (ar)| < Const. ' (@)
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where \f is the element in the fundamental Weyl chamber corresponding to
Ar (see [4] for details). Now define

(3.9) GO\ = / ST () f(x)dz, A€ A
¢
Then G(A) = (mea(f)es,, - €5,), for A € A" Also observe that as f decays

very rapidly (3.1), the analyticity of X\ — ®{3""(z) on A;(= C') for each
fixed z € G, the estimate (3.8) together with (3.5) will imply that the integral
defining the function G(\) makes sense for A € A{ and in fact defines an
entire function. Moreover, for A = A\g +12); € AZ,

(3.10) GOl < [ 1@l @)ds.

Now using polar coordinates, (3.8) and the fact that if z = kiaks, ||z|¢ =
|la]|c, the integral on the right hand side is majorized by

Const./76_‘1"“”%6)‘?(10“)|J(a)\da,
A+

where da denotes the Haar measure on A. If H € A is the unique el-
ement such that exp H = a and dH denotes the Lebesgue measure on
A, then it can be easily seen that there exists a constant C' such that
|J(a)| < Const. eCI#] and the integral on the right hand side is majorized by
Const. [, e~ IHI* AT (M CIHIGH | where now || - || is the norm on A induced
by the Cartan-Killing form.

Now let H), be the unique element of A such that \] (H) = (H, Hy,) for
all H, where (-,-) is the inner product on A induced by the Cartan-Killing
form. Then there exists 0 < o’ < « such that we continue to have o'8 > i
and el I*+CIHI < Const. e~ 117, So;

/e—anH\FeAI*(H)ecandH
A
_ / ool HIP+(H,Hx ) +CIH | g g
A
< Const./ e IHIP+(H.Har ) g pr
A
= Const. e 173 I? / o= (H=gr Ho H=gir g ) g gy
A
= Const. e 1731 / e 11" g
A
(by translation invariance of Lebesgue measure). But by the choice of inner

product on A", ||Hy,| = ||AT]|. Further the action of the Weyl group pre-
serves the norm on A" and hence ||| = ||[A;]| < ||A]]. So finally we get the
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estimate

IG(\)| < Ces AP X e A% = C!
for some constant C. But for A € A" by (3.2),

G| < Cge—ﬁllz\\lz.

Since o/3 > 1, —f < —;= and so we have |G())| < Cew N for X € A
and |G(\)| < Cee~ 1 IM® for X\ € A*. So by Lemma (2.1), we have G()) =
Const. e~ IM* X\ € A*. Therefore we have for A € A*,

= IA1?

’Const.e_:m = |G(\)| < Cge—ﬁl\/\\lz.

But 8 — -1 > 0 and hence we would have

4a’

‘Cons‘c.e(ﬁ*ﬁ)”’\”2 <C¢ Ae A

and this is impossible unless the constant on the left hand side is zero i.e.
G(A\) = 0 ie. for arbitrary £ € M, my,n, € N, (me\(f)e€s, , €5 >€ =0asa

function of A\. Hence it follows that m¢ ,(f) = 0 on M x A" and since the
Plancherel measure is supported on M x A", it follows that f = 0 a.e.

4. Arbitrary semi-simple Lie groups.

We continue to retain the notation introduced in Section 2. In this section,
G will denote an arbitrary noncompact semi-simple Lie group with finite
centre i.e. we drop the assumption that G has only one conjugacy class
of Cartan subgroups. Instead, we impose some restrictions on the kind of
functions being considered; we will consider only right K-invariant functions.
For the harmonic analysis of such functions, only the class-1 principal series
representations are relevant. Let {m\},_4- denote the class-1 principal series
representations of G (i.e. my = m;, where 1 is the trivial representation of
M). These can all be realized on L*(K /). Let v, be the constant function
1 on K/\fi.e. v, is the essentially unique K-fixed vector in L?(K/\p) for the
representation 7. Then one knows that if v is any other K-finite vector
in L?*(K/p1) which is not a multiple of v,, then my(f)v = 0. Thus m\(f) is
completely determined by 7 (f)v, and moreover ||7mx(f)||zs = ||ma(f)voll,
where | - || denotes the usual norm in L?(K/y). Thus the group theoretic
Fourier transform can be thought of as a function on A* alone, taking values
in the Hilbert space L?>(K/y[). Keeping these considerations in mind, an
examination of the proof of Theorem (3.1) immediately yields the following
result:
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Theorem 4.1. Suppose f is a measurable right K-invariant function on
G (i.e. f(zk)= f(x), z € G, k € K), satisfying the following estimates for
some positive constants C', a and (3:

If(z)] < Ceelele, g €@,
7 (Fv|| < Ce PRI X e A"

If a8 > i, then f =0 a.e.

One can view the above as a theorem about functions on G /g, which
is a symmetric space of the noncompact type; the group theoretic Fourier
transform can be reinterpreted as the Fourier transform on the symmetric
space, as introduced by Helgason (see [8]). A brief discussion from this point
of view can be found in [12].

5. Further remarks.

5.1. SL(2,R). Thus in Section 3, we have established an analogue of Hardy’s
theorem for a class of semi-simple Lie groups which include all complex
groups and real rank-1 groups without Discrete Series representations. How-
ever we would like to conjecture that a result of a similar nature is valid
for all noncompact semi-simple Lie groups. For instance, in the case when
G = SL(2,R), we shall prove the exact analogue of Theorem (3.1). For this
we need to recall some facts from the representation theory of SL(2,R). The
reader can find the details of the material covered in this section in [3], [11]
and [14].

In this section, we shall continue to use the notation introduced in Section
2 except that the norm defined on A" in Section 2 is denoted by || - || 4+

For the time being, let G = SL(2,R). Then

K = SO(2)(~ SY), A:{(Ot_ot> :teR} and M:{i (éi’)}

Therefore
et 0
afum (8) e

The polar decomposition of an element g € G can be written as

cosf sinf
g = ko, atky, where ko = <_sm0 0059> '

In this case, there are only two irreducible representations of M. Corre-
sponding to the two irreducible representations of M, one gets two sets of
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principal series representations denoted by m; , m_1 ) of G, defined exactly
as in Section 2. Each set of principal series representations is parametrized
by A" ~ R. The series 7, ) is irreducible for all A € R and 7_; , is irreducible
for all A € R\ {0}. There is another set of irreducible, unitary representa-
tions of G called the Discrete series. For each n € Z, |n| > 2, denote by
D,, the corresponding discrete series representation of G. For details about
the K-module structure and the spaces on which these representations are
realized, see [11], [14] etc. (Apart from these, there is another collection of
irreducible, unitary representations of GG, called the complementary series,
which do not play a role in the Plancherel measure.) The Plancherel measure
u is supported on the set of principal and discrete series representations (see
[11] for details).

For n € Z, define x,, on SO(2)(=~ S') by x.(ks) = €. Let m be an
irreducible unitary representation of G on the Hilbert space H,,. If 0 # v €
H, is such that m(ke)v = xi(ko)v, | € Z, kg € K, then we say “v transforms
according to x;”. If such a non-zero v exists then it is unique upto scalar
multiplication (see [3]) and we say that “x; occurs in 7”. If m and n are fixed
integers such that x,, and x, occur in «, let v,,, v,, be the essentially unique
unit vectors transforming according to x,, and Y, respectively. Denote by
o™ the function defined by 7" (g) = (7(g)vn, V,n) - this is the “elementary
spherical function of type (m,n) corresponding to 7”. Here (-, ) denotes the
inner product on Hl,. If D, is a Discrete series representation of G and x,,,
Xn occur in Dy, then explicit formulae are available for ®7" (see [3] and
[14]). Denote ®7" by ®;". It turns out that for a; € A, ®/""(a;) is a
rational function of e~ such that as t — oo, ®""(a;) — 0. (Note that
et—=0ast—o0!)

Now we are in a position to state and prove the exact analogue of Theorem

(3.1) for G = SL(2,R):

Theorem 5.1. Suppose f is a measurable function on G satisfying the
following estimates:

(5.1) 1f(z)] < Celle ze@,

(5.2) Imen(F)llas < Ce ™ Mas ¢ e M) e A,
where C, a, B are positive constants. If af > i, then f =0 a.e.

Proof. Any f € L'(G) can be written (in the sense of distributions) as

= YmnezXm * f*Xn = X nezfmn- Note that each f,,, has the
property that

(5.3) Frnn (Ko, 9ke,) = Xom (Ke,) f(9)Xn (K, ),



198 A. SITARAM AND M. SUNDARI

ko, , ko, € K. One can easily show that if f satisfies estimates (5.1) and (5.2),
then so does each f,,,. Clearly, if each f,,, = 0, then so is f. Hence, without
loss of generality, assume that f satisfies (5.3) for some fixed m, n € Z. Then
exactly as in the proof of Theorem (3.1), it will follow that 7 x(f) = 0 and
m_1.(f) = 0 as functions of A. Thus by the inversion formula (see [11] and
[14]) for functions that satisfy (5.3), it follows that f is a linear combination
of elementary spherical functions of type (m,n) of finitely many Discrete
series representations. (Note that for fixed m, n € Z, there are only finitely
many Discrete series representations in which x,, and x,, occur.) Since each

o™ evaluated at a; = (eot egt) € G, t > 0, is a rational function of e™*, it
follows that f(a;) is a rational function of e~*. Also as noted, when ¢t — co
ie. et =0, each ®"" — 0. So f(a;) > 0ase* — 0.

Suppose f(a;) # 0 as a function of . We will arrive at a contradiction.
Since f(a;) is a rational function of e~*, f(a;) = (e7*)'g(e™") for some positive
integer [, where g(e™") is also a rational function of e~ and coverges to a
finite non zero limit v as t — oo (i.e. e7* — 0). On the other hand

|f(as)| < Cem'™,

where o’ is a positive constant depending on « and the way the norm is
defined on A. Hence we would have

[(e7)'g(e™)| < Ce™

as t — oo. But since g(e™*) — «, and + is non zero, this clearly leads to a
contradiction. This completes the proof of the theorem.

5.2. The sharpness of the constant . For the group G = SL(2,C), us-
ing the normalizations in this paper, we will show that % is the best possible
constant. First we recall a couple of facts. If f is an L!-function invariant
under the right action of K, then m¢ ,(f) = 0 unless € is the trivial represen-
tation of M. Thus, for such functions, it is enough to consider {m; x}, ¢ 4+-
As before, denote 7\ by m\. Now let v, be the essentially unique K-fixed
vector in L?(K /1) for the representation my. (v, is the constant function 1 on
K/\1.) Then, as observed in Section 4, for such f, ||mx(f)||zs = [|ma(f)vol,
where || - || denotes the usual norm in L*(K /). Further, if f is also left K-
invariant i.e. f is K-biinvariant, then my(f)v, = (mA(f)vo, vo) v, and hence
Il = 1 (m3(F)0ms 00) |- Now (mn(F)uosva) = Jop (ma (), ) F(2)dr,
where dx is the Haar measure on G. So, as before, if we denote the func-
tion x — (my\(z)v,,v,) by Py(x), we need to consider only the integral
Jof(@)®x(x)dz. The collection {®y}, . 4« form a subset of the set of ‘el-
ementary spherical functions’ and we are actually looking at the ‘spheri-
cal Fourier transform’ of f. So let g(\) = [, f(z)®x(x)dx. Since f is K-
biinvariant, f is completely determined by its restriction to A. Thus to prove
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our assertion that i is the best possible constant, it is enough to produce a
function f which is

(a) K-biinvariant
(b) for every € > 0, | f(a)| < C’Ee*(%ff)“““é, a € A, and

(c) |lg(N)| = 4HA“A* where || - || 4+ is the norm on A" induced by the Killing
form.

Each )\ € R can be identified with an element in A" via the identification

A>3 <g —0:1:> — AT.

With this identification the elementary spherical functions are given by

> et 0 _ 2sin At
*\\0 et ) T Asinh2t
(see [16], Vol. 2, pp. 313-314). Also ||A|| 4+ = % and H( o 69t>HG = 4[¢t].
Let g(A\) = e"7, A € R ~ A*. In view of the “rapid decay” of g, by
appealing to the Trombi-Varadarajan theorem ([18]), there exists a unique
K-biinvariant f such that the spherical Fourier transform of f is precisely
g.
Since in this case (i.e. G = SL(2,C)), the Plancherel formula and the
inversion formula can be explicitly written down (see [16], Vol. 2, pp. 313-
314), we have

el 2sin At |,
f((o e )) ConSt/g ) smnze NP

_ Const. / Ae~ T sin AtdA
sinh 2t Jr

2

7t

which is equal to Const. smh 5

calculations. Clearly,

et 0 t uatuc
‘f << 0 et>>| = Const. ‘sinh2t

for each € > 0 and [g(\)| = e ™A where a; = (et 9t>. Thus the fact

0 e
that i is the best possible constant has been established.

using routine Euclidean Fourier transform

—€ 2
< Ce(Falladlz
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