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ON LOCAL FINITE DIMENSIONAL APPROXIMATION OF
C*-ALGEBRAS

SORIN Pora

To Ed Effros, on the occasion of his 60th birthday.

We prove a local finite dimensional approximation result
for unital C*-algebras that are simple, have a trace, contain
sufficiently many projections and are quasidiagonal.

1. Introduction.

Recall that a C*-algebra A is called quasidiagonal if it can be represented
faithfully on a Hilbert space H such that there exist finite dimensional vector
subspaces H; C ‘H, with H; ~ H and lilm||[pr0jHi,x]|| =0,Vaxe A (see
e.g., [V2]). By Voiculescu’s theorem ([V1]), if A is simple then this property
doesn’t in fact depend on the Hilbert space on which A is represented, so
that it can be reformulated in terms of the following local finite dimensional
approximation property: A simple C*-algebra is quasidiagonal if for any
representation of A on a Hilbert space H, any finite set ' C A and any
e > 0, there exists a finite dimensional vector subspace 0 # H, C H such
that ||[projy,,z]|| <&, V2 € F.

The result that we obtain in this paper gives an alternative, more intrinsic
characterization of quasidiagonality, for unital simple C*-algebras A that
have sufficiently many projections (abreviated s.m.p.), i.e., satisfy

(1.1) “There exists an abelian subalgebra Ay C A such that for any = =
x* € A and any ¢ > 0, there exist a partition of 1, with projections in
Ao, {pj}1<j<n C P(Ayp), and scalars {a; }1<j<, C C, such that ||p;zp; —
a;pill <e, 1<j<n”

Note that in case A is separable this condition is easily seen to be implied
by:

(1.1") “For any = = z* € A, any p € P(A) and any £ > 0, there exist a
partition of p with projections in A, {¢;}1<i<x C P(pAp), and scalars
{aih<i<k € C such that ||grg — g <e, 1 <i<k.”
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and this last property is clearly satisfied by C*-algebras with real rank zero
(see 2.2).
Thus we prove:

Theorem 1.2. Let A be a unital, simple C*-algebra with sufficiently many
projections, in the sense of (1.1). Then A is quasidiagonal if and only if
it satisfies the following local finite dimensional approximation property: for
any finite set I C A and any € > 0, there exists a nonzero finite dimensional
matriz subalgebra @ C A with support 1g = s € P(A), such that:

(a) ||[s,z]|| <e,VaxelF.

(b) szseQ,Vxel.

As we mentioned before, C-* algebras having real rank equal to zero (r.r.0)
do have s.m.p. in the sense of (1.1). Yet r.r.0 is well known to be difficult
to check, unless most of the structure of the C-* algebra is apriorically un-
derstood. In turn, property (1.1) seems to be easier to verify. In fact, large
classes of algebras are seen to satisfy it just by their definition. For instance,
if a C-* algebra is the crossed product of the continuous functions on a totally
disconnected compact space X by a group of automorphisms, with each one
of the (non-trivial) automorphisms implementing a transformation without
fixed points on X, then the C-* algebra is easily seen to have s.m.p., by
taking Ay = C(X). Also, Bellissard’s quasi-crystal algebras ([B]) are shown
to have s.m.p. in [BPo].

In fact, we will prove this type of local finite dimensional approximation
for quasidiagonal C*-algebras that satisfy even weaker conditions than (1.1)
(see Definition 2.1), conditions that are checked, for instance, by C*-algebras
of the form A = C(X)x G, where X is totally disconnected and G a groupoid
acting suitably on it. Many of the C*-algebras in [R] have sufficiently many
projections in this weaker sense.

The proof of 1.2 will be a straightforward addaptation to the C*-algebra
context of the proof to Connes’ theorem in [Pol]. Thus, from quasidiago-
nality one has finite dimensional vector subspaces Hy C A (— L?*(A, trace))
which are almost invariant (in the uniform norm) to given finite subsets
F C A. By the same “local quantization” technique as in [Pol], one then
gets projections ¢ € A such that ¢H FHoq = Cq (approximately). Thus,
Qo = sp HogH C A will be close to an algebra (), with the support s almost
invariant to F' and with sF's almost contained in @ (all the approximations
being in the uniform norm).

Our initial motivation for this work was the problem, raised by Ed Effros in
[E], of giving abstract, functional analytical characterizations to AF-algebras
and to their subalgebras. While answering these problems seems still out
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of reach, we are hopeful that the above result and the method we use for
proving it might be useful to their approach.

I thank E. Kirchberg, C. Pasnicu and G. Skandalis for comments. 1 am
very grateful to G. Skandalis, J. Bellissard, G. Pisier, J.-L. Sauvageot and
M. Enock for their warm hospitality and support, extended to me during
my 1995-1996 stay at the Universities of Paris 6 and 7 and Paul Sabatier in
Toulouse, where this work has been completed. I am most greatful to the
Guggenheim Foundation for its financial support throughout this period.

2. Local quantization.

Let A be a unital C*-algebra and ¢ : A — C a faithful state on A. Denote by
L*(A, ) the Hilbert norm ||z||, = ¢(x*z)'/?, z € A, and by # the image of
x € A as a vector in L?(A, p). We identify A with its image as the algebra
of left multiplication operators on L?(A, ). Thus we have z = zy and
o(z) = (z1,1), z,y € A.

Also, if ey denotes the one-dimensional orthogonal projection of L?(A, p)
onto C1 then eyze, = o(x)eg, x € A, and in fact, if y € A is so that
lyll, = ¢(y*y)*/? = 1, then the orthogonal projection py of L?(A, ) onto
Cy is given by po = yeoy* and we have poxpy = ¢(y*zy)po. More generally,

it Hy = Z(Cg)j C A (c L?*(A,y)) is a finite dimensional vector subspace,
j=1

with @(y;y:) = di;, and if py denotes the orthogonal projection of L*(A, ¢)

onto Hy, then pg = Z yjeoy; and
j=1

pOxpO Z <P xy] yleoyj Z (P xy] z]?

2,7=1 2,7=1

with e}; = yieqyj being a matrix unit for the algebra

Z (Cyieoy; = pOB(LQ(Av ©))po = B(Ho) = My (C).

4,J

In this section we construct projections ¢ in the algebra A which approxi-
mately behave like ey on finite sets of elements of A. We will generically call
such a construction “local quantization.”

We restrict ourselves to the case when ¢ is a trace, ¢ = 7, a situation in
which the norm || ||, will simply be denoted || ||2.

To do the local quantization we will need the algebra A to have sufficiently
many projections, like for instance in (1.1). We can in fact allow a greater
generality.
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Definition 2.1. Let A be a unital C*-algebra with a faithful trace 7. We
say that A has 7-sufficiently many projections (7-s.m.p.) if for any separable
subset B C A and any € > 0, there exists a partition of the identity with
projections in A, {p;}1<j<n C P(A), with 7(p;) < e, ¥V j, such that for
any finite subset F' C B and any J > 0, there exist mutually orthogonal
projections {gi; }1<i<m, under p;, 1 < j < n, and scalars af; € C, 1 <i < my,
1< j<n,z e F,such that

lgijzai; — oqi;|l <9, Vij, Ve eF

T (pj — Zqij> < (ST(pj), A _7

Note that for a unital C*-algebra A with a faithful trace 7 for which A” C
B(L*(A, 7)) has no minimal projections (e.g., when A is infinite dimensional
and simple and 7 is factorial), 2.1 is clearly implied by the following property:

(2.1") “There exists an abelian subalgebra Ay C A such that V z = z* € A,
Ve> O, 3 {pj}ogjgn C P(A()), partition of 1A; and scalars {aj}lgjgn C
C such that:

|p;jzp; — ayp;]| <&, for 1<j<n,
T(po) < €.

This condition is in turn obviously implied by (1.1). In the same spirit,
let us also mention a weak version of condition (1.1"), which in case A
is separable implies (2.1).

(2.1”) “For any © = o*x € A any p € P(A) and any € > 0, there exists a
partition of p with projections in A, {¢;}o<;j<n, and acalars {o; }1<;j<n,
such that:

lgjzq; — cjq;]] <e, for 1 <j<mn,
T(qO) < E.”

The above condition is of course implied by (1.1"). Altogether we have:

Proposition 2.2. Let A be a unital C*-algebra:

1°. If A has real rank zero ([BrP]), ie., Vo = z* € A, Ve > 0,
Ja=a* € A, a with finite spectrum, such that ||x — a|| < &, then A satisfies
condition (1.1').

2°. If A is separable and satisfies (1.1") (respectively (2.1")) then it satisfies
(1.1) (respectively (2.1")) too.
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3°. If A satisfies (1.1) (resp. (1.1")) then it satisfies (2.1") (resp. (2.1"))
for any faithful trace T.

4°. If A has a faithful trace T for which (2.1') is satisfied and so that
A" C B(L*(A, 1)) has no minimal projections, then A has T-s.m.p. (i.e.,
satisfies 2.1).

5°. If A satisfies (1.1') then it has T-s.m.p. for any faithful trace T for
which A" has no minimal projections. (NB: A is not assumed separable!).

6°. Assume A has a faithful trace 7 and an abelian C*-subalgebra Ag C A
generated by projections, with the property that the set of partial isometries
u in A which normalize Ay, i.e., uAgu* = uu* Ay, uu* € Ay, generate A as a
C-* algebra. Assume also that for each such normalizing u the T-measure of
the boundary of X, in X is equal to zero, where X, denotes the subset of X
(= spectrum of Ay) fized by the homeomorphism on (part of) X implemented
by u. Then A satisfies (2,1'). Thus, if in addition A” has no minimal
projections, then A has T-s.m.p.

Proof. 3° is trivial.

To prove 4° note that if (2.1’) is satisfied then A{ is maximal abelian in A”
and the projections in Ay are dense in the norm || || in the set of projections
of Af. This implies that one can take the projections p; € Ay in ’ (2.1') to
have as small trace as wanted.

1° is an imediate consequence of the fact that A has real rank zero implies
pAp has real rank zero for any projection p in A.

If A is separable and satisfies (1.1’) then let {x,,},, C A be a sequence of self
adjoint elements norm dense in A. By (1.1') one can construct recursively

finite dimensional abelian *-subalgebras C1 = A9 C A C ---, such that
def

Eporna(zn) § A°. Then Ay = JAY C A will satisfy (1.1), thus proving 2°.
" 1/n
The proof of 5° is similar to the proof of 2°.
The proof of 6° is an easy exercise. [l

From the above, we thus have large classes of algebras with “many pro-
jections” in the sense we need, as algebras with real rank zero and many
crossed product algebras C'(X) x G, with X a totally disconnected compact
set and G a groupoid acting on it (e.g., like in [R)]), satisfy (2.1) (cf. 2.2.6°).
Also, the quasi-crystal algebras in [B] are shown in [BPo] to be simple, have
unique trace, satisfy the Dixmier property and have s.m.p. in the sense of
(1.1), although it is not known whether they have r.r.0 or not.

Theorem 2.3. Let A be a unital, simple, infinite dimensional C*-algebra
with a factorial trace . If A has T-s.m.p., i.e., satisfies 2.1, then for any
finite set F' C A and any € > 0, there exists a partition of 14 with projections
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{¢}o<i<m C P(A) such that:
lgzq — T(2)q|| < e,V e F,1<i<m,
T (QO) <e.

Proof. Let M be the von Neumann algebra generated by A C B(L?*(A,1)).
Thus, M is a type II; factor, 1 is a trace vector for M and L*(A) 1) =
L?*(M, 7). By Property 2.1 and a standard separability argument, it follows
that we may suppose A is separable in the uniform norm, and thus M is
separable in the norm || ||2.

We may clearly suppose the finite set F' C A is so that x = z*, ||z|| < 1,
7(z) = 0, V z € F. With this assumption, note that if x € F, x # 0,
then s(zy) # 1, s(z_) # 1, (where for a = a* € M¥, s(a) denotes the
support projection of a). Denote v = max{7(s(zy)), z € F, x # 0} (so
a < 1). Let {p;}1<j<n be a partition of the identity in P(A) such that
7(p;) < min{e?/4* - 8% (1 —a)/2}, V j < n. Let w be a free ultrafilter
on N and M* be the ultrapower algebra associated to M and w. By [Po2]
there exists a unitary element v = (u,), € M* such that uMu* is free
with respect to M (so that in particular up;u* are free with respect to M).
By the density of A in M we may assume u, € U(A), ¥ n. By [V3] it
follows that if z is of the form f — 7(f)1, with 7(f) + 7(p;) < 1V j, then

|lupju*zup;ju*|| < /4. In general we have x. < 1 so z; = 227" -

n=1

T = 22_" —, for some projections f* with 7(f¥) < a, V n. Since

n

S 2 () = (o) = (o) = 22 (), we get

r=x, —1_= iQ”(f:[ —7(fNH1) — iZn(fn —7(f,)1)

and so we have the estimate:

lupjuzup;u’|] < Y227 (Jupyu* (f = 7(fi))up;u’|

+ llup;ju* (f = 7(f ) Dupju’|]) < e/2.

By Property (2.1), for each n there exist mutually orthogonal projections
{4} h1<i<k, C P(A), with each ¢]' being under some p;, and scalars o', € C,
1<¢ <k, x€F,such that:

lim (Sup{IIQ?UZwunQ? —ai g |1 <i<k,, z€ F}> =0
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7111}()107' (1—Zq?> =0.

But for each n the application

"Mq" 3y~ Y ¢y € " Mq"
i

where ¢" = qu, defines a trace preserving conditional expectation FE,.

Since (¢™),, = 1 in M, it follows that:

MY = T[] (@"Mq") 3 (¢"ynq")n = (Bn(q"Ynq™))n = (Z q?ynq?> € M*

n—w n

defines a trace preserving conditional expectation E as well. Thus, we have
for x € F' the estimates

IE((q"uhzung™)n)l| < || @ | Do pjunzuap; | ¢ || <e/2
J

where in M¥ we have for x € F":
B((q"uwwu,q")n) = (Z aztmqr> .
From the above norm inequalities, it follows that for any ¢ > 0, there exists

a sufficiently large n such that the spectral projection e} of Zaﬁxq"

Z la',|g; corresponding to the interval (0,¢/2 + 0) satisfies

T(eX)>1—0, VaelF.

Thus, if e = A e then 7(e) > 1 — |F|d, so that if we denote ¢, = ¢le,
zeF
1 <i<m=k,, then we have:

|gupzu,ql]] <e/2+6, VzeF1<g¢g<m

T<1—Zq;> < |F|6 + 0.

Thus, if § > 0 is chosen so that 6 < ¢/(|F| + 1), § < ¢/2, and we put

Qi Lef Upqiut, 1 < i <m and g Ly - > 1<i<m i> then we have:

lgizgll <e,VzeF, 1<i<m,
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7(qo) < €.
O

We can now deduce a version of 2.3 which shows more clearly that, indeed,
one can “simulate” the action of the one-dimensional projection eq on finite
sets of elements and finite dimensional vector spaces by projections in A.

Corollary 2.4 (Local quantization). Let A be a unital, simple C*-

algebra with a factorial trace T and T-s.m.p. If Hy = ZCyj C A is a finite
j=1

i 1<4,5<n, and F C A is

a finite set, then for any € > 0 there exist mutually orthogonal projections

{¢}1<i<m 1 A and partial isometries {v, } 1<i<m in A such that if we denote
1<k<n

efj:vikvj*-k,lgi,jgn, 1<k<m, andsk:Zefi, 1 <k <m, then we

dimensional vector subspace, with T(y;y;) = o

K2

have

1. v = 6ijqr, 1 < i, <n, 1 <k <m (thus, V k, {€§j}1§i7j§n s a

matriz unit for an n x n matriz algebra Q).
2°. vk — yiqell <&, V j, k.

n

3°.

SpTSE — Z T(yfwyj)efj <g,VzeF,V1<k<m.

ij=1

m n m
4°.T<1—qu><€, Zyjy;—ZSk <e.
k=1 j=1 k=1

1
Moreover, if the left supports of y; are all under a projection e € A,

i.e., ey; = y;,Vj, then the partial isometries v;; can be chosen such that
evjr = Vi, V7, k, so in particular efj are in eAe, Vi, j, k.

Proof. Let § > 0. We can apply 2.3 to the set F' = {yjxy; | 1 <i,j <n, v €
F U{1}} to get mutually orthogonal projections {g;}1<;<nm such that

laey; zy;qe — 7(y; 2y;) el <6, 1<i,j<n, 1<k<m, ze€ FU{l}

T(l—zk:qk> < 6.

A standard perturbation argument (see, e.g., [Di]) then shows that there
exist partial isometries v, € A, 1 <i <n, 1 <k < m, such that

*
UV Vik = 5713‘%

n def
v — yiqull < 12n°67%" = f(0).
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By applying the triangle inequality, from the above estimates we deduce:

i — asyjaviar] < 2/(6)(1+6)
vizvi — T(y; 2y qell < 2£(0)(1 4 6) + 0 = f'(9).

k

By letting e}, = vy,v};, and s, = Y, ey, this finally yields:

< Z ||Uik7}:kxvjkv;k - T(yfxyj)vikv;k\\
%,J

= Z lvsavie — 7(y; 2y;) Q|
@]

< n?f'(6).

SETSK — Z T(y; zy;)ei

(]

Similarily we have:

Zyjqky;k — si|| < nf'(d)
J

for all 1 < k < m, so that we get:

DUy — sk
j k

1

Z ijky; — Sk
J

(g (-3e)s) 2

<T <1 — qu>
k

Zy;llj
J

1

D_u3yi|| + 2 (O)r (Z yjqk-y;f)

<4

+nf'(0) > 7(y;u])-

J

Thus, if § is chosen so that (n® 4+ 1) f'(8)[| 3=, ¥;y;1l < € then all the required
estimates 1°—4° hold true.

Finally, if in addition the left supports of y; are all under a projection
e € A then y;q; have left supports under e and by [Di] the partial isometries
v;;, can be constructed so that to have left supports under e as well. |

Remark 2.5. Note that if 2.4.3° holds true then we also have for each
k<m,x€F:
|skasy, — Eq, (spxsy)| < 2e
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ef
where Q) = Z(Cefj and Eq, (y) e ZT(yefj)/T(efi)efi, y € s, Asy. Indeed,
i,j 1,J
because if y € spAsy then || Eg, (v)| < |ly||, and thus
Iskzsi — Eq (skxse)|| < ||skzse — Y 7(y;wy;)ey;
%,J

+ |Bq, | D_m(wizy;)el; — spwsy,

(2]

< 2||spws, — > T(yrwy;)el;

g

3. From almost invariant vector spaces to local approximation
in A.

We will now assume that the finite dimensional vectorspaces Hy C A con-
sidered in the previous section are almost invariant to the finite set F' and
show that the matrix subalgebras @ = Qx = Y Cel; (=2 B(Ho)) C A, re-

1,9
sulting from the local quantization of H,, will also satisfy “||[s, F']|| small,”
in addition to the property “sF's almost contained in @Q),” which we already
had, independently on the properties of Hy, where s = 1.

Lemma 3.1. Let A be a unital C*-algebra with a faithful trace 7. Let
F = F* C U(A) be a selfadjoint, finite set of unitary elements in A and

e>0,e<1/4. Let Hy = Z(Cyj be a finite dimensional vector subspace

j=1
with T(y;y;) = 6;; and {e;;}1<ij<n C A a set of matriz units satisfying:

sos — ) m(yiwyye;|| <&, VeeF
4,3
where s = 1g = Zeii.
If the orthogonal projection po of L*(A,7) onto Hy satisfies

(3.1.1) [po, z]|| < e, VzeF
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then s satisfies

(3.1.2) I[s,z]|| < 3¢, VzeF

Proof. Recall that py = Z yj€eoy;, where g is the one-dimensional projection
j=1

of L?(A, ¢) onto C1, and that

PoZpo = ZT(y:l”yj)yieoy; = ZT(?J:CU%)@;]-» Ve AC B(LQ(A))

,J 2]

where e}; = y;eoy; is a matrix unit for poB(L*(A,7))po = B(H,).
Since ||[po,z]|| < € for x € F and since F' C U(A), if we denote by
Af = T(yfxy;) then we get

e > [|(1 = po)zpol|* = [[po — pox™popo

Po — (Z Afj‘%j) (Z )‘ilejl@l)
i, k.l

But e}, — e;; defines an isometric isomorphism from the algebra Z Ce;; =
2
poB(L*(A, T))po, with support p, = Ze;i, onto the algebra QQ = Z(Ceij,

ij

with support s = Z €ii-

Thus, from the above inequality and the hypothesis we get:

ij k,l
ij k,l

> |Is — sx*sxs|| — 2¢
= [|(1 = s)xs||® — 2e.

This finally yields:
s, 2]|| < 2(2e 4 &*)Y?* < 3¢'/2 VoreF

(for the last estimate we used € < 1/4). u
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The proof of Theorem 1.2 (whose statement we restate here for the reader’s
convenience) follows now readily:

Theorem 3.2. Let A be a unital, simple C*-algebra with sufficiently many
projections (in the sense of (1.1)). Then the following conditions are equiv-
alent:

(3.2.1) A is quasidiagonal.

(3.2.2) For any finite set ' C A and any € > 0 there exist a matriz subalgebra
Q C A, Q #0, with matriz units {e;;}1<i j<n and support 1o = s = Zeii’

and scalars \j; € C, 1 <4,5 <n, x € F, such that
(a) |l[s,2]|l <e,

x
sSx§ — g Ajj€ij

(2%

(b)

<eVxeF.

Proof. (3.2.2) = (3.2.1) is trivial by 1.8 in [V2] and the simplicity of A.

Conversely, if A is quasidiagonal then it has a trace and thus, a factorial
trace, say 7 (faithful by the simplicity of A). Having s.m.p., A has 7-s.m.p.
(see 2.2). By [V1],V F' C A finite, V e > 0, 3 Hy C L*(A,7) such that the
orthogonal projection py of L*(A, T) onto H, satisfies

I[po, z]|| < &, VzeF

Since A is dense in L2(A, 1) it follows that we may assume Hy C A. But
then 2.4 and 3.1 apply, showing that A satisfies (3.2.2) (a) and (b). u

If instead of s.m.p. we only require 7-s.m.p., for some trace 7, then we
need to specify this trace:

Theorem 3.3. Let A be a unital, simple C*-algebra which has T-s.m.p. for
some factorial trace T (in the sense of Definition 2.1). Then A is quasidi-
agonal if and only if it satisfies the local finite dimensional approrimation
property (3.2.2).

Moreover, the following conditions are equivalent for A:
(3.3.1) YV F CU(A) finite, ¥ € > 0, 3 a finite dimensional *-algebra B, with
a trace Ty, and a completely positive unital map ¢ from A to B such that:
(a) |lp(u*)p(u) — 15| <e, Yue F.
(b) |rep(x) —7(x)| <e,VxzeA, |z| <1
(3.32)VF C A finite, Ve>0,In>1,3Q1,...,Qm CA, Q= M,,(C),
V k, with supports 1o, = s, € P(A) having the same trace, 7(s) = «,Vk,
such that:
(a) ||[sk, ]| <e,VEk,VaxeF.
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(b)  l[skzsy — Eq,(srxsi)|| <&,V k, V a.
(c) [lma)™t 320y s — Lall, <e.

Proof. The proof of the first part is the same as the proof of 3.2.

To prove the second part, assume first that (3.3.2) holds true for some
F Cc U(A) finite and €/3. Then B = ®,Q), with the trace 7, giving equal
weight to each summand, 7(1g,) = 1/m, Vk, and ¢(z) = &y, Eq, (srxsk), z €
A, are easily seen to satisfy all the conditions in (3.3.1).

Assume now that (3.3.1) holds true and want to prove that it implies
(3.3.2). It is clearly suficient to do it for finite sets F' with F' = F* C U(A).
By slightly modifying the trace 7y, we may assume all the central projections
of B have rational trace. Thus B can be embedded trace-preservingly in a
finite dimensional factor, showing that we may assume B itself is a factor.
By the Stinespring dilation of the completely positive map ¢ one then gets
a Hilbert space H,, a representation 7 of A on H, and a finite dimensional
vector subspace H; € H, such that if we denote by p; the orthogonal projec-
tion of H, onto H; then p1B(H,)p1 = B(H,) is isomorphic to B and, under
this identification, we have p;m(z)p; = ¢(z)p1, Vo € A. Thus

|7 (w)pim(w*) — pi||* < 4l|pim(w)prm(u)pr — pi |
=4 (p(u)p(u”) — 1p)p: | < 4e.

Moreover if Tr denotes the trace on B(Hs) then

Tr(m(z)p1)/ Tr(p1) = Tr(pam(z)p1)/ Tr(pr) = 7o(@(2)).
Denote by ‘H' C H,4 the subspace of all vectors ¢ € H,, for which the positive
form (m(z)¢,¢) on A is given by an elemnt in L' (A, 7) = L'(M, 7), where M
denotes as usual the weak closure (or the bicommutant) of A in B(L*(A4,7)).
Thus, H' is a closed vector subspace of H,, which is clearly invariant to
m(z),Vo € A. Thus, if p’ denotes the corresponding orthoganal projection
onto H’, then p’ commutes with 7(A) and we have

|7 (u)p'pip'7(u*) — p'pip’|| < 26'/%,Vu € F.

Since Tr(mw(z)p1) = Tr(w(x)p'p1p’) + Tr(w(z)(1 —p')p1 (1 —p’)), by using the
fact that for ¢ € L'(A,7) and ¢ = (7( )¢, ), with ¢ € (1 — p')Hg, we have
lo =l = llell + [[#1], it follows that:
e > [lrop — 7l = [| Te(w( )p'prp)/ Tr(p1) — 7( )|l
+ [ Te(r ()1 = p)pi (1 = p")/ Te(p1)]|-

In particular, it follows that

I Tr(m()p'pap)/ Tr(py) —7()ll <
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| Tr(p'pip’) — Tr(p1)| < eTrpr.
From all the above, by using [Di] and [C1], it follows that there exists a
spectral projection py of p'p;p’ such that:

|7 (w)pom(u*) — pol| < f(e),Vu € F,
| Tr(7( )po)/ Tr(p1) — 7| < f(e),
| Tr(po) — Tr(p1)| < f(e) Trpa,

where f(e) is a constant depending on &, tending to 0 when ¢ tends to 0.
Moreover, if H = spApyH’, then H is invariant to 7(A) and Rangep, C H,
and so we may “cut” with the projection on H and still have the above
estimates. Altogether, we may assume m is a representation of A on H.
Note that when regarded this way 7 extends to a normal representation of
M and that 7(M) has finite coupling constant ¢ < Trp,. Moreover, by
taking if necessary a direct sum of H with with an appropriate normal M-
Hilbert module, we may assume the coupling constant c is an integer, ¢ = k.
Thus, H = L*(eMy,7), where M; = My, (M) and e € M,;,,(C) C M,
is a projection of trace 1/k, and where the scalar product in H is given by
T(z1y7), for z1,y; € eM;, T being the normalized trace on M ~ Me = eM;e.

Since eA; is dense in L?(eMj, 7) in the norm || ||, where A; = My, ,(A) C
My« (M) = M, it follows that we may assume pyH C eA,. Let poH =
>oie1 Cyj, with y; € eAy, 7(yiy;) = 6i;. The condition || Tr(7( )po)/ Trpo —
7( )|l < 2f(e) and the assumption (3.3.1) then give:

m-lr (fUZyﬂ/j)/_T(x)

which implies that in the norm ||z||;, = 7(|z|), for z € Me, we have

Hm_l Z yjyj* o
J

Thus, if 7, denotes the normalized trace on A, C M, then 7i(y;y;) =
k_l(sij =T (yzy;) and also

J

< f'(e),Vx € eAre = Ae, x| <1,

< f'(e).

1

< f'(e)mle)

1,7

with f’(e) tending to 0 when ¢ tends to 0. Property (3.3.2) follows now
imediately, by taking into account that if A has 7-s.m.p. then A; has 7;-
s.m.p. and then applying 2.4 (including its last part) to A; and the 7-
orthonormal set of elements k'/?y; € eA; C A;. O
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Remarks 3.4. 1°. Note that if a unital C*-algebra with unique trace is
embeddable in a unital AF algebra with a faithful trace then it does satisfy
condition (3.3.1) and so, by the above theorem, it satisfies (3.3.2) as well. A
large class of AF-embeddable C* algebras have been found in [Pi]. Most of
these algebras are easily seen to have s.m.p., or 7-s.m.p.

2°. If a separable C* algebra A is simple, has 7-s.m.p. for some factorial
trace 7 and satisfies (3.3.2) then M = A” C B(L*(A,7)) is a hyperfinite
factor. To see this, let {z;}; be a sequence of elements dense in the unit ball
of A in the norm topology, and let {Q} }1<r<m, be matrix subalgebras of
A, of supports 1gn = sp € P(A), which satisfy (3.3.2) for F,, = {z;}1<j<n,
e = 1/n. Then let U denote the unitary group of @} and du its Haar
measure. For T € B(L*(A, 7)) we put:

o(T) = 711% (Z < </u uTu*du) sy, SAZ>/ZT(SZ)> .

By using [C2], it is then easy to see that ¢ this way defined is a hypertrace
for M = A”  B(L*(A,)), so M follows hyperfinite by Connes’ fundamental
theorem ([C1]). It is not clear whether or not (3.3.2) implies that in fact
all the factor representations of A are hyperfinite, so that quasidiagonality,
in its stronger (3.3.1)-version, would actually imply nuclearity (see also the
remarks at the end of next section). Also, we do not know whether or not
condition (3.2.2) is actually suficient for M to be hyperfinite. This latter
problem seems to be easier to settle, though.

4. Some remarks.

Note that if A = M is a type II; factor then the Hilbert-Schmidt-norm
version of the local finite dimensional approximation condition (3.1.1) in the
definition of quasidiagonality is just Connes’ Fglner type condition ([C1]):
V F C M finite, V ¢ > 0, 3 Hy C L*(M,7) finite dimensional vector space,
such that

(4.1) [[Prosy,» lllus < €l projyy, lus, Vo € F

where || X ||gs = Tr(X*X)¥? and Tr is the trace on B(L%(M,7)).
If Hy, F = F* CU(M), e are such that (4.1) is satisfied and if Q C M is
the n by n matrix algebra with support s € P(M) associated with H,, F, €



156 SORIN POPA

by local quantization, as in 2.4, then with the notations of 3.1 we have

ne? = e*Tr py > ||(1 — po)zpol|is

Tr(po — pox*poxpo) = Tr (Po - (Z )‘Zei'j) <Z Aﬁl€;€z>)

= TLS)T <3 — (Z )\fjeij) (Z Ailekl))
> TLS)(T(S — sx¥sxs) — 2e7(s))

= ——(|I(1 — 2_9
T( )(H( s)ws|ly — 2e7(s))
in which we used that the isomorphism ej; — e;; from poB(L*(M,T))py =
>0 Cej; onto @ = 3, ; Cey; takes the normalized trace (1/n)Tr onto the
normalized trace (1/7(s))r. Thus we get for z € F = F*:

w

s, @]l3 < 2II(1 = s)as|l + 2l|sz(1 = s)|3
=2([(1 = s)as|l; + (1 = s)a"s]13)
< 2(e* + 2¢)7(s)

which for e < 1/4 gives:
(4.2) a) I[s, #]|l2 < 3¢"2||s||2, V2 € F.

This estimate adds to the Estimate 2.4 that we already had:

(4.2) b) sTSs — Z Aijeij|| <& Vo e F
2]

and which trivially implies:

(4.2) b ||szs — Eg(sxs)|la < €|s]|2, V& € F.

From this local finite dimensional approximation property in the norm
|| |2, inside M, one can then easily obtain a global finite dimensional ap-
proximation (inside M), by using a maximality argument. Altogether this
proves that Connes’ Fglner type condition on M implies M is AFD (ap-
proximately finite dimensional), thus giving an alternative proof to Connes’
uniqueness of the injective type II; factor, along the scheme: “M injective
< M has a hypertrace < M satisfies the Condition (4.1) = M fas the
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local AFD Property (4.2) = M is AFD = M is isomorphic to the hyper-
finite type II; factor R”, the last implication being Murray-von Neumann’s
theorem (see [Pol] for details of this).

As we have seen, in case Hy are almost invariant in the uniform norm,
i.e., satisfy the stronger condition (3.1.1), then one obtains the local finite di-
mensional approximation (inside the algebra) in uniform norm, which clearly
implies (4.2). But we can no longer “glue” the algebras (@, s) by a maxi-
mality argument, to obtain a global approximation, in the uniform norm, by
finite dimensional subalgebras, as one can do for the norm || ||».

Still, the last part of Theorem 3.3 and the remark following it show that
for certain quasidiagonal C*-algebras a weak type of (almost) global finite
dimensional approximation can be obtained. This fact might be useful for
trying to prove (or disprove) that a unital quasidiagonal C*-algebra with
unique trace and sufficiently many projections (or even real rank zero) is
necessarily nuclear (note that the exemples of non-nuclear C*-subalgebras
in UHF algebras in [Bl] are not simple). Moreover, related to this same
problem note that, under suitable conditions, in Theorem 2.4 one can choose
the projections ¢ in a given C*-subalgebra of A. This fact may also be useful
when trying to prove that a nuclear quasidiagonal C*-algebra A, with a
unique trace, real rank zero and trivial K; group is necessarily AF. Giving an
abstract characterizations of AF algebras was proposed as a problem in [E]
and would now be a crucial step towards solving Elliott’s conjecture ([Ell]).
Indeed, both in the “quasidiagonality (+finiteness+simplicity+r.r.0) implies
nuclearity problem” and the “AF algebra problem” one possible strategy
would be to say construct certain maximal nuclear C-* algebras B of A
(maximal AF for the second problem) and then showing that B must equal

A.
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