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ON THE GEOMETRY OF CERTAIN ISOSPECTRAL SETS
IN THE FULL KOSTANT-TODA LATTICE

Barbara A. Shipman

This paper uses momentum mappings on generalized flag
manifolds and their momentum polytopes to study the ge-
ometry of the level sets of the 1-chop integrals of the full
Kostant-Toda lattice in certain isospectral submanifolds of
the phase space. Expressions for these integrals are derived
in terms of Plücker coordinates on the flag manifold in the
case that all eigenvalues are zero, and the geometry of the
base locus of their level set varieties is compared with the
corresponding geometry for distinct eigenvalues. These re-
sults are illustrated and extended in the context of the full
sl(3,C) and sl(4,C) Kostant-Toda lattices.

1. Introduction.

The system of differential equations for the full Kostant-Toda lattice is writ-
ten in Lax form as

Ẋ(t) = [X(t),ΠN−X(t)],(1)

in which X belongs to the space of matrices

ε+ B− =





∗ 1 0 · · · 0
...

. . . . . . . . .
...

...
. . . . . . . . . 0

...
. . . . . . . . . 1
∗ · · · · · · · · · ∗


: trX = 0


,

where B− is the Lie algebra of lower triangular matrices with trace zero, ε is
the matrix with 1’s on the superdiagonal and zeros elsewhere, and ΠN−X is
the strictly lower triangular part of X. The space ε+B− is not a symplectic
manifold. It is a Poisson manifold that is foliated by symplectic leaves of dif-
ferent dimensions. The full Kostant-Toda lattice is known to be completely
integrable ([3, 11, 4]) on its generic symplectic leaves; moreover, it is a system
for which there exist distinct maximal involutive families of integrals.
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In [4], the authors consider a particular family of integrals known as the
“k-chop integrals” for k = 0, . . . , [n−1

2
], which is described in Section 2.

The 0-chop integrals are simply the eigenvalues of X. Indeed, the form of
the solution readily shows that these are constants of motion. To solve the
system (1) with initial condition X0, the exponential etX0 is factored as

etX0 = n(t)b(t),

where n(t) is lower unipotent and b(t) is upper triangular. Conjugating X0

by n(t) yields the solution, X(t) ([8, 9]):

X(t) = n−1(t) X0 n(t),(2)

which clearly preserves the spectrum. The k-chop integrals for k > 0 are
rational functions in the entries of X, and typically the flows associated to
these integrals exit the phase space in finite (complex) time. In particular,
if this factorization cannot be done for t = t0, then X(t) has a pole at t0.

The geometry of the flag manifold Sl(n,C)/B, where B is the subgroup
of upper triangular matrices, is used in [4] to study the restriction of (1) to
an isospectral submanifold of ε + B− in which the eigenvalues are distinct.
Using a factorization result of Kostant, one can define an embedding of this
submanifold into Sl(n,C)/B as an open dense set. Under this embedding,
the Toda flows associated to the 0-chop integrals generate the action of the
diagonal complex torus (C∗)n−1 on the flag manifold so that the compact-
ified level sets of the constants of motion are unions of torus orbits. This
embedding has therefore become known as the “torus embedding.”

The fact that these compactified level sets are invariant under the action
of the diagonal torus is the basis of the study of the full Kostant-Toda
lattice in [10], which brings in the geometry of certain convex polytopes
associated to these torus orbits through the momentum mapping, extending
some of the results in [4] and providing geometric descriptions of certain
distinctive features of the system including the symplectic leaf stratification,
the relationship between level sets cut out by different involutive families of
integrals, and monodromy near certain “degenerate” level sets.

This paper continues in the same spirit, appealing to the structure of
momentum polytopes to illuminate the geometry of the full Kostant-Toda
lattice. Section 3 reviews, in a more general setting, the momentum mapping
on the flag manifold associated to the action of the diagonal compact torus,
(S1)n−1, and a convexity theorem that describes the convex polytopes arising
as the images under this mapping of the closures of the orbits of (C∗)n−1.

It is shown in [4] that under the torus embedding, the 1-chop integrals have
simple expressions in terms of certain homogeneous coordinates [πi] × [π∗i ]
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on the product, P n−1× (P n−1)∗, of complex projective spaces. For example,
when n = 3, the single 1-chop integral has the form

λ2λ3π1π
∗
1 + λ1λ3π2π

∗
2 + λ1λ2π3π

∗
3

λ1π1π∗1 + λ2π2π∗2 + λ3π3π∗3
,

which clearly shows its invariance under the torus (C∗)2 since the coordinates
πi and π∗i are scaled under the flow in such a way that the products πiπ∗i
remain unchanged.

The 1-chop integrals for general n depend only on the projection of the flag
manifold to the manifold of partial flags {V 1 ⊂ V n−1 ⊂ Cn} ⊂
P n−1 × (P n−1)∗, which is denoted by Sl(n,C)/P1. Clearing the denomina-
tors in the expressions of these integrals defines a collection of subvarieties
of this partial flag manifold. This paper finds that the intersection of these
varieties, their base locus, has a simple description in terms of the momen-
tum mapping on Sl(n,C)/P1 and its momentum polytope. Indeed, the base
locus is precisely the inverse image under the momentum mapping of the
boundary of the momentum polytope.

The discussion so far and the treatments of the full Kostant-Toda lattice
in [4] and [10] concern only the situation in which the eigenvalues of X in
ε + B− are distinct. One of the reasons for this is that it is only in this
case that the torus embedding is defined, producing compactified level sets
of the constants of motion that are unions of orbits of the diagonal torus.
There is, however, a different mapping that embeds an arbitrary isospectral
submanifold of ε + B− into the flag manifold. In this case the Toda flows
for the 0-chop integrals generate the action (by left multiplication) of the
exponential of the abelian nilpotent algebra whose elements have the form

0 a1 · · · an−1

...
. . . . . .

...
...

. . . . . . a1

0 · · · · · · 0

 ,

where the ai belong to C, on the flag manifold. This embedding is called the
“companion embedding” since the role of the diagonal matrix in the torus
embedding is replaced by the companion matrix of X.

Computing the expressions of the 1-chop integrals in terms of the Plücker
coordinates on the flag manifold under the companion embedding reveals
that, as in the case of the torus embedding, they involve only the coordi-
nates [πi]× [π∗i ] on the partial flag manifold Sl(n,C)/P1. So as in the case
of the torus embedding when the eigenvalues are distinct, the companion
embedding yields again a collection of subvarieties of Sl(n,C)/P1.
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However, since the varieties in Sl(n,C)/P1 defined by the 1-chop integrals
in the case of the companion embedding are not preserved by the diagonal
torus, the level sets of the constants of motion are not unions of orbits of this
torus, and the convexity theorem cannot be applied directly to study their
geometry. Neither does the common intersection (base locus) of these vari-
eties for an arbitrary choice of isospectral level set lend itself to a geometric
description in terms of momentum polytopes. However, in the case of the
isospectral submanifold (ε+ B−)0, in which all the eigenvalues coincide and
are equal to zero, the base locus of the varieties determined by the 1-chop
integrals is invariant under the action of the diagonal torus. Here the com-
panion matrix is simply the nilpotent matrix with 1’s on the superdiagonal
and 0’s elsewhere, and the expressions of the 1-chop integrals become much
simpler. When n = 3, for example, the single 1-chop integral is

π3π
∗
1

π2π∗1 + π3π∗2
.

In this paper, “Case A” refers to the situation in which an isospectral
submanifold of ε + B− with distinct eigenvalues is embedded into the flag
manifold by the torus embedding, and “Case B” refers to the companion
embedding of (ε + B−)0 into Sl(n,C)/B. It is shown that in Case B, the
base locus of the varieties in Sl(n,C)/P1 determined by the 1-chop integrals
is not the complete inverse image under the momentum mapping of the
boundary of the momentum polytope, in contrast to what is found in Case
A. Here the base locus corresponds to only certain faces of this polytope,
one associated to each of the fundamental weights of sl(n,C).

It is interesting to note that first, it is in the two extreme cases, the
generic case in which all eigenvalues are distinct and the most degenerate
case in which all eigenvalues coincide, that the base locus of the varieties
in Sl(n,C)/P1 corresponding to the 1-chop integrals (under the appropriate
embedding) have simple descriptions in terms of the momentum polytope,
and secondly, that the two embeddings that reveal this geometry in the two
cases are different.

After first describing the geometry of the base locus in Cases A and B,
Section 4 considers the expressions of the 1-chop integrals for an arbitrary
isospectral level set under the consistent use of the companion embedding.
The expressions obtained provide insight into how the 1-chop integrals under
this embedding simplify as a level set with distinct eigenvalues degenerates
to the extreme case in which all eigenvalues coincide (at zero).

The final two sections are devoted to the special cases n = 3 and n = 4.
For n = 3, the geometry of the level sets of the single 1-chop integral (a
Casimir) in the flag manifold is studied in more detail in both Case A and
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Case B; it is shown how the common intersection of the level set varieties
in each case precisely encodes the stratification of the relevant isospectral
submanifold induced by the symplectic stratification of ε + B−. In the ex-
ample with n = 4, after illustrating the results for the 1-chop integrals, a
different maximal involutive family of integrals is considered, whose geom-
etry is studied extensively in [10]. For this family of integrals, statements
are obtained that are completely analogous to those for the 1-chop integrals,
the partial flag manifold Sl(4,C)/P1 being replaced by the Grassmannian
G(2, 4) of 2-dimensional subspaces of C4.

2. Background.

To describe the Poisson structure on ε + B−, consider the decomposition
of the Lie algebra sl(n,C) into its upper triangular and lower nilpotent
subalgebras:

sl(n,C) = B+ ⊕N−.
Using the nondegenerate Killing form 〈X,Y 〉 = 2n · tr(XY ) on sl(n,C),
the dual, B∗+, of B+ is identified with N⊥− , which is B−. This gives an
identification of ε+ B− with the dual of a Lie algebra:

ε+ B− ∼= B− = N⊥− ∼= B∗+.

The space ε + B− acquires its Poisson structure through this identification
from the Lie-Poisson structure on B∗+, whose symplectic leaves are the coad-
joint orbits. Indeed, the differential equations generated by the Hamiltonian
H = 1

2
trX2 are precisely the Toda equations (1).

The solution (2) shows that the functions Ik0 = 1
k

trXk for k = 2, . . . , n
are constants of motion. To obtain a completely integrable system on a
generic symplectic leaf, one must find Casimirs and sufficiently many addi-
tional integrals. The full Kostant-Toda lattice is an integrable system for
which there exist distinct maximal families of constants of motion in invo-
lution, where the constants in different families do not necessarily commute
with each other. Using a method introduced by Thimm [12] and applied
to the Toda lattice in [3], such involutive families may be found by consid-
ering different nested chains of parabolic subalgebras of sl(n,C). [4] deals
primarily with a particular family of integrals.

Proposition 2.1 ([3, 4]). For k = 0, . . . , [n−1
2

], denote by (X − λId)(k)

the result of removing the first k rows and last k columns from X−λId, and
let λrk, r = 1, . . . , n− 2k, denote the roots of

Q̃k(X,λ) = det(X − λId)(k) = E0kλ
n−2k + · · ·+ En−2k,k.
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The λrk are constants of motion for the full Kostant-Toda lattice. The coef-
ficients, Irk, of the monic polynomial

Qk(X,λ) =
det(X − λId)(k)

E0k

= λn−2k + I1kλ
n−2k−1 + · · ·+ In−2k,k

are constants of motion equivalent to the λrk. They are called the k-chop
integrals. (The Ir0 are the coefficients of the characteristic polynomial of
X.) The functions I1k =

∑
r λrk are Casimirs on ε + B−, and the Irk for

r > 1 constitute a complete involutive family of integrals for the generic
symplectic leaves of ε+ B− cut out by the Casimirs I1k.

In [4], the authors present a method of computing the k-chop integrals.

Proposition 2.2 ([4]). Choose X ∈ ε+B−, and break it into blocks of the
indicated sizes as

X =


k n− 2k k

k X1 X2 X3

n− 2k X4 X5 X6

k X7 X8 X9

,
where k is an integer such that 0 ≤ k ≤ [n−1

2
]. If detX7 6= 0, define the

matrix φk(X) by

φk(X) = X5 −X4X
−1
7 X8 ∈ Gl(n− 2k,C), k 6= 0,

φ0(X) = X.

Then the Irk are the coefficients of the polynomial det(λ− φk(X)).

The “generic” level sets of these constants of motion are studied in [4] in
terms of the geometry of generalized flag manifolds. This is made possible
through the following result of Kostant.

Proposition 2.3 ([7]). Let λn − s2λ
n−2 − . . . − sn be the characteristic

polynomial of X ∈ ε+ B−, and let

C =



0 1 0 · · · 0
...

. . . . . . . . .
...

...
. . . . . . . . . 0

0 · · · · · · . . . 1
sn · · · · · · s2 0


be the companion matrix. Then there exists a unique lower unipotent matrix
L such that X = LCL−1.
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Now fix the eigenvalues λ1, . . . , λn of X in ε+B−. Let Λ be the diagonal
matrix Λ = diag(λ1, . . . , λn) for some fixed ordering of the λi, and denote
by (ε + B−)Λ the isospectral submanifold of ε + B− with these eigenvalues.
Because of the uniqueness of L, there is an embedding of (ε + B−)Λ into
the flag manifold Sl(n,C)/B, where B is the subgroup of upper triangular
matrices, defined by

ΦΛ : (ε+ B−)Λ → Sl(n,C)/B

X 7→ L−1 mod B.

This is known as the companion embedding.
Now suppose that the eigenvalues λi are distinct. Then C = V ΛV −1,

where V is a Vandermonde matrix, and the theorem implies that for each
X in (ε + B−)Λ, there is a unique lower unipotent matrix L such that
X = LV ΛV −1L−1. Again, the uniqueness of L implies that the mapping

ΨΛ : (ε+ B−)Λ → Sl(n,C)/B

X 7→ V −1L−1 mod B

is also an embedding.
Since the flows for the integrals 1

k
trXk generate the action of the diagonal

complex torus (C∗)n−1 on the flag manifold under this embedding (see [4]),
it is called the torus embedding. Under this mapping, each compactified level
set of the constants of motion is a union of torus orbits in the flag manifold.
By a more general convexity theorem of Atiyah in [1], there is associated to
the closure of each torus orbit a convex polytope by means of the momentum
mapping, as described in the next section.

The geometry of generalized flag manifolds and their momentum poly-
topes is the basis of the study of the full Kostant-Toda lattice in [10], in
which the eigenvalues are taken to be distinct. This paper extends some of
the work in [10] to the case in which all the eigenvalues are equal to zero
and compares the results with the corresponding statements in the case of
distinct eigenvalues.

3. The Momentum Mapping on G/P .

This section introduces the momentum mapping and the convexity theorem
for its image in the more general setting in which Sl(n,C) is replaced by an
arbitrary complex semisimple Lie group. The discussion is then specialized
to the case of Sl(n,C), and some notation is established.

Let G be a complex semisimple Lie group, H a Cartan subgroup of G,
and B a Borel subgroup containing H. Denote by H the Lie algebra of H



166 BARBARA SHIPMAN

and by H∗ the dual of H. Let P be a parabolic subgroup of G containing
B. The homogeneous space G/P can be realized as the orbit of G through
a projectivized highest weight vector in the projectivization, P (V ), of an
irreducible representation ρ : G→ Gl(V ) (see [6], for example).

Because G/P is a projective algebraic variety, it is Kähler and is there-
fore also a symplectic manifold. The action of the compact torus T in H
preserves the symplectic structure. This gives rise to a momentum mapping
µ : G/P → τ∗, where τ ∗ is the dual of the Lie algebra of T . (τ ∗ is the real
part of H∗.) To describe this mapping, let A be the set of weights of ρ taken
with multiplicity, and choose a basis of weight vectors {vα : α ∈ A} for V .
A point [X] ∈ G/P ⊂ P (V ), represented by a vector X ∈ V , determines
uniquely, up to a common scalar factor, the collection of numbers πα(X),
where X =

∑
α∈A πα(X)vα. The homogeneous coordinates [πα(X)] on G/P

are referred to as Plücker coordinates.

The momentum mapping for the action of T on G/P is defined by

µ : G/P → τ∗

[X] 7→
∑
α∈A |πα(X)|2α∑
α∈A |πα(X)|2 .

Let H · [X] be the orbit of H through [X], and let H · [X] be its closure
in G/P . To describe the image of H · [X] under the momentum mapping,
consider the orbit W · αV of the Weyl group, W , of G through the highest
weight, αV , of V determined by the choice of B. It is shown in [6], using
the more general results in [1], that µ(H · [X]) is the convex polytope whose
vertices are the weights {α ∈W · αV : πα(X) 6= 0}. In particular, the image
of G/P under the momentum mapping is the convex hull of the orbit of the
Weyl group through αV . This image is therefore the weight polytope of the
irreducible representation V ; it is referred to also as the momentum polytope
of G/P . The vertices of this polytope are the images under µ of the fixed
points, {[vα] : α ∈W · αV }, of the torus action; µ([vα]) = α.

The momentum mapping induces a partition of G/P into equivalence
classes called strata (see [6]), where each stratum is the union of all torus
orbits in G/P whose closures have as their images under the momentum
mapping the same convex polytope. The generic stratum is the union of
all torus orbits whose closures have the full momentum polytope as their
common image under µ. These are the generic torus orbits, on which no
Plücker coordinate vanishes.

Now let G be the group Sl(n,C), H its diagonal subgroup, and V the
adjoint representation of sl(n,C). Denote by Li the linear function in H∗
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that sends an element of H to its ith diagonal entry. Then H∗ is the quotient
space

H∗ =

{
n∑
i=1

ciLi : ci ∈ C

}/〈
n∑
i=1

Li

〉
∼= Cn−1,

and the roots of the adjoint representation are Li − Lj, i 6= j. These roots
are the vertices of the weight polytope of V , which is denoted here by 4n;
they constitute the orbit of the Weyl group of Sl(n,C), the symmetric group
on n elements, through the highest weight L1 − Ln. The adjoint represen-
tation of sl(n,C) is the (n2 − 1)-dimensional irreducible component in the
representation Cn ⊗ ∧n−1Cn, where Cn is the standard representation of
sl(n,C).

Let {ei}ni=1 be the standard basis of Cn, and identify ∧n−1Cn with the
dual of Cn by requiring that ω(β) for ω ∈ ∧n−1Cn and β ∈ Cn satisfy
β ∧ω = ω(β)e1 ∧ . . .∧ en. Under this identification, the dual basis of {ei}ni=1

is {e∗i }ni=1, where e∗i = (−1)i+1e1 ∧ . . .∧ ei−1 ∧ ei+1 . . .∧ en. In this paper, the
Plücker coordinates on the orbit G · [e1⊗e∗n] in P (V ) are defined with respect
to the weight vectors vLi−Lj = ei⊗ e∗j for the root spaces of sl(n,C) and the
basis {ei⊗ e∗i − ei+1⊗ e∗i+1}n−1

i=1 of H. (The vectors ei⊗ e∗i , i = 1, . . . , n, span
the n-dimensional zero weight space in the tensor product Cn ⊗ ∧n−1Cn.)

The orbit G · [e1 ⊗ e∗n] is realized as the homogeneous space G/P1, where
P1 is the stabilizer of [e1 ⊗ e∗n] in P (V ). It consists of the elements [v ⊗ σ]
in P (Cn ⊗ ∧n−1 Cn) for which v ∧ σ = 0. Its obvious embedding into
P (Cn) × P (∧n−1Cn) defines coordinates [π1 : · · · : πn] × [π∗1 : · · · : π∗n]
on G/P1, where [πi] are the Plücker coordinates on P (Cn) with respect to
the standard basis and [π∗i ] are the Plücker coordinates on P (∧n−1Cn) with
respect to the dual basis, {e∗i }. (If [X] ∈ G/P1 is represented by M mod
P1 with M ∈ G, then [πi] = [Mi1], and [π∗i ] = [(−1)i+1Mîn̂], where Mîn̂ is
the determinant of the matrix obtained by deleting the ith row and the nth

column of M .) In these coordinates, the variety G/P1 ⊂ P (Cn)×P (∧n−1Cn)
is cut out by the equation

∑n
i=1 πiπ

∗
i = 0.

It will be convenient to use both the Plücker coordinates [πα] for the
embedding G/P1 → P (V ) and the coordinates [πi]× [π∗i ] for the embedding
G/P1 → P (Cn)× P (∧n−1Cn). For [X] in G/P1, X has the form

X =
∑
i6=j

πLi−Lj (X)ei ⊗ e∗j +
n∑
i=1

ai(X)ei ⊗ e∗i ,

where
∑n
i=1 ai(X) = 0. In terms of the coordinates [πi] × [π∗i ] on [X], the

Plücker coordinates πLi−Lj (X) are projectively equal to the products πiπ∗j
for i 6= j:

[πLi−Lj (X)]i6=j = [πiπ∗j ]i6=j,



168 BARBARA SHIPMAN

and the ai(X) are projectively equal to the products πiπ∗i :

[ai(X)]ni=1 = [πiπ∗i ]
n
i=1.

Throughout this paper, reference to a torus orbit means an orbit of the
diagonal complex torus (C∗)n−1, and reference to a face or an edge of a
polytope means its closure.

4. Results for General Sl(n,C).

Two types of isospectral submanifolds of ε + B− are considered here, those
with distinct eigenvalues and the one whose eigenvalues are all equal to zero,
which is denoted by (ε+B−)0. In the case that the eigenvalues are distinct,
the torus embedding of (ε+ B−)Λ into G/B is used; (ε+ B−)0 is embedded
into the flag manifold by the companion embedding. These situations are
referred to as Case A and Case B, respectively.

4.1. The two extreme cases.
It is shown in [4] that, under the torus embedding of (ε + B−)Λ (with

distinct eigenvalues) into G/B, the 1-chop integrals have the expressions

Ir1 =
∑n
i=1 σr+1(̂i)πiπ∗i∑n
i=1 σ1(̂i)πiπ∗i

,

where σj (̂i) is the jth symmetric polynomial on the n−1 eigenvalues different
from λi. Observe that these functions on G/B involve only the Plücker
coordinates [πi]× [π∗i ] and are therefore defined in terms of the projection of
the flag manifold to G/P1. The situation in Case B is similar.

Proposition 4.1. Under the companion embedding of (ε + B−)0 into the
flag manifold, the 1-chop integrals have the expressions

Ir1 =
∑n−r−1
i=1 πi+r+1π

∗
i∑n−1

i=1 πi+1π∗i
,

which depend only on the projection of G/B to G/P1. In terms of the Plücker
coordinates πα on G/P1, these expressions are

Ir1 =
∑
ht(α)=−1−r πα∑
ht(α)=−1 πα

,

where ht(α) is the height of the weight α.



GEOMETRY OF THE TODA LATTICE 169

Proof. Let C0 denote the nilpotent matrix with 1’s on the superdiagonal
and zeros elsewhere, and for M ∈ Sl(n,C), denote by Mîĵ the determinant
of the matrix obtained by deleting row i and column j from M . Then for
X ∈ (ε+ B−)0,

det(X − λI)(1) = (L(C0 − λI)L−1)1̂n̂

=
n∑

i,j=1

L1̂î(C0 − λI)îĵL
−1

ĵn̂

=
n∑

i,j=1

(−1)i+1L−1
i1 L

−1

ĵn̂
(C0 − λI)îĵ

=
n∑

i,j=1

(−1)i+1πi(−1)j+1π∗j (C0 − λI)îĵ

=
n∑
i=1

∑
1≤j≤i

πiπ
∗
jλ

n−1−(i−j),

where πi and π∗i denote πi(Φ0(X)) and π∗i (Φ0(X)), respectively. By Propo-
sition 2.1, Ir1 is the coefficient of λn−r−2 in this polynomial divided by the
coefficient of λn−2. (The coefficient of λn−1 is the Plücker relation

∑n
i=1 πiπ

∗
i ,

which vanishes.)

Remark. Observe that in Case A, the expressions for the Ir1 involve only
the products πiπ∗i , which correspond to the Plücker coordinates for the zero
weight space in P (Cn×∧n−1Cn), whereas in Case B, the Ir1 depend only on
the Plücker coordinates πiπ∗j with i > j, which correspond to the negative
roots of sl(n,C). Observe, however, that different embeddings are used in
the two cases. Later it is shown that, using the companion embedding for
a level set with distinct eigenvalues, none of which is zero, the expressions
of the 1-chop integrals involve all the weights of sl(n,C); this, however,
obscures the geometry of the base locus defined below, which is revealed
clearly by the torus embedding.

Definition 4.1. Let F0
r,α, with α ∈ C, denote the variety in G/P1 cut out

by the homogeneous polynomial

Ir1

(
n−1∑
i=1

πi+1π
∗
i

)
−

n−r−1∑
i=1

πi+r+1π
∗
i = 0,(3)

where Ir1 = α, and let F0
r,∞ denote the variety

n−1∑
i=1

πi+1π
∗
i = 0.(4)
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The base locus of these varieties is the intersection

Z0 =
n−2⋂
r=1

⋂
α∈P1

F0
r,α.

This base locus corresponds to the subset of (ε+B−)0 on which all the Ir1
are undefined (and not equal to infinity). It consists of the n−1 components

π∗1 = · · · = π∗k = πk+1 = · · · = πn = 0(5)

for k = 1, . . . , n − 1; denote them by Zk0 . Each of these components is the
closure of a single torus orbit in G/P1 of complex dimension n − 2. To see
this, observe that any two generic points in Zk0 have Plücker coordinates
of the form [π1 : · · · : πk : 0 : · · · : 0] × [0 : · · · : 0 : π∗k+1 : · · · : π∗n]
and [π′1 : · · · : π′k : 0 : · · · : 0] × [0 : · · · : 0 : π∗

′
k+1 : · · · : π∗

′
n ], where

π1 · · ·πkπ∗k+1 · · ·π∗n 6= 0 and π′1 · · ·π′kπ∗
′
k+1 · · ·π∗

′
n 6= 0. Since the element in

the torus whose diagonal entries are hi = π′i
πi

for i = 1, . . . , k and hi = π∗i
π∗′
i

for i = k + 1, . . . , n takes the first into the second, these points belong to
the same torus orbit; its complex dimension is n− 2.

The geometry of Z0 has a simple description in terms of the momentum
mapping on G/P1 and the momentum polytope 4n.

Definition 4.2. Let Q be the weight polytope of an irreducible representa-
tion of Sl(n,C) with highest weight w, and denote by Star (Q,w) the union
of all faces that have w as a vertex and are perpendicular to a fundamental
weight of sl(n,C) with respect to the Killing form on H∗. The fundamental
weight

∑k
i=1 Li is denoted by wk for k = 1, . . . , n− 1.

Remarks.
(1) The face of Star (Q,w) perpendicular to wk intersects the positive ray

through wk perpendicularly at its center.
(2) For an arbitrary irreducible representation, Star (Q,w) is the union of

at most n−1 faces of dimension n−2. In the case of Star (4n, L1−Ln),
this number is equal to n− 1.

Definition 4.3. Let Sk denote the set {1, · · · , k}, and for R ⊂ Sn with
|R| = k, denote by R′ the complement Sn \ R. For each R ⊂ Sn, let GR
be the subalgebra of sl(n,C) generated by the roots Li − Lj for i, j ∈ R.
(GR ∼= sl(|R|,C).) Each subalgebra GR ⊕ GR′ for R ⊂ Sn with 1 ≤ |R| ≤
n − 1 has rank n − 2. These will be referred to as the rank n − 2 principal
subalgebras of sl(n,C). For k = 1, . . . , n − 1, the subalgebras GSk ⊕ GS′k ∼=
sl(k,C)⊕sl(n−k,C) will be called the rank n−2 principal block subalgebras
of sl(n,C).
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Proposition 4.2. Let µ be the momentum mapping on G/P1. The base lo-
cus Z0 is equal to µ−1(Star(4n, L1−Ln)). The momentum mapping induces
a one-to-one correspondence between the n − 1 components of Z0, each of
which is the closure of a single torus orbit of complex dimension n− 2, and
the set of (n− 2)-dimensional faces of Star(4n, L1 − Ln); µ(Zk0 ) is the face
of Star(4n, L1 − Ln) that is perpendicular to the fundamental weight wk.

Proof. It has already been shown that Zk0 is the closure of a single torus
orbit in G/P1 of complex dimension n− 2. Its image under the momentum
mapping is therefore an (n − 2)-dimensional face of 4n whose vertices are
the images of the fixed points of the torus action contained in it. These fixed
points are those whose single nonvanishing product of the form πiπ

∗
j is such

that i ∈ Sk and j ∈ S′k; their images under µ are the (positive) roots Li−Lj
for i ∈ Sk and j ∈ S′k. These are precisely the weights of the representation
VSk⊗V ∗S′

k
of the subalgebra GSk⊕GS′k , where VSk and V ∗S′

k
denote the standard

representation of GSk and the dual of the standard representation of GS′
k
,

respectively. This representation is the irreducible component containing
e1 ⊗ e∗n in the decomposition of the adjoint representation of sl(n,C) under
the action of this subalgebra. Since the root lattice of GSk ⊕GS′k is generated
by the simple roots Li − Li+1 for i 6= k, which are all perpendicular to the
fundamental weight wk with respect to the Killing form, µ(Zk0 ) is the face
of Star(4n, L1 − Ln) perpendicular to wk.

Remark. Zk0 , being the closure of a single torus orbit in G/P1, is a toric
variety. The geometry of such varieties in homogeneous spaces G/P has been
studied in detail in [5]; see also the corrections in [2]. The polytope µ(Zk0 ),
which is the weight polytope of the representation VSk ⊗ V ∗S′

k
of GSk ⊕ GS′k ,

contains significant information about the geometry of this variety in G/P1.

For Case A, there is a result similar to Proposition 4.2.

Definition 4.4. Let FΛ
r,α, with α ∈ C, denote the variety in G/P1 cut out

by the homogeneous polynomial

Ir1

(
n∑
i=1

σ1(̂i)πiπ∗i

)
−
(

n∑
i=1

σr+1(̂i)πiπ∗i

)
= 0,(6)

where Ir1 = α, and let FΛ
r,∞ denote the variety

n∑
i=1

σ1(̂i)πiπ∗i = 0.(7)
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The base locus of these varieties is the intersection

ZΛ =
n−2⋂
r=1

⋂
α∈P1

FΛ
r,α.

The base locus ZΛ corresponds, through the torus embedding, to the
subset of (ε+B−)Λ on which all the 1-chop integrals are undefined (and not
equal to infinity). Since the common vanishing set of Equations (6) and (7)
coincides with the intersections of the varieties πiπ∗i = 0 for i = 1, . . . , n, ZΛ

is the union of the
∑n−1
k=1

(n
k

)
components

π∗σ(1) = · · · = π∗σ(k) = πσ(k+1) = · · · = πσ(n) = 0(8)

for k = 1, . . . , n − 1 and σ ∈ Σn, the Weyl group of sl(n,C). Denote the
component (8) by Zk,σΛ . (Note that the permutation σ is not unique for
n ≥ 3.)

In this case, as in Case B, each of these components is the closure of a
single torus orbit in G/P1 of complex dimension n− 2. Its image under the
momentum mapping is therefore an (n− 2)-dimensional face of 4n. In fact,
all such faces in the boundary of 4n are obtained in this way.

Proposition 4.3. The base locus ZΛ is equal to the inverse image under
the momentum mapping of the boundary of the momentum polytope; that is,
ZΛ = µ−1(∂4n). The momentum mapping induces a one-to-one correspon-
dence between the components of ZΛ, each of which is the closure of a single
torus orbit of complex dimension n−2, and the set of all (n−2)-dimensional
faces of 4n; µ(Zk,σΛ ) is the face of 4n that intersects the positive ray through
the weight σ(wk) =

∑k
i=1 Lσ(i) perpendicularly.

Proof. By Proposition 4.2, µ(Zk0 ) is the face of 4n that intersects the pos-
itive ray through wk perpendicularly at its center. Its vertices are Li − Lj
for i ∈ Sk and j ∈ S′k. The action of σ ∈ Σn on the roots of sl(n,C)
takes this face to the face of 4n whose vertices are Li − Lj for i ∈ σ(Sk)
and j ∈ σ(S′k); it intersects the positive ray through the weight σ(wk) =∑k
i=1 Lσ(i) perpendicularly. But these vertices are the images of the fixed

points of the torus action in G/P1 for which the nonvanishing product πiπ∗j
is such that i ∈ σ(Sk) and j ∈ σ(S′k), which are precisely the fixed points
contained in the component Zk,σΛ of ZΛ. The image µ(Zk,σΛ ) is therefore the
(n−2)-dimensional face of 4n that intersects the positive ray through σ(wk)
perpendicularly.

To complete the proof, it remains to show that every (n− 2)-dimensional
face of 4n is perpendicular to a weight of a fundamental representation of



GEOMETRY OF THE TODA LATTICE 173

sl(n,C). To see this, observe that the vertices of the face that intersects
the positive ray through the weight σ(wk) perpendicularly are the weights
of the representation Vσ(Sk) ⊗ V ∗σ(S′

k
) of the principal rank n − 2 subalgebra

Gσ(Sk) ⊕ Gσ(S′
k
) of sl(n,C), where Vσ(Sk) and V ∗σ(S′

k
) are the standard rep-

resentation of Gσ(Sk) and the dual of the standard represention of Gσ(S′
k
),

respectively. Denote the weight polytopes of Vσ(Sk) and V ∗σ(S′
k
) by Qσ(Sk)

and Q∗σ(S′
k
), respectively. This face is then the polytope Qσ(Sk) ×Q∗σ(S′

k
), the

Cartesian product of a k-simplex and an (n − k)-simplex. One can easily
write down an arbitrary (n− 3)-dimensional face of this polytope and verify
that it is also a face of another such (n−2)-dimensional face of 4n.

Remark. In Case A, the image µ(ZΛ) of the base locus ZΛ contains all the
roots of sl(n,C), whereas in Case B, µ(Z0) contains precisely the vertices
of 4n corresponding to the positive roots. Compare this with the remark
following Proposition 4.1.

4.2. The companion embedding for an arbitrary isospectral level
set.

Let C be the companion matrix defined in Proposition 2.3 for an arbitrary
choice of spectrum. From the proof of Propsition 4.1,

det(L(C − λI)L−1)(1) =
n∑

i,j=1

(−1)i+jπiπ∗j (C − λI)îĵ.(9)

Recall that in Case B, in which all the eigenvalues are zero, all the symmet-
ric functions vanish, and the coefficients in this polynomial involve only the
Plücker coordinates corresponding to the negative roots of sl(n,C). How-
ever, on an isospectral level set for which not all eigenvalues are zero, the
symmetric functions s2, . . . , sn do not all vanish, and the coefficients of the
polynomial (9) involve additional terms that depend on the values of these
functions. Rewriting (9) by collecting the coefficients of the si, one obtains

(−1)n+1 det(L(C − λI)L−1)(1)

=
n−1∑
i=1

λn−1−i ∑
ht(α)=−i

πα


+

n∑
p=2

sp

[
p−1∑
i=1

(
λn−1−i ∑

ht(α) = p− i
α ∈ Γ(GS′

n−p)

πα

)
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− λn−1−p
n−p∑
i=1

πiπ
∗
i

−
n−1−p∑
i=1

(
λn−1−p−i ∑

ht(α) = −i
α ∈ Γ(GSn−p)

πα

)]
,

where Γ(GR) denotes the sublattice of the root lattice of sl(n,C) determined
by the subalgebra GR (see Definition 4.3). This expression is calculated
easily in low-dimensional examples and is verified in general by induction on
n. It is the sum of n polynomials of degree n− 2; the first is the polynomial
det(L(C0 − λI)L−1)(1) of Case B, and each of the others has a symmetric
polynomial, si, as a factor.

Observe that the coefficients of the polynomial containing the factor sp
correspond to the subalgebra GSn−p ⊕ GS′n−p of sl(n,C). The coefficients of
λn−2, . . . , λn−p are the sums of the Plücker coordinates for the positive roots
of heights p− 1, . . . , 1, respectively, of the rank p− 1 subalgebra GS′

n−p ; the
coefficient of λn−p−1 is (minus) the sum of the Plücker coordinates for the
zero weight space of Cn−p ⊗ (Cn−p)∗, and the coefficients of λn−p−2, . . . , λ0

are (minus) the sums of the Plücker coordinates for the negative roots of
heights −1, . . . ,−(n− p− 1), respectively, of the rank n− p− 1 subalgebra
GSn−p .

For purposes of illustration, consider the case n = 4:

− det(L(C − λI)L−1)(1)

= λ2(π2π
∗
1 + π3π

∗
2 + π4π

∗
3) + λ(π3π

∗
1 + π4π

∗
2) + π4π

∗
1

+ s2[λ2π3π
∗
4 − λ(π1π

∗
1 + π2π

∗
2)− π2π

∗
1 ]

+ s3[λ2π2π
∗
4 + λ(π2π

∗
3 + π3π

∗
4)− π1π

∗
1 ]

+ s4[λ2π1π
∗
4 + λ(π1π

∗
3 + π2π

∗
4) + (π1π

∗
2 + π2π

∗
3 + π3π

∗
4)].

When s2, s3, and s4 all vanish, this reduces to the polynomial of Case B,
whose coefficients depend only on the Plücker coordinates for the negative
roots of sl(4,C). The coefficients of the polynomial containing the factor s2

correspond to the subalgebra G{1,2}⊕G{3,4}. The constant term is minus the
Plücker coordinate for the negative root of G{1,2} (of height -1), the coefficient
of λ is minus the sum of the Plücker coordinates for the zero weight space
of C2 ⊗ (C2)∗, and the coefficient of λ2 is the Plücker coordinate for the
positive root of G{3,4} (of height 1). This pattern repeats; the coefficients
of the polynomial containing the factor s3 correspond to the subalgebra
G{1} ⊕ G{2,3,4} in the same way. The constant term is minus the Plücker
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coordinate for the zero weight space of C⊗C∗, and the coefficients of λ and
λ2 are the sum of the Plücker coordinates for the roots of G{2,3,4} of height
1 and the Plücker coordinate for the root of G{2,3,4} of height 2, respectively.
Finally, the coefficients of λ2, λ, and λ0 in the polynomial corresponding to
s4 are simply the sums of the Plücker coordinates for the positive roots of
sl(4,C) (= G{1,2,3,4}) of heights 3, 2, and 1, respectively.

Writing the polynomial det(L(C − λI)L−1)(1) in this way allows one to
see how the expressions of the 1-chop integrals in the case of the companion
embedding simplify as a generic isospectral level set approaches the extreme
case where all eigenvalues are zero through a sequence of degenerations in
which one additional eigenvalue is set equal to zero in each step. Indeed, the
m+ 1 symmetric functions sn−m, . . . , sn vanish simultaneously if and only if
zero is an eigenvalue of multiplicity at least m+1. In the case that all the λi
are nonzero, sn does not vanish, and the coefficients of the 1-chop polynomial
depend on the Plücker coordinates for all the roots of sl(n,C). With each
additional eigenvalue that is set equal to zero, the 1-chop polynomial loses
its dependence on the Plücker coordinates for the roots of the greatest height
that occurs in the previous step so that when m eigenvalues vanish, the 1-
chop integrals do not depend on the roots of height greater than or equal to
n−m.

5. The Special Case n = 3.

In this example, let G be the group Sl(3,C). The elements of ε + B− have
the form

X =

f1 1 0
g1 f2 1
h g2 f3


with

∑3
i=1 fi = 0, and there is a single 1-chop integral, C = f2 − g1g2

h
, which

is a Casimir. In this case, G/P1 coincides with the flag manifold G/B, and
the momentum polytope is the regular hexagon shown in Figure 1.

In Case A, the Casimir has the expression

C =
λ2λ3π1π

∗
1 + λ1λ3π2π

∗
2 + λ1λ2π3π

∗
3

λ1π1π∗1 + λ2π2π∗2 + λ3π3π∗3
.(10)

The base locus ZΛ is the common intersection of the varieties FΛ
C defined by

C
(

3∑
i=1

σ1(̂i)πiπ∗i

)
−

3∑
i=1

σ2(̂i)πiπ∗i = 0

for C ∈ C and by the vanishing of the denominator in (10) for C =∞. It is
the union of the strata in the flag manifold whose images under the momen-
tum mapping lie on the boundary of the momentum polytope. Each of these
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strata consists of a unique torus orbit; there are six 1-dimensional complex
orbits corresponding to the edges of the hexagon and six fixed points, whose
images are the vertices.

This base locus and its image under the momentum mapping precisely en-
code the structure of the intersection of the isospectral submanifold (ε+B−)Λ

with the set of symplectic leaves in ε+B− of complex dimension strictly less
than four, the dimension of the generic leaves. Each of the six 1-dimensional
complex orbits in ZΛ corresponds under the torus embedding to the inter-
section of (ε + B−)Λ with a symplectic leaf of complex dimension two; the
six fixed points of the torus action are the images of the six 0-dimensional
leaves contained in (ε + B−)Λ. In terms of the momentum polytope, the
intersections of the lower-dimensional leaves with (ε + B−)Λ correspond to
the six edges and the six vertices of the hexagon. This is explained in detail
and illustrated in Chapter 3 of [10].

The expression of the Casimir in Case B is

C =
π3π

∗
1

π2π∗1 + π3π∗2
.(11)

The base locus Z0 is the union of the closures of two 1-dimensional complex
torus orbits inG/B, one satisfying π∗1 = π2 = π3 = 0, and the other satisfying
π∗1 = π∗2 = π3 = 0. Their images under the momentum mapping are the two
edges of Star (43, L1 − L3), shown in Figure 2.

As in Case A, the intersection of (ε + B−)0 with the set of symplectic
leaves of dimension less than four corresponds to the base locus, Z0. The
isospectral set (ε + B−)0 has nontrivial intersections with only two of the
2-dimensional leaves; these intersections have the formsa 1 0

b −a 1
0 0 0

 and

0 1 0
0 a 1
0 b −a

 ,
with a2 − b = 0, and they correspond under the companion embedding to
the two 1-dimensional complex torus orbits in Z0. The unique 0-dimensional
leaf in (ε + B−)0 is the companion matrix. Its image under the companion
embedding is the fixed point of the torus action whose image under the
momentum mapping is the highest weight, L1 − L3, in which the two edges
of Star(43, L1 − L3) intersect.

Consider now the varieties F0
C defined by

C(π2π
∗
1 + π3π

∗
2)− π3π

∗
1 = 0

for C ∈ C and by the vanishing of the denominator in (11) for C = ∞. For
C = 0, F0

0 is the union of the two components π3 = 0 and π∗1 = 0; each of
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these components is the closure of a single nongeneric 2-dimensional complex
torus orbit in G/P1. Their images under the momentum mapping are the
two half hexagons shown in Figure 3.

For a nonzero value of the Casimir, the variety F0
C is not invariant un-

der the torus action. The image of F0
C under the momentum mapping

for C 6∈ {0,∞} contains exactly two points on the boundary of the mo-
mentum polytope that are not in the base locus. These are the points

1
1+|C|2 [(L2 − L1)+ |C|2(L3−L1)] and 1

1+|C|2 [(L3−L2)+ |C|2(L3−L1)], which
lie on the two edges opposite the edges of Star (43, L1 − L3). They are the
images of [0 : 1 : C]× [1 : 0 : 0] and [0 : 0 : 1]× [C : 1 : 0], respectively, in F0

C .
Observe that each of these points lies at the same distance from the common
vertex L3−L1 of these two edges and that this distance depends only on the
modulus of C. As |C|2 increases from 0 to ∞, the two points move monoton-
ically along the two edges, starting at the simple negative roots L2−L1 and
L3 − L2 when C = 0 and coinciding in the limit at L3 − L1 when C =∞.

Furthermore, each edge of 43 is the image under µ of the closure of a
unique 1-dimensional complex torus orbit in G/P1; this closure is isomorphic
to P1. Consider the two copies of P1 corresponding to the two edges opposite
Star (43, L1−L3). They intersect in the fixed point for which π3π

∗
1 6= 0 and

are parametrized as [0 : w : z] × [1 : 0 : 0] and [0 : 0 : 1] × [z : w : 0], where
[z : w] ∈ P1. Since each of these copies of the projective line intersects F0

C
in a unique point for every C ∈ P1, it can be considered as a parameter
space for the varieties F0

C ; the two fixed points of the torus action contained
in it correspond to C = 0 and C = ∞. The modulus of C determines the
image of each point in this parameter space under the momentum mapping
so that the inverse image under µ of a point in the interior of an edge is an
isomorphic copy of S1.

Remark. The geometry of the base locus Z0 and the reducible variety F0
C

is seen in the Bruhat decomposition of the flag manifold,

G/B =
⋃
w∈Σ3

BXwB/B,

whereXw is a matrix representing the permutation w. The single 0-dimensio-
nal cell is the fixed point in Z0 whose image under µ is the highest weight,
L1 − L3, corresponding to the unique 0-dimensional leaf in (ε + B−)0. The
closures of the two 1-dimensional complex cells are the closures of the torus
orbits in Z0 corresponding to the two edges of Star (43, L1 − L3). The
closures of the two 2-dimensional complex cells are the components of the
reducible variety F0

0 , and the big cell contains the union of the generic level
set varieties F0

C , minus the base locus, for C ∈ P1 \ {0}.
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A geometrical study of the varieties FΛ
C in Case A is found in Chapter

3 of [10], in which it is shown that the geometry of the base locus ZΛ, the
three reducible varieties FΛ

λi
, and the irreducible varieties FΛ

C for C 6= λi, is
precisely encoded in the partitioning of the flag manifold into strata (see [6]).
This stratification of G/B is finer than the Bruhat decomposition, which is
the appropriate stratification in Case B.

6. The Special Case n = 4.

In the full Sl(4,C) Kostant-Toda lattice, there are two 1-chop integrals, I11,
which is a Casimir, and the constant of motion I21. In Case A, these integrals
have the expressions

I11 =
∑4
i=1 σ2(̂i)πiπ∗i

λ1π1π∗1 + λ2π2π∗2 + λ3π3π∗3 + λ4π4π∗4

and

I21 = − λ2λ3λ4π1π
∗
1 + λ1λ3λ4π2π

∗
2 + λ1λ2λ4π3π

∗
3 + λ1λ2λ3π4π

∗
4

λ1π1π∗1 + λ2π2π∗2 + λ3π3π∗3 + λ4π4π∗4
.

The momentum polytope, 44, of G/P1 is the cuboctahedron, shown in
Figure 4; it has fourteen 2-dimensional faces. The base locus ZΛ is the
union of fourteen components, each of which is the closure of the unique 2-
dimensional complex torus orbit in G/P1 whose image under µ is a particular
2-dimensional face of the momentum polytope.

In Case B, the 1-chop integrals are expressed as

I11 =
π3π

∗
1 + π4π

∗
2

π2π∗1 + π3π∗2 + π4π∗3

and

I21 =
π4π

∗
1

π2π∗1 + π3π∗2 + π4π∗3
.

The base locus, Z0, of the corresponding varieties in G/P1 is the union of
the closures of three 2-dimensional complex torus orbits. Its image under
the momentum mapping is Star(44, L1−L4), which consists of the two tri-
angular faces perpendicular to the fundamental weights L1 and −L4 and the
square face perpendicular to the fundamental weight L1 + L2, as illustrated
in Figure 5.

Now, the isomorphism ρ : sl(4,C) → so(6,C) gives rise to another
constant of motion, J , which is in involution with the integrals 1

k
trXk,
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k = 2, 3, 4, but not with I21. It is obtained by a chopping construction on
the matrix ρ(X) − λI similar to the one on X − λI described in Proposi-
tion 2.2, which gives the 1-chop integrals Ir1. The restriction of J to the
generic symplectic leaf on which the Casimir I11 is equal to zero exhibits a
geometry analogous to that of the level sets of the integral I21 in each of the
two types of isospectral submanifolds studied in this paper.

Consider first Case A. Let VΛ be the subvariety of the flag manifold
defined by

4∑
i=1

σ2(̂i)πiπ∗i = 0,

on which I11 vanishes. In [10], it is found that the function J , when restricted
to VΛ, depends only on its projection to the Grassmannian G(2, 4) of 2-
dimensional subspaces of C4. G(2, 4) is the orbit Sl(4,C) · [e1 ∧ e2],
contained in P (∧2C4). The weights of the irreducible representation ∧2C4

of sl(4,C) are the sums Li +Lj for i 6= j. Consider the Plücker coordinates
on G(2, 4) defined with respect to the weight basis {ei ∧ ej}i<j, and denote
πLi+Lj by πij. In terms of these coordinates, the expression of the restriction
of J to VΛ is given in [10] as

J |VΛ =
AΛA

′
Λπ12π34 −BΛB

′
Λπ13π24

AΛπ12π34 −BΛπ13π24

,

where

AΛ = (λ1 − λ3)(λ2 − λ4),

A′Λ = (λ1 + λ3)(λ2 + λ4),

BΛ = (λ1 − λ2)(λ3 − λ4), and

B′Λ = (λ1 + λ2)(λ3 + λ4).

This is simply a linear fractional transformation of the cross-ratio, c, defined
by

c =
π12π34

π13π24

.

Let Z̃Λ denote the common intersection of the varieties

c π13π24 − π12π34 = 0

in G(2, 4) for c ∈ C, and let µG(2,4) be the momentum mapping on the
Grassmannian. The momentum polytope, denoted by �, is shown in Figure
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6. The statement in this situation is parallel to Proposition 4.3 for the
integrals Ir1 in Case A. Its proof is found in [10].

Proposition 6.1. Z̃Λ = µ−1
G(2,4)(∂�). The momentum mapping induces

a one-to-one correspondence between the eight components of Z̃Λ, each of
which is the closure of a single torus orbit of complex dimension two, and
the set of 2-dimensional faces of �.

Consider now Case B, which uses the companion embedding of (ε+ B−)0

into G/B, and let V0 be the subvariety of G/B defined by

π3π
∗
1 + π4π

∗
2 = 0,

on which I11 vanishes. The expression of J , restricted to V0, is

J |V0 =
π2

34

π34(π14 + π23)− π2
24

.(12)

(To see this, it suffices to show that it holds on the matrices X(I21, u) defined
by Equation (5.9) in [10] with all the eigenvalues set equal to zero since J is
invariant under the torus action and u parametrizes the generic torus orbits
in each generic level set of I21 in (ε + B−)0. Indeed, evaluating (12) on
the image under the companion embedding of X(I21, u) with all eigenvalues
equal to zero gives precisely the expression of J in Equation (6.4) of [10]
with all the eigenvalues equal to zero.)

Let Z̃0 denote the common intersection of the varieties

J |V0(π34(π14 + π23)− π2
24)− π2

34 = 0

in G(2, 4) for J |V0 ∈ C. Since G(2, 4) is the vanishing set of the polynomial

π12π34 − π13π24 + π14π23 = 0(13)

in P (∧2C4), this base locus consists of two components, π34 = π24 = π14 = 0
and π34 = π24 = π23 = 0. Each of these components is the closure of a
single torus orbit of complex dimension two. Taking their images under the
momentum mapping yields a statement similar to Proposition 4.2 for the
base locus Z0.

Proposition 6.2. Z̃0 = µ−1
G(2,4)(Star(�, L1 + L2)). Each of the two compo-

nents of Z̃0 is the closure of a single torus orbit of complex dimension two;
their images under the momentum mapping are the two faces of Star(�, L1 +
L2).
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This is illustrated in Figure 7.
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Figure 1. The momentum polytope of Sl(3,C)/B.

Figure 2. Star (∆3, L1 − L3).
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Figure 3. The two half hexagons of µ(F0
0 ).

Figure 4. The momentum polytope of Sl(4,C)/P1.
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Figure 5. Star (∆4, L1 − L4).
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Figure 6. The momentum polytope of G(2, 4).

Figure 7. Star (�, L1 + L2).
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Corrections of errors in the printed version:
1. The reference to Section 3 on page 160 appeared as “Section 4.”
2. On page 166, four lines below the display, “weight, αV ,” appeared as
“weight vector, αV ,”.


