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BLOCKS OF FULLY GRADED RINGS

EVERETT C. DADE

To the memory of Olga Taussky-Todd

We develop Clifford Theory, through the Fong-Reynolds
Theorem, for blocks of a ring R fully graded by a finite group
G, with respect to an arbitrary G-invariant subring & of fR.
Our only assumption is that R be a finite sum of indecompos-
able subrings.

The writing of this paper was precipitated by a curious observation re-
lating the blocks of a G-ring ¥, for some finite group G, to the blocks of
the fixed subring T¢ of G acting on T. We shall say the an arbitrary ring
“has finite block theory” if it is a finite direct sum of indecomposable sub-
rings. The curious observation is that a G-ring ¥ has finite block theory
whenever its fixed subring T¢ has finite block theory. This is easily proved
in Theorem 2.2 below. Incidently the converse statement can be false, as
FExample 2.4 below shows.

A fully G-graded ring R, as defined in [U] or §4 below, is a G-graded ring
whose o-components form a group under multiplication. The centralizer
of the identity component 9R; in any such R is naturally a G-ring €. The
fixed subring €% of G in € is exactly the center Z(2R) of R (see [U] or §5
below). This allows us to apply the above observation to €, concluding
in Theorem 5.6 that PR has finite block theory if and only if € does. We
can even obtain a one to one correspondence between blocks of R and G-
conjugacy classes of blocks of €, whether or not R has finite block theory
(see Theorem 5.8 below).

When the fully G-graded ring R has finite block theory, we can repro-
duce Clifford theory for its blocks, as far as the Fong-Reynolds Theorem
(Theorem 8.12 below). Following the observation of Ellers [E] that ordinary
Clifford theory works just as well over arbitrary G-invariant subalgebras
of group algebras, we develop this theory over an arbitary “G-invariant”
subring & of R (see §8 below). One intermediate result in an otherwise
straightforward development is surprisingly delicate to prove. It is Theo-
rem 6.6 below, which says that an idempotent e of € which is orthogonal
to all its G-conjugates e’ # e must lie in the restriction SR[H]| of R to its
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stabilizer H in GG. Once this is out of the way, the rest of Clifford theory is
easy.

Perhaps the most interesting part of this paper is to be found in §10 below,
where we speculate about some possible extensions of the theories discussed
here. The question of whether our curious observation about G-rings has a
counterpart for G-graded rings is particularly intriguing. We wish we could
answer it.

This paper, like the entire journal issue to which it belongs, is dedicated
to the memory of the late Olga Taussky-Todd. My first hesitant steps in
mathematical research, along with those of so many other young mathemati-
cians, were guided and encouraged by her. I was privileged to coauthor a
few papers [DT1], [DT2], [DRTW] with her and others, notably a joint
effort [DTZ] with the late Hans Zassenhaus. But she also read over and im-
proved many of my other works. More than forty years ago she introduced
me to Max Deuring’s Algebren, thus sparking a life-long interest in rings and
algebras. The present paper is only the latest consequence of that long ago
act.

1. Finite block theory.

When we speak of a ring R, we mean an associative ring with identity
element 1 = 1x. Any subring & of R must have an identity element 1g,
but this identity element need not coincide with 1. When 1g is equal to
1k we say that G is a wunitary subring of PR. Similary, a homomorphism
v : R — T of rings need not send 1y to 1lg. If it does, we say that ~ is
identity-preserving.

Any R-module 9, whether right, left or two-sided, is understood to be
unitary, in the sense that multiplication by 1g is the identity map of 9t onto
itself. We write Mod(fR) for the abelian category of all right f3-modules
and their "-homomorphisms. If M, N € Mod(R) (i.e., if M and N are
right M-modules), then Homg, (901, 91) denotes the additive group of all R-
homomorphisms of 9 into IN.

We denote by Z(fR) the center of a ring MR, and by ZI(R) the set of all
idempotents in Z(R). The set ZI(R) is naturally a Boolean algebra, with
Boolean operations

(1.1) eNf=ef=fe, eVf=e+f—ef and e =1-c¢
for any e, f € ZI(R). The zero element 0 = O and identity element 1 = 1n

of the ring R are also the zero and identity elements of the Boolean algebra
ZI(R).
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The fact that ZI(R) is a Boolean algebra gives us two sets of names for
most basic properties of idempotents in the ring Z(R). Thus two idempotents
e, f in Z(R) are orthogonal, in the sense that ef = fe = 0, if and only if they
are disjoint in the Boolean algebra ZI(fR), in the sense that e A f = fAe = 0.
Furthermore an idempotent e is primitive in Z(fR), i.e., is non-zero but not
the sum of two non-zero orthogonal idempotents in Z(fR), if and only if it
is an atom in the Boolean algebra ZI(R), i.e., is non-zero but not the join
of two disjoint non-zero elements in ZI(R). Of course distinct primitive
idempotents in Z(fR) are always orthogonal, just as distinct atoms in ZI(R)
are always disjoint.

We define a block B of a ring R to be an ordered pair (R, e) consisting of
R and a primitive idempotent e of Z(R). We denote by Blk(R) the (possibly
empty) set of all such blocks of R, and by 1z the primitive idempotent of
Z(MR) lying in a given block B = (R, 15) of R. Thus the 15, for B € Blk(R),
are both the distinct primitive idempotents in the ring Z(R) and the distinct
atoms in the Boolean algebra ZI(R). Note that this definition of blocks
ensures that two blocks B and B’ are equal if and only if they are blocks of
the same ring R corresponding to the same primitive idempotent 1 = 1p
in Z(%R).

Definition 1.2. A ring R has finite block theory if the set Blk(R) is finite
and 1g is the finite sum

(1.3) ly= > 1p

BEBIKk(R)

of pairwise orthogonal idempotents in Z(fR).
There a couple of different ways of expressing this property of ‘R.

Proposition 1.4. A ring R has finite block theory if and only if the set
ZI(R) of all idempotents in Z(R) is finite. This happens if and only if Blk(R)
18 finite and R is the finite direct sum

(1.5) R= > Rig
BEBIK(R)
of indecomposable subrings.
Proof. If R has finite block theory, then ZI(R) has a finite number of atoms

1p, for B € BIk(fR). Since these atoms are pairwise disjoint elements in the
Boolean algebra ZI(fR), their sum in fR is also their join

V 1s= Y lzp=1Ix

BEBIK(R) BEBIKk(R)
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in ZI(R). So the Boolean algebra ZI(R) has a finite number n > 0 of distinct
atoms, and its identity element is the join of those atoms. This implies that
ZI(%R) is isomorphic to the Boolean algebra of all subsets of its set of atoms,
and hence has finite order 2" (see [B, Chapt. III, Th. 4]).

Conversely, if the Boolean algebra ZI(R) is finite, then it has a finite
number n > 0 of distinct atoms 1z, for B € Blk(R), and is isomorphic to
the Boolean algebra of all subsets of its set of atoms. Hence its identity
element is the finite join of its atoms. As above, this is equivalent to (1.3).
Therefore R has finite block theory if and only if ZI(fR) is finite.

Since the idempotents 15, for B € Blk(R), are pairwise orthogonal and
central in MR, the decomposition (1.3) of 1 is equivalent to the decomposition
(1.5) of M. The primitivity in Z(R) of each idempotent 15 in the former
decomposition is equivalent to the indecomposability of each subring R1p
in the latter decomposition. So the remaining statement of the proposition
holds. Ul

Corollary 1.6. If a ring R has finite block theory, then the distinct idem-
potents in Z(R) are the finite sums

(1.7) g =Y 1g,

BeB

where B runs over all subsets of the finite set Blk(2R).

Proof. We follow the convention that empty sums or joins are always zero.
So the idempotent 15 in (1.7) is zero when the subset B of Blk(R) is empty.

We saw in the above proof that the Boolean algebra ZI(fR) is generated
by its finite number of atoms 15 for B € Blk(R). It follows that the distinct
elements in ZI(R) are the joins

5=\ 15,

BeB

where B runs over all subsets of the finite set Blk(9R). But this join 15 is
equal to the sum on the right side of (1.7) by (1.1), because the atoms 13,
for B € B, are pairwise disjoint. Hence the corollary holds. [l

One final remark about rings with finite block theory is

Proposition 1.8. A ring R has finite block theory if and only if its center
Z(R) has finite block theory.

Proof. The set ZI(RR) of all idempotents in Z(fR) is also the set ZI(Z(%R)) of all
idempotents in Z(Z(R)) = Z(R). So the former set is finite if and only if the
latter is. By Proposition 1.4 this implies the present proposition. |
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2. G-rings.

Let G be any multiplicative group. We denote by 1 = 14 the identity element
of G. We use exponential notation for the conjugation action of G on itself.
So conjugation by any T € G sends any element 0 € G to 0™ = 77 loT € G,
and any subset H C G to H™ =77 'HT C G.

A G-ring ¥ is a ring, also called T, together with an action of the group G
as automorphisms of the ring ¥. We write the action of G on ¥ exponentially,
so that any ¢ € G sends any t € ¥ to t7 € T. We also use exponential
notation for the fized subring

(2.1) TH={teX|t"=t, forallocc H}

in ¥ of any subgroup H of G.

A G-subring G of a G-ring ¥ is any subring & of ¥ such that & is invariant
under the action of G on €. That action then restricts to one of G on &,
making & a G-ring in its own right. Evidently the center Z(%) is always a
unitary G-subring of ¥.

The following curious result will be our major tool for proving that certain
rings have finite block theory.

Theorem 2.2. Let G be a finite multiplicative group, and T be a G-ring
whose fized subring T has finite block theory. Then T has finite block theory.

Proof. The fixed subring Z(%)% of the G-subring Z(%) is clearly a unitary
subring of Z(T). Since T¢ has finite block theory, its center Z(T¢) has only
a finite number of distinct idempotents by Proposition 1.4. Hence there are
only a finite number n of distinct idempotents in the subring Z(%)% of Z(T¢).

As usual, we write |S| for the cardinality of any set S. So |G| is the order
of the finite group G. Suppose that T does not have finite block theory. Then
Proposition 1.4 tells us that the Boolean algebra ZI(¥) of all idempotents
in Z(%) is infinite. In particular, there is some finite subset £ of ZI(¥) such
that

MGl < |g].

The definition (1.1) of the operations in ZI(¥) implies that the action of
group G on the ring ¥ restricts to one of G as automorphisms of the Boolean
algebra ZI(¥). The union

5/ — U ge

ceG

of the translates of the finite set £ by elements of the finite group G is a
finite, G-invariant subset of ZI(¥) satisfying

MGl < 1€ < |€).
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The Boolean subalgebra 9B of ZI(T) generated by £’ is both finite and G-
invariant. It follows (see [B, Chapt. III, Th. 4]) that it is the full Boolean
algebra on its atoms, which form a G-invariant subset F of some finite
cardinality m = |F|. Hence B has order 2. The inclusion £ C B and the
above inequalities imply that

MGl < 1&g < |B| = 2™,
So we have
n|G| < m = |F]|.

Let Fi, Fs, ..., Fy, be the distinct G-orbits in the finite G-set F. Each
orbit F; satisfies
0 < |F| <G

Since F is the disjoint union of the F;, we conclude that
h h

n|G| <|F| =) IRl <) |Gl =hlG.
i=1 i=1

Therefore
n < h.

The members of F are atoms in the Boolean subalgebra B of ZI(T). So
they are pairwise disjoint non-zero elements in ZI(T). This implies that the

joins
fer fer:
for i = 1,2,...,h, are non-zero, pairwise disjoint elements of ZI(2R). Fur-

thermore, each g; is fixed by G, and hence lies in Z(%)¢. So g1,92,---9n
are h distinct idempotents in Z(T)“. This is impossible, because h > n and
Z(%)% has exactly n distinct idempotents (see the first paragraph of this
proof). Thus the theorem must hold. u

The following example shows that the equivalent of the above theorem
need not be valid for infinite G.

Example 2.3. Let Z be the ring of all ordinary integers. We form a ring
T whose additive group is a free Z-module with a basis consisting of the
identity element 1 = 15 and an infinite number of other elements e;, one for
each ¢ € Z. Multiplication in ¥ is determined by the rule that

e; iti =7,
€i€j = ey
0 if i # 7,
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for any 4, € Z, and the fact that 1 is the two-sided identity element of ¥.
It is straightforward to verify that ¥ is a commutative ring with an infinite
number of distinct blocks (%, ¢;) for i € Z. So T does not have finite block
theory.

Let G be the infinite cyclic group (o) on one generator . We make G act
as automorphisms of the ring ¥ so that

()7 = eir; and 17 =1

for all i,j € Z. Then ¥ becomes a G-ring whose fixed subring ¢ just
consists of all multiples nls of 1¢ for n € Z. So T¢ ~ Z has finite block
theory with just one block (¢, 1), even though T does not have finite block
theory.

Our next example shows that the converse to Theorem 2.2 need not hold,
even when the group G is finite.

Example 2.4. Let ¥ and the e;, for ¢ € Z, be as in Example 2.3. We
form a two-sided unitary T-module 9. The additive group of M is a free Z-
module with a basis consisting of one element m; ; for each pair of elements
1,7 € Z such that ¢ < j. The module multiplication in 97 is determined
by Z-bilinearity, the fact that right or left multiplication by 15 must be the
identity map of 9 onto itself, and the rule that
{mj ifi=14 and j = j,
€My j1€5 = .
0 otherwise,

for any 4,4, 5,7 € Z with ¢/ < j’.

We make the direct sum € @ 91 of the additive groups T and 991 into a
ring with the multiplication given by

(tdm)({t' ®@m') = (tt') ® (tm' +mt’)

for any t,t' € ¥ and m,m’ € M. Here, of course, ¢t is computed in the
ring ¥, and tm’ + mt’ in the two-sided T-module M. It is straightforward to
verify that

Z(T@M) = Z(1z  Oy) = Zlzam ~ Z.

So T @ M has finite block theory, with (T @& 9, 1) as its only block.
Let G be the cyclic group (7) generated by an element 7 of order two. We
make G act as automorphisms of the ring T & 9 so that

(tem)" =t® (—m)
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for any ¢t € T and m € M. Then the fixed subring (T & M) in the G-ring
T M is TP 0, which is isomorphic to T as a ring. We know from the
discussion in Example 2.3 that the ring ¥ has an infinite number of blocks.

Hence the isomorphic ring (T @ 9M)¢ does not have finite block theory, even
though ¥ @ 91 has finite block theory.

3. G-graded rings.

Let G be any multiplicative group. A G-graded ring R is a ring, also denoted
by R, together with a decomposition

(3.1a) R=3 N0,

ceG

of R as a direct sum of additive subgroups R,, whose products in the ring
R satisfy

(3.1Db) R, R, C R,.

for all o,7 € G. The decomposition (3.1a) is the G-grading of R, and the
additive subgroup R, is the og-component of R for any 0 € G. We always
have

(32) 1y € Ri.

So the identity component R, is a unitary subring of R, and each o-compo-
nent R, is a two-sided R;-submodule of fR.

For the rest of this section we fix a multiplicative group G and a G-graded
ring R. Given a subset H C G, we denote by R[H] the additive subgroup

(3.3a) R =Y R,

oc€EH

of R. By convention R[H] is zero when H is empty. If H is a subgroup of
G, then R[H] is a unitary subring of 2. In that case the H-grading (3.3a)
turns R[H] into an H-graded ring with the o-component

(3.3b) R[H], = R,

for any o € H. We call this H-graded ring SR[H| the restriction of R to H.
Let H be a subgroup of G. An H-graded subring & of R is any subring
G of the ring MR such that

(3.4a) &= (6%,

oceH
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Such an & is itself an H-graded ring with the o-component
(3.4Db) S, =6NMRA,

for any o € H. Clearly JR[H] is the unique largest H-graded subring of fR.
For our purposes the most important subring of R is the centralizer

(3.5) C=Cx(R)={ceR|cry =rc forallr € R}
of the identity component R;. It follows easily from (3.1) that:

(3.6) The centralizer € is a unitary G-graded subring of R.
For any o € G the o-component of € is the centralizer
¢, =CR;inR,)={ceR, |cry =ric forallT € R}
of Ry in R,.

In particular, the identity component of € is the center
(37) Q:l = C(%l in fﬁl) = Z(iﬁl)

of M;. Since €; C R, centralizes € = Cx(R,), and contains the common
identity element 1 of € and Ry, we have:

(3.8) The identity component €1 is a unitary central subring

of both R, and €.

If H is any subgroup of G, then H\G (which we pronounce as “H under
G”) will denote the set of all left cosets HT of H in G. The group G acts
on the set H\G, with any o € G sending any T' € H\G to To € H\G. An
H\G-graded R-module M is a right R-module, also called M, together with
a decomposition

(3.9a) M = Z My
TeH\G

of M as a direct sum of additive subgroups My, whose products with the
o-components of R satisfy

(39 b) EIRTS}{J g 9:RTO'

for any T'€ H\G and o € G. The decomposition (3.9a) is the H\G-grading
of M, and the additive subgroup My is the T-component of M for any
T € H\G.
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An H\G-graded R-submodule N of an H\G-graded R-module M is any
R-submodule N of the R-module M such that

(3.10) N= 3 (M NN

TEH\G
Any such M is itself an H\G-graded R-module, with the T-component

for any 7' € H\G. Furthermore, the factor SR-module /M is naturally
H\G-graded, with the T-component

(3.11) (/M) = (My + N) /N = My /Ny

for any T € H\G.

We form a category GrMod(H\G, R), whose objects are the H\G-graded
PM-modules, and whose morphisms ¢ : 9t — 91 are those homomorphisms of
the underlying 2R-modules which preserve H\G-gradings, in the sense that

(3.12) d(My) C Ny

for any 7' € H\G. For fixed objects M, N € GrMod(H\G,R), the mor-
phisms ¢ : M — N in GrMod(H\G,R) form a group GrHom g % (M, N)
under addition of module homomorphisms. It follows that GrMod(H\G, R)
is an additive category, with composition of maps as multiplication.

We indicate that ¢ : 9t — N is a morphism in GrMod(H\G, R) by saying
that it is a homomorphism of H\G-graded R-modules. In that case the
kernel

ker(¢) = {m e M| ¢(m) =0}

of ¢ is an H\G-graded R-submodule of 9, and the image ¢(IM) of ¢ is
an H\G-graded MR-submodule of M. It follows that the injection of ker(¢)
into M and the projection of N onto N/H(IM) are a kernel and cokernel, re-
spectively, for the morphism ¢ in the category GrMod(H\G,R). With this
observation it is easy to see that GrMod(H\G,fR) is an abelian category,
in which monomorphisms, epimorphisms and isomorphisms are just those
morphisms which are monomorphisms, epimorphisms or isomorphisms, re-
spectively, of the underlying 2R-modules.

The inclusions (3.9b) imply that the H-component of any H\G-graded
M-module M is an R[H|-submodule Mty of M. Furthermore, any homomor-
phism ¢ : M — N of H\G-graded R-modules restricts to a homomorphism
o My — Ny of right R[H]|-modules. It follows that restriction to H-
components is an additive functor (-) y from GrMod(H\G, R) to Mod(R[H]).
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Since G is the disjoint union of the cosets T' € H\G, the G-graded ring
‘R is the direct sum

(3.13a) R = Z R[T]

TEH\G
of additive subgroups. It follows easily from (3.1b) and (3.3a) that
(3.13D) R[T|R, C R[To]

for any '€ H\G and o € G. So the H\G-grading (3.13a) turns the regular
right R-module R into an H\G-graded R-module.

Any right R[H]-module £ induces a right 9-module & ® R = R @my) R.
Each coset T'= Ht € H\G is closed under left multiplication by elements
of H. Hence the corresponding summand R[T] in (3.13a) is a left R[H]-
submodule of R. It follows that R ® R is, after natural identifications, the
direct sum

(3.142) fReR= Y ReRT

TeH\G
of additive subgroups. In view of (3.13b) we have
(3.14Db) (ROR[T)R, C R R[T0]

for any T € H\G and o € G. Hence the H\G-grading (3.14a) turns R @ R
into an H\G-graded R-module. Any homomorphism 3 : & — £ of right
R[H]-modules induces a homomorphism ¥y @ R: R R — LR of H\G-
graded R-modules, sending k£ ® r to (k) @ r for any k € R and r € R. In
this way induction from PR[H] to R becomes an additive functor - ® R from
Mod(R[H]) to GrMod(H\G, R).

The composite functor (- ® R)y : Mod(R[H]) — Mod(R[H]) sends any
right R[H]-module & to the H-component 8 ® R[H| of the induced H\G-
graded R-module K ® MR. Since these tensor products are over R[H], the
natural map

is an isomorphism of K onto K ® R[H] as right R[H]-modules. It is straight-
forward to verify that:

(3.15b)
The above isomorphisms vg form a natural equivalence
between the identity functor on the category Mod(R[H])
and the composite functor (-® R)y : Mod(R[H]|) — Mod(R[H]).
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4. Fully graded rings.

By a fully G-graded ring R we mean a G-graded ring R in which the inclusion
(3.1b) is equality

(4.1) R, R, = Ry,

for any 0,7 € G. Such rings are also called strongly G-graded (see [D]).
Notice that the product R,9R, in (4.1), like all our products of additive
subgroups of R, is the additive subgroup of R generated by the products
ror € R of elements r, € R, and r. € R,, and not just the set of those
products.

For the rest of this paper we assume that:

Hypothesis 4.2. G is an arbitrary multiplicative group, and R is a fully
G-graded ring.

Our main interest is in the case of finite G. But enough results hold for
arbitrary G to make it undesirable to restrict ourselves just to finite groups.
The following consequence of (4.1) has many uses.

Lemma 4.3. Given any 7 € G, there exist a finite number n > 1 of
elements sq,82,...,8, € Rr—1 and ty,tq,...,t, € R, such that

1m = Sltl + 82t2 —+ e+ Sntn.
Proof. Equation (4.1) for o =771 is
SRl == 9%7-—19%7-.

Since 1y lies in R; by (3.2), this implies the lemma. |

We first apply the above lemma in the study of the structure of R as a
module over its restriction to a subgroup H of G. Specifically, we use it to
prove:

Lemma 4.4. Suppose that elements s1,82,... ,8, and ty,ta, ... ,t, satisfy
the conditions in Lemma 4.3 for some 7 € G. For any subgroup H of G, the
left R[H]|-submodule R[HT] of R is projective and generated by ty,ta, ... ,t,.
Similarly, the right R[H|-submodule Rt~ H| of R is projective and gener-
ated by S1,S2,... ,Sn.-
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Proof. By left-right symmetry we only need prove the lemma for R[H7]. The
fact that the subset HT of G is closed under left multiplication by elements
of H implies that R[H 7] is a left R[H|-submodule of R. Since s; € R,-:1 for
eacht=1,2,...,n, we have

rs; € R[HT|R,—» CR[HT7 '] = R[H]
for any r € R[H7]|. It follows that the map
D1 (rs1,rS2,... ,TSy)

is a homomorphism of the left R[H]-module R[H 7] into the external direct
sum
RH|™ = R[H] o R[H| @ - & R[H]
of n copies of the regular left R[H]-module R[H]. Similarly, the product ut;
lies in R[H|R, C R[H7] for any u € R[H] and i = 1,2,... ,n. Hence the
map
U (Up, Uy .oy Uy) = Uugly + Uty + -+ Uty

is a homomorphism of R[H|™ into R[H7]| as left R[H]-modules. The com-
posite homomorphism W& : R[H 7| — R[H7] is the identity map, because

U(D(r)) = rsity + 78aty + -+ - + 78ty = (8181 + Sata + -+ + b)) =11 =7

for any r € M[H7]. We conclude that SR[HT] is generated by t,ta,...,t,
as a left M[H]-module, and is isomorphic to a direct summand of the free
left R[H]-module R[H]™. So it is a projective left SR[H]-module, and the
lemma is proved. |

What we really need is the following consequence of the preceding lemma.

Proposition 4.5. If Hypothesis 4.2 holds, then R is projective as both a
left and a right module over its restriction R[H]| to any subgroup H of G.

Proof. By left-right symmetry we only need prove the proposition for the
left SR[H]-module R. Because G is the disjoint union of the left cosets T' =
Ht € H\G, the left R[H]-module fR is the direct sum

"= > W]

TEH\G

of left R[H]-submodules. Lemma 4.4 tells us that each summand R[T] =
R[H7] in this decomposition is a projective left R[H]-module. Hence so is
their direct sum R. Thus the proposition holds. |
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There is an equality similar to (4.1) for components of H\G-graded R-
modules.

Lemma 4.6. If M is an H\G-graded R-module, then
MrR, = Mr,

forany T € H\G and o € G.

Proof. We know from (3.9b) that
MrR, C My,

Since
1 € R =R,1R,

by (3.2) and (4.1), we have
mTU’ = (mTU)lm g fD’ITUE}{U_lS}}‘(T g S):nTaa_lg%cf = meU'
Hence the lemma holds. |

We apply the above lemma to prove:

Proposition 4.7. If Hypothesis 4.2 holds and H 1is any subgroup of
G, then a homomorphism ¢ : M — N of H\G-graded R-modules is a
monomorphism, epimorphism or isomorphism if and only if its restriction
o : My — Ny to H-components is a monomorphism, epimorphism or
1somorphism, respectively.

Proof. The kernel of ¢ is an H\G-graded R-submodule K of 9. Its H-
component Ry is the kernel of the restriction ¢z of ¢ to My. Clearly Ky =0
when R = 0. Conversely, if 8y = 0, then Lemma 4.6 for the H\G-graded
R-module K implies that

RT :ﬁHJ :ﬁHSRU :O

for any coset T'= Ho € H\G. Hence
R= > fr=0.
TEH\G

Thus we have shown that £ = 0 if and only if Ky = 0, i.e., that ¢ is a
monomorphism if and only if ¢y is a monomorphism.
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The image of ¢ is an H\G-graded R-submodule £ of N. Its H-component
Ly is the image of ¢y. The H\G-graded factor R-module 91/£ has an
H-component (91/£)y isomorphic to Ny /Lx. So Ny/Lx = 0 whenever
MN/L = 0. Conversely, if Ny /Ly =0, then (/L) = 0. As above, this and
Lemma 4.6 for the H\G-graded ?R-module 91/£ imply that /£ = 0. Thus
we have shown that 91/£ = 0 if and only if My /Ly = 0, i.e., that ¢ is an
epimorphism if and only if ¢ is an epimorphism.

The homomorphism ¢ is an isomorphism if and only if it is both a mono-
morphism and an epimorphism. We have seen above that this happens if
and only if ¢y is both a monomorphism and an epimorphism, i.e., if and
only if ¢y is an isomorphism. So the proposition is proved. [l

Any H\G-graded R-module 9 restricts to a right R[H]-module My,
from which we can form the induced H\G-graded R-module (M) ® R as
in (3.14). There is a natural homomorphism dgy of the R-module (My) @ R
into M, sending m ® r to

(4.8) dm(m@r) =mreM

for any m € My and r € R. We use these homomorphisms in the following
explicit version of [NRvO, 3.12].

Proposition 4.9. If Hypothesis 4.2 holds and H is any subgroup of G,
then the map don : (My) @ R — M is an isomorphism of H\G-graded R-
modules for any M € GrMod(H\G,R) . These isomorphisms form a natural
equivalence § between the composite functor

() ® R : GrMod(H\G,R) — GrMod(H\G, R)
and the identity functor on GrMod(H\G,R). Hence the two functors
()a : GrMod(H\G,R) — Mod(R[H))
and
- ® M : Mod(R[H]) — GrMod(H\G, R)

form an equivalence between the abelian categories GrMod(H\G,R) and
Mod ([ H]).

Proof. The R-homomorphism dgy sends the T-component (M) @ R[T| of
(My) @ R onto the additive subgroup MyR[T] of M for any T € H\G. It
follows from (3.9b) that

MuR[T] =D MR, > Mu,.

oeT oeT
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Since Ho = T for any o in the left coset T' of H, this last sum is just
Mr. Hence dgn sends (My) @ R[T] into Mr. So don : (My) @ R — M is
a homomorphism of H\G-graded R-modules. The restriction of doy to H-
components is the natural isomorphism of (M) @R[H| = (My) QxR H]
onto the right R[H]-module M. We conclude from this and Proposition 4.7
that dgn is an isomorphism. Thus the first statement of the proposition holds.

It is straightforward to verify that the dgy form a natural transformation o
of the composite functor ()y ® PR into the identity functor on
GrMod( H\G,R ). Because each dgy is an isomorphism, this natural trans-
formation is a natural equivalence. We know from (3.15b) that the other
composite functor (- ® R)y is naturally equivalent to the identity func-
tor on Mod(R[H]). Therefore the remaining statements of the proposition
hold. u

5. Centralizers of identity components.

As in (3.5) we define € to be the unitary G-graded subring Cx(R;) of our
fully G-graded ring fR. There is a natural action of the group G as automor-
phisms of the ring € (see [U]). Since we’re going to need various properties
of this action, we discuss its definition in detail.

Lemma 5.1. Ifc € € and 7 € G, then there is a unique element ¢c™ € ‘R
such that

(5.2a) r.c’ =cr,

for all v, € R,.. This element ¢™ is given by
(5.2b) = Z sict; € R
i=1

whenever sy, Sa, ..., 8, and ty,ts, ..., t, satisfy the conditions in Lemma 4.3.

Proof. Suppose that ¢™ € R satisfies (5.2a) for all r, € R,. If s1,52,...,8,
and t1,%,,... ,t, satisfy the conditions in Lemma 4.3, then each ¢; lies in K.
So ct; = t;c™ by (5.2a). This implies that

n n
E s;ct; = E sit;c” =1 =",
i=1 =1

Hence (5.2b) holds if (5.2a) does. This proves that there can be at most one
¢” € R satisfying (5.2a).
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There are always some elements s1, So, ... ,s, and ty,%s,... ,t, satisfying
the conditions in Lemma 4.3. We can use these elements to define ¢™ € R
by (5.2b). Since each s; lies in R,-1, its product r,s; with any r, € R, lies
in R, R,—1 = R,. Hence r,s; commutes with ¢ € € = Cx(R,). So

r.c’ = ZrTsicti = Zchsit,; =cr,;1 =cr;,.
i=1 i=1
Therefore ¢” satisfies (5.2a), and the lemma is proved. u

We call the element ¢” defined in the above lemma the conjugate of ¢ € €
by 7 € G. Of course conjugation is an action of G on €.

Proposition 5.3. If Hypothesis 4.2 holds, then c™ lies in € for any c €
¢ = Cx(Ry) and any 7 € G. The map ¢, 7 — ¢ is then an action of the
group G as automorphisms of the ring €. So it makes € a G-ring.

Proof. Given 7 € G we may fix elements si,$s,...,5s, and t1,ta,... ,t,
satisfying the conditions in Lemma 4.3. If r; € R, then t;r; lies in R, R, =
R, forall i =1,2,... ,n. This and (5.2a) imply that

ctirl = tﬂ'l c’

for any c € € and i = 1,... ,n. In view of (5.2b) it follows that

n n
c’r = E s;ctry = E sitiric” = 1ric” = ric”.
=1 i=1

So ¢ € R commutes with any m € Ry, and hence lies in € = Cx(R,).
Suppose that o is also an element of G. Then (5.2a) says that 1/ ¢” = cr/,
for any ¢ € € and 7, € R,. Since ¢” lies in € by the above arguments, the
element (¢”)7 is defined and satisfies r,(¢”)” = ¢°r, for any r, € R,. It
follows that
rir.(¢7) =rlcr, =crlr,

for any such r/ and r.. By (4.1) the products 7/ r, generate R,, as an
additive group. So (¢”)7 satisfies r”_(¢”)" = cr_for all v/ € R,,. Hence
(¢?)" = ¢°7 by Lemma 5.1. Any element ¢ € € = Cx(R;) satisfies mc = cr
for all r; € R;. So ¢! = ¢ by Lemma 5.1. Therefore the map ¢, 7 + ¢” is an
action of the group G on the set €.

If ¢,d € € and 7 € G, then (5.2a) tells us that

r(c"+d)=r.c" +r.d =cr, +dr, = (c+d)r,
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and
r.(c’d") = cr.d” = cdr,

for any r, € R,. Applying Lemma 5.1, we conclude that (¢ +d)” = ¢ +d”
and (ed)™ = ¢"d". Therefore the bijection ¢ +— ¢" is an automorphism of the
ring €, and the proposition is proved. |

Conjugation restricts properly to subgroups of G.

Proposition 5.4. If Hypothesis 4.2 holds, then the restriction of R
to any subgroup H of G is a fully H-graded ring R[H]. The centralizer
Conm(R[H]1) of the identity component in R[H] is equal as an H-graded
ring to the restriction €[H| of the centralizer € = Cx(Ry) to H. The conju-
gation action of H on €[H], as defined by Lemma 5.1 for the fully H-graded
ring R[H], is the restriction of the conjugation action of G on €, as defined
by Lemma 5.1 for the fully G-graded ring ‘R.

Proof. 1t follows from (3.3b) and (4.1) that
RH|,R[H], = RR, =R, = R[H],»

for any o,7 € H. Hence R[H] is fully H-graded.
By (3.6) the o-component of Coxp)(R[H];) is

C(R[H], in R[H],) = C(R, in R,) = €,

for any o € H. It follows that

Co)(R[H]) = > C(R[H], in R[H],) = > €, = C[H]
ceH oceH
as H-graded rings.

If ¢ € Coxp)(R[H]1) and 7 € H, then the T-conjugate of ¢, as defined by
Lemma 5.1 for the fully H-graded ring R[H|, is the unique element ¢ € R[H]
such that r.¢™ = cr, for all r, € R[H]|,. Since R[H], is equal to R,, this ¢”
is also the unique element in R such that r.¢™ = cr, for all r, € R,. So it
is the 7-conjugate of ¢ € €, as defined by Lemma 5.1 for the fully G-graded
ring R. Thus the proposition holds. [l

The fixed subring under conjugation is easy to compute.

Proposition 5.5. If Hypothesis 4.2 holds, then the fived subring € of G
in € = Cn(R1) satisfies
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Proof. By (5.2a) an element ¢ € € lies in €% if and only if it centralizes R, for
every 7 € G. Clearly this happens if and only if ¢ centralizes R = > ., R,.
Hence €9 is the intersection Z(R) N €. Since the centralizer € of JR; must
contain Z(fR), this implies that €% = Z(R). It follows that € is contained
in Z(€), and so must equal Z(€)“. Thus the proposition holds. u

One elementary consequence of the above proposition and Theorem 2.2
is:

Theorem 5.6. If G is a finite group, then a fully G-graded ring R has
finite block theory if and only if its subring € = Cx(Ry) has finite block
theory.

Proof. Suppose that R has finite block theory. Then Z(fR) has finite block
theory by Proposition 1.8. Since €¢ is equal to Z(R) by Proposition 5.5, it
also has finite block theory. Then € has finite block theory by Theorem 2.2.

Conversely, suppose that € has finite block theory. Then Proposition 1.4
tells us that Z(€) has only a finite number of distinct idempotents. We know
from Proposition 5.5 that Z(fR) is a subring of Z(Z). Hence Z(*R) has only
a finite number of distinct idempotents. So ‘R has finite block theory by
Proposition 1.4, and the theorem is proved. [l

In fact, we can always describe the blocks of R in terms of those of €
when G is finite, whether or not R has finite block theory. The conjugation
action of the group G on the ring € must permute among themselves the
distinct primitive idempotents 1¢, for C' € Blk(€), of Z(€). So there is an
induced conjugation action of G on the set Blk(€), with any 7 € G sending
any block C' € BIk(€) to the unique conjugate block C™ of € such that

(5.7) ler = (1c)"
We write Blkg(€) for the set of all G-orbits C in Blk(€) under this action.

Theorem 5.8. If G is a finite group, then there is a one to one corre-
spondence between all blocks B of any fully G-graded ring R and all G-orbits
C € Blkg(€) of blocks of the subring € = Cx(R1) of R. Two such B and C
correspond if and only if

(5.9) Ip=1c =) lc € Z(€)% =Z(R).

ceC
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Proof. Let B be any block of $8. Then 1p is a primitive idempotent in
Z(R) = €Y. Tt follows that € is the direct sum

(5.10) ¢ =Cly+¢(1—1p)

of G-subrings. The fixed subring of the first summand in this decomposition
is the indecomposable subring (€15)¢ = €1 = Z(R)1p. Hence (€15)“
has finite block theory. Because G is finite, Theorem 2.2 tells us that the
G-ring €1 has finite block theory.

The decomposition (5.10) implies that the distinct primitive idempotents
in Z(€1p) are the 1, where C runs over the set C of all blocks C' € Blk(€)
such that 1o lies in €1g. Since the G-ring €1p has finite block theory,
Corollary 1.6 tells us that the distinct idempotents in Z(€1p) are just the
finite sums

(5.11) leo= > 1o,

crec’

where C’ runs over all subsets of C. It is clear from (5.7) that such a sum 1
is fixed by G if and only if the subset C’ is invariant under conjugation by
G. Because the ring (€15)¢ = Z(R)1p is indecomposable, its only non-zero
idempotent is its identity element 15. It follows that C must have only one
non-empty G-invariant subset C’, and that 1¢/ is equal to 15. This forces C
to be a G-orbit in Blkg(€) such that (5.9) holds.

Conversely, suppose that C is any G-orbit in Blkg(€). Then C is a finite
set, and the second equation in (5.9) defines an idempotent 1¢ in Z(€)%. The
1¢g, for C € C, are the distinct primitive idempotents in the G-subring

2(@)1e = 3 2(O)1e

cec

of Z(€). It follows that the distinct idempotents in Z(&)1¢ are the finite sums
ler in (5.11), where C' runs over all subsets of C. Because C is a G-orbit,
the only such 1¢ which is non-zero and G-invariant is 1. Hence the unique
non-zero idempotent in (Z(C)lc)G is the identity element 1. of that subring.
But Proposition 5.5 implies that

(Z(€) 1) = 2(€)%1c = Z(R)1¢.

Therefore 1¢ is a primitive idempotent in Z(fR), and there is a unique block
B of R such that (5.9) holds. Ul
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6. Orthogonal conjugate idempotents.

We continue to discuss the centralizer € = Cx(R;) of the identity component
in the fully G-graded ring R of Hypothesis 4.2. The conjugation action of
GG must permute among themselves the idempotents of the G-ring €. Let e
be one of those idempotents, and H be its stabilizer

H={reG|e =¢e}

in G. Each left coset T'= Ho of H in G determines a unique T'-conjugate
el of e such that

(6.1) ef=e€ec

for all 7 € T. The resulting idempotents e’ for T € H\G, are the distinct
G-conjugates of e.

We’re going to investigate the case where the G-conjugates of e are pair-
wise orthogonal, i.e., where

s g
(6.2) edel = {e it5=T,

0 if S AT,
for any S,T € H\G. So all our present assumptions are collected in:

Hypothesis 6.3. G is a multiplicative group, R is a fully G-graded ring,
¢ is the G-ring Cx(R1), and H is the stabilizer in G of some idempotent
e € € satisfying (6.2).

We begin by discussing the right ideal efR of R.

Lemma 6.4. The right ideal eR is projective as both a right R-module
and a right R[H]-module. It is also an H\G-graded R-module, with the
T-component

(6.5) (eR)r = eR[T] = eRe”
for any T € H\G.

Proof. Since efR is a direct summand of the regular right SR-module R = eR-+
(1—e)fR, it is projective as a right R-module. We know from Proposition 4.5
that MR is projective as a right SR[H]-module. Hence so is its direct summand
eR.

If Se€ H\G and o € S, then (6.1) and (5.2a) imply that

R.e® =R, e’ = eR,.
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Hence
R[SJe® =D R,e® = eR, = eR[S].

oc€esS oS
This and (6.2) tell us that

eR[Se” = R[G]e’e’ = {

for any S, T € H\G. It follows that

eRe” = Y eR[S]e” = eR[T]
SeH\G

for any T € H\G, and that

eR = Z eR[T)] = Z eRe.

TeH\G TeH\G

Because the idempotents e, for T € H\G, are pairwise orthogonal, we
conclude that efR is the direct sum of its additive subgroups (efR)r defined
by (6.5) for any T' € H\G. Since

eR[T|R, C eR[T'0]

for any T € H\G and o € G, this direct sum decomposition is an H\G-
grading making eR an H\G-graded JR-module. So the lemma is proved.

O

Our goal in this section is the surprisingly delicate proof of:

Theorem 6.6. If Hypothesis 6.3 holds, then the idempotent e must lie in
Z(R[H]) = C[H]".

Proof. By Lemma 6.4 the right ideal efR is the direct sum

eR= 5 eR[T]

TeH\G

of its T-components (eR)r = eR[T] for T' € H\G. Since right multiplication
by any o € H fixes the coset H € H\G, and permutes among themselves all
the other cosets T' € H\G, it follows that e is the direct sum

eR = eR[H] + eR[G — H]
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of its R[H]-submodules eSR[H| and

eRG—Hl = 3 en[1].
TEH\G
T4H

Because efR is projective as a right /R[H]-module (see Lemma 6.4), so is its
direct summand eR[H].

The map ¢ : r — er is an epimorphism of SR[H| onto eR[H] as right R[H]-
modules. Since efR[H] is projective, there is some right ideal J in R[H] such
that

R[H]| =T + ker(¢).
The projection of SR[H] onto J in this decomposition sends 1 = 1x = Inm
to an idempotent f € R[H] such that

J=fR[H] and ker(¢)=(1— f)R[H].

It follows that the epimorphism ¢ restricts to an isomorphism ¢’ : r +— er of
fR[H] onto eR[H] as right SR[H]-modules. Furthermore, this isomorphism
sends f to

(6.7) ef =¢'(f) =o(1) =el =e.
If T'e H\G, then

FR[T) C RIH|R[T] C RIHT] = R[T).

Because R is the direct sum of its additive subgroups R[T], for T € H\G,
it follows that its right ideal ffR is the direct sum

fR= S AT

TeH\G

of additive subgroups. This H\G-grading makes fR an H\G-graded R-
module, since

fRITIR, C fR[To]

for any 7' € H\G and o € G.
In view of (6.7) we have

efR[T] = eR[T

for each T' € H\G. It follows that left multiplication by e is an epimorphism
O : r— er of fR onto eR as H\G-graded R-modules. This epimorphism
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restricts to the isomorphism ¢’ of the H-component fR[H] of fR onto the
H-component efR[H] of eR. So it must be an isomorphism of f9R onto eR
by Proposition 4.7.

Since the H-component eR[H] of eR is equal to eRe = eRe by (6.5),
the H-component fOR[H]| of the isomorphic H\G-graded module fR must
satisfy

FR[H] = fRe.

In particular, the element fe = fle must lie in fR[H]| C R[H]. But (5.2a)
implies that e commutes with every element of R, for each o in its stabilizer
H. Hence e centralizes the direct sum SR[H| of all those R,. Because f lies in
R[H]|, we conclude from this and (6.7) that e = ef = fe lies in the center of
R[H]. That center is equal to €[H] by Proposition 5.5, applied to the fully
H-graded ring R[H| in Proposition 5.4. So the theorem is proved. u

7. Morita equivalent subrings.

Now we're going to assume that the stabilizer H of the idempotent e in
Hypothesis 6.3 has finite index in G. So e has only a finite number of
distinct G-conjugates e’ for T € H\G. Since these conjugates are pairwise
orthogonal by (6.2), their sum

(7.1a) E= Y ¢

TeH\G
is an idempotent in € satisfying
(7.1b) eE = FEe=ce.

The fixed subring €% is equal to Z(R) by Proposition 5.5. Hence its
idempotent F determines a decomposition of the ring R as the direct sum

(7.2) R = RE + R(1 - E)

of subrings. This decomposition allows us to consider Mod(RE) as the full
additive subcategory of Mod(R) having as objects all right SR-modules 90t
such that ME = M.

The idempotent e lies in Z(R[H]) by Theorem 6.6. So it determines a
decomposition of the ring R[H]| as the direct sum

(7.3) R[H] = R[H]e + R[H](1 — €)
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of subrings. As above, this allows us to consider Mod(R[H]e) to be the full
additive subcategory of Mod(R[H]) having as objects all right R[H]-modules
R satisfying Re = R.

Proposition 7.4.  The idempotent e lies in the direct summand RE of
R. The direct summand R[Hl]e = eRe of R[H] is the subring e(RE)e of
RE. Furthermore, the two-sided ideal (RE)e(RE) = ReR of RE is equal
to RE.

Proof. 1t follows immediately from (7.1b) that e = eF lies in RE. We know
from (6.5) for T' = H that R[H]e = eR[H] is the subring eRe of R. In
view of (7.1b) this subring is equal to e(JRE)e. Similarly, the two-sided ideal
(RE)e(RE) of RE is equal to the two-sided ideal ReR of R. If T' € H\G
and 7 € T, then

el =e” € R, 1eM, C ReR = (RE)e(RE)

by (6.1) and (5.2b). Hence the ideal (RE)e(RE) of RE contains the sum
E in (7.1a). Since E is the identity element of RE, we conclude that
(RE)e(RE) = RE. Thus the proposition is proved. |

Because e is an idempotent generating RE as a two-sided ideal, the two
rings R[H]e = e(RE)e and RE are Morita equivalent. We're going to
describe the resulting equivalence between the categories Mod(R[H]e) and
Mod(RE) in a way that emphasizes its relation with the equivalence between
the categories Mod(R[H]) and GrMod(H\G,R) in Proposition 4.9. All the
work is done in two lemmas.

Lemma 7.5. Any right RE-module MM is also an H\G-graded R-module,
with the T-component Me” for any T € H\G. Any homomorphism ¢ : M —
N of right RE-modules is also a homomorphism of H\G-graded R-modules.
Thus Mod(RE) is naturally a full additive subcategory of GrMod(H\G,*R).
The H-component functor (-)g : GrMod(H\G,R) — Mod(R[H]) sends any
object M in this subcategory to the M[H|-submodule Me of M. It also sends
any morphism ¢ : M — N in this subcategory to its restriction to a morphism
pe : Me — Ne in Mod(R[H]). Hence (-)g restricts to an additive functor
(1)e sending Mod(RE) into the subcategory Mod(R[H]e) of Mod(R[H]).

Proof. The decomposition (7.1a) of E as a finite sum of the pairwise orthog-
onal idempotents e? gives a decomposition of M = IMFE as the finite direct
sum .

M= > Mme”

TeH\G
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of additive subgroups. It follows from (6.1) and (5.2a) that
(MR, = Me™R, = MR, e = Me™”

for any T'€ H\G, any 7 € T, and any o € GG. Hence the first statement of
the lemma holds.

Clearly any homomorphism ¢ : 9 — 91 of right SRE-modules sends e’
into Ne’ for any T' € H\G. So ¢ is also a homomorphism of H\G-graded R-
modules. Thus the second statement of the lemma holds. This immediately
implies the third statement.

The H-component functor (-)y : GrMod(H\G,R) — Mod(R[H]) dis-
cussed in §3 sends any object 9 in the subcategory Mod(RE) to its H-
component Me” = Me, which certainly lies in Mod(R[H]e). It also sends
any morphism ¢ : 9 — 9 in Mod(RE) to its restriction to a homomor-
phism ¢g = ¢e of My = Me into Ny = Ne as right R[H]|-modules. So the
remaining statements of the lemma hold. Ul

Lemma 7.6. If R is any right R[H|e-module, then the H\G-graded R-
module R @ R = R Qmg R is equal to (R @ R)E, and hence is also a
right RE-module. The T-component 8 @ R[T] of KR is equal to (R ®
R)el for any T € H\G. So the induction functor - @ R : Mod(R[H]) —
GrMod(H\G,R) sends the subcategory Mod(R[H]e) of Mod(R[H]) into the
subcategory Mod(RE) of GrMod(H\G,*R).

Proof. Of course we regard R as a right R[H|-module using the decomposition
(7.3) of R[H]. Since the idempotent e lies in R[H]|, we have

RRR[T] = (Re) @ R[T| = R (eR[T))
for any 7' € H\G. It view of (6.5) this last expression is equal to
A® (eRel) = (Re) @ (Re”) = (R R)eT,
where all tensor products are over R[H]|. It follows that

gen= Y ®eAT)= Y (ReR) =(ReR)E.

TeH\G TeH\G

So the lemma holds. |

We can now state the equivalent of the Fong-Reynolds Theorem [F, V.2.5]
for our present situation as:

Theorem 7.7. If Hypothesis 6.3 holds with H of finite index in G, and if
E is the central idempotent (7.1a) of R, then the H-component functor and
the induction functor restrict to additive functors

(-)e : Mod(RE) — Mod(R[H]e) and @R :Mod(R[H]e) — Mod(RE),
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which form an equivalence between the abelian categories Mod(RE) and
Mod(R[H]e).

Proof. This is an immediate consequence of the preceding two lemmas and
Proposition 4.9. |

Of course the above equivalence between the categories Mod(RE) and
Mod(R[H]e) is a Morita equivalence between the rings RE and R[H]e. So
it induces an isomorphism between the centers Z(PRE) and Z(R[H]e) of those
rings. This isomorphism can also be described in a more convenient form.
We start with the observation that

Proposition 7.8. The center Z(RE) = Z(R)E is the fived subring (E€E)¢ =
CYE in the G-subring €E of €. The center Z(R[H]e) = Z(R[H])e is the
fized subring (€[Hle)? = €[H|"e in the H-subring €[Hle of €[H].

Proof. Because the idempotent E lies in €¢, which is contained in Z(€) by
Proposition 5.5, the G-ring € is the direct sum

¢ =CE+¢(1—E)

of G-subrings. Hence €% is the direct sum

¢¢ = (€E)° + (¢(1 - E))°
of its subrings (€E)¢ = ¢CF and (¢(1—F))” = ¢5(1—E). Since €¢ = Z(R)
by Proposition 5.5, this last decomposition coincides with the decomposition

Z(R) = Z(R)E + Z(R)(1 - E)

of Z(®R) as a direct sum of its subrings Z(R)E = Z(RE) and Z(R)(1 - F) =
Z(R(1 — E)). So the first statement of the proposition is proved. The
second statement is proved similarly, using the fully H-graded ring R[H], the
centralizer €[H] of its identity component, and the idempotent e € Z(R[H])
in place of R, € and F, respectively (see Proposition 5.4). [l

Suppose that ¢ € €/ and T € H\G. As in (6.1), we may define the
T-conjugate ¢ € € of ¢ to be the common value of the 7-conjugates ¢ for
7 € T. Then the trace map tr§ : € — €% is the homomorphism of additive
groups sending ¢ € €7 to the finite sum

(7.9) tré (c) = Z e’

TEH\G
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computed in €. Comparing this with (7.1a), we see that F is the trace tr (e)
of e € €[H]" C €. We use the trace map in the following description of
the isomorphism between Z(RE) and Z(R[H]e).

Theorem 7.10. If Hypothesis 6.3 holds with H of finite index in G, and
if E is the central idempotent tr%(e) of R, then multiplication by e is an
isomorphism

(7.11) Ae 1 2 ze=ez

of the ring Z(RE) = €YE onto the ring Z(R[He) = €[H]|"e. The inverse
isomorphism is the restriction of the trace map tr$, : €¥ — €9 = Z(R) to
the subring €[H|"e of €.

Proof. The idempotent e in the subring Z(R[H]) of R certainly commutes
with any element z € Z(R). It follows that multiplication by e is a homo-
morphism of Z(fR) into the center of the subring efRe of . We know from
Proposition 7.4 that this subring is equal to R[H]e. In view of (7.1b) this
homomorphism sends E to Fe = e. Thus its restriction to Z(RE) = Z(R)E
is an identity-preserving homomorphism A. of that ring into Z(R[H]e).

By Proposition 7.8 the center Z(RE) is the subring €“F of €. Hence
any element z € Z(RE) lies in (€E)# and is fixed under conjugation by any
element of either G or H\G. Its image A.(z) € Z(R[H]e) lies in the subring
¢[H]"e of €# by Proposition 7.8. So the trace tr§ (\.(z)) is defined. It
follows from (7.9) and (7.1a) that

tri(Ae(z)) = D (ze)"= > "= > ze' =zE =2

TeH\G TEH\G TEH\G

Thus the restriction of tr% is a left inverse to A, : Z(RE) — Z(R[He).
If w € Z(R[H]e) = €[H]"e, then tr%(w) lies in €€ and satisfies

tr& (w)E = tr%(w) trf (e) = Z we .
S, TeH\G

Because w is equal to we, it follows from (6.2) that

weT = (we)SeT = wieSel — weS =wS i S=T,
0 if S #T,

for any S,T € H\G. Hence

tr& (w)E = Z w® = tr$ (w).
SeH\G
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So tr%(w) lies in €YF = Z(RE), and A, (tr% (w)) is defined.
We compute that

Ae(trfj(w)) = trf(w)e = > w'e.

TeH\G
But w is equal to we, and e? is orthogonal to the idempotent e = eff
whenever T' € H\G is different from H. Hence
tr& (w)e = Z whele = wee = we = w.
TeH\G
Therefore tr§, : Z(R[Hle) — Z(RE) is a right inverse to A\, : Z(RE) —
Z(M[H]e), as well as a left inverse. So the theorem is proved. u

It remains to be seen that the isomorphism A, of Z(RE) onto Z(R[H]e) in
the above theorem is actually the isomorphism ¢ associated with the equiv-
alence of Mod(RE) with Mod(R[H]e) in Theorem 7.7. The latter isomor-
phism can be described as sending any z € Z(RE) to the unique element
1(z) € Z(M[H]e) such that the functor (-)e sends the RE-endomorphism
m +— mz of any right RE-module 9 to the R[H]e-endomorphism k +— ki(z)
of the right SR[H]e-module Me. Since (-)e is just restriction to Me, the fol-
lowing observation shows that A. is indeed ¢.

Proposition 7.12. If 9 is any right RE-module, and z is any element
of Z(RE), then the R-endomorphism m — mz of I restricts to the R[H]-
endomorphism k — kX.(z) of Me.

Proof. Clearly any element k € 9ie satisfies kK = ke. It follows from this and
(7.11) that
kz = kez = kX.(2).

So the proposition holds. |

8. G-invariant subrings.

The most natural idempotents e € € satisfying (6.2) are the block idempo-
tents of G-invariant subrings of our fully G-graded ring R. By a G-invariant
subring of R we mean a subring & of R such that

(8.1) R-16R, =6
for every 7 € G. It follows immediately from (4.1) and (3.3a) that:

(8.2) The restriction of R to any normal subgroup N of G
is a unitary, G-invariant subring R[N] of R.
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So such subrings always exist.
From now on we fix an arbitrary G-invariant subring & of . For our
purposes the most important property of & is:

Proposition 8.3. The center Z(&) of & is a G-subring of € = Cxn(R,).

Proof. We first show the the identity element 1g of & lies in €, i.e., that
(1g)r1 = r1le for any r; € R;. Since 1y lies in R by (3.2), it follows from
(8.1) for 7 =1 that

(1)1 = (Inxle)rs € KGR, = 6.

So
(le)r1 = (le)r)le = (1e)r1le-

By left-right symmetry, r1g is also equal to (1g)r1s, and hence to (1g)r.
Thus 1g lies in €.

The above argument shows that the product (1g)r; = r1lg lies in & for
each r; € R;. Hence this product commutes with any z € Z(&). It follows
that

zry = (zle)r = 2((1e)r1) = (1ls)z = 11((1e)2) = r12.

Therefore Z(S) is a subring of €.
If 2 € Z(&) and 7 € G, then (5.2b) and (8.1) imply that

2T = Zsizti ER1GR, =6,

i=1

for some sy, 89,...,8, € R,-1 and ty,t,...,t, € R,. Furthermore, (5.2a)
tells us that

-1
Tosr, =1l izsr, =01l isar, =1l _isr 2T

2Tl isre =1l (27)
for any r’_, € -1, any s € 6, and any r, € R,. The resulting products
r!_isr, generate G as an additive group by (8.1). Hence 27 both lies in &
and centralizes &. So 27 lies in Z(&), and the proposition is proved. |

The conjugation action of G on the G-subring Z(&) of € must permute
among themselves the primitive idempotents 1¢, for C' € BIk(&), of that
subring. As in (5.7), we conclude that there is a natural conjugation action
of the group G on the set Blk(&), with any 7 € G sending any block C' of
S to the unique conjugate block C™ € Blk(&) such that

(8.4) ler = (1¢)7 € Z(6).
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Now we fix a block C' € Blk(&) and its stabilizer G in G. So all our
current assumptions are gathered in:

Hypothesis 8.5. G is a multiplicative group, ‘R is a fully G-graded ring,
G is a G-invariant subring of R, and C is a block of & with stabilizer G¢
in G.

The idempotent 1¢ of Z(&) lies in € by Proposition 8.3. Its distinct G-
conjugates (1¢)7 are distinct primitive idempotents 1¢- in Z(&), and hence
are pairwise orthogonal. So Hypothesis 6.3 holds with e = 1 and H = G¢.
This allows us to reproduce the above relations between G, R, & and C' on
a smaller scale.

Proposition 8.6. If Hypothesis 8.5 holds, then the restriction R[Gc¢] is a
fully Go-graded ring. The intersection Sc = R[Gc| NG is a unitary Geo-
invariant subring of R[Gc]. The idempotent 1¢ lies in Z(S¢). Furthermore,
the direct summand Sclc of S¢ is equal to the direct summand Slg of 6.
Hence there is a unique Gg-invariant block Co of S¢ such that 1¢, = 1¢.
So Hypothesis 8.5 holds with G¢, R[G¢], S¢, and Cc in place of G, R, &
and C', respectively.

Proof. The first statement of the proposition holds by Proposition 5.4. Since
R[Gc| and & are unitary subrings of R, their intersection S¢ is a unitary
subring of each of them. If 7 € G, then (3.3a), (4.1) and (8.1) imply that

R, 6cR, = R, (RG] N SR, C
R, R[G]R, N R, 6R, = RG] NS =S¢

Similarly we have
R, GR,-1 C G¢.

Since 1 = 1y lies in Ry = R, 1R, by (3.2) and (4.1), we conclude that
Sc =1(6¢)1 TR, 1R, G6R, 1R, CR,16R,.

Therefore R,-1 SR, is equal to S¢ for any 7 € G, and the second state-
ment of the proposition is proved.

Theorem 6.6 for e = 1 and H = G tells us that 1¢ lies in Z(R[G(]).
Since 1¢ already lies in Z(&), this implies that it lies in Z(&¢). The direct
summand &ls = 16 of G is contained in 1oR1c, which is equal to the
direct summand R[Gc|le = 1cR[Ge] of R[Gc| by (6.5) for e = 1¢ and
T = H = G¢. Hence 61 is contained in S = R[G|NGS. This forces Sl
to equal &clg. Thus the third and fourth statements of the proposition
hold.
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Because 1¢ is a primitive idempotent in Z(&), the ring Sl¢ is indecom-
posable. Hence so is the equal ring &-1.. Therefore 1 is a primitive idem-
potent in Z(&¢). So there is a unique block C¢ of S¢ such that 1o, = 1c.
The Gc-invariance of 1. implies that of both 1o, and Cc. Thus the fifth
statement of the proposition holds. The remaining statement follows from
the preceding ones. [l

In order to apply the results in §7 we must assume that the stabilizer Go
has finite index in G, i.e., that C belongs to a finite G-orbit C of blocks of
S. Then the equivalent of the idempotent E in (7.1a) is the finite sum

(8.7) le=> lo

Cc’ec

of pairwise orthogonal idempotents 1 in Z(&). The decompositions (7.2)
and (7.3) now become the decompositions

(8.8a) R = Rle + RO - 1)
and
(8.8b) R(Gc| = R[Gcle, +R[Ge|(1 - 1c,)

of R and R[G¢]| as direct sums of subrings.

We say that a block B of R lies over the block C' of & if the idempotent
1ple = 1¢lp in € is non-zero. In that case we also say that C lies under
B. We denote by Blk(R | C') the set of all blocks B of R lying over C.
Similarly, we say that a block B’ of R[G(¢] lies over the block C¢ of &g,
or that C¢ lies under B', if the idempotent 1z 1c, = 1lo,1p of €[Gc] is
non-zero. We denote by Blk(R[G¢] | Cc ) the set of all blocks B’ of R[G¢]
lying over Cc.

Proposition 8.9. If C belongs to a finite G-orbit C of blocks of &, then
the 1g, for B € BIk(R | C), are the distinct primitive idempotents in the
center Z(R1c) of the summand Rlc in (8.8a). Furthermore, the lg., for
B’ € BIk(R[G¢] | Cc) are the distinct primitive idempotents in the center
Z(MR[Gc)le,) of the summand R[Ge|le, in (8.8Db).

Proof. Fix a block B € Blk(R). The primitive idempotent 15 of Z(R) must
lie in exactly one of the summands 1. and R(1 — 1¢) in (8.8a). If 1z
lies in R(1 — 1¢), then 15l = 0. Since 1l¢le = 1¢ by (8.7), this implies
that 1g1¢ = 1glcle = 0. Therefore B does not lie over C' when 15 lies in
R(1—1¢).



BLOCKS OF FULLY GRADED RINGS 117

On the other hand, if 15 lies in 1., then

0#1p=1ple =) 1plc.
c’eC

So B lies over some block C’ € C. Since C’ is equal to C” for some 7 € G,
and 1 € Z(R) = €Y is fixed by 7, we have

(].Blc)T - (].B)T(lc)T - ]-B]-C’ ;é 0

Hence 131¢ # 0, and B lies over C' when 15 lies in Rle.

Because the primitive idempotents of Z(R1.) are exactly those primitive
idempotents of Z(R) which lie in the summand PR1c in (8.8a), the above ar-
guments prove the first statement in the proposition. The second statement
is proved similarly, using G¢, R[G¢], &¢ and C¢ in place of G, R, S and
C, respectively, as in Proposition 8.6. 1

Now we can apply Theorem 7.10 to obtain:

Theorem 8.10. If Hypothesis 8.5 holds and C belongs to a finite G-orbit
C in BIk(&), then multiplication by 1o is an isomorphism Ao of the ring
Z(M1c) onto the ring Z(R[Gc)le,). The inverse isomorphism is a restriction
of the trace map from G to G. These isomorphisms induce a bijection of
Blk(R | C') onto Blk(R[G¢] | Cc ), sending any block B of R lying over C
to the unique block Be of R[Gc| lying over Co such that

Ae(1p) =1plc =1p, and trg_(1p.) = 1p.

Proof. This is an immediate consequence of Proposition 8.9 and of Theo-
rem 7.10 applied to the idempotents e = 1o = 1o, and E = 1. [l

We say that a block B € Blk(R | C') is linked by Clifford theory for C to
the unique block B¢ € Blk(R[G¢] | Cc ) corresponding to it in the above
theorem.

Lemma 8.11. If B € Blk(R | C') is linked to Bc € Blk(R[G¢| | Cc) by
Clifford theory for C, then Hypothesis 6.3 holds with e = 1p, and H = G¢.
In this case the idempotent E in (7.1a) is just 1.

Proof. The idempotent 1p. is the product 151 of two idempotents in €,
and hence lies in €. Since 15 € Z(R) = € is G-invariant, we have

(18.)" = (15)"(1c)" = 1ple-
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for any 7 € G. In particular, G¢ stabilizes 15,. If 7 € G — G¢, then 1¢- is
orthogonal to 1¢, and commutes with 15 € Z(R). Hence

(1pc)"1e = 1plerlple = 1plerle =0 # 15,

in this case. We conclude that G¢ is precisely the stabilizer of 15, in G,
and that the distinct G-conjugates of 15, are pairwise orthogonal. Thus the
first statement of the lemma holds.

The idempotent corresponding to E in (7.1a) is the trace tr&_(1p.) of
the idempotent 1p, corresponding to e, taken from its stabilizer H = G¢
to G. By Theorem 8.10 this trace sends 1p, to 15. That is the remaining
statement of the lemma. O

Now we can state the Fong-Reynolds Theorem 7.7 in a more familiar form.

Theorem 8.12.  Suppose that Hypothesis 8.5 holds, and that C belongs
to a finite G-orbit C of blocks of &. If B € BIk(R | C) is linked to
Be € BIk(R[G¢] | Cc) by Clifford theory for C, then multiplication by 1,

and induction from R[G¢] to R restrict to additive functors

()1p, : Mod(R1p) — Mod(R[Gc]1B,.)
and

- ® R : MOd(m[Gc]lgc) — Mod(iﬁlg),

which form an equivalence between the abelian categories Mod(R1p) and
MOd(%[Gc]lBC)

Proof. In view of Lemma 8.11 this follows immediately from Theorem 7.7
fore =1p, and F = 1. O

9. Clifford theory.

In order to obtain the conclusions of the preceding section for every block B
of R, we shall assume from now on that G, R and & satisfy:

Hypothesis 9.1. G is a finite multiplicative group, R is a fully G-graded
ring having finite block theory, and & is a unitary, G-invariant subring of
R.

Then we have:

Proposition 9.2. If Hypothesis 9.1 holds, then any G-subring ® of € =
Cx(R1) has finite block theory. Hence any G-invariant subring &' of R has
finite block theory. In particular, & has finite block theory.
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Proof. Since R has finite block theory, Proposition 1.4 tells us that the set
ZI(*R) of all idempotents in Z(fR) is finite. We know from Proposition 5.5
that ZI(fR) is the set of all idempotents in €% = Z(R). If D is a G-subring
of €, then its fixed subring D¢ is a subring of €. Hence D¢ contains only a
finite number of distinct idempotents, and so must have finite block theory
by Proposition 1.4. Now Theorem 2.2 tells us that ® has finite block theory.

Let & be any G-invariant subring of R. Proposition 8.3 tells us that
Z(®') is a G-subring of €. So Z(®’) has finite block theory by the above
arguments. Then &’ has finite block theory by Proposition 1.8. Thus the
proposition holds. [l

We denote by Blkg (&) the set of all G-orbits under the conjugation action
(8.4) of G on BIk(&). We write 1¢ for the idempotent associated with any
orbit C € Blkg(6) by (8.7).

Proposition 9.3. If Hypothesis 9.1 holds, the the ring R is the direct sum

(9.4) m= Y %

CeBlkg(6)

of G-invariant subrings Rle, each of which has finite block theory.

Proof. We know from Proposition 9.2 that & has finite block theory. Since
S is also a unitary subring of R (see Hypothesis 9.1), it follows from (1.3)
that its identity element 1y is the finite sum

o= > ¢

CeBIk(&)

of pairwise orthogonal primitive idempotents in Z(&). The finite set Blk(&)
is the disjoint union of its G-orbits C € Blkg(&). So 1y is also the finite

sum
ly= > e
CEBIkg(8)
of pairwise orthogonal idempotents

le=) 1lc.

ceC

Each of these last idempotents lies in €, which is equal to Z(2R) by Propo-
sition 5.5. So this last decomposition of 1y implies that R is the direct sum
(9.4) of subrings.
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The idempotent 1c € Z(R) commutes with R, for any C € Blks (&) and
7 € G. Hence
R, (RLe)R, = (R, RR, ) 1e = Rle.

So R1¢ is a G-invariant subring of fR. As such it has finite block theory by
Proposition 9.2. Thus the proposition holds. [l

Recall from the preceding section that a block C of & lies under a block
B of R if the idempotent 131 = 1-1p in fR is not zero. The final step in
Clifford theory for blocks is:

Theorem 9.5. If Hypothesis 9.1 holds, then the blocks of & lying under a
fized block B € BIk(R) form a single G-orbit C € Blkg(S). This orbit C is
determined by the fact that 1p lies in the direct summand Rlc in (9.4).

Proof. The primitive central idempotent 1g of SR must lie in exactly one of the
direct summands R1c in (9.4). Thus there is a unique G-orbit C € Blkg(S)
such that 15 € 1. Then Proposition 8.9 tells us that B lies over every
block C € C and over no other block of &. So the theorem holds. Ul

Of course Theorems 8.10 and 8.12 now hold for any block B of R and any
block C of & lying under B. In particular, B is linked by Clifford theory for
C' to a unique block B¢ of the restriction R[G¢] of R to the stabilizer G¢
of C. Furthermore, the abelian categories Mod(R1z) and Mod(R[G¢c]15,.)
are Morita equivalent.

10. Questions.

The above discussion raises a couple of interesting questions which we cannot
answer. There is a natural duality between G-rings and G-graded rings,
based on the fact that both are special cases of $)-rings in the sense of [CS],
where the Hopf algebra § is the group ring ZG in the former case and its
dual in the latter one. This allows us to formulate the dual statement to
Theorem 2.2 in the form of:

Question 10.1. If G is a finite group and R is any G-graded ring whose
identity component $R; has finite block theory, does R have finite block
theory?

Surprisingly enough, the answer to this question is yes when G has order 2
or 3. This can be shown by direct and brutal calculation of all possible central
idempotents in PR. However the computations required for this approach
become impossibly complicated as the order of G increases. So any attempt
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to give a positive answer to this question for all G must be based on some
other idea.

Rings graded by a finite abelian group G behave very much like G*-rings,
where G* is the finite dual group to GG. So the fact that Question 10.1 has a
positive answer for a few small abelian groups may be an accident. Before
raising this question to the status of a conjecture, it would be wise to see a
few non-commutative examples.

One possible consequence of a positive answer to Question 10.1 is:

Proposition 10.2. Suppose that G is a finite group and that R is a fully
G-graded ring with finite block theory. If the answer to Question 10.1 is
always yes, then the restriction R[H| of R to any subgroup H of G also has
finite block theory.

Proof. The identity component R; is a G-invariant subring of R by (8.2),
and so has finite block theory by Proposition 9.2. A positive answer to
Question 10.1 for the H-graded ring R[H] would then imply the proposi-
tion. Ul

Of course, the conclusion of the above proposition might hold even if the
answer to Question 10.1 turns out to be no in general.

It is somewhat annoying that we need to assume that the fully G-graded
ring R has finite block theory in order to show that each of its blocks B lies
over a single G-orbit of blocks of a G-invariant subring & (see Theorem 9.5).
In view of the relations between blocks of R and G-orbits of blocks of € in
Theorem 5.8, we might hope that this global assumption can be avoided,
i.e., that we have a positive answer to:

Question 10.3. If G is a finite group and & is a G-invariant subring of a
fully G-graded ring R, does every block B of R lie over a G-conjugacy class
C of blocks of &7

We don’t have a single example illustrating this question in a situation
where R does not have finite block theory. So it is much more speculative
than the preceding question. We should remark that the problem is to find
one block C' of & lying under a given block B of R. Once such a C exists,
the rest is easy.
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