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A NOTE ON CONTACT STRUCTURES

S. AKBULUT AND R. MATVEYEV

We construct two contact structures on a homology sphere
M, that are homotopic through 2-plane fields, but are not iso-
topic as contact structures. A diffeomorphism of M permutes
these two contact structures.

Giroux gave examples of homotopic (as 2-plane fields) but not isomorphic
tight contact structures on 3-torus ([Gil], [Gi2]). In [EP] Eliashberg and
Polterovich showed that there are homotopic contact structures on 72 which
are isomorphic but not isotopic (as contact structures). In [LM] Lisca and
Mati¢ gave examples of homotopic but not isomorphic tight contact struc-
tures on a homology sphere. In this note we give a simple construction
of homotopic tight contact structures on a homology sphere which are iso-
morphic but not isotopic. Unlike the examples of Lisca and Mati¢, in our
example the group of diffeomorphism of the 3-manifold acts nontrivially on
the set of path components of oriented contact structures of the manifold,
while the action of this group is trivial on the set of path components of the
oriented tangent plane distributions. Our construction of contact structures
uses theorem of Y. Eliashberg on characterizing compact Stein 4-manifolds
with pseudo-convex boundary (PC -manifolds).

Theorem 1 ([E]). Let X = B*U(1-handles)U(2-handles) be four-dimensio-
nal handlebody with one 0-handle and no 3- or 4-handles. Then:
e The standard PC structure on B* can be extended over 1-handles so
that manifold X, = B*U (1-handles) has pseudo-convex boundary.

e If each 2-handle is attached to 0X, along a Legendrian knot with fram-
ing one less then Thurston-Bennequin framing of this knot, then the
symplectic form on X, can be extended over 2-handles to a symplectic
form on X, which makes X a PC manifold.

We can visualize pseudo-convex handlebodies as follows: Take a 0-handle
to be the unit ball B* in C? with the induced symplectic structure; choose
coordinates in R® C S% = 0B*, so that the induced contact structure &, on
R? is the kernel of the form \g = dz + xdy. We also assume that the centers
of the attaching balls of each 1-handle lies on the plane {z = constant}.

Projection of a Legendrian link on the plane {z = 0} has intersection
only of the type shown on Figure 1 (coming from left handed crossing), no
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vertical tangencies and all minima and maxima in y-direction are cusps.
Moreover, every projection with these properties is a projection of some
Legendrian link. Thurston-Bennequin invariant of a Legendrian knot « can
be calculated by:

th(a) = bb(ar) — (number of right cusps)

where bb(«) is the blackboard (yz-plane) framing of the projection of a.
Any PC-manifold X induces a tight contact structure on the boundary 3-
manifold Y = 0.X, which is isomorphic to the restriction of the dual K* of the
canonical line bundle K — X. Furthermore if « is an oriented Legenderian
knot in Y bounding an oriented surface F' in X, then the “rotation number”
is defined to be the relative Chern class rot(a, F') = ¢;(K*,v) of the induced
2-plane bundle K* — F' with respect to the tangent vector field v of « (i.e.
the obstruction to extending v to a section of K* over F). In case Y = S
clearly rot(a, F') does not depend on F', and it can be calculated by:

rot(a) = 1/2 [ (number of downward cusps) — (number of upward cusps) |

where “downward” and “upward” are calculated in the obvious way (cf.
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Figure 1.

The proof that the contact structures constructed below are not isotopic
rely on the following recent result of P. Kronheimer and T. Mrowka ([KMZ2]),
and P. Lisca and G. Mati¢ ([LM]):

Theorem 2. Let X be a PC manifold, FF C X be a two-dimensional
submanifold of X, such that a« = OF C 0X is Legendrian with respect to

induced contact structure and f is framing on « induced by a trivialization
of the normal bundle of F' in X, then (tb(a) — f) + |rot(a, F)| < —x(F).

Theorem 2 follows from the adjunction inequality for symplectic mani-
folds and Theorem 1, and by the assumption that any PC manifold can be
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symplectically imbedded into a closed symplectic manifold with b3 > 1 (a
fact that was proven in [LM]). To show this, attach a 2-handle to a with
framing tb(«) — 1. By Theorem 1 we obtain a PC-manifold. Once we are
able to symplectically imbed this manifold into a closed symplectic mani-
fold, we can apply the adjunction inequality ([KM2], [MST]) to the closed
surface I’ = F'Uy D, where D is a 2-disc in the 2-handle, hence:

F'.F + |K.F| < —x(F)

where K is canonical class of the closed symplectic manifold. Plugging in the
values F'.F' = tb(a) — f — 1 and K.F' = —rot(«, F), and x(F') = x(F)+1
gives the desired inequality.

Consider 4-manifold W with handlebody decomposition shown in the first
picture of Figure 2. According to Theorem 1 it can be equipped with a struc-
ture of symplectic manifold with pseudo-convex boundary (PC-structure) as
shown as in the second picture of Figure 2. This PC structure on W induces a
contact structure £ on 3-manifold M = OW. Another contact structure n on
M can be obtained by pulling back £ via diffeomorphism f : M — M, where
f is the involution on M induced by an involution of S* (as described in [A])
with f(v) = 4/, where v and 7’ are circles in M shown on Figure 2. Thus,
we have a contactomorphism f : (M,n) — (M,§), and if L is £-Legendrian
knot in M, then f~(L) is n-Legendrian and tb,(f (L)) = tbe(L).

o] . o
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Figure 2.

Proposition.  Tight contact structures & and n are homotopic but not
1sotopic.

Proof. The fact that £ and 1 are homotopic is a direct consequence of clas-
sification of oriented tangent plane fields on oriented 3-manifolds up to ho-
motopy. Homotopy class of such a field on M corresponds to the homotopy
class of a map from M to two-dimensional sphere and, by Thom-Pontryagin
construction, to the framed cobordism class of a framed link in M. Since
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M is a homology sphere, one can assume that link consist of one unknotted
(i.e. bounding an embedded disk) component, and thus homotopy type of
the plane field is determined by the framing of this component. This im-
plies that the action of the group of self-diffeomorphisms of M on the set
of homotopy types of tangent plane fields is trivial. Therefore, & and 7 are
homotopic as plane fields.

To prove that £ and 7 are not isotopic contact structures observe that
curve v bounds a smooth embedded disk in W. By Theorem 2 we have
the(K) < —1 for any {-Legendrian knot K in M isotopic to 7. On the
other hand, isotopy class of knot +' has &-Legendrian representative L with
tbe(L) = 0 (dotted loop in Figure 2). Therefore, K = f~'(L) is n-Legendrian,
isotopic to v and tb,(K) = 0. If contact structures & and 7 were isotopic,
the later equality would contradict inequality tbe(K) < —1. u
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