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CANONICAL ALMOST HERMITIAN STRUCTURES OF
NORMAL BUNDLES AND APPLICATIONS TO KÄHLER

FORMS

Po-Hsun Hsieh

For any (real) submanifold L of an almost Hermitian man-
ifold (M,J, g, ω) (ω = g(J ·, ·)), there is a canonical almost Her-
mitian structure (Ĵ , ĝ, ω̂) (ω̂ = ĝ(Ĵ ·, ·)) on (the total space of)
the normal bundle L⊥. We have three main topics: (i) We
investigate conditions under which (L⊥, Ĵ , ĝ) is Kähler or al-
most Kähler. (ii) If ω̂ is a symplectic form, then ω̂ is called the
canonical symplectic form of L⊥. We investigate conditions for
two such canonical symplectic forms to be isomorphic. (iii)
If (M,J, g) is Kähler, we investigate conditions under which ω
and ω̂ are isomorphic: We obtain a single theorem which syn-
thesizes, generalizes, and improves two of McDuff’s theorems
on Kähler forms of Kähler manifolds with certain nonpositive
curvature.

1. Introduction

In this section we provide some motivation, define the canonical almost Her-
mitian structures of normal bundles, summarize the main results, and fix
some notation.

First we consider:

Theorem 1.1 (McDuff [11]). (i) Let M2n be a complete Kähler mani-
fold such that exp : TxM →M is a diffeomorphism for some x ∈M . Suppose
M has nonpositive radial sectional curvature with respect to L := {x}. Then
the Kähler form of M is isomorphic to the usual symplectic form on R2n.

(ii) Let M be a nonpositively curved complete Kähler manifold with a
totally geodesic Lagrangian submanifold L such that exp : L⊥ → M is a
diffeomorphism. Then the Kähler form of M is isomorphic to the canonical
symplectic form of T ∗L.

Notice that two tensors A1 and A2 on manifolds M1 and M2 respectively
are called isomorphic if there is a (C∞) diffeomorphism from M1 to M2

that pushes A1 forward to A2. Is there a result similar to Theorem 1.1 if
L is only an isotropic submanifold? A partial affirmative answer is Ciriza’s
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isomorphism theorem [3]. In order to give a complete affirmative answer, we
need to investigate whether the normal bundle L⊥ has a natural symplectic
form. We will see that L⊥ does have a natural almost Hermitian structure
(Ĵ , ĝ, ω̂), and sometimes ω̂ is a symplectic form. See [10] for the definitions
of almost Hermitian manifolds, fundamental 2-forms, etc.

Suppose (M,J, g, ω) is an almost Hermitian manifold and L is a (real)
submanifold of M . The normal connection∇⊥ determines a canonical metric
(Sasaki metric) ĝ on L⊥ [2]. Clearly, there exists a unique almost complex
structure Ĵ on (the total space of) L⊥ such that Ĵ is parallel with respect
to the Levi-Civita connection of ĝ along each line of the form {tv|t ∈ R}
(0 6= v ∈ L⊥) and Ĵx = exp∗(J |TxM) for all x ∈ L. We call (Ĵ , ĝ, ω̂)
(ω̂ = ĝ(Ĵ ·, ·)) the canonical almost Hermitian structure of L⊥ and ω̂ the
canonical fundamental 2-form of L⊥.

In Section 2, we present some more definitions, notation, and frequently
used lemmas. Then in Sections 3, 4, and 5, we have three main topics
respectively: (i) We investigate conditions under which (L⊥, Ĵ , ĝ) is Kähler
or almost Kähler. (Theorem 3.3.) (ii) If ω̂ is a symplectic form, then ω̂ is
called the canonical symplectic form of L⊥. We investigate conditions for
two such canonical symplectic forms to be isomorphic. (Theorem 4.1.) (iii)
If (M,J, g) is Kähler, we investigate conditions under which ω and ω̂ are
isomorphic: we obtain a single theorem which synthesizes, generalizes, and
improves Theorem 1.1. (Theorem 5.1.)

The proof of (i) involves somewhat complicated calculations about certain
vector fields and 1-forms, which are suitably decomposed. Also, (i) general-
izes a theorem in Dombrowski [5] and Tondeur [13]: The canonical almost
Kähler structure of TL is Kähler if and only if (L, g|L) is flat.

The proof of (ii) mainly involves Moser’s technique, the nice symmetry of
ω̂, and the flow of a natural Liouville vector field.

The proof of Ciriza’s isomorphism theorem mainly involves Ciriza’s lin-
earization theorem [4], some comparison results (Lemma 2.4 and (i) of
Lemma 5.3), and Moser’s technique. For (iii), our frame of proof of the
preservation of the symplectic forms by f is similar to that of Ciriza’s iso-
morphism theorem; but our more important technical contribution, the proof
concerning the first jet of f , is carried out by considering the first jets of the
various intermediate maps that compose to form f . The integrability (i.e.
Kähler) condition and an O.D.E. comparison theorem are utilized in this
aspect.

In Section 6 we give some examples. In particular we show that the Kähler
form of any Kähler axial manifold is isomorphic to the usual symplectic form
on S1 × R2n−1.

The author would like to express his sincere gratitude to Professor William
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Goldman for numerous helpful discussions and raising the question about the
Kähler form of a Kähler manifold with cyclic fundamental group. He would
also like to thank Professor Alfred Gray and the referee for useful comments.
The results of this paper are part of the author’s Ph.D. thesis.

2. Preliminaries.

In this section we give more definitions, notation, and frequently used lem-
mas.

Let M be a Riemannian manifold and L be a submanifold. The direct
sum of the Levi-Civita connection ∇ of L and the normal connection ∇⊥ of
L⊥ is called the combined connection of L, and is always denoted by �. We
use R⊥ to denote the curvature of ∇⊥, ∇̃ the Levi-Civita connection of M ,
and ♦ the Levi-Civita connection of (L⊥, ĝ). We usually identify L with the
zero section of a vector bundle over L, and write TLM = (TM)|L = TL⊕L⊥
and TL(L⊥) = (T (L⊥))|L. We also usually identify TL(L⊥) with TLM via
the derivative of the exponential map. Hence ĝ|TL(L⊥) = g|TLM .

The foot map π : L⊥ → L induces a map π∗ : T (L⊥)→ TL ⊂ TLM . ∇⊥
determines a connection map K : T (L⊥)→ L⊥ ⊂ TLM (e.g. [2]). Hence we
have a map S := π∗ +K : T (L⊥)→ TLM .

Definition 2.1. (i) Suppose A ⊂ TLM , then Â := S−1(A) ⊂ T (L⊥) is
called the Sasaki lift of A (to T (L⊥)).

(ii) If B : TLM × · · · × TLM → R and C : TLM × · · · × TLM → TLM
are C∞(L)-linear, then their Sasaki lifts are defined as follows: B̂ : T (L⊥)×
· · · × T (L⊥) → R, B̂(X̂1, · · · , X̂n) = B(X1, · · · , Xn) and Ĉ : T (L⊥) × · · · ×
T (L⊥)→ T (L⊥), Ĉ(X̂1, · · · , X̂n) = (C(X1, · · · , Xn))̂, for all Xi ∈ Γ(TLM).

Remark 2.2. (i) If A ⊂ TL (resp. A ⊂ L⊥), then Â is just the usual
horizontal (resp. vertical) lift of A [2]. We use H to denote the horizontal lift
of TL ⊂ TLM and V the vertical lift of L⊥ ⊂ TLM . We have a ĝ-orthogonal
decomposition T (L⊥) = H⊕ V.

(ii) Ĵ , ĝ, ω̂ are the Sasaki lifts of J |TLM , g|TLM , ω|TLM respectively.
(iii) The operations of Sasaki lift and duality commute. More precisely,

if we define Z∗ = ĝ(Z, ·) for any Z ∈ T (L⊥), then (X∗)̂ = (X̂)∗ for all
X ∈ TLM .

The reader should not confuse ♦ with ∇⊥ or �. The following lemma
expresses ♦ completely in terms of ∇, ∇⊥, and R⊥. Part (ii) of it follows
from (1) and (2) with ξ = 0.

Lemma 2.3. (i) ([2, Lemma 6]). Let X,Y ∈ Γ(TL) and Φ,Ψ ∈ Γ(L⊥),



260 PO-HSUN HSIEH

then at each point ξ ∈ L⊥x (x ∈ L) we have:

♦X̂ Ŷ |ξ = (∇XY |x)H − 1
2

(R⊥(Xx, Yx)ξ)V ,(1)

♦X̂Ψ̂|ξ = (∇⊥XΨ|x)V +
1
2

(N⊥(ξ,Ψx)Xx)H ,(2)

♦Φ̂Ŷ |ξ =
1
2

(N⊥(ξ,Φx)Yx)H ,♦Φ̂Ψ̂|ξ = 0,

where H (resp. V ) denotes the (horizontal (resp. vertical)) lift and N⊥ is
defined by g(N⊥(µ, ν)e, f) = g(R⊥(e, f)µ, ν) for all µ, ν ∈ L⊥x and e, f ∈
TxL.

(ii) exp∗(�) = ♦|TL(L⊥). (exp is defined in a neighborhood of L in L⊥.)

Now let (M,J, g, ω) be an almost Hermitian manifold and L be a sub-
manifold. (i) L is called a JP submanifold (or J-parallel submanifold to
emphasize J) of M if J |TLM is parallel with respect to �. (ii) We define the
(singular) primary complex bundle D = TL∩ J(TL) and secondary complex
bundle E = L⊥∩J(L⊥), and use D′ (resp. E′) to represent the g-orthogonal
complement of D (resp. E) in TL (resp. L⊥). Notice that D̂ ⊕ D̂′ = H and
Ê′ ⊕ Ê = V are ĝ-orthogonal decompositions. (iii) Recall that L is called a
CR-submanifold if D has constant rank and J(D′) = E′, and totally real (or
equivalently, isotropic) if in addition D = 0.

We call a submanifold L of Riemannian manifold M a post if the normal
exponential map is defined on all of L⊥ and is a diffeomorphism from L⊥

onto M , and a geo-post if it is in addition totally geodesic. Now suppose
L is a post of M . Let L⊥s = {X ∈ L⊥| |X| = s} and Ts = exp(L⊥s ),
where s > 0. (i) The elements of T (Ts) are called spherical vectors, and the
vectors orthogonal to Ts radial vectors. By the radial sectional curvature we
mean the sectional curvature of a plane spanned by a radial vector and a
spherical vector. (ii) For every s, t > 0, we have a diffeomorphism Tt,s : Ts →
Tt, exp(sv) 7→ exp(tv) for all v in the unit normal bundle of L. L is called
pre-increasing if there exists a positive constant c such that |dTt,s(v)| ≥ c|v|
for all v ∈ T (Ts) and 0 < s ≤ t, and increasing if in addition c = 1. The
following generalization of Rauch’s comparison theorem is routine to prove.

Lemma 2.4. Suppose a Riemannian manifold has nonpositive radial sec-
tional curvature with respect to a geo-post L. Then L is an increasing post.

The rest of this section is a preparation for applying Moser’s technique,
which will be used in Sections 4, 5, and 6.

By the (dilation) norm |α| of a covariant n-tensor α on (M, g) we mean
sup|Yi|=1 |α(Y1, . . . , Yn)|. We say α has sublinear growth if |α| ≤ Ar + B,
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where r is the distance function on M with respect to a fixed point of M ,
and A and B are some fixed constants. If n = 2, by the first inf norm |α|1−inf

of α we mean inf |Y |=1 |α(Y, ·)|. The following lemma can be proved by the
techniques in [12].

Lemma 2.5. Let (M, g) be a complete Riemannian manifold and ω, ω′ be
symplectic forms on M such that ω−ω′ = dα, where α has sublinear growth.
Define ωt = (1 − t)ω + tω′. Suppose there exists a positive constant c such
that |ωt|1−inf ≥ c for all t ∈ [0, 1]. Let ft be the flow of the vector field Xt

defined by ωt(Xt, ·) = α, t ∈ [0, 1]. Then (f1)∗(ω′) = ω.

Recall that, if A is a vector bundle over a manifold M , then the position
vector field of A is the unique vector field on (the total space of) A that
generates the action (t, v)→ etv for all t ∈ R and v ∈ A. We usually denote
it by PA.

Lemma 2.6. Let M be a Riemannian manifold with a pre-increasing
post L. Let γ be a closed 2-form of bounded global norm on M . Suppose
γ|TL = 0. Identify L⊥ and M via exp. Define P = PL⊥ and Pt = P/t,
t ∈ (0, 1]. By [9, p. 120, Lemma 2], γ = dλ, where λ =

∫ 1

0 (φt)∗(Ptyγ)dt,
where φt is the flow of Pt (in fact, φt(ξ) = tξ). We claim λ has sublinear
growth.

Proof. Suppose |γ| ≤ c. There exists a constant c′ ≥ 1 such that |(φt)∗(Y )| ≤
c′|Y | for all Y ∈ T (L⊥). Therefore, if Y ∈ Tξ(L⊥), then

λξ(Y ) =
∫ 1

0

γ((φt)∗Pt, (φt)∗Y ) dt =
∫ 1

0

γ

(
t · ξ
t
, (φt)∗Y

)
dt,(3)

|λξ(Y )| ≤
∫ 1

0

c|ξ| |(φt)∗Y | dt ≤ c|ξ|c′|Y |,

where ξ ∈ L⊥ has been identified with the corresponding element in TtξL
⊥

for each t in the usual way. This completes the proof.

Unless otherwise stated, all given manifolds and submanifolds are assumed
to be C∞ and connected, and all given maps are assumed to be C∞.

3. Fundamental properties of the canonical almost Hermitian
structures.

In this section we study some fundamental properties of the previously intro-
duced canonical almost Hermitian structures. We indicate why J-parallelism
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is important in this regard, and determine the conditions for the canonical
almost Hermitian structures to be Kähler or almost Kähler.

If N is a Riemannian manifold, then TN has an induced canonical almost
Kähler structure [5]. The following result implies that, with regard to this
structure, a normal bundle can be seen as a generalization of a tangent
bundle.

Proposition 3.1. Let (M,J, g) be an almost Hermitian manifold and L
be a Lagrangian submanifold of M . Let (TL, J̌, ǧ) be the canonical almost
Kähler structure induced by (L, g|L). Then:

(i) There exists a unique vector bundle isomorphism f : L⊥ → TL over
Id such that Txf : Tx(L⊥)→ Tx(TL) is unitary for all x ∈ L.

(ii) f is an isometry if and only if L is a JP submanifold of M . Moreover,
in this case, f is a unitary isometry.

Proof. Part (i) is trivial by the definitions ǧ(X,Y ) = g(π∗X,π∗Y ) + g(KX,
KY ) and J̌(h⊕ v) = (−v)⊕ h. Let ∇̌ denote the Levi-Civita connection of
the (TL, ǧ).

First suppose f is an isometry. Then f∗(♦) = ∇̌. Since L is a JP sub-
manifold of (TL, J̌, ǧ), L is a JP submanifold of M by (ii) of Lemma 2.3.

Now suppose L is a JP submanifold of M . Let γ be a smooth curve in L
and X ∈ Γ(TγL) be a vector field along γ parallel with respect to ∇. Since
L is a JP submanifold of M , Ĵ(X) is a horizontal curve in L⊥. But J̌(X) is
also a horizontal curve in TL. Hence f∗(♦) = ∇̌, and thus f∗(Ĵ) = J̌ . Hence
f is an isometry and is unitary.

For convenience, we call L normal flat if ∇⊥ is flat.

Proposition 3.2. Let L be a submanifold of almost Hermitian manifold
(M,J, g).

(i) If (L⊥, Ĵ , ĝ) is Kähler, then L is J-parallel.
(ii) If L is J-parallel and normal flat, then (L⊥, Ĵ , ĝ) is Kähler.

Proof. Recall that if (N, J, g) is an almost Hermitian manifold, then it is
Kähler if and only if J is parallel with respect to the Levi-Civita connection.
Therefore, (i) follows directly from (ii) of Lemma 2.3; and to prove (ii), it
suffices to show that Ĵ is parallel with respect to ♦. Locally L⊥ is isometric
to and thus identified as L′ × Rm, where L′ is an open submanifold of L.
Suppose γ = (γ1, γ2) : [0, 1] → L′ × Rm is a smooth path. Define two paths
α1 and α2 in L′ × Rm: α1(t) = (γ1(t), γ2(0)), α2(t) = (γ1(1), γ2(t)). Parallel
translation along γ is the same as that along α1 followed by that along α2.
We easily see Ĵ is parallel along both α1 and α2.
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The previous two propositions provide strong motivation for us to con-
centrate on JP submanifolds. The following is the main theorem of this
section.

Theorem 3.3. Let (M,J, g) be an almost Hermitian manifold and L be
a JP CR-submanifold. Then:

(i) (L⊥, Ĵ , ĝ) is Kähler if and only if L is normal flat.
(ii) (L⊥, Ĵ , ĝ) is almost Kähler if and only if R⊥(TL,D)L⊥=R⊥(D′, D′)E

= 0. In particular, if L is a JP isotropic submanifold, then (L⊥, Ĵ , ĝ) is
almost Kähler if and only if L is secondary flat (i.e., ∇⊥|E is flat).

Remark 3.4. (i) Since L is JP, we easily see that ∇⊥ can be decomposed
as ∇⊥ = ∇⊥|E′ ⊕∇⊥|E.

(ii) Clearly, this theorem implies that if L is a JP almost complex sub-
manifold of M , then (L⊥, Ĵ , ĝ) is Kähler if and only if almost Kähler.

Part (ii) of Proposition 3.1 and part (i) of Theorem 3.3 imply:

Corollary 3.5 ([5, 13]). Let (N,h) be a Riemannian manifold. Then
the induced canonical almost Kähler structure on TN is Kähler if and only
if (N,h) is flat.

Needing lengthy calculation later, we also introduce some simplification
of notation in the following lemma, which follows easily from Lemma 2.3.

Lemma 3.6 (and notation). Let (M,J, g) be an almost Hermitian man-
ifold and L be a JP CR-submanifold.

(i) Fix an x ∈ L. We can choose a local orthonormal basis {Pa, Qa, Ui, Vi,
Xr, Yr} for TLM about x such that Qa = J(Pa), Vi = J(Ui), Yr = J(Xr),
and (locally) Pa, Qa ∈ Γ(D), Ui ∈ Γ(D′), Vi ∈ Γ(E′), Xr, Yr ∈ Γ(E) are
parallel with respect to � at x. We also use P a (P a : TLM → R) to denote
the dual of Pa with respect to g, i.e., P a = g(Pa, ·). Qa, U i, V i, Xr, Y r are
similarly defined.

(ii) Fix a ξ ∈ L⊥x . For each h1, h2 ∈ TxL and v ∈ L⊥x , define (h1, h2, v) =
g(R⊥(h1, h2)ξ, v). Let A,B be R-linear combinations of Pa, Qa, Ui and F,G
be R-linear combinations of Vi, Xr, Yr. Let B̂∗ and Ĝ∗ denote the ĝ-dual of
B̂ and Ĝ respectively. When there is no risk of confusion, we will omit the
sign |ξ. We have

2 ♦Â B̂|ξ = [−(A,B, Vk)V̂k − (A,B,Xt)X̂t − (A,B, Yt)Ŷt]|ξ,
2 ♦Â Ĝ|ξ = (A,Pc, G)P̂c + (A,Qc, G)Q̂c + (A,Uk, G)Ûk,

2 ♦F̂ B̂|ξ = (B,Pc, F )P̂c + (B,Qc, F )Q̂c + (B,Uk, F )Ûk,
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2 ♦F̂ Ĝ|ξ = 0.

Similar formulas for 2 ♦Â B̂∗|ξ, 2 ♦Â Ĝ∗|ξ, 2 ♦F̂ B̂∗|ξ, and 2 ♦F̂ Ĝ∗|ξ also
hold by duality. For example, 2 ♦Â B̂∗|ξ = − (A,B, Vk)V̂ k − (A,B,Xt)X̂t−
(A,B, Yt)Ŷ t.

The following proposition is the main ingredient of the proof of (i) of
Theorem 3.3. We will use the notation H∗ := {Z∗|Z ∈ H} and V∗ :=
{Z∗|Z ∈ V}.

Proposition 3.7. Let (M,J, g) be an almost Hermitian manifold and L be
a JP CR-submanifold.

(i) Ĵ is parallel along horizontal directions (i.e. ♦Z Ĵ = 0 for all Z ∈ H)
if and only if the following equations are satisfied:

R⊥(TL,D′)E = R⊥(TL,D)E′ = 0,(4)

g(R⊥(TL, Jd)L⊥, Je) = g(R⊥(TL, d)L⊥, e)∀d ∈ Γ(D), e ∈ Γ(E),(5)

g(R⊥(TL, Je′)L⊥, Jd′) = −g(R⊥(TL, d′)L⊥, e′)∀d′ ∈ Γ(D′), e′ ∈ Γ(E′).(6)

(ii) Ĵ is parallel along vertical directions (i.e. ♦Z Ĵ = 0 for all Z ∈ V) if
and only if the following equations are satisfied:

R⊥(TL,D′)L⊥ = 0,(7)

g(R⊥(Jd1, Jd2)L⊥, L⊥) = g(R⊥(d1, d2)L⊥, L⊥)∀d1, d2 ∈ Γ(D).(8)

Proof. Notice that (4) and (7) are respectively equivalent to (9)-(10) and
(11):

g(R⊥(TL,D′)L⊥, E) = 0,(9)

g(R⊥(TL,D)L⊥, E′) = 0,(10)

g(R⊥(TL,D′)L⊥, L⊥) = 0.(11)

Fix a ξ ∈ L⊥. We have Ĵ = Q̂b ⊗ P̂ b − P̂b ⊗ Q̂b + V̂j ⊗ Û j − Ûj ⊗ V̂ j + Ŷs ⊗
X̂s − X̂s ⊗ Ŷ s.

(Proof of part (i).) Let A be an R-linear combination of Pa, Qa, Ui. We
can write 2♦Â Ĵ |ξ = J1+J2+J3,+J4, where J1, J2, J3, J4 are the H⊗H∗,H⊗
V∗,V⊗H∗,V⊗V∗ components of 2♦ÂĴ respectively. By Lemma 3.6, we have
J1 = 2(♦ÂV̂j ⊗ Û j − Ûj ⊗ ♦ÂV̂ j) = J11 + J12, where

J11 = (A,Pc, Vj)P̂c ⊗ Û j + (A,Qc, Vj)Q̂c ⊗ Û j − Ûj ⊗ (A,Pc, Vj)P̂ c

−Ûj ⊗ (A,Qc, Vj)Q̂c,
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J12 = [(A,Uk, Vj)− (A,Uj, Vk)]Ûk ⊗ Û j.

Clearly J11 = 0 for all A, ξ if and only if (10) holds, and J12 = 0 for all A, ξ
if and only if (6) holds. Similarly, J2 = 2(Q̂b ⊗♦ÂP̂ b − P̂b ⊗♦ÂQ̂b +♦ÂŶs ⊗
X̂s − ♦ÂX̂s ⊗ Ŷ s) = J21 + J22 + J23, where

J21 = −Q̂b ⊗ (A,Pb, Vk)V̂ k + P̂b ⊗ (A,Qb, Vk)V̂ k,

J22 = P̂b ⊗ (A,Qb, Xt)X̂t + (A,Pc, Ys)P̂c ⊗ X̂s + P̂b ⊗ (A,Qb, Yt)Ŷ t

−(A,Pc, Xs)P̂c ⊗ Ŷ s − Q̂b ⊗ (A,Pb, Xt)X̂t + (A,Qc, Ys)Q̂c ⊗ X̂s

−Q̂b ⊗ (A,Pb, Yt)Ŷ t − (A,Qc, Xs)Q̂c ⊗ Ŷ s,

J23 = (A,Uk, Ys)Ûk ⊗ X̂s − (A,Uk, Xs)Ûk ⊗ Ŷ s.

Clearly J21 = 0 for all A, ξ if (10) holds, J22 = 0 for all A, ξ if (5) holds, and
J23 = 0 if (9) holds. Similarly, J3 = 2(♦ÂQ̂b⊗ P̂ b−♦ÂP̂b⊗ Q̂b+ Ŷs⊗♦ÂX̂s−
X̂s ⊗ ♦ÂŶ s) = J31 + J32 + J33, where

J31 = −(A,Qb, Vk)V̂k ⊗ P̂ b + (A,Pb, Vk)V̂k ⊗ Q̂b,

J32 = [(A,Qb, Xt) + (A,Pb, Yt)][X̂t ⊗ P̂ b + Ŷt ⊗ Q̂b]

+[(A,Pb, Xt)− (A,Qb, Yt)][Ŷt ⊗ P̂ b + X̂t ⊗ Q̂b],

J33 = Ŷs ⊗ (A,Uk, Xs)Ûk − X̂s ⊗ (A,Uk, Ys)Ûk.

Clearly J31 = 0 for all A, ξ if and only if (10) holds, J32 = 0 for all A, ξ if and
only if (5) holds, and J33 = 0 for all A, ξ if and only if (9) holds. Similarly,
J4 = 2(V̂j ⊗ ♦ÂÛ j − ♦ÂÛj ⊗ V̂ j) = J41 + J42, where

J41 = −V̂j ⊗ (A,Uj, Vk)V̂ k + (A,Uj, Vk)V̂k ⊗ V̂ j,

J42 = −V̂j ⊗ (A,Uj, Xt)X̂t − V̂j ⊗ (A,Uj, Yt)Ŷ t + (A,Uj, Xt)X̂t ⊗ V̂ j

+(A,Uj, Yt)Ŷt ⊗ V̂ j.

Clearly J41 = 0 for all A, ξ if (6) holds, and J42 = 0 for all A, ξ if (9) holds.
(Proof of part (ii).) Let F be an R-linear combination of Vi, Xr, Yr. We

write 2 ♦F̂ Ĵ |ξ = K1 + K2 + K3 + K4, where K1,K2,K3,K4 are the H ⊗
H∗,H ⊗ V∗,V ⊗ H∗,V ⊗ V∗ components of 2♦F̂ Ĵ respectively. We have
K1 = 2(♦F̂ Q̂b ⊗ P̂ b + Q̂b ⊗ ♦F̂ P̂ b − ♦F̂ P̂b ⊗ Q̂b − P̂b ⊗ ♦F̂ Q̂b) = K11 + K12,
where

K11 = [(Pb, Qc, F ) + (Qb, Pc, F )][P̂c ⊗ P̂ b + Q̂b ⊗ Q̂c]

+[(Qb, Qc, F )− (Pb, Pc, F )][Q̂c ⊗ P̂ b + P̂c ⊗ Q̂b],

K12 = (Qb, Uk, F )Ûk ⊗ P̂ b + Q̂b ⊗ (Pb, Uk, F )Ûk − (Pb, Uk, F )Ûk ⊗ Q̂b

−P̂b ⊗ (Qb, Uk, F )Ûk.
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Clearly K11 = 0 for all F, ξ if and only if (8) holds, and K12 = 0 for all F, ξ
if (11) holds. An easy calculation yields K2 = K3 = 0 for all F, ξ if and only
if (11) holds. By Lemma 3.6, K4 = 0 automatically.

Now we are ready for:

Proof of Theorem 3.3. (Proof of part (i).) The backward direction is a
special case of Proposition 3.2. Now suppose that (L⊥, Ĵ , ĝ) is Kähler. By
(5) and (8), g(R⊥(d1, Jd2)ξ, Je) = g(R⊥(d1, d2)ξ, e) = g(R⊥(Jd1, Jd2)ξ, e)
for all d1, d2 ∈ Γ(D), ξ ∈ Γ(L⊥), e ∈ Γ(E). Therefore,

g(R⊥(d1, d2)ξ, Je) = g(R⊥(Jd1, Jd2)ξ, Je) = g(R⊥(Jd1, d2)ξ, e)

= −g(R⊥(d2, Jd1)ξ, e) = g(R⊥(d2, d1)ξ, Je) = −g(R⊥(d1, d2)ξ, Je),

which implies g(R⊥(D,D)L⊥, E) = 0, i.e. R⊥(D,D)E = 0. This, together
with (4) and (7), implies that L is normal flat.

(Proof of part (ii).) Notice that the equation R⊥(TL,D)L⊥=R⊥(D′, D′)E
= 0 is equivalent to the following two ones:

g(R⊥(TL,D)L⊥, L⊥) = 0,(12)

g(R⊥(D′, D′)L⊥, E) = 0.(13)

If G is an R-linear combination of Vi, Xr, Yr, then

2dĜ∗|ξ = 2(P̂ a ∧ ♦P̂aĜ∗ + Q̂a ∧ ♦Q̂aĜ∗ + Û i ∧ ♦ÛiĜ∗ + V̂ k ∧ ♦V̂kĜ∗
+X̂t ∧ ♦X̂tĜ∗ + Ŷ t ∧ ♦ŶtĜ∗)

= 2(Pa, Qc, G)P̂ a ∧ Q̂c + 2(Pa, Uk, G)P̂ a ∧ Ûk

+2(Qa, Uk, G)Q̂a ∧ Ûk + (Pa, Pc, G)P̂ a ∧ P̂ c

+(Qa, Qc, G)Q̂a ∧ Q̂c + (Ui, Uk, G)Û i ∧ Ûk.(14)

If B is an R-linear combination of Pa, Qa, Ui, a similar calculation yields
2dB̂∗|ξ = 0. Therefore, letting ω̂ denote the fundamental 2-form of (L⊥, Ĵ , ĝ),
we have

2dω̂|ξ = −2Û j ∧ dV̂ j + 2(dX̂s) ∧ Ŷ s − 2X̂s ∧ dŶ s

(15)

= −Û j ∧ [2(Pa, Qc, Vj)P̂ a ∧ Q̂c + 2(Pa, Uk, Vj)P̂ a ∧ Ûk

+ 2(Qa, Uk, Vj)Q̂a ∧ Ûk

+ (Pa, Pc, Vj)P̂ a ∧ P̂ c + (Qa, Qc, Vj)Q̂a ∧ Q̂c + (Ui, Uk, Vj)Û i ∧ Ûk]

− Ŷ s ∧ [2(Pa, Qc, Xs)P̂ a ∧ Q̂c + 2(Pa, Uk, Xs)P̂ a ∧ Ûk
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+ 2(Qa, Uk, Xs)Q̂a ∧ Ûk

+ (Pa, Pc, Xs)P̂ a ∧ P̂ c + (Qa, Qc, Xs)Q̂a ∧ Q̂c + (Ui, Uk, Xs)Û i ∧ Ûk]

− X̂s ∧ [2(Pa, Qc, Ys)P̂ a ∧ Q̂c + 2(Pa, Uk, Ys)P̂ a ∧ Ûk

+ 2(Qa, Uk, Ys)Q̂a ∧ Ûk

+ (Pa, Pc, Ys)P̂ a ∧ P̂ c + (Qa, Qc, Xs)Q̂a ∧ Q̂c + (Ui, Uk, Ys)Û i ∧ Ûk].
(16)

Equations (14) and (15) imply that 2dω̂|ξ = 0 if and only if −Û j ∧ dV̂ j|ξ =
(dX̂s) ∧ Ŷ s|ξ = −X̂s ∧ dŶ s|ξ = 0. Therefore, by (16), dω̂ = 0 implies that
(12) and (13) hold. Hence it remains to prove the converse.

Let R denote the curvature of (L, g|L). If ξ ∈ E′, then R⊥(h1, h2)ξ =
R(h1, h2)Jξ for all h1, h2 ∈ TxL by J-parallelism. Therefore (if rank(D′) ≥
3),

(U1, U2, V3) + (U2, U3, V1) + (U3, U1, V2)

= g(R⊥(U1, U2)ξ, V3) + g(R⊥(U2, U3)ξ, V1) + g(R⊥(U3, U1)ξ, V2)

= g(JR⊥(U1, U2)ξ, JV3) + g(JR⊥(U2, U3)ξ, JV1) + g(JR⊥(U3, U1)ξ, JV2)

= −g(R(U1, U2)Jξ, U3)− g(R(U2, U3)Jξ, U1)− g(R(U3, U1)Jξ, U2)

= 0 when ξ ∈ E′,
which implies −U j ∧ (Ui, Uk, Vj)U i ∧ Uk = 0 when ξ ∈ E′. Therefore, by
(16), Equations (12) and (13) imply dω̂|ξ = 0 when ξ ∈ E′. Notice that (13)
is equivalent to g(R⊥(D′, D′)E,L⊥) = 0. Therefore, by (16) again, (12) and
(13) also imply dω̂|ξ = 0 when ξ ∈ E. Therefore, by linearity, (12) and (13)
imply dω̂|ξ = 0 when ξ ∈ E + E′ = L⊥.

4. Canonical symplectic forms.

For convenience, by a peculiar submanifold of an almost Hermitian subman-
ifold M we mean a JP CR-submanifold L of M such that the canonical
fundamental 2-form of L⊥ is a symplectic form. As before, we use Di to rep-
resent the primary complex bundle of Li, ω̂i the canonical symplectic form
of L⊥i , etc. The main theorem of this section is

Theorem 4.1. Let L1, L2 be peculiar submanifolds of almost Hermitian
manifolds (M1, J1, g1, ω1), (M2, J2, g2, ω2) respectively. Suppose f : L⊥1 → L⊥2
is a vector bundle isomorphism such that

f(E1) = E2, f∗(D̂1) = D̂2, ω2(f(X), f(Y )) = ω1(X,Y )∀X,Y ∈ Γ(L⊥1 ).
(17)
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Then ω̂1 is isomorphic to ω̂2. If, in addition,

f(∇⊥,1v ξ) = ∇⊥,2f∗(v)f ◦ ξ ◦ (f−1|L2)(18)

for all v ∈ D′1, ξ ∈ Γ(E1), then f∗(ω̂1) = ω̂2.

Remark 4.2 (i) Notice that f ◦ ξ ◦ (f−1|L2) is just the push-forward of
ξ by f . Hence (18) just means that f preserves the E-parts of the normal
connections along D′-directions.

(ii) Notice that we do not assume that g1 or g2 is complete.
(iii) The reader can get a clearer picture of this theorem by considering

the isotropic case: D1 = D2 = 0, which implies D′i = TLi. We will present
a handy corollary of this case.

The following lemma indicates that the canonical fundamental 2-form has
nice symmetry.

Lemma 4.3. Suppose L is a JP CR-submanifold of an almost Hermitian
manifold. Let a, b be positive real numbers, ω̂D = ω̂|D̂, ω̂C = ω̂|D̂′ + Ê′,
and ω̂E = ω̂|Ê. Let ME′

a be the multiplication by a on E′, ME√
b

be the
multiplication by

√
b on E, and f =ME′

a ⊕ME√
b
. Then f∗(ω̂) = ω̂D⊕aω̂C⊕

bω̂E.

Proof. First notice that

ω̂ = ω̂D ⊕ ω̂C ⊕ ω̂E.(19)

Since L is JP, it is easy to see that ∇⊥ = ∇⊥|E′ ⊕ ∇⊥|E, ME′
a preserves

∇⊥|E′, and ME√
b

preserves ∇⊥|E. The lemma then follows easily.

The following handy corollary will be used in Example 6.3.

Corollary 4.4. Let L1, L2 be peculiar isotropic submanifolds of almost
Hermitian manifolds (M1, J1, g1, ω1), (M2, J2, g2, ω2) respectively. Suppose f
is a vector bundle isomorphism from E1 to E2 such that ω2(f(X), f(Y )) =
ω1(X,Y ) for all X,Y ∈ Γ(E1). Then ω̂1 is isomorphic to ω̂2. If, in addition,
f∗(∇⊥,1|E1) = ∇⊥,2|E2, then ω̂1 is isomorphic to ω̂2 through a vector bundle
isomorphism from L⊥1 to L⊥2 over f |L1.

Proof. By (19), ω̂1|D′1 + E′1 is nondegenerate. Also notice that D′1 is La-
grangian for ω̂1|D′1 + E′1. Similar remarks hold for ω̂2. Hence there exists
a unique vector bundle isomorphism h from E′1 to E′2 over the map f |L1
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such that h∗(ω̂1|D′1 +E′1) = ω̂2|D′2 +E′2. By considering the map h⊕ f , this
corollary follows from Theorem 4.1.

Now we turn to:

Proof of Theorem 4.1. We consider ω′ := ω̂1|D̂1 ⊕ 2ω̂1|(D̂′1 + Ê′1) ⊕ 4ω̂1|Ê1,
ω′′ := ω̂2|D̂2 ⊕ 2ω̂2|(D̂′2 + Ê′2)⊕ 4ω̂2|Ê2, and ω∗ := f∗(ω′′). By Lemma 4.3,

h∗(ω̂1) = ω′,(20)

where h : L⊥1 → L⊥1 is the multiplication by 2. A similar relation holds for
ω̂2 and ω′′. By (17), we easily see

f(E′1) = E′2.(21)

Therefore, by (17) again, we have

ω∗|D̂1 = ω′|D̂1, ω∗|D̂1 × F̂1 = ω∗|F̂1 × D̂1 = 0,(22)

where F̂1 = D̂′1 ⊕ Ê′1 ⊕ Ê1. Let Π̂1 ∈ Γ(T (L⊥1 )) be defined by Π̂1 := PE′1 +
(1/2)PE1 . Define Π̂2 similarly. By (17) and (21) we have

f∗(Π̂2) = Π̂1.(23)

An easy calculation yields that, with respect to the decomposition T (L⊥1 ) =
D̂1 ⊕ F̂1,

LΠ̂1
ω′ = 0⊕ (ω′|F̂1),(24)

where L denotes the Lie derivative. We also have a similar formula for
LΠ̂2

ω′′. Define γ = ω∗ − ω′. Equations (21)-(24) imply

LΠ̂1
γ = 0⊕ (γ|F̂1),(25)

γ|D̂1 × F̂1 = γ|F̂1 × D̂1 = γ|D̂1 × D̂1 = 0.(26)

By J-parallelism D′1 is parallel with respect to the Levi-Civita connection
of L1. Frobenius’ theorem then implies that D′1 is integrable. Let N be
a leaf of D′1, µ = γ|(L⊥1 |N), and ξ = Π̂1|(L⊥1 |N). Let u1, . . . , uk be a
local coordinate system for N , V1, . . . , Vk be a local orthonormal frame for
D′1|N , and W2k+1, . . . ,W2n be a local orthonormal frame for E′1|N . Also let
v1, . . . , vk, w2k+1, . . . , w2n be the local vector bundle coordinates of (L⊥1 |N)
associated with V1, . . . , Vk,W2k+1, . . . ,W2n. The flow {ft}(t ∈ R) of ξ is
given by

ft(u1, . . . , uk, v1, . . . , vk, w2k+1, . . . , w2n)
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= (u1, . . . , uk, etv1, . . . , etvk, et/2w2k+1, . . . , et/2w2n).(27)

Hence the differential T (ft) is given by the diagonal matrix diag(Ik, etIk,
et/2I2n−2k). Express µ in terms of u1, . . . , uk, v1, . . . , vk, w2k+1, . . . , w2n.
Then clearly we can decompose µ as µ = µ0 +µ1/2 +µ1 +µ3/2 +µ2 such that
f∗t (µβ) = eβtµβ, where µ0 is a (C∞(L⊥1 ,R)-linear) combination of dui ∧ duj,
µ1/2 of dui ∧ dwj, µ1 of dui ∧ dvj and dwi ∧ dwj, µ3/2 of dvi ∧ dwj, and µ2

of dvi ∧ dvj. Now let c be a non-constant integral curve of ξ. The equation
Lξµ = µ (which follows from (25) and (26)) implies d

dt
f∗t [µ(c(t))] = µ(c(t)).

Routine calculation then yields µβ(c(t)) = e(1−β)tµβ(c(0)). By (27), c(t)
approaches N as t approaches −∞. Since µ vanishes on N , we conclude
µ1 = µ3/2 = µ2 = 0. Hence,

µ = µ0 + µ1/2 =
∑
i<j

hijdu
i ∧ duj +

∑
h′ijdu

i ∧ dwj,(28)

where hij and h′ij are C∞ real functions on L⊥1 .
By looking at the determinants for ωt := (1− t)ω∗+ tω′ in suitable coordi-

nates, we conclude, by (22), (26), and (28), that ωt is a symplectic form for
all t ∈ [0, 1]. Let λ = Π̂1y(ω∗ − ω′). Then ω∗ − ω′ = dλ. Now apply Moser’s
technique as in Lemma 2.5. In particular we define Xt by ωt(Xt, .) = λ. By
(22), (26), and (28), Xt is tangent to the fibers of L⊥. With (27) and (28),
a routine calculation yields that Xt has (uniform) sublinear growth (cf. the
proof of [3, Proposition 3.1]). Hence, ω∗ and ω′ are isomorphic. By (20) and
its analogue for ω̂2, this completes the proof of the first part of the theorem.

Now assume that (18) holds. To prove the second part of the theorem,
it suffices to show µ = 0, in view of (20) and its analogue for ω̂2. We let
Ûi, V̂i, Ŵi denote the Sasaki lift of ∂

∂ui
|L, Vi, Wi respectively. By (ii) of

Theorem 3.3, ∇⊥,1|E1 is flat. Therefore, we can choose ui, Vi, vi, Wi, wi

as before, requiring that Wi are parallel with respect to ∇⊥,1. This implies
∂
∂ui

= Ûi +
∑
aijV̂j, where aij = 0 at v1 = · · · = vk = w2k+1 = · · ·w2n = 0.

This in turn implies

dui =
∑

bijÛ
∗
j + cijV̂

∗
j ,(29)

where aij are independent of v1, . . . , vk, w2k+1, . . . w2n, and bij = 0 at v1 =
· · · = vk = w2k+1 = · · ·w2n = 0. (The symbol ∗ refers to the metric dual
with respect to ĝ1. Hence, Û∗j = ĝ1(Ûj, ·), etc.) We also have

dwi = Ŵ ∗
i .(30)

Now notice that (18) implies γ|((D̂′1×Ê1)|(L⊥1 |N)) = γ|((Ê1×D̂′1)|(L⊥1 |N)) =
0. Equations (28)–(30) then force h′ij = 0. The closedness of µ then implies
that hij are independent of v1, . . . , vk, w2k+1, . . . , w2n. But this means hij =
0, since µ vanishes on N . Hence µ = 0.
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5. Generalization of McDuff’s results.

Throughout this section, we use the symbol J k
p f to denote the k-th jet of a

smooth map f at the point p. This section is devoted to prove:

Theorem 5.1. Let M be a complete Kähler manifold with an isotropic
geo-post L such that the canonical fundamental 2-form of L⊥ is a symplectic
form. Suppose M has nonpositive radial sectional curvature with respect to
L. Then the Kähler form of M is isomorphic to the canonical symplectic
form on L⊥ by a diffeomorphism f satisfying J 1

p (f) = J 1
p (exp−1) for all

p ∈ L.

Remark 5.2 (i) Since every totally geodesic submanifold of M is JP (Ex-
ample 6.1), by (ii) of Theorem 3.3, the condition “the canonical fundamental
2-form of L⊥ is a symplectic form” can be equivalently changed to “L is sec-
ondary flat.”

(ii) The canonical symplectic form of T ∗L is isomorphic to the canonical
symplectic form ǧ(J̌ ·, ·) of TL [5]. Hence Theorem 5.1 generalizes Theorem
1.1, in view of (ii) of Proposition 3.1 and (ii) of Theorem 3.3.

If L is a post of (M,J, g), then ρ(x) := | exp−1(x)| is the g-distance from
x ∈M to L. Hence ρ2 is C∞ and we can define a 2-form ωρ := −dJdρ2.

Lemma 5.3. Let (M,J, g) be a Kähler manifold and L be an isotropic
geo-post. Suppose M has nonpositive radial sectional curvature with respect
to L. Then:

(i) Let gρ = ωρ(·, J ·). Then (M,J, gρ) is a Kähler manifold and there
exists a positive number ε such that gρ ≥ εg.

(ii) Define a vector field Π on M by Πyωρ = −Jdρ2. Let Π̂ = PE′ + 1
2
PE

and ω24 = 2ω̂C⊕4ω̂E. (See Lemma 4.3 and notice D = 0.) Let Π∗ = exp∗(Π)
and ω∗ρ = exp∗(ωρ). Then for every p ∈ L, J 1

p (Π̂) = J 1
p (Π∗) and J 1

p (ω24) =
J 1
p (ω∗ρ).
(iii) Define M2 := exp∗(ML⊥

2 ), where ML⊥
2 is the multiplication by 2 on

L⊥. Then there exists a (C∞) diffeomorphism f from M to M such that
f∗(ω) = ωρ and J 1

p (f) = J 1
p (M2) for all p ∈ L.

Proof. (Proof of parts (i) and (ii).) Part (i) and J 1
p (Π̂) = J 1

p (Π∗) follow from
the proofs of [11, Lemma 3.1] and [11, Lemma 3.4] with slight modification.
Hence it remains to prove J 1

p (ω24) = J 1
p (ω∗ρ).

Fix p ∈ L. Let u1, . . . , uk be a normal coordinate system for L around
p, defined on a normal ball B ⊂ L. For each i, let (Vi)p = J( ∂

∂ui
|p) ∈

E′p and Vi ∈ Γ(E′|B) parallel translations (with respect to ∇⊥) of (Vi)p
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along the radial geodesics from p in B. Let X1, . . . , Xm ∈ Γ(E|B) and
Y1 = JX1, . . . , Ym = JXm ∈ Γ(E|B) be orthonormal sections of E|B which
are parallel along the radial geodesics from p in B. We use coordinates
(u1, . . . , uk, v1, . . . , vk, x1, . . . , xm, y1, . . . , ym) to represent the element
[
∑
viVi +

∑
(xiXi + yiYi)]x, where x = (u1, . . . , uk). For simplicity, we iden-

tify L⊥ with M via exp. All the Christoffel symbols Γ̃ABC of ∇̃ with respect
to this coordinate system vanish at p.

We use r(x) = |x| to denote the natural Euclidean distance of x ∈ M
to p associated with the coordinates. JAB = (JAB )p + O(r2) because of the
the vanishing of the Christoffel symbols. Therefore we have, at the point
(ui, vj, xα, yβ) near p, −Jdρ2 = (−2vi, 0,−2yα, 2xβ) +O(r2). Since J 1

p (Π̂) =
J 1
p (Π∗), we also have Π = (0, vj, 1

2
xα, 1

2
yβ)t+O(r2). Hence we have a matrix

equation ((0, vj, 1
2
xα, 1

2
yβ) +O(r2))((ωρ)AB) = (−2vi, 0,−2yα, 2xβ) +O(r2).

Comparison of both sides yields

ωρ = ((ωρ)AB) =


∗ 2Ik 0 0
−2Ik 0 0 0

0 0 0 4Im
0 0 −4Im 0

+O(r2),

where ∗ denotes some unknown matrix. The closedness of ω then implies
∗ = O(r2). Hence, with M representing the above matrix (with ∗ = 0 and
without O(r2)), it remains to prove

ω24 = M+O(r2) w.r.t. frame
{
∂

∂ui
, V̂j, X̂α, Ŷβ

}
.(31)

We remark that V̂j = ∂
∂vj

, X̂α = ∂
∂xα

, and Ŷβ = ∂
∂yβ

.
Let Ûi ∈ Γ(L⊥|B) be defined by the following three rules: (a). (Ûi)p =

( ∂
∂ui

)p. (b). For all q ∈ B, (Ûi)q is the parallel translation (with respect to ∇)
of (Ûi)p along the radial geodesic connecting p to q. (c). For every ξ ∈ L⊥|B
with foot q ∈ B, (Ûi)ξ is the Sasaki lift of (Ûi)q to ξ. By the J-parallelism
of L, we have

ω24 = M w.r.t. frame {Ûi, V̂j, X̂α, Ŷβ}.(32)

Now the equation for parallel translation ża +
∑

Γ̃aiju̇
iu̇j = 0 implies (Ûi)q =

( ∂
∂ui

)q +O(r2) (q ∈ B only). Also, if K denotes the connection map from
T (L⊥) to L⊥ induced by ∇⊥, then

K

((
∂

∂ui

)
(u1,... ,uk,v1,... ,vk,x1,... ,xm,y1,... ,ym)

)
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= ∇⊥( ∂

∂ui
)(u1,... ,uk,0,... ,0,... ,0,... )

(∑
vi
′
Vi′ +

∑
xα
′
Xα′ +

∑
yβ
′
Yβ′
)

=
∑

vi
′
Γ̃k+i′′
i,k+i′V

i′′ +
∑

xα
′
Γ̃2k+α′′
i,2k+α′Xα′′ +

∑
yβ
′
Γ̃2k+m+β′′
i,2k+m+β′Yβ′′ = O(r2).

Hence Ûi = ∂
∂ui

+O(r2). Hence (31) follows from (32).
(Proof of part (iii).) Let γ = ωρ − ω, ωt = (1− t)ωρ + tω (t ∈ [0, 1]). By

part (i), there exists a positive constant ε ≤ 1 such that the first inf norm
|ωt|1−inf ≥ ε for all t ∈ [0, 1]. Hence Lemma 2.4 implies γ = dλ, where λ is
given as in Lemma 2.6. Define vector field Xt by ωt(Xt, ·) = λ. By Lemma
2.5, (f1)∗(ω) = ωρ, where ft is the flow of Xt. Define f = f1. Then it
remains to show that J 1

p (f) = J 1
p (M2) for all p ∈ L.

Fix p ∈ L. By part (ii), ωρ =
∑

2dui ∧ dvi +
∑

4dxα ∧ dyα +O(r2). Also,
ω =

∑
dui ∧ dvi +

∑
dxα ∧ dyα +O(r2). Therefore,

γ =
∑

dui ∧ dvi +
∑

3dxα ∧ dyα +O(r2),(33)

ωt =
∑

(2− t)dui ∧ dvi +
∑

(4− 3t)dxα ∧ dyα +O(r2).(34)

Let Z ∈ Tξ(L⊥) and ξ ∈ L⊥. We will useHZ to denote the
{

∂
∂ui

}
-component

of Z and VY to denote the
{

∂
∂vj
, ∂
∂xα

, ∂
∂yα

}
-component of Z. By (3) and (33),

λξ(Z) =
∫ 1

0

γ(ξ, (φt)∗Z) dt

=
∫ 1

0

(∑
dui ∧ dvi +

∑
3dxα ∧ dyα +O(r2)

)
(ξ,HZ + tVZ) dt

=
∫ 1

0

{[∑
−vidui(HZ) +

∑
t[3xαdyα(VZ)− 3yαdxα(VZ)]

]
+O(r2)

}
dt

=
∑
−vidui(HZ) +

∑ 3xαdyα(VZ)− 3yαdxα(VZ)
2

+O(r2),

which implies

λ =
∑
−vidui +

∑ 3xαdyα − 3yαdxα

2
+O(r2).(35)

Equations (34) and (35) imply Xt = Yt + O(r2), where Yt =
∑ vi

2−t
∂
∂vi

+∑[
3xα

8−6t
∂
∂xα

+ 3yα

8−6t
∂
∂yα

]
. Let ht denote the flow of Yt. Then h1(ui, vj, xα, yβ)

= (ui, 2vj, 2xα, 2yβ), which implies J 1
p (h1) = J 1

p (M2). Hence it remains to
prove J 1

p (h1) = J 1
p (f1).

Since ft(0) = ht(0) = 0 for all t ∈ [0, 1], there exists a neighborhood N of
0 in M and a positive constant A such that |ft(x)| ≤ A|x|, |ht(x)| ≤ A|x|,
and |ft(x) − ht(x)| ≤ A|x| for all x ∈ N and t ∈ [0, 1]. By adjusting A
and N if necessary, we can then assume |Xt(ft(x))− Yt(ft(x))| ≤ A|x|2 and
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|Yt(ft(x)) − Yt(ht(x))| ≤ A|ft(x) − ht(x)| for all x ∈ N and t ∈ [0, 1]. Now
fix x ∈ N . Define H(t) = ft(x) − ht(x). We have |Ḣ(t)| = |Xt(ft(x)) −
Yt(ht(x))| ≤ A|x|2 + A|H(t)|. Consider the O.D.E.: ṡ = A|x|2 + As with
initial condition s(0) = 0. We have s(1) = |x|2(eA − 1). A comparison
theorem of O.D.E. [8, p. 32, Corollary 6.2] implies |H(1)| ≤ s(1) = O(|x|2).
This means J 1

p (H(1)) = 0 and thus J 1
p (f1) = J 1

p (h1).

Now we are ready for:

Proof of Theorem 5.1. First notice that L is J-parallel (see Example 6.2).
We use the notation in Lemma 5.3. In view of Lemma 4.3 (with a =√
b = 2) and (iii) of Lemma 5.3, it suffices to find a (C∞) diffeomorphism

h : L⊥ → L⊥ such that h∗(ω∗ρ) = ω24 and J 1
p (h) = J 1

p (Id).
Fix a positive integer K. Since J 1

p (Π̂) = J 1
p (Π∗) for all p ∈ L, by Ciriza’s

linearization theorem [4, Theorem 1.1], for every p ∈ L, there exist neigh-
borhoods N1 and N2 of p in L⊥ and a CK diffeomorphism φK,p : N1 → N2

fixing L ∩ N1 pointwise such that (φK,p)∗(Π∗) = Π̂. Since Π̂ = PE′ + 1
2
PE,

such φK,p is unique if we require J 1
q (φK,p) = J 1

q (Id) for all q ∈ L⊥ ∩ N1.
Therefore, there exist neighborhoods N1 and N2 of L in L⊥ and a CK dif-
feomorphism hK : N1 → N2 such that (hK)∗(Π∗) = Π̂ and J 1

p (hK) = J 1
p (Id)

for all p ∈ L.
Notice that d(ρ2)(X) = gρ(X,Π) for all X ∈ Γ(TM). Hence Π is trans-

verse to the level surfaces ρ = constant 6= 0. Lemma 5.3 implies the g-norm
of Π has sublinear growth with respect to g. Hence, Π is complete, and
for every x ∈ M , ft(x) has a unique limit in L as t approaches −∞, where
ft is the flow of Π. Similar remarks apply to Π̂. Therefore, hK can be
uniquely (CK) extended to all of L⊥ and still satisfies (hK)∗(Π∗) = Π̂ and
J 1
p (hK) = J 1

p (Id) for all p ∈ L. But now by the uniqueness of each hK in a
neighborhood of L, h1 = h2 = h3 = · · · . This means h1 is C∞. Let h = h1.
Then h∗(Π∗) = Π̂ and

J 1
p (h) = J 1

p (Id)(36)

for all p ∈ L. Hence it remains to show h∗(ω∗ρ) = ω24.
We easily see LΠ∗ω

∗
ρ = ω∗ρ and LΠ̂ω24 = ω24. Define µ = ω24 − h∗(ω∗ρ).

Then LΠ̂µ = µ. By (36) and J 1
p (ω24) = J 1

p (ω∗ρ) (Lemma 5.3), we have

J 1
p (µ) = 0(37)

for all p ∈ L. Now we use the coordinates u1, . . . , uk, v1, . . . , vk, w2k+1, . . . ,
w2n as in the proof of Theorem 4.1. We still have (28): µ =

∑
hijdu

i ∧
duj +

∑
h′ijdu

i ∧ dwj. With the aid of (37), arguments similar to those in
the proof of Theorem 4.1 yield µ = 0. Hence h∗(ω∗ρ) = ω24.
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6. Examples.

In this section we give some examples and applications.

Example 6.1. Let M be a Kähler manifold. A CR-submanifold of M
is JP if and only if its D and E are parallel (with respect to �). In par-
ticular, every complex or Lagrangian submanifold of M is JP; an isotropic
submanifold of M is JP if and only if its E is parallel. Every totally geodesic
submanifold of M is also JP. All these are routine to prove.

Example 6.2. Let (CHn, J, g) be the complex hyperbolic space. RHm

(viewed as a submanifold of CHn, 0 ≤ m ≤ n) is not normal flat if m ≥ 2.
On the other hand, since � agrees with ∇̃ along RHm, the formula for
Riemannian curvature tensor R̃ of CHn,

R̃XYZ

=
1
4

[g(X,Z)Y − g(Y, Z)X+ g(JX,Z)JY − g(JY, Z)JX+ 2g(JX, Y )JZ],

implies that RHm is secondary flat. RHm is also an isotropic geo-post [1].
Therefore, Theorem 5.1 is applicable to this case in view of (i) of Remark
5.2.

The usual symplectic form on R × R2n−1 is just the usual one on R2n =
R×R2n−1. The usual symplectic form on S1×R2n−1 is just dθ∧dy1 +dx2 ∧
dy2 + · · · dxn ∧ dyn. The following example complements (i) of Theorem 1.1.

Example 6.3. Let (M2n, J, g) be a complete Kähler manifold. Suppose
M admits a 1-dimensional geo-post L such that M has nonpositive radial
sectional curvature with respect to L. Then the Kähler form of M is isomor-
phic to the usual symplectic form on L × R2n−1. In particular, the Kähler
form of any Kähler axial manifold (i.e. a Kähler manifold that is also an
axial manifold [6]) is isomorphic to the usual symplectic form on S1×R2n−1.
The proof is as follows:

Let L × R2n−1 be equipped with the usual Kähler structure. Also let
L1 = L2 = L, M1 = M , and M2 = L × R2n−1. By Theorem 5.1, the
Kähler form of Mi is isomorphic to ω̂i. Consider (Ei, ωi|Ei), viewed as a
symplectic vector bundle over Li in the canonical way. By the last paragraph
of [14, p. 32] and the remark following it, we can show that (E1, ω1|E1) and
(E2, ω2|E2) are isomorphic. Therefore, Corollary 4.4 implies the main claim
of this example. The particular case then follows, since every axial manifold
admits a geo-post diffeomorphic to S1 [6, Corollary 6.16].
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If (M,J, g, ω) and (M ′, J ′, g′, ω′) are almost Hermitian manifolds and there
exist a diffeomorphism f : M ′ → M and a positive constant c such that
(f∗ω′)(X, JX) ≥ cω(X, JX) for all X ∈ TN , then we say (M ′, J ′, g′) dom-
inates (M,J, g) symplectically via f . While Examples 6.2 and 6.3 involve
nonpositive curvature, the following one does not.

Example 6.4. (i) Suppose (M,J, g, ω) is a complete almost Kähler mani-
fold, and L is peculiar post such that exp is a quasi-isometry and (M,J, g)
dominates (L⊥, Ĵ , ĝ) symplectically via exp−1. Then the Kähler form of M
is isomorphic to the canonical symplectic form of L⊥ via a diffeomorphism
f fixing L pointwise. Proof: Clearly L is an increasing geo-post of (L⊥, ĝ).
Also, exp∗(ω) has bounded ĝ-norm. Hence, with the aid of Lemma 2.6, the
result follows from Lemma 2.5.

In view of Greene-Wu’s quasi-isometry theorem [7, p. 56, Theorem C], if
L is a post of a Riemannian manifold M such that M is asymptotically flat
with respect to L in certain sense, then exp is a quasi-isometry.

(ii) If (M, {x}, J, g) is a Kählerian model [15] and the corresponding expo-
nential map is a quasi-isometry, then (M,J, g) dominates ({x}⊥, Ĵ , ĝ) sym-
plectically via exp−1. The proof is as follows:

Let γ be a unit-speed radial geodesic from x. Choose orthonormal vectors
e1, . . . , e2n of TxM such that e1 = γ′(0) and J(ei) = ei+1 if i is odd. All the
subspaces span{e1, e2}, span{e1, e3}, . . . , span{e1, e2n} are totally geodesic
with respect to g∗ [15, Theorem A]. (g∗ := exp∗(g), J∗ := exp∗(J).) Thus
there exists a positive number c such that p∗t (ei) = s(t, i)p̂t(ei) for some
s(t, i) ≥ c for all i and t. (Here p̂t (resp. p∗t ) is the parallel translation
from γ(0) to γ(t) along γ with respect to the metric ĝ (resp. g∗).) Hence,
letting êi denote the Sasaki lift of ei and adjusting c if necessary, we have
g∗(êi, êj) = ciδij, J∗(êi) = biêi+1 if i is odd, J∗(êi) = −biêi−1 if i is even,
for some bi, ci ≥ c. An easy calculation then yields g∗(Ĵ

∑
aiêi, J

∗∑ aiêi) ≥
c2
∑
a2
i = c2ĝ(

∑
aiêi,

∑
aiêi).
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