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COMPLETE RICCI FLAT KAHLER METRIC ON
M7, Mj7, My,

TA1-CHUNG LEE

We give the explicit formula of a complete Ricci flat Kahler
metric on the complexification of S™, CP"™ and HP".

Introduction.

Stenzel [S] using the Lie group action and existence of special plurisubhar-
monic exhaustion function p proved that on the complexification of compact
symmetric spaces of rank one, there always exist a complete Ricci flat Kahler
metric (CRFK-metric) and the metric can be obtained by solving an O.D.E
in terms of u = /p. In this note we will give the explicit formula for the
CRFK-metric on the following Stein manifolds (i) M} =hyperquadric in
C™*1, which is the complexification of S™ ,(ii) M7} = CP" x CP" — Q
which is the complexification of CP™ and (iii) M7}y, = Gr(2,2n+2,C) — Hy,
which is the complexification of HP™. Due to the complication of notation
we will not work on the complexification of CaP? here (this is the only case
left). Let us sketch what we will do in this note. To start with we will use
the strictly plurisubharmonic function N from [PW] , since N' = g(p) for
some differentiable strictly increasing function g, we are dealing with the
same equation as Stenzel [S] up to a change of variable. Assuming f(N)
is the potential function, all we have to do is to solve the Monge-Ampere
equation (90f(N))" = FF for some holomorphic function F. Since the
result is invariant under holomorphic change of coordinates, we will work
in special local coordinates for our convenience. The equation turns out to
be an O.D.E. in terms of N. Once we get the formula for f and f” , we
are done. We will identify the Kéhler metric with its Kéahler form in this
note. Azad and Kobayashi prove the existence of CRFK-metric on the com-
plexification of compact symmetric spaces of rank higher than 1 and for the
general construction of CRFK-metric see Tian and Yau [TY1, TY2]|. Be-
fore we go any further let us fix some convention and collect some formulas
from linear algebra which will be used later on and we will sketch the proof
of those lemmas for the reader’s convenience . For any function U(Z) of m
complex variables (Z1,---,Z,,) let QU be either the (1,0) form or the cor-
responding row vector (Uyz,,--- ,Uy, ) and let 99U be either the (1,1) form
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or the complex Hessian matrix of U. If x = (z1,... ,20), ¥y = (Y1, ,Ym)
then x -y = 37" x;y;. T = (T1,...,%,) and o' is the transpose of x. If
a=(ap,...,a,)and b= (b,...,b,), then a' x b will be the m x n matrix
(aibj).

Lemma 1. det(l, +a'xb)=14+a-bandif 1 +a-b+#0 then

"xb
I, twp)l = <[”_a><)_
(In+a” x ) 1+a-b

Proof. det(I, + a' x b) = 1+ a - b can be proved by induction on n. The
inverse is trivial. u
Lemma 2. det(l, +a' xb+c' xd)=1+a-b)(1+c-d)—(a-d)(c-b).
Proof. Formally

(I, +a' xb+c' xd) = (I, +a' x b)(I, + (I, + a* x b)~'c" x d)
then use Lemma 1. u

Lemma 3. Let R be a non-singular p X p matriz and let S be a non-
singular ¢ x q matriz. If a,d are p-vectors and c¢,b are q-vectors. Let

R a'xb
D_<ct><d g >,then

det D = (det R)(det S)(1 — (dR™'a")(bS™'c")).

In case
1—(dRa")(bS™'c") #0
then
1 (bS™ et (R Yat xdR™Y) R 'a*xbS~!
D= R+ 1—(dR—1at)(bS—1ct) _1—(dR*1az<)(bS*1cf)
- S TletxdRT! S-1 4 (dR™'a*)(S™ et xbS™1)
1—(dR—Ta?)(bS—1ct) 1—(dR—Ta?)(bS—1ct)

Proof. Since
D RO 1, R1'a® x b
05)\S et xd 1,

. I Fxb
the general case can be reduced to the special case | ,°” @)
¢ xd I,

I, a'xb\ I, 0 B
det(ctxd I )_det<ctxdlq—(a-d)ct><b>_1_(a'd)(6‘b)
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the last equality follows from Lemma 1. Since

I, a'xb I, —a'xb\ (I,—(c-b)a' xd 0
dxd I, —ctxd I, N 0 I,—(a-d)ct xb

we have
—1
I, a'xb
(Cth I, )
—a’ x b —(e-b)a’ x d 0 o
—ct ><d I, 0 I,—(a-d)c" xb

(c-b)a’ xd —a'xb
1— (cb (a-d) (cb)(ad) )

_—c'xd M
1—(c-b)(a-d) I + (cb)(a-d)
[l
pl, ql, .
Lemma 4. det A (ps — qr)"™ and if ps — qr # 0 then
~1
pIn qIn _ 1 SIn _qIn
rl, sI, ps—qr \—rl, pl, |’
Proof. Similar to 2 x 2 case. L

Lemma 5. Let A be a n X n hermitian matriz . If det A > 0 and A
is positive definite on a (n — 1)-dimensional subspace, then A is positive
definite.

Proof. Since A is positive definite on a subspace of dimension (n — 1), A has
at least n — 1 positive eigenvalues. Also because det A > 0, all eigenvalues
of A are positive. [l

M?.

Let M} = {(z20,21,.-. ,2,) € O™ : 30 22 = 1} and let N be the restriction

of 30 |7;]? to M7 in this section. Assume f o N is the potential function

we are looking for. Let’s compute det d0f(N) in local coordinates Z =
n _9

(21, ,2n) and 29 = /1 = 377 2.

ot =1 (2-22).
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OOf(N) = f (In+zt><z> + <Z— '§°Z>t X (Z— 202),

‘20’2 20 20
1

a0l

det 9D f(N) V)" + N2 =) ()" ]

Let f be a solution of

(1) N+ N2 =) =1

-1

(W2 =1)% = [ (2 = 1)%1ds)
TEENE |

Proposition 1. Let M} = {(20,21,... ,2,) € C"" : 3022 =1} and let
N =30 1z*. Then

<n le(s2 — 1)%*1d3)%71 ((N2 —-1)% — n./\/le(s2 — 1)%*1d8) AN A BN
(N2 —1)2

3=

(n TN (s2 - 1)%‘1ds>
1)1

+ OON

defines a CRFK-metric on M7.

N no_ 1
(s?=1)2 lds) "

Proof. Since f' = (), > (0, the Kéhler form is positive definite

_ we-nh
on (ON)* and det 99f(N) = ﬁ > 0. By Lemma 5 the Kéahler form is
positive. The completeness of this metric can be proved by calculation using
formula (3.24) of [PW]. u
Note.

(1) Equation (1) also appear in [S];
(2) For n = 2 this metric is called the Eguchi-Hanson metric.
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M2r,
In this section let (Z,W) = (zg,...,2n,Wo,...,w,) be the homogeneous
coordinate on CP"xCP" A(Z,W) = Y, xen |2iwi]* , B(Z,W) = 30 zw;,
Qoo = {(Z,W) : B(Z,W) = 0} and N(Z,W) = —AZW)_ Tt M2} =

B(Z,W)B(Z,W)"
CP" x CP" — (Qo. We are going to work in inhomogeneous coordinates

(Lz1,e ooy 20, Liwy, oo yw,) s0 A= (1+ |2]))(1+ |w]?) and B=1+2-w

where z = (21,... ,2,) and w = (wy, ... ,w,).
Since
, [ 0A A OB
o1N)=1 (55~ 55 5)
then
_ , [ 0A A OB\ 0A A 0B
010 =1 (55 555) * (55 555)

Hence

@
det 90 f(N)

B f/ 2n - l . o . _
_ (BB) et 9DA det | I, — 5 (00A) 0" x 04

+ (f’fBNB + D (00A)~* (8A — A‘?)t X (8A — Aif)]

f/ 2n
= _ 0A
(BB) det 00

: (1 + (JC,J;B + jl) (8A - Aif) (99A)~! (8A - Aif)t>

(1 _ ;aA(aaA)laAt)
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FBE T4
L BA(GDA) <8A AaB> )]

The last equality comes from Lemma 2. Now we are going to compute
det 90A and (90A)~*

(4P, xw
aaA_< Wz (142

(o= o (4 4)

To simplify notation let X = m, then by Lemma, 3
_ 1
det 90A = (1 + |2|*)" (1 + \wlz)””}
and
_ 71"“(‘”'25“ — Xzt xw
(aaA)_l = )1{-‘,—11? L+ X|z?0t xw | -
— AW X Z T
Hence

— (1+z]*)z
(00A)~1(0A)" = <( +|w|qu>,
(B—1)z
(00A)71(0B)" = ( §ﬂ¥3w)
T+=[2

(0A)(00A) 1 (0A) = AX(|2]* + |w|?) - X),
(&@@&@*@By:z4m1+xyzg%—ﬂ + X),
(0B)(00A) 1 (0A) =z w(1+ X) = (B —1)(1 + X),
( (

5\ (A7 41 2|2 |wl?
B)(904) aB)t*leP 1+ |w|?
1 1
— X|B -1
B0 (5 )

Plugging each piece into (2) gives, after a long calculation,

1

n+1
55) (RN = DA 2 - DA ()

det 9TF(N) = (
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Let f be the solution of
(27 = DN (P 2 = DA (= 1
then

NN = 1) RN - 1) (f)
FNN = 1) = N = 1)
N = 1" = [V = 1))

Nn(f/)2n21’
oL
I'= ot
P |
T2 NE

Proposition 2. Let M3 = CP" x CP" — CP?" and let

EO<] k<n |ijk|

|Zo Zzwz|

N(Z,W) =

Then

11
2N28N/\8N+N2 ON

defines a CRFK-metric on M37.

Proof. Similar to the proof of Proposition 1. |

4n
M7

Let Gr(2,2n + 2,C) be the complex Grassmann manifold of 2-planes in
C?"*2 through the origin and let (Z, W) = (21,... , Zani2, Wi, ... ,Wayt2) be
the homogeneous coordinates on it. In this section let

A(Z,W) = Z |zjwp — zpw; |,
1<j<k<2n+2

n+1
W) = E 22 W25 -1 — RZ25—1W2;

and let

Ho = {(Z,W): B(Z,W) = 0}.
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Let M77, = Gr(2,2n + 2,C) — H,,. We will work in inhomogeneous coor-
dinates (z1,...,22,,1,0,w1,... ,w2,,0,1) and we will use z = (z1,... ,22,),
w = (wy,...,ws). Then A = (1+ |2]))(1 + |w|?) — (z - w)(z - w), B =
Z;;l ZojWoj_1 — Z2j_1Wa; — 1 and let N' = B‘% be our exhaustion function.
The Monge-Ampere operator will be

3
det 9O f(N)

f/ 4n o
= (BB) det 00A

(G (1)
(i ymron ()

L DA(DDA)! <8A - A‘f)tﬂ.

To compute det 99A and (99A)~! we have

(1 - iléA(a@A)‘laAt)

= 1+ |w) s, —w' xw 28 xw—(z-w)l,
et n m ) = My MM
99 ( w' X z— (2 W)y, (1+]2]*)a, — 2" X 2 1R
where
M. — (1 + |w\2)12n —(2 . w)Ign
! —(z- W) oy (1+ 2% )
_ gt x (tlPw—(zw)z
M, = <I2” v 4 t (1(+)|w2>z—<z-w>w> ’
0 Iy — 3t x (HulDe—Gojw
— zZw - 14|22 w—(zw)z
. R (3 + 2 t) x W= |
e I
By Lemmas 1, 2, 3 and 4 we have
det M, = A*",
1+ |21+ |w|?
see g = QB0+ o)
1+ |22+ |w|?
det M, — LT |2 + |w]|

(14 [22)(1 + w]?)’
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and
M= = (1 + 2)*) n (Z-w)lay
! A (z-w) o, (14 |w*)Ia,
A4z )w—=(Z-w)z PYw—(z-w)z
Myt = n X L+ 0 . )
Iy, + 3 W
Mt - ( ‘L )
where
b PO PR )| () - e
zZZ 2n 1 + ‘Z|2 + |w‘2 A 9
roop g FPA S eP)et (@) ([P w (2 w)z
ww 2n 1 + ‘ZP + |U1‘2 A )
ro o~ A+ [wP) (4] + (z-w)a') (142w = (2-w)2
- 1+ 22 + |w]? A ’
r o= A+ PO [wP)o' + (- w)2) (1 [wf)z - (2 D)w
v 1+ 22+ |w]? A '
To simplify the notation we will let X = m From the above result
we have
det 994 — azm LT P+ [wP) 1+ |2 +|wf A
Az (L4 122)(1 + [w]?) X
and
Q.: Vo
-1 _ 2z ZW
(88A) N (Qwi Qwﬂ))
where
(L+12%) o zew
in_ A [271+ w 1—|—|Z|22 X w
X 2=t —t Z-w ) :|
+ X (|w]*z" — (2 w)w)x(z—i—l+H2 ’
(1+|w2)[ (—t Z-w —t)
wa - I n
+ X (|z]P0" — (2 - w)z") x (w + 7 i’sz) ],
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(\ZP(E'w)@t—(1+\Z\2)(1+Iw\2)?)><<w+ S )

1+ w2’
(z-w) —t 2wy
s = Iy, + (w _1+|z|22 X W

(e~ @) = (14 )1+ o)) x (=+ Tw )

Using the relations

(B.-w)=0, (By,-2)=0, (B.-2)=B+1, (B, w)=B+1,
(Bz'Bw):_(z'w)7 (Pz'Bw):_(z'u_))

we have

(8514)71(814)1& - X ((1 + |Z|2)2t + (Z,w),wt> |

(z-w)z" + (1 + |w|*)w
(99A4)"}(9B)"
LA+ [2)BL+ (2-w)Bl - X(B+1)((L+ |22 + (2 w)a') ) .

A <(z -w)BL + (1+ |w|*)Bl, = X(B+1)((z-w)z" + (1 + |w|*)@")

And then
(0A)(00A)H(DA) = AM =A(1-X)
IR ’
- . _ 24+ |22 + Jw|? -
(0B)(00A) ' (0A) = (B + 1)H:Z;2+;U)I2 =(B+1)(1+X),
242> + |w]?

(DA)(99A)"(8B) = (B + 1) = (B+1)(1+X),

1+ |22 + |w|?

(3B)(09A)(0B)" = % (ZA _ % 1 (B+1)(B+ D)1+ X)) .

Plug each piece into (3) gives, after a long calculation,

1

det DOf(N) = <BB> ! (2N — D)N2=2( /)4 4 o (N — 1)N2nL ()1 7],

Let f be the solution of

N = N2 2N = DA () =1
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then

(1) |
(S )
(V= PN — DA (P 4 200 — DA (]
=N —-1)*""'\.

Integrate both sides of (4), we got
(N _ 1)2nN2n (N _ 1)2n+1 (N _ 1)277,

N4an __

on (F)™ = on + 1 on
nan (1N 20N +1
() _(N) 2n+1"

/ 1 % 2nN+1 ﬁ
r=(w) Goir)
f//__<1>2(2n—1),/\/’—|—1<2n+1 >141n

N 22n+1) \2nN +1

Proposition 3. Let M7, = Gr(2,2n+2,C) — H,, and let

B Do1<jch<ant2 |2jwi — zxw;|®

N(Z,W) = ’2 .

n+1
Zj:l 22jWaj—1 — Z25—1Wazj

Then

_(1)3(2n—1)/\/+1 <2n/\f+1

Eit! _
N 2(2n + 1) o+ 1 ) ON NN

1\? (20N + 1\ %
+(N') (2n+1) ooN
defines a CRFK-metric on M77;.

Proof. Similar to the proof of Proposition 1. 1
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