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We will show that for n = 1, 2, as m — 0 the solution
u(™) of the fast diffusion equation du/dt = A(u™/m), u >
0, in R™ X (0,00), u(x,0) = ug(x) > 0 in R™, where ug €
L*(R™) N L°°(R™) will converge uniformly on every compact
subset of R™ X (0,T) to the maximal solution of the equation
vy = Alog v, v(x,0) = ug(x), where T = oo for n = 1 and
T = [g: uodx/4m for n = 2.

The degenerate parabolic equation
ut—A<“T:>,u>0, in R"™ x (0,00)
u(z,0) = up(z) >0 Vo e R"

(0.1)

where m > 0 arises in the modelling of many physical phenomenon such as
the flow of gases through a porous medium or the flow of viscous fliud on
a surface. When m > 1, the above equation is called the porous medium
equation. When 0 < m < 1, it is called the fast diffusion equation and when
m = 1, it becomes the famous heat equation. We refer the reader to the
papers by Aronson [A] and Peletier [P] for extensive reference on the above
equation.

In this paper we will investigate the convergence of solution u(™ of the
fast diffusion equation (0.1) as m — 0. We will show that for n = 1, 2,
if ug € L*(R™) N L>®(R"), then as m — 0 the solution u(™) of the above
fast diffusion equation will converge uniformly on every compact subset of
R™ x (0,T) to the maximal solution of

0.2) v = Alog v,v > 0, in R" x (0,7)
' v(z,0) = up(x) Vr € R"
where
ifn=1
(0.3) 7= nr
HIRZ updx ifn=2.

As proved in [ERV] for vy € L'(R) when n = 1 and in [DP], [H] for
up € LY(R?) N LP(R?) for some p > 1 when n = 2, there exists infinitely
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many solutions of (0.2). However by the results of [ERV] for n = 1
[DD] for n = 2 there exists only a single maximal solution of (0.2) for n = 1,
2. So the limit lim,,_,o «(™ is unique.

When n = 2 LF.Wu [W1], [W2] showed that (0.2) is related to the
study of Ricci flow and when n = 1 K.G. Kurtz [K] showed that (0.2) is
related to the limiting density of two type of particles moving against each
other obeying the Boltzmann equation. Similar type of singular limits for
solutions of (0.1) as m — oo and m — 1 are obtained by L.A. Caffarelli and
A. Friedman [CF2], P.L. Lions, P.E. Souganidis and J.L. Vazquez [LSV]
and for the p-laplacian equation which are related to the sandpile model by
L.C. Evans, M. Feldman, etc. [AEW], [EFG]|, [EG].

For any domain Q@ C R", T > 0, ¢(u) = u™/m for some 0 < m <
1 or ¢(u) =log u, we say that u is a solution (respectively subsolution,
supersolution) of

ou
(0.4) 4 — o)
inQx(0,T)ifueCQx(0,T)NC®(Qx(0,T)),u>0o0nQx(0,T), and
satisfies (0.4) (respectively <, > ) in Q2 x (0,7 in the classical sense and we
say that u has initial value ug if the following holds

tim [ (e, (o) = /Q wo(@)n(@)de ¥ € CE(Q).

We say that u is a solution (respectively subsolution, supersolution) of

uy = A¢(u),u > 0, in R" x (0, 00)
u(z,0) =up(z) >0 Ve R"

if u is a solution (respectively subsolution, supersolution) of (0.4) in R™ x
(0,T) with initial value ug. We say that v is a maximal solution of (0.2)
if v > v for any solution v of (0.2). For any xg € R", R > 0, we let
Br(zo) ={z € R" : |x — x9| < R} and Br = Bg(0).

The plan of the paper is as follows. In Section 1 we will recall some exis-
tence results and construct some subsolutions of (0.1). In Section 2 we will
use the subsolutions obtained in Section 1 to obtain lower bound estimates
for the solution of (0.1). We will also prove a Harnack type inequality for
solution of (0.1) and a convergence result for the case n = 1, 2, under the
assumption that ug € L*(R") N L>®(R") and (1 + |2?)™* < ug(z) < M
for some constants € > 0, M > 1, and 1 < a < 2 for all z € R™. The
general convergence result for ug € L'(R™) N L>°(R") then follows by an
approximation argument. Since we are concerned with the limit m — 0, we
will assume 0 < m < 1 and let «(™) be the solution of (0.1) for the rest of
the paper.
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Section 1.

In this section we will recall some existence results and comparsion principles
for solutions of (0.1) in [AB], [BBC], [DK]. We will also construct some
subsolutions of (0.1). We first start with an existence result of [AB], [DK]:
Theorem 1.1 ([AB], [DK)]). If ug € L*(R™) and (n—2)1/n < m < 1, then
(0.1) will have a unique solution u(™ € L*®((0,00); L'(R™)) N C®(R" x
(0,00)), ul™ >0 on R" x (0,00) and satisfying

(m) (™)

t S m m Rn X (0, OO)

u

Proof. Existence of solution to (0.1) is proved in [DK]|, [AB]. Let p =
ugm) Ju{™ . Then as in [AB], [CF1], [ERV] p will satisfy the equation

pr = u™MM I Ap + 227, M) Ly — (1 —m)p°.

Since 1/(1 —m)t also satisfies the above equation but with initial value co.
By the maximum principle

(
ugm) < v

and the theorem follows. O

Theorem 1.2 (BBCJ,[E]). If (n —2)4/n < m < 1 and u{™, u{™, are

7

subsolution and supersolutions of (0.1) with initial values ug 1, uo 2 € L*(R™)
respectively, then

/n (ugm) (.I,t) _ ugm) (;z:,t))+ dz < /n(UOJ — u072)+da: YVt >0

and if ugm) and ugm) are two solutions of (0.1) with initial values ug 1, up2 €
LY(R™) respectively, then

J.

In particular if up1 < uo2, then ug < us.

ugm)(%t) - ugm)(%t)’ dr < / |up,1 — uo2|dz ¥Vt > 0.

Lemma 1.3. IfT; >0, 0<m <1, a>1,0< k < 1 are con-
stants satisfying the condition (1 —m) ! < a <2(1—m) ! and 0 < k <
(4a)~V(@=m)=1) “then the function

(1 —m)(Ty — )]V

1.1 t) =
( ) U)(.Z', ) (k+|1,"2)a
s a subsolution of

(1.2) ug = A(u"™ /m)
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in R" x (0,Ty), n =1, 2, with initial value [(1 — m)Ty ]/ =™ (k + |z|?)~*

Proof. Write w(z,t) = f(t)g(x) where f(t) = [(1 — m)(Th — t)+]1/1—m and
g(z) = g(r) = (k+ |z|*)~® where r = |z|. For n = 1 by direct computation,

{(gm)/(r) = —2amr(k 4 r?)—om-1
(g™)"(r) = dam(am + 1)r?(k + r?) =" — 2am(k +r?) "L
Hence
Ag™) +myg
= m(k + [z>)"(1 + da(am + 1)(k + |z[}) 0772 g2
— 20k + |z|?)2—m)—1y
=m(k+ \$| )71 4 (20 4 4a2m) (k + |z )O‘(l m)—
— daam + 1)k + faf2)20- 2k
> m(k + |z>) 71 + 20 + 4a®m) k371 —da(am + 1)ke0m™L
> m(k + |z|>)"*(1 — 2ak*0=™"1) > 0.
Similarly for n = 2, we have
A(g™) +mg
=m(k + |z|?) (1 + da(am + 1) (k + |z]?) =™ =2| 2|2
—4a(k + |x|2)°‘(1_m)_1)
> m(k + |z)?) %1 — 4ak®0 ™71 > 0.
Hence
A <wm> —wy = fMA ( m> — fig = . (A(g™) +mg) >0
m m m

Thus w is a subsolution of (0.1) with initial value [(1—m)T1]"/ =™ (k+|z[?)
and the lemma follows. O

As a consequence of Theorem 1.2 and Lemma 1.3 we have the the following
corollary.

Corollary 1.4. Ifug € LY(R™) and uo(z) > e(k + |z|>)~ for some con-
stantse > 0,0 < k < 1,0 <m <1, satisfying (1 —m)™ ' <a <2(1—m)~!
and 0 < k < (4a)~Y@Q=m)=1 "then the solution u™ of (0.1) is bounded
below by (e'=™ — (1 — m)t )1/1 m(k: + |z2) e

Theorem 1.5. Ifug € L'(R') for n = 1 and uo € L'(R?) N LP(R?) for

some p > 1 for n = 2, then there exists a unique mazimal solution v of (0.2)
in R™ x (0,T) where T is given by (0.3).
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Proof. For n = 1 the theorem is proved in [ERV]. For n = 2 by Theorem 4.3
of [H] (cf. [DP] Theorem 1.2) there exists a solution v of (0.2) in R%x (0,7)
satisfying the condition

(1.3) / v(x,t)dx = / uodr —4nt VO <t <T
R? R?

where T is given by (0.3). By Prop 3.1 and Prop 4.1 of [DD], there exists
a maximal solution v1 of (0.2) in R? x (0,7). By Theorem 1.3 of [DP],

/ vi(z,t)dxr < / uodr —4nt VO<t<T
R2 R2

= vi(z,t)dr < / v(z,t)de YO<t<T by (1.3)
R? R?
= v(x,t) =vi(z,t) Vo€ R*0<t<T since v <.

Hence v is the maximal solution solution of (0.2). i

Lemma 1.6. There exists a constant 0 < my < 1/2 such that the function

A2t/ 1-m
(@) = TR fam — 172

is a subsolution of (1.2) in R?\ Bg x (0,00) for all 0 < m < my where
0 < A< (2/3)* is a constant.

Proof. Let b=2/(1—m) and g(x) = g(r) = r~™(r™ —1)"2"™ where r = |z|.
Then
1
(14) Ag=g"+g
r
= (mb)Qrfmb72(Tm _ 1)72m + 4m3b7ﬂfmb+m72(7qm . 1)72m71
+ 4mtpmmbtm=2(m _ 1)=2m=l
+ 2m3(2m + 1)7«—mb+m—2(rm o 1)—2m—2

> 2m3,r—mb+m—2(,rm _ 1)—2m—2 Vr > 2

m
= A <'LL1> — Ul
m
_ AmmZm—ltm/l—mAg N Am2(1 - m)—ltm/l—mr—b(rm - 1)—2
> 2Amm2m+2tm/lfm7_fmb+m72(Tm - 1)72m72
— Am?*(1 — m)_ltm/l_mr_b(rm -1
— m2Amtm/1—mr—b(rm _ 1)—2m—2(2m2m,r_m

_ (1 _ m)_lAl_m(’l“m _ 1)2m)‘
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Since lim,,—,o m™ = 1, there exists 0 < m; < 1/2 such that m™ > 2/3 for
all 0 < m < my. Thus

2m2 ™ — (1 —m) LA™ (e 1)2m

> 2(2/3)%™ — 241220

> 2(2/3)2r2™ (r1-2m) _ 1) >0 Y0 < A< (2/3)40<m<my,r>2.

Hence the right hand side of (1.4) is positive for all 0 < m < mq, r > 2, and
the lemma follows. U

By direct computation we also have the follow result:

Lemma 1.7. Forany0< A<1,0<m<1, the function

¢\ /(1-m)
ug(x,t) = A()

2

is a subsolution of (1.2) in R\ By x (0,00).

0,
Theorem 1.8. If v is a solution of (0.2) in R? x (0,T") and satisfies the
condition

Ct

v 2 T og ]2

V| > R,0<t < T

for some constants C > 0 and R > 0, then v is the unique maximal solution
of (0.2) in R% x (0,T").

Proof. For any 0 < t; < T", since

Cty /
vz t)> 2 VY|z| >Rt <t<T
02 g a7
by Prop 2.1 of [DD] v is the unique maximal solution of
(15) wy = Alog w,w > 0, in R" x (t1,T")
' w(z,t1) = v(x,t1) Vo € R"

with n = 2. By Theorem 4.3 of [H] or Theorem 1.2 of [DP] there exist a
solution v of (1.5) satisfying

/ v(z, t)dr = / v(z,t))dr —4r(t —t;) VO<t <t<T.
R? R?

Since v is the unique maximal solution of (1.5), v > v. Thus
(1.6)

/ v(z, t)dz > / v(x, t)dr = / v(z,t))dr—4r(t—t;) VO<t; <t<T.
R? R2 R2
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We next let R > 0 and let ng € C§°(R?) be such that 0 < ng < 1, nr(z) =1
for |z] < R, nr(xz) =0 for |x| > 2R. Then

/R2 v(w,t1)dx 2/ o(z, t1)nr(z)dz

RZ

= liminf | o(z,t1)dz > liminf [ o(z,t1)nr(z)de

t1—0 R2 t1—0 R2
— [ w@mn(e)ds
R2
= liminf/ v(x,t)dr > / uo(x)dr as R — oo.
t1—0 R2 R2
Hence letting ¢; — 0 in (1.6) we have
(1.7) / v(x, t)dr > / up(z)dr —4rt VO <t <T'.
R? R?

By Theorem 4.3 of [H] and the proof of Theorem 1.5 there exists a unique
maximal solution v of (0.2) which satisfies

(1.8) / v(x, t)dx = / up(x)dr — 4wt VO <t <T'.
R? R?

Since v > v, by (1.7) and (1.8) we get

/ v(z, t)de = / v(x, t)dx = / up(z)dr —4rt VO <t < T’
R? R? R?
= V=0 on R% x (0,T").

Hence v is the unique maximal solution of (0.2). O

Theorem 1.9. If v is a solution of (0.2) in R x (0,T7") and satisfies the
condition

Ct
(1.9) v(x,t) > B Viz| > R,0<t<T

for some constants C > 0 and R > 0, then v is the unique maximal solution
of (0.2) in R x (0,T").
Proof. For any 0 < t; < T”, since v satisfies (1.9)

log (1/v) < —log Ct+ 2log |z| < o(|z|) V|z| > Rt <t <T'.

By the result in Section 3 of [ERV] v is the unique maximal solution of (1.5)
with n = 1. By an argument similar to the proof of Theorem 1.8 we get
that v is the unique maximal solution of (0.2) and the theorem follows. [
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Section 2.

In this section we will first prove the convergence of solution u(™ of (0.1)
as m — 0 for n = 1, 2, under the assumption that ug € L'(R") N L=°(R")
and (1 + |2[?)™®* < up(z) < M for some constants ¢ > 0, M > 1, and
1 < a < 2forall x € R". The general convergence theorem then follows
by an approximation argument. We will first start with a Harnack type
inequality.

Lemma 2.1. If 4™ € L((0,00); LY(R")) N L™(R" x (0,00)) and 0 <
u™ < M for some constant M, then for any (n —2)4/n <m < 1, 0 <
t) <tg,t>0, R>0, and x¢9 € R", the following inequalities hold,

(0 u (:):,t)dm < u (xo,t) LC R

1 — ulmm
(ii) / ———dxdt < I + CMR?
‘BR‘ t1 BR :C() m

1 — y(m)m
i) L < / ~ % dudt+ CMR?
’BR’ t1 Br -%0)

m
where C > 0 is a constant independent of m and

(2.1)
_ 1/1-m _ 1/1-m
I = ta—t) {1 — (1= m)u™™ (g, )t m(tQ h >}

m tQ—tl

i=1,2.

Proof. We will use a modification of the argument of Lemma 6 of [V] and
Lemma 4 of [GH] to prove the lemma. Let (cf. [V] p. 509, [DD] p. 653)

]a:—m)\z_”—R2_"+"772R_”(|a:—x0|2—RQ) it n>3
Gr(z) = log R/\x—x0|) 2|z — mo|* — R?) if n=2
— |2 — 20| + B~ (]:1;—370]2 R?) if n=1

be the Green’s function for Br(zg). Then Gr > 0, Gr(R) = G(R) = 0,
and
n(n—2)R™"™ — (n — 2)|0B1]dz, it n>3
AGR =< 2R™? — 218, if n=2
R —26,, if n=1
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where 0, is the delta mass at xg. Then by Theorem 1.1 we have

(m)m (m)m
an( 1 u (w,t)dx u (mo,t)>
| Br| Br(zo) m m
_ / GR(:B)A< >(:L',t)d:n
BR(.Z’()) m
(2.2) :/ Gr(z)uy(z,t)dx
Br(2o)

1 / M R2
< Gr(x)u(z,t)de < C———
(L= m)t a0 r@)u(@,?) (1—m)t

where a; = 2, ag = 2, and a,, = (n — 2)|0By| for n > 3. Thus (i) follows.
Integrating (2.2) over (t1,t2) we get

1 — g(m)m
/ ST dwdt
‘BR‘ t1 Br .’Eo) m

to
t2 1 — g (m)m 1
:/ —dt — — Gr(x)u(z,t)dx

t1 m (079 BR(fEO) t
By Theorem 1.1,

u<$7t2> U(f]f,t) u(matl)

(1/1=m = 1/1-m = (/1=m Vi <t <t

2 1
Hence
t2 1 _ g (m)m t2 1 _ g (m)m m/l1—-m
/ u dt < / u (l‘o,tz)(t/tz) dt < 12
t1 m t1 m

where I5 is given by (2.1). Since G > 0 and

/ Gr(z)u(z,t)de < CMR* Vt>0

Br(zo)
(ii) follows. Similarly
to 1— (m)m
/ L at>1
t1 m

where I} is given by (2.1) and (iii) follows. O

Lemma 2.2. Let u(™ € L>®((0,00); L'(R")) N L=®(R" x (0,00)) be the
solution of (0.1). If there exists a constant M > 1 such that 0 < u(™ < M
for all0 <m <1 and

(2.3) hmmf u™ (0, t0) > 0

m—)
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for somexg € R", n=1,2,0<ty<T,T >0. Then for any R > 0,

0 < t1 <ty < tg, there exists C > 0 and 0 < mgy < 1 depending on ty, to,
to — ta, and R > 0 such that

(2.4) W™ (z,t) > C Y0 <m < mg,x € Bp,t; <t<ty.

Proof. Without loss of generality we may assume that R > |zo|. By (2.3)
there exists 0 < mj1 < 1 and § > 0 such that

u(m)(xo,to) >0 VO<m<ms.

Since B1(y) C Bag+i(xo) for any y € Bg, by Lemma 2.1 we have for any
y € Br, 0 <t; <t <ty <ty,

_ 1/1-m _ 1/1-m
(25 M{l—(l—m gy (0 2
to—t
to m)m )
— dxds + CMR
\Bl|/ /31

to _ o (m)m
g/ / 1—3;—dmﬁ+0MR2
|Bi By (y)n{ulm<1} m

(2R + 1) [to 1 — ylmm

g + / / ST dwds + CMR?
|32R+1! BZRH(JCO Nfutm<1y M

2R to (m)m
k. / / —u ——duxds

\B2R+1\ Bonst (z0)

(2R to (mym _ 1
L @RAD" / / T dxds+ CMR?
‘BQR-H‘ t Bagy1(zo)n{ulm™>1} m

(2R—|— 1 ™ {1 )m(l’o to)t_m/l mn

. (1)/1 m_41/1-m
to —t
(2R+1)

to (m)m —
+/ / T eds + CMR?
‘BQR+1| B2R+1 xo ﬂ{u(m>>l} m

where C' > 0 is a constant. Since
m_1

<zlogz< Mlog M V1<z<M.

The second term on the right hand side above is bounded above by

(2.6) (to —t)(2R + 1)"Mlog M.
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By the mean value theorem there exists t3 € (¢,%p) and 0 < 6; < 1 such that

- 1/1-m _ ,1/1-m
(2.7) (tomt){l —(1- m)u(m)m(x()’ t0>tam/1—m <to t ) }

to—t
_ (o) {1 —u™™ (x5, to)(t:a/to)m/l_m}

m
(to/tg)l/lim
u(™ (o, to)

= (to — t)(u™ (z0, t0) (t3/t0) /™) ™ log

(T/tl)l/lfml
J
Similarly there exists t4 € (¢,tp) such that

< TMlog YO <m < mj.

ttl)/lfm _/1-m

(2.8) %_t){1 — (1= m)u™™(y, t)t(?m/l_m< ) }

m t[)—t

_ (tO — t) {1 o u(m)m(y’ t)(t4/t)m/1_m}

m

> (tO - t2) {1 _ u(m)m(y’t)(T/tl)m/l—m}‘

m

By (2.5), (2.6), (2.7), (2.8), there exists a constant ¢; > 0 such that for all
0 < m < my we have

(29) (tO — t2) {1 - u(m)m(y7t)(T/tl)m/1—m} < e
m
mey 1/m
= u(m)(y,t) > (1— Pa— > (tl/T)l/l_m Y0 <m < mj.
0o — 2

Since the right hand side of (2.9) tends to some positive constant indepen-
dent of y € Bpg, t1 <t < tg, there exists constants 0 < my < my and C > 0
such that

u(m)(y,t) >C>0 Vy€Bpg,t1 <t<ty,0<m<myg

and the lemma follows. O

Theorem 2.3. Forn =1, 2, ifug € L*(R")NL>®(R") and e(k+|z|*)~ <
uo(x) < M for some constants e > 0, 0 < k <1, 1 <a <2, M >1,
satisfying o > (1—mg) ™' and 0 < k < (4a) =/ (@0=m2)=1) f51 some constant
0 < mg < 1/2, then as m — 0 the solution u(™ of (0.1) will converge
uniformly on every compact subset of R" x (0,T) to the unique mazximal
solution v of (0.2) where T is given by (0.3).
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Proof. We first consider the case n = 2. For any 0 < m < mo, we have
1-m)t<a<201-m)tand a(l —m)—1> a(l —mz) — 1. Thus
0 < k < (4a)~V/(ad=m2)=1) < (4q)=1/(@(=m)=1) for all 0 < m < my. By
Theorem 1.2 and Corollary 1.4,

(€ — (1= m)O)Y " (ke + [2]?)
< u(m)(w,t) <M VYreR?t>0,0<m<mo.

Since (e!™™ — (1 — m)t)i/lfm >¢/2forall0<t<e/2and 0 <m <1/2,
M>u™(z,t)>Cxr >0 (z,t)e K

for any compact subset K of R? x (0,£/2). Let

Ty = max{s >0: hmmfu( )(azo,s) > 0 for some =z € Rn} )
m—0
Then Ty > €/2 > 0. For any 0 < t; < ta < Tp, let tog = (t2 + Tp)/2. Then
there exists g € R™ such that

(2.10) lim mf ulm )(xg,to) > 0.

m—)
By Lemma 2.2 for any R > 0 there exists 0 < mgy < mg such that (2.4) holds.
Then there exists constants Co > 0, C3 > 0 independent of 0 < m < my
such that

Cy <ul™m=Y(g 1) < Cy Va € Bp,ty <t <ty

Hence (0.1) is uniformly parabolic for {#™ }g<<m, on any compact subset
of R? x (0,Tp). By standard parabolic theory [LSUJ, {u™ }ocme<m, is
uniformly equi-Holder continuous on any compact subset of R? x (0, Tp). Let
{u(mi)}, m; — 0asi — 0, be a sequence of u(™). By the Ascoli Theorem and
a diagonalization argument u(™) will have a subsequence u(me) converging
uniformly on every compact subset K of R?x (0, Ty) to a continuous function
v satisfying M > v > Cx > 0 on K for some constant Cx > 0. Without loss
of generality we may assume u("™) converges uniformly on every compact
subset K of R? x (0,Ty) to v as i — co. Since u(™) satisfies (0.1), for any
n € C°(R? x (0,Ty)) we have

(mz)mz _
/t/ /R?< mi)p, 4 “ An)da:ds

2
(2.11) = /RQ W Mnde| Y0 < ) < th < Ty.

t
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Now by the mean value theorem, for each (z,t) € K, there exists § = 0(x, t)
such that

(ma)mi (g ) — 1
¢ (2,?) —log v
m;
(ma)mi (g ¢) — 1

< Y (z,2) — log u™ ’10g u™) —log v)

m;
emilog wlma) 1

< logu ‘logu mi) _ log v‘

m;

= u(ml)emllog ulmi) — log ulm

‘log ulmi) — log v

< | lma)omi _ 1‘ ‘log u(™)

+ ‘log u™) — log v‘

< max(M™ —1,|Cy* — 1) - max(log M, [log Ck|) + ’10g ul™) —log v

—0 as 11—

uniformly on K. Hence letting i — oo in (2.11), for any n € C§°(R?x (0, Tp))
we have

tl
/2/ <v77t+log vAn)d:cds:/ vndx
t, JR? R2

By standard parabolic theory [LSU] v € C*®°(R? x (0,7p)). Thus v is a
solution of (0.3) in R? x (0,Tp) with ¢(v) = log v. We next claim that v
has initial value ug. To prove the claim we let n € C§°(R?) be such that
supp 1 C Bpg for some constant R > 2 and fix a 0 < to < Tp. Then by
the definition of Ty, if tg = (t2 + Tp)/2, then there exists g € R? such that
(2.10) holds. By Lemma 2.2 there exists § > 0 and 0 < My < min(my,ma)
such that

t
VO < t) < th < To.

t

™ (2,t5) > 6 V]z| < R,0<m < M

where my is as in Lemma 1.6. By Theorem 1.1, we have for any 0 < m < My,

(m)
W™ (2, 1) > & 1/556732)“/1 "

(2.12) > V=M > et/ gl S R0 <t <ty

= té/l—m
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where ¢; = §/(1 + Tp)?. Hence

/R2 u(m)(ac,t)n(x)dx—/ uon(x)dx

R2
t
= // ugm)ndxds
0 JR2
t (m)m _ 1
= // A<u>ndxds
0 R2 m
t (m)m _
= // <U1>Andazds
0 JBr m
t (m)m __
§‘A77HL°°<// L 1d:1;ds
0 JBpn{ulm>1} m
t _ o, (m)m
+// 1ud:ﬂds>
0 BRQ{U(m)<1} m
t M™—1
<‘A77HL°°<// dxds
0 JBrN{utm>1} M

t 1— 1/1-m\ym
+// (c15 ) dwds)
0 JBrn{u(m <1} m

t
< ||An|| = |Br| <tMlog M —/ (clsl/l_m)emlog (clsl/l_m)ds)
0

< C(t+tlogt) YO <t<ty

for some constants C' > 0 and 0 < € < 1 by the mean value theorem. Letting
m =m; — 0, we get

< C(t+tlogt) —0ast— 0.

/R2 v(x, t)n(x)dx — /R2 won(x)dx

Hence v have initial value 1y and is thus a solution of (0.2) in R? x (0, Tp).
We next claim that v is the unique maximal solution of (0.2). To prove the
claim we observe that by (2.12)

(m) N> 22/1—m5 om _ 1 2 mQtl/l—m
v ) = e < m > 27 (2] 1)2
Am2l/1-m
> = < <
(213) > |:L‘|2/(1*m)(|:x|m—1)2 V|ZE‘ 2,0<t <t,0<m< My
where

(log 2)26 )

A= min<(2/3)4’ 168(1 + Tp)2



SINGULAR LIMIT OF SOLUTIONS 311

since (2™ — 1)/m = 2™og 2 > log 2 for some constant 0 < § < 1. By
Lemma 1.6, (2.12), and the maximum principle (Lemma 3.4 of [HP]), for
any 0 < m < My we have

(2.14)
w™ (z,t) > Am2 g 72T (2™ — 1) 72 V0 < t <t @] > 2
At
2.15) =  w(z,t)= lim " (2, ) > ———— VO <t <ty |x|>2
(2.15) (z,t) = lim (w,1) (llog [2])? 2, ||

Then by Theorem 1.8 v is the unique maximal solution of (0.2) in R? x (0, t2)
for all 0 < t2 < Tp. Hence v is the unique maximal solution of (0.2) in
R? x (0,Tp) and u(™) converges uniformly to v on any compact subset of
R? x (0,Ty) as m — 0. Suppose Ty < T where T = fR2 uopdx/4mw. By
Theorem 1.5 v can be extended to the unique maximal solution of (0.2) in
R%?x (0,T). Since v > 0 in R? x (0,T) and v € C®°(R? x (0,T)), there exists
a constant 61 > 0 such that

v(x,t) > 6 >0 V]| <2,Tp/2<t<(To+T)/2.

Let
. log 2)?(81/2
A = m1n<(2/3)4v (1(3%(1)-:11’0/)20

and choose t3 > 0 such that Ty/(1 + A;) < t3 < Ty. Since u(™ — v as
m — 0 uniformly on By x {t3}. There exists 0 < M; < mj such that

ul™ (z,t3) > 01/2 V2| < 2,0 <m < M.
By the same argument as the proof of (2.14) we get

Aym2¢l/1-m
M) (1) > ! V]z| > 2,0
U z,t) > x| >2,0<t<1t3,0<m< M.
|2/ A=m) (| —1)2

Let apy = (1 —m)~ + 14+ m, ky = (241(1 + Tp)?/61)/*m, and let w be as
in Lemma 1.3 with 77 = (1 + A;)ts and k = k1. Then 1/(1 —m) < ayy, <
2/(1—=m) <4for0<m<1/2and

am(l—m)—lz(1+m)(1—m):1—m2>% VO <m < 1/2
= ; <2< —
am(l—m)—1 am
= 0<ki= (2411 +Tp)%/6)) /o < 1678/9m < (4ayy,) "M/ @m=m) =1

Since by the mean value theorem there exists 0 < 6 < 1 such that

™ —1 om m 1+m
= [z[""log |z| < |z["log || < || V]z| > 2
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and
(2.16)

T = (1 + Al)tg = ((1 - m)(Tl — t3)+)1/1*m < (Altg)l/lfm < Alt;/lfm

hence for all |z| > 2, 0 < m < M;, we have

A2/t Agtd/tm (1 — m)(Ty — tg)4)/1=m
|x’2/(1—m)(|x’m _ 1)2 — |x‘2+2m+2/(1—m) — (kl + |x‘2)ocm
(1 —=m)(Ty — t3))/1m

= ul™(z,t3) >

= T
GRS

V|l’| >2,0<m < M.

Since k{™ = 2A41(1 + Tp)?/61, by (2.16) for any |z| < 2, 0 < m < M, we
have

u(™ (x,t3) >

A+ AT
s

TR T Rt e
(1 —m)(Ty — tg) )1~
S (R F DT

Hence
™ (z,t3) > w(x,t3) Vo e R
By the maximum principle,
w™ (z,t) > w(x,t) Vee R t3<t<T,0<m< M.
Since T} = (1 4+ Aj)ts > Ty, we have (Tp +11)/2 > Ty and
™ (z, (Ty +T1)/2) > w(z, (To + T1)/2) >0 Va € R%

This contradicts the maximality of Ty. Hence Ty = T where T is given by
(0.3) and the theorem for the case n = 2 follows. For n = 1 by an argument
similar to the case n = 2 but with the subsolution us of Lemma 1.7 in place
of u; of Lemma 1.6 in the argument we get that for n = 1 as m — 0 the
solution u(™ also converges uniformly on every compact subset of R x (0, 00)
to the maximal solution v of (0.2) in R x (0, c0) and the theorem follows. [J

Theorem 2.4. Ifn =1, 2, and ug € L*(R™) N L®(R"), then as m — 0,
the solution u(™ of (0.1) will converge uniformly on every compact subset

of R" x (0,T) to the unique mazximal solution v of (0.2) where T is given by
(0.3).

Proof. Choose 1 < o < 2, 0 < mg < 1/2, 0 < k < 1, satisfying the
conditions o > (1 — m2)_1 and 0 < k < (4a)—1/(06(1—m2)—1) and let ugm) be



SINGULAR LIMIT OF SOLUTIONS 313

the solution of (0.1) with initial value
1 o
UOj(x)ZUO(x)Jr;(kJrlﬂz) T j=12...

Then by Theorem 2.3 for each j =1, 2,-- -, ug-m) will converge uniformly on
every compact subset of R™ x (0,7}) to the unique maximal solution v; of

(0.2) with initial value up; as m — 0 where

T & [pe woj(z)dx if n=2.

Suppose the theorem is false. Then there exists € > 0, R >0, 0 <t < tg <
T and a sequence u™), m; — 0 as i — 00, of ul™), such that

(2.17) [0 — 0| oo (Bax i)y =€ Vi=1,2,...

where v is the unique maximal solution of (0.2) with initial value ug. Since
|ul™)| oo < ||| Lo, u™) will have a subsequence u(™) converging weakly
in L>*(R" x (0,7)) and a.e. (x,t) € R™ x (0,T) to some function v as
i — 00. By the uniqueness of maximal solution and comparsion principle
for maximal solution of (0.2) (Lemma 4.2 of [H] or Lemma 4.1 of [DP] for
n =2 and [ERV] for n = 1) we have v1 > vy > --- > v > 0in R" x (0,T)
Hence v; are uniformly bounded below by some positive constant on any
compact subset of R" x (0,7'). Thus (0.4) with ¢(u) = log u is uniformly
parabolic for v; on any compact subset of R x (0,7"). Hence v; are equi-
Holder continuous on any compact subset of R" x (0,7") and v; will converge
uniformly on any compact subset of R™ x (0,7") to some function v > v as
J — o0.
By Theorem 1.2 and Fatou’s lemma, for any 0 < ¢t < T we have

J.

1 C
<./ (k+ |22 edr < €
J JRr J
T
=
0 mn

T
T
= / / lvj(z,t) — v(x,t)|dzdt < C— as m =mj — 0
0 n J

J

u™ (z,t) — ul™ (m,t)) dx < / |ug; — woldz
Rn

ugm) (z,t) —ul™ (a?,t)‘ dxdt < Q
J

T
= / / [o(z,t) — v(z,t)|dedt =0 as j — oo
0 n
= Tz, t) =0(z,t) a.e. (r,t) € R" x (0,T).
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Since v > v > 0in R" x (0,7, v(x,t) > 0 for a.e. (z,t) € R" x (0,T). Thus
there exists a set £ C R™ x (0,T') of measure zero such that

lim (™) (z,t) = 0(z,t) = v(z,t) > v(x,t) >0 V(z,t) €(R" x (0,T))\E.

1—00
Hence for any R’ > 0, 0 < ¢} < t,, < T, there exist zg € R", th < tog < T,
such that

lim u(™) (20, to) > 0.

71— 00

By Lemma 2.2 there exists a constant C' > 0 such that
Jugl oo > ul™(2,8) > C >0 Vae Bp,t) <t<thi=1,2....
Then there exists constants C > 0, Cy > 0, independent of m/ such that
Cy <u™Imil(z 1) < Cy Vo€ Bp,th <t<thi=12,....

Hence (1.2) is uniformly parabolic for u(™). By standard parabolic theory
[LSU]J, {u(™)} is uniformly equi-Holder continuous on any compact subset
of R? x (0,T). By the Ascoli Theorem and a diagonalization argument
similar to the proof of Theorem 2.3 u(™3) will have a subsequence converging
uniformly on every compact subset of R? x (0,T) to the maximal solution v
of (0.2). This contradicts (2.17). Hence the theorem must be true and u(™
converges uniformly on every compact subset of R? x (0,T) to the maximal
solution v of (0.2) as m — 0 and we are done. O

By the proof of Theorems 2.3 and 2.4 we have the following corollary:

Corollary 2.5. Ifwv is the mazimal solution of (0.2) in R™" % (0,T), n =1,
2, where T' is given by (0.3), then for any 0 < Ty < T there exists a constant
C > 0 such that

v(x,t) > ’ '
@ﬁﬁw' Viz| >2,0<t<Ty if n=2.
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