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We prove the global convergence of an analytical trial free-
boundary algorithm, called the operator method, in the con-
text of a very large class of multiple-free-boundary problems
in RV, N > 2. We study the general case of a finite num-
ber of annular flow-layers, having a nested family of closed,
(N — 1)-dimensional hypersurfaces as interfaces. Each inter-
face is characterized by a general non-linear joining condition
relating the normal derivatives of the stream functions in the
two adjoining layers.

1. Introduction and main results.

The main purpose of this paper is to prove the global convergence of an
analytical trial free-boundary method, called the operator method, for the
successive approximation of classical solutions of general multi-layer free-
boundary problems. Our results are in the context of the following problem
with general non-linear joining conditions across the unknown nested layer-
interfaces:

1.1. Problem. In RY (N > 2), for given Ry > 0, let X(Ro) denote the
family of all simple closed (N — 1)-dimensional hypersurfaces S in RY such
that S U D(S) is starlike relative to {x € R": |z| < Ry}, where D(9)
(resp. E(S)) denotes the interior (exterior) complement of S. In X(Ry),
we write S1 < Sy (resp. S1 < So) iff SU D(S7) (resp. D(S7)) is a subset
of D(Ss). For any k € N, let X;(Ry) denote the family of all ordered
k-tuples § = (S1,...,5:) € [X(Ro)]* such that S < Sy < --- < Sk.
Given k € N, a pair (S;,S]) €X2(Ry) such that S; (resp. S;) has an
interior (exterior) tangent ball at every point, and a family of C''-functions
Fi(z,p,q): RN xRy x Ry — R, i =1,...,k we seck a Cl-multisurface
S =(51,...,5) € X;(Ry) such that S; < 5; < S:'_ fori=1,...,k, and

(1.1) FZ(Z', ]VUz(a?)], |VU¢+1($)‘) =0 on SZ‘
fori=1,... k. Here U;(x) solves the boundary-value problem

(1.2) AUZ(.r) =0 in Qi, Ui(Si_l) =0, UZ(SZ) =1,
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where Sy := Sy, Sky1 := SF, Q; := D(S;) N E(S;—1), and A denotes the
Laplace operator.

Our study of Problem 1.1 is restricted to the case where each given C'-
function F := Fj(z,p,q): RY x Ry x Ry — R has the following properties:

(A1) We have 0F/0p < 0 < OF/0q wherever F is defined.

(A2) We have F(xg+ Av,p/)\,q/A\) > 0 for any zg,v € RV, p,q € R, and
A € [1,00) such that F(xg+ v,p,q) > 0 and |zg| < Ro.

(A3) For any 1 > 0 and any compact set K C RY, there exists a value p
so large that F(x,p,q) > 0 whenever z € K,p € (0,7, and ¢ > u, and
F(x,p,q) <0 whenever z € K, g € (0,7n], and p > p.

The above assumptions are all satisfied if for each ¢ = 1,... | k, the joining
function is in the form Fj(z,p,q) = ¢% + A;(z) — p™, where 0 < 3; < o,
and where A4;(z): RV — R, is a strictly-positive continuous function such
that, for any zg,v € RY with |zo| < R, the related function ¢;(t) :=
1% A;(zg + tv) is weakly increasing in ¢ > 0. In the important special case
where «; = (3; = 2 for each ¢, Problem 1.1 can be interpreted as a flow of
k 4+ 1 immiscible ideal fluids (with stream functions Uy, ... ,Uk11) such that
the flow-speeds on the flow interfaces Sy, ..., St satisfy Bernoulli’s law in
the form

(1.3) |VUz(1J)|2 = |VU1'+1(1J)|2 + Al(l‘) on S;

for i = 1,... k. Flow problems with joining conditions in the form (1.3)
have been extensively studied in arbitrary dimensions (see [4, 5, 11, 16]).
The author showed in [4, Thm. 3.1] that Problem 1.1 has a unique multi-
surface solution S € X} (Ry) provided that each joining condition (1.1) is
in the form (1.3), where A;(x) is a strictly-positive C' *°-function such that
B(t) == t2A;(xo + tv) is weakly increasing in ¢t > 0 for any zg, v € RV
with |zg] < Rp. The author showed in [7] that if S = (S1,...,Sk) is
any k-tuple of nested, simple closed (N — 1)-dimensional C2-hypersurfaces
such that (1.1) and (1.2) hold, then S is uniquely determined and actually
S € X (Ry), provided that (Sp, Sp+1) € X2(Rp) and the joining functions
F; all satisfy (A1) and (A2). In [8], the author obtained convex existence
results for Problem 1.1 under suitable convex conditions.

1.2. Operator definition. Assume in Problem 1.1 that the functions
Fi(z,p,q), i =1,... ,k, satisfy Assumptions (A1)-(A3). Let

(1.4) ¥ = ¥(Ro, 57)

c={8=(S1,...,8) € Xp(Ry): S, < S;<SF for i=1,... k}.
Our successive approximation algorithm is based on the mappings
(1.5) T.(S)=T(S;e): ¥ — ¥, e€(0,1).
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Here, the i-th component of T.(S) € ¥ is given by
(1.6)  Ti(S) = {z € wes: Fi(x, (e/d(x, S2;)), (e/d(=,S))) = 0},

for any § = (S1,...,8k) € ¥, where we define w.; := E(S_;) N D(S;Z.),
S;fi = {Uit1(z) = ¢}, and S, := {Ui(z) = 1 — &}. Here, the functions U;
solve (1.2) relative to S = (S1,...,Sk), and d(-,-) denotes the Euclidian
distance between two sets (or a point and a set).

1.3. Fixed point problem. For any ¢ € (0,1), we seek S. € ¥ such that
Te(ge) = 5'5,

Definition 1.4. We define the metric M in X (0) such that

(1.7) M(S1,S2) :=inf{\ > 0: exp(—A)S; < S2 < exp(A)S:1}

for any 1 = (S1,1,...,51%), S2 = (S2,1,...,52%) € X;(0), where, for
a > 0, we define the multisurface aS1 € X;(0) and the multi-surface in-
equalities §1 < 89,87 < S3 component-wise (S = (aS11,...,aS1 ),
where a¥ := {ax:z € ¥} for any set ¥ C RV, and §; < S5 (resp.
Sl < Sg) ~ Sl,i < 52’7; (resp. Sl,i < S2,z‘) for ¢ = 1, R ,/{).

Our purpose is to study the convergence properties of the operator method
of successive approximations, in which, for any given initial multisurface
So € Y and any given sequence (g,,)52, of values in the interval (0,1), the
sequence (S,,)>°, of multisurfaces in ¥ is defined recursively such that

(1'8) Sn+1 = T(Smgn)

for n =0,1,2,.... For the case where ¢, =¢ € (0,1) and S,, = TZ(So) for
all n, we will prove (under Assumptions (A1)-(A3)) that for all initial mul-
tisurfaces Sy € Y having a specified degree of componentwise separation,
we have

(1.9) M(S,,8.) < Ca™M(T-(Sy), So)

for all n € N, where C' > 0 and a € (0, 1) are suitable constants and S. € W
denotes the unique multi-surface solution of Problem 1.3 (see §7.11). This
establishes a geometric convergence rate for the fixed-¢ iteration. Under the
additional assumption that the solution S € ¥ of Problem 1.1 exists as a
Cllmultisurface, we prove (see §9.2) that

(1.10) M(S., 8) >0 as ¢ 0.

We will also prove (see §9.3) that if the classical solution S € ¥ of Problem
1.1 is a Cbl-multisurface, then

(1.11) M(S,,58) =0 as n— oo

provided that (,,)9% is any null sequence such that > >° &, = oo.
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The “operator method” is a trial free-boundary method, in the sense of
determining S, 11 in terms of the capacitary potentials of the multisurface
S, for each n € N. For general discussions of trial free-boundary methods for
one-free-boundary problems in elliptic PDE’s, we refer the reader to Crank
[12] and Cryer [13]. Like any trial free-boundary method, the operator
method is highly geometric, in the sense that the iterates are all multisur-
faces. To the author’s knowledge, no other trial free-boundary method has
been applied to Problem 1.1, and no other has yielded to a general mathe-
matical convergence analysis.

This paper is devoted to proving (1.9), (1.10) and (1.11). Our main
proofs, in §§7, 9, are assembled componentwise, according to organizing
principles related to the construction of weighted metrics and of inner and
outer solutions, from several uniform 2-surface, 3-surface, and 4-surface op-
erator estimates developed for the purpose in §§3, 5, 6, 8. For the fixed
point results in §7, we first construct families of multisurfaces in ¥, each
of which is an inner or outer solution of Problem 1.3 at all ¢ € (0,1) si-
multaneously. This is accomplished by multiple application of an estimate
for ordered triples of similar surfaces given in §3.1. Secondly, for any given
S € Y and ¢ € (0,1), we show, by multiple application of a 4-surface sep-
aration estimate given in §5.1, that the component-surfaces of the operator
iterates T'2(S) are pairwise separated by a distance which is independent
of n € N. Thirdly, for any fixed ¢ € (0,1), we apply a 3-surface operator
estimate obtained in §6.1 componentwise to construct a weighted multi-
surface metric M. such that the operator T, applied to multisurfaces with
sufficiently-separated components, is a contraction relative to M .. Once
the metric M. has been constructed (for any fixed € € (0, 1)), the geomet-
ric convergence of the multi-surface operator iterates to the multi-surface
fixed point S; easily follows by the familiar contraction-mapping principle.
The proof of (1.10) is a natural by-product of the proof of (1.11), which
we discuss next. In the first place, the proof of (1.11) does not follow from
the fixed-¢ convergence results of §7, due to the critical dependence of the
multi-surface metric M. on €. Our proof of (1.11) is based on the construc-
tion in §9, by multiple application of 3-surface operator estimates in §8.4, of
continuously and monotonically-varying parametrized families of inner and
outer solutions of Problem 1.1, which we denote by S%(r), r € [0,7¢]. The
construction is such that S*(0) = 8, S~ (rg) < S < S*(rg) for all S € ¥,
and, for some constant C' > 0 and null function z(-), we have

(1.12) Te(S™(r)) = 87 (4(r,e)); T=(S(r)) < ST (¢(r,¢))

for all r € [0,79] and € € (0,1), where ¢(r,e) := (1 — Ce)r + ez(e). The
second convergence theory is closely related to the first. The relationship is
perhaps best exhibited by the fact that {S € ¥: S7(r) < § < §T(r)} =
{§ e Y: MyS,8S) <r}forallr e (0,by], where the weighted multi-surface
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metric M and the constant by > 0 are suitably chosen. Thus, the estimates
(1.12) are actually globally-applicable generalizations of the estimate:

(1.13) M(T<(S),S) < (1 — Ce)My(S,S) + ¢ 2(e),

which holds for all ¢ € (0,1) and all S € ¥ such that M(S,S) < bo.
Essentially, the estimate (1.13) introduces a uniform metric by restricting
attention to the distance of the operator iterates from the classical solution
S. This idea is not applicable in the fixed-point approach.

The author has previously studied the convergence of successive approx-
imations for the operator method for Problem 1.1 in the case of 2 layers
and one free surface (k = 1; see [3], [4, §4], [6]). Since the present multi-
surface operator definition consists of the componentwise application of the
earlier definition, it is important to emphasize that the present convergence
results do not follow by multiple (componentwise) application of the previ-
ous results or operator estimates. While the earlier papers treated operator
iterations of one free surface between two known C?-surfaces, nothing is
known about the immediate neighbors of a particular free surface in the
present context unless it follows from the analysis itself. For example, the
unknown neighboring free surfaces have no known smoothness properties,
because the operator has not been shown theoretically to preserve any par-
ticular degree of smoothness. Therefore, the present proof of (1.9) must
be based on operator estimates applicable to practically arbitrary 3-surface
configurations. Uniform separation of components, which was not an is-
sue in the one-free-surface case, is a key factor in this proof. While some
one-sided smoothness is retained in the construction of the inner and outer
solution families ST (r), r € [0,rg], used in the proof of (1.11), the induc-
tive multi-surface constructions are necessarily very complex relative to the
2-layer case.

Remark 1.5. Recently, extensive numerical studies of the operator method
have been carried out in the work of Kadakal [15] and Acker, Kadakal, and
Miller [9]. Further study is in progress. These studies show that the opera-
tor method can be adapted to a variety of free boundary problems (including
the one-layer fluid problem with or without geometric constraints on the free
boundary, the two-layer fluid problem, and the Prandtl-Batchelor problem),
where it often converges quite quickly and painlessly even in geometric situa-
tions not quite covered by the author’s analytical convergence proofs. In this
context, the purpose of the present paper is to provide the full theoretical
justification for extending the same numerical methods to the multi-surface
case.

Remark 1.6. The author’s theoretical results for the operator method
do not answer the question of the best choice of the parameter £, at the
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n-th step of the iteration. Although it has not been shown that the op-
erator iterates S, remain smooth, no computational examples have been
encountered in which they did not appear to do so. In view of this appar-
ent smoothness, one encounters the following trade-off in the application of
the operator T.: It is preferable to choose £ € (0,1) large, because (a) the
forward progression of the multisurface induced by the operator application
is approximately proportional to e, and (b) the difficulty of computing the
operator iteration increases as € decreases, because the grid dimension in the
computation of the capacitary potentials must decrease correspondingly. On
the other hand, it is preferable for ¢ € (0,1) to be small, because the fixed
point % of T, is then a more accurate approximation of the classical so-
lution S. Due to (a) and (b), it is important that the sequence (e,) not
approach zero too fast, since this would result in “apparent convergence” of
the iterates short of reaching the actual solution. It is also important that
(en) not approach zero too slowly, since the accuracy of the n-th iterate
(as an approximation of the solution) will generally not be better than the
accuracy of the “fixed point” S’E at € = g,,. The following has proved to be
a safe, routine procedure (see [9, 15]): First iterate at a fixed, “large” value
of e, such as ¢ = 1/2, until the iterates are near the fixed point S 1/2, then
continue the iteration at a new, smaller value, such as ¢ = 1/4, until the
iterates approach the new fixed point 5’1 /4, then reduce ¢ again, etc. (Of
course it would be wasteful to require too much accuracy of the fixed points
prior to the final one.) In this way, one can be sure that the iterates are close
to the classical solution S when ¢ is small, and that the early iterations will
be accomplished very quickly. In the examples studied in [9, 15], the fixed
point at € = 1/10 proved to be a good approximation to the free-boundary
solution. Another reasonable possibility is to choose e,41 = f(E,) for each
n, where f denotes some empirically-chosen, positive, increasing function,
and where FE,, denotes the maximum forward progression accomplished by
the n-th iteration, divided by &,,. Presumably, F, is a reasonable measure
of the current error.

2. Definitions and preliminary results.

2.1. General notation and definitions. For any zo € RY and r > 0, we
define the open ball B(zg;7) = {x € RV : |z — 20| < r} and closed ball
B(zo;7) = {z € RY : |2 — 20| < r}. For £, %9 C RY and zg € RV, we define
d(X,%0) = inf{lz —y|: v € £,y € Lo} and d(xo, %) = d({zo},X). For any
set ¥ and value a > 0, we use Cl(X) (resp. 03, N (X)) to denote the closure
(boundary, a-neighborhood) of 3. The term “null function” denotes a fixed
but arbitrary continuous, strictly increasing function z(t) : [0, co) — R such
that z(0) = 0.
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2.2. Additional surface and multi-surface families and metrics. Let
X denote the family of all simple closed (N — 1)-dimensional hypersur-
faces S in RY, and let D(S) (resp. E(S)) denote the interior (exterior)
complement of S € X. The partial orderings “<” and “<” in X are de-
fined as in §1.1. For any values 0 < Ry < R; < oo, let X(Ry, K1) de-
note the family of all surfaces S € X(Ry) such that S C B(0;R;). For
0<p <R < Ry, let X (R, Ry;p) (resp. XT(Rp, Ry;p)) denote the
family of all surfaces S € X(Rpo, R1) such that S has an interior (resp. exte-
rior) tangent ball of radius p at every point. We also define X(Ro, R1;p) =
X~ (Ro, R1; p) N XT(Ry, Ry; p). For any S, Sy € X(Ro, R1), we use the no-
tation min(Sy,S2) € X(Ro, K1) (resp. max(S1,S2) € X(Rp,R1)) to de-
note the boundary of the region D(S1) N D(S2) (resp. D(S1) U D(S2)).
Clearly, min(Sl,SQ) S X+(§R07§R1;1® whenever S1,S5y € XJF(?R(),?RM,O),
and max(S1, S2) € X~ (R, Ry; p) whenever 51,5 € X~ (Ro,Ry;p). If S €
X*(Ro, Ry;p), then aS € XF(aRy, aRy;ap) for any a > 0. For any
k € N, we use X;(Ro,Ry) (resp. Xf(éRo,éRl;p), X (Ro,R1;p)) to de-
note the family of all multisurfaces § = (S1,...,S;) € XF(Ro, Ry) (resp.
[Xi(%o,ﬁl;p)]k, Xk<§R0,§R1;p)) such that 5; < Si—i—l forte=1,...,k— 1.
For any A = (A,..., ) € (1,00)%, we define the metric My in Xj(0)
such that

(21) M)\(Sl, Sg) = maX{M(SLZ-, 5271‘)/ ln()\,) 1= 1, 2, ey ]{7}
for any S1 = (S1,1,...,51k), S2=(52,1,...,52%) € X;(0), where
(2.2) M(Sl, SQ) = inf{/\ Z 0: exp(—)\)Sl S S2 § exp()\)Sl}

for any S;,S2 € X(0). Observe that for any A € (1,00)*, the metric My
is equivalent to the metric M of Eq. (1.7). Moreover, M. = M, where
e=(e,...,e)and e =exp(l).

2.3. Definitions for the operator method. Given 51,5, € X such that
S1 < Sy or Sy < S1, we use §2(S1,52) to denote the annular domain whose
boundary is S1 U Se. We use UT = U™ (S, S2;2) to denote the capacitary
potential in (the closure of) Q = (S, S2), oriented such that U™ (x) = 0
(resp. Ut (z) = 1) on the inner (outer) boundary component of (S, S2).
We also define U~ (S1,S2;2) = 1 — UT(Sy,S9;2). Given € € (0,1) and
surfaces S1, 52 € X with §1 < Sy or Sy < S, we define

(2.3) DE(S), S9) : {z € Q(S1, Ss): UE(S1, Sa;2) =€} € X.

Observe that for any 0 < Ry < R, we have @f(Sl,Sg) € X(Ro, K1)
whenever 51,52 € X(Ro,R1) (see [6, Lemma 3.3]). Clearly, the surface
®=(91,52) lies between the surfaces S; and Ss, and ®E(S1, S2) = ®F__(S51,
S3). For € € (0,1) and any surfaces S1,52 € X with S < So, we define

(2.4) W (S1,852) :={z € Q(S51,52) : f(z, (d(z,S1)/e), (d(z, S2)/e)) = 0}.
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Here, we define f(x,p,q) := F(x,1/p,1/q), where F(z,p,q): RY x Ry x
R; — R denotes a given C!-function satisfying Assumptions (A1)-(A3) for
some given value Ry > 0. For any R; € [Rp,00), it follows from these
properties that ¥.(S1,S52) € X(Ro, V1) whenever S1, 52 € X(Rp, R1) (see
[6, Lemma 3.3]). Finally, for any R; € [Ry, 00), e € (0,1),and (57, 5,5T) €
X3 (Ro, Ry), we define

(2.5) T.(S7,S,87) = W (D7 (S™, 5), (S, ST)) € X(Ro, Ry).

Lemma 2.4. Let 51,52,3175'2 € X denote surfaces such that S < Sa,
51 < 52, S < Sl, and Sy < Sg Then, for any € € (0,1), we have:
(a) (S, S7) < CIJ?(Sl, Sy), where the inequality is strict unless S = S
and So = S,, and
(b) ®F(A\S1,\S2) = A®E(S1,52) for any A > 0.
If actually S1, Ss, §1, Sy € X(0), then, for any e € (0,1), we have:
(c) U.(S51,92) < \If€(§1, §2), where the inequality is strict if either S1 < S
or So < Sa,
(d) We(AS1,AS2) > AW (S1,S2) for 0 < A <1, and
(e) \1’5()\81,)\52) S )\\1’5(51752) fOT’ )\ Z 1.

Proof. See [6, Lemmas 3.8, 3.9, and 3.10].
Lemma 2.5. Let(S™,5,S1) and (§_, s, §+) be ordered triples in X3(0).
Then, for any € € (0,1), we have:

(a) To(S—,S,ST) < T.(5-, 8, S*) if S < 8 and St < S*, where the
inequality is strict unless S = S and ST = Si

(b) To(AS—,AS,ASH) > AT.(S, S, S%) for 0 < A< 1,
() T.(AS— AS.AS*+) < ATL(S—. S, %) for A > 1, and
(d)
(2.6) M(T-(S,S,81),T.(S~,5,5%))
< max{M(S,S), M(S~,57), M(St,5%)},

in terms of the metric of Eq. (2.2).

Proof. Parts (a), (b), (c) follow from Lemma 2.4, and part (d) follows from
parts (a), (c).

Remark 2.6. For each e € (0,1), the mapping T'-(S) =T(S;e) : ¥ — Y
introduced in Egs. (1.5), (1.6) is also defined by

(2.7) T-(S)=T:(51,...,Sk)
L= ( £ 1(50751; SQ) 62(51,52753) . aTE,k‘(Sk:—hSk:aSk-f—l)))
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where Sp := S;, Sky1 := S, and, for each i = 1,... ,k, the definition of
T.:(Si—1, Si, Sit1) coincides with the definition of T.(S~, S, ST) in §2.3, in
the case where S := S; € X(Ry), ST := Si11 € X(Ry), and F := F;. As a
direct consequence of Lemma 2.5(a), (d), the transformation T'. is monotone
and continuous, in the sense that T'.(S1) < T(S2) whenever € € (0,1) and
S1<S2in¥Y, and M(T-(S1), T-(S2)) < M(S1,S2) for all € € (0,1) and
Sl, S, €Y.

3. A three-similar-surface estimate.

Theorem 3.1. In the context of §2.3, for fixed values 0 < r < Ry < Ry,
there exist a value n € (0,1) and a strictly-positive function g(t): (0,n] —
Ry such that

(3.1) T.(P_S,S, P, 8) > explg(Py —1)¢] S

for all S € X=(Ro,Ry;7), all e € (0,1), and all values Py > 0 with 0 <
+(Py — 1) <nand (1 —P_) < g(Py —1), and such that

(3.2) T.(P_S,S,P. S) <exp[—g(1—P-)e]S

for all S € Xt (Ro,Ry;7), all e € (0,1), and all values P > 0 with 0 <
+(Pr—1)<nand (Py —1)<g(1l—P-).

Remark 3.2. Under the assumptions of Theorem 3.1, the assertion can

be restated as follows: There exist a value 79 € (0,1) and a strictly-positive
function go(t): (0,m79] — R4 such that T.(S,P S, P PS) > exp[go(ﬁ -
1)e] PSforall S € X~ (Ry,R1;7), e € (0,1), and values 1 < P < P < 141
satisfying (P—1) < go(P—1), and such that T.(P P S, P S, S) < exp[—go(1—
]3) e] PSforall S € Xt (R, Ri;7),e € (0,1), and values 1—1jg < P < P < 1
satisfying (1 — P) < go(1 — P).

Lemma 3.3. In the context of §2.3:

(a) For any x € RN and A € Ry, there exists one and only one pair
(o, B) € R such that f(z,a, ) =0 and o+ B = A.

(b) For a given compact set K C RY, let A(\, 1) := sup(Q(\, ) for any
0 < A< p < oo, where X(\, p) denotes the set of all ordered pairs
(o, B) € R% such that A < a+ 3 < p and f(z,a,3) = 0 for some
x € K, and where Q(\, p) := {(B/), (a/B): (a, B) € T(\, )} # 0.

Then 0 < A(A\, p) < AN, 1) < 0o whenever 0 < X <A< pu<p <oo. It
follows that o < A(X\, )3, 8 < A(\, u)e, and

(3.3) AL+ AN ) <o, B < A 1)/(1+ A, 1))
for any (z,a, 8) € K x R% such that A < a+ 8 < p and f(z,a,3) = 0.
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Proof. These results follow easily from Assumptions (A1), (A3).
Lemma 3.4. In the context of §2.3, let Ry € Ry be given. Then
(3-4) d(Pe(S™,5%),5%) > 6o/ (1+ A[(do/e), (200/€)])

uniformly for all values € € (0,1) and 0 < &y < po, and over all surfaces
St ¢ X(0,Ry) such that d(S~,S%) > &g and d(x,ST) < po for all x €
Q(S~,8™).

Proof. Under the assumptions, we have §y < d(S—,S*) < d(z,S7) +
d(z,St) < 2pg for all x € Q(S~, ST). Therefore, the assertion follows from
Lemma 3.3(b), where we set a = d(z,57), 3 = d(x,S"), K = B(0;Ry),
A =do/e, and p = 2pp/e.

Lemma 3.5. Given the values 0 < ag < by, there exist fized values A(jf >0
such that

(3.5) O (S(r), S(psr)) = S(pEr)
foralle € (0,1) and all values r,py+ > 0 such that ag < p_r <r < pir < by,
where pt =1+ AT (p+ — 1) e and S(r) := dB(0;r) for all r > 0.

Proof. Explicit calculations involving spherically-symmetric solutions of the
Laplace equation show that

E(S(r), S(psr)) = S(¢7)

where we define ¢F = ¢ (p+) such that ¢F = p5. for N = 2, and ¢F =
(1+ P2 N —1]e)YV@=N) for N > 3. Further explicit calculations show that

(3.6) ¢ > pf =1+ A7 (pr —1)e

whenever (ap/bp) < p- <1 <py < (bp/ap) and 0 < € < 1, where we define
AF = (ag/bo)* N1 for N > 2.

Lemma 3.6. Let the values 0 < Ry < Ry be given. Then for any S €
X(Ro, K1), we have:

(3.7a,b) Rolt — 1] < d(tw, S) < Rt — 1 Roft — 1] < d(,¢.5) < Ryt — 1]
forx e S andt >0, and we have
(3.8) Rolt — 1| < d(x,tS) —d(z,S) < Ry|t — 1]

for all z € CI(D(S)) and t > 1, and for all x € CI(E(S)) and t € (0,1].
It follows from (3.8) that Rolt — 1| < d(tx,S) — td(x,S) < Ri|t — 1| for
x € D(S) and t € (0,1], and for z € E(S) and t > 1.
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Proof. The inequalities (3.7a) follow easily from the properties of the sur-
faces S € X(Ro, R1). The inequalities (3.7b) follow from (3.7a) via the iden-
tity d(z,tS) = td((x/t),S). For any € D(S) and t > 1, it follows from
(3.7b) that

d(z,tS) <d(z,S)+d(y,tS) <d(z,S)+ R (t —1),

where y € S is a point such that |y —z| = d(z, S). It also follows from (3.7b)
that

for any given x € D(S) and ¢ > 1, where y € S and z € ¢ S are chosen such
that |z — x| = d(x,t.S) and such that the points z, y, z are colinear. This
completes the proof of (3.8) in the case where z € D(S) and ¢t > 1. The
proof of the alternate case is similar.

3.7. Proof of Theorem 3.1. We only prove the estimate (3.1), since the
proof of (3.2) is analogous. Let the surface S € X~ (Ro, Ry;7) be fixed. We
have that D(S) = UyesB(z;7), where ¥ denotes the set of all z € RY such
that B(x;r) C D(S). For any t > 0, let S(t) := ONg.(¥) = the boundary of
the tr-neighborhood of ¥. Thus S(1) = S. For all ¢ > 1 — (r/R;), we have

(39) SA+hi(t—1))<tS<SA+hge(t—1)) when £(t—1)>0,
by Lemma 3.6, where hy := (Ro/r) and h_ := (R1/r). Therefore
(3.10) PyS > S(p+)

for 0 < £(Py — 1) < o := (r/R1), where py := 1+ hy(Py —1). It follows
from (3.10) that for any zo € X, we have 0B(zo; p+r) < P1S under the
same assumptions. Choose 1, € (0,70] such that (1/2) <p_ <1 <py <2
whenever 0 < £(Py — 1) < ny. Then, for 0 < £(Px — 1) < 1y, Lemmas
2.4(a) and 3.5 (with ap = /2, bgp = 2r) imply that

(3.11) X (S, PL.S) > ®F(9B(w0;7), 0B (05 p+7)) > OB(20; piT)

for all e € (0,1), where pF := 1+ A7 (p+ — 1)e = 1 + AFhs (Px — 1)e. Since
xo is arbitrary in ¥, it follows from (3.11) that ®X(S, PLS) > S(pF) for
0 < £(Py — 1) < 19, where 12 € (0,71] is small enough so that p_ > 0. It
follows by Lemma 2.4(c) that

(3.12) T(P-S, 8, Py.8) = Ue(S(pz), S(pd))

for 0 < £(Py—1) <mgande € (0,1). Let « = a(P—, Py) := ((pF —pZ)/e) =
oy +a_, where ax = ax(Py) := +((pF —1)/e) = £ATha(PL — 1) > 0.
For 0 < +(Py — 1) <n and ¢ € (0,1), we have

(3.13) d(S(p:),S(pl)) = are > (pf —1)r=aqre,

(3.14) d(xz,S(p-)) < are forall z € Q(S(p-),S(ph)).
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In view of (3.14), Lemma 3.6 implies S(p) < [1 + (are/Ro)] S(pZ), and
then that

(3.15) d(z, S(pl)) < d(z, [1 + (are/Ro)]S(p7)) < (Ri/Ro) are

for all x € Q(S(pZ ), S(pF)). Under the assumptions that 0 < £(Py—1) <
and a_ < ay, it follows from (3.13), (3.14), (3.15), and Lemma 3.4 that

d(E, 9 (S(p7), S(p))) = d(, S(p7)) + d[S(p2 ), Ye(S(p2 ), S(p))]
(3.16) >r+ (2¢(ay) —a)re
for all € € (0,1), where we define
0 < ¢(aq) = (at/2[1 + Alay 7,4 (R /Ro) g 1)]) < (04./2),

and where we have used the fact that d(X,S(pZ)) =p-r=(1—a_e)r. Let
91(Py — 1) := (r/F14y) ¢y (Py)),
g2(Py — 1) := (Cor/R) oaq(Py)),

where Cp := min{1/3, (2R /Ry A n2)} (so that (1 +¢) > exp(Cpt) when-

ever 0 <t < (Aar Ro n2/2R1), where the latter value is an upper bound for
(r¢(ay)/R1) over all Py € (1,1m9]). Then

(3.17) T.(P_S,S,PLS) > (1+ (r/R1) 2¢(ay) —a_)e)S

= (L4 (r/R) ¢(ay)e)S

= (1 +[g2(Py — 1)/Cole)S

> explg2(Py — 1)¢]S
whenever 0 < +(Py — 1) <9, (1= P-) € (0,91(Py — 1)], and ¢ € (0,1),
where the first inequality in (3.17) follows from (3.9), (3.12), and (3.16). To

complete the proof of (3.1), we define g(t) := min{g;(¢), g2(t)}, and observe
that all the above estimates are independent of S € X~ (R, Ry;7).

4. Variational estimates for capacitary potentials and their
boundary derivatives.

Theorem 4.1. Given the values0 < Ry < R, 0 < po <1 < pg, e € (0,1),
and P > 1, there exist constants 0 < Cy < C1 such that

(4.1) exp(Co (B—a)) < [UT(S1,a82;2) /U (S1, 8S2; 2)] < exp(Cy (8- a))

uniformly for all o, B € [po, p1] and S1,S2 € X(Ro,R1) such that o < 3,
PSy < Sy, and PSy < a Sy, and for all x € Q(S1, ®F(S1,aS2)). Also,

(4.2) exp(Co (B—a)) < [UT (851, S2;2) /U (a1, S2;2)] < exp(C (B—a))

uniformly for all o, B € [po, p1] and S1,S2 € X(Ro,R1) such that o < 3,
PS; < Sy, and P(3 Sy < Sa, and for all x € Q(P (551, 52), 52).
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Corollary 4.2. In the context of Theorem 4.1, under the assumptions for
(4.1), we have

(4.3) exp(Co (8 — a)) < [[VUT(S1,a8;2)|/[VU T (S1, BS2; )]
< exp(C1 (B —a))

for all x € S1 at which the derivatives exist. Under the assumptions for
(4.2), we have

(4.4) exp(Cop (6 — ) < [[VU (BS1, S2;x)|/|VU ™ (aS1, Sa; )]
exp(C (B — )

for all x € Sy at which the derivatives exist.

<
<

Theorem 4.3. Given the values 0 < p < Ry < R, 0 < P <1 < Py,
and 0 < po < 1 < pq, let (S7, S, ST) € X3(Ro, R1) denote a fized ordered
triple such that S € X(Ro,R1;p) and S— < P.S < S < P, S < ST. For
any u > 0, we define the surfaces

(45) 5 (u) = min(P_8, jiS7); §* () = max(Py 5, u %)

Let Q¥ (x) = (1/|VU*(x)|) on S, where U*(x) = UT(S,S*T;x). Also let
QF(u;r) = (1/]VUNi(x)|) for any x € S and p > 0, where Uf(x) =
UE(S, ST (u);x) in the closure of the domain QF (u) := Q(S, ST(u)). Then
there exist constants 0 < Ag < Ay such that

(4.6) A(L/p)In(p) < QF(u;z) — QF (x) < A(p) In(p)
uniformly for all x € S and u € o, p1], and
(4.7) A(p)In(1/p) < Q™ (1) — Q™ (x) < A(1/p) In(1/p)

uniformly for all x € S and p € [po, p1]. Here, we define A(u) = Ag > 0 for
1€ [po, 1] and A(p) = Ay = Ag for pu € (1, ).

Lemma 4.4. Given 0 < Ry <Ry, P> 1, and 0 < a < B < 1, there exists
a value X > 1 such that ®F(S1,\S) < @;(51,52) for all 81,5, € X :=
X(QRO, §R1) such that SQ Z PSl

Proof. If the assertion is false, then there exist sequences (S1,,), (S2,,) of
surfaces in X and a sequence (\,) of values in (1,00) such that A, | 1 as
n — o0, and such that for each n € N, it is true that S, > P S} ,, but it is
not true that ®F (S n, \nS2.n) < @g(SLn, Sa2.n). Now the polar-coordinate
representations of surfaces in X are equicontinuous and uniformly bounded.
Therefore, any sequence in X has a convergent subsequence, due to the
theorem of Ascoli-Arzela. By passing to a subsequence (still indexed by
n € N) if necessary, we can assume that S;, — S; € X and Sy, — S € X
as n — o0, where So > PS;. Clearly ®}1(S51,52) < @E(Sl,Sg), and it
is easily seen that ®1(S1,, A\S2,) — ®1(51,52) and @;(Sl,n,Sg,n) —
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@E(Sl,SQ), both as n — oo. Therefore, ®F (51, A\nSa2,) < @;(Sl,n,Sg,n)
for all sufficiently large n € N, contradicting our choice of the sequences
(S1,n): (S2,n), and (Ay,). Therefore the assertion holds.

Lemma 4.5. Let 0 <Ry < Ry and P > 1 be given. Then:

(a) For any o, 8 € [0,1] such that o < 3, there exists a value dy > 0 such
that d(@j(Sl,Sg),tﬁg(Sl,Sg)) > d() fOT all Sl,SQ e X := X(éRo,QRl)
such that Sy > PS;.

(b) For any a, € (0,1) with o < 3, the deriative VU™ (S1, Sa; )| is
bounded above, uniformly over all S1,S2 € X such that P S1 < Ss, and
over all x € Q(S1,S2) such that a < UT(Sy,S2;2) < 3.

Proof. For any surfaces S1,S2 € X such that So > PSi, we have Sy (zg) <
Sy and Sa(xg) < Sy for all zp € S;. Here, we define Si(z9) = 9H (xp)
and Sy(xg) = ONs(H(xo)) for all zyp € A := B(0;Ry)\B(0; Ry), where
§ = Ry(P —1) and H(zo) denotes the convex hull of the set {x¢}UB(z1; 1),
where 21 = (1 — (Ro/|xo|)) z0 and p = RZ/R;. For given o € (0,1), we
have do(a) = d(S1(z0), ®L(S1(m0), S2(wp))) > 0 for all zp € A, due to
the congruence of the annular domains Q(S1(x¢), S2(x0)), zo € A. Since
O (Sy,52) > L (S1(z0), S2(wp)) for all zyp € S; by Lemma 2.4(a), it fol-
lows that d(Sy,®7(S1,52)) > do(a) for all S1,S2 € X such that Sy >
PS;y. One can show analogously that d(S2, ®1(S1,52)) > di(a) > 0 for

€ (0,1) and for all S1,S2 € X such that S; > PS;. Part (b) follows
easily from these estimates, in view of the fact that |VU™(Sy,S9;x)| <
N/ min{d(Sl,q);r(Sl,Sg)),d(Sg,@Z(Sl,Sg))} for any S1,S52 € X such that
S1 < S, and any z € (S, S2) such that o < U (Sy,S2;2) < 3 (see [14,
Thm. 2.10]). Part (a) follows from this.

Lemma 4.6. Given 0 < Ry < Ry and P > 1, there exist constants 0 <
m < M such that

(4.8) m < / |VUT(S1, Sa; 2)| (- VUT(S1, So; 2))do < M
S;

for i = 1,2, uniformly for all C%-surfaces Sy, So € X := X(Ro, R1) such
that Sy > PS1, where do denotes differential area of the (N —1)-dimensional
hypersurface.

Proof. Given the C2-surfaces S; < Sz in X, let U(x) = UT(S1, So; x) in
Q:=Q(S1, S2). By the Cauchy-Schwarz inequality, we have

/|VU($) x - VU(x) da—/ VU (2))? (z - v) do
Si

0o - ([ vtonte-a ] f e
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for i = 1, 2, where v denotes the exterior normal to S; (thus v = VU/|VU]).
However, it follows from S; € X that z-v > Ry for all z € S;,7 = 1, 2. Also,
we have

(4.10) K(S1, S2) > K(0B(0; Ry), 0B(0; Ry)) >

uniformly for all S7, So € X with S; < So, where K(S7,52) : fs |VU|do =

S s, |VU|do denotes the capacity of the annular domain €2 = Q(S7, S2). Also,
it follows easily by the divergence theorem that

(4.11) /S (- v)do < (272 I(N/2) R

for i = 1, 2, where I'(-) denotes the gamma function and (272 /N T'(N/2))
is the volume of the unit ball in RY. In view of (4.10) and (4.11), it follows
from (4.9) that

/ VU (2)| (x - VU(z)) do

> T(N/2) R2 K2(B(0; Ry),0B(0; Ry))/ (27N 2 RY),
for i = 1, 2, which establishes the uniform lower bound asserted in (4.8). To
establish the uniform upper bound in (4.8) in the case where i = 2, we first
observe that U(z) = 2U(z) —11in Q := Q(S, S5), where S = {U = 1/2} and
U is the capacitary potential in Q. Thus, by Lemma 4.5 (b), there exists a
constant Cy > 0 such that

VU (z)| = 2|VU(z)| < Cy

forallz € S , independent of admissible 57, S2 € X. By a direct scaling argu-
ment, we have K(t5, tS5) = tN "2 K(S, S5) for all t > 0, where K (£S5, tS5)
denotes the capacity of the domain tQ = Q(tg, tS7). For any admissible
S1, 55 € X, it follows by application of the well-known Poincaré variational
formula for capacity that

0< (N —2)K(S, Sy) = ((d/dt) K(tS, tS3))i1

:/§|vr7(x)|(x.vﬁ(x))da— [ N0 @ VO @) do

The uniform upper bound follows.

4.7. Proof of Theorem 4.1. We will only prove (4.1), since the proof of
(4.2) is analogous. For given € € (0,1), let ¢, =+ (i/6)n for i =1,...,5,
where n := 1 — . By Lemma 4.5(a), the surfaces S, S2, and @;(51,52),
i =1,...,5, are all pairwise uniformly separated, independent of 51,53 €
X := X(Rg, u1R1) such that PS; < Sy. Let py € (0, 1) denote the smallest
positive value such that

(4.12a,b)  ®F (S1, pxSa) > ®F,(S1, S2);  DF,(S1, puS2) > @7 (51, Sa)
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for all surfaces S1, So € X such that PS; < S, and let p* € (1, co) denote
the largest value such that

(4.13) (I);;(Sl, /L*Sz) < @;(Sl, SQ)

for all S1, Sy € X such that PS; < S5. The values pi, € (0,1) and p* € (1,00)
both exist by Lemma 4.4. By (4.12a) and the uniform separation property,
there exist constants 0 < Cy < C3 such that

(4.14) Co < G(S1, wS2; w0, 7) < Cs

uniformly for all 57,5, € X such that PSy < Sy, all p € [, p*], all xg
such that e; < U™ (S, S2;10) < €3, and all x such that U™ (Sy, uSa; 1) = €5,
where G(S1, 1S2; o, z) denotes Green’s function in the domain Q(S7, p.S2).

For a fixed, but arbitrary pair of surfaces Sy, S5 € X such that PS| < S,
and Sp is a C%-surface, we define U(x) := Ut (S, S2;2) in the closure of
Q= Q(S1,52), and let U(u;x) := Ut (S, uS2; ) in the closure of Q(u) :=
Q(S1, uS2) for any p > 0 such that p Sy > . For any fixed 11 > g, let zo(+)
denote a null function such that

max {U (s 2): @ € (/i) 1} < max {U(fi2): @ € (u/f) S1} < 20(n— )
for p > 1. Tt is easily verified that the inequality

(4.15)  0<U(wz) = U (pe/p) < 20l —p) [1 = UG (pe/p)]
holds for sufficiently small y > 7 and for all x € (u/f) S1 U puSs. Therefore
(4.15) holds for all x in Q((u/) S1, uS2), by the maximum principle. In view
of the assumed smoothness of Sy (which implies the uniform continuity of
the function VU (z1; x) in a neighborhood of 1Sy relative to Cl(Q()); see
[14, Thm. 8.34]), it follows from (4.15) that

(416)  max{|U(ux) — UG (a/n))|: @ € iSo} < (n— i) 21(n— )

as u | g, where z1(-) denotes a particular null function. We define the
function

V(i ) = (U ) = U o)l /(1 — 1)
in C1(Q(x)) for g > . Then for all x € 11.52, we have

(4.17) lim V (5, s z) = lim ([U(g; (pz/p) — U@ 2)]/ (0= 1))
plp wlp
= —([z- VU@ 2)] /1),

where the first equation follows from (4.16) and the second equation can be
directly verified by using the known regularity of the function U(i;-). Ob-
serve that the convergence in (4.17) is uniform over all z € i S3. Obviously,
we also have that V(fi, u;z) = 0 for z € Sy and AV (p, p; ) = 0 in Q(n),
both for any p > fi. It follows by the maximum principle that

(418)  max{|V(i ) - W)l x € CUE)} — 0
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as p | p, where W (ji; x) denotes the unique solution of the boundary value
problem:

(4.19) AW (p;z) =0 in Q(n),

(4.20) W(i;51) =05 W(nsa) = —([z- VU(p; )] /1) for all € 7iS5.

By Green’s second identity, we have
(421) W(isao) = [ [9Glian.a) | W) do
B S2

for all g € Q(u), where G(f; xo, ) := G(S1, S2; 0, x). It follows from
(4.14) that

(4.22)  (6C2/n) (1 -U(f;2)) < G(ji;mo,2) < (6C3/n) (1 - U(fi;x))

if e1 < U(xg) < €3, and if either U(;x) = e5 or U(;x) = 1. Therefore
(4.22) holds whenever ¢; < U(zg) < €3 and e5 < U(p;x) < 1, by the
maximum principle for harmonic functions. Therefore, we have

(423)  (6Cy/n) VUi 2)| < [VeG (1320, 2)| < (6C3/n) VU (15 7))

for all x € Sy, and for all zyp € Q such that e; < U(xg) < e3. Since
W (p; x) < 0 throughout Cl1(2(1)), it follows from (4.20), (4.21), and (4.23)
that

602[3 VU)W (@ 2)ldo < n W (@ 20)]
[So

(4.24) < 603/ VU (i) |[W (s )| do
[S2

provided that &1 < U(zp) < e3. In view of Lemma 4.6 and the definition of
the function W (g; z), it follows from (4.24) that

(4.25) (6m C2/n) < W (p;x0)| < (6 M C3/n)

for e1 < U(xg) < €3, where m and M denote the constants in Lemma 4.6
in the case where R is replaced by pi1R;. Now for any fixed xg € 2 with
e1 < U(zp) < e3, the function ¢(u) := U(u;xg) (defined for all p > 0 such
that xg € Q(u)) is clearly continuous. It follows from (4.18) and (4.25) that

(4.26) (6mCa/pn) < —Du¢(p) == —DpU(p; xo)|u=p < (6 M C3/1in),

where D), denotes either of the two right-handed Dini derivatives with re-
spect to the variable p. It follows from (4.26) via a well-known estimate in-
volving Dini derivatives of continuous functions that for any a, 8 € [p., p*]
with a < 3, we have

(4.27) (6m Co/p"n) (B — ) < ¢(a) — ()
= Ul(asz0) = U(Bi20) < (6MC3/pm) (B — )
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for any g € Q with g1 < U(zg) < e3. In view of (4.12b), (4.13), it follows
from (4.27) that

(4.28) (6m Cy/p"nes) (B — a)Ula;x) < U(es ) — U(G; x)
for all v, B € [, p*] with o < 3, and all € C1(Q(«)) such that U(a;2z) =0
or U(a; ) = €2, and that
(4.29) Uz ) = U(B5 ) < (6MC3/panes) (B — o) U(B; x)
for all o, 8 € [, p*] with a < 8, and all z € C1(Q(3)) such that U(8;z) =0
or U(B;z) = e2. It follows by the maximum principle that (4.28) holds
uniformly in {0 < U(a;z) < 2}, and that (4.29) holds uniformly in {0 <
U(B;z) < e3}. Since the surfaces S; € X and S € XN C2 used in the
definition of the functions U(u;x) were arbitrary apart for the requirement
that PS; < Ss, it follows from (4.28) and (4.29) that

CoU™T(S1,a82;x) < ([UF(Sh,aSa;2) — UT(S1, 852 2)]/[B — o)
(4.30) < Cl U+(51,BSQ;ZL‘)

for any S1 € X, S € XNC? and o, € [pts, £*] such that o < g,
PS; < Sy and PS; < aSs, and for any z € Q(S1, ®F, (aSz)), where Cy =
(6m Cy/u*nee) and C1 = (6MCs/psmes). In (4.30), the assumption that
Sy € C? is easily eliminated by invoking the continuous dependence of the
function U™ (S, uSo;x) on Sy € X (such that PS; < uSs). Therefore

(4.31) Co < =D, In(U*(S1,uS2; 1)) < Cy

for any S1,52 € X and p € [u«, u*] such that PS; < Sy and PS; < puSs,
and for any « € Q(S1, @, (1S2)), where D,, denotes any one of the four
Dini derivatives. For the particular case where pg = px and pu; = p*, the
assertion follows by integrating (4.31). The original assertion now follows
by multiple application of this result.

4.8. Proof of Theorem 4.3. We will prove only (4.6), since the proof
of (4.7) is analogous. It is easily seen by a barrier argument that there
exist constants 0 < Cy < C3 such that (1/C3) < [VU T (u;2)| < (1/C3) for
w € [po, pa] and x € S. Thus

(4.32) Co < QV(;2) < Cs

for p € [po, u1] and z € S. Choose i, € [, 1) such that p, St > P..S. Since
St(u) = pST for p € [y, p1], it follows from Corollary 4.2 (Eq. (4.3))
that there exist constants 0 < Cy < Cy (the same ones appearing in Eqs.
(4.1)-(4.4)) such that

(4.33) exp(Co (1 — 1)) < (Q" (3 2)/Q " (x)) < exp (C1 (1 —1))
for p € [1, 1], and

(4.34) exp (Co (1 - ) < (Q7 (2)/Q" (152)) < exp(C1 (1 — p))
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for pu € [p, 1]. For p € [uo, p«), we have
ST (w) < ST (1) < (/1) S* (),

from which in follows by maximum principles that

0 <V () = U"(S, (us/p) ST (n);2) S U (pas2) < U (3 2)
in Q" (u), and therefore that
(4.35) IVVF (s 2)| < VU (s )| < [VUT (3 2)
for all z € S. Since S*(u) € X(Ro,R1), it follows from (4.35), and from
(4.3) in the case where Sy := S, So:= ST(u), a =1, and 8 = (us/pu), that
(4.36) 1< (QF (s 2)/QT (3 2)) < (IVU™ (3 2)I/|VV T (s 2)])

< exp((Ch/p0) (e — 1)

for z € S and p € [po, p«]. We have
(437)  exp(Cs(p—1)) < (Q(12)/Q" (x)) < exp (Ca (1 — 1))

for Cy = ((1 — px) Co/(1 — o)) € (0,Co], Cs5 = (C1/po) > C1,p € [po, 1],
and z € S. In fact (4.37) follows from (4.34) if 1 € [p«, 1]. For the case where
W€ [po, ps], (4.37) follows from (4.36) and (4.34), where we set p = ps in
(4.34). It follows directly from (4.33) that

(4.38) exp (Cy (1 —1)) < (Q (152)/Q" (%)) < exp (C5 (1 — 1))

for x € S and p € [1, p1]. It then follows from (4.32), and from the theorem
of the mean applied to the equivalent logarithmic forms of (4.37) and (4.38),
that

(4.39) (C2C4) (p=1) QT (15 2) — QT (2) < (C3C5) (u—1)
for z € S, and p € [1, p1], and
(4.40) (C3C5) (p—1) <Q (15 2) — QT (x) < (C2C4) (u—1)

for x € S and p € [up, 1]. The assertion (4.6) (with A9 = (o C2Cy) and
Ay = (u1 C3Cs)) follows from (4.39) and (4.40), in view of the fact that

(=1 (p=1=pIn(p) <0< (p—1)(k—1—poIn(p)
for all u € [po, p1].

5. A uniform separation estimate.

Theorem 5.1. Let the values 0 < Ry < Ry and k > 0 be given. For
any values §,6F € (0,x], let Y(67,6,07) denote the family of all ordered
4-tuples S = (Sy, 57,5, 55) € Xy(Ro, R1) such that d(S~,ST) > 4§ and
d(S¥, SSE) > 0. Let F¥(x,p,q): RV xR, xR, — R denote given functions
satisfying Assumptions (A1)-(A3). For anye € (0,1), 6,0 € (0,x], and S =
(Sy,S7,57,85) € V(67,6,6%), let the surfaces T- (S5 ,57,9T) € X ==
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X(Ro, R1) and T (S, ST, S;) € X be as defined in §2.3, where we set F :=
F*(z,p,q). Then there exists a strictly positive function ho(t,e0,€1): (0, K] x
(0,1) x (0,1) — R4 such that for any given values €g,e1 with 0 < g9 < 1 <
1, we have

(5.1) d(T(Sy,S~,8%),T(S7,8%,57)) >0

for all € € [eg,€1], all values 6,6% € (0, k] such that either 6 € (0,ho(67, €,
e1)] or$ € (0,ho(67,0,¢1)], and all ordered 4-tuples S = (S5, S, ST, 8] ) €
D (67,6,07).

Lemma 5.2.  For given values 0< Ry < Ry and § >0, let S = (S, , 5™, ST,
S5) € X4(Ro, R1) be such that d(S~,ST) > 4. For fized € € (0,1), and for
all ot € X := X(Ro, V1) such that S~ < 0~ < ot < ST, let t-(07) :=
T-(Sy,07,58%) € X and tF(oF) := TH(S™,0%,S]) € X, where the op-
erators T are defined as in §2.3, in terms of given functions F¥(x,p,q)
satisfying Assumptions (A1)-(A3). Assume that d(o¥,t=(c%)) > X AT for
all X € (0,6] and all surfaces o € X such that S~ < o~ < ot < ST and
d(oc~,07) > \, where the values AT > 0 are fived. Then

(52)  d(TZ(Sy,57,87), TF(S7, 8%, 85)) =d(t- (S7),t1(57)) = €',
where C = min{1, A=, AT} max{A~, AT}

Proof. We will prove the assertion only in the case where A= > AT,
since the opposite case is analogous. Since d(S~,ST) > ¢, we have that
d(S7,tF(ST)) > AT § > X\ :=dmin{l, AT} by assumption. In view of this,
we have

(5.3) tH(ST) > SY :=0N\(D(57)) € X(A) :=X(Ro + X\, R + N),
where Sy < S because A < 4. Let Sy = ONA(E (57)) € X. Then Sya =
5=, since d(z,S) > d(S~,5)) = X for all 2 € S™. Since d(Sy, Sy ) > A,
we have that d(Sy, t=(Sy,)) = p = A" A by assumption. In view of this,
we have

(GA)  2(57) S 1(S5y) < S 1= ONME(S) € X~ p)

by Lemma 2.5(a). It follows from (5.3) and (5.4) that

d(tz (S7),t5(ST)) > d(S5,,S¥) > = A"A = A" min{1, AT},

which is (5.2) in the case 0 < AT < A™.
Lemma 5.3. Let K = K(p,r0,10) denote the convex hull of the set {0} U

E(ro vo; p), where the constants 0 < p < ro and the unit vector vy are fized.
Let So = 0K, and let S5 = ONs(K) for any § > 0. Given a (large) positive
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constant k, let ¢(e) := min{(|z|/2k): © € ®F (S, Sax)} for each £ € [0,1].
Then, in the context of §2.3, with Ry = 0, we have

(5.5) T2 (S0, S5, Sa) = OB(0; A 6)

for any 8,99 € (0,k] and 0 < € < g1 < 1, where a := § + §y and we set A =
¢(1 —e1). Also, there exists a strictly-positive function h(\, do,e0): [1,00) X
(0,k] x (0,1) — Ry such that h(\,do,€0) < 0o, and such that (5.5) holds
whenever g € (0,k],A > 1,0 <eg <e <1, and § € (0, h(N,do,e0)].

Proof. We have that Sy < 5, for any ¢ > 0 and 0 < p < 1. In view of
Lemma 2.4(a),(b), it follows that

(5.6) ®_ (S0, S5) = - ((6/n) So, (6/n) Sy)
= (6/n) ®2 (S0, 5y) = 0B(0;0 ¢(1 —¢)),
(5.7) O (S5, 50) = 2 (S0, Sa) = @ ((a/n) So, (a/n) Sy)

= (a/n) ®F (S0, Sy) > OB(0; (<))
for any € € (0,1) and 0 < § < a <7 := 2k. Obviously
(5.8) T-(So,Ss,54) > ®_ (S0, Ss5) > 0B(0;5 (1 —¢)) > dB(0;6 p(1 — 1))

forany0 < d <a<nand 0<e <g <1,dueto (5.6). By (5.6), (5.7), and
Lemmas 2.5(a) and 3.4, we have

(5.9) (50,55, 50) = V(9B(0;0 ¢(1 — €)), dB(0; a 6(¢)))
> 0B(0; ([ag(e) + 0 Ap(1 —e)]/[1 + A]))
> 0B(0; [do ¢(£0) /(1 + A)])

forany 0 < d <a<nand 0<egy<e<1, where A = A([ap(e) — dp(1 —
g)]/e). If we assume that dp € (0,x] and 0 < 0 < Jp min{1, [¢(e0)/2¢(1 —
€0)]}, then we have

(5.10) (00 #(20)/2) < ([ p(e) — 6 p(1 —€)]/e) < (n/e0),
from which it follows that A = A([do #(€0)/2], [n/e0]) in (5.9). The assertion
(5.5) now follows easily from (5.8), (5.9), and (5.10).

5.4. Proof of Theorem 5.1. For any point xg € B(0; R1)\B(0; Ry), we
define K*(z¢) to be the convex hull of the set {x¢} UB((1 % (ro/|zo|)) zo; p),
where the constants 0 < p < rg are fixed such that 7o < Ry and (p/r9) <
(Ro/R1). We set ST () := KT (20) and ST (z¢;6) := ONs(K*(xq)) for § >
0. Let FOjE (p,q): ]R?r — R denote fixed, continuously-differentiable functions
satisfying Assumptions (A1)-(A3), and such that +(F (p, ¢)—F*(z,p,q)) >
0 for all z € B(0;2%R;) and all p,q > 0. For any ¢ € (0, 1),6,6% € (0, ],
4-tuple S = (S5,57,97,5;) € V(67,6,6%), and xg € S7, let the surfaces
TJE(S‘, S+, 8f) € X and T(;;(S—(Z'();O),S_<mo;(5),5_(x[);(5 +40t)) e X
be defined by Egs. (2.3), (2.4), and (2.5), where we choose F' (z,p,q) :=
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Ff (p,q). (The latter surface is in X because it is starlike relative to a suffi-
ciently small ball centered at zg.) Then
S™(mo) <S5, S (20;0) < ST, S (wp;0+07) < S,

from which it follows by Lemma 2.5(a) (in a slightly generalized context
admitting the same proof) and Lemma 5.3 that for any given £¢,e1 € (0,1),
we have

(5.11)  TH(ST,ST,SE) > TH(ST. 8%, 57)

> TJ:E(S_(Z'()),S_($0;5),S_($0;5—|—(5+))

> 63(%’07)\5)
ife € (0,e1], A = ¢(1 — 1), and zp € S™, orif € € [g9,1), A > 1,0 €
(0, (X, 0T, &0)], and 29 € S—. Since zg is arbitrary in S™, it follows from
(5.11) that
(5.12) d(S™, T (S7,58%,5)) > A¢

ife € (0,e1] and A = ¢p(1—eq), orife € [g9, 1), A > 1,and § € (0, (A, 6T, &0)].
Only for the remainder of this proof, we extend the partial ordering in X
to the family X¢ :={S € X: 0 ¢ S} (where 0 denotes the origin) in such a
way that S; < Ss (resp. S < SQ) if G(Sl) C G(SQ)(CI (G(Sl)) C G(SQ)),
where G(S;) denotes the connected component of the complement of S;
(in RY) which contains the origin. For any §,6% € (0,x], ¢ € (0, 1),
S = (5,8,8%, S(T) € P(07,6,0%), and zp € ST, let the surfaces
T5.(Sg,57,57) € Xand T (ST (2050 + d7), S*(20;0), 5 (20)) € Xo be
defined by Eqgs. (2.3), (2.4), and (2.5), where “<” and “<” are interpreted
in the present sense, and where we set F'(z,p,q) = F{, (p,q). Since

ST < 8T (xg), S~ < ST (xp;9), S, < ST (w56 + 67),
it follows from Lemma 2.5(a) (in a generalized context permitting the same
proof) and Lemma 5.3 that
(5.13) T (Sy,5,5%) < Ty .(Sy,57,5%)
< Ty (ST (20;6 +07),5T (20;6), ST (20))
< aé(xo,Aé)
if e € (0,e1], A = ¢(1 — 1), and g € ST, or if € € [gg,1), A > 1,6 €

(0,h(A,67,e0)], and xp € ST. Since zq is arbitrary in ST, it follows from
(5.13) that

(5.14) d(S*, T (Sy, S, 87)) = Ad

ife € (0,e1] and A = ¢(1—e1),orife € [gg,1), A > 1,and § € (0,h(\, 57, ep)].
We define the function ho(t,e0,£1): (0, k] x (0,1) x (0,1) — R4 such that
ho(t,e0,€1) := h(A, t,e0) in the particular case where A = (1/¢(1 —€1)). At
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this point, the assertion follows from Lemma 5.2 and Eqs. (5.12) and (5.14),
where we set A = (1/¢(1 —&1)).

6. Uniform contraction property for uniformly-separated ordered
triples.

Theorem 6.1. In the context of §2.3, for given values 0 < Ry < Ry, P >
1, and € € (0, 1), there exist constants Ay € (0,1) and By € (0, 1/2) such
that

(6.1) T.(57, 8, 8) < A0-mr 1(57, 5, 87),
uniformly for all values A > 1,A\* > 1, and ko € (0,1) such that
(6.2) Af0 (Af/)\)A(L/A)(l—B) ()\+/)\)A(>\+/>\)B <1,
with

(6:3) B =B (/N4 (240

and uniformly for all v > 0 and all surfaces S, ST, g, St eX = X(Ro, R1)
such that P2S— < PS < St,P25-<PS<ST, and

(6.4) S<A'S, 5T <N ST

Here, we define the functions A(t), B(t): Ry — Ry such that A(t) = Ag
and B(t) = Bp for 0 < t < 1, and A(t) = 1 and B(t) = By := (1 — By) for
t>1.

Remark 6.2. It follows from Theorem 6.1 that
(6.5) pM(T.(S™, S, 8T, T.(8, §, §))
< (1 — ko) max{u M (S, S), u™M (S™, §7), p™M (ST, ST)},

uniformly for all A, A* > 1 and ko € (0, 1) satisfying (6.2), (6.3), and all
surfaces S, 5%, 5, 5% € X := X(Ro, R;) such that P25~ < PS < ST and
P2§~ < PS§ < §*. Here, the metric M is defined in (2.2), and we define
p= (1/10 (V) and g* = (1/1n (As)).

Remark 6.3. The main assumption for Theorem 6.1 (namely Eq. (6.2))
actually requires that A® X7 < A(17F0) when 1 < A_ < X < A4, and that
AP A2 < A0-F0) when 1 < Ay < A < A_, where v = (A By)/(Ag Bo+Bi) €
(0, 1/2), 8= (1 - Oé) S (1/2, 1), and kg = (K,()/(A(]BO +Bl)) > 0. In the
case where 1 < A_ < A > Ay > 1, Eq. (6.2) requires that )\(_1_3) /\]f <
A1=lko/40)) for B € {By, By }.
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Lemma 6.4. In the context of §2.3, for given values 0 < Ry < N1, P > 1,
and € € (0,1), there exists a constant Ag € (0,1) such that

(6.6a,b) ®Z(AS1,S2) < ANODT(S), Sy);  BF(S1,AS) < ModF(Sy, o)

uniformly for all X € [P~Y/2 1] and for all S1,S2 € X := X(Ro, Ry) such
that PS; < S.

Proof. For fixed surfaces S1,Sy € X such that PS; < Sy, and we define
Ut(Njz) = UT(S1,AS9;2) and U~ (\;jz) = U (A Sy, S9;x) for any A €
[P=1/2,1]. For a given a unit vector e, and for any A € [P~/ 1], choose
the values a*()\) > 0 such that U ()\;a®()\)e) = e. This is equivalent to
the requirement that = (\) e € &7 (A S1,52) and a™(\) e € ®F(S1, A Ss) for
any A € [P~Y21]. Thus a™(\) < a®(u) for P~1/2 < X\ < < 1, by Lemma
2.4(a). By Theorem 4.1 and the theorem of the mean, we have

(6.7) My (A, ) (@ (1) — a™ (X))
> +(U%(

At (n)e) = U (A a™ (M) e))
= +(UF (N 0™ () e) = U* (0™ (1) )
> 4 (exp (£Co (1 — N) — 1),

for any values P~/2 <\ < pu <1, where 9T (\, p) =max{|e- VU (\;yFe)] :
7E € [at (), ot (p)]}. Tt follows from (6.7) in the limit as © — X or
A — p that Dwi(A) > (Co/ME) for A € (P~Y2,1), where MMT =
max {|VUF(\;aF () )] A € [P~Y/21]} and D) denotes any Dini deriv-
ative. Thus A Dy In(a*(\)) > (Co/Ry P20 for A € (P~1/2,1). Since
a®()\) depends continuously on A € [P~1/21], one concludes that a*(\) <
A\ a*(1) for A € [P~1/2,1], where a denotes any constant in the interval
(0, (Co/Ry PY29E5)]. By Lemma 4.5(b), there exist constants CF such
that ﬁﬁli = ith(Sl,SQ; e) < C’li, uniformly over all S1, Sy € X such that
PS; <S5, and over all e € 9B(0;1). This completes the proof of the esti-
mates (6.6a,b), where Ay denotes any constant in the interval (0,1/2] such
that Ag < (Co /Ry P2 C5E).

Lemma 6.5. In the context of §2.3, for given values 0 < Ry < Ry, P > 1,
and € € (0,1), there exists a constant Ay € (0,1) such that

(6.8) ‘1>+(51,S ) < )\(1 A(X2/A1)) A A(A2/A1) (S, Ss),
(6.9) O (S, 8y) < AfA/A) (A=A 5 (g 6y,

for any values A1, Ao > 0 and any surfaces S1, Sa, §1, §2 € X:=X(Ry, R1)
such that PSl S 52,51 < 52,51 § )\151, and SQ § )\2 52, where A()\) =
Ag € (0,1) for A€ (0, 1) and A(X\) =1 for X € [1,00).
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Proof. 1t suffices to prove (6.8) and (6.9) in the case where A1, \a € [(Ro/R1),
(R1/Ro)]. In fact, since IB(0;Rg) < S; < A\ Si < N OB(0;Ry) for i =
1,2 by assumption, we must have A, Ay > (.SRO/ERl) for any admissible
configuration. On the other hand, for _any 51,99, Sl,SQ € X, there exist
values A1, A2 € (0, (R1/Ro)] such that 5’1 < \151 and Sg < A9 S9, and the
assertions in the general case follow directly from this case. We will only
prove (6.8), since the proof of (6.9) (based on (6.6a)) is analogous. For the
case where (Ro/R1)? < (M\2/A1) < 1, choose a fixed value o € (0, 1) so small
that ()\2/)\1)@ > (§R0/§R1)2a > P~1/2, Since §1 < 157 and §2 < Ay Sy <
A1 (A2/A1)% Sg, it follows from Lemmas 2.4(a),(b) and 6.4 (Eq. (6.6b)) that

BF(S1, S2) < BF(MiS1, Ai(A2/A1)* Sa)
= M T (S1, (M2/M)™ S2) < Ai(A2/A1)* @ (S, Sa),

where A € (0,1) denotes the constant in Lemma 6.4. Thus (6.8) holds in
the case where 0 < Ay < A1, where we have defined Ay = aAg. For the case
where 0 < A; < Ag, it follows from Lemmas 2.4(a),(b) that

(bj(§17§2) < ®F (A2 S1, Mg S9) = Ag T (51, Sa),
which is the assertion in this case.

Lemma 6.6. In the context of §2.3, for given values 0 < Ry < Ry, P > 1,
and € € (0,1), there exists a constant b € [1/2,1) such that

(6.10a,b) W, (S1,AS2) <A W(S1,82);  We(AS1,S2) < AW (Sy,5),
both uniformly for all X € [1,PY?] and all Sy, Sy € X := X(Ro, R1) such
that PS1 < Ss.

Proof. We will prove only (6.10a), since the proof of (6.10b) is analogous.
By Lemma 3.6 (Eq. (3.7)), we have

(6.11)  d(z,51) = Ro (P12 = 1); d(y,AS) > d(y, $2) = Ro (1 - P71/?)

for any A > 1, any 51,59 € X such that PS; < S, and any z € F (Pl/2 S1)
and y € D(P~1/25). Also, by Lemma 3.6 (Eq. (3.8)), we have

(6.12) (Ro/PY?) (A= 1) < d(x,S1) — d(z, \S1);
d(y, pSa) — d(y, AS2) < Ri P2 (= N)

forall 1,5, € X,1 <A< pu < PY2 2 e E(MSy), and y € D(AS3). We have
Q(S1,\S2) D D(P~Y28,) N E(PY28)) for any A > 1 and any 51, S, € X
such that PS; < Sy. Therefore, it follows from (6.11) that

(6.13) d(z,81) + d(z, A\S2) > Ry (1 — P~/2)
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uniformly for all A > 1, all 51,52 € X such that PS; < S, and all x €

Q(S1, AS2). We also have that

(6.14) d(x,S1) +d(z,\S2) < d(z,0B(0;Ro)) + d(x,0B(0; \R;))
<AR - R < PR,

uniformly for all Sj, S € X such that S; < So, all A € [1, P/?], and all

x € Q(S1,\S2). In view of (6.13), (6.14), and Lemma 3.4, there exist values
0 < ag < aq such that

(6.15) a < d(m, Sl) S at; a S d(a:, ASQ) S ai,

both uniformly for all X € [1, P'/?], all S, S, € X such that PS; < S, and
all z € Q(S1, AS2) such that f. (z, d(z, S1), d(z, A\S2)) = 0, where we define
fe(z, p,q) = f(z,p/e,q/e) = F(x,e/p,e/q). For fixed admissible Si,So,
and ¢, a fixed unit vector e, and any A € [1, P!/2], choose ¥(\) > 0 such
that ¢(\) e € U.(S1,AS2). By the definition of U.(Sy, AS3), we have
(6.16a,b)

fE (046, d(ae, Sl)? d(ae, ASQ )) =0= fE (567 d(ﬁev Sl)v d(ﬁev NSQ))v
for any 1 < A <y < PY2, where o := ¥(\) < 8 := (1) (by Lemma 2.4(c)).
Since k = Kk(A, ) == (B/a) > 1, it follows from (6.16a) and Assumption
(A2) that
(6.17) fe (kae, kd(ae, S1), kd(ae, AS2))

- f& (/867 d(ﬂeu HSI)? d(667 ﬁ)‘ S?)) 2 0

If we assume that K\ > p, then d(Be,kS1) < d(Be,S1) and d(Be, uSy) <
d(Be, kA S2), from which it follows (by Eq. (6.16b) and Assumption (Al))
that f. (Be,d(Be,kS51),d(Be,kAS)) < 0. This contradiction (of (6.17))
shows that kKA < p and therefore that 1 < & < (u/A) < PY2 for any
1<A<pu< P12 By (6.15) and the theorem of the mean, we have that
(6.18) fe (o, p1,q1) < fe (%0, P05 90) — Co (Po — p1) + C1 (90 — ¢1),
where g := (e, and
0 <p1:=d(Be £S1) < po:=d(Be,S1);
0<q:=d(fe,rAS2) < qo:=d(Be,nS2),
CO = mln{afé (x,p,q)/ap §}to S ’.CL" S P1/2 §}2170'0 S b, q S al} > 07
Cy = max{|0f. (x,p,q)/9q|: Ro < || < P2 Ry, a9 < p,g <ar} > 0.

Since fe (20,p0,q0) = 0 (by Eq. (6.16b)) and f: (x0,p1,q1) > 0 (by Eq.
(6.17)), we have

(6.19) (Po —p1) < (C1/Co) (90 — q1)-
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On the other hand, it follows from (6.12) that

(620)  po = pri=d(Be, S1) —d(Be, wS) = (Ro/PV?) (5 - 1),
(6.21) g —q1:=d(Be, uSs) —d(Be, kASy) < Ry PY? (u— k)

for 1 < kA < p < PY? and Be € E(kS1) N D(kAS3). By substituting
(6.20) and (6.21) into (6.19), we obtain (k — 1) < (R1C1P/RoCo) (1 — K ).
Therefore

(6.22) k= (B/a) < (u+ C2) /(A + C),

where Cy := (RoCo/R1C1P). Tt easily follows from (6.22) (with a = ¥(\),
B =1(pw)) in the limit as p | A that

(6.23) P'(N)/P(A) <1/(A+Co) < b/A

for each A\ € [1, P'/?], where we define b = (PY/2/(P'Y/2 + Cy)) € (0,1).
By integrating (6.23), we conclude that ¥ (X\) < (1) X for X € [1, PY/2].
The assertion now follows from the observation that the constant “b” in this

estimate does not depend on the particular choice of the surfaces Si, So €
X :=X(Ro, R1) (such that PSy < S2) or the unit vector e.

Lemma 6.7. In the context of §2.3, for given values 0 < Ry < Ry, P > 1,
and € € (0,1), there exists a constant b € [1/2, 1) such that

(6.24) U.(S1,85) < MNBW/N BN g (8),8,),

for any A\, p € [1, 00) and for any surfaces Sy, S5,81,8; € X = X(Ro, K1)
such that PS; < S9,PS; < S9,51 < AS1, and Sy < pSa, where B(t) =
By:=(1-b) € (1,1/2) for0 <t <1 and B(t) = By :=b € (1/2,1) for
£>1.

Proof. We will prove (6.24) only in the case where 1 < p < A, since a similar
proof applies to the case where 1 < A < p1. Set Ss 4 = min (Sg 1/ Sy) € X
and SU = min(S;, A/ Sy, (1/P) ng) € X, both for i = 0,...,n, where
n denotes a fixed posmve _integer such that (N )/ < Pl/ 2, It is easily
verified that 51 i < (1/P) Sgl for ¢ = 0,...,n, and that Sg it < ul/" Sa.i

and Sl,z+1 < )\1/ Sl,za both for all ¢+ = 0, ...,n— 1. In view of these facts,
it follows from Lemma 2.4(c), (e) and Lemma 6.6 that

(6.25) U_(S1it1,82001) < WAV Sy, 1t /™ o)
< ()" 1, 5n)
< ) (0. 50)
= X/ A=/ g (5505, ))
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fori =0,...,n—1. We conclude from (6.25) by induction that \Ife(gl,n, §2n)
< Ao pleb U, (S51,0,52,0). The assertion follows from this, in view of the facts
that Sz, = S (due to Sy < uSs), Si, = S1 (due to S1 < AS; and 51 <
(1/P) SQ), 5270 := min (SQ,SQ) S SQ, and 51’0 = min (Sl,Sl,(l/P) SQ) S
Sy.
6.8. Proof of Theorem 6.1. For any constants A > 1, Ay > 1,
and ko9 € (0,1) satisfying (6.2) and (6.3), and for any » > 0 and any
triples (S—, S, ST), (S, S, S*) € X3 satisfying the assumptions (includ-
ing (6.4)), it follows from Lemma 6.5 that
(6.26) OX(S, §F) < N AN Zr1-A02/N) g (5, 5,
Moreover, there is a constant P; > 1 such that P, &2 (S~, S) < ®F(S, ST)
and P, @7 (S™, S) < ®F(S, ST) uniformly for all admissible configurations.
Therefore, it follows from Lemma 6.7 (with P replaced by P;) that
(6.27) T.(5-, 8, %)

= v. (®2(57, 8), (8, 5))

(1-B) B
< ()\r ()\_/)\)TA()\,/)\)> ()\r (>\+/)\)7’A(>\+/)\) )
U (R2(S7, 9), 21 (S, 51))
< ()\no ()\7/)\)14(/\,/)\) (1-B) ()\+/)\)A()\+/)\) B)T

AR (875 5T,

where B is defined by (6.3). The assertion (6.1) follows directly from (6.2)
and (6.27).

7. Multi-surface problem: Monotonicity and fixed-point
properties of the operators T'..

7.1. Assumptions. In Problem 1.1, we assume, for given constants
0 < po < Ry < RNy that SF € XF(Ry, Ry; po), and that the C'-functions
Fi(z,p,q) : RN xRy x Ry — R, i = 1,...,k, all satisfy Assumptions
(A1)-(A3).

7.2. Inner and outer solutions. We call S € ¥ an inner (resp. outer)
solution of Problem 1.3 at ¢ € (0,1) if T.(S) > S (resp. T-(S) < S). We
use &_ (resp. &) to denote the family of all inner (outer) solutions at
e €(0,1).

Lemma 7.3.

(a) For anye € (0, 1), T-(S) is a weakly increasing (decreasing) mapping
of the family &2 (resp. &) into itself.



MULTI-SURFACE PROBLEMS 29

(b) Foranye € (0, 1) and multisurfaces ST € &=, we have that S < ST

Therefore, Problem 1.3 has at most one solution at each ¢ € (0,1). If S’E
solves Problem 1.3 at ¢ € (0, 1), then SZ < S. < ST for any multisurfaces
S*c &t

Proof. Part (a) follows easily from the monotonicity of T. (Remark 2.6).
For the proof of part (b), let S = (5%, §% ,S:fk). To prove So < ST,

g1 Mg 2

it suffices to show A\; < 1 for ¢ = 1,...,k, where we define \; = min{t >
0: tS;fl- > Sg_z} (We also define \g = A1 = 1, S:O = S, , and S:szﬂ =
S;F.) If the assertion is false, then one can choose j € {1,...,k} such that
Aj = max{Ai,..., Az} > 1 and either A\j_; < Xj or Aj;1 < Aj. Then we
have
(7.1) Seg < Tei(Sc 15825 Se i)

< Tei (N STo1, NSy A48T 1)

SN Lo (8251, 2582 501) < X5 525

by Lemma 2.5(a), (¢) and the definitions of &=. However, (7.1) shows that
A;j could have been chosen slightly smaller without violating the requirement

that \; Sjj > 5. > a contradiction which proves the assertion.

7.4. Additional definitions. In the context of §1.2, for any given P > 1,
let 'Y (P) denote the family of all multisurfaces S = (Si,...,Sk) € ¥ such
that PS; < S for alli =0,1,... ,k—1, where Sy := S, and Si,1 := S .
Obviously, ¥ (P) C ¥ (P,) for 1 < P; < P,. For given values 01, ... ,05_1 >
0 and given multisurfaces Sg € Y, we use Y(Sa,SE{;él,... ,0p—1) to
denote the family of all multisurfaces S = (S1,...,5) € ¥ such that
S, <8< Sg, and such that d(S;, Si+1) > 0; foralli=1,...  k—1.

Lemma 7.5. For any P > 1 and any k-tuple A\ = (A1, ..., \x) € (1,00)F,
the multi-surface family Y (P) is complete in the metric M x (of Eq. (2.1)).

Proof. Let (S,)52; denote a Cauchy sequence in ¥ (P) relative to the
metric My, where S,, = (Sp1,...,S,) for each n € N. Then for each
i=1,...,k, (Sni)p2; is a Cauchy sequence in the metric M of Eq. (2.2),
which therefore converges in the same metric to a surface S; € X(Ro, Ry).
We have S := (S1,...,Sk) € Y(P), as follows directly from the fact that
S, € Y(P) for all n € N. Obviously M x(S,,S) — 0asn — oo.

Lemma 7.6. Given the value P > 1, there exist two fized multisurfaces
St = (Safl,... ,S¥.) € Y such that PSg, > S} and S5, < PS;, and
such that S € &= for all ¢ € (0, 1).
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Proof. We will construct only the outer solution Sg , since the construction
of Sy is analogous. Choose n > 0 and the function g(t): (0,n7] — R4 so
that the second assertion of Theorem 3.1 applies to all S € X*T((Ry/P), Ry;
(po/P)). Choose 19 € (0,1] such that (1 4 n9)*** < P. Choose the values
Al ...y Ag+1 inductively such that 1 < A\; < 14m fort=1,... ,k+ 1, and
Ai <1491 —(1/Xi=1)) for i =2,... , k+ 1. Define the values Py, ..., Py+1
by backwards induction such that Pyi1 = 1 and Py = (P;/)\;) for i =

,k + 1. By assumption, we have (1/P) < Pp < P < --- < P, <
Pir1 =1, s0 that P, S € XT((Ro/P),R1;(po/P)) for i = 1,... , k. Define
Sgo = Si < Py St and Safl- = PSS fori=1,... k+ 1. It follows from
Theorem 3.1 (Eq. (3.2)) with S = S{{i that

Ts(SoZ_pSJ,i, Soie1) < Te((1/X) Sofi, S()+,iv)‘i+15({z‘> < Sy
fori=1,...,k, and for all € € (0,1). The assertion follows.

Lemma 7.7. There exists a constant P > 1 such that PS,; < 551 and
PS. K < S for any e € (0,1) and any solution S. = (5571,... 57 )eY
of Problem 1.3 at ¢ € (0,1).

Proof. This follows directly from Lemmas 7.3(b) and 7.6.

Lemma 7.8. Let the values P > 1 and 0 < g9 < €1 < 1, be given.
Then, in the context of Definitions 7.4, the multisurfaces SS—L and the values
81, ,0k—1 > 0 can be chosen such that Y (P) C Y(Sy,8¢;61,--.,0k-1),
and such that the transformation T'. maps the family W (S , Sar; Oy eeey Ok—1)
into itself for all € € [ep,€1].

Proof. Choose Sg = (S(jfl, cee Soik) € Y such that PSafl > SF,S5, <
PS;, and ST € &F for all ¢ € (0,1) (as in Lemma 7.6). Let x > 0
and the functlon ho(t 50,51) (0,k] — R4 be as introduced in Theorem
5.1. Set k = min{x, Ry (P — 1)}. Choose the values d1,...,0x_1 € (0,K]
inductively such that 6; € (0,ho(di—1,€0,¢1)] for i = 1,... ,k — 1, where
= d(S;,S(Il), or such that ¢; € (0, ho(di+1,€0,61)] for i =2,...  k —1,
where 8, := d(S7, SF). We have ¥ (P) C'¥ = {Se€¥: 5, <S§< S},
since Sy; < Sy, < PS; < S;and PS; < S < Psgjl < PS&. for any S =
(S1,...,5k) € Y(P). Therefore Y(P) C Y = Y(Sa,Sar;él,... ,0k—1),
since Lemma 3.6 implies that d(.S;, Sz+1) > Ro (P 1) > ¢; for S € Y (P)
and i =1,... ,k— 1. Also, T-(S): Y - Yforee (0,1), due to Remark
2.6 and the fact that S ¢ 6?, and we have d(T;,(S),T:,i+1(S)) > ¢; for
Se¥Yandi=1,...,k—1, by Theorem 5.1.

Lemma 7.9. Let the values 0 < g9 < €1 <1 and P > 1 be given. Then
there exists a value Py > 1 such that T7(S) € Y (Py) for all S € Y (P), all
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e € [eo, 1], and all n € N, where T refers to the n-fold application of the
operator T..

Proof. In the context of §§7.4, 7.8, we have W(P) C Y (S;,Sq;61,---,
dk—1), for suitable multisurfaces Sac € Y and values d1,...,;_1. On the
other hand, we have Y (Sy,Sq;61,...,0k—1) C ¥ (P) provided that P, >
1 is chosen sufficiently close to 1.

Theorem 7.10. For given 0 < Ry < Ry, P > 1, and € € (0, 1), one can
choose a value ko € (0,1) and a k-tuple X = (M,..., ) € (1,00)F such
that

(7.2) M(T<(S),T<(S)) < (1 — o) Mx(S, )
uniformly for all multisurfaces S, S e Y (P).

Theorem 7.11. For any given € € (0,1) and any sufficiently small P > 1
(small enough so that Y (P) # (), there exists a (unique) solution S. € W
of Problem 1.3 at €, and there exist a constant ko € (0,1) and a k-tuple
A= (A1, M) € (1,00)F such that

(7.3) MA(TZ(S), 8:) < ((1 = ro)" /o) MA(T=(S). 5)

uniformly for all S € Y (P) and all n € N. The estimate (1.9) follows by
the equivalence of the metrics M and MA.NThus, the iterates TZ?(S),n € N,

converge geometrically to the fized point S. of T as n — oo. Moreover,
the iterates converge monotonically to S as n — oo provided that S €

S UG,

Proof. For given, small P > 1, there exists a value P; > 1 such that
Y (P)) contains the image of W (P) under all multiple applications of the
transformation T'.. Then (7.2) holds for all S € Y (P;), where g € (0,1)
and the k-tuple A = (A1, ..., A\x) are chosen as in Theorem 7.10, but relative
to the family W (P;). At this point, the assertion follows by the classical proof
of the contraction-mapping theorem (see [14, §5.1]). In particular, it follows
from (7.2) that

(7.4) M(TZ(S), T2(S)) < ((1 = ko)"/ ko) MA(T<(S), S)

uniformly for all S € ¥(P) and m,n € N such that n < m. For any
S € Y(P), Eq. (7.4) implies that (TZ(S))>2, is a Cauchy sequence, which
therefore must converge to the solution S. € W (Py) of Problem 1.3 (which
is unique by Lemma 7.3(b), or by Eq. (7.2)). The assertion (7.3) follows
directly from (7.4) in the limit as m — oo. For the case where S € & U&7,
the monotonicity of the convergence follows from the monotonicity of the

mapping T.: ¥ — Y (see Lemma 7.3(a)).
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7.12. Proof of Theorem 7.10. We will choose a k-tuple A = (\1,..., A\g)
and a value kg > 0 such that

(75) 1="X0 <A < - <A1 <A > A1 > - > Mg > Ny =1,
where either £ = 2m or kK = 2m — 1, and such that

(7.6)  Tei(Si1,8;, Sip1) < AR T (81, S5, Siqn), i=1,... K,

for any r > 0, and for any ordered k-tuples S = (51, ..., Sk), S = (§1, - §k)
€ Y(P) such that S; < AI'S; for i = 1,... ,k (where Sy = Sy = S; and
Ski1 = Sky1 = S;F). The assertion follows directly from this (see Remark
6.2). For A = (Aq,..., Ag) in the form given in (7.5), the condition (7.6)
holds for ¢ € {1,... ,k} if

1—k1)

(7.7) A A <l for i=1,...,m—1,
(7.8) Ao <A gy f=m 1,k
(7.9) M D AB <),

where o = AgBo/(AoBo + B1) € (0,1/2), B = (1 —«a) € (1/2,1), k1 =
ko/(ApBo + B1) > 0, B € {By, By}, and ko = k9/Ag > 0. These sufficient
conditions for (7.6) follow from Theorem 6.1 and Remark 6.3. It is easily
seen (by direct substitution) that if k9 > 0 is sufficiently small (so that
k1 € (0, 1—2(a3)'/?)), then the conditions in (7.7) and (7.8) are all satisfied
as equalities by setting
(7.10)  In(X\) = (R, — RY)/(RY — RT™)) In(\,) for i=0,1,... ,m,
(7.11)  In(x) = (RS = RYTT)/(RYT™ = REFT™) In(A)

for i=m,... , k+1,
where the values Ry = Ry (o) € (0, (/3)/?) and Ry = Ra(ko) € ((/3)Y/2,1)
are the two solutions of the equation
(7.12) o(t) == (a/t) + Bt =1 — Ky,
and where the constant A\, > 1 is arbitrary. A simple argument based on
(7.10) and (7.11) shows that the monotonicity requirements of (7.5) are all
satisfied if
(7.13) (Ro/R1)™ < (1 - Ry)/(1 - Ry)).

Also, it follows from (7.12) that Ri(ko) | (a/fB) and Ra(kg) T 1 as kg | 0.
Therefore, (7.13) is obviously satisfied if the constant ko > 0 is sufficiently
small. Tt is easy to see by using (7.10) and (7.11) that the inequality (7.9)
is satisfied if

m—1 _ pm—1 k—m _ pk—-m
() )
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for B € {By, B1}. Obviously, (7.14) holds if

(7.15) (Ry' = Ry )/ (R, — RY)) < (1 k)
for i = m and i = k + 1 —m. A sufficient condition for (7.15) is that
(7.16) (Ro/R1)'™ < ([1 = (1= k) Ra]/[1 = (1 — K2) Ra]).

Therefore, (7.14) and (7.9) both hold in each of the cases k = 2m — 1 and
k = 2m, provided that

(7.17) [Ro/Ru]™ < ([1 = (L — ko) R1]/[1 — (1 — k) Ra).

However, (7.17) holds for sufficiently small k3 > 0, by an argument closely
related to the validation of (7.13) for small ko > 0. Therefore, if kg > 0
is sufficiently small, than the requirements (7.7), (7.8), and (7.9) are all
satisfied by choosing the values \;,i =1,... ,k, as in (7.10) and (7.11).

8. A contraction property for 3-surface configurations involving
classical solutions.

Theorem 8.1. In the context of §2.3, for given values 0 < p < Ry <
Ry, let (57,8, 8T) € X3(Ro,R1) denote an ordered triple such that S €
X(Ro, R1; p) and such that the joining condition: F(x, VU™ (z)|,|VU ™ (z)|)
= 0 holds for all z € S, where we define U*(z) := U*(S, SF;x). Let the
values 0 < pg < 1 < g, Cp > 1, and 0 < P_ < 1 < Py be chosen such that
ST<P.S<S<P.S<St. Foranyu>0, let

(8.1) S™(n) = min(P-S, pS7); ST (n) = max(Py S, pS)

(as in Theorem 4.3). Then there exist values kg > 0, 0 < Ag < Ay, By €
(0,1/2), By = (1 — By) € (1/2,1), and a null function z(-) (all dependent
only on F,S,S*, and the values po, p1,Co, Py) such that, for any given
ro > 0, we have

(8.2) T(S™(u0), S, ST (k) < exp(e (2(e) — Kor)) S,
(8.3) To(S™ ("), S, ST (uy") = exp(e (ko7 — 2(¢))) S,

both uniformly for all ¢ € (0, 1), all r € [0, o], and all values ps €
(d, pdo N [y, uy ™) (where qo := 1/10) such that

(8:4) Co ()1~ BI AW (g ) B AW <1,

Here, we define

(8.5) B=B ((MJF)A(M)/(M_)A(M)) ’



34 ANDREW ACKER

and we use A(t), B(t) : Ry — R4 to denote functions such that A(t) = Ay
and B(t) = Bp both for 0 < ¢ < 1, and A(t) = A; and B(t) = Bj both for
t>1.

Corollary 8.2. In the context of Theorem 8.1, let the values 1 < Ay < Aq
and k > 0 be given (instead of po, p1, and Cy). Let the functions A(t), B(t) :
R+ — Ry be as defined previously, where we choose pg = (1/A1) < 1 <
w1 = (A1/Ao). Then, given ro > 0, there exist a value ko > 0 and a null
function z(-) such that

(8.6)  ATUTmo9r=ex@) g <7 (ST, G, §F) < AllTmes)rteE) g

uniformly for all € € (0, 1), all v € [0, ro], all X € [Ag, A1] and Ay € [1, A4]
such that the corresponding values piy := (AL /X) € [pd®, p¥1 N0 [ %, po ©]
satisfy (8.4) and (8.5) with Co = A*, and all ordered triples (S—, S, §+) €
X5(Ro, K1) such that

(8.7) ATTS<E<ANS; ATTSF(ur") < 5F < AT ST,
where the surfaces ST (i) are defined in (8.1).

8.3. Remarks. (a) For any (S7, S, ST) € X3(Ro,R1) such that S €
X(Ro, R1;p), we have U = UF(S,5%;.) € CL(S U Q(S, SF)) for any
a € (0,1), as follows from [14, Thm. 8.34]. We also have VU (z) # 0
on S by the Hopf boundary-point lemma [14, Lemma 3.4]. Since we as-
sume S € X(Ro, R1;p) in Theorem 8.1, the functions |[VU*(x)|: S — Ry
appearing in the joining condition: F' (z, |VU ™ (z)|, VUt (z)|) = 0 are auto-
matically Holder continuous and strictly positive. (b) The main assumption
in Corollary 8.2 (that py := (Asx/)\) satisfy (8.4) and (8.5) with Cy = \¥)
reduces to the requirement that A% )\ﬁ < A7Fin the case A_ < A < Ay,
and to the requirement that Ao A¢ < AL in the case A_ > A > A, where
we set a = (A(]Bo/(A()BO + Aq Bl)) S (0, 1/2), 0 = (1 — Ct) S (1/2,1),
and k1 = k/(Ao By + A1 By). For the case where A_ < A > Ay, the same
condition reduces to the requirement that A5 )\fi < ARz for ¢ = 0,1,
where kg = (k/Ap).

Theorem 8.4. In the context of §2.3, for given values 0 < p < Ry <
Ry, let (S7, S, ST) € X3(Rp,R1) denote a particular ordered triple such
that S € X(Ro, R1; p), and such that the joining condition: F(x,|VU™ (x)|,
|VU*(x)]) = 0 holds for all x € S, where U*(x) := U*(S,5%;2). Given
the values 1 < Ay < A1 < o0, choose fized values 0 < 6_ < 5 < 1/2,
0< 6y <y <1/2 and C >0 such that

(8.8) T.(S,P_S, P_.P_5)>X°*P_§
for all S € X~ (Ry,R1;p),e € (0, 1), and X € [Ag, A1, and
(8.9) T.(P. P, S, P,S,8) <A P.gS
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for all S ext (Ro, R1;p),e € (0, 1) and X € [Ag, A1], where P = 1F 04
and ]Si =1 $gi (see Theorem 3.1 and Remark 3.2). Given the values k > 0
and ro > 0, let M denote the set of all ordered triples (A_, X\, \y) such
that X\ € [Ag,A1] and A+ € [1,A1], and such that the corresponding values
pa = (Ax/A) € [l pdoT N [ ™, 1y ®) (where qo := 1/r0) satisfy (8.4) and
(8.5) with Co = A\®. Then there exist a value ko > 0 and a null function z(-)
such that

(8.10) ARor=2(E)e g (1) < TL(§7, 8, §1) < AEE—RomE g (1),
uniformly for any (A_,\,Ay) € M, any ¢ € (0,1), any r € [0,7r¢], and any
pair of ordered triples (SZ(r), S—(r), S*(r)) € X5 (Ro, R1; p), (S1 (1), S+ (r),
ST(r)) € X3 (Ro,R1;p) such that

(8.11) AZ"ST <ST(r) < ST S_(r) :=max(A" S, P-SZ(r));
S*(r) == max(A\;" ST, P_ S_(r)),

(8.12) ST <SH(r) <AL ST Si(r) :=min(A\" S, Py ST(r));
Sy (r) :==min(A" S™, Py Sy(r)),

both corresponding to the same triple (A—, A\, \y) € I, and all ordered triples
(S7,5,5%) € X3(Ro, R1) such that

(8.13) S_(r) < S <Si(r); SE(r) <8 < SE().

Lemma 8.5. In the context of Theorem 8.1, let QF (u+; x):=(1/|VUT (u;
2)) on S for any s € 1 := [uo, pua), where U*(ja;7) = U*(S, $*(z); 2)
in CL(Q(S, S*(u+))), and the surfaces S*(us) are defined by Eq. (8.1). For
any vector e € 0B(0; 1), any values py € I, and any € € (0,1), let the values
ap = aple) > 0 and afe,e) = a(pu—, py,e;e) > 0 be uniquely determined
by the requirement that xo = xzo(e) := ape € S and x(e, €) := afe,e)e €
To(S™(u-),S, ST (1)) Let the value h = h(u—, piy, €) be the unique solution
(in the open interval J (-, s ¢) = (~[Q (13 20) /81, [Q* (1+50)/0])) of
the equation

(8.14)

d(h) = ¢(pu—, pg, e;h) := f (w0, Q™ (u—;w0) + 0 h, Q" (uy;30) —Oh) =0,

where f(x,p,q) := F (x,1/p,1/q),v = v(e) denotes the exterior unit normal
to S at the point vo = xo(e) = ape € S, and 0 = 0(e) = v -e. Then

(8.15) [ [, iy e56) — aole))/e] = h(p— py, e)] < 2(e)

as € | 0, where the estimate is uniform over all unit vectors e and all values
ut € 1.
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Proof. For any z9 = age € S and py € I, Equation (8.14) has one and
only one solution h(p—_, py,e) € J (u—, i+, e), by Lemma 3.3(a). By a simple
barrier argument, there exist constants 0 < Cyp < C such that

(8.16) Co < QF(pxs ) < C4
for all pug € I and xg € S. Therefore
(8.17) 2Co < Q™ (p—320) + Q" (145 20)

= (Q (o3 20) +01) + (Q (i w0) — 01) < 2C,

uniformly for all py € I, zg € S, and t € J (u—, piy, €). In view of (8.17) and
Lemma 3.3(b), there exist constants 0 < Cy < C3 such that

(8.18) Cy < (Q*(nas o) FOR) < Cy

uniformly for all uy € I, xg € S, where h = h(u—, piy,e). Under the as-
sumptions, there exists a null function zy(-) such that

(8.19) VU (p; ) = VU (5 0)| < 2o(| — o))
for all zy € S, pyr € I, and x € S U Q(S, Sf%(,ui)), where we define

SE(ug) = ®E(S, ST (ux)) for all e € (0,1). This follows from the esti-
mate given in [14, Thm. 8.33]. If d(zo, ST (u+)) = |z — vF ()| for 29 € S
and £ (uy) € SF(ps), then

(8.20) e = Ut (a5 02 (na)) = VU (ps %) - (2 (p) — o)

by the theorem of the mean, where x* denotes some point on the line-
segment joining zo to x2 (4 ). Since the vectors (2 (ju+) —20) and VU (pu;
12 (ug)) are parallel, it follows easily from (8.19) and (8.20) that

(821)  |[e/d(zo, S (k1)) = [VU* (nas o)l < 3 20(dlwo, ST (1)),

uniformly for all zg € S and p+ € I. Since d(zg, ST (p+)) < O(e) as € | 0,
uniformly for all g € S and py € I, it follows from (6.16) and (8.21) that
there exists a null function z1(-) such that

(8.22) | [d(x0, S (n1)) /€] = QF (ux; 20) | < 21(e),

uniformly for all zy € S, pt € I, and ¢ € (0,1/2]. It follows from (8.16) and
(8.22) that there exist positive constants 0 < Cy < Cj5 such that

(8.23) Cy < [d(wo, SZ (nx))/e] < O

uniformly for all zy € S, py € I, and ¢ € (0,e0], where g9 > 0 is suffi-
ciently small. Clearly, the point z(e, €) := a(e, €) e € Q(SZ (u—), S (1))
is defined by the equation

(8:24)  f(x(e, e),[d(a(e, €), Sc (u=))/e], [d(x(e, €), S (1)) /e]) = 0.
Also, an argument based on (8.19) shows that as € | 0, the direction of

the shortest line-segment joining z(e, €) to the surface ST (u4+) approaches
the direction of the vector VU (u+; xo(e)). It follows from straight-forward
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geometric considerations based on this fact that there exists a null function
29(+) such that

(8.25)
|[d(x(e, ), S (ne)) /2] — [d(xo(e), S (p+)) /€] + 0(e) [(ae, €) — ao(e)) /e

< 2(¢)

uniformly for e € 9B(0;1), ut € I, and € € (0,1/2]. By the triangle inequal-
ity, we have

(8.26) [d(S (1), S () /el
ld(x(e,e), Sc (=) /el + [d(x(e, ), ST (1)) /]
2max{[d(yo, S- (1-))/e] + [d(yo, S (n+))/e]: yo € S}

for any e € 0B(0;1), u+ € I and € € (0,1). In view of (8.23), it follows from
(8.26) that there exist positive constants 0 < Cg < C7 such that

(8.27) Co < [d(x(e,e), ST () /e] + [d((e, ), S (n4)) /2] < C7
uniformly for e € 0B(0;1), p+ € I and € € (0,g0]. In view of Lemma
3.4, it follows from (8.24) and (8.27) that there exist uniform constants
0 < Cg < Oy such that

(8.28) Cs < [d(x(e,€), 8= (1)) /] < Co

uniformly for e € 9B(0;1), u+ € I and € € (0,&¢]. It follows from (8.22) and
(8.25) that

(8.29) |[d(x(e,€), ST (p+))/e] — Q* (1= zo(e)) £ b(e) [(ale, €) — ao(e))/e]|
< z3(¢)

uniformly for e € 0B(0;1), ux € I and € € (0,ep], where z3(¢) := z1(e) +
z2(g). It follows from (8.28) and (8.29) that there exist constants 0 < Cjg <
C171 such that

(8.30) Cro < Q™ (ux3zo(€)) F 0(e) [(ale,e) — ao(e))/e] < Oy

uniformly for e € 9B(0;1), ug € I and € € (0, &¢). It follows from (8.16) and
(8.30) that there exist constants 0 < Ci2 < C13 such that

(8.31) 012 < Qi(ui;l‘o(e)) F 9(6) t < 013

uniformly for all e € 0B(0;1), pr € I, € € (0,e0], and ¢ in the interval
between h(e) and [(a(e,e) — ap(e))/e]. In view of (8.28), (8.31) and the
assumed continuity of f, it follows from (8.24) and (8.29) that there exists
a null function z4(-) such that

(832) ’¢(M—> Bt €, [(@(M—a Ky €y 5) - Oéo(@))/&])’ < 24(5)

<
<
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uniformly for all e € 9B(0;1), uxr € I, and £ € (0,ep], where the func-
tion ¢(u—, 4, e, t) is defined in (8.14). Now it follows from (8.32) and the
theorem of the mean (and the fact that ¢(h) = 0) that
(833) 10 (s e, €) — a0(€))/e] — s )] < 24(6),
for some value t* = t*(u_, iy, e, €) lying in the interval between h(u_, iy, €)
and ((a(p—, py,€,€) — ag(e))/e). Since

¢,(t> = 6(6) g (':UO, Q_(M—Q .’L'()) + eta Q+<M+;x0) - Ht)a
where g = (fp + |fq|), it follows from (8.31) and Assumption (A1) that
(8.34) ¢ (t)>C >0

for all ¢ between h(u—, py,e) and [(a(pu—, py,e,e) — ap(e))/e], where C is
independent of uiy € I and e € 9B(0;1). Now the assertion follows easily
from (8.33) and (8.34).

8.6. Proof of Theorem 8.1. For any fixed values ui > 0, any fixed
unit vector e, and any values r € [0,79] and ¢ € (0,1), choose the values
ap = ag(e) > 0 and a*(r,€) = a®(e;r,€) > 0 such that zg := age € S and
E(re) = a(r,e)e € T.(S™(1="), S, ST (ui")).

By Lemma 8.5, there exists a null function z(-) such that

(8.35) | [(@™(r,e) = ao(r))/e] = h*(r)] < 2(e)

for any py € I := [pd®, pf°] N [y ?, pe ] (with g := 1/1), e € 9B(0;1),
r € [0,70] and ¢ € (0,1), where the values h*(r) = h*(e, r) uniquely solve
the equations

(8.36)

¢~ (e, 7 hE(r)) i= f(wo, @ (=5 w0) +0 W= (r), Q T (13”5 w0) —O h*(r)) = 0.

Here we define § = 6(e) = e - v, where v = v(e) denotes the exterior unit
normal to the surface S at the point xg(e) € S. Observe that h*(0) = 0. By
(8.18), there exist uniform constants 0 < Cp < C such that

(8.37) Co <X (r) := Q™ (u="; wo) + O h™(r) < Ci,
(8.38) Co < ¥E(r) == QF (¥ z0) — O h*(r) < O,

uniformly for all py € I, e € 9B(0;1), and r € [0,79]. By the theorem of
the mean, for any fixed puy € I and e € 9B(0;1), we have

0= gbi(e, r+0; hi('r +9)) — qﬁi(e,r : hi(r))
(8.39) = fp (XE(r,0)) (WE(r +0) — vE(r))
+ [ (XF(r,6)) (W5 (r +6) — ¥ (r)

for 0 < r < r+6§ < rg, where XE(r,0) = (20,p™(r,6),¢5(r,0)) € RN+2
denotes a point on the straight line-segment joining the point (zg, = (r),

X
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YE(r)) € RN*2 to the point (g, = (r + 6),%E(r +8)) € RVN+2. We have
Co < p*(r,9), ¢*(r,0) < C1 by (8.37), (8.38). It follows from (8.39) that

(840)  (¥E(r+9) - V()

= (1fp (XT(r, )1/ fo (XF(r,8)) (WE(r +8) = vZ(r)),
where, by Assumption (A1), there exist constants 0 < Cy < C3 such that
(8.41) Co < (|fp (X (1, 8))I/ fo (XT(r,0))) < O3

uniformly for all uy € I, e € 9B(0;1), r € [0,79), and sufficiently small
d € (0,79 — r]. Egs. (8.40) and (8.41) imply

(8.42) (¥E(r) = ¥E(0) = PE(r) (¥2(r) = v2(0))
for r € [0, 7], where P*(r) € [Ca, C3] for any fixed py € I and e € OB(0;1).
In view of the definitions of ¢$(r) and ¥*(r), and the fact that h*(0) = 0,
it follows from (8.42) that
(8.43) Oh*(r) = (1 - 65(r) (Q (z0) — Q" (15 wo))

+ 5E(r) (QF (uE"; 20) — QT (20))
for 7 € [0,7¢], where 3% (r) := 1/(1 + PE(r)) € [(1/(1 + C3)), (1/(1 + Cy))]
for any fixed py € I and e € 90B(0;1). For any put € I, it follows from
Theorem 4.3 (by substituting = p=" in (4.6) and g = =" in (4.7)) that
(8.44) @V (1" o) — Q™ (w0)) < A(ps) In(puy) v
(8.45) £(Q (0) — @ (4E"; 20)) < A(u_) In(u) 7
both uniformly for all » € [0,7¢] and z¢ € S. By substituting (8.44) and
(8.45) into (8.43), we conclude that
(846)  £AF(r) < ((1— %) Alp-) In(p-) + 6% A(ur) In (1)) (/6),

where, for some constants By € (0,1/2) and By = 1 — By, we have 3% €
[Bo, B1] independent of the choice of uy € I and e € 9B(0;1). It follows
that

(847)  £hE(r) < (1 - B) A(j_) In(u_) + B A(pus) In(p3) (r/6)

for any py € I, e € 9B(0;1), and r € [0,rp], where B = B(-) is defined as
n (8.5). By substituting (8.47) into (8.35), one sees that

(8.48) 4 aF(e;re)
< ao(e) + (1 B) A(u_) In(u_) + B AGus ) In(yey)) (r</6) + & 2(¢)
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uniformly for all uy € I, e € 9B(0;1), r € [0,79] and € € (0,1). It follows
from (8.48) by exponentiation that

+ aF(e; r )
_ +(re/aob)
< a(e) ( () (=P A6 )P AG)) exp (22 21(¢))
< +ag(e) (1/Cp )Fre/200) exp(£e 2 (¢))
< tap(e)exp (Frore £ € z1(e))

uniformly for all uy € I, e € 9B(0;1), r € [0,79] and € € (0,1), where
ko = 1In (Cp)/min{ag(e) (e-v(e)): e € 0B(0;1)} and z;(+) is a suitable null
function.

8.7. Proof of Corollary 8.2. By redefining k¢ > 0 and the null function
z(+), the inequalities (8.2) and (8.3) can be rewritten in the form:

(8.49) T-(S™(ul), S, ST(u7y)) < (e[z(e)=ror]) g

A
(8.50) TS (u™). S, ST (u77)) = AEor—=ED g,

v

both valid for all A € [Ag, A1], » € [0, 9], € € (0, 1), and all values p4+ €
d®, 1] 0 [y ™, pe ] satisfying (8.4) and (8.5). For all ordered triples
(S7, S, 8T) € X3(Ry, V1) satisfying (8.7), Lemma 2.5(a), (c) implies that

(8.51) ATTTL(ST ("), S, ST ("))
< TN S™(uZ"), A" S, AT S ()
S7,8,8%) < TL(\" S ("), A"S, A" ST (7))

forall A > 1,7 >0,¢ € (0,1), and us+ > 0. Now the assertion follows by
substituting (8.49) and (8.50) into (8.51).

8.8. Proof of Theorem 8.4. For fixed (A_,\, ;) € 91, and for any
r € [0,7], let the ordered triples (SZ(r),S—(r),SF(r)) € X5 (Ro,R1;p)
and (S5 (r),S¢(r),S{(r)) € X3 (Ro, Ry;p) satisfy (8.11) and (8.12), re-
spectively. It follows that

(8.52) S_(r)=\7"8; SE(r)
(8.53) Si(r)<A"S;  SE(r)
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In view of (8.52) and (8.53), it follows from (8.11) and (8.12) that

(8.54) S”(r) > min (SZ(r), P A7"5)

>min(AZ" ST, PLATTS) =TT (pl"),
(8.55) S*(r) == max(A\;" ST, P_ S_(r))

> max (A" ST, P_ATTS) = AT (u77),
(8.56) ST (r) :== min(\" 7, Py S, (r))

<min(A" S7, Py X' S) = A" (u"),
(8.57) ST(r) <max(ST(r), P \"95)

< max(N, ST, P_ X" S) = X" ST (1),

all for any r € [0, o], where we define

max(p St, P_ S),
max(p ST, P_S),

SZ(p) = min(uS~, Py S);  ¥(u)
S5 (n) = min(uS™, Py S); T (u)

all for any 1 > 0. In view of the inequalities (8.52)-(8.57), it follows from
Lemma 2.5 and Corollary 8.2 that there exist a value k9 > 0 and a null
function z(-) such that

(8.58) Aror=2(=)e (\=7 G)
ST AT"SZ(uZ"), ATS, AT S (ul")
< To(S=(r), S_(r), SF(r)) <T-(S~, 5, §*)
< To(S5(r), S+ (r), SE(r))

S TN ST (), A8, X (u})
< )\(z(s)—no r)e ()\r S)

uniformly for all (A_, A, Ay) € 9, all € € (0,1), all r € [0, 7], all ordered
triples (SZ(r), S_(r), ST(r)) € X5 (Ro, R1;p) and (S (r), S+(r), ST(r) €
X (Ro, Ri;p) satisfying (8.11) and (8.12), respectively, for a particular
(A=, A\, Ay), and all ordered triples (§_, §, §+) € X3(Ro, K1) satisfying
(8.13). It is also clear from (8.11) and (8.12) that

P_S_(r) > P_P_S5(r),
Py S, (r) < Py Py SE(r),

v

S_(r)>P_S~(r); S*(r)
Si(r) < Py ST(r); Si(r)

IN



42 ANDREW ACKER

all for any r € [0, rg]. Therefore, we have

(8.59) P_S=(r) < S8_(r) <8 < 8,(r) < Py ST(r),
(8.60) P_P_S~(r) < ST(r) <5t < SF(r),
(8.61) S (r) < S < S(r) < Py Py St(r),

for any r € [0, ro] and any (5, S, §1) € X3(Ry, R}) satisfying (8.13). In
view of assumptions (8.8) and (8.9), it follows from (8.59)-(8.61) and Lemma
2.5(a) that

(862)  ACC(P_S=(r) < To(§,8, §) < O (P,SE(r)
for all 7 € [0, 7], A € [Ag, A1, and € € (0, 1), and for any (5, S, 1) €
X3(Ro, R1) satisfying (8.13). It follows from (8.58) and (8.62) that

¢ (r, €) S_(r) = ¢_(r, e) max (A" S, P_ SZ(r)) < To(57,S, ST)
(3.63) < 6 (r, &) min (A S, Py S7(r)) = 6 (r, €) S4(r),

uniformly for all (A_, A\, Ay) € M, all € € (0, 1), all r € [0, 7], all ordered
triples (S~ (r),5_(r), ST(r)) € X3 (Ro, R1;p) and (ST (r), S (r), ST (r)) €

X (Ro, Ri;p) satisfying (8.11) and (8.12), respectlvely, for any particu-

lar (A_, A\, A1) € 9, and all ordered triples (5,8, 8% e X3(Ro, K1)
satisfying (8.13), where we define

(8.64) ¢_(r, €) = min {)\Ce’ A(%o r—z(e))a} ;
¢4(r, €) = max {/\*CE, )\(Z(E)*’“OT)E} .

Now the assertion (8.10) follows directly from (8.63) and (8.64), where we
decrease the constant kg > 0 if necessary (so that koro < C).

9. Multi-surface problem: Convergence of successive
approximations.

9.1. Assumptions, definitions, notation. The assumptions of §7.1
apply throughout this section. For any constants 0 < P}f < 1 < P_,
let W (P, , P}) denote the family of all multisurfaces S = (Si,...,Sk) €
X (R, Ry) such that P S, < S; < PHSf fori=1,... k.

Theorem 9.2. In Problem 1.1 (under Assumptions 7.1), let S =(5,...,

Sk) denote a classical solution such that S € Y N X (Ro, R1; p1) for some

p1 € (0,po]. Then (1.10) holds, where S. € Y denotes the unique solution
of Problem 1.3 at each ¢ € (0,1).

Theorem 9.3. In Problem 1.1 (under Assumptions 7.1), let S=(5,...,
Si) denote a classical solution such that S € W N Xy,(Ro, Ry; p1) for some
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p1 € (0,p0]. Given an initial multisurface Sy € Y, let the sequence of
multisurfaces Sy, € Y,n € N, be defined inductively by Eq. (1.8), where
(en)pZo denotes any given null sequence of values in the interval (0,1) such
that ¥0% gen = 0o. Then S, — S asn — oo, in the sense of Eq. (1.11).

As we will show (see §§9.7, 9.8), Theorems 9.2 and 9.3 are quite direct
consequences of Theorems 9.4 and 9.5, which follow.

Theorem 9.4. In Problem 1.1 (under Assumptions 7.1), let § = (S1,...
Sy) denote a classical solution such that S € Y (P, , P;) N X ,(Ro, R1; p1)
for some fized values p1 € (0,po] and 0 < P <1 < P . For any r > 0, let
the multisurfaces S*(r) = (Si(r),...,SE(r)) € Y be defined inductively
such that

(9.1a,b) Sy (r) = max(\; " S, P ;4 (r));

S.+(7“) = min()\TS P+ S:H( )

7

both for alli =1,... k, where we define Sy () := S, and S,Ll( )= S,

and where the fived values Py, Py ,... , P > 1, P1+,P2+,.. P+ € (0,1),
and A1, ..., A\ > 1 are all chosen appropriately (as dz’scussed z'n the proof
in §9.9). Then:

(a) ForanyO0<a<pB,r>0,i=1,...,k, andt € [0,71] (where ry >0

is sufficiently small), we have

(9-2) S7(8) <8 (a) <S57(0) =8 =57(0) < §¥(a) < S7(P),

(9.3) A8 < ST(r) <8 < SH(r) < ATS,
(9.4) SE(t) = AFS;.

Due to (9.3), we have

(9.5) Mx(S,8) <inf{r >0:8 (r) <8< 8T(r)}

for any multisurface S € Y.
(b) Let the value o > 0 be suitably chosen. Then S*(r) = S%(ry)

for all v > rg. We also have that Tg(ﬁ) CY for any € € (0,1), where
we define ¥ = {Se€Y: S (rg) <8 < ST(ro)}. Moreover, we have
Y (P ,PF)CY.

(¢) There exist a value ko > 0 and a null function zy(-) such that

(9.6) )\(F»OT z0(€)) € S (r) < Tes(S) < /\i(zo(é)—ﬁor)asi—f—(r)
foralli =1,... k, r €0, ro], € € (0,1), and multisurfaces S € 'Y such
that

(9.7) S™(r)< 8§ < 8T (r).
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Theorem 9.5. In the context of Theorem 9.4, we have

(98) S (r=Clwor—z(e))e) < N7,

2 2

(9.9) AT G () < SF(r = C (o7 — 20(€)) )

]

foranyi=1,... k, and for any r € [0, ro] and e € (0,1) such that zy(e) <
kor. Here we define C = (min{ln()\;)})/(max{In(\;)}) € (0,1). In view of
(9.6), it follows that

(9.10) ST ((1=Croe)r+Cezle))
<T(S)<ST((1—Crkoe)r+ Cezle))

for any r € [0, ro] and € € (0,1) such that zo(e) < kor, and for any multi-
surface S € Y satisfying (9.7).

9.6. Remark. The inequalities (9.8) and (9.9) hold for all i = 1,... ,k,
r € [0,71] and € € (0,ep], provided that C' = 1 and the values r € (0, ro] and
go € (0,1) are sufficiently small. In view of (9.4), it follows that if C' =1,
and if the values m € (0,r], 0 € (0,1) are sufficiently small, then (9.10)
holds for any r € [0,71] and € € (0,£¢], and for any S € ¥ satisfying (9.7).

9.7. Proof of Theorem 9.2. By Lemma 7.7, there exist values 0 <
P <1< P such that S. € W (P, P) for all £ € (0,1), where S, solves
Problem 1.3 at €. In the context of Theorem 9.4, we define r(¢) := min {r €
[0,00): §7(r) < 8. < 8T (r)} € [0,r0] for all € € (0,1). Then

ST((1-Croe)r(e) + Cez(e))
<T.(S.) < SH((1=Croe)r(e) + Cezle))

by Theorem 9.5 (Eq. (9.10)). Since S. = T.(S.), it follows from the
definition of r(¢) that r(¢) < (1—-C koe) r(e)+C € zp(¢). Therefore, we have
r(e) < (20(¢)/ko) for each e € (0,1). Thus M (S, S.) < zo(g)/ro by (9.5),
and the assertion follows from the equivalence of the metrics M and M .

9.8. Proof of Theorem 9.3. For a given initial multisurface Sy € ¥,
choose values 0 < P < 1 < P; such that S,Sy € Y (P, ,P}). Then
S (ro) < Sp < ST (rg) for all n € N, by Theorem 9.4(b). For each n =
0,1,2,...,let E(n) € [0,ry], denote the minimum value of r € [0, 7] such
that S~ (r) < S, < ST (r). By Theorem 9.5 (Eq. (9.10)), we have

(9.11) E(n+1)<(1—=Ckoen) E(n)+ Cepzo(en)

for any n =0,1,2,... such that zo(e,) < ko F (n). For any given n € (0, ro],
there exists a positive integer ng such that if n > ng, then zo(e,) < (kon/4)
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and €, z0(e,) < (n/2). It follows from (9.11) that

(9.12) E(n+ 1) E(n)—C (ko E(n)—z0(en))en
E(n) = C((ron/2) = z0(en)) en
E(n) = (kon/4)en

for n > ng and E (n) € [(17/2) 0], whereas

(9.13) E(n+1)<E(n)+epz(en) < E(n)+(n/2)

whenever n > ng. Since X2 j&, = 00, it follows directly from (9.12) that
E (n1) < (n/2) for some integer n; > ng. It then follows from (9.12) and
(9.13) that E(n) < n for all n > n;. Since n € (0,79] was arbitrary in
the preceding argument, it follows that E (n) — 0 as n — oo. Therefore,

Mx(S,,S8) — 0 as n — oo, by (9.5). The assertion (1.11) now follows,
since the metrics M and M y are equivalent.

9.9. Proof of Theorem 9.4. Assume that either £k = 2m — 1 or k = 2m,
where m is a fixed positive integer. Choose the values Ag = 2,A; = gmtl
and ro = 2In(R1/Ro)/In(2) > 0. For convenience, we set Sp := S, and
Sk41 := Si. Let po = min{P;", (1/A1)*7} p1 > 0, where S € ¥ (P, PH)N
X ;(Ro, R1;p1). Let h € (0,1/2] denote a fixed value such that

(9.14) (1—h)* > max{P}, (1/P7)}

(9.15) S; < (1—h)2S;q for i=0,... k.

Let h := min{h; 71,72, ... ,nx} and let go(t) := min{go1(t),... ,g0k(t)} >0
for each ¢ € (0, h], where, foreachi =1,... ,k,n; € (0,1/2] and goi(-): (0,n;]
— R, denote the constant and the positive null function of Remark 3.2, in
the case where r = pg and T} := T, ; (see §2.6). Let the fixed (k + 1)-tuples
(Py,...,PF), (P[,..., Py, be defined by P := 1 ¥ 67, where the fixed
(k+1)-tuples (7, ... 5*) (61 ,---,0;,) are defined inductively such that
(5,;+1,(5+ € (0, k], and such that

(9.16) 67 € (0.8, 07 €(0,90(07,1)]. 6 € (0,90(57 1)),

foralli=1,...,k. Choose C := min{go(8; ), ..., 90(6;), g0(07 ), .., go(; )}
> 0. By Theorem 3.1 and Remark 3.2, we have

(9.17) T.;(S, P, S, PT P, S)> )P S
for all i = 1,...,k, S € XT(Ro, R1;p2), € € (0, 1), and X\ € [Ag, A],

whereas
(9.18) T..(PF, PFS, P S, S) <A “cpts
foralli=1,... ,k S €XT(Ro,R1;p2), e € (0, 1), and A € [Ag, A1].
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Given the above (k + 1)-tuples (P, ... ,Plj'), (P s P y), we will
show that parts (a) and (b) hold for any particular choice of A = (A1,... , Ag)
€ [Ag, A1]*. For each r > 0, let the surfaces Sy (r), Sy (r), ... ,S; (1), Spa(r)
be defined inductively by (9.1a) (starting with Sy (r) := So), and let the
surfaces Sgf (1), S7(r), ..., S;(r), Sk+1( r) be defined inductively by (9.1b)

(startlng with Sk+1( ) = Spi+1), where we set A\g = 1 = Agyq1. Since h €

(0, ], it follows from (9.15) and (9.16) that
(9.19) A8 > AT (14 h)2S 1 > (1+h)Si 1 > PS8
(9.20) )\:§Z < )\;q (1 — /}\L)2§i+1 < (1 — /f;)gﬂ_l < Pi+§i+17

fori=1,...,kandr € [0,r], where r, = In(1+h)/(m+1)In(2). For given
ied{l,.. k:} it follows from (9.1a) and (9.19) (resp. (9.1b) and (9.20))
that S, (r ) = TS (resp. S;(r) = /\"S) provided that S;”,(r) = X, Si—1
(resp. S:Srl( ) = )‘z+151+1) Since S (r) = Ay "So = Sy and Sk+1( r) =
)‘2+1Sk+1 Sk+1, it follows by induction that Si( ) = /\Z:.t’"SZ for r € [0, 7]
andi=1,... Kk, as was asserted in (9.4). As a special case of (9.4), we have
that S(0) = S, as is asserted in (9.2). The remaining assertions in (9.2)
and (9.3) follow easily from (9.1) and (9.4). A simple extension of the same
arguments shows that

(021)  SF) = S50) =500 Sppy(r) < Sy (0) = S

for any r > 0. Turning to part (b), we define ro = 2 ln(éRl/ERO)/ In(2) > 0. It
follows that A7 > 2" > (R1/Ro) for r = rg and i = 1,... ,k, and therefore
that )\TS > Sk+1 and A rS; < S for r > 1y and i = 1,...,k. Since
Sy < S;7(r) < Sf(r) < Sk+1 forany r > 0and i = 1,... ,k, it follows by
(9.1a,b) that

(9.22) SF(r) = P S7,(r)

forr >rgandi=1,...,k Thus S*(r) = §F(ry) for r > ro. By (9.16) and
(9.22), we have

(9.23) SiH(ro) = (1 —h) S, (ro);  S; (ro) < (1+h) S, (ro)
fori=1,...,k, and it follows from (9.14) and (9.23) that
(9.24) S7(ro) < (1+ h)* Sy < P7Sp < S;

< P Spi1 < (1= h)* 81 < S (o)

fori =1,...,k, and any multisurface S = (Sy,... ,S) € Y (P, , P;H). Also,
it follows from (9.14), (9.16), and (9.22) that Si(rg) € X (R, Ry; pa) for
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i =1,...,k. In view of this, it follows from (9.17), (9.18), (9.21), (9.22),
and Lemma 2.5(a) that

(9.25) S (rg) < T(S (r0)) < Te(S) <T-(ST(r0)) < ST (ro)

for S€ ¥ and e € (0,1). Part (b) follows from (9.24) and (9.25).

We now turn to the proof of Part (c), which requires further specification
of the vector A. Foreach i = 1, ... , k, let the functions 4,(t), B;(t): [0, 00) —
R, be as defined in Theorem 8. 1 and Corollary 8.2 for the particular case
where S := §i, SE = Niil, F =F, T =1, Py = Pii =1F 6?,
Ao = 2, A1 = 2m+1, Mo = (l/Al) = (1/2m+1), M1 = (Al/Ao) = 2m7 and
ro = 2In(R1/Ro)/In(2). For each i =1,2,... , k, we write A;(t) = Ag; >0
and Bz<t) = BOJ' S (0, 1/2) for t € [0, 1], and Az(t) = Al,i > A()’Z' and
Bz(t) = Bl,i =1- Bgﬂ' S (1/2, 1) for t € (1,00) For each 7 = 1, ce ,k‘, and
for any small value k > 0, we use M;(k) to denote the set of all ordered
triples (A_, A\, A1) such that A € [Ag, A1] and AL € [1,A;], and such that
the values p® = (Ax/A) € [pd, pd®] N [y %, uy ©] satisfy (8.4) and (8.5)
with po := 1/A1, p1 := Ai/Ao, qo := 1/r9, Co := A%, A(t) := A;(t), and
B(t) := B;(t). Let 2t(k) denote the family of all ordered k-tuples A =
(A1, A2, ..., Ak) such that (A\j—1, A\j, \it1) € M(k) for i =1,2,... , k, where
we set A\g = Apr1 = 1.

We will first prove part (c) under the additional assumption that 9t(x) #
() for some value k > 0. Let A = (\1,...,)\;) denote a fixed k-tuple
in M(k). In view of results in §2.2, it is also clear from (9.la,b) that
for any ¢ € {1,... .k}, r € [0,70], and p € (0,p1] such that S, ,(r) €
X~ (Ro, Ri;p) (resp. Sf(r) € XT(Ro,Ri;p)), we have that S; (r) €
X~ (Ro, Ri; (1/A1)™ p) (vesp. S;(r) € XT(Ro,Ri;(1 — h)p)). It follows
by induction from this (and the fact that Sy (r) = So € X~ (Ro, R1; po),
Si 1 (r) = Spt1 € X (Ro, Ru3po), and (1 — h)F > P}F) that

(9.26) S (r) € X*(Ro, Ry; p2)

for all ¢ = 0,1,... ,k,k+ 1 and r € [0,7r9], where the constant py :=

min{ P}, (1/A1)¥7} p; > 0 was introduced previously. It is also clear from
(9.1a,b), (9.3), and (9.26) that for each i = 1,... , k and each r € [0, ro], the
triples

(SZ(r), 8—(r), 87 (r)) = (Si_1(r), S7 (r), Si1(r)) € X5 (Ro, Ru: p2),
(ST(r), S4.(r), ST(r)) = (82, (r), Si7(r), S, (1)) € X5 (Ro, Va3 p2)

satisfy the requirements of Theorem 8.4, Egs. (8.11) and (8.12), respectively,
in the particular case where pg := 1/Ay, p1 := A1 /Ao, qo :=1/ro, Cp :=
S_SZ)S - 1:|:1)F—-FZaTE-—Tau)\—)\7,7)\:i::—)\z:|:1aP——P_

P_ = = P, P+ = P , Py o= P, and po := p2. In view of (9.17) and
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(9.18), it follows from Theorem 8.4 that for each i = 1,... , k, there exist a
value kg; > 0 and a null function z;(-) such that

9.27) AT G (1) < T i(Si1, 1, Sien) < AT 5 ()

)

for any r € [0,79], € € (0,1), and ordered triple (S;—1,5;, Si+1) € X3(Ro, K1)
such that

Si(r) <8 < S8F(r),  Sipy(r) < Six1 < SE(r).

At this point, the asserted inequality (9.6) (with k9 = min{kg; : i =
1,...,k} and zo(e) = max{zi(e) : i = 1,... ,k} for any € € [0,1)) follows
from (9.27), in view of Lemma 2.5(a) and the fact that S; (r) < So < Sq(r)
and S, (r) < Spi1 < S (r) for 7 € [0,70] (see (9.21)).

To complete the proof of Theorem 9.4(c), we will show M (k) # O for suf-
ficiently small k > 0. For given x > 0, we seek a k-tuple A = (A\1,..., A\g) €
M (k) in the form (7.5), where either k = 2m or k = 2m—1 for some m € N.
For A = (Aq,---, A¢) in this form, the condition that (A_1, Ai, Aiy1) €
M, (k) for i € {1,...,k}, i # m, reduces, according to Remark 8.3(b),

to the requirements that A", /\iﬁj_1 < /\i(lfm‘i) fori = 1,...,m —1, and

)\'?11 )‘;')il < )\i(l_ﬁl’i) fori = m+1,..., k, where o; = AO,iBO,i/(AO,iBO,i +
Al,iBl,i) S (O, 1/2), 0B; = (l—ai) S (1/2, 1), K14 = H/<AO,iBO,i+A1,iB1,i) >
0, all for each i # m. It is sufficient to replace these conditions by the re-
quirements (7.7) and (7.8), where we define « := min{o; : i # m} € (0, 1/2),
B:=(1—«a)=max{f; :i# m} € (1/2,1), and k1 = max{r1,;:7# m} > 0.
The condition that (Am—1, Am, Am+1) € M, (k) reduces (also according to
Remark 8.3(b)) to the requirement (7.9), where B € {Bym, Bim} and
kg = K[Agm > 0. It is seen by the arguments in §7.12 that the condi-
tions (7.7), (7.8), and (7.9) are all satisfied for sufficiently small x > 0 by
defining A by (7.10) and (7.11).

It remains to validate our a priori assumption that A\, € [Ag,Aq] =
[2,2™FY for i = 1,...,k. Since this assumption played a role in the above
theoretical determination of the values «, (3, and k, it is important that
its validation apply to any admissible choice of o, 8, and k. Here, we call
the triple (o, 8, k) admissible if a € (0,1/2), f = (1 — «) € (1/2,1), and
k1 = k1(k) € (0,1 —2(aB)'/?). For any admissible (a, 3, %), we have that
0 < Ry < Ry < 1. Therefore, it follows from (7.10) that

In(Am) = ((R3" — RY")/(R2 — R1)) In (A1)
=R+ R PRy + RMP R4+ R In(\) < min(\).

Thus, we have A, < A". A similar argument based on (7.11) shows that

Am < )\,(Ckﬂ_m) for admissible («, 3, k). It easily follows that A, Ap >

)\g/(mﬂ)) for k = 2m — 1 or k = 2m, independent of admissible («, 3, k).
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Therefore, by making the arbitrary choice \,, = 2™*!, we conclude that
i € 2,2 for i = 1,... |k, independent of admissible (a, 3, k).

9.10. Proof of Theorem 9.5 and Remark 9.6(a). The inequalities
(9.8) and (9.9) follow from the fact that

(9.28a,b) aS;(r)> S, (r—o); BST(r)<SH(r—r),

both for any r € (0,r9] and i = 1,... , k, where «, 3, o, 7 > 0 denote values
such that

(9.29) 0<B<AT<1I<N <a

for i = 1,... k. In fact (9.8) (resp. (9.9)) follows from (9.28a) (resp.
(9.28b)) in the case where a = (1/3) = (min{)\;})(fo7=20()e and o =
T = C (kor — 20(¢)) €. To prove (9.28), we first observe that (9.28a) holds
trivially for ¢ = 0, while (9.28b) holds trivially for i = k + 1 (where we have

defined Sy (1) = So and Sk+1( 1) = Sp41, both for any r € [0,70]). Now if,
for a given integer ¢ € {1,... ,k}, we have

a8 4(r) =8 (r—o) BSL(r) <S8k (r—1),
for all r € [0,7¢], then it follows by (9.1) and (9.29) that
aS; (r) = max{«a )\Z-_TSi, aP” S ,(r)}
> max {\7"S;, P S;,(r — o)} = S; (r — a),
387 (r) = min {BA} S;, 8 P Sf(r)}
< min {\]" S, PrSE (r—7)} =85 (r—1).

+1
Therefore, (9.28) holds by induction.
For the proof of Remark 9.6(a), observe that S; (1) = A\;"S; and S (r) =
ArSi for i =1,... ,k, provided that r > 0 is sufficiently small. Therefore,

/\(,@Or z0(€)) ESI ( f-eor z0(g)) e— rS —S ( (KoT—ZO(??))E)a
(r) = zO (e)— nor)a+rS _ S-‘r( — (kor — 20(g)) €)

both for i = 1,... ,k, prov1ded that » > 0 and ¢ > 0 are both sufficiently
small.

)\(zo( —KQT) 5S+

7 A

9.11. Concluding remarks. (a) The author believes that by relatively
straight-forward modifications, the present convergence proof will extend to
several modified versions of Problem 1.1. First, one can generalize (1.2) such
that for each ¢ = 1,... ,k+ 1, the function U;(z) is p;-harmonic (for a given
constant p; > 1) in the annular domain €; (see [6, 10, 17]). Secondly, one
can let the outermost boundary Si1 become a free boundary characterized
by the requirement that |VUy11(x)| = A(z) on Sk41, where the given posi-
tive function A(x) has suitable properties (guaranteeing the starlikeness of
solutions relative to some ball). Thirdly, one can consider the (essentially)
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limiting case of Problem 1.1 (or either of the above modified versions) in
which the layers are horizontally infinite, and the layer boundaries are the
graphs of functions z = S;(y): R¥~! — R, each of which becomes constant
in the limit as |y| — oo.

(b) At the cost of abandoning a general mathematical convergence analy-
sis, the above “operator method” can be modified to produce various related
trial free-boundary operators (for Problem 1.1) with improved convergence
properties, as observed in test cases such as the limiting case of infinite par-
allel planes. For example, one can seek to accelerate convergence by multi-
plying the forward progression induced by the operator by a factor A > 1
at each step of the iteration. Given a smooth iterate Sy, = (Sn1,... ,Snk),
one defines S, 11 such that Sp11;, = {2+ Adpi(x,en) vni(x) : € Spi}
for i = 1,...,k, where v, ;(z) denotes the exterior unit normal to S, ;
at © € Sy, and ¢y i(z,e) denotes the translation of Sp; in the direc-
tion vy, (x) which is induced by applying the operator T'., to S,. As a
limiting case (as €, | 0, where A\ = (u/ey,) for some fixed p € (0,1]),
one defines S, 41 such that S,11,; = {z + podni(x) vyi(z) : © € Sy} for
i=1,...,k, where ¢, i(z) = limit. o4 (¢ni(x,€)/e) for z € S, ;. The func-
tions ¢ i(x) : Sy — R, i=1,...,k, solve the equations

Fi(@, [[VUn il /(1 + ¢nil VU] [[VUn il /(1 = 6 il VUniga])]) = 0,

where the functions Uy, 1,... ,U, k41 solve (1.2) in the case where S := S,
and the derivatives exist.
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