QUANTUM STIEFEL MANIFOLD AND DOUBLE COSETS
OF QUANTUM UNITARY GROUP

G.B. PODKOLZIN AND L.I. VAINERMAN

Volume 188 No. 1 March 1999






PACIFIC JOURNAL OF MATHEMATICS
Vol. 188, No. 1, 1999

QUANTUM STIEFEL MANIFOLD AND DOUBLE COSETS
OF QUANTUM UNITARY GROUP

G.B. PoODKOLZIN AND L.I. VAINERMAN

Dedicated to the memory of Professor Yuri L. Daletskii

We study the homogeneous space of the quantum group
Uy (n) related to the subgroup Ugz(n — m) (m < n), classify
its irreducible representations and get a formula for its in-
variant integral. We also study the double cosets U,(n —
m)\Ug(n)/Uy(n — m) and the hypergroup structure associ-
ated with them.

1. Introduction.

If a group G acts on a set S transitively on the right, then one can view
S as G/K, where K is a subgroup of G. Thus a function on S can be
considered as a function on G, invariant with respect to the right shifts by
elements of K. It is especially interesting to consider bi-invariant functions
on G since they can be identified with the functions on the set of G-orbits
in §. If G is a locally compact group and K is its compact subgroup with
Haar measures pg and pg respectively, then the set B C L1(G, pg) of all
bi-invariant functions is an algebra with respect to the convolution and has
a natural hypergroup structure related to generalized translation operators
(see the survey [23] and the references given there):

(1) RPf(g) = /K Flakh)dpc (k) = A()(g.h), g.h€G.

If the subalgebra B is commutative ( or, equivalently, the coproduct A is
cocommutative) then (G, K) forms a Gel'fand pair [6]. In many cases the
characters of B are well known special functions of mathematical physics.
This explains the importance of the notion of a Gel’fand pair.

The case of a noncommutative subalgebra B has been studied in a number
of papers. In particular, a pair (SO(n), SO(m)) was considered in [8], [22].
It is known that the homogeneous space SO(n)/SO(m) can be regarded as
a Stiefel manifold S™"~™. The infinitesimal object for the corresponding
hypergroup structure was investigated in [15], [16].

A similar situation arises while considering functions on compact quantum
groups [29] (see also [20]). Here, for a pair of compact quantum groups
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(H1,H2) and a surjection 7 : Hy — Ha, we also consider an algebra H of bi-
invariant elements and define a coalgebra structure on it [4], [24], [25], [26].
In this situation we say that H is endowed with a hypergroup structure. If
the coalgebra is cocommutative, we call (Hi, Hz) a Gel'fand pair [12], [24].
If, in addition to, the algebra is commutative, we call such a Gel’fand pair
strict [24], [25].

When algebra and coalgebra of bi-invariant elements are noncommuta-
tive, a corresponding hypergroup structure is more complicated. One of the
simplest examples of such a situation is given by the pair H; = Uy(n), Ha =
Uy(n—m) (quantum unitary groups, m < n). For this pair we study a struc-
ture of a homogeneous space Sq""" = U,(n)/U,(n — m) which is a quantum
analogue of a Stiefel manifold. We give its description in terms of genera-
tors and relations of commutation, obtain a classification of its irreducible
representations and a formula for an invariant integral on it. These re-
sults generalize the results obtained in [14], [17], [21], [28] for m = 1. In
this case Sy 1 are quantum spheres. We also investigate the double cosets
Uy(n — m)\Uqy(n)/Uy(n — m) and the corresponding hypergroup structure.
In a special case m = 1 these and related questions were studied in [4], [7],
[11], [12], [24], [25], [26].

We are grateful to Prof. Yu.A. Chapovsky, A.A. Kaljuzhnui, A.U. Klimyk
and T.H. Koornwinder for many useful discussions. The second author is
grateful to Prof. C. Anantharaman and J. Renault for their kind hospitality
and support during his stay in Orleans, where this work was finished.

2. Preliminaries.

All modules, comodules, algebras, coalgebras, Hopf algebras [1], linear maps,
homomophisms, tensor products are considered over the field C' of complex
numbers. Algebras (coalgebras) are associative (coassociative) unital (couni-
tal).

2.1. Quantum group GL,(n,C) [5], [14], [18], [19].
Let a Hopf algebra H := A(GLy(n,C)) be generated by letters ¢;; (i,j €
{1,...,n}),det ™", satisfying the following relations of commutation (q € C):

(2) tirtjk = qtjrtin, tritk; = qlijtr (1 < J),
(3) tiltjk = tjktil (2 <4, k< l),
(4) ity — qtatie = titiw — @ tirta (0 < gk <1).

(5) det;ltij = tijdetgl.
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The coproduct A : H — H® H and counit ¢ : H — C' act in the following
way:
3 =Dt @ty Aldet!y) = det, ! @ det, ",
k

E(tij) = (Sz'j, a(detq_l) =1.
The antipode S is a homomorphism S : H — H such that:
S(tij) = (—Q)i_jﬁgdetq_l,
S(det, ") = det,

where
l
55 = Z (_Q) (T)tiT(l)jl o ti,.(,«)jr
TEP:
is the quantum minor determinant; k= (1, k=1,k+1,--- ,n), dety =
5%2 I = (il,--- yvir); J = (J1,-+ ,Jr), P is the permutation group of
the set (1,---,r); I(1) = (7(1) ,--~ ,7(r)) is the number of inversions in 7.
The commutation relations (2), (3), (4) can be rewritten as
(6) R(T®T) = (T © T)R,

where T := (tij)i,jzl,...,n = Zi,j t;jEij € Mat(n,A(GLq(n,C))), T®T =
Zm’k’l tijtEij © By, R € Mat(n,C) ® Mat(n,C) is a so-called constant
R-matrix of type A,—1 [9], [18]:

_QZE11®EZZ+ZE]1®EZ]+ q_q ZE22® VIE
i#j i<y
E;; are matrix unlts.

Remark 1. The quantum minor determinants satisfy the following rela-
tions:
= Y ot (&) =06

#K=r

2.2. Quantum universal enveloping algebra U,(gl(n,C)) [5], [14],
[18].

Let L,, be a free Z-module of rank n with a canonical basis (g1, - ,&p) :
L, = ®}_,Ze. We fix a symmetric bilinear form L, X L, — Z defined by
(€i,€5) = 0i5. An element of L,, will be called an integral weight.

The quantum universal enveloping algebra U,(gl(n,C)) is a C-algebra
defined by generators eg, fy (k € {1,...,n}) and ¢* (X € L,) and the
following relations of commutation:

Pepg ™ = ¢eEmEile g = Ve TERN £ N e Ly, ke {1,...,n}

Ois q€i—8i+1 _ q_5i+5i+1 o
eif; — fiei = i pR— ), i,7€41,...,n}
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eiej—(q+q eiejeitejef =0, fifi—(a+a D fififit fiff =0, li—jl =1
eiej = ejei; fifj = fifi li—jl>1
" =1, ¢ =" \pe Ly

This algebra has also a structure of a Hopf algebra with the following co-
product A, counit &, and antipode S:

A=, e¢)=1, S =q
Aler) = e, ® q*(Ek*EkH)/? + q(fk*EkJrl)/z ® e, c(er) =0,8(e) = —qilek

A(fe) = fr@q G2 4 o= 2 g 0 e (fi) = 0,5(f) = —qfe.
Given two Hopf algebras A and H over C, we say that a C-bilinear form
(a,¢) : H x A — C'is a pairing of Hopf algebras if it satisfies the following
conditions:

<CL, ¢¢> = <AH(a)7 ¢ ® 7/]>7 <a7 1> = EH(CL)
(ab,¢) = (a @b, An(9)), (L,¢)=ca(9),
<SH(G’)7 ¢> = <a7 SA(¢)>7
for any a,b € H and ¢, € A.
The following proposition can be found in [5], [19]:

Proposition 1. There ezists a unique pairing of Hopf algebras Uy(gl(n,C))
and A(GL4(n,C)) (briefly GLy(n,C)), such that:

(q)\atij> — ijq()\,si> <q’\,detzn> _ qm<)\,51+...+sn> (m c Z)

(erstij) = Oinbjns1s  (fartij) = Oiks10k
(ex,dety") = (fg,dety") =0 (m € Z).
Let V be a right GL4(n,C)-comodule (resp. left GL4(n,C)-comodule)
with a structure mapping Rg : V. — V ® GLy(n,C) (resp. Lg : V —

GL¢(n,C) ® V), then V has a left (resp. right) module structure over
Uq(gl(n,C)) defined by

a-v=(id®a)oRg(v) (resp.v-a=(a®id)o Lg(v))

Va € Uy(gl(n,C)) and v € V.
In particular, GLq(n,c) is a bimodule over U,(gl(n,C)). The actions of
the generators ¢*, ey, fi are given by

) (Aei)

¢ Mij = tijqg tiq = tijg™M;
ertij = tij—10jk+1;  tijer = Oiktit1,5;
frti; = tijr10jk; tij fr = 0i pr1tiz1j-
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2.3. Quantum G-spaces and relative invariants [14].

Let G be a quantum group with a coordinate ring A(G). Then a quantum
space X is called a quantum left A(G)-space if the coordinate ring A(X) of
X has a structure of a left A(G)-comodule Lg : A(X) — A(G) ® A(X) such
that L is a C-algebra homomorphism. An element y of A(G) is called a
linear character of G if

Alx)=x®@x, e(x) =1,

For a given linear character x of G, an element ¢ of A(X) is called a left
relative invariant with character x if Lg(¢) = x ® ¢. The subspace of all left
relative G-invariants in A(X) with a character x is denoted by

(G\X;5x) = (¢ € A(X) : La(d) =x ® ¢).

The notions of right G-space and right relative G-invariants are defined
similarly. If x = 1, the subalgebras of all right- and left- invariants are called
quantum homogeneous spaces and denoted by X\G and G/X respectively.
In the similar way one can define a subalgebra of bi-invariants:

G\X/G={pe A(X): Ra(¢) =@ 1,La(¢) = 1® ¢}

2.4. Corepresentations of GL,(n,C) [14].
In what follows, we use an abbrevation ; = &;,.j, (resp. ¢ = gidr)

to refer to a quantum r-minor determinant &j:-7; (resp. &{';7") where J =

(J1 <o <r)-

For each positive integer r with r € {1,---n}, we define the fundamental
weight A, by A, = €14 --+¢&,. Let A be an integral weight in L,, in the form
A=Ay, +-+ Ay, 0<m <--- <my <n. This condition is equivalent
to stating that A is written as A = Aje1+-- -+ Apep with 0 < A, < -0 < Ay

For such A\, let T = (T;5;1 <7 <mn, 1 < s <\.) be a family of elements
in (1,...,n). If T satisfies the conditions

(7) Tro1s <Trs for 1<s<l, 2<r<ms,

(8) Trs-1 <Tps for 1<r<mn, 2<s<A\,

then T is called a semi-standard tableau of shape \ with labels in (1,...,n).
We denote the totality of all semi-standard tableaus T'= (7} ) by SSTab, ()
and define the standard monomial & indexed by T' as the product of quan-
tum minor determinants

§T=§J1...§Jl GGLq(TL,C),

where Jg = (T s, ..., T, s) for s € {1,...1}.
Suppose now that ¢ is not a root of unity.
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Proposition 2. If 0 < A\, < --- < Ay, then the standard monomials &p =
&n ... &y, indexed by the semi-standard tableaus T in SSTab,(\) form a
C-basis for a right GLy(n,C)-comodule denoted by VE(N).

In a similar way one can construct a left irreducible GL,(n, C')-comodule
VL(/\). We say that an integral weight X\ in L, is dominant if A, < --- < Aq.

Proposition 3. (1) If A is dominant, then the monomials (dety) ™" &7 in-
dexed by semi-standard tableaus T in SSTaby,(A+m(e1 +---+¢€p)) form a
basis for the right GLq(n,C)-comodule VE(X) for any m € Z with A, > —m.
(2) Any finite-dimensional irreducible right (resp. left) GLy(n,C)- co-
module is isomorphic to VI()) for some dominant integral weight X in Ly,
(3) Any finite-dimensional right and left GLgy(n, C')-comodule is completly
reducible.

Proposition 4. The coordinate ring A(C'Ly(n,C)) is decomposed into the
direct sum of irreducible two-sided GLg(n,C)-comodules:

(9) A(GLy(n,C)) = &rW(A)
where the two-sided GLg(n,C)-comodule W (\)is isomorphic to the tensor
product of the left and right irreducible GLy(n,C)-comodules VE()\) and
VEN):

W) ~ VEQ) @ VEQ,

and the summation runs over all dominant integral weights X in L,,.

2.5. Invariant integral [14], [29], [21], [27].

Definition 1. A linear functional v : GL4(n,C) — C' is called right-inva-
riant (resp. left-invariant) integral if

(v®id)o A(¢) =v(p)-1 (resp. (id®@v)oA(p) =1-v(d))
for all ¢ € GLy(n,C). A bi-invariant integral is called a Haar integral.

Proposition 5. There exists a unique Haar integral h with h(1) = 1 and it
is the projection v : @\W () — W(0).

2.6. Quantum group U,(n) and quantum homogeneous space U, (n—
1\Uq(n) [14], [28].
The definition of a Hopf *-algebra can be found in [20], [19]:

Definition 2. A Hopf algebra H is a Hopf *-algebra if it is equipped with
a conjugate linear mapping * : H — H, such that:

(1) 1" =L (gy)* = ¥*¢™.

(2) e(¢") =e(¢); Aox=(x@x)0 Ay (Vo,9 € H).

(3) xox =id;* 0 Soxo0 S =id.
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Now we define the “compact real form” U,(n) of GLy(n, C) by introducing
an involution in the Hopf algebra GL4(n,C), if ¢ is real, ¢ ¢ {—1,0,1}. The
anti-homomorphism * acts on A(GLy(n,C)) in the following way:

t*ij = S(tjz‘) Vi,j € {1, e ,n} (det;l)* = det,.

One can check that T*T = TT* = 1, where T* = ((t*};)}';—;), and that
A(Uq(n)) = A((GLy(n, C)), *) is a Hopf *-algebra.

Definition 3. The above Hopf *-algebra is the algebra of polynomials on
the quantum unitary group U,(n). Sometimes we denote it briefly U,(n). The

algebra of polynomials on the quantum group SU,(n) is a Hopf x-algebra
specified by the condition det, = 1 with the same A, ¢, S, *.

For 1 <'m < n we define an epimorphism 7, : A(Uq(n)) — A(Uy(n—m))
of Hopf x-algebras by:

Ym(tiz) = sij (1 <i,5 <n—m);
(10) Y (trr) = 0kl (k or 1 >n—m); vm(detq_l) = detgl.
Proposition 6. The algebra Uy(n — 1)\Uy(n) is generated by tnr and
t*. (1 <k < n), satisfying the following relations:
titng = Qtagtnis qtith; = thith; (1 <i<j<n),
tnjtni = @tnity;, 1< 1,5 <n

tritnk = taktig, + (1= @) D tutiy (1 < k < n)
<k

n
> ity = 1.
k=1

The structure of the quantum homogeneous space Uy(n)/Uqs(n — 1) is
similar.

2.7. Double cosets of quantum groups [4], [24], [25].

Let H; = (H;,di, 1;,A,ei,5;) (i = 1,2) be two Hopf algebras, where d;
is a product, 1; is a unit, 4A; is a coproduct, ¢; is a counit, S; is an antipode
in H;. Let v : H; — Ho be an epimorphism of Hopf algebras, i.e. it is an
algebra epimorphism such that (y®+)oA; = Agoy, £1 = 907, y0S; = Sy07.

With respect to the coactions

LH2:(7®id)OA1, LH2 :H1 — Hy® Hy

(resp., Ry, = (id® ) o Ay, Rp, : Hy — Hy ® Hy)
Hj is a left (resp., right) He-comodule. Define the sets Ho\Hi, Hi/Ho, Ha\

H,/Hj of left-, right- and bi-invariants in H; with respect to Hy exactly as
in 2.3.
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Remark 2. a) Since Ly, and Ry, are homomorphisms, the above sets are
unital subalgebras of Hj.
b) A straightforward verification shows that:

Al(HQ\H1) C HQ\Hl ® H1,A1(H1/H2) CHI® H&/va7

Al(HQ\Hl/HQ) - HQ\H1 (= Hl/HQ.

c) From Aj0S; =00(S1 ®S51)0A; (here o(a ®b) = b® a), one can
deduce that

Sl(HQ\Hl) C HQ\Hl, Sl(Hl/HQ) C Hl/HQ,
S1(H2\H1/H2) C Hz\Hl/HQ.

Let 9 be an invariant integral on Hy (it exists if Ho is associated with a
compact quantum group [29]). Introduce a new coproduct on Ho\ Hy/Ho:
(11) A:=(d®ryoy®id)o (A ®id) o Ay.

This is a generalization of (1) for Hopf algebras case.

We denote the restrictions of €1, .51, to Hy\H1/H2 by the same letters.

Proposition 7. Let a mapping A be defined by (11). Then:
a) A maps HQ\H1/H2 nto HQ\Hl/HQ & HQ\H1/H2;
b) A is coassociative, i.e.

(id®A)o A =(A®id) o A;
c) 1 is a counit on Ho\Hy/Hy with respect to A:
(e1®id) o A= (ld®e1) o A =1id;
d) if v1 is a left- (resp., right-) invariant integral on Hy, then its restric-
tion to Ho\Hy/Hs is left- (resp., right-) invariant with respect to A:
(11 ®id) o A(h) = v1(h)11
(resp., (id ® 1) o A(h) = v1(h)1y);
e) the following relation holds:
AoSy =00(S®5857)0A;

f) if both H1, Ha are Hopf x-algebras and ~y is their x-epimorphism, then
Hy\Hy, Hy/Hy, Ho\H1i/H> are unital *-algebras, A ox = (x ® x) o A and
A maps the cone of positive elements of Ho\Hy/Hy to the cone of positive
elements of its tensor product.

Now recall that if H; is a Hopf *-algebra associated with a compact quan-
tum group, then [29] H; can be represented as

da
(12) H=>"Y%" Cuy,

a g,5=1
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where ', are matrix elements of d,-dimensional unitary corepresentation
9,

of Hy (d, < oo for all o running over some discrete set Q) and there exists
an invariant integral v on H, which is a state and such that a-sum in (12)
defines an orthogonal decomposition in the sense of the inner product given
by (f,g) := v(f-g*) after a suitable choice of an orthonormal basis for each
representation space. In this case, the comodules Hy\Hy, Hy/H; as well as
H>\H,/H> may be given by

dy  da do  di
TRV S) 9 STV 3) 9) SILTH
a =1 j=1 a =1 j=1
de,
H2\H1/H2 = Z Z Cuffj
a i,5=1

where d], < d, for all . One can see that
dg,

(13) Audy) = ufy @ug ;.
k=1

3. Quantum Stiefel manifold U,(n)/U,(n —m).

3.1.
For studying the structure of the quantum space Uy(n)/U,(n — m), de-
compose Uy(n) into a direct sum of irreducible U, (n — m)-comodules.

Definition 4. A dominant integral weight u € L; is said to be subordinated
to a dominant integral weight v € L; (1 <i < j <n)if

(14) Viyj—i S 125 S 4% (V 1 S k S 7,)

In this case we write p < v.

Lemma 1. Let A be a dominant integral weight in L,, VE(X) be an ir-
reducible right Uy(n)-comodule of the weight \. Considering VE(X) as a
right Ug(n — m)-comodule (1 < m < n) with a coaction Ry, (n—m) =
(id ® vim) Ry, (n), we have a decomposition:

(15) VE) ~ @y K VA, "),

where u™~™ runs over the set of all dominant integral weights in Lp_n,
subordinated to A, VE(X, u"=™) is an irreducible Uy(n —m)-comodule of the
weight "=, K/i‘n_m > 1 is its multiplicity, ~ means an isomorphism.

Proof. For m =1 the result has been obtained in [14]:
(16) VEQA) = @,n 1 VEQ, p™ ).
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Every U,(n — 1)-subcomodule VE(X, u"~1) of VE()) is isomorphic to an
irreducible right U,(n — 1)-comodule V(u"~1) with weight y"~!. By this
isomorphism and a decomposition of V(u"~1) similar to (16), on the second
step we have

VE) = @pn-1 Sy VIO 1" 1"72) ~ @Bgn—a VI, {p}"72),

where {u}"~2 is the collection of the weights {u"~ !, "2} with p"=2 <
ptto VRO {p}"7?) is a Uy(n — 2)-subcomodule of the right U,(n — 2)-
comodule V(\), and V(X {u}"2) is isomorphic to an irreducible right
Uy(n — 2)-comodule of the weight p"~2. On the m-th step of this process
one gets a decomposition:

VEQ) = @guyn-n VI {n}"™™),

where {4}~ runs over the set of all collections of the dominant integral
weights {p}"~" = {p" 1, - p"™}, pt € Ly, with gt < gl

Here VE(X, {u}"~™) is a U,(n — m)-subcomodule of the right U,(n —m)-
comodule V#()) and it is isomorphic to an irreducible U, (n —m)-comodule
of the weight ™. There are several collections {}" ™™ “leading” from A to
u"™ 7™ the number of these collections defines the corresponding multiplicity
K ;‘n,m (the formula for computation of this number is quite complicated).

3.2.

In a usual way, one can give a definition of the highest vector of the
weight 4"~% in the irreducible U,(n — i)-comodule VE(X, u"~%). It can be
constructed as follows. Remind that the basis in VF()) is formed by all
possible standard monomials {7 indexed by the semi-standard tableaus T
in SSTaby ().

(1) Let a tableau T" be such that &7 is the highest vector of an irreducible
Uq(n—1i)-comodule. This is possible if and only if ey -&r = 0Vk € {1,...,n—
i—1}. Since ey, - &jy...j, = &jyojp—1--js, if sSOmMe jp = k+1, and ey - §j,...5, =0,
if ji,---,js #k+1(j1 <---<js <n), then one gets that

ek.g(]‘s:o, Vk6{17’n_z_1}7

if JS = (]-7 to 7p87jps-‘r1’ e 7js)7 where 1 < DPs <n-— 7;7 jps-‘rla o 'js >n—i.
So the above structure of the lines of the tableau T is necessary. After that
it remains to check that for such a tableau we also have:

- Er =g Epyen € Ly, Yk =T,n—1i.

(2) If a tableau T has the above property, one can get a collection of
tableaus 7"~ (1 < i < n) (each of them is obtained by removing from
T its elements T, exceeding n — 7). Every r-column of the tableau (=1
has, obviously, the height u”~ = card{l < s < \:|Ts < n — i}, and it is
clear that """ = 0if r > n —i. So, u" % = Zf;f U e, € Ly,_;, and the



QUANTUM STIEFEL MANIFOLD 189

collection of the weights {u}"~ satisfies the condition of subordination. Let
us show that the monomial &y - is the highest vector of the weight p"~*
in the irreducible Uy(n — i)-comodule.

In fact, according to the construction of 7~%, one has ey, - Erin-n =0
Vk € {1,---,n — 1 —1}. Now it is sufficient to show that ¢ - &pm_i =
q“ZﬂﬁT(n_i) Vk € {1,--- ,n—i}. Taking into consideration the formulae ¢°* -

. <Ek’A n—z++A n—i>
tij = ¢ityj, ¢°-&y = ¢ M and ¢F &y = q Is

= q“z_zfﬂnﬂ'). Considering a line J and the corresponding line J™ 9 we
have ¢°% - £ = ¢lewdae; = q<5’“’AJ(”*i)>§J Vk € {1,--- ,n —i}. This means

that ¢ - g = ¢ TR e _ i

So one gets that &7 (corresponding to the semi-standard tableau 7" with
the above property) is the highest vector of the weight u,(n"ﬂ) in the irre-
ducible U,(n — i)-comodule V()). The epimophism v; : Uy(n) — U,(n — 1)
maps {7 to pm—i) and in this way generates an isomorphism of irreducible
Uq(n — i)-comodules.

T (n—1)

Remark 3. Lemma 1 and the mentioned construction of the highest vector
can be applied also to left comodules.

3.3.

In what follows we consider the homogeneous space Uy(n)/U,(n — m),
i.e., the subcomodule VE()\) of comodule U,(n) of the weight y"~™ = 0.
From inequalities 0 = py~ "™ > ,ug_m_l > >k > A1 > > Ay
we obtain A, < 0. The condition p"~™ = 0 means that the tableaus T €
SSTab,(\) do not contain the numbers 1,--- ,n —m. Using Proposition 3,
we can proceed to the case )\, > 0. The new weights can be written as:
A=XA=Apler+---46,), Z%™ = p" ™ — A\, = —\,. That is why the new
tableaus T € SSTab, (A — A\p(e1 + -+ + &5)) corresponding to the highest
weights of this comodule will already contain the numbers 1,--- ,n — m.
Moreover, each of them should contain a rectangle block beginning from the
first line and the first column, every its line containing a completely ordered

set 1,--- ,n —m, the number of its columns being equal to —\,,.
Consider now the generators vy = detg‘” &r of the above Uy(n — m)-
comodule. Since the number of lines of T' containing the numbers 1,--- ,n—

m equals to —\,, then these generators can be written in the form: vy =
det;1 &y - d(—:-t;l §r oy, §T 5 1" £TA17M, where T; are lines of T. By the
definition of * we have: det,' &y, = sgnq(ﬂ,ﬂ-c)(fj{ic)* and then vy =

( %f)* ( ;ZA")* &1 yo41 €1y, s, - Here T is the complement of T;
7)\"'1 n n

to the set (1,---,n), I; is the line (p,--- ,n), p is the length of the T;, and
sgng(I,J) = (=)'UD I(I,0) = #{(i,5) i € 1,5 € J,i > j}.
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The lines Ty, 41, ,Tx,—x, do not contain the numbers 1,--- ,n —m
by the construction.

The comodule generated by the vectors vy is the Uy (n —m)-subcomodule
of the weight y"~™ = 0 in Uy(n — m)-comodule V(\). We denote it by
VE(N)?_ . There is an isomorphism W(A)/Uy(n—m) ~ VEA) @ VEWNY_
and Uy (n)/Uy(n—m) ~ & VE(N) @ VR(/\)n m» Where A runs over the set of
all weights such that ”~™ = 0 < A. This isomorphism imposes a restriction

on lower indices of the minors generating W (\)/U,(n —m).
Thus, the algebraic generators of Uy(n)/Uy(n —m) are the minors £ ;”
and(gil"””)* (1<ip<---<ip<n;n— m+1<]1< < g <y 1< r <

G5 r
m). These minors are polynomials in ¢;;;¢;; (1 <i<n, n—m+1<j <n).
The result of our considerations can be summarized as follows:

Theorem 1. 1) The quantum homogeneous space Sq"" = U,(n)/Uy(n—m)
is the algebra generated by t;j,t;; (1<i<n,n—m+1<j<n) satisfying
the following relations:

tintjr = qjtin,  tritkj = qteitee (0 < J) tatje = tjta (i <j,k <l)
(17) tintin — qtatix = titic — q ity (i < j,k <)
e = a Cptin, thith; = @ thith (6 <) thth = thth (i <jk<l)
(18) it — ¢ Tt = Uith — ity (i< gk <1)

qtipti, + (@ = a7 D> tumth, = ity + (0= ¢ ) thpte
m>p r<l

tijt:s qtzstl] + q —q Z tpstpj 8 7é j)

p<i
qliptly + (0= a7 D timtfn = Gptiy (1 5)
m>p
(19) thjtys = tpsthy (K # D, Jj# 5)

(20) Ztiltfj = 01
i=1

2) The relations (17), (18), (19), (20) form the full system of relations
between the generators ti,t7), (1<i<n, n—m+1<k<n) of the algebra
sy,
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Proof. 1) It was explained already that the algebra S;"™ is generated by
tik, th (1 <i<n, n—m+1 < k < n). Weshall prove the formulae (17)-(20)
using the matrices T = (¢;;);';—; and T* = (¢},)]";1-

The formula (20) follows from the equation TT* = T*T = [ (see 2.6).
The formula (17) follows from the Equation (6): (T ® T)R = R(T® T),
where T® T = (T ® I)(I ® T). Multiplying both sides by (T* ® I) on the
left, one gets (/ ® T)R = (T* ® [)R(T ® I)({ ® T); multiplying both sides
by I ® T* on the right, one gets (I @ T RI®T*) = (T* @ )R(T ® I).

The coordinate form of this formula gives us (19). And, finally, multiply-
ing the last line by the I ® T* on the right and by the T*® I on the left, one
gets RUQT*)(T*®I) = (IT*)(T*® )R or R(T*®T*) = (T*® T*)R.
From this formula we obtain (18).

2) It is known that monomials in t;,t% (1 <i <n, 1 <k < n) having
the lexicographic order form a basis in Uy(n) [14], [18]. Similarly one can
show, using the relations (17),(18), (19),(20), that monomials in t;, ¢}, (1 <
i <n, n—m+ 1<k <n) having the lexicographic order form a basis in
Sg"™. This allows us to identify the algebra generated by the above letters
and relations with certain subalgebra of Uy(n). After that it is clear that
there is no nontrivial polynomial in t;,t5 (1 <i<n, n—m+1<k <n)
equal to 0.

Remark 4. The similar facts are valid for Uy(n—m)\U,(n). In the classical
case ¢ = 1 the homogeneous space above is called a Stiefel manifold. That
is why in what follows we call Sg"™ = U,(n — m)/U,(n) a quantum Stiefel
manifold.

4. Irreducible representations of S;"™.

4.1.

Recall some basic facts referring to representations of the algebra of poly-
nomials on the quantum group SU,(n) [20], [19]. The algebra of polynomi-
als on SU,(2) has the following irreducible representations: one-dimensional
Xo(511) = €, xg(s22) = €7, xg(512) = X4(521) = 0 (¢ € [0,27)) and an
infinite-dimensional pg in lo(Z. ) : po(s11)eq = 0, po(s11)er = (1—¢%*)%e,_y
k> 1; po(s21)exr = —q¥er; po(s22) = po(s11)*; po(s12) = —qpo(sa1) (from
here on we consider only ¢ € (0,1)).

The representations of SU,(n) can be constructed using the above rep-
resentations of SUy(2). Let ¢; : Uy(sl(2)) — Uy(sl(n)) be the inclusion of
the quantum enveloping algebras such that ©;(e) = e;; ¥i(f) = fi; ¥i(¢°) =
¢ 1 <i < n—1 Then ¢} : SUy(n) — SU,(2) and m; = poy} are the
irreducible *-representations of SU,(n). By this construction, m;(¢;;) and
mi(ti+1,i+1) contain the shift operators, m;(t;;+1) and m;(t;1+1;) are diagonal
and 7;(t,;) = 01 for all other generators.
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Let S,, > w = 73, ---7;, be a decomposition of some element w of the
permutation group, which has the least possible number of transpositions
7; = (4,J + 1). The representation 7, = m;, ® --- ® m;, corresponds to the
element w (recall that if H is a Hopf algebra, p; is a representation of its
algebra H, A is a right comodule algebra over H with respect to the coaction
Ry : H— H® A, ps is a representation of the algebra A, then one can
construct a new representation of the algebra H: p; ® p2 := (p1 @ p2) o Ra).

Proposition 8. The x-representations m, are irreducible and any irre-
ducible x-representation of SUy(n) is equivalent to some m, up to a one-
dimensional tensor factor.

Remark 5. A similar statement is also valid for Uy(n). The only difference
is that the set of one-dimensional representations of the group SU,(n) is
(n — 1)—parametric and of the group U,(n) is n—parametric.

4.2.

One can construct an irreducible x-representation of the quantum Stiefel
manifold Sg"™ = U,(n)/Uy(n —m) = SU,(n)/SUy(n — m) using these facts.
Let us consider cosets Sy, /S,—_n, of the permutation group S,, with respect
to the subgroup S, _,,. Chose from every coset an element having the least
possible length w = 7, --- 75,

Theorem 2. Representations m,, of Sg”"" corresponding to elements w of the
least possible length, among the representatives of the class from Sy, /Sp—m,
are trreducible.

Proof. Let us consider the structure of elements of S,, (resp., Sy, /Sn—m) and
the structure of the corresponding representations of U, (n) (resp., S—g¢™™).
An arbitrary element of S, can be written as follows:

w:Tll ".TnflTiQ"‘Tn72."7—ik"‘Tn—k)
(1<k<n—-1,i3 < <n—1,--, i <.~ <n—k),
(in particular, the greatest element wy € S,, has the form:
WO = TIT2 " Tp—1T1 " Tp—2 " TIT2T1).
The corresponding series of representations of Uy (n)
T = Tiy @ QM1 @ @ QT2+ QT @+ D Tp_p @ Kg,

Is parametrized by one-dimensional representations x ;. Here one-dimensio-
nal representations r g correspond to the greatest torus in Uy(n).

Respectively, an arbitrary representative of a class from S, /S;,—,, having
the least possible length can be written as follows:



QUANTUM STIEFEL MANIFOLD 193

(in particular, the greatest element from S,,/S;,—m, the representative of the
class woSy_m having the least possible length, is

wm:7—17-2."TnflTl"‘Tn72..'Tl“.Tnfm)'
The corresponding series of representations of Sy
T = Tiy @ Q1 @ @ QT2+ QT Q-+ D Tp_p @ Kg,

is parametrized by one-dimensional representations corresponding to the
greatest torus in Sy,

Now let us show that every representation 7, is irreducible. The irre-
ducibility of this representation follows from the fact that for any tensor
component of 7, (-) one can find such a generator ¢ of Sg*™ for which this
tensor component of 7, (t) containes the shift operator. More precisely, one
can see that for any tensor component of 7, (-) with a number from the group
{ity...,n—=1} (I = 1,...,k) it is possible to find such a generator ¢ from
the group {t1n—14+1,.-.,tnn—i+1} for which this tensor component of 7, (t)
containes the shift operator. Let us show the typical consideration support-
ing this statement. Let us consider, for example, the greatest representation
T, - Lhen

T (tin) = 1 (L) @+ - @mi—1 (L)@ (ti 1) Q- - - @Tp—1 (tn—1,0) Q71 (tnn) Q- - -

®7rn—2(tnn) K- m (tnn) ® 7rn—m(t'rm) (1 << n)
The operator m;_1(t;;) containes the shift operator by the construction. The
operators m;(t;+1) (¢ < j <n —1) are diagonal and all the others are unit
operators. Hence, the above statement is true for the tensor components
of 7, (-) with numbers from the group {1,...,n — 1}. Similarly one can
consider all other cases. Thus, the proof is completed.

Theorem 3. Fach irreducible x-representation p of Sy is equivalent (up
to a one-dimensional tensor factor) to one of the representations ,,, where
w has the least possible length among the representatives of the class from
Sn/Sn—m.-

Proof. Continue p up to the representation of the quantum group SU,(n)
in the following way: p(ti;) = p(tj;) =61 (1 <j<n-m, 1 <i<n). Itis
irreducible because it is irreducible on the subalgebra. Then, according to
Proposition 8, it is equivalent to the representation m;; ® --- @ m;, ® kg (kg
is one-dimensional representation).

Let us consider the permutation w = 7, - - - 73, corresponding to this rep-
resentation. The representation p and, consequently, m, are irreducible
on Sg"™. Then let us show that 7, is irreducible only if w has the least
possible length. Consider a transposition 73 € S,_,,, a representation
Tw @ T = Ty, @ -+ @, @ms and its action on the generators t;; (1 <
i<n,n—m+1<k<n)of S m, @ms(tix) = Doreq Twl(tir) @ 7s(trk)-
But ms(t,k) = 0,61 (1 <7 <mn, n—m+1<k <mn) by the construction of
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the representations ms (s < n —m —1). So m, ® ms(tix) = mu(tix) ® 1 and
this representation is not irreducible. Thus we have proved that the length
of w should be the least possible.

4.3.
Let us consider now the set of representations m,, b = Tw ® Kg, where K3
are one-dimensional representations of Sg""" and w € Sy, /Sy —m.

Theorem 4. For the representations of Sq°"" we have:

ﬂwesn/snimﬂ;Kerﬂw; =0.

Proof. Let Nyeg, /s, _,..gKerm, g = L. It was shown in the proof of Theorem
3 that (m, 5 ® 7,)(z) = (1,5 ® 1)(x) Yo € Sp_m Vo € Sg"". So for z €
L we have (m, 5 ® ;)(z) = 0. Taking all 0 € S,_p,, one can obtain all
the representations of Uy(n). Thus, L = mwesn,éKerﬁ'y,é = 0, because T\ 6
(v € Sy) give all the representations of Uy(n), and it is known [28] that th
intersection of their kernels is 0.

Now one can construct a C*—algebra C(Sg"™") of the quantum Stiefel
manifold Sg"™, considering the completion of Sg""™ with respect to the C*-
norm

|- 1] = sup,, gllmy, 5()I]-
Remark 6. The C*—algebra C(U,(n)) of the quantum group U,(n) was in-

troduced in a number of papers, for example, in [18], [29]. The C*—algebra
C(S7"") was introduced in [17], [18], [28].

5. Invariant integral.

5.1.

The existence and the uniqueness of the invariant integral v, on Uy(n) are
known (2.5, 2.6). Our aim is to obtain a formula for its calculation as well
as a similar formula for an invariant integral vy, ,—,, on Sg"" (i.e., a linear
functional on Sg"™ such that (id ® vy n—m) © A(f) = Vnn—m(f)1 for every
f € S¢™). We shall do it by induction in n. For this we use the formula for
the invariant integral v, ,_; on Sy"' = SUq(n)/SUy(n—1) = Uy(n)/Uy(n—1)
which has been obtained in [28]:

21
Y 1(f) = (27) ! / (T 0 (/)Q)d,

where w; is the greatest element in S,/S,—1, @ : ZQ(Z+)®(”_1) —
I5(Z)®=1 is a linear operator

Q(€m1 K@ emnq) = Q(mlv ‘e 7mn—1)em1 @@ emy,_y;
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where Q(my,... ,mp_1) = H?:_ll(l — q2(n—j))—1q22?;11 mi(=3) One can see

that the operator @ is equal to the operator
™1 (tat12)(1 = ¢*) ' @ ma((tte3)*)(1 —¢') T @ -+

T ® Trn—l((tzfl,ntN—Ln)nil)(l — q2(n71))71

and its trace equals to 1.

Lemma 2. The formula for the invariant integral on Uy(n) is:

) = o™ [t ()42 QI
0
where Q = ®?:_1k7ri(tf’i+1ti,i+1)i(l—qzi)*l, Ty is the greatest torus in Ug(n).
The formula for the invariant integral on Sg"™ is:

Vnmem(f) = (2m) / el (1) (@5 Qu))dd,

m

where Qi are the same as above, T,, is the greatest torus in Sg"".
Proof. The induction step is given by the following equality:
VUp = (Vn,n—l ® Vn—l)(id ® 'Yl)Aa

where v, : Uy(n) — Uy(n—1) is an epimorphism, a map P, = (id®vy,—1)(id®
71)A is exactly a projector from Uy(n) on Sg’l such that (id® P,)A = AoP,
[4], [24], [25], [26]. In fact, by the properties of P, and vy, ,,—1, one can see
that the right-hand side of the above equality is exactly a right-invariant
integral on U,(n). Since such an integral is unique (see 2.5), the above
equality is true.

The base of the induction is the following expression for an invariant
integral on Uy(1) : v1(t) = 0, v1(1) = 1. Now, using the formula for v, 1,
we obtain the statements of the lemma.

Corollary 1. The invariant integrals vy, and vy n—m are the faithful states
on the corresponding C*-algebras C(Uy(n)) and C(Sq™™).

Remark 7. The statement of the above corollary was obtained in [13] by
different considerations.

5.2.
The construction of the invariant integral allows us to prove the following:

Theorem 5. For the series of the greatest representations m,, 5 of Sg™
the following statement holds:

mq_ﬁKeerm,q_S =0.
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Proof. Let NgKerr,, - = L3 v. Since L is a *-ideal, then vv* € L, and we
get 7TWM7(;§(’L)U*) = 0. But at the same time, vv* is a strictly positive element,
hence vy, p—m (vv*) > 0. This contradiction proves the theorem.

The above theorem allows us to state that the representation

Ra(f) = & /T ro 5(f)dd

is the faithful representation of C* algebra C(Sg"™).
This result generalizes the construction of the faithful representation for
St 28],

6. Double cosets U,(n —m)\Uy(n)/Uy(n —m).

6.1.

The definition of Uy (n—m)\Uy(n)/Us(n—m) as the intersection of Uy(n—
m)\Uq(n) and Uy(n)/Uy(n —m) along with the results of Section 3 allow to
describe the hypergroup structure on it more precisely than in Section 2.7.
First, a straightforward corollary of Subsection 3.3 and Theorem 1 is given
by the following:

Lemma 3. The algebra Uy(n—m)\Uy(n)/Uqs(n—m) is generated by the gen-
erators tij, t7; (n—m+1 <1i,j <n) for which the relations of commutation
(17), (18), (19) hold.

Moreover, this algebra has the following comodule decomposition:
Uy(n —m)\Uyg(n)/Ug(n —m) ~ &V A @ VIR s
where X is an integral dominant weight such that p"~™ =0 < A.

Remark 8. We can also consider an algebra U, (n—m1)\Uy(n)/Uqs(n—my).
This algebra is generated by generators ¢;;, t7; (n—mi+1<i<n,n—mo+
1 < j < n) for which the relations of commutation (17), (18), (19) hold.

6.2.

One can introduce a new coproduct on the algebra Uy(n—m)\ Uy(n)/Uy(n
—m): A = (id ® vy_m ® id)(id ® v, ® id)(A ® id)A, where v,_, is the
invariant integral on Uy (n—m), 7y, is the epimorphism from U, (n) to Uy(n—
m) and A is the coproduct on Uy(n).

Lemma 4. The coproduct A “respects” the comodule structure of Ug(n —
m\Uy(n) /Uy(n —m) = @xUy(n — m)\W(X)/Uy(n — m):

AU (n—m)\W(\)/Uy(n —m) —
Ug(n = mP\W(X)/Ug(n —m) @ Uy(n —m)\W (X)/Uy(n —m).
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Proof. The coproduct A acts on W (X)/Uy(n — m) in the following way:
A W(A)/Ug(n —m) - W) @ W(X)/Ug(n —m) and hence (A ®id)A :
Ugln—m)\ W) [Uy(n—m) — Uy(n—m)\W(\) @ W (N) & W () /Uy(n—m).
It was shown earlier that W (\) can be decomposed into the direct sum as
the right Uy (n —m)—comodule: W () = @ n—m_ W (A, p"~™).

In the similar way W (\) can be decomposed as the left U,(n —m)—como-
dule: W(A) = @ n—m_ W (u""™, ).

Then one has: (id ® v, @ id)(A @ id)A : Ug(n — m)\W(X)/Uqy(n —m) —
By Ug(n—m)\IV (A, 47~ & W () @1V (4™, A) [Uy(n—m). One
uses the fact that v,_p,(W((E"™™)) = 0 if p»™ # 0 and W(0) = C;
WO /Uyl — m) = WA, 0); Ug(n — m)\W(A) = W(0, A).

After that (id ® vp—mYm @1id)(A ®id)A : Uy(n —m)\W(A)/Uy(n —m) —
Ug(n—m)\W (X, 0)@W (0)@W(0,X)/ Ug(n—m) = Uy(n—m)\W(X)/Uy(n—
m) @ Ug(n — m)\W(X)/Uy(n —m).

6.3.
Theorem 2 allows to get the following statement referring to representa-
tions of double cosets:

Lemma 5. (i) Representations 7, ®---®m;, corresponding to the elements
w of the least possible length (among the representatives of the class from
Sn—m\Sn/Sn—m) are irreducible representations of the double cosets Ug(n —
m)\Uy(n)/Uy(n —m).

(ii) The series of greatest representations of Ug(n —m)\Uy(n)/Uy(n —m)

s =TMp—m @ Tp—10Tp—m-1Q " QTp_92® - QTp_2m & - '®7Tn—m®/€q§

mWm @
is parametrized by the greatest torus in Uy(n —m)\Uq(n)/Uy(n —m). Here
mwm are the greatest elements of double cosets Sy—m\Sn/Sn—m-

(iii) The representation R,(f) = EBme med-)(f)dgg is the faithful repre-
sentation of C* algebra generated by Uy(n — m)\Uy(n)/Uy(n — m).

Finally, Lemma 2 gives a formula for the invariant integral on U,(n —
m)\Uq(n)/Uq(n —m) which is the restriction of v, —p, on this algebra. The
mentioned formula shows that the invariant integral is the faithful state on
the C*-algebra generated by the double cosets.
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