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GUANGFU CAO

In this paper, the Fredholm properties of some Toeplitz
operators on Dirichlet spaces be discussed, and the essential
spectra of Toeplitz operators with symbols in C* or H® 4+ C*
be computed.

1. Introduction.

Let D be the unit disk in the complex plane C, dA = %d;vdy be the normal-
ized area measure on ID. L*! is the space of functions u : D — C, for which

the norm
ou 2

L?! is a Hilbert space with the inner product

(1, 0) <8u 8v> +<8u 8v>
Pl 1 = a 9 A A— A— .
2 0z 0z [2(dA) 0z’ 0z L2(dA)

The Dirichlet space, D, is the subspace of all analytic functions ¢ in L?!
with g(0) = 0. Let P be the orthogonal projection from L?! into D. P is
an integral operator represented by

P(u)(w)

) 1
ou ?

+ g(z)

< 0.

Jull =

_ [ QudK(z,w)
N D 0z 0z

where K (z,w) = > 72 @ is the reproducing kernel of D (see R. Rochberg
and Z.J. Wu [5] and Wu [7]). Let G be a domain in C, define

ou Ou
c'@) = {ulu 5. 55 € clan}.

dA,

o _
c'@) = {un 5.5 cc@
and

H®(G) ={f € HG)|f' € H*(G)},

209
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where C(G)(or C(G)) and H(G) are respectively the set of continuous func-
tions on G(or G) and the one of analytic functions on G.

In [5] and [7], R. Rochberg and Z.J. Wu define the Toeplitz operator with
symbol p as

1.0 = [ 12520 (vreD)

where p is a measure on D. If dy = pdA, ¢ € L°(D,dA), one can define

T,f = /f asz) edA.

We see easily that T, f # P(¢f) in general, in fact, P(¢f) may be undefined
for ¢ € L*>°(D, dA). However, it seems to be more natural that the Toeplitz
operators be defined as the form P(¢f). In this paper, we try to define the
Toeplitz operators with some special symbols as following

Definition 1. Suppose ¢ € C*(D), the operator

I(¢pf) 0K (z,w)
/D 0z 0z dA(2)

T, f(w) = P(ef)(w) = (o f, K)

N|=

is said to be the Toeplitz operator with symbol .

We will compute the spectra and essential spectra of these operators.

For convenience, we use frequently the notation T, to denote the Toeplitz
operator with symbol ¢ on Bergman space.

By the way, our results are also true for Toeplitz operators on weighted
Dirichlet spaces Dy (o < 1). If @ = %, then D 1= D, the usual Dirichlet

space (c.f. [5], [7]).

2. Toeplitz operators with symbols in C'(D).

Throughout this paper, we use the symbol “(.,.)” to represent the inner
product in L2(D,dA), and “(.,.)1” to that in D.
2

Define the norm in C!(D) as

‘ }, (Vo € CH(D)).

el = maxma { .| 52
zeD

It is well-known that C''(D) is a norm-closed algebra relative to ||.||.

Lemma 1. For any ¢ € C*(D), H,f =: (I—P)(¢f) (Vf € D) is a compact
operator from D to D+.
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of 9g
:<%0f,9>;:< 87 8> < >
_ Qf @ dy . Og
B Yoz 02 82 oz )
Note gD, so %J_LZ (L2 is the classical Bergman space on D). Let P, is

the orthogonal projection from L?(D,dA) to L2, then for any f € D and
g € D*, we have

(o852 = (1= Per) G2 ) = (Har 3.

where H,, is the Hankel operator from L2 to LgJ' with symbol ¢. Since

Proof. For any f € D,g € D+

(H,f,9) 00 4

1
2

¢ € CY(D), Hy, is a compact operator. Now assume that {fx} C D is a
sequence which converges weakly 0 and satisfies || fx||p = 1, we prove first
that || fx||2 — 0 (kK — 00). In fact, without loss of generality, assume fi(z) =

S (k)z , then a(k) — 0 (k — o0,Vn) by fk “ 0. Note ka||2D = Hf,é”%g =

n=1

1,s0y 7, |an )\Qn =1 (Vk), thus ) >, |an 2<1, furthermore for any € >
0, there is a No which is independent on & such that 7% v ) \a |2
Fix such a Ny, then

< n

o0
2 _
I5eli3 =3 || — <

n=1 n=

n+1<2

No
2 1 2 1
a®) at®) €

n

n+1+2'

Since a%k) — 0 (Vn,k — o0), there is a K{ such that for any k& > Kj,

SN0 al 2y < g, thus || ]2 < § (k> Ko), hence | fill 2 — 0. Note
| Hy fill7 20 = (Hop fr Hyfr)
H Al 1 gl 4 | Fogl]| 1B Al
2 L2

el

< l@llll frll o2 | Ho frll 22 +

+ ol fkll L2l Ho frll L2,

Hof;

H}IgoszHLQ’1
L2

we know easily that || H fi|| 22 — 0. This shows that H, is compact. O

Proposition 2. For any ¢ € C*(D), T, is a bounded operator on D.
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L= <a((fif),g’> = <gjf, g’> +(ef',9),

Dy
< Hazf
< [lell«Cf iz2llgllo + [ fllpllgllD)-

It is not difficult to check ||f||z2 < ||f|lp for any f € D (since f(0) = 0 for
any f € D), hence [(T,f, g) 1| < 2[[o|ls[[ fllpllgllp- This shows that [|T,[| <

2[lel]«- O

Proof. For any f,g € D,

(Tpf,9)1 = (¢f,9)

1
2
hence

(1.9

l9'lz2 + e f L2119l 22
L2

Remark. In general, |T,| # ||¢|« even ¢ € CHD) N AD) (A(D) be
the disk algebra), it may be that ||¢|c1 < ||T,|| < 2[/¢||c1. For instance, if

¢(2) = z, then [|plls = [l = 1, but [|Ty|| > v2.

Proposition 3. Let L' = {f € L?! f,%,% € L>(D,dA)}, then for
any ¢ € L and ¢ € CY(D) T,Ty — Ty € K(D) (the compact operator
algebra on D.)

Proof. For any f,g € D, as a direct computing, we see that
_ [/ 0¢ 9g g 99
(T = ooy = { STt 30— (G0, 5!

O(—Hyf) 9g
" <%”az’ a>

set g = (T,Ty — Typy) f, we have
(T Ty — Tou) FlID < ol lI Ty fllzz + N1l £l 22
+ 1 Hy fll L2 ](Te Ty = Tpp) £l -

Note for any sequence {fr} C D which converges weakly 0 and satisfies
| fsllp = 1 (certainly, Ty f=0 in D), || Ty fillr> — 0, || fillz2 — 0, hence

(T Ty — Tyy) frllp — 0
by Hy is compact. Futhermore, T,,Ty, — T,y is compact. ([
Lemma 4. For any p € L™ 15 — Ty € K(D).

Proof. Similar to the proof of Proposition 2, it is easy to see that T, is
bounded for any ¢ € L. Now assume ¢ € L°!, then for any f-g € D,
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o 9
= (G, 529) — (f, 52 5). Thus

(T3 = T5)f-9)1

((Te =T5)f,9) (p

9¢ dg
TR o I o I

< IIsOH*IIgIILzIIfIID + llell«ll £l 2 llgllp,

where [|p||.« = esssup,ep max{|p(2)], |%f(z)|, ]%(zﬂ}. Hence for any {fx} C
D, | fell = 1, fx 2 0, we have

(TG = Tp) fulld < Nollell(T5 = Tp) full 2 | fello + ol fell 22 1 (T — Tp) fill -

Note (T3 — T5) fx 20, so (T — Tp) frll2 — 0. Consequently, [(T; —
1) fellp — 0. This shows that T3, — Tj; is compact. O

L2

Remark. It is well-known that T, = T; for any ¢ € L*(D,dA) on
L2, but it is not difficult to check T # T in general. For example, if
o(z) =3, Z—;, then ¢ € H*, but ||¢'||oc = 00, one can check easily that
T, is unbounded, however, Tj; is always bounded for every ¢ € H™, so is

T3, hence T — T, is unbounded.

Proposition 5. If p € C1(D) , then T, is a compact operator on D if and
only if ¢lop = 0.

Proof. Assume p|gp = 0, then T} 2 is a compact operator on L3(D,dA), so

for any {fi} C L%, fu =0, |[fellz2 = 1, we have || T, fillz2 — 0 (k — o0).
If T, is not compact on D, then there is a sequence {F}} C D,||Fi|p =1,
Fi, = 0 such that || T,Fy||p - 0, thus ||@Fy| /21 - 0, furthermore

<a<soFk> a(m>> . <a<ka> 8<¢Fk>> 0.

82’ ’ 62 82 ) 82
Note S(oF) ) - )
plg) oy OFy oF »
9z 0. kT Tor T asth
thus T
Pk wly, ) 2
(HeB) AL < ozl — o
and
8(¢Fk) 2 _ ago 8@ 8780 )
H 0z |2 5, Lo g B )+ 5, oo 01,

0
Since ||FL| ;2 = |Fxllp = 1, and F} % 0 in L2,
(oF}, oF}) = (| Fi, Fy) = (T2 Fy, i) — 0,
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Fy)
consequently, [|%55(2, — 0 by [(52Fk, 5F) < @l Fkl2. and

|(az Fi, oF])| < Hg0||*HFkHL2||F’||Lz, and ||FkHL2 — 0. This contradicts that
| oFk| L21 — 0. Hence T, must be a compact operator on D.
Conversely, assume that T, is compact on D. We need to prove that

¢lop = 0. Otherwise, T'\,,| is not compact on LZ(ID), thus there is a sequence
{fi} € LZ, I fullze = 1, fx = 0 such that | T, fill2 — 0, thus ||| fyll 2

0, that is [p |¢|?|fe|*dA - 0. But T, is compact on D, so for Fj, = [ frdw,
|TpFillp — 0, further || 75T, Fi|lp — 0. Note T T € K, so || T2 Fillp —

0 (since Fy = 0 in D and [|Fg||p = 1), thus (Tj,2Fy, Fx)1 — 0, hence
2
(|e|?F

0z
that is
2
(2D by k) + (ol ) — 0.
ya
Note
Uo2EL L) = (ol fi fi) = / (021 fel?dA - 0,
and
a 2
(2D mm)| < eI al el — o,

hence (7|2 Fg, Fi)1 - 0, this contradiction shows that ¢[sp = 0. O

1
2

Remark. If ¢ ¢ C1(D), then T, may be non-compact even ¢ € C(D) and
¢lap = 0. For instance, let ¢ = /1 — |z|?, then it is not difficult to check

T, is not a compact operator. In fact, T, is also a unbounded operator on
D.

Theorem 6. Suppose ¢ € C1(D), then o.(T,) = (D).
Proof. Without loss of generality, assume 0 € ¢(9D), thus there is a ( € 9D

such that ¢(¢) = 0. Write fr(z) = (HZZC)’“7 then Hﬁ{% %0, and ”ﬁ}’fﬁnp <
llefellp2,1
Thlls - Cleatly

0 0
o fullF2n = <ajfk +¢fé7£fk +<Pf1'g> + < fIm — k>

—(GnSon) + (er 5on) + <((;:fk790fl/g>

+otivefi) + (G0 S 0).
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Il()le
’<(9Z')k7 ()Z'Jk> <(‘0Jl/€7 (92Jk> <82Jk7<)0-}];> <82Jk’ 0z k‘>‘

— 0’
1£l%

and

(efiofi) _ JolePlfil?dA
Ikl Jp |fildA
ol PICEE 26D
Jo [(554)2-D]dA
f]]]) |fk—1|2dA
(since fi is a peak function at ¢). Thus % — 0, this shows that T,
can not be Fredholm, hence 0 € 0.(7T,). That is ¢(0D) C 0.(T,,).
Conversely, if 0 ¢ ¢(9D), then |¢(¢)| > € > 0 for any ¢ € 9D, thus 7',
is Fredholm on L2, if T, is not Fredholm on D, then there is a sequence
{Fy} C D with ||Fx|lp =1, F}, % 0 such that ||T¢Fk||p — 0, or ||T;Fk||p —
0. Since T, is Fredholm on L2, there is an S € L(L2) such that [ST,] =
[T,,S] = [I] in the Calkin algebra %Lg), thus S*T7% = I+ K, K € K(L2),
assume |77 Fi||p — 0. (For the case of ||T,,F|p — 0, we can complete the
proof similarly.) Write f; = F}, then || f| |2 = 1, and fj % 0in L2, thus
(S™T7 fi, f) — 1, that is (T3 fi, Sfi) — 1.
On the other hand,

<T;;Fk,/()Z(ka)(w)dw>1 = <F’f’90/0z(5f’“)(w)dw>1

2

= <fk,gf/oz(5fk)(w)dw+¢sf’f>

8 2
_ <fk,af / kadw> T (o oS ).

Since Sfy > 0in L2, || [ S fedwl|zz — 0, thus (fi, 52 [ S fr(w)dw) — 0.
Note (fr,¢Sfe) = (T;fk,Sfr) — 1 # 0, this shows that (77 F,
fOZ(ka)(w)dw>% — 1, thus

z
T2 FlolSiay = (T3h [ Shav) 1,
0 1
2
this contradicts that ||T;;Fk|lp — 0. Hence T, must be Fredholm, that is
0 ¢ 0c(T,). This follows the theorem. O
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Lemma 7. For any ¢ € C'(D), |Tylle = [T = l#loplleo, where [Ty |le
denotes the essential norm of Tj,.

Proof. Assume ¢ € 0D such that |p(C)| = [|¢|ap]|sc, set fec(2) = H';E, then
k

fr(z) = ”chﬁ %0, thus for any K € K, ||K x| — 0. Note
¢

‘<T<pfk,fk>%

a / /
= [(GE st + o sis | ~ 1600 = Islonlo

and (T +K) fr, fi) 1| < | T+ K] So [lplapllec < [T+ K| for any K € K.

Hence |[¢foplloc < 175 e-

Conversely, by Lemma 1.2 in C.K. Fong [3], there is an orthogonal se-
quence {fi} C D such that ||T, fi|| — ||T,|le, so for any € > 0, there is a kg
such that for any k > ko, [T, fx|| > |T,|le — €. Since p € C1(D), there is a
0 < r < 1 such that |¢(2)| < ||¢|op||ec + € for any |z| > r. Note

1T, filb < lpfillian = (i o fi)s

0
= (pfi, i)+ <affk, ¢f;2>

0 0 0
<m,¢ )+ (520 520)
< fk? — k>
clearly,

0
<(;§fk:$0fl/g> + <‘Pfllw(?;§fk> + <gffk, ?Tf k:> < fk, = k> — 0,

so there is a ky such that for any k > ki, [T, fx||* < [{pf1, ¢ fi)] + €. Since

fr = 0, we know that fy uniformly 0 on any compact subset of D, so for any
0<t<l, f{|z|§t} |fel2dA — 0 (k — 00), assume fi(2) = >.0°, agc)z” thus

1
(k) :/ fil?dA — 0
a,, k — U.
Z n+1 {|z|gt}‘ |

Without loss of generality, assume ¢ > r, thus

rn = a
/{IZST} ;

2 t2(n+1)
n+1

(k)

n

n(n+ 1)t? (g)% ,
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since (%)?"n(n+1)t72 — 0 (n — o00), it is clearly that f{|Z|<T} |fi]?dA — 0,
so there is a ko such that for any k > ko, f{‘z|<r} |f,’c|2dA < €, consequently,

o b o fl)] = /D o2 71[2dA
=/ Iw\Qlfélsz+/ ERFARY
{lz]<r} {|z|>r}

< ol /{ oy VA (bl + €7 / |fL[2dA

{lz|>r}
< Jlol2 / oy VA (bl + €7

< llelZee + (lelonllss + €)*.
Furthermore, for any k > max{ko, k1, ka}

IToill? < llol% / FL2AA + ([ @lonlloo + €)% + €

{lel<r}
< (llel3 + e+ (lleloplloo + €).

Hence limg o0 || T fx]| < |l¢]oplloo by the arbitrarity of e. This shows that
1T,]le < |l¢lopllco- We are done. 0O

Theorem 8. Let T=Z(C') be the C*-algebra generated by {T,|p € C*(D)},
then the commutator ideal C(C') of I equals K(D), and % = C(0D). Con-
sequently, following short sequence

() 0—-K—-7Z—C(D)—0
18 exact.

Proof. By Proposition 3, we know that C(C') C K, since K is minimal,
C(C') = K. By Lemma 4, [T}}] = [T;] in £. Define ¢ : {[T}]|¢ € C*(D)} —
C(0D) as &([T,]) = ¢lam, it is easy to see that & is well-defined, and one-to-
one by Proposition 5. By Proposition 3, Lemma 4 and Lemma 7, we see that
£ is an isometric *-homomorphism. Hence £ can be extended to %, in fact,
for any [T] € &, there is a sequence [T, ] such that [|[T},,] — [T]|| — 0, thus

[(ex = pj)lopllcc = 1T~ ]Il = [I[T,] = [Ty;]| — 0. Hence there is a ¢ €
C(9D) such that ||¢k|op —¢llec — 0. Let £([T]) = ¢, then £ is well-defined on
i and [IE([T) oo = ll#lloo = limpoos loklopllsc = limp—os [T, ]Il = T,

so & is an isometry from % into C(dD). For any ¢ € C(0D), there is a
polynomial sequence {py} C CY(D) such that ||prlop — ©@llec — 0, thus
(P, — pj)|omlloc — 0. Furthermore, ||[T,,] — [T},]|| — 0, so there is a [T] € &
such that [|[Tp,] — [T]|| — 0, hence &£([T]) = ¢, i.e. £ is a surjection onto
C(0D). This shows that ¢ is a *-isomorphism between % and C(0D). The
proof is thus completed. O
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3. Toeplitz operators with symbols in H>® + C}(D).

It is well-known that H*> + C'(0D) is a norm-closed algebra (c.f. R.G.
Douglas [2]), Rudin [6] proved that H*(0B,,) + C(9B,) is also a norm-
closed algebra, where B,, is the unit ball of C". The Toeplitz operators with
symbols in H* 4+ C' on Hardy or Bergman spaces have many important
properties, their essential spectra and Fredholm index can be completely
determined by their symbols. In this section, we prove that H>+C*(D) is a
norm-closed space relative to a suitable norm, and obtain the representation
of essential spectra of the Toeplitz operators with symbols in HX® + C1(D).
For any ¢ € H + C*(D), define

Theorem 9. H® + CY(D) is a closed space relative to the norm || . ||

8g0 Oy
0z

it is clearly that ||. || is a norm on H° + CI(D).

1= sprwe {1

z€D

Proof. Our proof is similar to that of Rudin [6]. Assume ¢ € cl(H® +
Cl(D)), to prove ¢ € H® + C1(D), we first prove that for any ¢ € H{® +
C1(D), there are v1 € HX®, and ¢ € C1(D) such that ¢ = 1 + 12 and
lotlle < 31l [slle < 20l Tn fact, if § = 4y + g € Hy® + CL(D),
b1 € H®, ¢y € Cl( ), then write 1/’2§ z) = y(rz), clearly, [|P§ — alcc —

a 8 T ~
0(r—17),and % 2(2) = ra{;ﬁf’ (rz), %(z) = 748811;2 (rz), so ||} — |/« — O.
Fix a rg such that Hw — Pols < |90« Set

Wy = by — P50 0, by = by — Y]

then ¢ = ¢y + 4y, and [[¢u][« = [[¢ — 92l 3||¢||*7 [92ll« < 2[4
Since ¢ € cl(H{® + C1(D)), there are ¢; € H® + ek (D), such that lpill« <
27" (i > 2), and ¢ = Y72 @; (in fact, there is a sequence {px} C H{°
C1(D) such that ||pk - 50||* — 0, thus there is a subsequence {py} such
tha‘t Hpk‘i+1 pk || 217 erte ()01 - pk‘lagol pki+1 - pk‘l (7/ Z 2)7 then
Yooy i = ¢ and H(pZH* 7 (1 > 2)). For each ¢;, there is a 4,01(1) € H,

2 = (1 2 1 2
o € 01(B) such that ] < 3llalls o . < 2l s = o412
thus 1) = "%, 9051) € HY® (since H{® is closed relative to ||.||+), o =
ppast @52) € C'(D), and ¢ = () + (). That is ¢ € H® + C' (D). O
Proposition 10. If ¢ € H{® + CY(D) satisfies ¢lop = 0, then T, is a
compact operator on D, where p|sp denotes the radial boundary values of ¢.

Proof. Suppose ¢ = 1+ 2,01 € HX®, g € CH(D), since p|ap = 0, ¢1]op =
—p2|op, thus pi[sp € C(OD), further ¢1(2) = Plpi|op] € H® N A(D)
(where P[yp|sp] denotes the Poisson integral of ¢|gp), consequently, ¢ €
C(D) N (H® + CL(D)).
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Suppose {fr} C D, || fellp =1, fx — 0, then

1T fill < llefillzor = (o fi, o)1
_ (% L, 9P 9%, 0¢
= <8sz t I g fet i )+ o5 Tk 52 f

dp— dy 2
+2R6/Df1/€906szd14+ lefill7> + Hasz

L2

Oy 2
= 87‘}0’“

z L2
< 21| fx %2 21| fullpll £l L2
< llellll fellze + 2llellll felloll fell

+ llefillze + lellZl fell72-
Since ||fx|lp =1 and fi 2 0in D, | fxllz2 — 0, so

lelZIfellze + 2l lZl fellpll fill 2 + Il fliZe — O

Note ¢ € C(D), and ¢|sp = 0, hence for any ¢ > 0, there is a 0 < § < 1
such that |¢(z)| < € for any |z| > 4§, thus

/ PP LA < & / SIPdA + / o2 f1[2dA
D {lz|>d} {|z|<6}

<4 gl / fL2dA.
{|z|<6}

By fr — 0, we know that f{‘z|<5} |f1|?dA — 0, hence [ |o|?|f/|?dA —

0 (k — 00), furthermore || T}, fx||% — 0, this shows that T, is compact on
D. ([

Proposition 11. If ¢ € H*(D), then on Dirichlet space D, o(T,) = ¢(D).
Proof. Note for any f €D,
<f7 > :< <,0f7 >1 _<(10f’ > :SO(Z)f(Z),

so Ty K (2,w) = ©(2)K (2, w), this shows that p(D) C o(T},).
Conversely, if 0 ¢ (D ), then there is a 0 > 0 such that |p(z)] > 0 >
0 (Vz € D), thus o~ € H*®. Note
A | _|_ g’
0z
we have ¢! € H, 80 T,-1T, =T,T,-1 = I, that is T}, is invertible, hence
o(T,) C ¢(D). The proof is thus complete. O

1
2

< 52%0!*52”@!\ < o0,

Theorem 12. If p = @1+ € H® +CH(D), where o1 € HX®, ¢y € C1(D),
then on Dirichlet space D,

0e(Ty) = No<s<1{p(2)[[2| > 0} = p(ID).
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Proof. Without loss of generality, assume 0 € Ng<s<1{®(2)||z| > d}, then
there is a sequence {2} C D with 2, — ¢ € 9D, such that ¢(z,) — 0, thus
T, is not Fredholm on L2 (c.f. G.F. Cao [1] or MacDonald [4]), hence there
is a sequence {fx} C L2 with ||fillz2 = 1, fr = 0 such that | T, fg|lz2 — O
or Hf;kaLQ = ||Tsfllp2 — 0. If T, is Fredholm on D, then there is a
bounded operator S on D such that ST - 1,T,S — I € K(D), further
STy — 1,135 — I € K(D). Write Fi(z fo fr(w)dw, then Fj, € D and
|EFxllo = I fxllz2 = 1, so || Fk|lr2 — 0. In addltlon, it is clearly that Fj, = 0
in D. Thus

lim (ST, Fy, Fy)

1=
k—oo 2

N |=

1
2
= khm <T*S*Fk, k>
= lim (S*T;Fy, Fy.), =

k—oo

N

Hence, without loss of generality, we can assume that ||T$ frllr2 — 0 (similar-
ly for the case of || T, fx||z2 — 0). Set Gy = SFy, then [|Gy|lp < ||S||[| Fxlp =
|S]|, and Gj, 5 0, so |G|l 2 — 0, and

(T,SFy, Fy)

:'<<P(5Fk) Ji) + <8¢SFkasz>‘
< |((SEY . Tfic)| + Il lIS Filza il
< S ez [Tt , + IellliGellzall full 2

= lIGxllo [T,

1
2

+ el IGrll 2l frll 2 — ©.

This contradicts that (T,,SFy, Fi;)1 — 1. hence T, must be non-Fredholm.
2

That is 0 € o¢(T), consequently No<s<1{p(2)||z| > 0} C oe(Ty).
Conversely, assume 0 ¢ No<s<1{¢(z)||z| > ¢}, thus there are ¢,0 > 0
such that |¢(z)| > € for any |z| > 0, we prove that T, is Fredholm on

D. Otherwise, there is a sequence {Fy} C D with ||Fy|p = 1,F; = 0,
such that T, Fy|p — 0 or ||T;Fkl|p — 0. Similar to above proof, we can
assume ||T;Fy|p — 0 (if |7,,Fk|lp — 0, the proof will be simpler). It is
well-known that = T, is Fredholm on L2 if |p(z)| > € for any |z| > 4,
hence there is a S € L(L2) such that ST, — I,T,,S — I € IC(LQ) further,
STy —I,T5S* — I € K(L2). Set fi = F}, g, = Sfx, then fr =0, g = 0 in
L2 and || fillz2 = |1Fello = L lgellrz < IS fellrz = S|l so (S*T fi, fr) —
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1, that is (f;fk,ka) — 1. Note

<T;Fk,/oz ka(w)dw>1 = <Fk,g0/oz kadw>1
= (8 (5 [ statw+ess))
= <fk7 gf/o gkdw> + (fr> P9K)

and gy — 0, so || [ grdw| 12 — 0, and
z
/ gkdw — (),
0

a z
(5.5 [ aw)| <1zl
zZ Jo L2

but (fr, ogr) = (T35 fe, Sfe) — 1 # 0, hence (T3 Fk, [y gedw)s — 1 # 0,
this contradicts that ||7;Fgllp — 0. It shows that T, must be Fredholm
on D. That is 0 ¢ o.(T, ) Note the functions with derlvatlves in H* are
continuous in the closed unit disk, hence H{®+C*(D) C C(D), consequently,
No<s<1{v(2)||z] > 6} = (D). We are done. O

Remark. If ¢ € H*, then T is always bounded on D, in fact, for any
f[,9€D,

’<T¢f,

= |(@f.9)3| = 1o, 9]
= (Tet'sa)| < || T 11219122 < el N

hence [|T5f|| < |¢llool| fl|p- However, for ¢ € H*, T, may be unbounded
on D. Let

1
2

= ‘9f e L™(D, d,A)}

then Lfo’l U H*> is perhaps the most suitable symbol space of Toeplitz

operators which are bounded. Also, we can prove that if ¢ € L‘fo’1 has a
compact support set, then T, is compact on D.

4. An index formula of Toeplitz operators.

The classical index formula shows that for p € C(9D), if |p| > € > 0, then
T, is a Fredholm operator on Hardy space H?(dD), and IndT, = —windp.
If ¢ € C(D) with |(¢]ap)(¢)| > € > 0, then IndT, = —windy|sp on Bergman
space L2(D). The proof of these index formulas is relative to the topology
homotopy of symbol functions, it can not be directly extended to the case
of Dirichlet space since we do not know whether there is a C'-function H;
which is continuous with respect to ¢ € [0, 1] such that Hy = ¢, H = ¢
if ¢,% € C1(D) and wind ¢|sp = wind|sp. In this section, we use the
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short exact sequence (*) to prove an analogy of the above index formulas
for C''-symbols.

Theorem 13. Suppose ¢ € C*(D) such that Ty is Fredholm on D, then
IndT, = —windy|sp.

Proof. By Theorem 8, if ¢, ¢ € C1(D) such that T}, and T, are Fredholm on
D and windy|sp = windi|gp, then there is a H; € C([0,1] x D) such that
H; € GC(ID) (the set of invertible elements in C(9D)) for each t € [0, 1]
and Hy = ¢|sp, H1 = 1|ap. Note £ is an isometry isomorphism, so ¢ ~1(H;)
is continuous with respect to t. On the other hand, H, 1'is also continuous
on [0,1] x 9D, and {~H(Hy)§H(H, ") = €7 (H e (Hy) = EH(HH) =
[I]. Hence, £~!(H;) is invertible in % Furthermore, it is easy to see that
IndT, = IndT).

Now suppose ¢ € C'(D) such that 7T}, is Fredholm on D and windy|sp =
k, note T, is Fredholm on D with Ind7, = —1 = —windz|gp, let

i 2", if k>0,
z7k otherwise;

we see that windy|gp = windz*|sp, thus IndT, » = IndT:x by above proof,
consequently, IndT,, = —k = —windyp|sp. The proof is thus complete. U

Proposition 14. Suppose ¢ € H* such that Ty is Fredholm on D, then
IndTp = — lim windg,|op,

r—1-
where @ (2) = @(rz).
Proof. 1f f € KerTy, then for any g € D,

0= (Tpf,g)y = (@f.90 = (&8.9) = (Tof o).

1 1
2 2
since {¢'|lg € D} = L2, Tf' = 0, hence {f'|f € KerT,} C Kerfp. Conse-

quently, assume T¢f =0,f € L2, set F(z) = foz fdw, then F' € D, and for
any G € D,

(TaF,G)1 = (@F',G') = <z:;,f, G’> =0,

so TzF =0, further {f; f(w)dw|f € KerT:—;} C KerT;. This shows that
dim KerT;; = dim KerTj.
Now assume f € D such that T f = 0, then for any g € D,
0= <T$f,9>% =(f, 959>%

={f",eq) = (pf'y) = <T~¢f’,g’> :

1
2
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hence T, f' = 0, that is {f'|f € KerT3} C KerT,.
Similarly to above proof, we have also { [, f(w)dw|f € KerT,} C KerT, o
Hence dim KerT7 = dim Kerﬁp, consequently,

IndT = —Indfw = Tl_i,r{l_ windy,|op = — Tl_i,r{l_ wind@y,|sp-
|
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