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SMALL EXTENSIONS OF WITT RINGS

ROBERT W. FITZGERALD

We consider certain Witt ring extensions S of a noetherian
Witt ring R obtained by adding one new generator. The
conditions on the new generator are those known to hold when
R is the Witt ring of a field F, S is the Witt ring of a field K
and K/F is an odd degree extension. We show that if R is of
elementary type then so is S.

The elementary type conjecture is a proposed classification of noetherian
Witt rings. A potential source of counter-examples is as follows: Start with
a field F' where W F' is known (necessarily of elementary type) then look at
noetherian WK for extension fields K of F. Jacob and Ware [3] have shown
that WK is again of elementary type when [K : F] = 2. Here we look at the
simplest case of odd degree extensions, again showing W K is of elementary
type. We note that W F is noetherian iff G(F) = F"/F? is finite. Also when
K/F has odd degree then G(F) = F'K?/K? embeds into G(K).

We will in fact work with abstract Witt rings R (as defined by Marshall
[4]) with associated group of one dimensional forms G(R). The small exten-
sions considered here are as follows. Let H be a subgroup of G(R). We say
a Witt ring S is an H-extension of R if there exists an o € G(5) such that:

(1) G(S) ={1,a}G(R), and
(2) For all x € G(R) we have:

) Dg(l, —x), ife ¢ H
Dsl, =2) = {{1,a}DR<1, —z)  ifreH

Ds(1,—az) ={1,—az} (Dr(l,—x) N H).

These conditions hold for R = WF,S = WK when K/F is an odd degree
extension and [G(K) : G(F)] = 2 by [2, 4.7] (we note that [2, 4.7] should
include the condition that Nk p(a) = 1). No such field extensions are
known. However, there are many examples of H-extensions of abstract Witt
rings, which we determine inductively. This can be viewed as a first step
in classifying extensions of noetherian Witt rings. It also helps the search
for odd degree extensions K/F with [G(K) : G(F')] = 2, while lessening the
motivation for such a search.
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The proof of the main result is a long series of technical lemmas, only
one of which (3.1) has independent interest. However, most of the results
mimic the expected behavior of the field extension case, evidence the elemen-
tary type conjecture holds. This is speculative since there may be no field
extensions yielding H-extensions. However, we indulge in this suggestive
speculation once, after (1.5).

For any group H, H' denotes H \ {1}. The quaternionic mapping associ-
ated to R will be denoted by ¢. For z € G(R), Q(z) = {q(z,y) : y € G(R)}
and for a subgroup H, Q(H) = {q(h,y) : h € H,y € G(R)}. The value set
of (1,—x) is D(1,—z) = {y € G(R) : q(x,y) = 1}. We will often work with
several Witt rings at once and write qr, Qr(z) and Dg(l, —x) to indicate
these objects for R.

R is of local type if |¢(G(R), G(R))| = 2. We let E,, denote the elementary
2-group of order n. The group ring R[E,] is again a Witt ring. An element
t € G(R) is rigid if D(1,t) = {1,¢} and ¢ is birigid if both ¢t and —¢ are rigid.
The basic part of R, B(R), consists of £1 and all z € G(R) with either x or
—x not rigid. B(R) is a subgroup of G(R) and R = Ry|G(R)/B(R)], where
Ry is the Witt ring generated by B(R). We express this last statement by
writing Ry = W(B(R)).

The product in the category of Witt rings is:

RiMRy = {(7”1,7“2) :r; € Ry and dimry; = dimry (mod 2)}
If R= R1M Ry then G(R) = G(R1) X G(Rg) and:
DR<(1a 1)v (l‘, y)> = Dp, <17 LE) X DR2<17 y>

The radical of R is rad(R) = {x € G(R) : D(1,—z) = G(R)}. We say R
is degenerate if rad(R) # 1 and totally degenerate if rad(R) = G(R). D,
denotes a totally degenerate Witt ring with square class group of order 2".
There are two possibilities for D,, depending on whether -1 is a square or
not. Specifically, D,, is either a product of n copies of (Z/2Z)[E1] or n copies
of Z/AZ. If R is degenerate then there exist uniquely determined n and non-
degenerate Witt ring Ry such that R = D,, 1M Rg. Ry is the non-degenerate
part of R.

R is of elementary type if it can be built from Z/27Z, Z/4Z and Witt rings
of local type by a succession of group ring extensions (for some F,) and
products. The elementary type conjecture is that every noetherian Witt
ring is of elementary type.

1. Group ring extensions.

To help the reader navigate the following six sections of lemmas, we point
out here the highlights. We will prove S is of elementary type by induction
on |G(R)|. If R is of local type then generally H = 1 or G(R) and S is
determined (2.3), (1.1). The exceptions occur when R = Lo (there are
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three possible H’s) and when R = Lo (four possible H’s). The resulting
extensions are determined in (1.5).

If R = Ro[E,] is a group ring either H is one of three special subgroups
or S = Sy[E,] with Sy an H-extension of Ry (1.5). If R = Ri M Ry is a
product then S is generally a product of one factor with an H-extension of
the other factor (5.7), (6.1). There are exceptional cases when Ry = Z (5.9)
or R; is totally degenerate (4.1).

Lemma 1.1. Let S be an H-extension of R.

(a) If H =1 then S = R[E\], with E1 generated by .

(b) If H= G(R) then S = D; N R, with Dy generated by c.
Proof. Suppose first that H = 1. Then for all g € G(R) we have from the
definition of an H-extension that Dg(1,—ag) = {1, —ag}(Dgr(l,—g) N H)
and so ag is birigid. Thus B(S) C G(R) and G(S) = {1,a}G(R). So by [4,
5.19] S = R[E4], where E; is generated by .

Next suppose that H = G(R). Then Dg(1,—a) = {1, —a}(Dgr(l,—1) N
H) = G(S). Hence o € rad(S). Then by [4, pp. 105-106] S = DM R, where
D, is generated by «. O

When H # 1, which we will often assume in light of (1.1), we use the
following notation (recall that B(R) is the basic part of R):

T = |J Dr(1,-h)
heH"

Ty = | (Dafl,—h)\ {-h})
heH"
B(H) = H N B(R)
BT = |J Dgr(1,-h)
heB(H)
BTy= |J (Dr(1,=h)\{=h}).
heB(H)
Lemma 1.2. Let S be an H-extension of R with |H| > 1. Then:
(a) +£Tp € B(R) C T,
(b) B(S) = x{1,a}T.
Proof. First note that Dg(1, —a) = {1, —a}H, and |H| > 1 imply o € B(S).
If x € G(R) \ £T then Dgr(l,+z) N H = {1} so by the definition of H-
extensions, Dg(l,tax) = {1,+tax}. Hence ax ¢ B(S), and as a € B(S),
x ¢ B(S). That is, x is birigid in S, and so also in R. Thus z ¢ B(R) and
we have:
B(R) C £T,
B(S) C {1, a}T.
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Let x € Ty, z # —1 so that for some h € H',x € Dr(l,—h) and x # —h.
Then Dr(1, —x) contains —z, h which are distinct and not equal to 1. So
—x € B(R) and also z € B(R). If + = —1 then again x € B(R). Thus
To C B(R), and so +Ty C B(R) completing the proof of (a).

If v € T with x € Dr(1,—h),h € H" then

DS<17 _‘T> = {15 —Oél'} (DR<17 _$> N H)
contains {1, —ax, h, —azh}. Thus —azx € B(S). Again o € B(S) so z €
B(S). This shows {1, a}T C B(S), completing the proof of (b). O
Lemma 1.3. If S is an H-extension of R with |H| > 1 then B(R) = +BT
and either:

(a) B(R)==+B(H) and B(S) = £{1,a}H, or

(b) B(R) = +T and B(S) = {1,a}B(R).
Proof. If h € H\ B(H) then Dgr(1,—h) ={1,—h}. So:
(1.4) +T = £BT U +(H \ B(H)).
Now B(R) C +T by (1.2)(a) and B(R)N+(H\ B(H)) = 0 so B(R) C +BT.
Conversely,

+BT = +(BTUB(H)) C +T) U +B(H) C B(R),

which proves the first statement.

Now (1.4) gives:

+T = +BT U+H = B(R) U +H,
and (1.2)(b) gives:
B(S)=+{1,a}T ={1,a}B(R) U+{l,a}H.

This expresses the group B(S) as the union of two subgroups, hence either:

(i) {1,a}B(R) C ={1,a}H, or

(ii) £{1,a}H C {1,a}B(R).
In case (i) B(S) = £{1,a}H and B(R) C £{1,a}H N G(R) = +H. Hence
B(R) = £B(H). In case (ii) B(S) = {1,a}B(R) and H C B(R). Then
H = B(H),BT =T and by the first statement B(R) = £7T. O

Recall that any Witt ring R can be written as Ry[G(R)/B(R)], where
Ry = W(B(R)), the Witt ring generated by B(R). See [4, Chapter 5, Section
7] for details.

Proposition 1.5. Let R = Ry|FE,|, with Ry basic. Let S be an H -extension
of R. Then:
(a) If H =1 then S = Ro[En+1].
(b) If |[H| > 1 and H C G(Ry) then S = So[E,], for some Witt ring Sy
that is an H-extension of Ry (with the same «).
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(¢) If H ¢ G(Ry) and —1 € H then S = (D1 M Ro[H/B(H)]) [G(R)/H],
and G(Ry) C H.

(d) If H ¢ G(Ry) and —1 ¢ H then S = (Z 1 Ro[H/B(H)]) [G(R)/ + H]
and G(Rp) C £H.

Proof. If H = 1 then S = R[E1] by (1.1), which gives (a). So assume
|H| > 1. Further suppose that H C G(Ry) so that B(H) = H N B(R) =
HNG(Ry) = H. Then —H C T C G(Ryp). Hence £H C £T C G(Rp). Thus
if (1.3)(a) holds, so that G(Ry) = B(R) = £B(H) = +H, then B(R) = £T
also. So we are always in case (b) of (1.3). Then, since G(S)/B(S) =
G(R)/B(R), we have S = Sy[E,], where Sp = W(B(S)). From H C B(R)
we have that Sy is an H-extension of Ry.

Next suppose that H ¢ G(Rp). We still have that G(Ry) = B(R). If
B(R) = £T then H C B(R), contrary to our assumption. Thus we are in
Case (a) of (1.3). First say that —1 € H. Note that —1 € HNB(R) = B(H)
also. Then B(R) = B(H) and B(S) = {1,a}H. Thus S = Sy[G(R)/H], for
So=W({1,a}H), since G(S)/B(S) = G(R)/H.

Now Dg,(1,—a) = Dg(l,—a) N{1l,a}H = {1,a}H. Hence o € rad(Sy).
Write Sy = D M Sy, for some Witt ring S7 and with Dj, generated by «,
being Zs[E1] or Z4 using [4, p. 104]. Note that S; = W (H).

If h € H\ B(H) then Dr(l,—h) = {1,—h} and Dg(1,—h) = {1,, —h,
—ah} so that Dg, (1, —h) = Dg(1,—h) N H = {1, —h}. Similarly, Dg, (h) =
{1,h}. And if h € B(H) then Dg (1,—h) = {l,a}Dgr(l,—h) N H
=Dgr(l,—h)NH=Dgr(l,—h)NB(H)=Dg,(1,—h). Thus S1=Ro[H/B(H)].

We still suppose H ¢ G(Rp), so that we are in Case (a) of (1.3), and now
say that —1 ¢ H. Then S = Sy[G(R)/ £ H] as G(S)/B(S) = {1l,a}G(R)/ +
{1,a}H = G(R)/ £ H. Here Sy = W(£{1,a}H).

Now Dg,(1,—a) = {1,a}H has index two in G(Sp) = £{1,a}H. Fur-
ther a ¢ Dg(l,—a) else —1 € {1,—a}H and —1 € H. Thus we have an
orthogonal decomposition in the sense of [1]:

(1.6) G(So) = {1,a} L Dg(1, —a).

Set S1 = W({{1,a}) and So = W(Dg(l,—a)). Note that S; = Z as —1 ¢
Ds(1,—a). If h € +H \ £B(H) then Dg(L,£h) = {1, +h}, Dg(1, ~h) =
{1,a,—h,—ah} and Dg(1,h) = {1,h}. Thus we have Dg (1,+h) =
Dg(1,+£h) N+H = {1,%+h}. So S = S3|H/B(H)], for some Witt ring Ss.
Sy is indeed a group ring as H ¢ G(Rp) implies H # B(H).

We wish to apply [1, 3.4] and deduce that the decomposition (1.6) yields
a product of Witt rings. First we need to handle the case where Sy is
decomposable, that is, So = Z[E}]. In this case |G(S2)| = |Dg(1l, —a)| =4
so that H = {1,t}, for some t ¢ G(Rp) and G(Ry) = {1} as G(Ry) C
+H. Now Dg(1,—t) = {1, a, —t, —at} so we consider instead the orthogonal
decomposition:

{17t} 1 DS<17 _t>'
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Now QS<{17 t}) - {17 q(t7 _1)} and QS(DS<17 _t>) = {17 Q<aa _1)7 q<_t7 _1)7
q(—at,—1)}, using g(a, —t) = g(a, —1) and ¢(t, —at) = 1. Then Qg ({1,t})N
Qs(Ds(1, —t>) = 1. Thus:

So = W({l,t}) 1 W(D5<1, —t>).

Now W ({1,t}) =Zas —1 ¢ Dg(1,—t) and W(Dgs(1,—t)) = Ro[{1, a}] since
« is birigid in ¢fst and G(Rp) = {£1}. This gives the desired result of (d).

We now apply [1, 3.4] and obtain that either (1.6) yoilds a product or
QS({17a}) = QS(DS<17 —Oé)). But if ¢ € H \ G(RO) then Q(t7t) = Q(t7_1>
and ¢(a,a) = q(a,—1) are distinct, since —1 ¢ Dg(1,—at). Hence the
decomposition (1.6) in fact yields the product Sy = S; M Sy. We have al-
ready seen that S1 = Z and that Sy = S3[H/B(H)]. If h € £B(H) then
D53<1, —h> = D51<1, —h> = DR<1, —h> = DR0<1> —h> So 53 = Ro. [l

H-extensions are motivated by the behavior of odd degree field extensions.
(1.5) and other lemmas do mimic the results expected in the field case, at
least for valued fields. Pointing out these parallels is speculation (there may
be no field extensions yielding an H-extension) but it is instructive.

Suppose then that K/F is an odd degree extension with WK an H-
extension of WF. Further suppose that K has a 2-henselian valuation B
with a basic residue field kg. If a is not a unit, modulo squares, then « is
birigid and we have case (a) of (1.5). Otherwise, o pushes down to @ € kp.
Set A = BN F. If A has a basic residue field k4 then Wky C Wkp,
H = D(1,—-a)Nkp and Wkp is an H-extension of Wk4. This is (1.5)(b).
If k4 is not basic then H contains birigid elements of F' and so B(k4) C +H.
This yields cases (c) and (d) of (1.5).

2. Local type rings.

Notation. For a subset A C G(R) set:
Cr(A) = () Dr(1,—a).
acA
Lemma 2.1. Suppose that S is an H-extension of R. Suppose k € Cr(H)\
H. Then Qr(H) N Qgr(k) = 1.

Proof. Let p € Qr(H) N Qgr(k) so that p = q(h,z) = q(k,y) with h € H,
and z,y € G(R). Since H C Dg(1, —a) we have that q(k,y) = q(azx,h). By
linkage there exists a t € G(S) such that:

q(k,y) = q(k,t) = q(ax,t) = q(az, h).
The first equality gives ty € Dg(1,—k) = Dr(1,—k) C G(R), since k ¢ H.
Hence t € G(R). The second equality gives:

t € Dg(l, —axk) NG(R) = Dr(l,—zk) N H.
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This implies ¢t € Dr(1, —x) since H C Dgr(1, —k). The third equality gives:
ht € Dg(1, —az) N G(R) = Dgr(l,—x) N H.
Hence h € Dg(l,—x) and p = q(x,h) = 1. O

The small Witt rings of local type will often be treated separately. The
only local type Witt ring with two generators is Z. There are two Witt rings
of local type on four generators and both are group rings. If L is local type
and |G(L)| > 8 then L is not a group ring. See [4, Chapter 5, Section 3] for
details.

Lemma 2.2. Suppose R = L Ro, with L a Witt ring of local type and
|G(L)| > 8. Let w1 be the projection map of G(R) onto G(L). Let S be an
H-extension of R. Then mi1(H) =1 or G(L).

Proof. Set B = w1 (H) and write Q(L) = {1, p}. Suppose that B # 1. If
(u,v) € H with u # 1 then pick r € G(L)\ Dr(1, —u). We get q((u,v), (r,1))
= (p,1) and so (p,1) € Q(H).

Now H C B x G(Rg) so that CL(B) x 1= CR(B X G(Rz)) C CR(H) If
Cr(B) =1 then B = G(L) and we are done. So suppose there exists 1 #
z € CL(B). Set h = (z,1) € Cr(H). Then Q(h) = {1,(p,1)} C Q(H). By
(2.1) we must have h € H and so C(B) x 1 C H. In particular, Cp(B) C B.

Continue to let h = (z,1) where 1 # z € Cr(B). We claim there exist
an hy € H and an x € Dr(1,—h) such that g(z,h1) = (p,1). Suppose not.
We consider any x = (a,1) with a € Dr(1,—z). Then ¢(z, (u,v)) = (p,1)
unless a € D (1,—u). Thus Dp(1,—z) C Dr(1,—u) for all (u,v) € H, that
is, Dr(1,—z) C Cr(B). Then Cr(B) = Dr(1,—2) and so B = {1, z}. But
Cr(B) C B so that Dp(l,—z) C {1,z} and |G(L)| = 4, a case we are
excluding.

Thus there does exist an hy € H and an x € Dg(l,—h) such that
q(z,h1) = (p,1). Then in S we have g(azx,h1) = (p,1) and so Qg(h) C
Qs(ax). We obtain:

|@s(az) NQs(h)| = 2.
On the other hand:

Ds(1,—az) N Dg(1,—h) = {1, —ax} (Dr(l,—z) N H) N {1,a}Dgr(1,—h).
Here Dr(l,—x) " H C Dg(l,—h) as h € Cr(H). Also, by construction,
x is an element of Dr(1,—h) and h € Cr(H) C Dg(l,—h). So -1,z €
Dr(1,—h) and —az € aDg(1,—h). Thus Dg(1, —azx) C Dg(1,—h). By [4,
5.2]:

|Ds(1, —auxh)| 2|Dg(1,—zh) N H|

@stan) N Qs = 15 e A Ds (LR~ 2Dr(l, —2) N H]
and Dg(1, —zh)NH = Dr(1,—x)NH as h € Cr(H) implies H C Dg(1, —h).
So |Qs(ax) NQs(h)] =1, a contradiction. Hence m1(H) = G(L). O
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Corollary 2.3. Suppose R is of local type with |G(R)| # 4. If S is an H-
extension of R then either:

(a) H=1 and S = R[E4], with Ey generated by o, or

(b) H=G(R) and S = D11 R, with Dy generated by .

Proof. If |G(R)| = 2 then it is clear that H =1 or H = G(R). If |G(R)| > 8
the take Ry = 1in (2.2) to get H =1 or G(R). Now apply (1.1). O

3. Products: General Lemmas.
We start with a lemma that may be of general interest.

Lemma 3.1. Let R be a Witt ring of elementary type. Let K be a proper
subgroup of G(R) and let y € G(R). If

G(R) = | D{1, —yk),
keK

then y € rad(R) - K.

Proof. We first prove the result for non-degenerate R where we must show
y € K. It suffices to prove this for subgroups K of index two. Namely, if K
is any subgroup satisfying the hypothesis let A denote the set of subgroups
K of index two that contain K. Then for any K € A:

GR)= | D({1,—yk) c | DA, —yk).
keKo keK
Assuming the result holds for subgroups of index two, we obtain y € K.
Then y € Ngeq K = Ko, as desired.

So suppose [G(R) : K| = 2. We work by induction on |G(R)|. We need to
prove that y € K when R is of local type, a group ring or a product. First
suppose R is of local type. Then K = D(1,—a), for some a € G(R). We
have:

G(R) = U D<17_yk> :D<17_ya ay>'
keD(1,—a)
Multiplying by —a gives G(R) = D((—a, —y))’, the pure part of the Pfister
form ((—a,—y)). In particular, —1 € D{((—a, —y))" so ((—a,—y)) = 0 and
ye D(1l,—a) =K.

Next let R = R()[El], with i = {1,t} and ‘G(Ro)‘ > 2 (lf G(Ro) =1
then R is degenerate). Suppose y ¢ K. We claim G(Ry) C K. Choose any
g € G(Rp). Then there exist ki, ks € K with —gt € D(1,—yk;) and —t €
D(1, —yksa). We get gt = yky and t = yks since y ¢ K. Hence g = kiks € K.
This proves the claim. Both G(Rp) and K have index two so K = G(Ry).
From ¢t = yko we have y € tG(Ry). Pick g € G(Rp). Then g € D(1, —yks)
for some k3 € K. But yks € yK = tG(Rp), so this is impossible. The
contradiction implies y € K.
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Lastly, say R = Ry M Ry. Write y = (y1,y2). Now K N (G(R1) x 1) is a
subgroup of index at most two in G(R;) x 1. Let K; be its projection into
G(Ry). Similarly, let K be the projection of K N (1 x G(Rz2)) into G(Ry).
Then [G(R;) : K;] <2, for i =1,2. If Ky = G(R2) then:

U Dr(t,—yk) = |J D1, —pk1) x G(Ry)

keK kieK,
so that G(R1) = g, D(1, —y1k1). By induction then y; € K; and hence
y = (y1,42) € K1 Xx G(R2) = K. In the same way, if K1 = G(R;) theny € K
as desired. So we may assume that [G(R;) : K;] = 2 for i = 1,2. Write
K ={1,7}K; x Ko. We have:

GR)= ] (D, —yikr) x D(1,—yzks)
k1€K1,ka€ Ko

U D(1, —y1y1k1) x D(1, —yay2ka)),

where v = (71,72).

Suppose y1 € K;. If G(Ry) = UD(1, —y1y1k1) then by induction we have
y171 € Ky and so 71 € K. Then K = K; X G(Rg) and Ko = G(R2) a
case we have already covered. We may thus assume there exists a g; €
G(R1) \UD(1, —y1mki). Then g1 x G(Rz) C U(D(1, —y1k1) x D(1, —y2k2))
and so G(R2) = UD(1, —yzks). By induction yo € Ko and y = (y1,92) €
K x Ko C K, and we are done.

We may thus assume y; ¢ Kp. Similarly, yo ¢ Ks. Pick, for i = 1,2, a
gi € G(R;)\UD(1, —y;k;), which is possible by induction. Then g1 x G(R2) C
U(D(1, —y1y1k1) x D(1, —yay2k2)) and so G(R2) = UD(1, —y2vy2k2). By
induction once more, we have ysve € Ks. Similarly, y171 € Ki. Then
y € (71,72)(K1 x K9) C K, as desired. This proves the result for non-
degenerate R.

Now suppose R is degenerate. Write R = DM Ry, withrad(R) = G(D) x 1
and Ry non-degenerate. Let my be the projection of G(R) onto G(R2). Set
Ky = my(K) and write y = (y1,y2), with y; € G(D) and y2 € G(R2). Our
assumption is:

GR)=G(D)x G(R) = | D{(1,1),~(yrk1, yk2))
(k1,k2)EK

=G(D) x | |J Dr,(1,~y2ks)
ko€K2

From the non-degenerate case we get yo € Ko = mo(K). Thus there exists
a d € G(D) such that (d,y2) € K. Hence y = (y1,y2) = (dy1,1)(d,y2) €
rad(R) - K. O

Our key reduction lemma follows.
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Lemma 3.2. Let R = R1 N Ry and suppose S is an H-extension of R. If
H = H; x G(Ry) then there exists a Witt ring T that is an Hy-extension of
Ry such that S =T M Rs.

Proof. We first construct T. Let G(T') be a group containing G(R;) as a sub-
group of index 2; write G(T') = {1,B}G(R1). Let ¢ : G(T) —
{1,a}(G(R1) x 1) be the isomorphism sending g1 — (g1,1) and [g; +—
a(g1,1), where g1 € G(Ry). For z € G(T') define:

Dr(1, —2) = ¢~ (Ds(1, —o(2)) N {1, a}(G(R1) x 1)).
We check that T' is an Hj-extension of Ry. If z € G(R;) \ H; then:
Dr(l, —z) = o~ (D, (1, —2) x G(R2)) N{1,a}(G(R1) x 1))
= ¢ (DR, (1, —2) x 1)
= Dpg, (1, —2).
If = € Hy then:
Dr(l,—2) = ¢~ ({1, a}(Dr, (1, ~z) x G(R2)) N {1, a}(G(R1) x 1))
= ¢~ ({1,a}(DR, (1, —2) x 1))
= {1, 8} D, (L, —2).
Lastly, if z € G(R1) then:
Dr(l, —=fz) = ¢~ (Ds(L, —a(z,1)) N {1, a}(G(R1) x 1)).
Now:
Ds(1,—a(z,1)) = {1,—a(z,1)} (Dgr, (1, —2) x G(R2)) N (H1 x G(Ry)))
={1,—a(z, 1)} ((Dgr,(1,—2) N H1) X G(R2)) .
Since (1,—1) € Dg,(1,—2) N H; x G(R2) we have:
Dgs(1,—a(z,1)) = {1,a(—2,1)} (Dgr,(1,—2) N H1) x G(R2)) .
Hence:
Dr(1,—=B2) = ¢ '({1,a(—2,1)}(Dg, (1,—2) N H1) x G(Ry))
N{L,a(—z,1)}(G(Ry) x 1)
= Y({1,a(=2,1)}(Dg,(1,—2z) N Hy) x 1)
— {132} (D, (1, —2) N H)).
We begin the verification that (G(T"), Dr) is linked, so that 7" is indeed
a Witt ring. Let ¢t = a“ (u,v) € G(S) and let %z, 33y € G(T') with each
€ =0or 1.
Claim. Ift € p(6%y)Ds(l, —p(5°x)) then f9u € BS9yDr (1, —F%x).

We first assume that €; = 0. We have four cases:



SMALL EXTENSIONS OF WITT RINGS 41

Case 1. e = 0,e3 = 0. Here (uy,v) € Dg(1,—(z,1)), hence uy € Dg, (1, —x)
- DT<1,—.CL‘>.

Case 2. ea = 0,e3 = 1. Here a(uy,v) € Dg(1l,—(x,1)). We must have that
x € Hy so a(uy,v) € {1,a}(Dg,(1,—z) x G(R2)). Then uy € Dg, (1, —z).
Thus fuy € Dr(1,—x) = {1, 3} Dg, (1, —x).

Case 3. €3 = 1,e3 = 0. Here:
(uy,v) € {1, —a(z, 1) }((Dgr, (1, —x) x G(R2)) N H)
={1,—a(z,1)}((Dgr,(1,—x) N H1) x G(R2)).
Thus uy € Dg,(1,—x) N H;. We obtain
uy € Dp(1l,—pz) = {1,—PBx}(Dg,(1,—x) N Hy).

Case 4. €3 = 1,e3 = 1. Here a(uy,v) € {1, —a(z, 1) }((Dg, (1, —z) N Hy) X
G(R2)) so that (—zuy,v) € (Dg,(1,—z) N H1) x G(R2). Thus —zuy €
Dp,(1,—z) N Hy and Buy € Dr(1, —Bz) = {1, =Bz }(Dg, (1, —x) N Hy).
The four cases with ¢ = 1 are identical to the four above cases. For
example, if e = 1,e3 = 0,e3 = 0 then we have a(uy,v) € Dg(1, —(x,1)),
which is Case 2 above. Thus the Claim is proven.
We can now check linkage in T Let x,y, z,w € G(T) and suppose:

2D (1, —y) N Dp(1, —yz) NwDr(1,—z) # 0.

Apply ¢ to get:
p(x)Ds(1, —o(y)) N Ds(1, —p(y2)) N p(w)Ds(1, —p(2)) # 0.
By linkage on S, there exists a t € G(S) in:
o(y)Ds(1, —p(x)) N Ds(1, —p(zw)) N p(2) Ds (1, —p(w)).
Now apply the
Claim.
yDr (1, —x) N Dp(1l, —zw) N 2zDp(1, —w) # 0,
as desired.

Lastly, set W = T'M Ry. Then G(W) = ({1,8}G(R1)) x G(Rz). Set
v = (6,1) so that G(W) = {1,7}(G(R1) x G(R2)) = {1,7}G(R). We will
show W is an H-extension of R, via =y, and hence that S = W.

First let h = (h1,92) € H, where hy € Hy C G(R1) and g2 € G(R2).
Then:

Dy (1, —h) = Dr(1, —h1) X Dgy(1,—g2)
= ({17ﬁ}DR1<13 _h1>) X DR2<L _92>
= {1a7}DR<17_h>'
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Next let g = (g1,92) € G(R) \ H, with g1 € G(R1) \ H1 and g2 € G(R2).
Then:

Dw(1,—g) = Dr(l,—g1) X Dg,(1, —g2)
= Dpg,(1,—g1) X Dg,(1,—g2) = Dg(1,—g).
Lastly, let g = (g1,92) € G(R), with g1 € G(R;) and g2 € G(R2). Then:
Dw (1, —vg) = Dw (1, —(Bg1, g2))
= Dg,(1,—Bg1) x Dg,(1,—g2)
= ({1,-Bg1}(Dg,(1,—g1) N H1)) x Dg,(1,—g2)
= (Dg,(1,—g1) N Hy) x Dg,(1,—g2)
U7y (=91(Dr, (1, —g1) N H1) X —g2Dp, (1, ~g2))
= {1, —7(91,92) }(Dr(1, —(91,92)) N H)
= {1, —vg}(Dr(1, —g) N H).
Thus W =T 1 Ry is an H-extension of R and so is isomorphic to S. (]

Our last general lemma is the most technical, but it also does most of the
work.

Lemma 3.3. Let u € G(R) and h € H. Then:
Dg(1,uh,—h) \ uH C U Dg(1, —t).
teh(D(1,—u)NH)

Proof. Let w € Dg(1,uh,—h) \ uH. Then w € Dg(1l,—hv) for some v €
Dr(1,—u) and uw ¢ H. We have:

q(ou, h) = q(u, h) = q(u,vh) = q(uw, vh).
Thus, by linkage, there exists a t € G(S) such that:
alaw, h) = glow, ) = gluw, £) = qluw, vh).

The third equality gives vht € Dg(l, —uw). Since uvw ¢ H this implies
t € G(R). Then the first two equalities give:

ht € Dg(1, —au) N G(R) = Dgr(1l,—u) N H,
t € Dg(1l,—aw) NG(R) = Dr(l,—w) N H.
Hence w € Dr(1, —t) where t € h(Dgr(1,—u) N H). O

4. Products: Degenerate Witt rings.

If R is a degenerate Witt ring then R = D M Rs, for some Witt ring Ro and
where G(D) = {1,d}, with Dp(1,1) = Dp(1,d) = {1,d}. We will often use
the fact that if (u,v) € G(R) then Dg(1l,—(u,v)) = Dr(1, —(du,v)).
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Lemma 4.1. Suppose R = DRy is degenerate. Let w1 be the projection of
G(R) onto G(D). Let S be an H -extension of R. Then either G(D)x1 C H
or S is isomorphic to an Hy-extension of R, for some subgroup Hy C G(R)
with 7T1(H0) = 1.

Proof. Suppose (d,1) ¢ H and that m(H) # 1, so that (d,y) € H for
some y € G(R2). Let G2 be the subgroup of G(R2) such that 1 x Gy =
HnN (1 X G(Rg)) Then H = (1 X Gg) U (d X ng) Set Hy =1 x {1,y}G2,
and note that m (Hp) = 1.

Let 3% = 1 and set G(Sp) = {1, B}G(Rz). Define Sp-value set s so that Sy
is an Hp-extension of R. We wish to show S = Sy. Extend G2 to a subgroup
K of index two in G(R2) that does not contain y. Define ¢ : G(S) — G(S0)
by a — (3 and for (u,v) € G(R):

u,v), itve K
pluw) = 4
(du,v), ifvé¢ K.
It is quickly checked that ¢ is an isomorphism. We will show:
(4.2) p(Ds (1, —s)) = Ds, (1, —¢(s)),
for all s € G(S). This shows both that Sy is a Witt ring and that S = Sp.
Claim. If (u,v) € G(R) then ¢(Dg(1, —(u,v))) = Dr(1l, —(u,v)).
Dgr(1, —(u,v)) = {1,d} x Dg,(1,—v)
=1x (DR2<1, —U> NK)ud x (DR2<1, —v) N K)
U1l x (Dg,(1,—v) NyK)Ud x (Dg,(1, —v) NyK).
Thus:
(:D(DR<13 —(’LL, U))) =1x (DR2<17 _U> N K) Ud x (DR2<13 _U> N K)
Ud x (Dy{1,—v) NyK) U1 x (Diy (1, —v) Ny
= DR<1> _(uv U)>7
proving the Claim.

We now check (4.2) in various cases. First suppose s = (u,v) € G(R),
v e K. Then s € H iff u =1 and v € G2. We have ¢(s) = s and ¢(s) €
iff u=1andve Gyiff s e H. Dg(1,—s) = {1,a}Dg(1,—s) or Dgr(1,
depending on whether or not s € H. So by the Claim, ¢(Dg(1l,—s)) =
{1,8}Dgr(1,—s) or Dgr(l,—s) depending on whether or not ¢(s) € Hy.
Thus ¢(Ds(1, —s)) = Dy (1, —4(s)).

Next suppose that s = (u,v) € G(R) with v € yK. Then s € H iff u=d

and v € yGa. We have p(s) = (du,v) so that ¢(s) € Hp iff u = d and
v € yGsy iff s € H. Again using the Claim:

) {1,a}Dg(1, —s), if se H
Ds{l, =) = {DR<1, —s), if s ¢ H.

Wlth

>
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Thus:
)= {1,B}Dgr(1, —s), if p(s) € Hy

PDstl =) {DR<1,—5> i o(5) ¢ Ho
Now Dg(1,—s) = Dgr(1l,—(u,v)) = Dr(1l,—(du,v)) = Dgr(1, —p(s)). Hence
we have as desired that ¢(Dg(1, —s)) = Dg, (1, —¢(s)).

Now suppose s = a(u,v) € aG(R). Then:

Ds(l, —s) = {1, —a(u, v) (Dr(1, = (u,v)) N H)

= {1, —a(u, v)}[({1,d} x Dp,(1, —v)) N (1 x Ga Ud x yGs)]

= {1, —a(u,v)}[1 x (Dg,(1, —v) N G2) Ud x (Dg,(1, —v)NyGa)].

Now:
@((1 x (Dp,(1, —v) N G2)) U (d X (Dr,(1, —v) NyGa)))
=1x (DRQ<1, —v)NGo) UL X (DRQ<1, —v) NyGa)
=1 x (Dgy(1,—v) N {1,y}G2)
= Dr(1, —(u,v)) N Hp.

Thus if v € K then:
@(DS<17 _8>) = CP(DS<17 _a(u7 U)>)
= {17 _/8(“7 v)}(DR<17 _(u7 1))> N HO) = D30<17 _90(5»7

verifying (4.2) in this case.
Lastly, if v € y K then:

p(Ds(1,—s)) = ¢(Ds(l, —a(u,v)))

= {1, =B(du, v) }(Dr(1, =(u, v)) N Ho)
= {1, —p(du,v)}(Dg(1, —(du,v)) N Hyp)
= Dsy (1, —¢(s))
Thus (4.2) holds in all cases. U

5. Products: Local type factors.
Lemma (3.3) looks simpler when one factor has local type.

Lemma 5.1. Suppose R = LT Ry, with L of local type. Suppose S is an
H-extension of R. Let h = (hy,hs) € H and u = (u1,uz) € G(R) such that
up ¢ Dr(1,—hy1) while uy € Dg,(1,—hg). Then:

G(R) = uH U (u; x G(Ry)) U U Dgr(1, —t).
teh(Dg(1,—u)NH)
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Proof. Write Q(L) = {1,p}. Then ((—u,—h)) = (p,1). Hence
—Dr{(—u,—h)) = {(=, ) € G(R) :  # 1}. Now —u - (—u, —h,uh) ~
(1,uh,—h). Thus Dg(l,uh,—h) = {(z,y) € G(R) : © # u1}. Apply (3.3&

Lemma 5.2. Suppose R = L M Ry, with L of local type. Let w1 be the
projection of G(R) onto G(L). Let S be an H-extension of R and suppose
that mi(H) = G(L). Let u = (u1,u2) € G(R).
(a) If |G(L)| > 4 then m(Dg(l,—u) N H) = Dr(1, —uq).
(b) If L = Z and m1(Dr(l,—u) N H) # Dr(1,—uy) for some u, then
H=1x HyU—1X —Hy, where 1 x Ho = HN (1 x G(Ry)) and Hy is
an ordering on Rs.

Proof. Suppose that m(Dg(l,—u) N H) = K < Dr(1,—u1).

Claim. Ifv e G(L)\ K then (v,—1) € H.
Since m1(H) = G(L) there exists a w € G(R2) such that (v,w) = h € H.
Now:

Dgr(1,uh, —h) = —u(Dr{{—u, —v)) x Dpg,({—uz, —w))")
D) ulG(L)' X ugT,
where T'= —Dpg, ({(—uga, —w))’. Also:

U Dg(1,—t) (U D1 —vk>> G(Ry).
teh(Dr(1l,—uynNH) keK

Now v ¢ K implies G(L) # UDp(1,—vk) by (3.1). Choose a g € G(L) \

UDp (1, —vk).

We check that we may assume g # uy. If v € Dp(1, —uq1) then we have
ur D (1, —v) = Dr(1, —v) C UDr(1, —vk) and sono g € G(L)\UDL(1, —vk)
is equal to uy. If instead v ¢ Dy (1, —uy) then, as |K| < |Dr(1, —uq)|, there
exists a w # w; such that K C Dr(1,—u;) N Dr(1, —w). If v ¢ Dr(1, —w)
then w is not in any Dy (1, —vk), for k € K, and we may take g = w. If
v € Dr(l,—w) then v ¢ D (1, —ujw) and we may take g = ujw.

We thus have g € u;G(L) \ UD (1, —vk). So g x ueT C uH by (3.3).
Hence u1g x T'C H. Then (u1g,u2), (u1g9, —usw) € H and so (1,—w) € H.
We obtain that (v,—1) = (v,w)(1,—w) € H and the Claim is proven.

Now suppose u; # 1. Let z € G(L)". Since |K| < |Dr(1, —u;)| we have
|K| < £|G(L)|. So we can choose v € G(L) \ {1,2}K. Then (v,—1) and
(vz, —1) are in H by the Claim. Hence (z,1) € H. This shows that G(L) x
1 C H. But then D (1, —u;1) x 1 C Dpr(1, —u)ﬁH and m (Dg(l, —u)NH) =
Dr (1, —uy), as desired.

Next suppose u; = 1 and |G(L)| > 4. We show m1(Dg(1l, —u)NH) = G(L).
Pick any a € G(L) and pick a b € G(L) such that a € Dy (1, —b). This is
possible since |G(L)| > 4 implies there are at least two b’s such that a €
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Dr(1,—b). So there is such a b not equal to 1. Then, by the above paragraph,
m1(Dgr(1,—(b,u2)) N H) = Dr(1,—b) contains a. Thus there exists a k €
Dg, (1, —ug) such that (a, k) € H. Thus (a, k) € Dg(1l, —(u1,u2)), as u; = 1,
and so a € m(Dg(l, —u) N H).

Lastly, suppose u; = 1 and L = Z. Here K = {1} and v = —1. The
Claim shows that (—1,—1) € H. Now Hy = H N (1 x G(R2)) has index
2 in H since 1 X G(R3) has index 2 in G(R) and H ¢ 1 x G(R2). Hence
H =1x HyU—1x —Hs. The last paragraph of the proof of the Claim gives
u1g X T'C H, where g # u1. Thus g = —1 and after multiplying by —1 € H
we get:

(5.3) 1 x Dg,{{—uz, —w)) C H.

This holds for all w € G(Rz2) such that (—1,w) € H, that is, for all w € — Hs.
Thus for any ho € Ho:
—UQDR2<1,h2> C DR2<—U2,h2, —’LL2h2> C H2
DR2<1,h2> C HQ.
Thus Hs is a preordering. Also (5.3) holds for any us € G(R2) with
m1(Dr(l,—(1,uz))) = 1. That is, Dg(1,—(1,u2)) N (=1 x —Hy) = @ or

equivalently, ug is not in Dg, (1, he) for any he € Ha. For such a ua, (5.3)
implies —uo € Ho. Hence:

G(Ry) = —HyU | ] Dg,(1,hy).

ho€Ho
But Hs is a preordering so that UDg, (1, he) C Hs. Thus G(R2) = —HaUHo,
Hj has index 2 in G(R2) and so Hj is an ordering. O

Notation. Suppose R = R; M Ry and that H is a subgroup of G(R). For
x € G(Ry) set F(x) ={y € G(R2) : (x,y) € H}.

Lemma 5.4. Let R = R1 MRy and let S be an H-extension of R. Let w1 be
the projection of G(R) onto G(R1) and suppose m1(H) = G(R1). Then for
all z € G(Ry):

(a) F(z) is non-empty.
(b) F(1) is a subgroup of G(Ry).
(¢) F(x) is a coset of F(1).

Proof. No F(z) is empty since m1(H) = G(R;y). Clearly F(1) is a subgroup.
Fix yo € F(x). If y € F(1) then (1,y), (x,y0) € H implies (z,yyo) € H and
so yyo € F(x). This says yoF'(1) C F(x).

Now let y € F(z). Then (z,y0), (z,y) € H so that (1,yyo) € H. Hence
yyo € F(1) and we have the reverse inclusion F(x) C yoF(1). O
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Lemma 5.5. Let R = Ri M Ry be of elementary type. Let S be an H-
extension of R. Let m be the projection of G(R) onto G(R1). Suppose the
following:

(1) m(H) = G(Ry).

(2) F(a)Nrad(R2) C {1}, for all a € G(Ry).

(3) Forallu = (u1,u2) € G(R) we have m (Dr(1l, —u)NH) = Dg, (1, —u1).
Then H = G(R1) x Ha, for some subgroup Hao C G(Rz2).

Proof. Let a € G(R;y). We will first show that:

(5.6) G(Ry) = |J Dr,(1,—k).
keF(a)
Pick any b € Dpg,(l,—a) and any g € G(R2). Then a € Dg,(1,-b) =
m1(Dgr(1,—(b, g))NH) by assumption (3). Hence there exists a k€ Dg, (1,—g)
with (a,k) € H. That is, g € Dg,(1, —k) for some k € F(a), proving (5.6).
Write F'(a) = yF (1) as in (5.4). Then (5.6) becomes:

G(RQ) = U DR2<17 _yk>'
keF(1)
Thus y € rad(Rg) - F(1) by (3.1). That is, there exists a d € rad(Rz) such
that d € yF (1) = F(a). By assumption (2) then d = 1. Hence y € F(1) and
so F(a) = F(1). By assumption (1) we have (a, m) € H for some m € G(R5).
Then m € F(a) = F(1) so that (1,m) € H also. So (a,1) = (a,m)(1,m) €
H. Hence G(R1) x 1 C H and H = G(R;) x F(1). O

We first complete the case of a local factor L with |G(L)| > 8.

Corollary 5.7. Let R = LT Ry, with Re of elementary type, L of local type
and |G(L)| > 8. Let S be an H-extension of R. Suppose F(a)Nrad(R2) C {1}
for all a € G(L). Then either H = 1 x Hy or H = G(L) x Hy for some
subgroup Hy C G(R2).

Proof. Again let w1 denote the projection of G(R) onto G(L). We know that
mi(H) =1 or G(L), by (2.2). If m;(H) = 1 then clearly H = 1 x Hy for
some subgroup Hs. So suppose that m(H) = G(L), the first hypothesis of
(5.5). We are assuming the second hypothesis as well. And (5.2) shows the
third hypothesis of (5.5) holds. Hence H = G(L) x Hj, for some subgroup
Hs. U

The argument for R = Z M Ry is different.
Lemma 5.8. Let R be a real Witt ring of elementary type. Let P C G(R)
be an ordering. Suppose that for all x € P that:
P=|J D{1zk).
keD(1,—z)NP
Then R =711 Ro, for some Witt ring Rs.
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Proof. Suppose Z is not a factor of R. Then R has a group ring factor that
is real. Thus R = Ry[E1] M Ry, for some Witt rings Ry, R2, and we may
assume P = Py{1,t} x G(R2), where Py C G(Rp) is an ordering on Ry and
Ey ={1,t}. Then take z = (¢,1). We have that D(1, —z) = {1, —t} x G(R2)
and D(1,—z) N P =1 x G(Ry). Thus:

pr= |J Dzky= |J D(11),(Eg)

keD(1,—z)NP 92€G(R2)
={1,t} x G(Ry).

Hence Py =1 and Ry = Z, giving a contradiction. ([

Lemma 5.9. Let R = Z T Ry and suppose S is an H-extension of R. Then
one of the following occurs.

(a) H =1 x Hy for some subgroup Hy C G(R2).

(b) R =ZnN R3, for some Witt ring R3, and {£1} x 1 C H.

(¢) R=ZNZN R3, for some Witt ring R3, and (1,1) x G(R3) C H.

Proof. Again let 7; be the projection of G(R) onto G(Z) = {+1}. If m1(H) =
1 the we are in case (a). Thus we may assume that 7;(H) = G(Z). If for
every u € G(R) we have that m1(Dgr(1, —u) N H) = D(1, —m1(u)) then (5.5)
implies we are in case (b). So suppose this fails for some v € G(R). Then
by (5.2) H =1 x HyU(—1 x —Hj3), for some ordering Hs of G(R3). We will
first show that for every ho € Hy that:

Hy = U Drg, (1, hok).
k:EDR2 <1,—h2>ﬂH2

Consider ¢ = ((1,1), (1, ha),(1,—1)) € S. We compute its value set two
ways. First:

DS<(171)7(17h2)7(17_1)> = U DS<(171)76(17h2)>'
BEDs((1,1),(1,—h2))

Now (—1,h2) ¢ H so Dg((1,1),(1,—h2)) =1 x Dg,{(1, —hs). For ¢ to rep-
resent an element of a(l x G(R2)) we must have § € —H = H. That is,
B = (1, B2) with B2 € Hy. Thus:

Ds(p) Na(l x G(Ry)) = o U (1 x Dp,(1, B2h2)).
B2€DR, (1,—h2)NHs
Next:

Ds(p) = (1, hs) - U Ds((1,1),7(1, ha)).
'YEDS<(171)7(17_1)>
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For any « € Hy take v = (1,2) € Dg((1,1), (1, —1)). Then since (—1, —zhg) €
H:

a(l,z) € (1,hg) Ds((1,1), = (=1, —wha))
1

(
= (1, h2) - {1,a}(1 x Dp,(1,zhs)).
)

Thus Dg(p) Na(l x G(R2)) = a(1 x Ha). The two computations of Dg(¢p)
thus yield Hy = UDg, (1, Bhe), over § € Dg,(1, —ha) N Hy.

We may now apply (5.8) to obtain Ry = Z M R3, for some Witt ring Rs.
Let Hs C G(R3) be the subgroup such that Hy N (1 x G(R3)) =1 x Hs. We
note that both Hy and 1 x G(R3) have index two in G(Ra).

If Hy =1 x G(R3) then (1,1) x G(R3) C H and we are in case (c). So
suppose Hy # 1 x G(R3). Then 1 x Hs has index two in He and Hs has
index two in G(R3). Write Hy =1 x H3 U (—1 x zH3), for some z € G(R3).
Then:

(5.10)
H=1[(1,1) x H3)U[(1,-1) x zH3] U [(—1,—1) x —H3] U [(—1,1) x —zH3].

Now [G(R3) : Hs] = 2 implies at least one of the cosets zHs, —Hs, —zHs3
equals Hs. Say zH3 = Hj. Then the second term of (5.10) shows (1,1,1),
(1,—1,1) € H. Set R4 equal to the product of the first copy of Z and Rjs.
Then R = Z M Ry and {£1} x 1 C H. We are thus in case (b). Next say
—Hs = Hs. Then (1,—1) € 1 x H3 C Hs. Since Hs is an ordering we have
Dg,{((1,1),(1,—1)) C Hs. But the 1 x G(R3) C Ha, a case we have already
considered. Lastly, suppose —zH3s = Hs. Then the fourth term of (5.10)
shows (1,1,1),(—1,1,1) € H. This is case (b) again. O

6. Products: Group ring factors.

Lemma 6.1. Let R = RiMRy, with Ry = Ry[E1] and Ey generated by t. Let
S be an H-extension of R. Let my be the projection of G(R) onto G(R1) and
suppose m1(H) ¢ G(Ry). Then either m(H) = G(Ry) or 1 x G(Rg) C H.

Proof. From m(H) ¢ G(Rp) we may assume h = (t,g92) € H, for some
g2 € G(R2). Suppose m1(H) # G(R1), Choose —g1 € G(R1) \ m1(H). Then
—gi1t ¢ m(H). Set u = (¢g1t,1) and note that w1 (Dgr(1,—u) N H) = 1. Now:
DR<17Uh7 _h> = DR1<17917 _t> X DR2<17927 _92>
g1 X G(RQ)
Also:
U Dgr(1,—k) C Dg, (1, —t) x G(Ry) = {1, -t} x G(Ry).
keh(Dr (1,—u)NH)

Hence by (3.3), g1 X G(R2) C uH. Multiplying by u gives t x G(Rg) C H
Thus 1 x G(Ry) C H. 0
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Lemma 6.2. Let R = Ry M Ry, with Ry = Ry[E1] and Ey generated by
t. Let S be an H-extension of R. Let w1 be the projection of G(R) onto
G(R1) and suppose mi1(H) = G(R1). If uy € G(Ry) and u = (uy,uz) then
T (Dr(1, —u) N H) = Dp, (1, —u1).

Proof. Set K = 71 (Dgr(1,—u) N H) and suppose K < Dpg,(1,—u1). Let
g € G(Ry). Then (gt,g2) € H for some g2 € G(Rz2), since m1(H) = G(R1).
Now Dpg(l,uh,—h) contains —gtDpg,(1,—u1) X uxT, where T =
—Dpg,{(—u2, —g2))’. Also:

U Dg(l,—w) C | J Dg, {1, —kgt) x G(Ry)
weh(Dr(1l,—u)NH) keK

— ({1} U—gtK) x G(Ry).
Hence by (3.3), if y € Dg, (1, —u1) \ K then:
—gty X usT C uH
—gtuyy x T C H.

Now ug and —ugge are in T so (—gtuiy, uz) and (—gtuiy, —usge) are in H.
Thus (1, —g2) € H and as result (g¢t,—1) € H.

This holds for all g € G(Ry) so we have that tG(Ry) x —1 C H. Thus
G(Ry)x1 C H.But the Dg, (1, —u1)x1 C Dgr(1l, —u)NH and 71 (Dr(1, —u)N
H) = Dpg, (1, —uy), a contradiction. O

Lemma 6.3. Let R = Ry M Re, with Ry = Ry|[E1] non-degenerate and Ey
generated by t. Let S be an H-extension of R. Let w be the projection of
G(R) onto G(R1) and suppose m1(H) = G(Ry). Then G(R1) x 1 C H.

Proof. We will first show F(g) = F(1) for all g € G(Ryp). Let g € G(Rp)".
Pick u; € G(Ry) such that g € Dg,(1,—uq). For all us € G(R2), since
g € Dr, (1, —u1) = m1(Dgr(1l, —(ui,u2)) N H), there exists a k € G(R2) with
(9,k) € H and k € Dp,(1, —uz). That is, G(R2) = Urep(g) DR, (1, —k). By
(3.1) and (5.4), F(g) = F(1).

We next show G(Rp) x 1 C H. Continue to let g € G(Rp). Now, as
g € mi(H) = G(R1), we have (g,m) € H for some m € G(R2). Then
m € F(g) = F(1) so (1,m) € H and hence (g,1) = (g,m)(1,m) € H. This
shows G(Ry) C H.

We will be done if we show F(t) = F(1). Then, if (t,k) € H we get (1, k
and hence (¢,1) are in H. Apply the previous paragraph to get G(R;1) x 1 =
{1,t}G(Ry) x 1 C H.

So suppose F'(t) # F(1). We have by (3.1):

G(RQ)# U DR2<1’_k>'
keF(t)

Pick us € G(R2) \ UDRg, (1, —k). Set u = (—t,u2). Then, as there is no k
with (¢,k) € H and k € Dg,(1, —k), we have w1 (Dg(1l,—u) N H) = 1. Pick
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any g € G(Ro) (we note that |G(Rp)| > 1, else R; is degenerate). Pick any
g2 € F(g) and set h = (g,92) € H. Now:

DR<17 Uh’a 7h> = DRl <]-’ 7gt7 7g> X DR2<17 U292, 792>
D) 7gt X DR2<].,U292, 792>
Also:

U Dgr(1,—w) C Dg,(1,—g) x G(Ry).
weh(Dr(l,—u)NH)

Hence, by (3.3),

—gt X Dg,(1,u292, —g2) C uH
—t X DR2<92,’LL2,—1> C H.

In particular, (—t, g2) € H. Since (—1,1) € G(Ro) x 1 C H , we get (t,g2) €
H. But then g2 € F(t) N F(g), which equals F(t) N F(1) by previous work.
F(t) is a coset of F'(1), by (5.4), so in fact F'(t) = F(1) as desired. O

7. The Main Theorem.

Theorem 7.1. Let R be a Witt ring of elementary type. If S is an H-
extension of R, for some subgroup H C G(R), then S is also of elementary

type.

Proof. We argue by induction on |G(R)|. If |G(R)| < 2 then either H =1
or H = G(R) and we are done by (1.1). Suppose |G(R)| >2.If R=ANB
then m4 will denote the projection of G(R) onto G(A).

Now suppose R is degenerate. Write R = Dy N Ra, where Ry is non-
degenerate and G(Dy) x 1 = rad(R). If some d € rad(R) N H then write
R = D; M Rs, where d generates D;. We have G(D;) x 1 C H and so
H = G(D:) x Hs, for some subgroup Hz C G(R3). Then (3.2) implies
S = D; M S3, where S3 is an Hs-extension of R3. By induction, S3 is of
elementary type and so S is also. We may thus assume rad(R) N H = 1. If
mp, (H) N G(Dy) # 1 then by (4.1) we may replace H, without affecting S,
by another subgroup Hy such that mp, (Ho) N G(Dy) = 1. We assume this
has already been done so that mp, (H) N G(Dy) = 1. We note this also holds
trivially if R is non-degenerate and k = 0.

Next suppose R has a local type factor L with |G(L)| > 8. Write R = L1
Ry. Dy, is a factor of Ry. We check the hypothesis of (5.7). Let a € G(L) and
suppose z € F'(a) Nrad(R4). This means (a,z) € H and so x € mp, (H) = 1.
Thus F(a) Nrad(Ry) C {1}, as desired. Apply (5.6) to get that either
G(L) x1 C H or m(H) = 1. In the first case, H = G(L) x Hy, for some
subgroup Hy of G(Ry). Then (3.2) implies S = L M Sy, where Sy is an Hy-
extension of R4. By induction, Sy is of elementary type and so S is also. We
may thus assume we are in the second case: m(H) = 1.
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Now suppose the local factor is Ly = Z. There are three cases according
to (5.9). In case (b) we can write R = Z M Ry, with {£1} x 1 C H. Then
H = G(Z) x Hs, for some subgroup Hs; C G(Rs). Applying (3.2) again
gives S = Z S5, where S5 is an Hs-extension of Rs. Induction again shows
S is of elementary type. In case (c) we can write R = Z M Z M Rg, with
(1,1) x G(Rg) C H. Once again (3.2) yields S = Sp Rg, where Sy is an Hy-
extension of Z MZ, for some subgroup Hy. Since Z M Z = Z[E1], (1.5) shows
Sp is of elementary type (in (1.5)(b) we have Ry = Z so that its extension is
of elementary type as |G(Rp)| = 2). Thus S is also of elementary type. We
may thus assume we are in case (a) of (5.9), namely, that =z, (H) = 1. This
is the same conclusion as when the local factor has at least 8 square classes.

The only local type factors we have omitted are those with 4 square classes
and these Witt rings are group rings. We are thus in the following position:
R=YnWin...NW,, where Y is a product of Dy with £ > 0, and local
type rings L with |G(L)| # 4 and each W; is a non-degenerate group ring.
(It is possible that Y = 1.) We also have my (H) = 1, so that if n = 0 then
H =1 and we are done by (1.1). So suppose n > 1. Write W; = V;[E;]. We
first suppose that my,(H) ¢ G(V;) for some i. Write R = W; I Ry. There
are two possibilities according to (6.1).

The first possibility is that 1 x G(R7) C H. Write H = Hy x G(Ry), for
some subgroup Hy of G(W;). Then (3.2) gives that S = Sy M Ry, for Sy,
some Ho-extension of W;. If G(R7) # 1 then we are done by induction. We
drop the subscript ¢ and suppose then that R = W = Wy|[E,], where W
is basic and n > 1. In cases (a),(c),(d) we have S is of elementary type. In
case (b) S = Sy[E,], where Sy is an H-extension of Wy, and so again S is
of elementary type by induction.

The second possibility in (6.1) is that 7y, (H) = G(W;). Then by (6.3)
we have H = G(W;) x H7, where Hy is a subgroup of R;. Apply (3.2) once
again to get that S = W;M5S7, where Sy is an Hr-extension of Ry7. Induction
gives that S is of elementary type. This completes the result when (6.1)
applies, that is, when my, (H) ¢ G(V;), for some i.

We may thus assume we have R = YW, M...NW,, with 7y (H) = 1 and
every my, (H) C Vi. Choose t; ¢ V;, for each i and set g = (1,1,... ,t,) €
G(R). Then:

g¢ = | Dril,—h),

heH-
as for any h € H' has a coordinate in G(V;)". By (1.2), g ¢ B(R). Thus R is
itself a group ring, a case we covered two paragraphs ago. ([

The previous sections can be used to determine the possible H-extensions
of a given ring R. As an example, consider R = (D11 L3)[Es]. Let d generate
Dy, —1,a,b generate L3 and s, t generate Ey. Thus G(R)=gp(d,—1,a,b,s,t),
where gp(A) denotes the group generated by A. G(R) has 2825 subgroups,
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47 of which will yield H-extensions. Up to isomorphism, there are exactly
8 H-extensions of R. Below we list the 8 extensions S along with one choice

for the corresponding subgroup H.
1. (D1 M L3)[Es] 1
2. (D11 (D1 M L3)[Eq])[EA] gp(d, —1,a,b,s)
3. Dy 11 (D1 M L3)[Es] G(R)
4. (Z 1 (D1 N Ls)[EA])[E1] gp(d, a,b, s)
5.Z 1 (Dy M Ls)[E5] gp(d,a,b,s,t)
6. (D11 L[ Eq])[E2] gp(d)
7. (D21 L3)[Eo] gp(d, —1,a,b)
8. (D1[£1] M L3)[Ex] gp(—1,a,b)

We give a brief sketch of how this list was derived. Begin by running
through the cases of (1.5). In (a) H =1 and S is (1) by (1.1). In (c), G(Ry)
is a proper subgroup of H, so S is (2) or (3), depending on whether or not
H =G(R). In (d) G(Ry) C £H,—1 ¢ H and H ¢ G(Rp). Thus H looks
like a subgroup K of index 2 in G(Rp) that does not contain -1, together
with one or more elements from {¢,s,ts}. S is (4) if |H N Ey| = 2 and (5)
if |[HN Ey| =4. In (1.5)(b) S = Sp[E2], where Sy is an H-extension of Ry.
Now Ry = D; M Ls. By (4.1) we can assume that either H = G(D;) x Haj,
or that H =1 x Ha, for some Hy C G(L3). Now Hy =1 or Hy = G(L3) by
(2.3) and (5.7). Since we have already done the case H = 1 this gives three
choices: G(D1) x 1,G(D1) x G(L3) and 1 x G(L3). The corresponding S is
(6), (7) and (8), respectively.
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