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A NOTE ON THE MOVING SPHERE METHOD

YUKI NAITO AND TAKASHI SUZUKI

We treat the Dirichlet problem for elliptic equations on
annular regions, and show the monotonicity and symmetry
properties of positive solutions with respect to the sphere.
We generalize the argument of the method of moving spheres
to more general partial differential equations.

1. Introduction.

Let A ={r e R":1/a < |z| <a} be an annulus with @ > 1 and n > 2.
In [10] Padilla proved the following theorem by emplying the method of
moving spheres.

Theorem A. Letn > 2 and let u be a solution to

n+2

—Au=wunz2, u>0 in A and u=0 on O0A.
Then u satisfies

X

u(z) = |z[* " <$‘2> for x€ A and

<|xl%u) <0 for 1<r=lz|<a.
T

The method of moving spheres is a variant of the method of moving planes
as presented in Gidas, Ni, and Nirenberg [6] or Berestycki and Nirenberg
[1]. Roughly speaking, we make reflection with respect to spheres instead
of planes, and then obtain the symmetry of solutions. In the works of Chou
and Chu [5], Chen and Li [4], Li and Zhu [9], and Kurata and Matsuda
[8], the method of moving spheres is used and is useful for solving various
questions about elliptic differential equations.

In this note we generalize the argument of the method of moving spheres
to more general partial differential equations. Let us consider the equation

(1) —Au=f (:r, \xl%u, (x-V) (]w\nT_Q u>> , u>0 in A,
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where x -V = > | 2;0/0x;. We assume that f = f(x,s,¢) is continuous
on A x [0,00) x R, C! in s and ¢, and even with respect to ¢:
f(x,s,—q) = f(x,;8,q) (vr€As>0,9€R).

We obtain the following theorems.

Theorem 1.  Suppose that, for each 1 < r, < a, w € 8!, s >0, and
q=0,
n+2 n+2 1
r 2 f(rw,s,q) >re? f(rw,s,q) for — <r <,

Then, any u € C%(A) N C(A) satisfying (1) and u = 0 on |x| = a has the
properties

n—2
n— 1\ 2
(2) |a:|T2u(x) < <\ac]> u <’§‘2> on 1<|z|]<a

and

(3) (\xl%ﬁu) <0 for 1<r=|z|<a.
T

Theorem 2.  Suppose that, for each 1/a < r, <1, w € S", s >0, and
q=0,
nt2 nt2 1
o2 f(TUJ,S,(])ZT‘*2 f(""*w75,Q) for r, <r < —.
T'x

Then, any u € C?(A) N C(A) satisfying (1) and w =0 on |x| = 1/a has the
properties

n—2
e 1\ =
|$|TQU({L‘) > <|x|> u <|§‘2> on 1<|z|<a

n— 1
<|a:|T2u) >0 for —<r=|z| <1.
r a

and

Remark. It is shown in [6, Theorem 2| by the method of moving planes
that the positive solutions u of the equation Au+ f(u) =0in A with u =0
on DA satisfies u, <0 on (1<) (a+a1)/2<r <a.

As a consequence of Theorems 1 and 2 we obtain the following corollary.

Corollary 1. Suppose that, for each w € 8" ', s > 0, and ¢ > 0,
r( 4272 f(rw, 5, q) is nonincreasing in r € (1,a) and

rnff(rw, $,q) = r_nTHf(r_lw, 5,q) for 1<r<a.
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Then, any u € C?*(A) N C(A) satisfying (1) and v = 0 on OA has the
properties

n—2

n—2 1 2 x

(4) |z| 2 u(z) = <) u <> on 1<|z|<a
|z |z [?
and (3).
Remark. If (1) has a solution u satisfying (4), then we must have
nt2 _nt2

(5) |22 fx,s(2), q(2)) = e| ™2 f(z/|2*, 5(x), q(2)) for 1< 2] <a,
where s(z) = |z|™2/2u(z) and q(z) = z - Vs(z). In fact, v(z) =

2]~ 2u () and w(z) = |y|"D/2u(y), y = a/|o]?, satisty

|z]2Av — (n — 2)z - Vo — (71;2)21) + ]x|nT+2f (x,v(z), (z-V)v(x)) =0
and
(n—2)?
4
respectively. (See (7) and (8) below.) Then v(z) = w(x) implies (5).

@Aw — (n — 2)z - Vw — w1 f (g, w(@), (@ V) w(z) =0,

We consider the following typical problem
(6) Au+ g(z,u) =0, u>0 in A u=0 on 0A,

where g = g(x,s) is continuous on A x [0,00) and C! in s. In this case
we see that f(z,s,q) = g(x, |z|~"?/2s). Note that the existence of pos-
itive nonradial solution u of the problem (6) has been studied by many
authors, see, e.g., Brezis and Nirenberg [2], Suzuki [11], Byeon [3], and
the references therein. As a consequence of Corollary 1 we obtain the
following corollary, which in the special case g(z,u) = u(®t?/(*=2) (and
f(z,s,q) = |z|~(+2/25(n+2)/(n=2)) yields Theorem A.

Corollary 2. Suppose that, for each w € 8" and s > 0, rnTHg<7w,

n—2

e s) is nonincreasing in r € (1,a) and

n+2 n—2 n+2 1 n—2

r 2 glrw,r 2 s)=r" 2 girw,r 2 8) for 1<r<a.

Let u € C?(A) N C(A) be a solution of (6). Then u satisfies the properties
(4) and (3).

Remark. For example,

_ (n+2)+p(n—2) n4+2
2

g(rw,s) =r h(w)sP + csn—2, ¢, pER, p>1,
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where h(w) is continuous and positive on S"~! satisfies the conditions in
Corollary 2. For the case g(rw,s) = r~2h(w)s + s"*2/("=2) the existence
of positive solutions for the problem (6) is investigated in [2].

In our proof we use the operator Ayv = |z|?Av — (n — 2)z - Vou. We
note that A, is the Laplace-Beltrami operator on the Riemannian space
(R",dz?/|x|?). We find that Equation (1) is written as

(n - 2)?
4

for the function v(z) = |x|("~2/2y(z), and that the operator A, is invariant
under the transformation x — y = A\2x/|z|?.

In Section 2 we prove Theorems. In fact, we only present the proof of
Theorem 1 since the proof of Theorem 2 is very similar. In Appendix we
show that the operator A, is invariant under the transformation by using
of the property of the Kelvin transformation.

Agv — v+]w\nTHf(x,v,(m-V)v):0 in A

2. Proof of Theorems.

Due to similarity, we only give the proof of Theorem 1. Given A € (1,a), we
set

T\ = {|z| = A} and Yy={A<|z| <a}.
For z € ¥y, let 2* = \2x/|z|?. Then we have
]x\>’x)"—>\2>1 for x € ¥y.
[ |z
Define the operator A, by Ajv = |z[2Av — (n — 2)z - Vu. We note that A,
is the Laplace-Beltrami operator on the Riemannian space (R",dx?/|z|?).
For a solution u of (1), the function v(x) = \x|n74u(x) satisfies

(7) |m|2Av—(n—2)x~Vv—WU+|fo(x,v,(x-V)v):O

in A, which is written as

_9)2 n
Agv_ (7142)7)_}_|x|-2‘—2f(x,v7(x-V)’0) =0 in A.

Let v*(z) = v(2*) and y = 2*. By Lemma A in Appendix, we find that
Agv*(z) = Ayv(y). We have 2V = rd, for r = |z| (see, e.g., [7]) and hence

z - Vot = rdo = —s00 = —y - Vyo,
where r = |z| and s = |y| = A?/r. Therefore, the property f(x,s, —q) =
f(x,s,q) implies the relation

(n—2)%

nt2
(8) Ayt - Y + ‘x)‘ o (x)‘,v)‘, (x-V) 11)‘> =0 in A.
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It follows that |z > |2} > 1/|z| and 1 < XA < |z| < a for # € X). Then the
assumption on f in Theorem 1 guarantees
n+2

n+t2
2 7 f@rsa) = 2l f(s0)

A

for x € ¥, s > 0, and ¢ > 0. Therefore, the function wy = v* — v satisfies

Agw,\—(njﬁ)wa—Hx]n?(f(xv (x-V)v )—f(a:,v,(a:-V)v))SO

on X). Writing

1
/ fs (@, tvMz) + (1 = t)o(x), (z - V)v/\(:c)) dt and
0

1
o (s 0t@), 1A @) + (L= O Dpel)) dt
we obtain
(n -2’
4

Let z)(z) = \:1:|7an210)\(3;). Then we have

Agwy — wy + |z E (bx(x) +ea(z)z-V)wy <0 on Xjy.

\x!nH Azy = Agwx—(njﬁw,\ and |:c]n772:c-Vz,\ - wr+z-Vwy.
Define

@) =% (@) + ")l A =l T
We have shown the following lemma.
Lemma 1.  Under the assumptions of Theorem 1, each A € (1,a) admits

the inequality
(9) Azy + b;\(x)zA +éx(z)r-Vzy <0 on Xy,
where z)(x) = |:1:|_nT_2 (v* —v).
Once Lemma 1 is proven, Theorem 1 follows from the standard argument
([1]). Putting
A={ e (1l,a):2y>0 in X,},

we see that the desired consequence follows from A = (1,a). We show
A = (1,a) by three steps.

Step 1. We have [ro,a) C A for ro close to a, that is, A # ().

Proof. We see that the coefficents by(z) and ¢ (x) in (9) are uniformly
bounded. Then for g close to a, the maximum principle holds for the
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Equation (9) on any subdomain of A\ B,, and for any ), where B,, =
{z € R" : |x| <o} (See e.g. [1].) This implies [rp,1) C A. O

We prepare the following lemma.

Lemma 2. (i) If A € A, then

(10) %ij‘ <0 on Th,

where v denotes the outer unit normal vector on Ty from Xy;
(ii) If X € A, then there exists some xo € ¥\ N By, such that zx(xg) <0

Proof. (i) Let A € A. Then we have zy = 0 on Ty, and z, > 0 in X,.
Therefore, Hopf’s boundary lemma can be applied by (9) so that (10) holds.

(ii) As we have proven in Step 1, A < rg and hence ¥y N B,, # (. Suppose
to the contrary that

zx(z) >0 on XN By,.
Then we get
Az + bN,\(ac)zA +é(x)r-Vzy, <0 in ¥\ \ By,
and
zy >0 on 8(E>\\§TO).

Now the maximum principle guarantees zy > 0 in ) \ B,,. However, we
have zy > 0 in X\ N By, and hence z), > 0 in ¥). This means A € A, a
contradiction. O

Step 2. A is left-open.
Proof. If A is not left-open, there exist \g € A and a sequence {\,}
satisfying
/\0—%<)\n<)\0 and An € A.
Lemma 2 (ii) guarantees the existence of z,, € ¥, N B, satisfying
(11) zx, () < 0.

Note that z), = 0 on T),. Then we have a point y, on the segment con-

necting x,, and A2z, /|z,|? satisfying

aZ)\n
or

Taking a subsequence if necessary, we may suppose the existence of some
xo € Xy, N By, satisfying x,, — z9. By (11) we obtain z),(z9) < 0. Since

(12) (yn) < 0.
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Ao € A, we must have xg € T),. In particular, y, — x¢ and 9zy,/0r(x¢) < 0
follows from (12). However, this is equivalent to

62)\0
ov

which contradicts to (10) valid for A = Ao € A. O

(z9) > 0,

Step 3. A is left-closed.

Proof. 1In fact, let {\,} C A be a sequence satisfying A\,, | Ay > 1. Then,
we have

Az, + (b;l(az) +cx, () - V) Zy, <0 and zy,, >0 in X,,.

Since zy, > 0 on |z| = a, we have z), # 0 in Xy,. Therefore, the maximum
principle implies zy, > 0 in Xy,, or equivalently, A\; € A. O

As a consequece of Steps 1-3, we obtain A = (1,a). This implies v!(z) >
v(xz) on 1 < |z| < a, and then (2) holds. The property (3) follows from
Lemma 2 (i). This completes the proof. O

Appendix.

Let Agv = |z|?Av—(n—2)z-Vv. We show that the operator A, is invariant
under the transformation z — y = X2z /|z|?, that is, Agv = A,V for v(z) =
V(y). Here we use the well-known property of the Kelvin transformation
n = &/|€]? expressed as

AU = €2 Aqu for U(n) = [€]"u(g).

Lemma A. Letv(z) = V(y) andy = X\2x/|z|?> with X\ > 0. Then we have
(13) 22Azv — (n—2)z - Vo = |[y*A,V — (n - 2)y -V, V,
where Ay = >0 1 0?/0x? and x -V, = > 1 2;0/0x;.

Proof. Writing w(z) = ]x\‘anQv(a:) we have

)2
14 anHAxw:xQAxv— n—2x-V$v—Mv.
4
Similarly, writing W (y) = |y]7n74V(y) we have
nt2 n—2)2
15 l"EAW = A,V — -2y v,v - =Dy

4
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By |y| = A?/|z] it follows that

2 ne2 2\ 2
2P w() = o(2) = V(y) = |y T W(y) = <A> W(y).

Then we obtain

By the property of the Kelvin transformation, we obtain

n+2
AW = <|x)\\> Azw.

Then we have

n+2
n+2 )\2 2 x nt2 n+2
|z| 2 Ayw = (’33|> <|)\’> Ayw = |y| 2 AyW.

Therefore, by (14) and (15), we obtain the property (13). This completes
the proof. O
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