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The aim of this paper is to prove the existence of k-peak so-
lutions (solutions with more than one local maximum point)
for the following singularly perturbed problem without im-
posing any extra condition on the boundary ∂Ω:

−ε2∆u + u = up−1, in Ω
u > 0, in Ω
∂u
∂n

= 0, on ∂Ω
(1.1)

where ε is a small positive number, Ω is a bounded C3-domain
in RN , n is the unit outward normal of ∂Ω at y, 2 < p < 2N

N−2

if N ≥ 3 and 2 < p < +∞ if N = 2.

1. Introduction.

Problem (1.1) appears in applied mathematics. See for example [13, 14]
and the references therein. For the interesting link between this problem
and the modelling of activator-inhibitor systems, the authors can refer to
[11]. In [13, 14], Ni and Takagi prove that the least energy solution of (1.1)
has exactly one local maximum point xε which lies in ∂Ω, and xε tends to
a point x0 which attains the maximum of H(x), where H(x) is the mean
curvature function of ∂Ω. Later, Wei [21] proves that for a solution uε of
(1.1) in a certain energy level, uε has only one local maximum point xε

which is in ∂Ω, and xε tends to a critical point of H(x). He also gets a
kind of converse, that is, for each nondegenerate critical point x0 of H(x),
there exists a solution uε for (1.1), such that uε has only one local maximum
point xε, and xε → x0 as ε → 0. In the recent paper [10], Li shows that
the assumption of nondegenercy can be replaced by C1-stable (see definition
0.1 in [10]). Of course, nondegenerate critical point, strictly local maximum
point and strictly local minimum point are C1-stable critical points. Thus,
Li extends the results in [8, 21]. Gui [8] and Li [10] also consider the
existence of multipeak solutions. But locally speaking, these solutions have
one local maximum point. Other results on this problem can also be found
in Bates, Dancer and Shi [5] and Wang [17]

We mention here the works on the Neumann problem involving critical
Sobolev exponent [1, 2, 12, 16, 18, 19, 20].
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242 E.N. DANCER AND SHUSEN YAN

Except in [19, 20], the results concerning the existence of multipeak so-
lutions for (1.1) in the papers just mentioned were obtained by gluing some
single peak solutions concentrating on different points together. So some
other conditions on ∂Ω are needed and they exclude the case that Ω is a
ball. In [19, 20], double peak solutions have been constructed on the ball
by using the special symmetric properties of the ball. But whether there
exists k-peak solution for (1.1) on the ball with k ≥ 3 is still not known.
Moreover, it is impossible to use these results to get a k-peak solution uε

such that all the local maximum points of uε tend to the same point.
In this paper, we just assume that ∂Ω is C3. We will prove that for each

integer k ≥ 1, (1.1) has a k-peak solution provided ε is small enough. Before
we state our main results, we introduce some notations.

Throughout this paper, we denote H(x) the mean curvature function of
∂Ω. Let U(y) be the unique positive solution (see [9]) of

−∆u + u = up−1, on RN

u ∈ H1(RN ),
u(0) = maxy∈RN u(y).

(1.2)

It is well known (see [7]) that U(y) is radially symmetric about the origin,
decreasing and

lim
|y|→∞

U(y)e|y||y|(N−2)/2 = c0 > 0.

Define

〈u, v〉ε =
∫

Ω
ε2Du ·Dv + uv, ∀u, v ∈ H1(Ω),(1.3)

‖u‖ε = 〈u, u〉
1
2
ε .(1.4)

For any x0 ∈ RN , ε > 0, let

Uε,x0(y) =: U

(
y − x0

ε

)
.

For any xi ∈ ∂Ω, i = 1, 2, . . . , k, define

Eε,x,k =
{

v ∈ H1(Ω) : 〈Uε,xi , v〉ε =
〈

∂Uε,xi

∂τij
, v

〉
ε

= 0,

i = 1, 2, . . . , k, j = 1, 2, . . . , N − 1
}

,

where {τi1, . . . , τi(N−1)} forms an orthoganal basis of the tangent space of
∂Ω at xi.

The main results of the paper are the following:
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Theorem 1.1. For each fixed positive integer k, there exists an ε0 = ε0(k),
such that for each ε ∈ (0, ε0], (1.1) has a solution of the form

uε =
k∑

i=1

αεiUε,xεi + vε

where

αεi −→ 1 as ε → 0, i = 1, 2, . . . , k,(1.5)

xεi ∈ ∂Ω, i = 1, 2, . . . , k,(1.6)

|xεi − xεj |
ε

−→ +∞ as ε → 0, for i 6= j,(1.7)

xεi −→ xi and xi satisfies H(xi) = min
∂Ω

H(x),(1.8)

vε ∈ Eε,xε,k, ‖v‖2
ε = o(εN ).(1.9)

In particular, if H(x) has exactly one global minimum point x0, then xεi →
x0 as ε → 0, i = 1, 2, . . . , k.

Theorem 1.2. Suppose that x0 ∈ ∂Ω is a strictly local minimum point of
H(x). Then for any fixed integer k > 0, there exists an ε0 > 0, such that
for each ε ∈ (0, ε0], (1.1) has a solution of the form

uε =
k∑

i=1

αεiUε,xεi + vε

where αεi, xεi and vε satisfy (1.5)-(1.7) and (1.9). Moreover, xεi → x0 as
ε → 0, i = 1, 2, . . . , k.

In Section 2, we will prove Theorem 1.1. Since the proof of Theorem 1.2
is similar to that of Theorem 1.1, we just point out the necessary changes
in the proof of Theorem 1.2. We put the basic estimates in Appendix A.
In Appendix B, we will prove that the corresponding linear map Aε,x is
invertible and ‖A−1

ε,x‖ ≤ C with C independent of ε and x ∈ [∂Ω]k.

2. Proof of Main Results.

Let

I(u) =
1
2

∫
Ω
(ε2|Du|2 + u2)− 1

p

∫
Ω
|u|p, u ∈ H1(Ω).(2.1)

For fixed integer k > 0, let

α = (α1, . . . , αk) ∈ Rk,(2.2)

x = (x1, . . . , xk) ∈ RkN , xi ∈ RN , i = 1, . . . , k.(2.3)
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Define

Dε,R =
{

x : xi ∈ ∂Ω, i = 1, 2, . . . , k;
|xi − xj |

ε
≥ R, i 6= j

}
,(2.4)

(2.5) Mε,δ,R =
{

(α, x, v) : |αi − 1| ≤ δ,

i = 1, 2, . . . , k; x ∈ Dε,R, v ∈ Eε,x,k, ‖v‖ε ≤ δεN/2
}

.

Let

J(α, x, v) = I

(
k∑

i=1

αiUε,xi + v

)
, (α, x, v) ∈ Mε,δ,R.(2.6)

First, we have the following decomposition lemma:

Lemma 2.1. There are ε0 > 0, δ > 0 and R > 0, such that for each ε ∈
(0, ε0] and each u ∈ H1(Ω), satisfying∥∥∥∥∥u−

k∑
i=1

Uε,zi

∥∥∥∥∥
ε

≤ δεN/2, for some z ∈ Dε,R,

u can be uniquely decomposed into

u =
k∑

i=1

αεiUε,xεi + vε,

where (αε, xε, vε) ∈ Mε,δ,R.

The proof of Lemma 2.1 is almost identical to that of Proposition 7 in
[4]. We thus omit it here.

As a direct consequence of Lemma 2.1, we have:

Proposition 2.2. There exist ε0 > 0 and δ > 0 and R > 0, such that for
each ε ∈ (0, ε0], (α, x, v) ∈ Mε,δ,R is a critical point of J(α, x, v) if and only
if u =

∑k
i=1 αiUε,xi + v is a critical point of I(u).

We mention here that it is easy to prove that if u =
∑k

i=1 αiUε,xi + v is a
solution of (1.1) with (αε, xε, vε) ∈ Mε,δ,R, then u is positive, see for example
[15].

In view of Proposition 2.2, the rest of this paper is devoted to find a
critical point (α, x, v) ∈ Mε,δ,R for J(α, x, v). On the other hand, by the
definition of Eε,x,k, we know that (α, x, v) ∈ Mε,δ,R is a critical point of
J(α, x, v) in the manifold Mε,δ,R if and only if there are Lagrange multipliers
Al, Bli, i = 1, 2, . . . , k, such that
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∂J(α, x, v)
∂τli

=
N−1∑
j=1

Blj

〈
∂2Uε,xl

∂τli∂τlj
, v

〉
ε

, i = 1, . . . , N − 1, l = 1, . . . , k,

(2.7)

∂J(α, x, v)
∂αl

= 0, l = 1, . . . , k,

(2.8)

∂J(α, x, v)
∂v

=
k∑

l=1

AlUε,xl
+

k∑
l=1

N−1∑
j=1

Blj
∂Uε,xl

∂τlj
.

(2.9)

We will proceed in a similar way as [6]. That is, for each fixed x ∈ Dε,R,
we first solve (2.8) and (2.9) simultaneously. Then we solve (2.7).

Proposition 2.3. There are ε0 > 0, δ > 0 and R > 0, such that for each
ε ∈ (0, ε0], there is a C1-map (αε(x), vε(x)) : Dε,R −→ Rk×Eε,x,k satisfying

∂J(α, x, v)
∂αl

= 0, l = 1, . . . , k,(2.10) 〈
∂J(α, x, v)

∂v
, ω

〉
ε

= 0, ∀ω ∈ Eε,x,k.(2.11)

Moreover,

|αl − 1| = O

ε +
∑
i6=j

e−
1+σ

2

|xi−xj |
ε

 , l = 1, . . . , k,(2.12)

‖vε‖ε = O

εN/2

ε +
∑
i6=j

e−
1+σ

2

|xi−xj |
ε

 ,(2.13)

where σ is some positive constant.

Before we give the proof of Proposition 2.3, we introduce some notation.
Let βl = αl − 1, l = 1, . . . , k, β = (β1, . . . , βk) ∈ Rk. For each fixed ε > 0,

define

〈β, γ〉ε = εN
k∑

l=1

βlγl, ∀β, γ ∈ Rk(2.14)

‖β‖ε = 〈β, β〉
1
2
ε .(2.15)
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Let w = (β, v) ∈ Rk × Eε,x,k. Define

〈
w(1), w(2)

〉
ε

=
〈
β(1), β(2)

〉
ε
+
〈
v(1), v(2)

〉
ε
, ∀w(1), w(2) ∈ Rk × Eε,x,k,

(2.16)

‖w‖ε = 〈w,w〉
1
2
ε , ∀w ∈ Rk × Eε,x,k.(2.17)

Finally, denote

Hε,x,k =
k∑

l=1

Uε,xl
,(2.18)

J∗(x,w) = J(α, x, v), w = (β, v) = (α− 1, v).(2.19)

Proof of Proposition 2.3. As in Bahri [3], see also Rey [15], we expand
J∗(x, w) at w = 0:

J∗(x,w) = J∗(x, 0) + 〈fε,x, w〉ε +
1
2
〈Qε,xw,w〉ε + Rε,x(w),(2.20)

where fε,x ∈ Rk × Eε,x,k satisfies

〈fε,x, w〉ε = −
∫

Ω
Hp−1

ε,x,kv +
k∑

l=1

[
〈Hε,x,k, Uε,xl

〉ε −
∫

Ω
Hp−1

ε,x,kUε,xl

]
βl,(2.21)

Qε,x is a linear map from Rk × Eε,x,k to Rk × Eε,x,k, satisfying

〈Qε,xw,w〉ε = A(1)
ε,x(β) + A(2)

ε,x(v) + A(3)
ε,x(β, v),

(2.22)

A(1)
ε,x(β) =

k∑
l,h=1

[
〈Uε,xh

, Uε,xl
〉ε − (p− 1)

∫
Ω

Hp−2
ε,x,kUε,xh

Uε,xl

]
βhβl,(2.23)

A(2)
ε,x(v) = ‖v‖2

ε − (p− 1)
∫

Ω
Hp−2

ε,x,kv
2,(2.24)

A(3)
ε,x(β, v) = −(p− 1)

k∑
l=1

∫
Ω

Hp−2
ε,x,kUε,xl

vβl.

(2.25)

Rε,x(w) is the higher order term satisfying

R(i)
ε,x(w) = O

(
‖w‖min(p−i,3−i)

ε

)
, i = 0, 1, 2.(2.26)

Hence (2.8) and (2.9) are equivalent to

fε,x + Qε,xw + R′
ε,x(w) = 0.(2.27)

Now we prove that Qε,x is invertible and ‖Q−1
ε,x‖ ≤ C with C independent

of ε and x ∈ Dε,R.
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From Lemmas A.1 and A.2, we get

A(1)
ε,x(β) =

k∑
l=1

(
‖Uε,xl

‖2
ε − (p− 1)

∫
Ω

Up
ε,xl

)
|βl|2 + o(1)εN |β|2(2.28)

= εN

[
(2− p)

∫
RN

Up + O(ε) + o(1)
]
|β|2

≤ −c0ε
N |β|2 = −c0‖β‖2

ε

where o(1) −→ 0 as R −→ +∞.
On the other hand, by Lemma A.4,∣∣∣A(3)

ε,x(β, v)
∣∣∣ = O

(
k∑

l=1

∣∣∣∣∫
Ω

Up−1
ε,xl

v

∣∣∣∣ |βl|+ o(1)‖v‖ε‖β‖ε

)
(2.29)

= O
(
ε

N
2

+1‖v‖ε|β|+ o(1)‖v‖ε‖β‖ε

)
= (O(ε) + o(1)) ‖v‖ε‖β‖ε.

Define B
(1)
ε,x : Rk × Eε,x,k −→ Rk × Eε,x,k as follows:〈

B(1)
ε,xw,w

〉
ε

= A(1)
ε,x(β) + A(2)

ε,x(v).

Then it follows from (2.28) and Lemma B.1 that B
(1)
ε,x is invertible and∥∥∥∥(B(1)

ε,x

)−1
∥∥∥∥ ≤ C.

Let B
(2)
ε,x = Qε,x − B

(1)
ε,x. From (2.29), ‖B(2)

ε,x‖ −→ 0 as ε −→ 0 and
R −→ +∞. Thus if we choose R > 0 large enough, ε > 0 small enough,
Qε,x is invertible and ∥∥∥(Qε,x)−1

∥∥∥ ≤ C.

Let F (f, w) =: f +Qε,xw +R′
ε,x(w), f, w ∈ Rk ×Eε,x,k. Then F (0, 0) = 0

and ∂F
∂w (0, 0) = Qε,x is invertible. So from the implicit function theorem,

(2.27) has a solution wε ∈ Rk × Eε,x,k, and wε satisfies

‖wε‖ε ≤ C‖fε,x‖.(2.30)

Now we estimate ‖fε,x‖.
By Lemma A.4,∫

Ω
Hp−1

ε,x,kv(2.31)

=
k∑

l=1

∫
Ω

Up−1
ε,xl

v +
∫

Ω

(
Hp−1

ε,x,k −
k∑

l=1

Up−1
ε,xl

)
v
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= O
(
ε

N
2

+1‖v‖ε

)
+
∫

Ω

(
Hp−1

ε,x,k −
k∑

l=1

Up−1
ε,xl

)
v.

Suppose that 2 < p ≤ 3. Then we have

∣∣|a + b|p−1 − |a|p−1 − |b|p−1
∣∣ ≤ {C|a||b|p−2 if |a| ≤ |b|,

C|a|p−2|b| if |a| > |b|,
(2.32)

≤ C|a|(p−1)/2|b|(p−1)/2.

We also have∫
RN

e−h|y|e−l|y−x| dy = O(e−(min(h,l)−σ)|x|), for any σ > 0.(2.33)

So, ∣∣∣∣∣
∫

Ω

(
Hp−1

ε,xl,k
−

k∑
l=1

Up−1
ε,xl

)
v

∣∣∣∣∣(2.34)

≤ C
∑
i6=j

∫
Ω

U
p−1
2

ε,xi U
p−1
2

ε,xj |v|

≤ CεN/2‖v‖ε

∑
i6=j

[∫
RN

(
U

p−1
2 U

p−1
2

1,(xj−xi)/ε

)p/(p−1)
]1− 1

p

= O

εN/2
∑
i6=j

e−
1+σ

2

|xi−xj |
ε

 ‖v‖ε.

Note that in obtaining the second last inequality, we have used a change of
variable, replacing x by x

ε .
If p > 3, then∣∣∣∣∣

∫
Ω

(
Hp−1

ε,x,k −
k∑

l=1

Up−1
ε,xl

)
v

∣∣∣∣∣(2.35)

≤ C
∑
i6=j

∫
Ω

Up−2
ε,xi

Uε,xj |v| = O

εN/2
∑
i6=j

e−
|xi−xj |

ε

 ‖v‖ε.
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Combining (2.31) and (2.34)-(2.35), we obtain∫
Ω

Hp−1
ε,x,kv = O

εN/2

ε +
∑
i6=j

e−
1+σ

2

|xi−xj |
ε

 ‖v‖ε.(2.36)

On the other hand, from Lemma A.5

k∑
l=1

[
〈Hε,x,k, Uε,xl

〉ε −
∫

Ω
Hp−1

ε,x,kUε,xl

]
βl(2.37)

= −
k∑

l=1

∫
Ω

(
Hp−1

ε,x,k −
k∑

h=1

Up−1
ε,xh

)
Uε,xl

βl

+
k∑

h,l=1

ε2

∫
∂Ω

∂Uε,xh

∂n
Uε,xl

βl

= −
k∑

l=1

∫
Ω

(
Hp−1

ε,x,k −
k∑

h=1

Up−1
ε,xh

)
Uε,xl

βl + O(εN+1|β|).

As in the proof of (2.34) and (2.35), we easily get∣∣∣∣∣
∫

Ω

(
Hp−1

ε,x,k −
k∑

h=1

Up−1
ε,xh

)
Uε,xl

∣∣∣∣∣ = O

εN
∑
i6=j

e−
1+σ

2

|xi−xj |
ε

 .(2.38)

Putting (2.38) into (2.37), we get

k∑
l=1

[
〈Hε,x,k, Uε,xl

〉ε −
∫

Ω
Hp−1

ε,x,kUε,xl

]
βl(2.39)

= O

εN/2

ε +
∑
i6=j

e−
1+σ

2

|xi−xj |
ε

 ‖β‖ε.

Finally, it follows from (2.21), (2.36) and (2.39) that

‖fε,x‖ ≤ O

εN/2

ε +
∑
i6=j

e−
1+σ

2

|xi−xj |
ε

 .

So we have completed the proof of Proposition 2.3. �

Let (αε(x), vε(x)) be the function attained in Proposition 2.3. Consider

sup{J(αε(x), x, vε(x)) : x ∈ Dε,R}.(2.40)

Then Problem (2.40) is attained by some xε ∈ Dε,R.
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Proposition 2.4. Let xε be the point which attains (2.40). Then, as ε −→
0,

|xεi − xεj |
ε

−→ +∞, i 6= j(2.41)

xεi −→ xi, i = 1, 2, . . . , k,(2.42)

where xi is some point in ∂Ω, satisfying H(xi) = minx∈∂Ω H(x).

Proof. From Proposition 2.3, for any x ∈ Dε,R, we have

J(αε(x), x, vε(x)) = J∗(x, 0) + O

εN

ε2 +
∑
i6=j

e−(1+σ)
|xi−xj |

ε

 .(2.43)

Since xε is a maximum point of J(αε(x), x, vε(x)), for any zε ∈ Dε,R, the
following relation holds:

J(αε(xε), xε, vε(xε)) ≥ J(αε(zε), zε, vε(zε)).

It follows from (2.43) that

J∗(xε, 0) + O

εN

ε2 +
∑
i6=j

e−(1+σ)
|xεi−xεj |

ε

(2.44)

≥J∗(zε, 0) + O

εN

ε2 +
∑
i6=j

e−(1+σ)
|zεi−zεj |

ε

 .

Fix a x0 ∈ ∂Ω with H(x0) = minx∈∂Ω H(x). Let ei, i = 1, 2, . . . , k be a
tangent vector of ∂Ω at x0 with ei 6= ej for i 6= j. Let zi(t) be a curve in ∂Ω
at x0 satisfying zi(0) = x0, z′i(0) = ei . Let

zεi = zi(ε
1
2 ), i = 1, 2, . . . , k.(2.45)

Then |zεi−zεj |/ε = (|ei−ej |+o(1))/ε
1
2 −→ +∞ as ε −→ 0. Thus zε ∈ Dε,R

if ε > 0 is small enough.
It follows from Lemma A.3 that

J∗(zε, 0) =
1
2

∥∥∥∥∥
k∑

i=1

Uε,zεi

∥∥∥∥∥
2

ε

− 1
p

∫
Ω

∣∣∣∣∣
k∑

i=1

Uε,zεi

∣∣∣∣∣
p

(2.46)

=
1
2

k∑
i=1

‖Uε,zεi‖2
ε −

1
p

k∑
i=1

∫
Ω

Up
ε,zεi

+ O

(
εNe−c0/ε

1
2

)

= εN

{
k∑

i=1

[(
1
2
− 1

p

)
A−BH(zεi)ε

]
+ O(ε2)

}

= kεN

[(
1
2
− 1

p

)
A−BH(x0)ε + O(ε

3
2 )
]

.
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On the other hand,

J∗(xε, 0)

=
k∑

i=1

I(Uε,xεi) +
1
2

∑
i6=j

〈Uε,xεi , Uε,xεj 〉ε −
1
p

∫
Ω

(∣∣∣∣∣
k∑

i=1

Uε,xεi

∣∣∣∣∣
p

−
k∑

i=1

Up
ε,xεi

)

= εN

[
k

(
1
2
− 1

p

)
A−B

k∑
i=1

H(xεi)ε + O(ε2)

]

+
∑
i<j

〈Uε,xεi , Uε,xεj 〉ε −
1
p

∫
Ω

(∣∣∣∣∣
k∑

i=1

Uε,xεi

∣∣∣∣∣
p

−
k∑

i=1

Up
ε,xεi

)
.

(2.47)

By Lemma A.5,∑
i<j

〈Uε,xεi , Uε,xεj 〉ε(2.48)

=
∑
i<j

ε2

∫
∂Ω

∂Uε,xεi

∂n
Uε,xεj +

∑
i<j

∫
Ω

Up−1
ε,xεi

Uε,xεj

=
∑
i<j

∫
Ω

Up−1
ε,xεi

Uε,xεj + O

εN+1
∑
i6=j

e−
(1−θ)|xεi−xεj |

ε

 .

Using the following inequality,∣∣|a + b|p − ap − bp − pap−1b− pabp−1
∣∣

≤

{
Cap/2bp/2 if 2 < p ≤ 3,

C(ap−2b2 + a2bp−2) if p > 3,

we get, ∫
Ω

(∣∣∣∣∣
k∑

i=1

Uε,xεi

∣∣∣∣∣
p

−
k∑

i=1

Up
ε,xεi

)
(2.49)

=
∫

Ω

(∣∣∣∣∣
k∑

i=2

Uε,xεi

∣∣∣∣∣
p

−
k∑

i=2

Up
ε,xεi

)
+ p

∫
Ω

∣∣∣∣∣
k∑

i=2

Uε,xεi

∣∣∣∣∣
p−1

Uε,xε1

+ p

∫
Ω

Up−1
ε,xε1

k∑
i=2

Uε,xεi + O

εN
∑
i6=j

e−
(1+σ)|xεi−xεj |

ε


= p

∫
Ω

k−1∑
j=1

 k∑
i=j+1

Uε,xεi

p−1

Uε,xεj + p

∫
Ω

k∑
i<j

Up−1
ε,xεi

Uε,xεj
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+ O

εN
∑
i6=j

e−
(1+σ)|xεi−xεj |

ε

 .

Combining (2.47)-(2.49), we obtain

J∗(xε, 0) = εN

[
k

(
1
2
− 1

p

)
A−B

k∑
i=1

H(xεi)ε + O(ε2)

](2.50)

−
∫

Ω

k−1∑
j=1

 k∑
i=j+1

Uε,xεi

p−1

Uε,xεj + O

εN
∑
i6=j

e−
(1+σ)|xεi−xεj |

ε

 .

Putting (2.46) and (2.50) into (2.44), we are led to

−B
k∑

i=1

H(xεi)ε + O(ε2)− ε−N

∫
Ω

k−1∑
j=1

 k∑
i=j+1

Uε,xεi

p−1

Uε,xεj(2.51)

+ O

∑
i6=j

e−
(1+σ)|xεi−xεj |

ε

 ≥ −kBH(x0)ε + O(ε3/2).

But

ε−N

∫
Ω

k−1∑
j=1

 k∑
i=j+1

Uε,xεi

p−1

Uε,xεj

≥ c0

∑
i6=j

e−
(1+σ/2)|xεi−xεj |

ε for some c0 > 0.

As a result,

B
k∑

i=1

H(xεi)ε + O(ε2) + c0

∑
i6=j

e−
(1+σ/2)|xεi−xεj |

ε + O

∑
i6=j

e−
(1+σ)|xεi−xεj |

ε


(2.52)

≤ kBH(x0)ε + O(ε3/2).

If we choose R sufficiently large, then the third term in (2.52) is much
smaller than the second term. So

k∑
i=1

H(xεi) ≤ kH(x0) + O(ε
1
2 ),(2.53)

∑
i6=j

e−
(1+σ)|xεi−xεj |

ε ≤ O(ε).(2.54)
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Clearly, (2.54) implies (2.41). Suppose that xεi −→ xi as ε −→ 0. Then
(2.53) gives

k∑
i=1

H(xi) ≤ kH(x0) = k min
x∈∂Ω

H(x),

which clearly implies (2.42). So we have completed the proof of Proposi-
tion 2.4. �

Proof of Theorem 1.1. We only need to prove that (αε(xε), xε, vε(xε)) satis-
fies (2.7).

From (2.41), we know that xε is an interior point of Dε,R. Conseqently,

0 =
k∑

h=1

∂J

∂αh

∂αh

∂τli
+

∂J

∂τli
+
〈

∂J

∂v
,

∂v

∂τli

〉
ε

(2.55)

=
∂J

∂τli
+

k∑
h=1

N−1∑
j=1

Bhj

〈
∂Uε,xεh

∂τhj
,

∂v

∂τli

〉
ε

=
∂J

∂τli
−

N−1∑
j=1

Bhj

〈
∂2Uε,xεl

∂τlj∂τli
, v

〉
ε

.

Thus, (2.7) holds. �

In order to prove Theorem 1.2, we only need to consider

sup{ J(αε(x), x, vε(x)) : x ∈ Dε,R, xi ∈ Bδ(x0), i = 1, 2, . . . , k}.
Then we see that the maximum xε satisfies xεi −→ x0, i = 1, . . . , k, and
|xεi−xεj |

ε −→ +∞ for i 6= j as ε −→ 0.

Appendix A.

Lemma A.1. Let x ∈ ∂Ω. Then∫
Ω

Up
ε,x = εN

(
A− 1

2
εH(x)

∫
RN−1

Up(y′, 0)|y′|2 dy′ + O(ε2)
)

where A =
∫
RN Up.

Proof. Choose a coordinate system such that x = 0 and

Ω ∩Bτ (0) = {yN > f(y′)},(A.1)

∂Ω ∩Bτ (0) = {yN = f(y′)},(A.2)

where τ > 0 is a small constant and f(y′) satisfies

f(y′) =
1
2

N−1∑
i=1

ρiy
2
i + O(|y′|3), y′ ∈ BN−1

τ (0) = {|y′| ≤ τ}.
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Then H(0) = 1
N−1

∑N−1
i=1 ρi. Let

Ωε,x = {y : εy + x ∈ Ω}, Ωε = Ωε,0,(A.3)

Uε(y) = Uε,0(y),(A.4)

B+
τ (0) = Bτ (0) ∩ {yN > 0}.(A.5)

Since U(y) is exponentially small at infinity, we have

∫
B+

τ (0)\Ω
Up

ε = εN

∫
B+

τ
ε
(0)\Ωε

Up = εN

∫
BN−1

τ
ε

(0)

∫ f(εy′)/ε

0
Up(y′, yN ) dyNdy′

= εN

∫
BN−1

τ
ε

(0)

∫ f(εy′)/ε

0

[
Up(y′, 0) + O(|yN |Up(y′, 0))

]
dyNdy′

= εN

1
2

∫
BN−1

τ
ε

(0)
Up(y′, 0)

N−1∑
i=1

ρiy
2
i ε + O(ε2)


= εN

1
2

∫
BN−1

τ
ε

(0)
Up(y′, 0)|y′|2 1

N − 1

N−1∑
i=1

ρiε + O(ε2)


= εN

[
1
2
H(0)ε

∫
RN−1

Up(y′, 0)|y′|2 + O(ε2)
]

.

(A.6)

As a result,∫
Ω

Up
ε =

∫
Bτ (0)∩Ω

Up
ε + O(εNe−τ/ε)(A.7)

=
∫

B+
τ (0)

Up
ε −

∫
B+

τ (0)\Ω
Up

ε + O(εNe−τ/ε)

= εN

(
A− 1

2
εH(0)

∫
RN−1

Up(y′, 0)|y′|2 dy′ + O(ε2)
)

.

�

Lemma A.2.∫
Ω

ε2|DUε,x|2 + U2
ε,x(A.8)

= εN

(
A− 1

2
εH(x)

∫
RN−1

Up(y′, 0)|y′|2 dy′

+
1
2
εH(x)

∫
RN−1

U(y′, 0)
∂U(y′, 0)

∂r
|y′| dy′ + O(ε2)

)
.
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Proof. Choose the coordinate systems as in Lemma A.1. Then∫
Ω

ε2|DUε,x|2 + U2
ε,x = ε2

∫
∂Ω

∂Uε

∂n
Uε +

∫
Ω
(−ε2∆Uε + Uε)Uε(A.9)

= ε2

∫
∂Ω

∂Uε

∂n
Uε +

∫
Ω

Up
ε .

ε2

∫
∂Ω

∂Uε

∂n
Uε = ε2

∫
∂Ω∩Bτ (0)

∂Uε

∂n
Uε + O(e−τ/ε).(A.10)

For y ∈ ∂Ω ∩Bτ (0),

n =
(

∂f

∂y1
, . . . ,

∂f

∂yN−1
,−1

)/(
1 +

N−1∑
i=1

∣∣∣∣ ∂f

∂yi

∣∣∣∣2
) 1

2

.

Hence,

∂Uε

∂n
=

1
ε

[
N−1∑
i=1

∂f

∂yi

∂U

∂zi

(y

ε

)
− ∂U

∂zN

(y

ε

)]/(
1 +

N−1∑
i=1

∣∣∣∣ ∂f

∂yi

∣∣∣∣2
) 1

2

.

Thus,

ε2

∫
∂Ω

∂Uε

∂n
Uε

= ε

∫
BN−1

τ (0)

[
N−1∑
i=1

∂f

∂yi

∂U

∂zi

(y

ε

)
− ∂U

∂zN

(y

ε

)]
Uε dy′ + O

(
εNe−

τ
ε

)
= εN

∫
BN−1

τ
ε

(0)
U(y′, f(εy′)/ε)

[N−1∑
i=1

(
ρiyiε + O(ε2|y′|2)

) ∂U(y′, f(εy′)/ε)
∂yi

− ∂U(y′, f(εy′)/ε)
∂yN

]
dy′ + O

(
εNe−

τ
ε

)
= εN

∫
BN−1

τ
ε

(0)
U(y′, 0)

∂U(y′, 0)
∂r

N−1∑
i=1

ρiy
2
i |y′|−1ε

−
∫

BN−1
τ
ε

(0)
U(y′, 0)

∂2U(y′, 0)
∂y2

N

N−1∑
i=1

1
2
ρiy

2
i ε + O(ε2)

 .

(A.11)

But

∂2U(y′, 0)
∂y2

N

=
∂U(y′, 0)

∂r
|y′|−1.
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Consequently,

ε2

∫
∂Ω

∂Uε

∂n
Uε = εN

[
1
2
εH(0)

∫
RN−1

U(y′, 0)
∂U(y′, 0)

∂r
|y′| dy′ + O(ε2)

]
.

(A.12)

Clearly, (A.9), (A.10), (A.12) and Lemma A.1 give the desired result. �

Lemma A.3.

I(Uε,x) = εN

[(
1
2
− 1

p

)
A−BH(x)ε + O(ε2)

]
,

where

B =
1
2

(
1
2
− 1

p

)∫
RN−1

Up(y′, 0)|y′|2 dy

− 1
2

∫
RN−1

U(y′, 0)
∂U(y′, 0)

∂r
|y′| dy′ > 0.

Proof. This is just a direct consequence of Lemmas A.1 and A.2. �

Lemma A.4.∣∣∣∣∫
Ω

Up−1
ε,x v

∣∣∣∣ = O(ε
N
2

+1)‖v‖ε, ∀ v with 〈Uε,x, v〉ε = 0.

Proof. Suppose that x = 0. Then∫
Ω

Up−1
ε,x v = εN

∫
Ωε

Up−1v(εy) = −εN

∫
∂Ωε

∂U

∂n
v(εy)(A.13)

= O(εN )

(∫
∂Ωε

∣∣∣∣∂U

∂n

∣∣∣∣2
) 1

2

‖v(εy)‖H1(Ωε)

= O(εN/2)

(∫
∂Ωε

∣∣∣∣∂U

∂n

∣∣∣∣2
) 1

2

‖v‖ε.

But ∫
∂Ωε

∣∣∣∣∂U

∂n

∣∣∣∣2 =
∫

∂Ωε∩B τ
ε
(0)

∣∣∣∣∂U

∂n

∣∣∣∣2 + O(e−
τ
ε )(A.14)

=
∫

BN−1
τ
ε

(0)

∣∣∣∣N−1∑
i=1

[
ρiyiε + O(ε2|y′|2)

] ∂U

∂yi

− ∂U(y′, f(εy′)/ε)
∂yN

∣∣∣∣2 dy′ + O(ε3)

= O(ε2).

So, from (A.13) and (A.14), we get the desired result. �
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Lemma A.5. For any θ > 0, we have

ε2

∫
∂Ω

∂Uε,xi

∂n
Uε,xj =

O(εN+1) if i = j,

O

(
εN+1e−(1−θ)

|xi−xj |
ε

)
if i 6= j.

Proof.

ε2

∫
∂Ω

∂Uε,xi

∂n
Uε,xj = εN

∫
∂Ωε

∂U

∂n
U

(
y − xj − xi

ε

)
= εN

[∫
∂Ωε∩B τ

ε
(0)

∂U

∂n
U

(
y − xj − xi

ε

)
+ O(e−

τ
ε )

]

= εN

[∫
∂Ωε∩B τ

ε
(0)

(
N−1∑
i=1

∂U

∂r

yi

|y|
∂(f(εy′)/ε)

∂yi
− ∂U

∂r

yN

|y|

)
U

(
y − xj − xi

ε

)

+ O(e−
τ
ε )

]

≤ CεN+1

∫
∂Ωε∩B τ

ε
(0)

(∣∣∣∣∂U

∂r

∣∣∣∣ |y|+ f(εy′)
ε2

1
|y|

∣∣∣∣∂U

∂r

∣∣∣∣)U

(
y − xj − xi

ε

)
+ O(εNe−

τ
ε )

≤ CεN+1

∫
∂Ωε∩B τ

ε
(0)

e−|y|e−|y−
xj−xi

ε
| + O(εNe−

τ
ε )

≤ CεN+1e−(1−θ)
|xi−xj |

ε

∫
∂Ωε∩B τ

ε
(0)

e−θ|y| + O(εNe−
τ
ε )

= O

(
εN+1e−(1−θ)

|xi−xj |
ε

)
.

(A.15)

�

Appendix B.

For x ∈ Dε,R, let Aε,x : Eε,x,k −→ Eε,x,k be defined as follows:

〈Aε,xv, w〉ε = 〈v, w〉ε − (p− 1)
∫

Ω

∣∣∣∣∣
k∑

i=1

Uε,xi

∣∣∣∣∣
p−2

vw.

Lemma B.1. There exist ε0 > 0, R > 0, such that for each ε ∈ (0, ε0], x ∈
Dε,R, Aε,x is invertible and

‖A−1
ε,x‖ ≤ C,

where C is independent of ε and x.
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Proof. First we prove that there are ε0 > 0, R > 0 and c0 > 0, such that for
each ε ∈ (0, ε0], x ∈ Dε,R, we have

‖Aε,xv‖ε ≥ c0‖v‖ε, ∀ v ∈ Eε,x,k.(B.1)

We argue by contradiction. Suppose that there are εm −→ 0, Rm −→
+∞, x(m) ∈ Dεm,Rm , vm ∈ Eεm,xm,k, such that

‖Aεm,x(m)vm‖εm = o(1)‖vm‖εm .(B.2)

We may assume

‖vm‖εm = εN/2
m .(B.3)

So, ∣∣∣〈Aεm,x(m)vm, ω〉εm

∣∣∣ = o(εN/2
m )‖ω‖εm .(B.4)

That is, ∫
Ω

ε2
mDvmDω + vmω − (p− 1)

∫
Ω

∣∣∣∣∣
k∑

i=1

U
εm,x

(m)
i

∣∣∣∣∣
p−2

vmω

= o(εN/2
m )‖ω‖εm , ∀ ω ∈ Eεm,x(m),k.

(B.5)

For each fixed i, let

v̄m(y) = vm(εmy + x
(m)
i ),(B.6)

Ωm = {y : εmy + x
(m)
i ∈ Ω}.(B.7)

Then, from (B.5), we have

∫
Ωm

Dv̄mDω + v̄mω − (p− 1)
∫

Ωm

∣∣∣∣∣∣
k∑

j=1

U

(
y −

x
(m)
j − x

(m)
i

εm

)∣∣∣∣∣∣
p−2

v̄mω

= o(1)‖ω‖, ω ∈ Fεm,x(m),k,

(B.8)

where

(B.9)

Fεm,x(m),k =

{
ω :

〈
ω, U

(
· − xj − xi

ε

)〉
=

〈
ω,

∂U
(
· − xj−xi

ε

)
∂τjl

〉
= 0,

j = 1, . . . , k, l = 1, . . . , N − 1

}
,

and {τj1, . . . , τj(N−1)} forms an orthogonal basis for the tangent space of
∂Ωε,x at xi−xj

ε .
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Since ‖v̄m‖ = 1, we may assume that

v̄m ⇀ v, weakly in H1(RN
+ ),(B.10)

v̄m −→ v, strongly in Lp
loc(R

N
+ ).(B.11)

Then it is easy to see that v satisfies

〈v, U〉RN
+

= 0,(B.12) 〈
v,

∂Ux

∂xj

∣∣∣∣
x=0

〉
RN

+

= 0,(B.13)

where

〈v, w〉RN
+

=
∫

RN
+

DvDw + vw.

Now we claim that v = 0. Assume this for the moment. Since for each
fixed L > 0, we have

k∑
i=1

Up−2

εm,x
(m)
i

= O
(
e−(p−2)L

)
, in Ω \ ∪k

i=1BLεm

(
x

(m)
i

)
.

As a result,

∫
Ω

∣∣∣∣∣
k∑

i=1

U
εm,x

(m)
i

∣∣∣∣∣
p−2

v2
m =

k∑
i=1

∫
BLεm (x

(m)
i )

Up−2

εm,x
(m)
i

v2
m + O

(
e−(p−2)L

)
εN
m

= εN
m

(
o(1) + O

(
e−(p−2)L

))
,

(B.14)

where o(1) → 0 as m → +∞.
Letting ω = vm in (B.5), from (B.14), we get

‖vm‖2
εm

= εN
m

(
o(1) + O

(
e−(p−2)L

))
.

This is a contradiction to (B.3) if L is chosen large enough.
So it remains to prove that v = 0. First we claim that v satisfies∫

RN
+

DvDω + vω − (p− 1)
∫

RN
+

Up−2vω = 0, ∀ ω ∈ F,(B.15)

where

F =

{
ω : 〈ω, U〉RN

+
=
〈

ω,
∂Ux

∂xi

∣∣∣∣
x=0

〉
RN

+

= 0, i = 1, . . . , N − 1

}
.

(B.16)
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In fact, for each ω ∈ F , we can choose α
(m)
j , γ

(m)
lj , such that

ηm = ω −
k∑

j=1

α
(m)
j U

(
· −

x
(m)
j − x

(m)
i

ε

)

−
k∑

j=1

N−1∑
l=1

γ
(m)
lj

∂U

(
· − x

(m)
j −x

(m)
i

ε

)
∂τjl

∈ Fεm,x(m),k.

And it is easy to see that α
(m)
j −→ 0, γ

(m)
lj −→ 0 as m −→ +∞. Letting

ω = ηm in (B.8), we easily deduce (B.15).
Define v(y′,−yN ) = v(y′, yN ) for yN > 0. Then∫

RN

DvDω + vω − (p− 1)
∫

RN

Up−2vω = 0, ∀ ω ∈ F1,(B.17)

where

F1 =
{

ω ∈ H1(RN ) : 〈ω, U〉RN =
〈

ω,
∂Ux

∂xi

∣∣∣∣
x=0

〉
RN

= 0, i = 1, . . . , N

}
.

(B.18)

Since v ∈ F1 (see (B.12) and (B.13)), we know that (B.17) holds for all
ω ∈ H1(RN ). By [14], there are αi ∈ R1, i = 1, . . . , N , such that

v =
N∑

i=1

αi
∂U

∂xi

∣∣∣∣
x=0

.

So v = 0.
From (B.1), it is standard to prove that Aε,x is invertible. In fact, (B.1)

implies that Aε,x is one to one and Aε,x is closed. If Aε,xEε,x,k 6= Eε,x,k, then
there is w ∈ (Aε,xEε,x,k)⊥ and w 6= 0. Thus,

〈Aε,xv, w〉ε = 0, ∀ v ∈ Eε,x,k.

But 〈Aε,xv, w〉ε = 〈Aε,xw, v〉ε. Hence, Aε,xw = 0, and thus w = 0. This is a
contradiction. �
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