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In 1981, Nomizu introduced isoparametric hypersurfaces
in Lorentzian space forms and studied the Cartan identities.
Later Hahn, 1984, generalized Nomizu’s work to the pseudo-
Riemannian space forms and presented many examples. In
general, the shape operator of a hypersurface in a pseudo-
Riemannian space form may be not diagonalizable. This
makes the isoparametric theory in pseudo-Riemannian space
form different from that in Riemannian space forms. In
1985, Megid classified Lorentzian isoparametric hypersurfaces
in R;H'l. He showed that there are three types of Lorentzian
isoparametric hypersurfaces in R;H'l. Type I are exactly
cylinders and umblic hypersurfaces while the other two types
of hypersurfaces have properties close to cylinders and umblic
hypersurfaces. Megid called them generalized cylinders and
umblic hypersurfaces. In this paper, the local classification of
Lorentzian isoparametric hypersurfaces in H;' *1 is obtained
and the properties of them are discussed.

Introduction.

A hypersurface in H f“ is called isoparametric if the minimal polynomial of
the shape operator is constant. This allows complex or non-simple principal
curvatures (eigenvalues of the shape operator). In this paper, we classify
Lorentzian isoparametric hypersurfaces in an anti-de Sitte sphere H{‘H.
More precisely, we show that there are four types of such hypersurfaces.
Type I hypersurfaces are determined by two orthogonal subspaces of Rg“
and the principal curvatures; type II and type III hypersurfaces are deter-
mined by two 1-parameter orthogonal subspaces of Rg” and the principal
curvatures; and the type IV hypersurfaces are homogeneous.

The classification theorem we obtain here plays an essential role in the
study of isoparametric hypersurfaces in complex hyperbolic spaces CH™ [9].
A connected hypersurface in CH™ is called isoparametric if all parallel hy-
persurfaces M; for t sufficiently close to zero have constant mean curvatures.
In [9], we get the complete classification of isoparametric hypersurfaces in
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CH™. In fact, we prove that all isoparametric hypersurfaces are homoge-
nous.

The paper is organized as follows. In Section 1, we recall basic definitions,
notations and the structural equations of a Lorentzian hypersurface in H {‘H.
We use a result of Megid [4] to conclude that there are four types of local
isoparametric hypersurfaces in H ?H. In Section 2, we study the Cartan
identities and show that a Lorentzian isoparametric hypersurface has at most
a pair of conjugate complex and two real principal curvatures. In Sections
3, 4 and 5, we classify hypersurfaces of type I, I, III and IV, respectively.
Combining these results, we get the classification.

This work was done when the author was a visiting scholar at Northeast-
ern University in Boston. He wishes to express his gratitude to Professor
Chuu-Lian Terng for her many helpful conversations and support. He is
grateful to Professor Chia-Kuei Peng for his long term guidance and help.

1. Preliminaries.

In this section we recall the basic definitions and the structure equations
of a Lorentzian hypersurface in H{LJFI. Then we give the definition of an
isoparametric hypersurface and show the forms of the shape operator.

Let R’21+2 be an n + 2-dimensional real vector space with a bilinear form
of signature (2,n) given by

n—+2

2
(wa) ==Y at+ >t
=1 1=3

H ?'H be the hypersurface
{CU € R§+2 | <.T,JZ‘> = _1}7

which is the anti-de Sitte sphere with constant sectional curvature —1. H f“
is a non-simply connected Lorentzian space form.

Let V be a vector space with a Lorentzian metric (, ). An orthonomal ba-
sis {E1, ..., Ey} is one satisfying (E1, E1) = —1, (E;, E;) = d;j, (E1, Ej) =0
for 2 <i,j <n. A pseudo-orthonormal basis is a basis {X,Y, E1, ..., E,_2}
such that (X, X) = 0 = (YY) = (X, E;)) = (Y, E;), (X,Y) = —1 and
<Ei,Ej> = 5ij for 1 < l,j < n— 2.

Generally, a hypersurface M in H {‘H is called a Lorentzian hypersurface
if the induced metric has signature (1,n — 1). Next, we recall the structure
equations of a Lorentzian hypersurface M.

Let X be the position vector of M, i.e., X is the inclusion map from M
to RS”, €1,...,ent1 a local frame on H?H C R§L+2 such that eq,... e,
are tangent to M, e,,1 normal to M, and w',... ,w""! the dual 1-forms.



LORENTZIAN ISOPARAMETRIC HYPERSURFACES IN H{L+1 379

We can write

n+1
(1) dX = Z wlea,
A=1
n+1
(2) deA:ZwEeB—I—wAX,
B=1
where A=1,... ,n+1, and wf and w4 satisfy the first structural equation
of HILH:
n+1
(3) de—i-ng/\wB:O,
B=1
n+1
dgap = Z goBwS + gacw§,
Cc=1
n+1

B
=3 gan®.
B=1

Especially for an orthonomal frame, wi = 0,w! = wil,wg + wj- =0,(2<
i,7 <n+1), and for a pseudo-orthonomal frame, wi + w3 = 0,w? = wl
0,0] = wfwy =wj,w +0j=0,3<dj<n+1).

) 70

The second structural equation of H {‘H is:

n+1
(4) dwf—ng/\wg—wA/\szo.
C=1

Restricting these forms to M, we have

(5) Wt =0, wZJﬂ =0.
Write
. n . .
(6) Why1 = Z hiw?.
j=1

Exterior differenting (5), we get
n n
(7) > gahk =" gjhf.
k=1 k=1
The shape operator is a linear transformation for any x € M defined by

n
(8) AT M — ToM :e;— Y hle;.
j=1
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A is a symmetric linear transformation on T,M with Lorenzian product,
ie., forany XY € T, M,

(AX)Y) = (X,AY) =1I(X,Y).
Here 1I(X,Y) is the second fundamental form of M. The eigenvalues of
A are called principal curvatures of M. Corresponding to every principal
curvature A\, we have algebraic multiplicity and geometric multiplicity. Alge-

braic multiplicity v is the exponent of (z—\) in the characteristic polynomial
and geometric multiplicity p is the dimension of the eigenspace

T\ ={X € T,M | AX = AX}.

A principal curvature A is called diagonalizable if v = p.
The structural equations of M are

n
(9) dwi~|—2w§»/\wj =0,
=
n
dgij = > _(gixw} + grjwy),
k=1

n

- E Y/

Wi = gijw,
7j=1

(10) gijwn +wi T =0,
n
(11) dwf-—waAwi:w?+lAw%+l+wiij,
k=1
n .
(12) dwhy =Y wl g Awh.
j=1

Among these equations, (11) and (12) are called Gauss equation and Codazzi
equation of M, respectively.

Define
(13) > O hh gt =dhl =y bl + ) B
k=1 k=1 k=1
Then Codazzi equation becomes
(14) Wik = b5

A hypersurface is called isoparametric if the minimal polynomial of shape
operator is constant. In this paper we only consider Lorentzian isopara-
metric hypersurfaces. In [4], Megid showed that such a hypersurface has
constant principal curvatures and the shape operator A can be put into
exactly one of the canonical forms I, 11, III or IV.
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1.
ay ... 0
A= :
0 an
II.
ag 0
1 ap
A= a
ap—2
111
aq 0 0
0 ag 1
-1 0 ap
A= ay
an—3
Iv.
ao  bo
-—bo aq
A= ai
ap—2

Here by is assumed to be non-zero. In cases I and IV A is represented
with respect to an orthonomal basis while in cases II and III the basis
is a pseudo-orthonomal basis. In cases I, IT and III the eigenvalues are
real, while ag £ iby are eigenvalues in case IV. Throughout this paper, a
Lorentzian isoparametric hypersurface in H {H'l is called a type I, II, TIT or
IV hypersurface according to the form of the shape operator A.

2. Cartan identities.

In this section, we use Hahn’s result on Cartan identities to study the possi-
ble number of principal curvatures of Lorentzian isoparametric hypersurfaces
in H {‘H, and prove the following theorem.

Theorem 2.1. A type I, I or III Lorentzian isoparametric hypersurface has
at most two real principal curvatures, and a type IV Lorentzian isoparametric
hypersurface has a pair of comjugate complex principal curvatures and at
most two real principal curvatures.

We need a couple of Lemmas to prove the theorem. The first one is proved
by Hahn:
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Lemma 2.2 ([2]). Let M be a Lorentzian isoparametric hypersurface in
H{LH, and A1, ..., Ap all distinct principal curvatures of M with algebraic
multiplicities v1, . .., vp. If \; is a (real) diagonalizable principal curvature,
then we have Cartan identz’ty

Z " 1—1;)\/\)\ _ o
J=1,j#i
Lemma 2.3. Let M be a type 1, I or III hypersurfaces. Then p < 2.
Moreover, if p =2, then Ay = 1.

Proof. If M is type I, then all principal curvatures of M are real and diag-
onalizable. By Lemma 2.2, we have

1 + i)
1 =
(15) O N =0
J=1,j#1
for any 7 in {1,...,p}. Without loss of generalities, we may assume \; <

A2 < -+ < Ap, and A, > 0. Choose the largest nonnegative \; such that
Aidi—1 < 1. Then

Aidj —1 <0

i — )\j -
for any j # 0. Hence \;A\; = 1 if ¢ # j. Therefore p < 2.

If M is type II or type III, then only one principal curvature of M is not

diagonalizable. Without loss of generalities, we may assume that A; is not
diagonalizable. By Lemma 2.2, we have

P
A\ — 1
16) 2 n=ay, O
J=1,j#i
for any i in {2,...,p}.
Note that
P
A\ — 1
(1) : Z Hivi Ai = Aj
1,7=1,i#j
P
1 1
= Zuil/j()\i)\j — 1) ()\Z — )\j + )\j — )\1)
1<J
= 0.
Combining (16) and (17), we have
P
AN — 1
(18) ,zzwiﬁjjzo
J=1j#i
for any 7 in {1,...,p}, which is exactly the equation (15). Hence we know

that p < 2. O
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Lemma 2.4. Let M be a type IV hypersurface, and \i,..., N, all distinct
principal curvatures of M. Then p < 4.

Proof. If M is a type IV, then M has a pair of conjugate complex principal
curvatures with algebraic multiplicities 1. We may assume A\; = ag + by,
A2 =ag —iby, bp #0, 1 =12 =1, and A3 < A\ < --- < \p. By Lemma 2.2,
A3,. .., Ap satisfy

2a0(1 + A7) — 2\ (a3 + b3 + Z Aidj — 1
vj=

—0
22— 2agh; + (a2 + b2) Y

(19)
J=3,37#1
for any 7 in {3,... ,p}.

First we claim that if ag < 0, then A; <0 for any 7 in {3,... ,p}.

Suppose the claim is false. Then A\, > 0. We choose the largest positive
A; such that \;\;—1 < 1. Then

2a0(1 + A2) —2)\; (a3 + B2 + 1)

20 <0
( ) )\12 — 2&0)\1 + (CL(Q) -+ b%) -
Aidj — 1
21 =<0
(21) Ny s
for any j in {3,...,p} — {i}. From (19), (20) and (21), it follows that
(22) 2a0(1 + A2) — 2X;(a2 + B2 + 1) = 0.

This is a contradiction since ag < 0 and \; > 0. Therefore \; < 0 for any
in {3,...,p}. Similarly, we can prove that A\; > 0 for any 7 in {3,... ,p} if

ap > 0.
Note that
2a0(1 4+ A2) — 2\ (a2 + b2 + 1)
(23) 2 2 12
>\i — 2&0)\1' + (CLO + bO)
_ 2a0(t)(1+ AF(1) — 2Xi(t)(ad(t) + b3 (t) +1)
NF(t) = 2a0(t)Ai(t) + (ad () + B5(1))
Aidj =1 N(D)A(t) — 1
A=A N =N
Here
2, 12 : 2 12
(24) ao(t) = (ag + b5 + 1) sinh t cosh t + ap(cosh® ¢ + sinh” t)

cosh? t + 2ag cosh ¢ sinh t + (a2 + b2) sinh? ¢
bo
cosh? t + 2ag cosh ¢ sinht + (a2 + b3) sinh? ¢’
() = sinht + \; C(')Sh t
cosht + \;sinht
and t is any real number satisfying cosht + A;sinht¢ # 0 for any ¢ in

{3,...,p}.

bo(t) =
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Let Al(t) = ao(t) + ib()(t), Az(t) = ag(t) — ib()(t). Then )\1 (t), /\Q(t), ceey
Ap(t) are p distinct numbers satisfying the equation system (19) for any t
satisfying cosh¢ + \;sinh¢ # 0. Hence if ag(t) < 0 then \;(¢) < 0 for any @
in {3,...,p} and if ap(¢) > 0 then A;(t) > 0 for any 7 in {3,... ,p}.

If ap = 0, then \; = 0 for any 7 in {3,... ,p} which implies p = 3. Note
that by # 0. If ag # 0, then we can choose tgp € R — {0} such that

+ L + b% tanh ¢ 1
ag + — + — = —tan -
0 ap  ap O~ Yanh to’

which implies ag(tg) = 0. We claim that lim; ., A\i(t) = 0 or oo for all 3 <
i < p. Suppose the claim is false. Then lim;_+; Ag(¢) > 0 or lim; 4, A\x(t) <0
for some k in {3,...,p}. Without loss of generalities, we may assume that
limy_, Ak(t) > 0. Hence we can choose a real t; satisfying that cosht; +
Aisinht; # 0 for any ¢ in {3,...,p} such that ap(t1) < 0 and Ag(¢1) > 0.
This is a contradiction. So \; = — tanh ¢y or — coth ¢( for any i in {3, ... , p}.
Hence p < 4 and A3, A4 satisfy the following equation

2a0(1 4+ A7) — 2\i(ad + b3 +1) = 0.

As a consequence of Lemma 2.3 and 2.4, we obtain Theorem 2.1.

3. Type I hypersurfaces.

The main result of this section is the following result.

Theorem 3.1. Let M be a Lorentzian isoparametric hypersurfaces in H{LH.
Then M is type 1 if and only if M is congruent to an open part of one of
the following hypersurfaces:

i) H® (\/1 - )\2> x Snm ( 1/\2)‘2>, where —1 < A < 1;

i) ST (\/A2 - 1) x H—m ( ’\2)\§1>, where X\ is real and \2 > 1;

i) {x € H" | (2,C) = A}, where X is real, and C' is a constant vector
with (C,C) =1 — X\2.

Proof. We shall arrange the index as follows: 1 <i<m,m+1<a<n.
Let M be a type I hypersurface. By Lemma 2.3, we can choose a local
orthonormal frame ej,...,€m,€m+1, - .. ,€n,ent1 such that e, is normal
to M, w4 =M’ for 1 <i<mandwl = %wa for m +1 < a < n. Note
that m =n if A =0 or £1.
Consider the Codazzi equation

n

n m

. . | .

(25) dw} 1 = E w;?ﬂ/\wi‘:)\g wj/\w;—i—x g wr Aw,.
A=1 j=1
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On the other hand

m n
(26) dwl 1 = Mdw") = /\ij A w§ +A Z W AW,
J=1 a=m+1
Hence
n .

(27) Z w* Aw}, = 0.

a=m+1
By Cartan’s Lemma, w?, is a linear combination of w™*! ... w". Similarly
we can prove that w;* is a linear combination of wl, ... ,w™.

From (3),we know that w}, = wf (if i« = 1) or —w{ (if ¢ > 1) since
e1,...,e, is an orthonormal frame. Therefore
(28) wi = 0.
From (1), (2), (3) and (28), we get
m
(29) d(X = Aenyr) = (12 ) wle;,
i=1
m .
de; = Z wlej | +wi(X — Aepgr),
J=1j#i

which imply that
(30) dleg Nea N-+-eq AN (X — Xeny1)) = 0.
Similarly, we can prove that
(31) d(emt1 N emia A~ Nepg AN(AX —eny1)) = 0.

Let Wi(x) be the linear span of {ei(z),ea(z),...,em(x), X — Aept1(z)},
and Wy(z) the linear span of {epy+1(z),...,en(x),\X — ept1(x)}. From
(30) and (31) we know that Wi (z) and Wy(x) are fixed subspaces in R2" "2,
Denote them by W7 and Ws, respectively.
If A # +1, then
R =Wy + W,
is a direct sum of subspaces. Write
X = X1+ Xo,

where X is the position vector field of M, X; € W; and X5 € Wy, Since
X —Xent1 € Wi, AX — epy1 € Wa, we know that

Aent1 = N X1 + Xo.
Since (X, X) = —1, (ent1,ent1) = 1 and (X3, Xo) = 0, we have

1 A2

(32) <X1,X1> — ﬁ, <X2,X2> == 1_7>\2
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If A = £1, then from (29) we have d(e,+1 —AX) = 0. Hence C' = ej,41 — AX
is a fixed vector in Ry and (X,C) = \.
Therefore M can be represented as in Theorem 3.1. O

4. Type II and type III hypersurfaces.

In this section, we classify the type II and type III hypersurfaces. We state
the classification as a couple of theorems.

4.1. Type II hypersurfaces.
In this subsection, we arrange the index as follows: 3 <i,5 <m, m+1 <
a, 8 < n. By a direct calculation, we have:

Theorem 4.1. Let v(s) be a null curve in H'™ C Ry™2, and {#(s),Y (s),
Us(s)y...y Un(8), Vint1(8), ..., Va(s),&(s)} a pseudo-orthonormal basis of
TAY(S)H{IJrl such that

Va(s) € span{Y¥ (s), Vins1(s), ., Va()},
£(s) = M(s) + B(s)Y (s)
for some nonzero B(s). If M is one of the following parametrized hypersur-
faces in H{LH C RSH:
(1) A2#£0 or 1,

f(57y7a37"' 7am7bm+17"' 7bn)

m a2
—a(V) (Ail) =Y o (0) — X))
=3

ra| o O Toa(E) M)

a=m-+1
+yY(s) + Z a;Ui(s) + Z ba=Val(s),
=3 a=m+1

where
—1, if A2>1
e1(N\) = f 9
1, if A* <1,

et if A\(A2—1)>0
@) = {1, if A2 —1) < 0.



LORENTZIAN ISOPARAMETRIC HYPERSURFACES IN H{L+1 387

f(87y7a37"' 7an)

f(s?y>a3>-"7an)
1 ¢ 1
SR ST RERYE) oy PERVATED ot
i=3 ‘
then M s type I1.

Conversely, we have:

Theorem 4.2. Let M be a type 11 hypersurface in H{LH. Then for any
p € M, there is a neighborhood U, of p in M such that U, is exactly one of
the parametrized hypersurfaces in Theorem 4.1.

Before proceeding to give the proof, we separate off the following lemma.

Lemma 4.3. Let M be a type 11 hypersurface, e, es,...  ent1 a local pse-
udo-orthonormal frame such that eny1 is normal to M, w; ;= Aw', w2, =
Mw? +whwh =t Wl = %wo‘, and Ty, T% the distributions defined as
follows:

T\ = ker(A — \) = span{ey, e3,... ,€m},
and
1
T% = ker(A — X) = span{éem41,-.. ,6€n}-

Then all distributions Ty, T1 and Ty + T1 are integrable, and w} = w§ =
. . X )
W, =0, wi Awl =0 and w2 Aw! =0.

Sl 1 ~2 2 2 i ‘
P'roof Let Wy 1 = wpyq — Aw', Wiy = wyyg — AW?, Wy = Wy — AW,
and Wy 1 = wp, — Aw®. Then

(33) n+1 0 wT2L+1 = Ldl, Wnt1 = 07 Wna1 = ()\ - )\) w .
By (3), we have

(34) wn—l—l = Z wn—i—l A wBa
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where A =1,2,... ,n. (33) and (34) are exactly the Codazzi equation, which
Megid discussed in [4]. Following his results, we have Lemma 4.3. O

We are now in a position to give a:

Proof of Theorem 4.2. Let M be a type II hypersurface, x¢ a point of M.
By Lemma 2.3, there is a local pseudo-orthonormal frame ej,eo,... , ey,
€n+1 defined i 1n a nelghborhhod of xo such that e,41 is normal to M, and

whig =l w? , = +whwl | = W = tw* Let y(s) be the
integral curve of e; through xg, and N(s) the integral manifold of Ty + T%

through ~(s). Fixing s and restricting the forms to N(s), we have w! = 0.
From Lemma 4.3 and (3), we have
(35) dey = wiey.

Denote Y (s) = ea(y(s)), Ui(s) = ei(y(s)) and V,(s) = eq(7(s)). Then
Vz € N(s), ea(x) = AMx)Y (s) for some function . So the integral curve of
e9 is a straight line in R;H'Z.

Define W1 (s) = span {Y(s)}. Then Wi(s) = span {= ea(z) | Vo € N(s)}.
From (1) and (2), we have

(36) dX:weg—i—ZweZ+ Z weq,

a=m+1

. 1
(37) dens1 = wes + A ;wlei + X Z weq.

a=m+1

Computing (37)—X\(36), we get
1 .
(38) d(ensr — AX) = (A — >\> > wle.

From (3) and Lemma 4.3, we have

n

1
(39) dea - Z wgeﬁ - Xwaen—&-l —|— waX_
B=m+1,0#a
It follows from (38) and (39) that
(40) d(empr A= Aen A (en = AX)) =0,

Denote Wa(s) = span{em+1(7(s)),--. ,en(7(5)), ent1(7(s)) — Ay(s)}. Then
Wa(s) = {em+1(x),... ,en(x), enyi(x) — Az | Vo € N(s)}. Define Wi(s) =
{ea(x),e3(x), ... ,em(x), z—Nept1(x)}. Note that (Z(z),es(x)) = 0 for any
Z(z) in T\ + T%. Hence Vz € N(s), we have

(41) (z,Y(s)) = 0.
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If m = n, then it follows from (38) that

et (2) = AT = enp1(7(5)) — M(s).
So Vz € N(s), we get
(T, ent1(7v(8)) — Av(s)) = A
This includes the cases A = 0 or +1.

Now suppose A # 0,£1. By (38) and (39) and e,41(z) — A\x € Wy(s),
T — Aepy1(x) € Ws(s), we can write

(42) = X1+ Xo,
1
entl = XXI + A Xo,

where X; € Wa(s) and Xy € Wi(s). Since (X1, X2) = 0, we get
(43) (X0 X1 =~ (X Xa) =

1, 1_1_)\27 25 2_)\2_1'
Hence M can be locally represented as a parametrized hypersurface in The-
orem 4.1. (]

4.2. Type III hypersurfaces.
In this subsection, we arrange the index as follows: 4 <i,j < m, m+1 <
a, 8 < n. By a direct calculation, we have:

Theorem 4.4. Let v(s) be a null curve in H"™ C RyT2, and {#(s),Y (s),
Us(s)y...y Un(8), Vimt1(5), ..., Va(s),&(s)} a pseudo-orthonormal basis of
TW(S)H{”rl such that

Va(s) € span{Y (s), Vpy1(s), ..., Va(s)},
£(s) = M(s) + B(s)Us(s)
for some nonzero B(s). If M is one of the following parametrized hypersur-
faces in H'*t ¢ RY2:
(1) X250 orl,

f(S,y,CLg,... 7am7bm+17-~ 7bn)

— a0 7 L 77 2 g (10 = ()
=3

22 - b2
A—xp i (€(s) = Av(s))

+ 62()\)

m n

+yY(s)+ZaiUi(s)+ Z baVa(s),

=3 a=m+1
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where
SO R S
ao={" eI
(2) A=0,
143 atr(e) + oY (o) + Z:azws)
(3) A =1,

f(S,y,G,g,... 7an)

S G20 REERNE) oF) EERRPERS o2ttt}
1=3 ] :

then M s type II1.
Conversely, we have:

Theorem 4.5. Let M be a type 111 hypersurface in H{Hl. Then for any
p € M, there is a neighborhood U, of p in M such that U, is exactly one of
the parametrized hypersurfaces in Theorem 4.4.

Before proving Theorem 4.5, we need the following Lemma.

Lemma 4.6. Let M be a type 111 hypersurface, and e1, e, ... ,€m, Cm+1, -
€n,Entl @ local pseudo-orthonormal frame such that €nt1 18 normal to M,
1
Wpyr = whwp o = A’ + 0’ wp g = A —wh wh g = AW wi g set,
and Ty, T T% the distributions defined as follows:
T\ = ker(A — \) = span{ea,eq,... ,€m},
T? = ker(A — \)* = span{es, e3,... ,em},

1
T% = ker (A — )\) = span{em+1,...,€n}.

Then the distribution T2+T1 is integrable, and wl = w§ = wi, = 0, wirw! =
A
0 and w? Aw' = 0.
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~1 1 1 52 2 2 3 3 3
Proof. Let Wy = Wy — Aw', Wiy = Wy — Aw®, Wy = whyg — Aw?,
™~ 7 7 ~Q o «
Wy = Wiy — A and wy = wy; — Aw®. Then

~1 ~a

1
~1  _ ~2 _ 3 ~3 _ 1 _ _ o
W1 =0, Wy =w’, Wy =-w, Wy =0, wn+1—<)\—)\ w.
By (3), we have
n
~A ~B A
dwn-}—l_zwn-‘rl/\wBa
B=1

where A =1,2,... ,n. The above equations are also the Codazzi equation,
which Megid discussed in [4]. Hence the Lemma holds. O

We can proceed to the:

Proof of Theorem 4.5. Since the proof is similar to that of Theorem 4.2, we
give a sketch here.

Let M be a type III hypersurface, xg a point of M. By Lemma 2.3,
there is a local pseudo-orthonormal frame ej,es,... ,en, epy1 defined in a
neighborhhod of zo such that €, is normal to M, and w} | = Aw!, w2, =
Aw?+wd, wd = Al —wh Wi = A wl | = fw® Let y(s) be the integral
curve of e; and N(s) be the integral manifold of T% + T% through ~(s). By
the similar discussion for type II, we have

(44) dea N ea =0,
dlemsr N Nep A(ent1 — AX)) Aea = 0.

Let Wi(s) be the linear span of {ea(y(s))}, Wa(s) the span of {ea(7(s)),

em+1(7(8)), - 5 en((s)), ent1(7(s)) — M(s)}, and Wy(s) the span of
{e2(1(s)), ea(v(s)), - - em(V(s)), v(s)= Aenta(v(s))}-

For any z in N(s),
(x,Y(s)) =0.
Here Y (s) = ea(y(s)). If X # 0,41, by (44) and e,1 — Az € Wa(s),
T — Aepy1 € Wi(s), we can write

r =X+ Xo,
1
€n+1 = XXl + A Xo,
where X1 € Wa(s), Xo € Wi(s). Note that (Xi,X2) = (X1,Y(s)) =
(X2,Y(s)) = (Y(s),Y(s)) =0. So we have

A2 1

<X17X1> = 1_7)2, <X27X2> = ﬁ

If m = n, then
(z,ent1(7(s)) = Ay(s)) = A
This completes the proof of Theorem 4.5. ([
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5. Type IV hypersurfaces.

The number p of distinct principal curvatures of type IV hypersurfaces is 2, 3
or 4. In this section we classify the type IV hypersurfaces. The classification
is based on the following theorems.

Let M be a type IV hypersurface, x a point of M. By Lemma 2.4, there

is a local orthonormal frame ey, e, ..., em,€mti,--. ,€n, eny1 defined in a

neighborhhod of x such that e,y; is normal to M, w}lﬂ = agw! + bow?,
2 1 2 ; ; . 1

Wy = —bow +agw” (bg #0), w; | = A’ for 3 <i <m, and Wi, | = yw®

form+1<a<n.

Theorem 5.1. Let M be a type IV hypersurface with p = 2. Then M is
congruent to an open part of a principal orbit of G C O(2,2) in H}, where

coss sins 0 0 cosht 0 sinh ¢ 0
G = —sins coss 0 0 0 cosht 0 sinh ¢
o 0 0 coss sins sinh ¢ 0 cosht 0
0 0 —sins coss 0 sinh ¢ 0 cosht
s,teR

Proof. In this case, n = 2 and

(45) w% = aow' + byw?, w§ = —bow! + agw?.
Note that ej, ... , e, is an orthonormal frame. It follows from (3) that
W =l

Exterior differenting (45), we get

(46) w' Awd =0,

(47) WwrEAwl=o0.

From (46) and (47), we arrive at

(48) wy = 0.

Substituting (45) and (48) to Gauss equation (11), we have
ad + b3 = 1.

From the theory of moving frame, (45) and (48) imply that M is locally
homogeneous. In fact M is congruent to an open part of a principal orbit
of G defined in Theorem 5.1. O
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Theorem 5.2. Let M be a type IV hypersurface with p = 3. Then M is
congruent to an open part of a orbit of G C O(2,3) in H}, where the Lie
algebra of G is generated by

01 0 0 0 0 0 10 0 00010

-10 0 0 O 0 0 013 00 3 00

000 0 —-1+v3],f1 0 00 0f,f0 3 000

0 0 1 0 0 01 00 0 10000

0 0 -3 0 0 0v3 00 0 00 000
Proof. In this case, w),; = agw’ + bow?, w2, = —bow' + agw? (by # 0),

whyq = Aw' for 3 <i < n. From the Codazzi equation (12), we know that
(49) wi=wl=cw

for some function ¢ and

2cb
3 _ 0 1 2
(50) wy = (G0 N2 18 [(ag — Nw™ + bow?],
26b0
51 5= ———[(ap — \)w? — bow'
( ) Wa (CLO — )\)2 + bg [(a() )w ow ]a
(52) Wi =wh=0
for ¢ > 3.
Substituting (50), (51) and (52) to Gauss equation (11), we have
4c?b?
53 — — 0 =1 gy
(53) (a0 — N2 + B2 o
402(ag - A) B
(ao—/\)2+b3 -
8c2b3 9 .9
—_— = by — 1
(@ Nzip T
and
(54) —wi AWl = (aph — Dw! A w® + bodwa A wi,

—wi Awh = (1 — apN)w? A w® + bodwr A wi,

where ¢ > 3. But (50), (51) and (54) have no solution for any ¢ > 3. This
implies n = 3. From (49), (50), (51) and (53), we know that M is locally
homogeneous. In fact M is congruent to an open part of a principal orbit
of G defined in Theorem 5.2. U

Note. G = SL(3,R).
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Theorem 5.3. Let M be a type IV hypersurface with p = 4. Then M is
congruent to an open part of the hypersurface

{(«*, ..., 2 e HP* ) — (2! +ia®)? + (2 +ia?)? + -
F (a2 a2 = gy
where t > 1.
To prove the theorem, we need the following simple Lemma.
Lemma 5.4. Let Ay,...,A, be m x m matrices in o(l,n). If rank

(3F_1 ajA;) =2 and its enginvalues are +iy />0, a?, 0 for any ay, ..., ap €

R, and 25:1 a? % 0. Then m > p+ 1 and there is a invertible matriz P
such that PA;P~ = ey j41 —ej1 1 for all 1 < j < p, where e;j € gl(n+1)

whose ij-th entry is 1 and all other entries are 0.

Proof. Since we only need Linear algebra, we give an outline of the proof.
Since rankA; = 2 and A; has eigenvalues i, —¢ and 0, we can choose Pj
such that

0 Tol Tl
1 —X921 0 s 0
PAP = ) ) )
_xml 0 . e 0

Since rank (Z?Zl ajAj> =2 for any ar, ... ,ap satisfying 330_, a? # 0, the
PA P I take the form

0 Toi vt T
29 0 0
PAP = o )
% 0 - 0

From the fact that the eigenvalues of 32%_, a;A; are i\ /3%, a2 and 0, it

follows that
m
> wpimr; = 0.
k=2

Hence m — 1 > p and the Lemma holds. O

Proof of Theorem 5.3. We consider the focal manifold N of M. Choose a lo-
cal orthonormal frame ey, e, ... ,€m, €m+1, .- - ,C€n, ent1 such that e, eq,. .. |
em are tangent to N and e;,41, ... ,€n,ent1 are normal to N. Note that M
is type IV. From Lemma 2.4, we know that for any (local) unit normal field
v of N, its principal curvatures are ib, —ib, 0 for some b, and the multiplicity
of principal curvature 0 is m — 2. Here i> = —1. From Lemma 5.4, we have
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m >n+2—m,i.e., 2m > n+2. Hence we can choose an orthonormal frame

€1,€2, -+ ,€m, Emtls--- ,En,Ent1 Such that
S A | I+1 _ 1 i
(55) Wt = bW Wi = —bw', wp =0

forany [, and 1 <l <n—m+1. Herel <i<m, and i # 1, + 1. Note
that n +1 —m > 2. Using Coddazzi equation, we get

(56) w =0,  (j=1,...,m),
and
(57) wﬁilk:wl’fll, (I1<kjl<n—m+1).

Substituting (56) and (57) to Gauss equation (11), we have v* = 1 and
w!'Aw! =0 forn—m+3 < j < m. This implies m < n —m + 2, ie.,
2m < n + 2. Therefore 2m = n + 2.

Now we prove the existence and uniqueness of N.

Let N™ be the focal manifold of a type IV hypersurface M™ C H ?H C
RS”. Then n + 2 = 2m and for any x € N, there is a local orthonor-

mal frame ey, eq,... ,e,+1 such that ey, e, ... e, are tangent to M, €41,
. y€n,€nt1 are normal to M,

(58) wi=0, (i=1,...,m),

and

(59) wi =Wt (ij=1,...,m—1),

(60) Wl =8t —6l W (i=1....m—-1j=1...,m).

Here §7 = 1if i = 5, and 6/ = 0 if i # J.
Let v(s) be an integral curve of e;. Then

m m—1
(61) de; = Zwiei + Z w}nﬂ —w'X,
i=1 j=1

where X is the position vector field of N. From (58) and (60),

m—1
(62) de; = Z wtle, i —wlX.
i=1
From (62), we know that e is parallel along v in H {’H. This means that ~y
is a geodesics of H ?H. Hence
(63) +(s) = cos 59(0) + sin se1 (7(0)),
and wy = ds. Choose the normal vector fields e, 11, ... ,en,€en11 such that

m—+j

each of them is parallel along (s), i.e., w,,

=0,(¢,j=1,...,m—1)on
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~. So along v, we have

(64) dejp1 =wlempi, i=1,...,m—1,
dem+ti = wleiH, i=1,...,m—1,

which implies that

(65) ei11(1(5)) = cos sei11(1(0)) + 5in semsi (4(0))

foriin {1,...,m—1}. Now consider the distribution E = span {ea, ... ,en}.
From the structural equation (3), we have
do' =0, dw™ = Wit A !

for i in {1,...,m — 1}, which implies that F is an integrable distribution.
Denote the integral manifold through ~(s) by P(s). Then e, epmi1,. .. ,€nt1
are normal vector fields of P(s). On P(s),

m—1

de; = Z w”lemﬂ-, demti = wtley, i=1,...,m—1.

i=1

Hence P(s) is a totally geodesic submanifold of H"™! for every s.
Summarizing the arguments above, N is determined uniquely by e (v(0)),

e2(7(0)), ... ,em(7(0)), em+1(7(0)), ... ,ent1(7(0)). In fact N is congruent
to an open part of the submanifold:

{(a*, ..., 2 e HP ) — (2! +4i2?)? + (23 + i) + - -
+ (x2n+1 + i$2n+2)2 ‘: 1}.
The second fundamental form of N is II(e1,e1) = 0, II(e1,e;) = 0,

II(ey,e;) = epqi for 2 < i,j < n. Since M is a tube of N, we obtain
Theorem 5.3. O

Hence we have finished the classification of Lorentzian isoparametric hy-
persurfaces in H I‘H by combining Theorems in Sections 3, 4 and 5.
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