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Suppose D CC C2 is a convex domain with real-analytic
boundary. Then a compact subset K of 3D is locally a peak
set for A°° (D) if and only if K is a peak set for A (D).

1. Introduction.

1.1. Notations and Definitions.

Throughout most of this paper, D will be a smoothly bounded domain
in C™. We denote by A*® (D) the set of holomorphic functions in D which
have C*-extension to D.

A closed subset K C 0D is a peak set for A (D) if there exists a function
f € A° (D) so that f =1 on K and |f| <1 on D\ K. K is locally a peak
set for A (D) if for each p € K, there exists a neighborhood V' of p so that
K NV is a peak set for A% (D).

It is easy to see that a closed subset K C 0D is a peak subset for A (D)
if and only if there exists a function g € A (D) such that ¢ =0 on K and
Reg > 0 on D\ K. Such a function g is called a strong support function for
K.

We denote by T}, (M) the real tangent space to a smooth manifold M at
the point p € M. For a point p € M, the complex tangent space of M at p
is the vector space

TS (M) = T, (M) 0 J{T, (M)} .

Here J is the almost complex structure corresponding to multiplication by .
T;C (M) is the maximal complex subspace of T}, (M), of complex dimension
n—1if M =0D.

A smooth submanifold M C 0D is integral at p € M if T,,(M) C
TI;C (0D) . M is an integral manifold if it is integral at each point p € M. We
say M is totally real if TI()C (M) = {0} for every p € M.

A domain D C C™ has C* boundary at p € 0D if there is a C*° function
r : U — R defined on a neighborhood U of p so that Vr(p) # 0 and
DNU ={z€U:r(z) <0}. Such a function r is called a defining function
for D at p. From here on, r denotes a defining function for D.
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We say D is (Levi) pseudoconvex at p if

"L 9%
L, (p,w) = .;1 92,07, (p) wjwy, >0

for all w € T]f,C (0D) . L, (p,w) is called the Levi form or the complex Hessian
of r.

Let D be pseudoconvex at p. The point p is said to be strongly pseudo-
convex if the Levi form is positive whenever w # 0, w € T, I(,C (0D).

The point p is said to be weakly pseudoconvex if the Levi form is zero for
some w # 0, w € T;C (0D).

We denote by w (9D) the set of weakly pseudoconvex boundary points.

A domain is called pseudoconvex (resp. strongly pseudoconvex) if all its
boundary points are pseudoconvex (rep. strongly pseudoconvex).

For p € 0D, we let N,, denote the null space in TI(,C (0D) of the Levi form
at p. This, as well as notions defined above are indepemdelnt| of the defining

o' O N

Qx{r 0z - - Oz R,
where a = (g, ... ,ay) and o] = a1 + - + ayn.

We will denote by d(z, M) the Euclidean distance from z to a manifold
M. Int (A) ; will denote the interior of A in B.

function. D® will denote the differential operator

1.2. Main result.
Our main result is:

Theorem 16.  Suppose D CC C3 is a convex domain with real-analytic
boundary. Then a compact subset K of OD is locally a peak set for A (D)
if and only if K is a peak set for A* (D).

1.3. Historical background.

The subject of peak sets has been studied in recent years by several au-
thors [4], [5], [9], [10], [12], [14], [18]. If D is the unit disc in the complex
plane, B.A. Taylor and D.L. Williams [18] proved that the only peak sets
for A% (D) are the finite subsets of 0D.

In C*, n > 2, the situation is different. In the strongly pseudoconvex
case Hakim and Sibony [10], Chaumat and Chollet [4], [5], and Fornaess
and Henriksen [9] gave the following characterization of locally peak sets for

A (D).

Theorem 1. Let D be a bounded strongly pseudoconver domain in C"™ with
smooth boundary and K a closed subset of 0D. The following conditions are
equivalent:
(1) K is locally a peak set for A> (D).
(2) K is locally contained in an (n — 1)-dimensional totally real submani-
fold of 0D, which is integral at each point of K.
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(3) K is locally contained in an (n — 1)-dimensional totally real integral
submanifold of 0D.
(4) K is a peak set for A> (D).

For weakly pseudoconvex domains in C”, the aforementioned characteri-
zation of peak sets does not hold in general, including those which are convex
with real-analytic boundary in C2. In [14], Noell showed that there exists
a convex domain D with real-analytic boundary in C? and a peak set K
for A*° (D) which is not contained in any smooth curve. He also showed
that there exists a convex domain D with real-analytic boundary in C? and
an integral curve M C 9D so that M N U is not a peak set for A% (D)
for any neighborhood U of 0 € M. Hence the implications (1) = (2) and
(3) = (1) do not hold for weakly pseudoconvex domains. The implication
(1) = (4) breaks down in general. In fact, Fornaess in [7] constructed a
bounded pseudoconvex domain D C C? with real-analytic boundary, and in
[14], Noell proved that K = w (9D) is locally a peak set for A> (D), but
K is not a peak set for A% (D). There is however, a positive result for the
implication (1) = (4) in convex domains with real-analytic boundaries in
C2. This result is due to Noell, and appears in [14]. Our goal in this paper
is to extend the implication (1) = (4) to convex domains with real-analytic
boundaries in C3.

At this point, one asks the following question: What makes locally peak
sets globally peak sets in convex domains with real-analytic boundaries in
C2? The answer to this question depends on two criteria.

First, Noell in [14] imposed the (NP) condition on the domain which
guarantees that we need only to patch peak functions at strongly boundary
points, and this is always achieved for such points by Theorem 1 ((1) = (4)).
He also showed that every convex domain with real-analytic boundary in
C? satisfies the (NP) property. More precisely, Noell defined this “non-
propagation” property as follows: Suppose D CC C? is a pseudoconvex
domain with real-analytic boundary. We say that D has property (NP) if
there does not exist a real-analytic integral curve contained in w (9D) .

Second, a decomposition of w (D) in C? given by Fornaess and Overlid in
[8] is rather simple, and using this in conjunction with the (NP) property,
we only need to patch peak functions away from isolated sets. For more
details, we refer the reader to [14].

However, as the example below shows, bounded convex domains with
real-analytic boundaries in C? need not have the (NP) property.

Example 2. Let D = {(21,22,23) € C3:[ 21 |2 + | 22 [ + | 23 [*< 1} . It is
clear that D is convex with real-analytic boundary, however

w (D) = {(21,22,23) € D : 23 = 0 and |21*> + |22]> = 1}
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contains a real-analytic integral curve, and therefore D does not have the
(NP) condition.

2. Linear regularity.

Our first task in this paper is to find a local decomposition of w (9D) which
holds for convex domains in C" with real-analytic boundaries. The main
ingredient in the proof of Theorem 5 is to use the condition of “Linear
regularity” (Definition 3) which is the natural generalization of the “NP”
property introduced by Noell in [14]. Moreover, it is shown in [15] that
every bounded convex domain in C" with real-analytic boundary is linearly
regular. For completeness, a proof of this fact is included in this section
(Theorem 4).

Definition 3. Suppose D CC C" is a pseudoconvex domain with smooth
boundary. We say D is “linearly regular” if there does not exist a smooth
curve y in D so that v’ (t) € Ny for all t € I, where I C R is an interval.

Theorem 4 ([15]). Suppose D CC C" is a convexr domain with real-analy-
tic boundary. Then D is linearly reqular.

Proof. 1 Assume to the contrary that there exists a smooth curve y in 9D
so that 4" (t) € N (v (t)) for all t. From this, we will show that D contains
a line segment, and this will be a contradiction.

Assume 7 is defined on an interval I C R. Let n(t) = Vr (v (t)), and
H (t) denote the (2n x 2n) matrix of real second-order partial derivatives of
r evaluated at « (t). Assume || n [|= 1.

Let (, ) denote the real inner product on C™ by identifying vectors in C"
with vectors in R?".

Claim. n (t) is constant for all ¢ € I.

Fix t € I. Choose complex coordinates z; = x; +iy;, 1 < j < n so that

/ 3} 0 : .
v (t) = pr ly(ty and n (1) = oz, l(t) - The Chain Rule gives

!/ !

(1) n (s)=H(s)v (s)

for all s e I.

0%r

Using the convexity of D, and since 4 (t) € Ny, we get a—% (v (t)) = 0.

x
0?r 0?r
-(v(¥) =

Ox10x; Ox10yy,

Also the convexity of D gives (v(t)) = 0, when
1<ji<n—-1,1<k<n. So,
(H ()7 (t),n)=0

T wish to thank Professor Alan Noell for his useful advice, and for providing a lot of
inspiration for much of my work.
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when p € T, ;) (0D) . Using this and (1), we conclude that n' (t) is perpen-
dicular to T ) (OD) .

Now, smce < (s),n(s)) =1 for all s € I, differentiation of both sides
yields (n' (s),n (s)) = 0, which implies that n’ (s) is orthogonal to n (s) for
all s € I. Because n' (t) is orthogonal to Ty (OD) , we have n' (t) =0, and
hence the claim follows.

Let n(t) = A for all t € I, where X is a constant. Define the function g as
follows:

For s,t € I, put

D
D

g<37t):<7(8)_7(t)7A>
dg _ 9y
Then == = — = 0, so ¢ is a constant, since g (s,s) = 0 we get g = 0.

Thus ('ys(s) —7(t)) € Ty (OD), when s,t € I. However, since D is convex,
then the line segment through « (s) and v (¢) must lie in dD. But this is a
contradiction, since D is bounded with real-analytic boundary. Thus D is
linearly regular.

3. Preliminary Theorem.

Our major goal in this section is to obtain a stratification of w (0D) in C"
for convex domains with real-analytic boundaries (Theorem 5). In fact, the
theorem holds for real-analytic domains which are linearly regular. Theorem
5 shows that the analysis on convex domains with real-analytic boundaries
in C" is somewhat similar to strongly pseudoconvex domains.

Theorem 5. Suppose D CC C" is a convex domain with real-analytic
boundary. Then for each p € w(0D), there ezists a neighborhood U of
p so that:
(a) w(@D)NU = U?Za?’ Sj, where each Sj is a finite disjoint union of
j-dimensional real-analytic CR submanifolds of 0D NU. Furthermore,
for all g € S, T, (S;) N Ny = {0}.
(b) If S is a component of some S; and T, (S) C T(;C (OD) for some q € S,
then S is an integral submanifold of 0D N U.

(c) S; is closed in 0D\ (Uf;é SZ-> ,j=1,...,2n—3.

Before we embark on the proof of Theorem 5 , we introduce the necessary
definitions and facts needed in this section.

Suppose S is a smooth submanifold of C". We say S is a CR manifold if
dime¢ 7, Z()C (S) is constant on S as a function of p. If S C 9D is a CR manifold,
we say S has holomorphic dimension zero if for all p € S and all nonzero
(t1,...,ty) € T;,C (S) we have

t fk > 0.
e 6z]6zk J
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Let S be a real-analytic manifold. We say S° C S is a real-analytic subset
of S if for every p € S there exists a neighborhood U of p and a real-analytic
map

F:.:U—-R"
so that
S ={qeU:F(q)=0}.

Now, we state Lojaciewicz’s Theorem [13] which tells us that a real-

analytic variety can be stratified into submanifolds of lower dimensions.

Theorem 6. Suppose that f is a non-constant real-analytic function defined
in a neighborhood U C R™ of the origin. Assume that the zero set Z of f in
U is nonempty. Then Z has the following decomposition:

where each S; (1 <j<mn-—1) is a finite disjoint union of j-dimensional
real-analytic submanifolds. Furthermore, S; is closed in Z\(Ug;éSi), j =
1,...,n—1.

Proof of Thoerem 5. Using a result of Diederich and Fornaess [6], we can
find real-analytic submanifolds Fi, ... , F; in 0D of holomorphic dimension

zero so that
-

w(0D) = U Fo,
m=1

with each F}, closed in 9D\ (J;_, F;), k =1,... ,7. The result in [6] is true
for pseudoconvex domains in C" with real-analytic boundary.

Let Vy = {# € 0D :dim¢cN, <k}, k=1,...,n— 1. Then each Vj is a
closed real-analytic subvariety of dD.

Put Wy = Vi \ Vk_1, and note that w (0D) = Z;ll Wi

Fix m, and drop the subscript from F,,.

First, we note that F' could not be of dimension 2n — 1, since F is of
holomorphic dimension zero.

Lemma 7. Let I be as above. Then dimg F' < 2n — 3.

Proof. Assume for a contradiction that dimg ' = 2n — 2.
We note that since F' = (Wi UWLU---UW,,_1) N F, then Int (W; N F) , #
() for some ¢ (1 <i <n). We claim that Int (W; N F), = 0 for all i > 1.

Suppose not, and let q/ € Int (W; N F) for some i > 1. Then there exists
aneighborhood U’ of ¢ in F so that U"  W;NF. Since T;g (U/> NN, = {0},

and dimc T;[,: (U/) > n — 2, this implies that dim¢ T;(,: (0D) >n—2+42=n.

This is impossible, since dimg¢ T;g (U /) =n — 1. Thus the claim is true, and
we conclude that int (Wi N F)p # 0.
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Now, choose a nonzero real-analytic vector field X so that if ¢ € W7 then
X (q) spans Ny over C. For g € Int (Wi N F), put

Ly=T,(F)NN,.

Observe that L, is a real-subspace of T, (F'), and L, is of real dimension at
most 1, because F' is of holomorphic dimension zero.

Suppose dimg Lg, = 0 for some gy € Int (F N W7). Then Ty, (F) con-
tains no weakly pseudoconvex direction, but this is a contradiction, since
dimg F' = 2n — 2. Hence dimg L, =1 for all ¢ € Int (W1 N F) ..

Because a one-dimensional subbundle of the real tangent of a manifold is
integrable, (integrable means closed under the Lie bracket operation) then
by Frobenius theorem [3], there exists a smooth curve v C 9D so that
Ty (v) = Lg for all g € Int (F'NW1)p, and hence Tj, (y) C Ng. Therefore D is
not linearly regular. But this is impossible, since by Theorem 4, every convex
domain with real-analytic boundary is linearly regular. Thus dimg F' <
2n — 3. This ends the proof of Lemma, 7.

Assume dimg F = 2n — 3.

Fix k, and let p € F' N W. For ease of notation, we drop the subscript
from Wji. We will analyze the structure of W N F' in relation to the null
space of the Levi form.

Choose nonzero real-analytic vector fields {X; };?:1 so that if ¢ € W then

{X; (Q)}§:1 spans V.
Fix 7, and let qu ={AX; (¢) : A € C}, then Mq(]) is a complex subspace
of Ngif g € W. For ¢ € FNW, put
LY =T, (F)n MY

We observe that ng ) is areal subspace of Tj, (F') , and L((]j ) is of real dimension
at most 1, since F' is of holomorphic dimension zero.

Let 8 = {qumW:dimRLE,j) :1}.

Lemma 8. Let F and S be as above. Then Int (S/>F =0, and S is a

real-analytic subset of F.

Proof. Suppose that Int (SI>F # (), and let qp € Int (S'>F. Choose a neigh-
borhood V of gy in F' so that dim RL((Ij ) =1 for all q € V. By Frobenius The-
orem [3], there exists a smooth curve v C 9D so that Tj (v) = L((]j) C N, for
every ¢ € v N V. This is impossible by linear regularity. So Int (S/>F = 0.
We will now show that S’ is a real-analytic subset of F. -

Let {v;}2"7® be nonzero real-analytic vector fields so that {v; (¢)}2"]
spans T, (F') for all ¢ € F. Let q € S', and consider the (2n —1) x (2n)
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matrix
(% (Q)
Ag=| X;(q) (1<i<2n-3).
JX; (q)

It follows from elementary linear algebra that if ¢ € F N W, then
ge S <= Rank (4,) <2n—2
<= det (By) =0
for every (2n —1) x (2n — 1) submatrix B, of A,.
Since det (B,) is a real-analytic function, then S’ is a real-analytic subset of
S. This finishes the proof of Lemma 8.
Now, we will apply Theorem 6 to stratify the real-analytic set S defined

above.
For a small neighborhood U of p, we may write

(2) S/QUZFQn_4U"'F0,

where each I'y, (0 <t <2n —4) is a finite disjoint union of ¢-dimensional
real-analytic submanifolds of dD. One also notes that since I'y C F and
since F' is of holomorphic dimension zero, so is I'; for all ¢, (0 < ¢ < 2n —4).

Let S" = (FNW)\ S". Then S” is an open subset of F, and S" is of
holomorphic dimension zero.

Since dimg Léj) =0 for all ¢ € ", then T, (SN) N Mq(j) = {0} for each

g € S” NU. Doing this for each j =1,... ,k, we get a manifold that we still
denote S” of dimension 2n — 3 such that for each ¢ near p

(3) T, (") NN, = {0}
Using (3), and since dim rS" =2n — 3, it follows that for all ¢ near p
(4) dim(CT;C (S”) =n—2.

Hence S” is a CR submanifold of D N U. Furthermore, S is not integral
near p by (3) and (4).

We obtain from (2) that FNW NU = 8" UTg,_4U---UT. Since this is
true for all m and k, we conclude that
(5) w(0D)NU = Agp—3 U Agp—g U -+ Ag,

where Agy,_3 is a finite disjoint union of (2n — 3)-dimensional real-analytic
CR submanifolds of 9D N U, with

(6) Ty (A2n—3) NNy = {0}

for all ¢ near p, and Ay (0 <t < 2n —4) are real-analytic submanifolds of
0D NU of holomorphic dimension zero.
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The next thing we will do is to stratify the t-dimensional submanifods of
ODNU, (0 <t <2n—4) so that their tangent spaces do not contain any
weakly pseudoconvex directions.

Let Z C w (0D) be a real-analytic submanifold of 9D NU of holomorphic
dimension zero, and assume dimg Z = 2n — 4.

Put Z' = {q ISV dimRL;(j) = 1} where, for g € ZNW,

LY =T, (Z)n MY,

We argue as in Lemma 8 and deduce that Int (Z />Z =0, and Z is a real-

analytic subset of Z.
Let Z' ={qe ZNW : T,(Z) CTE (D)} .

Lemma 9. Let Z and Z" be as above. Then Int (Z">Z =0, and Z" is a

real-analytic subset of Z.

Proof. Suppose this is not the case, and let gg € Int (Z”)Z. Then there

exists a neighborhood U; of g in Z so that T, (U;) C T(;C (0D) for all ¢ € Uyj.
There are two cases to consider.

If n > 3, then since Ty, (U1) C Ty (9D), it follows that dim Ty (Uy) >
n—3 > 1, moreover since Uj is an integral manifold, then we deduce from a
result of Bedford and Fornaess [1] (Lemma 3, p. 287) that Té% (U1) C Ng,.
But this is impossible, since U; is of holomorphic dimension zero.

If n = 3, then dim¢ T~ (Uy) < 1 for all g € Uy

Assume U is totally real, and hence in a neighborhood of ¢. For q; €
Uy N W, define .

Lq1 = T41 (Ul) N Nlh'
If dimg L;O = 0 for some gy € UNW, then since U is integral at qo, T(;% (Uy)
= {0} and dimg U; = 2, this is impossible, so dimg L; =1 for all g €
U;. Again, we argue as before, and we obtain a contradiction. Thus Uj is
nowhere totally real. Hence dimg¢ T;C (Up) = 1 for all ¢ € Uy. Since Uj is
integral, this again gives a contradiction, by [1] and the fact that U; is of
holomorphic dimension zero.

Now let us show the second part of Lemma 9.

Let Fy = (f1,..., fn) be a non-singular real-analytic parametrization of
Z defined near 0 in R® (s = 2n — 4) so that F} (0) = p. Let
3fk .
1< <
Z 8zk f)uj ( =7 = 8)

r here is a defining funct1on for D. Note that since {®; };:1 are real-analytic
functions then

Z,/:{Fl(u)EZﬂWCD](u):() for all (13]38)}
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is a real-analytic subset of Z. This finishes the proof of Lemma 9.

Because the union of two real-analytic sets is a real-analytic set, we con-
clude that Z' U Z" is a real-analytic subset of Z. Therefore by Theorem 6,
and shrinking U if necessary, we may write: (Z/ U ZN) NU = Qop_s5U---Qy,
where each €, (0 <t <2n—5), is a finite disjoint union of ¢-dimensional
real-analytic submanifolds of 9D N U, and of holomorphic dimension zero.

"

Let Z :(ZmW)\(Z/UZ”).

Arguing as above, we conclude that Z" is a submanifold of Z with

"

T <Z ) N N, = {0}, for all ¢ near p.
Continuing this way, each time we stratify the sets:

{acOnW: dimpL{) =1},

and
{ge ®NW : O is integral at ¢}

where © C w (0D) is any submanifold of 9D NU of holomorphic dimension
zero, and dimg © < 2n — 5, until its tangent space contains no weakly
pseudoconvex tangent directions.

Finally, we may write w (0D) N U, for U sufficiently small neighborhood
of p as:

(7) w(@D)ﬁU:T2n_3U----T0,

where each Y;,(0 <i<2n—3) is a finite disjoint union of real-analytic
submanifolds of 0D N U with

(8) T, (TN Ny = {0}

for all ¢ € 5.

All it remains to show in part (a) is that the T;, (0 <i<2n—4) can
be modified to obtain C'R manifolds. We note that we have already shown
above that the (2n — 3)-dimensional manifolds are CR. We will show this
and part (b) simultaneously using the following procedure.

Let T be a component of Yo, _4.

We put n = max{dimCTéC (T):qe T}, and let £ = {¢g € T
dime T (1) = n}.

We will show below that E is a real-analytic subset of Y. Suppose for a
moment this is true. We consider two cases:

If Int (E)y # 0, then since Y is connected, E = T, and hence Y is a CR
manifold.

If Int (E)y = 0, then by stratifying E using Theorem 6, we get lower
dimensional manifolds. The complement F; of E in T is an open subset
of T with dim CT(;C (E1) < np—1, for all ¢ € E;. We repeat the procedure
above, replacing Y by F;. We continue this way, stratifying each time the
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sets of maximal complex dimension until we obtain an open subset > of T
with constant CR dimension.

Now let us show that FE is a real-analytic subset of T.

Suppose that T is given locally by Y = {¢q : 7 (¢) = 0, (1 <i < 4)}, where
r; are real-analytic functions on Y. We know that

67“1' (
aZj P 1<i<4 ’

1<j<n

dim (CT;C (T) = n — Rankc [

Now, if ¢ € T, then
qEE(z)dimCT(;C(T):n>n—1

- Ranke [SZ (q)] <n—(n-1)

<= det(By) =0, for every (n —n+ 1) x (n —n+ 1) submatrix B,

87‘1‘
of [azj (q):| 1<i<4 ’

1<5<n

Thus E is a real-analytic subset of Y. This completes the proof of part (a).

Let ¥ be the set described above, and let G = {q € ¥ : ¥ is integral at ¢} .
By the same argument as in Lemma 9, G is a real-analytic subset of . As
above there are two cases to consider:

If Int (Q)y, # 0, then G = X, and so X is integral.

If Int (G)y, = 0, then we apply Theorem 6 to stratify G, and we obtain
lower dimensional manifolds. Then we consider the set G' = ¥\ G, which
is an open subset of ¥ with G’ not integral at ¢ for all ¢ € G'. Furthermore,
we note that for all ¢ € G, dimc TC(IC (G/> = dim¢ T(;C (X) and hence G
is a CR manifold. This finishes the argument for the (2n — 4)-dimensional
submanifolds of 9D N U.

We carry out the same reasoning for the real-analytic submanifolds A
of 9D NU of dimension less than or equal to (2n —5), as we did for T,
stratifying first the set of points in A where the complex tangent space of
A has maximal dimension until we obtain an open subset A" of A which
is a C'R manifold, and then stratifying the set of points in A" where A" is
integral. We do this inductively until all the strata of w (0D) satisfy the
properties (a) and (b) stated in the theorem.

Part (c) follows immediately from the techniques used in Theorem 6. This
concludes the proof of Theorem 5.

Remark. Fornaess and Overlid gave in [8] a global decomposition of
w (OD) for pseudoconvex domains with real-analytic boundaries in C2. In
fact, they have shown that w (0D) for such domains can be written as:

w(aD):SoU51US2
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where each S; is a finite disjoint union of j-dimensional totally real real-
analytic submanifolds of D. For convex domains with real-analytic bound-
aries in C?, Theorem 5 tells us that the maximal strata of w (9D) is a curve,
i.e. Sy = (. That Sy is empty in C? is of course an immediate consequence
of linear regularity.

4. Peak sets.
Example 10. Let D = {z = (21,22,23) € C3 : r(2) = Rezs + |z1]> + | 2o|*

< 0}. It is obvious that D is a convex domain with real-analytic boundary,
and

w(0D) = {z €0D :29=0, Rezz = — \z1|2}.
Let

K ={z€ 0D :Rezz =Imz; = Imzz3 =0} U
{z € 9D : Imz; = Imzy = Imz3 = 0}.

It is easy to see that K is a peak set for A> (D) with strong support function
f (2) = 23+ 23 425. We note that KNw (0D) = {z € 0D : z9 = Imzg = Imz;

=0, Rezz = — (Rez)? } is an integral curve which points in the strongly
pseudoconvex direction. We patch peak functions near this curve.

We include a brief sketch of the proof of Theorem 11, which was proved by
the author in [2], it shows that the intersection of a peak set and any strata
of w (0D) described in Theorem 5 is locally contained in integral manifolds.
In our situation, we will patch peak functions along these integral curves.

Theorem 11. Suppose D CC C™ is a convexr domain with real-analytic
boundary. Assume K is a compact subset of 0D which is locally a peak set
for A (D). Let S be any strata of w(90D) as in Theorem 5, and suppose
dimgS = 2t + A\, where dim CTC;% (S) =t for all gy € S. Suppose p € KN S.
Then there exist a neighborhood U C C" of p, a holomorphic change of
coordinates in U in which p = 0 and S C C** x {0}, a neighborhood
U c CH of 0, a strongly pseudoconvex domain Q cC U, a locally peak
set L C 99N V', where V' cC U’ is a neighborhood of zero, and a totally
real smooth M C 92NV so that:
() KNSNV CLcMc @x{0)nV"' c aDNV, where L =
Lx{0}, M = Mx {0}, V' =V'x{0}, and V CC U is a neighborhood
of 0.
(b) T, (J\?) C T (OD) for all g € M.

(c) dimgM < n— 2.
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Sketch of Proof. Assume T,(S) ¢ TpC (0D). Since S is a real-analytic
CR manifold, then by Rossi’s theorem [17], there exists a neighborhood
U of p in C™ and a biholomorphic map ® : U — C" so that ®(p) = 0
and ®(U N S) ¢ C** x {0}. Note that Rossi’s theorem enables us to put
real-analytic CR submanifolds of C" into lower dimensional C¥ (k < n).
Let z € U, and ®(z) = (2/,2"), with 2/ = (z1,...,214)), denotes the new
holomorphic change of coordinates near 0, where 2,4y = u+iv is the complex
normal to 9D. We assume that the new manifold obtained under @ that
sits in C*** x {0} is also denoted by S. We define the function p by:

p(2') =roh(Z),
where h(z') = (2/,0,...,0). Let U’ be a neighborhood of 0/ in C**", and
put
Q={eU :p(?) <0}
Note that 2 is a bounded domain in U’, and S is locally contained in (92 x
{0}) NU’', where
INU ={2 €U :p(z) =0}
It is shown in [2] that p is a defining function for Q,and that  is strongly
pseudoconvex at 0. Finally, we show that there exists locally a peak set L
for A>°(Q2) so that
KNnSNnV CLx{0},
where V_C U is a neighborhood of 0. Let f be a strong support function
for KNV, where V C U is an open neighborhood of 0 in C™. Define the
function g by
9(z') = foh().
Put B
L={zcQnV :g()=0},
with V' C U’~as a neighborhood of 0'. We claim that ¢ is a strong support
function for LN V'. It is obvious that g€ éoo(Q) g#0on QNV'. To see
this, assume to the contrary that ¢ = 0 on QN V’. Then by the Chain Rule:

of

—(0) =0.

5y )
But this is absurd because Re f is pluriharmonic in D, nonconstant, and
has a local minimum at 0, so by Hopf lemma,

O(Re f)

ou
We note that if Reg = 0, then g = 0, and therefore Re g < 0 on ﬁ\iﬂvl. In
addition, L ¢ 9Q NV’ which follows from the maximum modulus principle.
Let z € KNSNV, with 2 = (21,..., 2t4+,0,...,0) = (2,0,...,0). Then,
g(z")y = foh(Z) = f(<,0,...,0) =0since z € K. So 2’ € L, and (2/,0) €

(0) < 0.
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L x {0}. Thus KNV C L x {0}. Now, we verify properties (a)-(c) of the
theorem. Since {2 is a strongly pseudoconvex domain near 0/, and L is locally
a peak set for A>°(Q), then by Theorem 1 ((1) =-(3)) due to Chaumat and

Chollet, we obtain a totally real-submanifold M of 90N V! , if V' is small
enough so that:

KNSNV CLx{0}c@x{0})nV'cobpnyV,

where V" =V’ x {0}, and for sufficiently small neighborhood V' C U of 0.
Furthermore, since L is locally a peak set for A>°(Q2), then for all ¢ € M,

T,(M) € T{(9D)
where M = M x {0}. Also,
dimpM =t+r—-1<(n—1)—1=n—2.

Finally, if 7,(S) € TF(dD), then S must be an integral manifold by
part (b) of Theorem 5. Also, since S is a CR-submanifold of 0D, S must
be totally real, and therefore the preceding proof is easily modified. This
completes the sketch of the proof.

We recall from [2] the following:

Theorem 12. Suppose D CC C" is a convexr domain with real-analytic
boundary. Assume K is a peak set for A (D), and L is a compact subset
of K. Then L is a peak set for A> (D).

Proposition 13 (Almost-holomorphic extension; [11]). Suppose M c oD
NU is a totally real submanifold, where U is an open subset of C". Let x be
a C* function in M. Then there exists a C™° function X in U so that:
(1) x=x on M.
(2) OX wvanishes to infinite order along M, i.e. D (5%) =0 along M NU
for each multi-indezx .
(3) X is locally constant near where x is locally constant.
(4) First derivatives of X vanishes on M in directions perpendicular to
v (37) + o1 (31).
The next proposition goes back to Chaumat and Chollet [4] . Proposition
14 allows us to construct peak functions from the functions stated there.

Proposition 14. Suppose D C C" is a bounded pseudoconver domain with
smooth boundary. Let E be a compact subset of 0D, W a neighborhood of
E in C", and p a non-negative continuous function on W which vanishes
on E. Suppose that there exists a function G € C™ (W ﬂﬁ) such that:

(a) E={zeWnD:G(z)=0}.
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(b) For each o € N™, and for each k € N, there exists a constant Cypj > 0
such that for each z € W N D

|DY (3G (2))] < Cu [0 (2)]F .
(c) There exists a constant ¢ > 0 so that for all z € DNW,
ReG (z) > ¢cp(2).
Then E is a peak set for A> (D).

Notation. For R > 0, let Sg (f) = f — Rf?, where f is a strong support
function for a closed subset K C 0D. We note that

(9) Re (S (f)) = (Ref) (1 — R(Ref)) + R (Imf)”.
Moreover, for a small neighborhood U of K,
Sr(f)=0o0n K and Re(Sg(f)) >0on (DNU)\ K

5. Proof of the main result.

We first state and prove the Patching Lemma, this will be the main tool in
proving the main result.

Patching Lemma 15. Suppose D CC C? is a convex domain with real-
analytic boundary. Let f; (i = 1,2) be strong support functions for K NU;,
where U; are open subsets of (C3 with Uy NUy # 0. Put K; = KN UZ,
(i=1,2). Letp € KiNKoNw (OD). Let U C C3, U c C? Q, L and M be
as in Theorem 11. Assume K1NKoNw (0D)NU = M and dlmRM =1. Let
R be a sufficiently large positive number. Then there exist a neighborhood
V CcC U of p with OVNM = {p1,p2}, a smooth manifold M C U containing
M and a function g € C*° (D N V) with the following properties:
(a) g=0on K1NKyNV.
(b) Reg >0 on (DNV)\ (K1 NK2NV).
(¢) Reg (q/) > cd? (q/,M> when ¢ € DNV and where ¢ is a positive
constant.
(d) D* <5g (q/>> =0 for each ¢ € DNV NM and for each multi-index
o

(e) g=Sgr(fi) near p; (i =1,2).
Proof. Choose a holomorphic coordinate system (z1, 22, 23) in U so that
p = 0 as described in Theorem 11. Let M be as in Theorem 11, and assume
without loss of generality that M C C2.

Let v : (—=3,3) — 02 be a non-singular parameterization of M so that
v (0) = (0,0) . Choose a C*°-cut off function y : M — [0, 1] so that:

X (#) =1 fort>1
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and
x(y () =0 fort<-—1.

Proposition 13 guarantees the existence of an almost-holomorphic extension
X of x defined in U’ so that properties (1) — (4) hold. We extend y trivially
to get a function Y defined on U’ x C, and X (21,29, 23) = X (21, 22) .

We put

9=XSr (f2) + (1 =X) Sr (f1)-

Let V cC U be a small neighborhood of L' = {(y(t),0): =2 < t < 2} so
that OV N M = {p1,pa}, with p1 = (7v(-2),0) and ps = (v(2),0). It is
clear that g € C*° (D N V) .

Let

M =M xC.

Then M is a smooth submanifold of C? containing M.

Now let us show properties (a) — (e).

(a) Since Sg(fi) =0 (i=1,2) on K; N Ko NV, part (a) follows.

(e) Is obvious because of part (3) of Proposition 13.

(d) Since dx vanishes to infinite order along M then OY vanishes to
infinite order along M as well, this gives part (d)

(b) To show part (b), we assume for a moment that (c) holds. Then if
V is small enough, Reg > 0 on (5(7 V) \ (M NV), in addition, on
M NV we have

Reg = xSr(f2) + (1 —x) Sr (f1),

and so Re (Sg (fi)) > 0on (DNV NM)\ (K;NKyNV). Therefore
(b) follows.

All it remains to show is part (c ( ).

Pick g € M = M x {0} . Since M is totally real, we can make a holomor-
phic change of coordinates in C® near ¢, that we stlll denote by (z1, 22, 23)
so that ¢ = 0 and Tj (M) = {(z1,22) : y1 = 22 = 0} . Assume also that
Ty (092) = {(#1,22) : u =0}, and Ty (OD) = {(z1, 22, 23) : u =0} . Here z; =
xj+1y;, (7 =1,3) and 2o = u + iv.

Fix 4, and let h (21, 22) = fi(z1,22,0). By the proof of Theorem 11, we
know that h € A% (Q) is a strong support function for LNU with U a
small neighborhood of (0,0). Since Q is a strongly pseudoconvex domain,
and K1 NKoNw (0D)NU = M = M x {0} is an integral curve of 99 x {0}
by assumption, Proposition 9 in [5] guarantees that

0h 0 f;

(10) B=520.0="55

(0,0,0) > 0.
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Furthermore, we deduce from the Cauchy-Riemann equations and the Hopf
lemma that,

(1) Bl (g = 20 () = e <0,

Using (11) we get by Taylor expanding Re (Sg (fi)) at ¢ in directions per-
pendicular to M for q/ € D near g¢:

(12) Re (Sr (f)) <ql> = eu — R*u? + R + Q (21, 22),

where @ (21, z2) is of second order and is independent of R. This shows that
we can control Re Sg (f;) in J7', and 7 is the outer normal vector to dD.
By (9) we have,

Reg = (Rex) (ReSr (f2) + Re (1 — X) ReSk (/1))
+ Im)? (ImSR (fl) — ImSg (fg)) .

Let GG1 be the sum of the first two terms and G9 the last term.
Using (10), (12) and since x|y = X, then the Taylor expansion of G; in
directions perpendicular to M is:

(13) ReG1 (q/) > Au? + By? + Crv?

for all ¢ € D near ¢, and for some positive constants A, and Cr. B
By part (4) of Proposition 13 and the Taylor expansion of Gy at ¢ € D
near ¢ in directions perpendicular to M, we get

(14) ReG2 = Eyjv + error terms,

where FE is independent of R.
We observe that for R large enough, Au? + By? + Crv? > Eyjv. Thus
for all ¢ € D near ¢, it follows that,

Reg <q/> > Au® + By} + Cro.

Since L' is compact, we may conclude that for all ¢ € D NV, and some
positive constant c,

Reg (q/) > cd? (q,,M) .
This finishes the proof of the Patching Lemma.

Theorem 16. Suppose D CC C3? is a convexr domain with real-analytic
boundary. Then a compact subset K of 0D is locally a peak set for A (D)
if and only if K is a peak set for A* (D).

Proof. Choose open sets {U;}/~, in C3 so that K Nw (0D) C U™,U;, and
KNU; is a peak set for A% (D) with strong support function f;, (1 <i < m).
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We apply Theorem 11 and the decomposition of w (9D) given by Theorem
5 to our situation, and since K Nw (0D) is compact, we deduce that

K Nw(dD) C (ué-:lz\//f) U Mo,

where ]\/4\] (1 < j <) are disjoint integral curves, and My is a finite set.
We may assume that My N OU; = ) for all i, otherwise we may shrink
U; to obtain a smaller neighborhood W; so that K N W, is a peak set for
A (D), this is because compact subsets of peak sets for A> (D) are peak
sets for A*° (D) by Theorem 12.
Fix 7 and j. Let p € KNw (0D) ﬂ]\/ij N oU;, and choose k so that p € Uy.
We will consider two cases.

Case 1. K Nw (9D) is a connected subset of Z\/Zj near p.

Case 2. K Nw (0D) is not a connected subset of ]\/ZJ near p.

Suppose Case 1 occurs. Apply the Patching Lemma 15, with strong
support function f; and fi for K N U; and K N Uy respectively to ob-
tain a C°°-function g;; defined in a small neighborhood V;; of p so that

ovi;i N M\g = {pij, pr;}, and

i = Sk (fi) near pj;
N Sr(fx)  near pg;.

We do this for each ¢ and j.

Suppose Case 2 occurs. Choose disjoint neighborhoods {Ws}iz1 of KN
w (0D) in U; U Uy so that K N Wy (s =1,2) is a peak set for A* (D). Let
U be a neighborhood of K \ (W; U W3) such that U Nw (0D) = 0 in W
(s = 1,2).In [7] Fornaess and Henriksen showed that if a compact subset K
is contained in the boundary of a strongly pseudoconvex domain in C? and
K is locally contained in integral manifolds, then there exists an integral
manifold containing all of Kj.

Let K1 = (KNU)\ (W;UWs,). Since K; consists only of strongly pseu-
doconvex boundary points, then by the fact mentioned above, we obtain
that K7 is globally contained in a finite disjoint union of integral manifolds.

Thus, if KN (U N (W, UWs)) # 0, then we may use the techniques in [7]
to patch peak functions.

We are now prepared to construct a function G and a function p satisfying
conditions (a) — (c) of Proposition 14.

Put £ = K.

Let

9ij in Vi,
G =qSr(fi)  near pj
Sr (fx) near pg;.
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Pick a neighborhood W of E so that if z € D N W, then
(15) G(z) =0 ifand only if z € E.

Let M; be the smooth manifold in C? obtained by the Patching Lemma 15
so that M; D Mj;, and for all ¢ € D NW near p,

(16) ReG (q) > cd® (¢, M;).

We put p (z) = d? (z, M;) in a neighborhood of ]\//f] containing p;; and py;.
Now let us verify the hypothesis of Proposition 14.

Part (a) follows from (15).

Part (b) is true for points between p;; and py; by part (d) of the Patching
Lemma 15, and G = Sy (f;) or G = Sg(fx) away from such points, and
hence G is holomorphic in D. So, part (b) holds for all points in D N W.

Part (c) follows since if p (2) = d? (2, M;) , and G = g;; in a neighborhood
of ]\/4\J that includes p;; and py;, then by (16)

ReG (z) > cd? (2, Mj)

for all z € DNW near p. Away from such points we have, ReG = Sg (f;) >
0 (l=1,2), so we may choose p = 0.

Thus, K is a peak set for A> (D). This concludes the proof of the main
result.

Remark. The main difficulty in proving Theorem 16 in the case C™ (n > 3),
is finding a generalization of the Patching Lemma 15 in higher dimensional
convex domains (n > 3). For n = 3, one only needed to patch peak functions
along integral curves by Theorem 11, and these curves point in the strongly
pseudoconvex directions. Further, the function Sy (f) introduced above
proved to be useful in this case. The author believes that the case C"
(n > 3) is somewhat different, and would require the construction of a more
complicated Patching Lemma.
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