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In this paper we completely characterize compact commu-
tator of two Toeplitz operators on the Hardy space of the unit
circle.

For f in L®°, the space of essentially bounded Lebesgue measurable func-
tions on the unit circle, 9D, the Toeplitz operator with symbol f is the op-
erator Ty on the Hardy space H? of the unit circle defined by Tth = P(fh).
Here P denotes the orthogonal projection in L? with range H2. There are
many fascinating problems about Toeplitz operators ([3], [6], [7] and [20]).
In this paper we shall concentrate mainly on the following problem:

Problem 0.1. When is the commutator [Ty, T,] = TyTy — T,Tt of two
Toeplitz operators Ty and Ty compact?

This problem has been of interest ever since the Fredholm theory of
Toeplitz operators was studied in the 1970s [1]. If [T}, T,] is compact, then
Ty and T, commute in the Calkin algebra and so we say Ty and Tj are
essentially commuting if [Ty, T}] is compact.

The simplest Toeplitz operators, in many respects, are analytic Toeplitz
operators; that is, those whose symbols are in H*, the algebra of bounded
analytic functions on the open unit disc D. If f is in H°°, then T} is just
the operator on H? of multiplication by f, and one easily checks that T ;
commutes with T}, if

(0.2) feH® and ge H™.
In virtue of the equality T = T%, Ty commutes with T if
(0.3) feH™ and ge H™.

Clearly, Ty commutes with Ty if there are constants a, b and ¢ with |a|+|b] >
0 such that

(0.4) af +bg =c.

Conversely, Halmos [15] has shown that if Ty commutes with Ty, then one
of Conditions 0.2, 0.3 and 0.4 holds, i.e.,

(0.5) feH®and ge H® or f€ H® and g€ H® or af + bg =c
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for some constants a, b, and c. One may guess that the answer to Problem 0.1
will be analoguous to the Halmos result on commuting Toeplitz operators.
In this paper we will show that Condition 0.5 holding pointwise, in some
sense, on each point of the unit circle will be a necessary and sufficient
condition for Ty and T, to be essentially commuting. Without going into
definitions here, we mention conditions known to imply the compactness of
[Tf,T,]. The reader is referred to Section 1 for the definitions of unfamiliar
terms appearing below. In addition, Conditions (iii)-(v) will be stated more
precisely in the next section. Conditions (iii)-(v) represent different types
of localization of condition (0.5). Thus [T}, T,] is compact if:
(i) feCorgeC (Coburn [5] C = C(9D)).
(ii) f and g are piecewise continuous and have no common discontinuities
(Gohberg and Krupnik [11]).
(iii) Condition 0.5 holds at each point of 9D (Sarason [19]).
(iv) Condition 0.5 holds on each QC level set (Doulgas [6]). Here

QC = (H>*®+C)N(H>™ +C).
(v) Condition 0.5 holds on each set of antisymmetry of H* + C (Axler

[1]).

To prove our main theorems we will also need results about Douglas alge-
bras. A Douglas algebra is, by definition, a closed sublagebra of L which
contains H>. Let H*[f] denote the Douglas algebra generated by the func-
tion f in L*°, and H*°[f, g| the Douglas algebra generated by the functions
f and g in L°°. In terms of Douglas algebras, Condition 0.2 becomes

H> [fa g] = HOO7
Condition 0.3 becomes B
H>[f, gl =H>,

and Condition 0.4 becomes

H>[af +b,af + bg] = H™,

and Condition 0.5 is equivalent to

H®[f,g]nH>®[f,gln (| H>[af +bg,af +bg) = H™.
la|+b>0
The following theorem is the version of our main result in terms of Douglas
algebras.

Theorem 0.6. The commutator [Ty, Ty| of two Toeplitz operators is com-
pact if and only if

(0.7)  H[f,gnH*[f.gln (7] H¥[af +bg,af +bg] C H* +C.
|a]+[b[>0
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The above theorem completely solves Problem 0.1. As a consequence,
we obtain a characterization of essentially normal Toeplitz operators, thus
answering a question in Douglas’ paper [8]. Our work is inspired by the
following beautiful theorem of Axler, Chang and Sarason [2] and Volberg
[24], stated below, on the compactness of semicommutator T, — T¢T}, of
two Toeplitz operators.

Axler-Chang-Sarason-Volberg Theorem. Ty, — 1Ty is compact if and
only if

H>[fINH>[g] € H> + C.

It is not immediately apparent that the earlier results cited above (Con-
ditions (i)-(v)) are consequences of Theorem 0.6. This will become clear in
the next section. In Section 1 we define our terms (including the notion of
support set) and we will show that (0.7) can be restated as a local version:

Theorem 0.8. Let f,g € L. Then TyT, —T,T; is compact if and only if
for each support set S, one of the following holds:

1. fls and g|s are in H*|g.

2. fls and gls are in H®|s.

3. There exist contants a,b, not both zero, such that af+bg|s is constant.

The result in the above theorem was conjectured in [23]. An elemen-
tary condition was obtained in [25] for the compactness of Ty, — TyT,. An
elementary equivalence of (0.7) will be given in Section 2:

Theorem 0.9. Let f and g be in L>°. Then TyT, —T,T¢ is compact if and
only if
(0.10) Jimy I(Hfkz) @ (Hgk:) — (Hgkz) @ (Hyk:)|| = 0.

Here for  and y in L?, z ® y denotes the following operator of rank one:
for f € L?,

(z@y)(f) = (f,y).

We will establish a distribution function inequality in Section 4 in order
to prove Theorem 0.9. The proof of Theorem 0.9 is given in Section 3.

We thank the referee for useful suggestions. The second author also
thanks Bucknell University for its hospitality and support while part of
this work was in progress.

1. Local Version.

First we wish to reformulate Condition 0.7 in a way that will facilitate its
comparison with Conditions (i)-(v). Some notation is needed. The Gelfand
space (space of nonzero multiplicative linear functionals) of the Douglas



90 P. GORKIN AND D. ZHENG

algebra B will be denoted by M (B). If B is a Douglas algebra, then M (B)
can be identified with the set of nonzero linear functionals in M (H®) whose
representing measures (on M (L)) are multiplicative on B, and we identify
the function f with its Gelfand transform on M (B). In particular, M (H> +
C) = M(H®)—D, and a function f € H* may be thought of as a continuous
function on M(H* + C). The fiber of M (L>) above the point A of 0D is
the set {z € M (L) : z(z) = A\} and will be denoted by M,(L>). Let = €
M(L*>). The set E; is called a QC level set if E, = {y € M(L*>) : f(y) =
f(z) for all f € QC}. A subset of M(L*) is called a set of antisymmetry
for H* 4 C' if any function in H* + C' which is real valued on the set is
constant on it. Clearly, sets of antisymmetry are contained in level sets.
A subset of M (L) is called a support set if it is the (closed) support of
the representing measure for a functional in M (H* + C). As we discuss
later, support sets are also sets of antisymmetry. Now we are ready to state
Conditions (iii)-(v) more precisely:

(iii) For each A € D, either f|y, (o) € H™|pr, (1) and glar, (1) €
H*[ (1), ot flan ey € H®|uy <) and gl ey € H™|ar, (1), or
for some constants ay and by with [ax| + [bx] > 0, (axf + bxg)|ar, (o) is
constant.

(iv) For each QC level set Q, either flg € H™|g and glg € H*|q,
or flg € H®|g and glg € H*|q, or for some constants ag and bg with
lag| + |bg| > 0, (agf + bgg)|g is constant.

(v) For each set of antisymmetry S of H* + C, either f|s € H*[s and
gls € H®|g, or fls € H®|s and g|s € H*|g, or for some constants ag and
bs with |as| + |bs| > 0, (asf + bsg)|s is constant.

Since each set of antisymmetry of H> 4 C' is contained in a QC level set
and each QC level set is contained in a single fiber of M (L>), it is evident
that (iv) is implied by (iii) and (v) is implied by (iv). As is well known,
each support set is a set of antisymmetry for H* + C. Thus the following
lemma shows that (v) implies Condition 0.7.

Lemma 1.1. Let f,g € L*°. Then
(1.2)  H®[f,gd nH*[f,gn (| H®[af+bg,af +bg) C H® +C
la|+|b|>0
if and only if for each support set S one of the following holds:
(1) fls and gls are in H*|s.
(2) fls and gls are in H*®|g.
(3) There ezist constants a,b not both zero such that (af+bg)|s is constant.

By the above lemma, we see that Theorem 0.6 is equivalent to Theorem
0.8.
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Before giving the proof of Lemma 1.1 we make several remarks. The
result of Theorem 0.8 is of interest in its own right, but it also provides more
information on a long-standing open problem of Sarason. Sarason studied
the algebra H*° + C'. When one knows that this is a uniform algebra on the
maximal ideal space of L>° (denoted M (L)) one can look at two different
decompositions of M(L*>). The first is called the Shilov decomposition.
For this decomposition, we look at the real-valued functions in H*° 4+ C' and
define the level sets as we defined the QC' level sets above; the largest subsets
of M(L*) on which all such functions are constants. Studying functions
restricted to these level sets provides us with a great deal of information
about the algebra H* 4 C. Sometimes, though, it is easier to move to the
antisymmetric sets. Maximal antisymmetric sets exist, and Bishop showed
(in more generality than what is stated here) that if a function f € L*>
satisfies f|S € H|S for every maximal antisymmetric set S, then f €
H® + C. Sarason [21] showed that the Shilov decomposition for H* + C
is not equal to the Bishop decomposition; that is, he showed that there is a
QC level set that is not an antisymmetric set. He raised the question [22]
of whether or not every maximal antisymmetric set is, in fact, the support
set of some m € M(H*> + C). Evidence has existed for some time to show
that the answer to Sarason’s question may well be in the affirmative. For
example, Gorkin [12], [13] showed that there are maximal antisymmetric
sets that are support sets.

Douglas [6] has shown that Condition (iii), which is Sarason’s criterion for
compactness of the commutator, is a consequence of a certain localization
theorem to the fibers of M (L*°). Douglas then deduced his compactness
criterion ((iv)) from a refined localization theorem on the QC level sets.
The Douglas localization theorem provides a faithful representation of the
C*—algebra generated by the Toeplitz operators, modulo the compact op-
erators, into the direct sum of the local algebras corresponding to QC' level
sets. Axler [1] established the compactness criterion ((v)) by a yet more re-
fined localization theorem on the maximal antisymmetric sets for H* + C.
Sarason’s question about the relationship of support sets and antisymmetric
sets, mentioned above, is related to the question of whether or not there is a
localization theorem in which the local algebras correspond to support sets.
This question was first posed in [2]. Thus far, no such localization theorem
exists. So the importance of our result is that it may be added to the list of
existing results that suggest that maximal antisymmetric sets for H* + C
may well be support sets, or there is a localization theorem on the support
sets.

The Chang-Marshall Theorem [4], [17] asserts that any Douglas algebra
B is generated by H together with the conjugates of the interpolating
Blaschke products invertible in B. This theorem also shows that the max-
imal ideal space M (B) completely determines B. To prove Lemma 1.1 we
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need to understand the maximal ideal space of the intersection of a family
of Douglas algebras. The theorem below, due to Sarason, gives a descrip-
tion of precisely that. Since no proof of this theorem has been published,
we include one below. A different proof appeared in [12]. Before doing so,
recall that the pseudohyperbolic distance between two points m; and ms in
M(H®) is given by

p(mi,mz) = sup{|f(m2)| : f € H*,||f]| <1, f(m1) = 0}.
The Gleason part of a point m; € M (H), denoted by P(m;) is given by
P(my) ={m: p(m,m1) < 1}.

It is well known that each Gleason part of M (H°) is either one point or an
analytic disc. When the Gleason part of m consists of one point, m is said
to be a trivial point. Otherwise m is a nontrivial point.

Lemma 1.3 (Sarason). Let {A,} be a family of Douglas algebras. Then

M(NAy) = UM(Ay).

Proof. If one of the algebras is H*° the result is clear. Thus we may assume
that all algebras contain H> +C ([10], p. 376). Clearly, M (Ag) C M(NAq)

for every (3, so it is also clear that UM (A,) C M(NA,). For the other
direction, suppose that m is a point of M (H* + C) that is not in UM (A,).
Since the maximal ideal space is a compact Hausdorff space there exists an
open set V containing m such that the closure, V satisfies VUM (A,) = 0.

If m is a nontrival point, it follows from work of Hoffman [16] that there
exists an interpolating Blaschke product b such that the closure of the zeros
of b lie in V and m(b) = 0. Now the zeros of b do not intersect M(A,)
for any «, so b is invertible in A, for every . Therefore, b € NA4,. Now
m(bb) = 1. On the other hand, since m(b) = 0, m(b)m(b) = 0. So m(bb)
does not equal m(b)m(b) and hence m is not in M(NA,).

Now suppose that the Gleason part containing m is a trivial part. By
Corollary 3.2 in [14] there is a nontrivial point z in V' such that suppx C
supp m. Since z is nontrivial and not in UM (A,,) from what was done above,
x is not in M(NAg). Therefore, by the Chang-Marshall Theorem, there is
an inner function w invertible in NA, such that |z(u)| < 1. Thus (since u
has modulus one on suppx) u is not constant on suppx and so it is not
constant on suppm. Hence |m(u)| < 1 and m is not in M(NA,). The proof
of Lemma, 1.3 is now complete. O

We will need the following known and useful observation.

Lemma 1.4. Let u be a unimodular function and m € M(H*> 4 C), let S
be the support set for m. Then |m(u)| = 1 if and only if u|g is constant.
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Proof. There is a probability measure dm such that

m(u) = /S udm.

Note that |u| =1 on S. Thus we see that |m(u)| =1 if and only if u|g is
constant. The proof is complete. O

The following lemma is a consequence of the Chang-Marshall Theorem.

Lemma 1.5. Let m € M(H* + C) and let S be the support set for m.
Then m € M(H®|f]) if and only if f|ls € H®|s.

Proof. Suppose that m € M(H*[f]). By Chang-Marshall Theorem ([4],
[17]), there exist inner functions by, by, ... such that

H®[fl=H>®[b;:j=1,2,...].
Thus
1= |m(bsbs)] = [m(b;)|*
for all j. Therefore, |m(b;)| = 1 and so, by Lemma 1.4 we have that b;|s

is constant for all j. Since f € H®[b; : j = 1,2,...], and H*®|g is closed,
fls € H®|s.

Conversely, suppose that f|g € H>®|s. Then the extension of m to L™
[16] is given by

m(f) = /3 fdm

for f € L. Let g € H* be such that g|g = f|s. Thus ¢"|s = f"|s for all
n and hence m(f™) = m(g") = m(g)™ = m(f)™ for all n. Note that for any
h € H*®, we have

m(hf™) = /Shf”dm = /Shg"
= m(hg") = m(h)m(g") = m(h)m(f").

Hence m is a multiplicative functional on H*[f], and so m € M(H®*[f])
[10]. O

As a consequence of Lemma 1.5 we have the following corollary.

Corollary 1.6. Let m € M(H*® + C), and let S be the support set for m.
Then m € M(H®*[f,g]) if and only if f|ls € H®|s and g|s € H®|s.

Now we are ready to prove Lemma 1.1.

Proof of Lemma 1.1. Let A denote the Douglas algebra

H™(f,g) 0\ H>[£, 7] H>[g,5)0 H*[F.5)0 [\ H[S + ag, F + ag.
a#0
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One can easily check that A equals

H>®[f,g] nH®[f,gln () H™[af +bg,af +bg].
|a]+]b]>0

By Lemma 1.3, we get that M (A) equals

M(H>(f,g]) U M(H>[f,g]) U M(H>[f, f]) U M(H>[g,9]) U
UaroM (H>®[f + ag, f + ag]).

Suppose that (1.2) holds. Then A C H* +C, and so M(H>* +C) C M(A).
Let m € M(H® + C'). Then m is an element of

M(H™[f,g]) U M(H*[f,g]) U M(H*[f, f]) U M(H>[g,9]) U
Uazo M (H>®[f + ag, f + ag]).

If m is in any of the first four sets, Corollary 1.6 gives that either (1) or
(2) holds, or (3) holds with one of the constants equal to zero. Thus, we may
assume that m € U,2oM (H*[f + ag, f + ag]). Hence there exist constants
ao and points my € M(H*®[f + ang, f + aag]) such that m, — m. Let
S. be the support set for m, and S the support for m. By Corollary 1.6
(f+aag)|s, and f + aagls, arein H*|g,. Since the support of the measure
is an antisymmetric set, (f 4+ ang)|s, = co for some constant c,.

Since m € Ug£oM (H>®[f + ag, f + ag]), we have

m € U<t M(H>®[f + ag, f + ag]) UUjq>1 M (H*>®[f + ag, f + ag])
= U<t M(H>®[f +ag, f + ag]) UUjq>1 M (H>®[f + ag, f + ag]).

If m is in the second set, note that H*®[f + ag, f + ag] = H*®[(1/a) f +
g,(1/a) f + g] and use the same argument that we will use below.

So suppose that m is in the first set. Let ¢ > 0 be given. Note that if
we cover the closed unit disc by finitely many discs Dy, ... , D, centered at
points a; of diameter € then

m e szl,-..,n{M(Hoo[f + ag,m]) taj € Dj}

=Uj=1,. oA M(H>®[f +ag, f +ag]) : a; € D;}.

Thus, there exists a disc D with center a of diameter € such that

m e {M(H®[f + ag, f + ag]) : a € D}.

Let (mqa) be a net from this set capturing m in its closure. Note that

since mq € M(H®[f + ang, f + ang]), there exists a constant ¢, such that
(f + ang)|s, = ca. Since f,g, and a, are all bounded (independently of «),
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there exists a constant M such that |cy| < M for all a. Cover the disc of
radius M by finitely many discs, By, ... , B, of diameter e. Then

m € Uj=1,.m{ma : (f + @ag)ls. = ca € Bj}.

Thus, we may assume that there is a net my, — m with corresponding
values a,, and ¢, satisfying diam{a,} and diam{c,} are both less than e.
Furthermore, we may assume that a, — a, for some complex number a.

Now we claim that S C US,,.

Let S =US,. By (]9, p. 39)]),

M(H¥[s) = { € M(H*) : suppp C S}.
By the definition of S,
Me € M(H®|s)

for each «. Since mqy — m,m € M(H>|s), and the claim is established.

Now if z,y € US,, then there exist a, and 3 as above with z € S, and
y € Sg. Hence

[(f +ag)(z) — (f + ag)(y)]
<|(f+ag)(x) — (f + aag)(@)| + |(f + aag)(x) — (f + apg)(y)|

+[(f +apg)(y) — (f + ag)(y)]
< la — aalllg]| + |ca — cs| + lag — all|g]|-

So
[(f + ag)(z) — (f + ag)(y)| < 4ellg]|-

Since § C US, , we see that sup, s |[(f +ag)(x) — (f +ag)(y)] < 4ellgl.
Since € was arbitary, (f + ag)|s is constant. Thus m € H*®[f + ag, f + ag]
and so (f + ag)|s is constant, as desired.

Conversely, let S be the support set for an element m € M(H* + C) and
suppose that one of (1), (2) and (3) holds for m. Then by Corollary 1.6,
either m € M(H®[f,g]) or m € M(H>®[f,q]), or there exist constants a, b,
not both zero such that m € M(H>[af + bg,af + bg]). Thus m is in

M [ H®[f,g] " H¥[f,gl 0 (| H™[af +bf af +bg]

|a|+[b]>0
Therefore, M(H* + C) C M(A). By the Chang-Marshall Theorem ([4],
[17]) A C H* + C. The proof of Lemma 1.1 is complete. O

2. An Elementary Condition.

We first mention that Problem 0.1 can be reformulated as a problem about
Hankel operators. The Hankel operator with symbol f in L is the operator
Hy from H? to the orthogonal complement of H? defined by Hsh = (1 —
P)fh, where P is the orthogonal projection of L? onto H2. In virtue of the
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easily established identity Ty, — TyT, = H;;Hg, Problem 0.1 is equivalent

to the problem of when Hy Hy — H7Hg is compact. In [25] it is shown that
Ty —T¢T, is compact if and only if
(2.1) hrn Hka 2l Hgkz|l2 =

here k. is the normalized reproducing kernel % in H2. So the Axler-
Chang-Sarason-Volberg condition is equivalent to Condition (2.1). In this
section we will give a condition in terms of Hankel operators, which is equiv-
alent to the condition in Lemma 1.1.

Let 2 and y be two vectors in L?. Define x®y to be the following operator

of rank one: For f € L?,

(z@y)(f) = (fy)z.

Note that the norm of the operator z®y is ||z||2||y||2. Then (2.1) is equivalent
to
(2.2) lim [[(H k) © (Hgk)|| = 0.

|2|—1

The following lemma gives us one more condition to be added to the
equivalence established in Lemma 1.1.

Lemma 2.3. Let f and g be in L*. Then
(2‘4) |;’i|131 H(kaZ) ® (Hgkz) - (Hgkz) ® (kaz)H =0.

if and only if for each support set S, one of the following holds:
(1) fls and g|s are in H*®|g.
(2) fls and gls are in H*|g.
(3) There exist contants a,b, not both zero, such that af +bg|s is constant.

Before giving the proof of Lemma 2.3 we need to have an interpretation of
fls € H*®|g in terms of the Hankel operator Hy. Let m be in M(H*> + C).
We use the notation z — m to mean that z converges to m in the maximal
ideal space of H®.

Lemma 2.5. Let f be in L™ andm € M(H>+C), and let S be the support
set for m. Then f|g € H°°]5 if and only if

| Hkzll2 = 0.

Proof. Without loss of generality, assume that ||f|| < 1. Thus as a conse-
quence of the Adamian-Arov-Krein Theorem [18], there exists a unimodular
function u € f + H such that T, is invertible and @ is in H*>[u].

Suppose that ||Hk.|| — 0 as z — m. Note that since Hy = H,, we get
||Huk:|| — 0 as z — m. By Lemma 3 of [25], there is a positive constant
C, such that

z—>m|

(1= lu(2)*) < CullHuk:|l3
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for all z € D. Thus

lim, (1~ |u(2)]?) < Culim, ., || Huk|[3.
By a result of Hoffman [16], u(z) is continuous on the maximal ideal space
of H*, so we see that |[m(u)| = 1. By Lemma 1.4 we see that u must be

constant on S. Thus, since u € f + H*, we have f|g € H®|g.

Conversely, assuming that f|g € H*®|g, we see that u|s € H*|g. Noting
that @ is also in H*°[u], we get that u|g is also in H*°|g. But the support
set is a set of antisymmetry for H* 4 C. Thus ul|g is unimodular constant,
and so |u(m)| = 1.

By Lemma 3 of [25] again, we conclude that there exists a constant C
such that ||H,k,|| < C(1—|u(z)|?). Suppose that 2 — m. Then |u(z)| — 1.
Hence, ||Hyk.|| — 0 as z — m. Since ||H k.|| = ||Hyk:||, we conclude

himz—wnHkaz”Q =0.
The proof is complete. U

In fact, the proof above shows a bit more. We isolate this fact in the
Lemma below for future reference.

Lemma 2.6. Let f € L™ and m € M(H* + C). Then
lim ||Hk.[2 =0
zZ—m

if
[H k-2 = 0.

z—>m

Proof. As above, assume that |[f|| < 1. Thus as a consequence of the
Adamian-Arov-Krein Theorem [18], there exists a unimodular function u €
f + H® such that T, is invertible and @ is in H[u].

On the other hand, by Lemma 3 of [25], there is a positive constant C,,
such that

*llH ka3 < (1= Ju(2)]?) < Cul| Huk:|13.
Note that u is contmuous on M(H®). Thus we have that

1 — )
C—hmz_mHHuszg < lim, (1 — ]u(z)]Q)
u

< Culim, || Hyuk.||3.

am, .,
Hence
(2.7) T,y | Hyk |3 < Cflim, _,, || Huk [3.
Note that u € f + H*. We have that

[ Hukzll2 = [ Hykz||2-

Combining the above equation and (2.7) completes the proof. (]
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For a fixed z in D, let F, denote the operator
(kaz) ® (Hgkz) - (Hgk'z) ® (kaz)'

Lemma 2.8. If for a fized z in D, there exists a constant X such that Hk,
is orthogonal to Hy_ sk, for some constant X, then the norm of the operator
F, is equivalent to

([ Hynphea PP H phex || + || H gk ||| Hy =
Proof. One easily checks that
Fz:(kaZ) (Hg-xskz) — (H g— )\fk) (Hyk:),
for any constant A\. For A such that Hk, is orthogonal to H_—~ ey fk‘z, we have
F.F} = |Hyapk:|*(Hpks) © (Hpk.) + || Hyks || *(Hy—pks) © (Hy—7k=)-
Thus

2]1/2.

trace (F.F7) = || Hyoxrhs || Hpk:|1” + | Hpks || Hy=zk= 1.
Noting that F,F} is an operator of rank at most 2, we get
1/2trace (FLF}) < ||F.||?* < trace(F.F}),
and then the norm of F, is equivalent to
([ Hy-xpka |l Hpks |1 + | H ko ||| H

We now return to the proof of Lemma 2.3.

2]1/2.

Proof of Lemma 2.3. Without loss of generality we may assume that || f]|co
<1 and ||g]lec < 1.

Suppose that (2.4) holds. Let m be in M(H*> + C), and let S be the
support set of m. By Carleson’s Corona Theorem, there is a net z converging
to m. We consider two cases.

First suppose that there is a constant ¢ such that

lim z—>m||ka ||2>C>0

Let A\, = (Hgk., H¢k.)/|Hsk-||*. Then |X.| < 1, and so we may assume
that A, — a for some constant a. Note Hyk, is orthogonal to H,_,_ k..
Then by Lemma 2.8 we get

I Hgox. gkl H gz | + | H pheo || Hy =5k 1”2
tends to zero as z — m. Since A\, — a we get
(2.9) lim [|| Hy—a k- PI H ko |+ | H ks | 2| Hy = k= ||”] =
and so

Jim | Hy gk |2 Hpko |2 =0, and
Jim | H ke 3| Bk 2 = 0.
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By Lemma 2.5, the second limit above gives that (g — af)|s is in H*|s. The
first limit above gives that either

lim, ., [|Hy—ark:||* =0, or
@zamHHf_kZH2 =0.

It follows from Lemma 2.5 that either f|g or (g — af)|s is in H®|g. If f|g
is in H*|g, then using the fact that (g — af)|s is in H*>|g we see that g|s
is in H*°. This implies (2). On the other hand, if (¢ — af)|s is in H*|g,
combining this with the fact that (¢ — af)|s is in H*®|g, we see that (3)
holds.

Next suppose that

It follows from Lemma 2.5 that f|g is in H*>°|g. Thus (2.9) gives

lim, ., | Hy—ork: ||| H g [* = 0.

c—ml
Thus we get
himzam||Hg—aka||2 = 0’ or

It follows from Lemma 2.5 again that either f|s or (g — af)|s is in H>|s.
So this implies either (3) or (1) holds. Therefore we have proved that one
of (1), (2), and (3) holds.

Conversely, suppose that for each support set S, one of (1), (2), and (3)
holds on S. Assuming that (2.4) is false, we will derive a contradiction.

Thus there are a constant § > 0 and a net z in D converging to a point
m € M(H* + C) such that

(2.10) lim, || 2| > 6.
Let S denote the support set for this point m. One easily checks that
(2.11) [E=]] < |[H gk 2l Hok:l2 + | Hgkz|2 ]| H g k= l2-
If (1) holds, then Lemmas 2.5 and 2.6 give
lim ||Hsk.|]2 =0, and
Z—m
lim ||Hgk.|2 = 0.
zZ—m
Thus (2.11) shows that
lim ||F,| =0,
zZ—m

which contradicts (2.10).
If (2) holds, using the same argument as above we can show a contradic-
tion of (2.10).
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If (3) holds, without loss of generality we may assume that there is a
constant a such that (¢ — af)|s is a constant. By Lemmas 2.5 and 2.6 we
see that

lim ||Hg—asz||2 = 0, and
zZ—m
Jim (| Hg—gzke|o = 0.
Also from the proof of Lemma 2.8, we get
1L < [|H pkz |2l Hg—agkzll2 + (| Hy=g gkl ]| H pz 2.

So we conclude that

lim ||F.|| = 0.
zZ—m
This contradicts (2.10). The proof is complete. O

3. Proof of Theorem 0.9.

Now we turn to the proof of Theorem 0.9. First we introduce some notation.
Let h be in L?. The Hardy-Littlewood maximal function of h will be
denoted by Mh and, for r > 1, let

Arh(w) = [M(|h[")(w)]*.

For w a point of D, and 0 < r < 1, let T'y, denote the angle with vertex w
and opening 7/2 which is bisected by the radius to w. The set of points z
in Iy, satisfying |z — w| < v will be denoted by I'y, 5.

Let f and g be in L>(0D) and u and v be in H2. Let dA denote the
normalized area measure on the unit disk. Define a generalized area integral
By (u,v)(w) to be

By (u,v)(w) = / |grad (Hyu)grad (Hgv) — grad (Hgu)grad (Hzv)|dA(2).
Ty

Here, for a function h € L2, grad h refers to the usual gradient of the

harmonic extension of h to D.

The following distribution function inequality encompasses the main dif-
ficulty in the proof the sufficiency part of Theorem 0.9. For a fixed z € D,
recall that

F, = (kaZ) ® (Hgkz) - (Hng) ® (kaz)
The Lebesgue measure of a subset E of 9D will be denoted by |E|. For

z € D, let I, denote the closed subarc of 9D with center ﬂ and measure
z
(1 —|2]) and let §(2) =1 — |2|2.

Distribution function inequality:  Let |[f|lco < 1 and ||g]|cc < 1, and
let w and v be any two functions in H?. Let z be a point in D such that
|z| > 1/2. Then for any |l > 2, and for a > 0 sufficiently large, there are
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positive constants K, and r with 1 < r < 2, depending only on | and a such
that

{0 12 By (o)) < MR fnf AcGfw) jnf A, (o)) |

wel. z
> Ko|l4|,
and lim,_,oo Ko = 1. Here N; is a positive constant depending only on [.

To prove the necessary part of Theorem 0.9 we need the following lemma
from [25]. Let ¢, be the Mébius transform associated with z.

Lemma 3.1. Let K be a compact operator on H?. Then
hm |K =T, KT,.|| =0.

|2[—
Now we are ready to present the proof of Theorem 0.9.
Proof of Theorem 0.9. Assume that TyT, — T, Ty is compact. Since
T, —T,T = H}Hg — H;Hy,
we may use Lemma 3.1 to obtain

(32)  Jm HHH HyHy — T, (HpHy — HyHy ) T, | = 0.

We now introduce the antiunitary operator V on L? given by
Vh(w) = wh(w).
One can easily check that
V=v"'! and VI!1-P)V=P
From the proof of Lemma 1 of [25] we know that

V* |H:H, — Tj HpH T, |V = Hek, @ Hyk..

Thus we know from (3.2) above that

[Tf7 Tg] - T;z [va Tg]Tw
= V*[(kaZ) ® (Hgk:) — (Hgk:) ® (kaz)]v

By Lemma 3.1 we obtain (0.10) to finish the proof of the necessary part of
Theorem 0.9.
We turn now to the converse. Assume
|hm |F%|| = 0.

We will use the distribution function inequality to show that T}T, — T, T
is compact. The idea to use the distribution function inequality to study
Toeplitz operators first appeared in the Axler, Chang and Sarason paper
[2].
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Let u and v be two functions in H? so that |lullz < 1 and ||v]|2 < 1. Then

(T, — T,y ) = (G Hj — H3H,)u,0)
= (Hyu, Hgv) — (Hgu, H7v).

Since Hyu is orthogonal to H?, we see that Hpu(0) = 0. Thus by the
Littlewood-Paley formula ([10], p. 236), we have

(TyTy = TyTy)u,v)

= /D {grad(Hqu)grad(Hgv) — grad(H u)grad (Hﬂ))] log|21| dA(z).
For 1/2 < R < 1, we let
Iz = /Z|>R [grad(Hfu)grad(ng — grad(Hyu)grad (va)] log ’i‘ dA(z)
and
Ilg :/Z|<R [grad(Hfu)gmd(Hgv) — grad(Hgu)grad (va>] log ’i dA(z).

One easily checks that there is a compact operator Kg such that
IIR = <KRU, U>.

Thus, if we show that Ig — 0 uniformly for v and v as R — 1, then
|TyTy — T,Ts — Kg|| — 0, and we are done. The rest of the proof will be
devoted to showing that Ip — 0 as R — 1.

Using the I and the corresponding r from the distribution function in-
equality, choose z € D, and a fixed constant a > 1 for which the Distribution
Inequality holds; that is

Hw €I, :By(u,v)(w) < a? N || F || =D/ in§ Ayu(w) inf Arv(w)}‘
welz

’wGIz

> Ko|L|.

For w € 9D, let

p(w) = max {7 : By (u,v)(w) < a®N; sup |Fz|(l_1)/ZATu(w)Arv(w)} :
|z|>R
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Let dw be the normalized arc length measure on the unit circle. Then

/aD B (w) (u,v)(w) dw

< a’N; sup HFzH(ll)/l/ Aru(w)Arv(w) dw
|z|>R oD

< Ny sup |||V A ulo] | Aol

|z|>R

2
Now r was chosen so that 1 < r < 2, so — > 1, and hence ([10], p. 24)

r
there exists a positive constant A, such that

r r 1/ T r
[[Apullo = (1M (Jul")" || = 1M (ul") ) < An(l] Tl [l

So
[Arull2 < Arlfulf2.

Similarly, there is a constant A/ > 0 such that
1Av]]2 < Arf[v]2.
Thus

(3.3) / By (1w, v) (w)dew < a®NiA, AL sup [ Fo[[ D]z o]
oD

|z|>R

On the other hand, let x,, denote the characteristic function of I'y, ,(u)-
Then

/ B (11, v) (w) dw

/aD/ \grad Hyu)grad(Hgv) — grad(Hgu)grad(Hpv)|dA(z) dw

B w) (W, ) (w)dw

/ / (2)|grad(H yu)grad(Hgv) — grad(Hgu)grad(Hpv)|dA(z) dw
oD \|>R

Now the distribution function inequality tells us that p(w) > 2(1 — |2|?)
on a subset E, of I, satisfying

|E,| > K,|IL|.

Now for w € F,, we have w € I,. Thus recalling the definition of I, and
noting that p(w) > 2(1 — |z|?) we have

z

+ ==z
2|

< 2(1 = [2]) < p(w).

\w—z\ﬁ’w—
2|
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Therefore, for w € E,, we have z € 'y, ;). Hence x(2) =1 on E.. So,

/ / Xw(2) ‘grad(Hfu)grad(Hgv) — grad(Hg(u))grad(Hyv)| dA(z) dw
oD J|2|>R

:/ [/ Xw(2) dw] ‘grad(Hfu)grad(Hgfu)
|z|>R LJOD

—grad(Hg(u))grad(H?v)‘ dA(z)dw.

Since x(2) =1 on E,, we have

B w) (u,v)(w)dw
oD

> / |E|
|z|>R

But, |E;| > Ka(1 — [2[?), s0
/ B ) (1, v) (w)dw
oD

> K,

grad(Hu)grad(Hgv) — grad(Hg(u))grad(Hzv)| dA(2).

grad(H ju)grad(Hgv)
|z|>R

—grad(Hg(u))grad(Hzv)| (1 — |2|2)dA(z).
Since
I = / [grad(Hfu)grad(Hgv) - grad(ng)grad(H?v)] log |1 dA(z),
|z|>R z
we have,

B w)(u,v)(w)dw > Ky |IR|.
oD

Putting this together with (3.3), we see that

IR < C sup a®|[FL )|V Julfa |[o]]o:
|z|>R
Note that limj,_ [[F.]] = 0. Thus we get that [Ig|] — 0 as R — 1,
concluding this part of the proof.

Applying our Theorem 0.8 to an essentially normal Toeplitz operator, we
answer a question of R. Douglas [8]. Recall that an operator T is essentially
normal if TT* — T*T is compact. O

Corollary 3.4. Let f be in L. Then the Toeplitz operator Tt is normal
modulo the compacts if and only if for each support set S, either fls is con-
stant or there is a unimodular constant ag such that (f +asf)|s is constant.
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Proof. By the definition of essentially normal operator, we have that T is
essentially normal if and only if TfT}k — T}‘ T is compact. Then by Theorem
0.8, T is essentially normal if and only if for each support set S, either
fls is constant or there is a constant ag such that (f + asf)|s is constant.
To finish the proof we need to prove that if f|g is not constant, then ag is
unimodular. In this case, we have that both (f + asf)|s and (f + asf)|s
are constant. Since f|g is not constant, we conclude that

det[1 aS}zO.
as 1

So ag is unimodular. This completes the proof. O

4. Distribution function inequality.

In this section we will prove the distribution function inequality. It involves
the Lusin area integral. For h in L'(9D), we define the truncated Lusin
area integral of h to be

1/2

Ad(h)(w) = [ [ leradnz)Pac)

Let f and g be in L>°(0D) and u and v be in H?(0D). Recall that the
generalized area integral was defined to be

By (u, v)(w)
),

Proof of the distribution function inequality.

Assume that f, g are in L™ so that || f]lcc < 1 and ||g]|lec < 1. Let u,v be
in H2.

For a fixed z € D, either |[Hfk.||2 < |[Hgk:|2 or |[Hyk.|l2 < || Hfk.|2.
Without loss of generality, we may assume that ||Hgk.|2 < ||Hk.||2. Let b
be —% if H¢k, is not zero, and 1 if Hy¢k, is zero. Then [b] < 1, and

Z112
Hyk, is orthogonal to Hy k.. By Lemma 2.8, we see that

grad (Hyu)grad (Hgv) — grad (Hgu)grad (Hyv)| dA(2).

w,y

2 2 2 2] 1/
200 = (H ks |2l Hgppk= 2 + [ H k= 2| Hyvork=l2) -

For h € L% let hy and h_ denote Ph and (1 — P)h, respectively. Let F'
and G be in L2. Fix [ > 2. Then by Theorem 6 [25] we see that there are
numbers p, r € (1,2), a, and a constant C;, > 0 with 1/l + 1/r = 1/p, such



106 P. GORKIN AND D. ZHENG

that for |z| > 1/2 and a > 0 sufficiently large,
(4.1)
Hw € L+ Ags(o)(Hpu)(w) Ags(y (Hgv) (w) < a®[|[F- — F_(2)['(2)]"/" x
x [|G— — G_(2)|"(2)]"" inf A, (u)(N) inf AT(v)()\)}' > Cyl|L,).
Ael, Ael,

Moreover, the constant C, can be chosen to satisfy lim,_.., C, = 1. Applying
the above distribution function inequality to the functions f and g 4+ bf, we
get

Hw € 1. : Ags(e) (Hyu) () Aasey (g ) (w) < (1S~ — f-(2) ()]

<[+ 0+~ (LI fof AN of A0} > CulL|

Let @ =1 — P. Then @ is bounded on LP for 1 < p < co. So for any
h € L* and [ with 2 <[ < 3, by Holder’s inequality, we have

1Rl < (N/2)21 QR[S |n)1 /!

for some constant N; depending only on .
Noting that || f]lecc <1, [|g9]lcc < 1 and |b| < 1, we get

(g +0f)+ = (g + o)+ @'V~ = f- @) (2]
< (N/2)[[(g +bf)4 — (g +bf)4(2)2(2)]¢-1/2D

fe = fo(2)]A(2)]) D/ @D

= /2 [[[ gz | ) oty

< (N/2)|IF: D

2

Therefore

{’w € It Agso)(Hpu)(w)Azs(z) (Hmv> (w) < a®[|f- — f-(2)'(2)]"" x

g+ 1) = (o4 D4 fof A juf A, ()00}

is a subset of
{w € I, 1 Agsy(Hyu)(w)Ags(z) (Hmv) (w)

< a®(Ny/2)|| Fo ||/ inf A, (u)(N) inf Ar(v)()\)}.
AeL, Mel,
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The distribution function inequality (4.1) gives

(42) [{w € . A () ) Ay (o) w0

QN2 E D inf A, (w)(A) inf Ar<v><A>}' > CulL.

Ael,

Similarily, we can establish the following distribution function inequality
(43) ]{w € L.+ Avsiy (Hyu) (W) Aasio) (Hyp0) (1)
(N2 IEN D inf A (u)(3) jnf Ao ><A>}' > L.
Note that
B, (u, ) (w)
= /rwﬂ grad (Hg4ppu)grad (H v) — grad (Hu)grad ( 7Y )
for any constant b. Thus by the Holder inequality we get
Bas(zy(u,v)(w)
< Ags(o) (H ) (w) Agsey ( Higgpv) (w)
+ Ags(z) ( ) (w) Azs(z) (Hg1pp0)(w),

and so the intersection of

dA(z),

{w € I 1 sy (Hyu)(w)Ags(z ( el ) (w)
a®(Ny/2)|| F. || 1! Algf Ar(u)(N) Algf Ar(“)@\)}

and

{)\ €I, : Ags(ry (Hfu) (w)Ags(zy (Hgrppv)(w)
a*(Ny/2)|| .||/ Alg}? Ar(u)(N) Algf Ar(”)@\)}

is contained in

{w € I : B(u,v)(w) < a®N;||F, |-/ inf A, (u)(A) inf Ar(v)()\)}.
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Combining (4.2) and (4.3) gives

\{w & L. : B(u,v)(w)

< a®’Ny||F,|| =D/ jnf Ap(u)()) jnf Ar(v)()\)} > (2C, — 1)|L|.
el. AL,

Note that lim, .1 C, = 1. We let K, = 2C, — 1, to finish the proof of the
distribution function inequality.
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