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Suppose X is a simply connected mod p H-space such that
the mod p cohomology H*(Q2X) is a finitely generated algebra.
‘We show that the loop space 22X is homotopy equivalent to a
finite product of Eilenberg-MacLane spaces K(Z,1), K(Z,2)
and K(Z/pt,1) for i > 1. This is a generalization of the result
due to Lin, in which the same result was proved under the
assumption that X is an A,-space.

1. Introduction.

Let p be an odd prime. We assume that all spaces are completed at p in
the sense of Bousfield-Kan [2], and the cohomologies are taken with Z/p-
coefficients unless otherwise specified. In this paper, we investigate the
homotopy type for the loop space of an H-space whose cohomology is finitely
generated as an algebra. In the case of the cohomology is finite dimensional,
there is the following theorem due to Aguadé-Smith:

Theorem 1.1 ([1]). If X is a simply connected mod p H-space such that
H*(Q2X) is finite dimensional, then QX has the homotopy type of a torus.

The above theorem is known as the mod p torus theorem, and some gen-
eralizations of Theorem 1.1 are investigated by Hemmi [8] and McGibbon
[15]. Hemmi showed that a connected finite quasi Cp-space has the homo-
topy type of a torus, where a quasi Cj-space is defined as an H-space which
has certain higher homotopy associativity and commutativity (see [8, Def.
2.1]).

Our main result is stated as follows:

Theorem A. If X is a simply connected mod p H-space such that H*(QX)
is finitely generated as an algebra, then QX is homotopy equivalent to a
finite product of Filenberg-MacLane spaces K(Z,1), K(Z,2) and K(Z/p", 1)
fori>1.

Theorem A generalizes Theorem 1.1 since K(Z,2) and K(Z/p', 1) for
i > 1 do not have the finite cohomology. Our theorem also generalizes a
result of Lin [12] who has shown Theorem A under the assumption that X
is an Ap-space in the sense of Stasheff [19]. We owe much to the results
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in [12] and [13] (see §2). From the result of Hemmi, it may be possible to
generalize our result to the case of quasi C)p-spaces instead of loop spaces on
H-spaces.

For p = 2, there is the following more general result due to Slack and
Broto-Crespo:

Theorem 1.2 ([18, Cor. 0.2], [3, Cor. 1.5]). If X is a connected homotopy
commutative mod 2 H-space such that the mod 2 cohomology H*(X) is
finitely generated as an algebra, then X is homotopy equivalent to a finite
product of Filenberg-MacLane spaces K(Z,1), K(Z,2) and K(Z/2',1) for
7> 1.

We remark that for the odd prime case, the corresponding result of The-
orem 1.2 does not hold. In fact, Iriye-Kono [9] have shown that for an
odd prime p, any mod p H-space possesses a multiplication which is homo-
topy commutative. Moreover, one may guess that a homotopy commutative
mod p loop space which has the finitely generated cohomology is homotopy
equivalent to a product of Eilenberg-MacLane spaces. However, we note that
Sp(2) for p =3 and S for p > 5 are counterexamples (see [14, Thm. 2]).

In the proof of Theorem A, we use a technique for H-fibrations introduced
by Broto-Crespo [3]. Their observation was concentrated on the mod 2 case,
and some parts of their proof have generalizations to the odd prime cases
with simple modifications (see Proposition 3.3 and Proposition 3.6). We
combine these results with the computations in §2 for the cohomology of
QX to establish a proof of Theorem A (see §4).

Now we provide an outline of the proof of Theorem A so that the reader
has an overview of the ideas and strategy.

For a mod p H-space X satisfying the assumption, we consider the three-
connected cover X. Then we have a fibration

0X — OX — K,

where K is a finite product of Eilenberg-MacLane spaces of degrees 1 and
2. We see that H *(Qf( ) is free commutative, finitely generated as an alge-
bra which has generators in degrees 2p, 2p + 1, 2p? and 2p? + 1 with certain
Steenrod relations induced from H*(Q2X) (see Proposition 2.3). For a gen-
erator z of degree 2p, using the Lannes theory, we construct an H-map
¢ : BZ/p — QX such that ¢*(z) = wP, where w € H?(BZ/p) denotes the
generator. We construct an H-fibration

BZ/p 20X — Eq,

where F is an H-space given by the Borel construction for ¢. By repeating
this construction, we have a sequence of H-spaces and H-maps

OX — E) — By —> -+ -,
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and if we set Y = lim s s, then the three-connected cover Y (3) ~ QX, and

the cohomology H*(Y) is related to H*(QX) in that H*(Y) has an addi-
tional three dimensional generator and one less 2p-dimensional generators
(see Proposition 4.1). Applying this procedure a finite number of times, we
obtain a mod p H-space Z such that Z(3) ~ QX and the cohomology H*(Z)
has no 2p-dimensional generator.

By using the same methods, we can knock off the 2p?-dimensional gener-
ators, and thus we obtain a mod p H-space W such that W (3) ~ QX and
the cohomology H*(W) is an exterior algebra with generators in degrees 3
and 2p + 1 (see Proposition 4.8).

By the localization theory due to Dror Farjoun and Neisendorfer, we can
show that W is also the loop space on an H-space, and so W is contractible
by Theorem 1.1. This implies that QX is also contractible and therefore
QX ~ K. The ideas and strategy come from [3].

This paper is organized as follows: In §2, we prove Theorem A using
Theorem 1.1, Proposition 2.6 and results for the localization theory due to
Dror Farjoun [6] and Neisendorfer [17]. Here Proposition 2.6 is the key to
the proof of Theorem A, and we postpone the proof until §4. In §3, we
recall the Lannes theory and show some properties for H-fibrations. In §4,
we prove Proposition 2.6 using the results of §3.

The author would like to thank Prof. Y. Hemmi, Prof. K. Ishiguro and
Prof. M. Imaoka for their many helpful suggestions and conversations. We
also appreciate the referee for many useful comments.

2. Proof of Theorem A.

In this section we prove Theorem A. Thus, throughout this section, the
space X is always assumed to satisfy the hypothesis of Theorem A. First,
we recall the following result due to Lin:

Theorem 2.1 ([12, Thm. A]). H*(QX) is free commutative, primitively
generated on generators in degrees 1,2,2p,2p + 1,2p? and 2p* + 1.

Remark 2.2. Lin has proved that if X is a simply connected mod p H-
space such that H*(2X) is finitely generated as an algebra, then H*(2X)
is primitively generated on generators in degrees 1,2,2p,2p + 1,2p? and
2p? + 1, and under the assumption that H,(X) is associative, H*(QX) is
free commutative. We note that his proof does not use this assumption to
show that H*(2X) is primitively generated (see [12, Cor. 2.2, Thm. 2.3]).
But we see that the last statement also holds without this assumption. In
fact, since 2X is homotopy associative, homotopy commutative H-space and
H*(QX) is primitively generated, by a theorem of Browder [4, Thm. 8.15],
H*(QX) is free commutative.
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By [12, Cor. 1.2, Thm. 2.1], H*(X) is generated by odd degree generators
in degrees 2p’ + 1 for some j > 0 and even degree generators in degrees 2,
2p7 + 2 for some j > 1. We choose the basis of H?(X) and H3(X) as
By = {wjo} U{x;,}U---U{z;. } and By = {1 (x;,)} U- - U{Br(2), ) } U{ys},
respectively, where z;, are the mod p reductions of the integral classes and
Bs denotes the s-th Bockstein operation. We define a generalized Eilenberg-
MacLane space K as

K= ][] K22 x [[ K@/p,2)x--x [] K@/r.2) = [[ K(Z
{240} {zj,} {zjn} {yx}

Let f: X — K be an H-map which represents the generators of the integral

cohomology of dimension 2 and 3, and X denote the homotopy fiber of

f. Then, X is an H-space and 2p-connected. By the spectral sequence

argument, we see that H *(QX ) is finitely generated as an algebra, and so

X satisfies the same conditions as X.

Now we define an algebra A as

A:Z/p[{lfl, Yy Tms Y1, - - 7yn]®A(Zla"' y Bm4ny Wi,y ... 7wn)7
where |z;| = 2p for 1 <i < m, |y;| = 2p® for 1 < j <, |z| =2p+1 for
1<k<m+mn,and |w|=2p*+1for1<1<n.

Then we can prove the following proposition:

Proposition 2.3. H*(QX) = A as algebras, and the following operations
act on H*(QX):

B(z:) = 2 for1<i<m,
B(y;) = PP(2m+j) = w; for1<j<n.
For a mod p H-space Y, we denote the primitive and indecomposable

modules of the Hopf algebra H*(Y') by PH*(Y) and QH*(Y'), respectively.
We need the following fact for the proof of Proposition 2.3.

Lemma 2.5 ([16, Thm. 4.21]). If Y is a connected mod p H-space, then
there is the following exact sequence:

0— P(EH*(Y)) —» PH*(Y) —» QH*(Y),
where £ : H*(Y) — H*(Y') is a map defined as &(x) = aP.

Proof of Proposition 2.3. By Theorem 2.1, H*(QX) is free commutative,
and has generators z;,y;, 2zx and w; with |z;| = 2p, |y;| = 2p?, |2zx| =2p + 1
and |w| =2p? +1for1 <i<m,1<j<n,1<k<gandl<I[<r, where
generators are primitive.

Since B(z;) € PH®»T1(QX) for 1 < i < m, we see that 3(z;) €
QH**1(QX) by Lemma 2.5. By [13, Cor. E], we have that 8(z;) # 0,
and if i1 # ig, then ((z;,) # B(wi,). Thus, we can set f(x;) = z for
1 < <m. Similarly, we can set 5(y;) = w; for 1 < j <n.

(2.4)
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Since the suspension map o* : QH?’T2(X) — PH?'T1(QX) is an epi-
morphism, and 3 : QH?P"T1(X) — QH?"*2(X) is also an epimorphism by
[12, Thm. 1.10], we have that w; € BPH?*(QX) for 1 <[ < r. Thus, we
have that w; € ﬂQHQPQ(QX) by Lemma 2.5, which implies that r = n.

Using [12, Thm. 1.9], the similar arguments show that w; €
PPQH?*T1(QX) for 1 < I < n. We can assume that PP(z,,;) = w; for
1 <1 < nsince PP(z) = PLBPP~ () + BPP(xx) =0 for 1 < k < m.

If we set
P(Zmin+1) Z oWy

for oy € Z/p, then for

C = Zmin+1 — Z O1Zm+1,
=1
we have that PP({) = 0. Since o* : QH*12(X) — PH**1(QX) is an
epimorphism, ¢ = o*(u) for some p € QH2p+2(X). Since o*(PP(n)) =
PP(¢) =0, by [10 Thm BJ, there exists v € QH?*1(X) such that PP(u) =
BPP(v) in QH2P*T2(X). Applying the Adem relation PP = PLgPP—14 3PP
to v, we have that PP(u) = PP(B(v)), which implies that u = 5(v) by [12,
Thm. 1.9]. Then, ¢ = o*(u) = B(c*(v)) € BQH?*(QX) by Lemma 2.5,
which implies that
C=> Tz
k=1

for 7, € Z/p. Therefore, we have that

m n
Zm4n+1 = § T2k + E OlZm4+1,s
k=1 =1

which implies that ¢ = m 4+ n. This completes the proof. ([

The following proposition is crucial for our study, which will be proved in
84 using the Lannes theory.

Proposition 2.6. If Y is a mod p H-space with H*(Y) = A as algebras,
and the operations (2.4) act on H*(Y'), then there is a simply connected
mod p finite H-space W such that Y ~ W (3), where W (3) is the three-

connected cover of W.
Using Proposition 2.6, we can prove Theorem A as follows:

Proof of Theorem A. By Proposition 2.3 and Proposition 2.6, there exists
a simply connected mod p finite H-space W such that QX ~ W(3). Let
L, denote the localization functor with respect to a map g constructed by
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Dror Farjoun [6]. For the constant map ¢ : BZ/p — *, L.(QX) ~ W by the
results due to Neisendorfer [17, Thm. 0.1]. Since L.(QX) ~ QLy.(X) by
[6, Thm. 3.A.1], and Ly, preserves the H-structure, we see that the space
W is the loop space of an H-space. By Theorem 1.1, W is contractible, and
so QX ~ W (3) is also contractible. Therefore, QX ~ QK, and we have the
required conclusion. This completes the proof of Theorem A. O

3. Lannes T-functor and H-fibrations.

In this section we recall some results concerning the Lannes theory and the
H-fibrations, which will be used in the next section.

Let K denote the category of unstable A,-algebras. The objects of K are
called K-algebras. It is known that H*(X) is a K-algebra for any space X.

The Lannes T-functor T : K — K is a left adjoint of the functor
H*(BZ/p) ® —, that is, there is the adjoint isomorphism Homx (7T'(A), B) =
Homg (A, H*(BZ/p) ® B) for K-algebras A and B.

For a K-map f : A — H*(BZ/p), its adjoint restricts to a K-map
T(A)® — Z/p, where T(A)? is the subalgebra of T(A) of elements of de-
gree 0. The connected component of T'(A) corresponding to f is defined by
Ty(A) = T(A) @p(ayo Z/p, and there is the natural K-map ey : A — Ty(A).

The evaluation map e : BZ/p x Map(BZ/p,X) — X induces a K-
map e*, and taking the adjoint of this yields a K-map A : T(H*(X)) —
H*(Map(BZ/p,X)). On the component level, for a map ¢ : BZ/p — X,
there is a C-map Ay : Ty« (H* (X)) — H*(Map(BZ/p, X)4). The composite
Ag+€4+ is induced by the evaluation at the base point ey : Map(BZ/p, X )y —
X. The following theorem is due to Lannes:

Theorem 3.1 ([11, Thm. 3.2.1]). Let X be a space and ¢ : BZ/p — X be a
map. If Ty«(H*(X))! = 0, then Mg+ : Ty (H*(X)) — H*(Map(BZ/p, X))

s an tsomorphism.

For the cohomology of an H-space, Dwyer-Wilkerson have proved the
following:

Proposition 3.2 ([7, Thm. 3.2, Lemma 4.5]). If X is a mod p H-space
with finitely generated cohomology and f : H*(X) — H*(BZ/p) is a K-
map, then €5 : H*(X) — Ty(H*(X)) is an isomorphism.

Recently, an important theory of H-fibrations using the Lannes theory
was introduced by Broto-Crespo [3]. Their observation was concentrated on
the mod 2 case. However, we also have the corresponding results for the
odd prime case.

Proposition 3.3. Let X be a mod p H-space with finitely generated co-
homology, and ¢ : BZ/p — X be an H-map with H*(BZ/p) is finitely
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generated H*(X)-module induced by ¢*. If
Bz/p -2 x Ly
s a principal fibration, then Y is an H-space and v is an H-map.

Lemma 3.4. Let ¢ : BZ/p x BZ/p — Y denote the constant map, where
Y comes from Proposition 3.3. Then the base point evaluation map e. :
Map(BZ/p x BZ/p,Y ). — Y is a homotopy equivalence.

Proof. We have the following commutative diagram of fibrations:

Map(BZ/p x BZ/p, BL/p)s —— BL/p

! J#

Map(BZ/p x BZ/p, X). —<— X

| |
Map(BZ/p x BZ/p,Y). —= Y,

where S = {g : BZ/p x BZ/p — BZ/p | ¢g ~ ¢} and e, denote the base
point evaluation maps.

Since X has the finitely generated cohomology, e.:Map(BZ/px BZ/p, X ).
— X is a homotopy equivalence by [7, Thm. 3.2]. It is known that
H*(BZ/p) = A() ® Z/p|w] with 5(8) = w. For a map g : BZ/p x BZ/p —
BZ/p with ¢g ~ ¢, there exists some n > 1 so that ¢*(w)"” = ¢*(w™) = 0
since H*(BZ/p) is finitely generated H*(X)-module induced by ¢* and
g*¢* = 0, which implies that ¢*(w) = 0. If we put ¢*(8) = a161 + a262
for a1,a2 € Z/p, then g*(w) = B(g*(0)) = a1w1 + aswz = 0, and we must
have a; = az = 0, which implies that ¢*(f#) = 0. By a result of Lannes [11,
Thm. 3.1.1], we obtain that g ~ c.

Then we have that S = {c}, and thus e, : Map(BZ/p x BZ/p, BZ/p)s —
BZ/p is a homotopy equivalence. Using the five lemma, e, : Map(BZ/p x
BZ/p,Y ). — Y is a homotopy equivalence, and thus we have the required
conclusion. O

For the proof of Proposition 3.3, we need the following fact which is known
as the Zabrodsky lemma:

Lemma 3.5 (|21, Lemma 3.1]). Let
r--p-.p
be a principal fibration, and 'Y be a space which satisfies that e. : Map(F,Y ),

— Y is a homotopy equivalence. Then the induced map Map(B,Y) —
Map(E,Y)s is a homotopy equivalence, where S ={g: E —Y | gi ~ c}.

Now we can prove Proposition 3.3 as follows:
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Proof of Proposition 3.3. By Lemma 3.4, the evaluation map e,
Map(BZ/p x BZ/p,Y ). — Y is a homotopy equivalence. Then, applying
Lemma 3.5 to a principal fibration

BZ/px BZ/p % X x X ¥y x v,

we have that Map(Y X Y,Y) ~ Map(X x X,Y)g, where S ={g: X x X —
Y | g(¢ x ¢) ~ c¢}. If we denote the multiplication of the H-space X as ux,
then there is a map py : Y XY — Y so that Yux ~ puy(¢p x ¢). Using
Lemma 3.5 again, we see that the map py gives an H-structure on Y. This
completes the proof. O

Proposition 3.6. Suppose that there is an H-fibration
(3.7) BZ/p 25 Xi Y5 X

fori >0, and we put Y = lim;X;. If H*(Y) is finitely generated as an
algebra, then the space Y has an H-structure.

Proof. We set pp =limu; : Y xY — Y for the multiplication y; : X; X X; —
X; of the H-space X;. Let ¢; : Y — Y x Y denote the inclusion map on the
Jj-th factor for j = 1,2. If we show that ut; ~ 1y for j = 1,2, then we have
the required conclusion.

We denote the inclusion map as k; : X; — Y for ¢ > 0. Since p; is a
multiplication for ¢ > 0, we have that pijr; ~ /ﬁimLé ~ K;, where L;- X —
X; x X; denotes the inclusion map on the j-th factor for j = 1,2. By [20,
Prop. 4], the obstruction to construct a homotopy between f¢; and 1y lies
in

(3'8) llnikﬂk(Map(XhY)fii)

for k > 1. Since H*(Y') is a finitely generated algebra, Map(BZ/p,Y ). ~ Y
by [7, Thm. 3.2]. Then, applying Lemma 3.5 to the fibration (3.7), we have
that Map(X;,Y )., ~ Map(X;y1,Y)x,,, for i > 0, and so the obstruction
group (3.8) vanishes. This completes the proof. O

Now we introduce a result which is useful to compute the Serre spectral
sequence for an H-fibration, which will be used in §4. Let X and Y be
H-spaces and

X —Y — B*Z/p
be an H-fibration. We consider the Serre spectral sequence for the fibration
whose Fs-term is given as

(3.9) Ey* = H*(B*Z/p) ® H*(X).
Then we see that the spectral sequence has a differential Hopf algebra struc-

ture, and for r > 2, if we put A4, = EY and B, = E?’*, then they have Hopf
algebra structures induced from the Fo-term.
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Proposition 3.10. (1) If d.(B,) # 0, then the transgression T : BI~! —
P"(A,) is non-trivial.

(2) For x € BY, d.(z) € P"(A,) @ BY " where P*(A,) denotes the
primitive module of Al'.

We need the following lemma to show Proposition 3.10:

Lemma 3.11. (1) For r > 2, the E.-term is given as
EY >~ A, @B, ®Aay,...,a),

where o; € ESY with s; < r and || = 2m; + 1 with plm; for 1 <i<k.
(2) If x € P%(A,) with 2s > r, then = has the infinite height.

Proof. We show (1) and (2) by induction. For r = 2, by (3.9) and since
H*(B?Z/p) is free commutative, the results (1) and (2) hold. We assume
that the results (1) and (2) have already shown for the E,-term.

By a result of Browder [5, Thm. 5.8], the E,;-term is described as

E:j:l = AT+1 & B’r’+l & A(Oél, ... 7akaﬁ17 cee 7ﬁl)7

where «; are elements stated in the lemma, 3; € Eff&] with ¢; <r —1 and
|Bj| = 2nj; — 1 with p|n; for 1 < j < I. From the proof of [5, Thm. 5.8],
we see that 3; = {z; - d,(z;)P~1} for some x; € E;* with d,.(z;) € P(A,).
But by assumption, d,(x;) has the infinite height, and so the element of the
form (3; cannot occur, which shows (1).

For a non-trivial element x € P?$(A,,1) with 25 > r 4+ 1, we assume that
2P = 0 for some k > 1, and obtain a contradiction from this assumption.
By inductive hypothesis, 2" # 0 € A,, and then there exists an element
y € E;" so that d,.(y) = 2" By the form of the E,.-term, we have either
a generator z € Bl ! with d.(z) = aP"' for some ki < k or a generator
a € B with dy(a) = 2" for some ky < k. On the one hand, if dy(z) =
27" then |mpk1| = r < |z|, which causes a contradiction. On the other
hand, if d,(a) = 27" | then |wpk2| = 2m + 2 for some m > 1 with p|m. This
shows that ko = 0, and so {z} = 0 in the E, i-term, which also causes a
contradiction. This completes the proof. O

Now we can prove Proposition 3.10 as follows:

Proof of Proposition 3.10. First we show (1). By assumption, there is an
element x € B{ so that d.(z) # 0. We can assume that if y € B with
g < q, then d,(y) = 0. If we set that

AlR)=z@1l+1l@z+ ) 0%,
then A(d, (z)) =d,(A(z)) =d,(x) © 1+ 1@d,(x), and so d,(x) € P(E;1").
By Lemma 3.11, the primitive elements of E,™ consist of P(A4,), P(B,) and
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o; € ES' with s < r, and then we have that ¢ = r — 1 and d,.(z) € P"(A,).
This implies the required conclusion.
Next to show (2), let x € Bf. By Lemma 3.11, we can set that

dr(x) = Zai -b; € E:,q—r—}—l’
i>1
where a; € A, @ Ay, ... ,ar), by € B, with |a;| + |bj| = ¢+ 1 for i > 1. We

can assume that the elements b; are linearly independent for ¢ > 1. Then
we have that

A(dr (7)) = Z Aa;) Abi)

:Z ai®1+1®ai+2am®ai,j
i J

-<b¢®1+1®bi+zgi,k®gi,k>a

k

where 0 < |a; 1, |a; ;| < |a;| and 0 < |b; k], |l:?zk:| < |bi]. On the other hand,

we obtain that
A(dr(x)) = dr(A(l’)) e @ (E:,sfr+1 ® Bi) ® (Bﬁ ® E';“,t*TJrl)‘
s+t=q

For the dimensional reason, we see that ZZ j a; jb; ® a; ; = 0, which implies
that Zj a;j ® aj; = 0 for i > 1 since b; are linearly independent. This
implies that

a; € P(AT ®A(a17... ,Ozk)) = P(Ar) @{al,... ,Ozk},
and then a; € P"(A,) for i > 1. Thus we can conclude that d,(x) €
PT(A,) ® BY"! This completes the proof. O

Remark 3.12. We note that by Proposition 3.10, for » > 2, if either
P"(A;) =0 or Q" '(B,) =0, then d,(B,) =0.

4. Proof of Proposition 2.6.

In this section we prove Proposition 2.6, and thus we assume that Y is a mod
p H-space such that H*(Y) = A, and the operations (2.4) act on H*(Y).
For 1 <t <m+1, we set an algebra K; as

Kt :Z/p[.iUt, sy Tms Y1y - - 7yn]
Q@ AUy V1, 2ty e e s 2y W1y« -+, W)

with x;,y;, 2z, and wy are as in A, |vy| = 3 for 1 < ¢ <t — 1. First, we prove
the following proposition:
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Proposition 4.1. For 1 <t < m + 1, there is a mod p H-space Y; such
that Yi(3) ~Y and H*(Y;) = K; with the following operations:

Blxi) = z fort <i<m,

Bly;) = w; for 1<j<n,

PP(zmy) =wi+6  for1<1<mn,

where 0; is some decomposable element of Ky for 1 <1 <n.

For 1 <t < m, we set an algebra C; as

Ct:Z/p[uvxt-‘rla--' sy Lmy Y1,y - - - ,?/n]
®A(Ul)"' y Uty Bt+1y -+ - 5 Am+n, Wi, - - - 7wn)

with x;, yj, 2z, w; and vy for 1 < g <t —1 are as in Ky, |u| = 2 and |v] = 3.
An algebra A is said to be a K-Hopf algebra if A is a K-algebra and
has a Hopf algebra structure compatible with the C-structure, namely the
diagonal map of A becomes a K-map. It is known that for an H-space X,
H*(X) is a K-Hopf algebra. We see that if K; and C; have K-Hopf algebra
structures, then for the dimensional reason, v, is primitive for 1 < ¢ <+1.

Lemma 4.2. Suppose that the algebras K; and Cy are K-Hopf algebras with
the following operations:

B(u) = Ay for A=10 orl,
(4.3) B(x;) = 2z fort < i.S m,
Bly;) = w; for1<j<n,

PP(zmy1) = wp + 0 for1 <1 <n,

where §; is some decomposable element of Ky for 1 < 1 < n. Then the
following hold:

(1) There is a map of K-Hopf algebra f : Ky — H*(BZ/p) such that
f(zy) = wP and f = 0 on the other generators of Ky, where H*(BZ/p) =
A(0) ® Z/p[w] with B(0) = w.

(2) There is a map of K-Hopf algebra g : C; — H*(BZ/p) such that
g(u) =w and g = 0 on the other generators of Cy.

Proof. We show only (2), since (1) is proved by similar arguments.

Let I denote the ideal of C; generated by odd degree generators. For the
dimensional reason, we see that I is a Hopf ideal of C;. We show that I is
closed under the action of A,,.

For the dimensional reason, P*(I) C I for a > 1, and using the relation
BB = 0, we have that B(z) = B(w;)) =0fort+1<k<mand1<I[<n.
Thus, it sufficies to show that B(v,),B(z;) € I for 1 < ¢ <tand m+1 <
E < m+n. We see that 5(v,) is primitive since v, is primitive, and so

B(vg) = 0 since P4(Cy) = 0.
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For the dimensional reason, we can put

m
Bz) = kuP ™t + Z piur; mod I
i=t+1

for k, p; € Z/p.

If A = 1, then using the relation 53(zx) =0,k = p; =0fort+1 < i < m,
which implies that 3(z) € I.

When A = 0, using the relation 383(z;x) = 0, we have that 5(z) = xuP*!
mod I. For the dimensional reason, we have that ((z;) is primitive since
B(u) = B(vq) = 0, which implies that £ = 0, and so ((zx) € I.

From the above considerations, Cy/I is a K-Hopf algebra, and the quotient
map 7 : Cy — Cy/I becomes a map of K-Hopf algebra. Since C;/I is a
polynomial algebra, there is a monomorphism of IC-Hopf algebra o : C;/I —
H*(BV) by [1], where V is a (m +n — t + 1)-dimensional vector space over
Z/p. Tt is known that H*(BV) = A(61, . . . Omin—t+1)RZ/plw1, - - - Wimntn—t+1]
with B(0;) =wp for 1 <k <m+n—t+1.

Taking a suitable basis of V, and by the argument of [1], we can assume
that o(u) = wi, o(z;) = !, for t +1 <i < m, and o(y;) = wfjﬂ_tﬂ
for 1 < j < n. If we define a map g = (Bi)*ow, where i : Z/p — V is
the inclusion on the first factor, then g is a map of K-Hopf algebra which
satisfies the required properties. This completes the proof. O

Proof of Proposition 4.1. We proceed by an induction on t. For t = 1, if we
put Y1 = Y, then Y (3) ~ Y since Y is 3-connected, and by assumption,
H*(Y) =2 A = K; with the operations (2.4). Now we assume that there
exists an H-space Y; with the required properties.

From now on, we construct an H-space Y;;1 satisfying the required prop-
erties. For the map f of Lemma 4.2, a result of Lannes [11, Thm. 3.1.1]
implies that there is a map ¢ : BZ/p — Y; such that ¢* = f. We see that the
evaluation map ey : Map(BZ/p,Y;)s — Y becomes a homotopy equivalence
by Theorem 3.1 and Proposition 3.2. Let ¢ : BZ/p — Map(BZ/p,Y;)s be
the adjoint of ¢u, where p is the multiplication of an H-structure of BZ/p.
Then we have the following commutative diagram of fibrations:

BZ/p —— BZ/p —— EBZ/p —— B?Z/p

wy o J | |

Y, 2~ Map(BZ/p,Y))y —— E, —— BZ/p,

where Ey = EBZ/p X gz, Map(BZ/p, Y;)4 denotes the Borel construction.
Since f is a map of IC-Hopf algebra, ¢ is an H-map, and so the bottom
fibration becomes an H-fibration by Proposition 3.3. The Fs-term of the
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Serre spectral sequence for this fibration is given as
Ey" = H*(B*Z/p) © H*(Y;)

for H*(B*Z/p) = Z/pln, BPB(n) | i = 0] @ A(B(n), P2B(n) | i = 0),
where P2 = PP' ... Pl and n denotes the fundamental class. Now we use
the notations from Proposition 3.10.

For the dimensional reason and by Remark 3.12, we have that E;g:_l =

E3™. The generator ; is transgressive for ¢ < i < m, and then by using the
naturality of the diagram (4.4), and by Proposition 3.10, we obtain that

P1B(n) for i = ¢,
0 fort+1<i<m.

(4.5) dap1(zi) = {
By the Kudo transgression theorem, there are the following differentials:

k
dopi(p-1) 41 (P2 B(m) @2t P7V) = gPA%A(y)  for k > 1.
In particular, we see that
(4.7) dapip—1)11(P B(n) @ 2l ~1) = BPA15(n)

in the Eop,_1y41-term. Since H(Y;) =0, dopy1(z) =0 for 1 <k <m+n.
If dopt1(y;) # 0, then we can replace the generator y; so that dopt1(y;) =0
for 1 < j < n. In fact, by Proposition 3.10, we can write

p—1
dopr1(y;) =P'B(n) ® Y barf,
s=0

where b, are polynomials of generators of H*(Y;) other than z; for 0 < s <
p — 1. If we put y; as

—2
g_y_pz: 1 b.CCSJrl
J — sLt )

8208—1-1

then by (4.5), daps1(5;) = P'B(n) @ by_12? ™", and applying the differential
dap(p—1)+1 to {P3(n) ®bp_1atf_1} = 0 in the Ey,(,_1)4+1-term, we have that
{BP?13(n) ® by—1} = 0. This implies that b,—; = 0, and so dap+1(7;) = 0.
Similarly, we can replace the generators w; so that dopt1(w;) = 0 for 1 <
[ <n. Then the Fy, o-term of the spectral sequence is given as

E5 o = Agpra ® Bapra @ A(P'S(n) @ z ),

where Agpio 2 Agpi1/(P1B(n)) and Bapio is generated by the generators
of By,41 other than ;.
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By (4.5), we have that

BPLB(n) for k =t,
0 fort+1<k<m,

dopt2(2k) = {

and for m+1 < k < m+n, if dypi2(2z;) # 0, then by Proposition 3.10,
dopt2(2k) = apBPIB(n) for some ay, € Z/p. If we set 2z = 2z — agze, then
dop+2(Zk) = 0. If dopia(yj) # 0, then by Proposition 3.10, we can write that

dopt2(y;j) = BPB(n) @ (b + br21),

where b, are polynomials of generators of Bapy o other than z; for s = 0, 1.
If we set §; = y; — bozt, then dopio(y;) = BPB(n) @ brz¢, and applying
dop+2 to dopi2(7;), we have that (8P13(n))? ® by = 0, which implies that
by = 0, and so dgp+2(yj) = 0. By the same arguments, we can replace the
generators w; so that da,q2(w;) =0 for 1 <1 < n. Then we obtain that

By 32 Agpy3 @ Bopyz ® AP*B(m) @ 2 ™),

where Agpig X Agyio/(BP1B(n)) and Bayys is generated by the generators
of Bypio other than z;. For the dimensional reason and by Remark 3.12,

E;;Epfl)ﬂ = E;‘;;?), and by (4.7), E;;Epfl)w = Agp(p—1)+2 @ Bapp—1)+2>

where Agp-1)12 = Agpp-1)+1/(BPA1B(n)) and Bapp—1)12 = Bapp—1)+1-
Furthermore, for the dimensional reason and by Remark 3.12, E)% <

2p%+1

E;}’;zpil) 4os and so we conclude that

By = Ay ® By
for

Ao yy = HY(B*Z/p)/(BP'B(n), P' B(n))
and

B2p2+1 = Z/p[.’l?f7$t+1, ey Tmy Y1y e - ayn]

® A(/Ulv cee 5 Ut—152t+15 - - - 5 Zm4n, W1, - - - ,U)n).

By iterating this process, we can compute the spectral sequence. In par-
ticular, the differentials are completely determined by (4.6), and so we have
that for £ > 1,

E;;;“—i-l = A2pk+1 ® Bka—i-b

where

Ay = H*(B*Z/p)/ (BP28(n), P2 B(n) | 0<j <k —2)
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and

k—1
~ vy
Bka+1 2T/p Ty Ty Ty YLy - 7yn]

®A(’U]_,... y Ut—152t+15 -+ s Zm+n, W1, - - - 7w’n)'

This implies that H*(E;) = C; as algebras, where u and v; represent the
generators 7 and 3(n) in H*(B%Z/p). Since

K*(z;) = x; fort+1<i<m,

K (0) = Uy for1<j<n,

K*(zk) = 2k fort+1<k<m,

K*(zk) = 2K — apzt form+1<k<m-+n,a,€Z/p,
K*(wy) = wy for1<li<n

up to decomposable elements and PP(z;) = 0, we can take the generators of
H*(E1) satisfying the condition (4.3) with A = 1.

Next we apply same arguments to the H-space Fi. For the map g of
Lemma 4.2, a result of Lannes [11, Thm. 3.1.1] implies that there is a
map 91 : BZ/p — FE; such that 7 = g. The evaluation map ey, :
Map(BZ/p, E1)y, — Ei is a homotopy equivalence by Theorem 3.1 and
Proposition 3.2. Let 1 : BZ/p — Map(BZ/p, E1)y, be the adjoint of 1 p.
Then, we have the following H-fibration by the same construction as above:

Ey «— Map(BZ/p, E1)y, — Ey — B*Z/p,

where Ey = (Map(BZ/p, E1)y, )npz/p denotes the Borel construction. Com-
puting the spectral sequence for this fibration as above, we conclude that
H*(FE3) = C; with the operations (4.3) with A = 0.

Iterating this process, we have the following sequence of H-spaces and
H-maps:

V; 5 By 5 By

satisfying H*(Y;) = K;, H*(Es) = C; with the operations (4.3) with A =1
fors=1and A =0 for s > 1, k%(u) = 0 and

Ky HY (Bon)/ (w) — H*(EL)/(u)
is an isomorphism for s > 1.
If we set Y41 = h_II}l sFs, then there is the Milnor exact sequence
0 — lim BT (B,) — H'(Yi1) — lim (H*(E,) — 0.

Since lim {H**!(E,) = 0 by the Mittag-Leffler condition, we have that
H*(Yi41) & liLnSH*(ES) & K1, and by Proposition 3.6, we see that
Yi+1 has an H-structure. Let F' be the homotopy fiber of the composite
Ey — Y41, then H*(F) = H*(K(Z,2)) by the spectral sequence argument,
and this implies that F' ~ K(Z,2). By the cohomology, F; is homotopy



326 YUSUKE KAWAMOTO

equivalent to the homotopy fiber of [p]v; : Yi11 — K(Z,3). Therefore, we
have the following commutative diagram of fibrations:

Y, EELIN o8 SN B2Z/p

| J |

Yipi(o) —— Y —— K(Z,3)

| | |
which implies that Y; ~ Y;1(v;), where Y;1(v;) denotes the homotopy fiber
of the map v : Vi1 — K(Z,3). By the induction hypothesis, ¥;(3) ~ Y,
and so we have that Y;;1(3) ~ (Yi41(v))(3) ~ Y. This completes the
proof. O

Next, for 1 <t <n+ 1, we set an algebra L; as
Ly = Z/p[yt7 <o 72-/”]

Q AV, -+ Umntt—1s Zmtbts -+ 5 Zmbns Cly « « 5 Cb1y Wiy« + oy W)

with y;, z; and w; are as in A, |vg| = 3 for 1 < ¢ < m+t—1, and |¢,| = 2p+1
for 1 <r <t — 1. Then we have the following proposition:

Proposition 4.8. For1l <t <n+1, there is a mod p H-space Z; such that
Zy(3) ~ Y and H*(Zy) = Ly with the following operations:

Blyj) = w; fort<j<mn,
(4.9) Pl(vmar) = ¢ for1<r<t-—1,
PP(zpma1) = wy + 0 fort <l<mn,

where 0; is some decomposable element of Ly fort <l <n.

Proposition 4.8 is proved by same arguments as in Proposition 4.1, and
so we give an outline of the proof.

We proceed by an induction on 1 <t < n+ 1. For ¢t = 1, if we set
Z1 = Y41, then by Proposition 4.1, Z; satisfies the required properties. We
assume that there exists an H-space Z; with the conditions of Proposition
4.8, and construct an H-space Z;1 satisfying the required properties.

We can construct a K-Hopf algebra map h : H*(Z;) — H*(BZ/p) such
that h(y;) = wP” and h = 0 on the other generators. By a result of Lannes,
there is an H-map & : BZ/p — Z; such that £* = h, and we see that the
evaluation map e¢ : Map(BZ/p, Z;)¢ — Z; becomes a homotopy equivalence.
For an H-structure p of BZ/p, if v : BZ/p — Map(BZ/p, Z;)¢ denotes the
adjoint of £u, then we have the following fibration:

Z; «— Map(BZ/p, Z;)e — F1 — B*Z/p,
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where Fi is an H-space given by the Borel construction for ¢.
For 1 <t <n+1, weset an algebra D, as

-Dt = Z/p[uayt-‘rla .. )yn]
b2y A(U17 <o s Umtty BmAt+1s -+ 5 ZmAns Cly -+ 5 Gty Wit 1, - - 7wn)
with y;, 2z, w; and v, for 1 < ¢ < m+t—1areasin Ly, |u| = 2 and |vp4+] = 3.
Then, using the Serre spectral sequence, we have that H*(Fy) = D; with

the operations (4.9) and B(u) = v+ Iterating this process, we have a
sequence of H-spaces and H-maps

Zt—>F1—>F2—>"'

such that H*(Z;) = L;, H*(Fs) = D, with the operations (4.9). If we set
Zit1 = 1&)11 sFs, then Z;;1 has an H-structure, and using the Milnor exact
sequence, we obtain that H*(Ziy1) = Ly with the operations (4.9). We
can show that the homotopy fiber Z;;1(vim+¢) ~ Z;, and so by the induction
hypothesis, the three-connected cover Z;41(3) ~ Y. This establishes the
proof of Proposition 4.8.

Now we set W = Z,41. Then W is a simply connected mod p finite
H-space such that

H*(W) 2 A(v1,. -« s UmtnsCly -+ ,Cn)

with PY(zpmar) = ¢ for 1 <7 < mn, and Y ~ W (3) by Proposition 4.8. This
completes the proof of Proposition 2.6. O
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