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SOME SUMMATIONS OF q-SERIES BY TELESCOPING
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Summation formulae for q-series with independent bases
are obtained and used to derive transformation and expansion
of q-series involving independent bases.

1. Introduction.

The sum of the first (n + 1)-terms of the non-terminating very-well-poised
6φ5[q][1]

(1.1)
n∑

k=0

(1− aq2k)
(1− a)

(a, b, c, a
bc ; q)k

(q, aq
b , aq

c , bcq; q)k
qk =

(aq, bq, cq, aq
bc ; q)n

(aq
b , aq

c , bcq, q; q)n

follows from Jacksons q-analgue of Whipple’s summation formula for a ter-
minating very-well-poised balanced 8φ7[q] (in [4, 2.6.2] setting e = aqn+1).
A bibasic analogue of (1.1) was obtained by Gasper [3].

n∑
k=0

(1− aqkpk)(1− bpkq−k)
(1− a)(1− b)

(a, b; p)k(c, a
bc ; q)k

(q, aq
b , q)k(

ap
c , bcp; p)k

qk(1.2)

=
(ap, bp; p)n(cq, aq

bc ; q)n

(q, aq
b ; q)n(ap

c , bcp; p)n
, n = 0, 1, 2, . . .

and he used it for obtaining quadratic and cubic summation and trans-
formations formulae for q-hypergeometric series. A little later Gasper and
Rahman [5] obtained a bilateral extension of Gasper’s bibasic summation
formula (1.2):

If m,n are non-negative integers, then
n∑

k=−m

(1− adpkqk)
(1− ad)

(1− bpkq−k

d )

(1− b
d)

(a, b; p)k

(dq, adq
b ; q)k

(c, ad2

bc ; q)k

(adp
c , bcp

d ; p)k

qk(1.3)

=
(1− a)(1− b)(1− c)(1− ad2

bc )

d(1− ad)(1− b
d)(1− c

d)(1− ad
bc )

×

{
(ap, bp; p)n

(dq, adq
b ; q)n

(cq, ad2q
bc ; q)n

(adp
c , bcp

d ; q)n

−
( c

ad , d
bc ; p)m+1(1

d , b
ad ; q)m+1

(1
c ,

bc
ad2 ; q)m+1( 1

a , 1
b ; p)m+1

}
.
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Jain and Verma [6] used transformations of q-hypergeometric series to
obtain a summation formula involving three independent bases:

n∑
k=−m

(β; p)k(c; q)k(y; p)k(βyc
d2 ; pP

q )k[(1− βcy
d pkP k)(1− y

dP kq−k)(1− β
d pkq−k)]qk

(dq; q)k(βcp
d ; p)k(βy

d
pP
q ; pP

q )k( cyP
d2 ;P )k

(1.4)

=
(1− β)(1− c)(1− y)(1− βcy

d2 )
(c− d)

{
( d

βc ; p)m+1( 1
d ; q)m+1( d

cy ;P )m+1( d
βy ; pP

q )m+1

( 1
β ; p)m+1( 1

c ; q)m+1( 1
y ;P )m+1( d2

βcy ; pP
q )m+1

−
(βp; p)n(cq; q)n(yP ;P )n(βcy

d2
pP
q ; pP

q )n

(βcp
d ; p)n(dq; q)n( cyP

d ;P )n(βy
d

pP
q ; pP

q )n

}
,

which for P = q reduces to the Gasper-Rahman’s summation formula (1.3).
The proof of (1.4) could be given by considering

βk =
(βp; p)k(cq; q)k(yP ;P )k(

βcy
d2

pP
q ; pP

q )k

(βc
d p; p)k(dq; q)k(

cy
d P ;P )k(

βy
d

pP
q ; pP

q )k

and observing that

∆βk = (βp; p)k−1(cq; q)k−1(yP ;P )k−1

(
βyc

d2

pP

q
;
pP

q

)
k−1

(1.5)

×

[
(1− βcy

d2 pkP k)(1− y
d P kq−k)(1− β

d pkq−k)
]

(βcp
d ; p)k(dq; q)k(

βy
d

pP
q ; pP

q )k(
cyP
d ;P )k

,

and summing for k from −m to n (m,n are non-negative integers) and using
the usual convention:

(1.6)
n∏

k=m

Ak =


AmAm+1 · · ·An m ≤ n

1 m = n− 1
(An+1An+2 · · ·Am−1)−1 m ≥ n− 2.

Chu [2] obtained a generalization of Gasper-Rahman’s formula (after re-
naming suitably the sequences so as to remove redundant sequences)

n∑
k=−m

(1− αakbk)(bk − ak
αd)

(1− αa0b0)(b0 − a0
dα)

k−1∏
j=0

[(1− aj)(1− aj

d )(1− cbj)(1− α2d
c bj)]

k∏
j=1

[(1− αbj)(1− αdbj)(1− αaj

c )(1− c
dαaj)]

(1.7)

=
(1− a0)(1− a0

d )(1− b0c)(1− α2d
c b0)

α(1− αa0b0)(1− c
α)(b0 − a0

dα)(1− αd
c )
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×

{
n∏

j=1

[
(1− aj)(1− aj

d )(1− bjc)(1− α2d
c bj)

(1− αbj)(1− αbjd)(1− αaj

c )(1− c
αd aj)

]

−
0∏

j=−m

[
(1− αbj)(1− αdbj)(1− αaj

c )(1− c
αd aj)

(1− aj)(1− aj

d )(1− cbj)(1− α2d
c bj)

] }

where 〈aj〉 and 〈bj〉 are arbitrary sequences such that none of the terms in
the denominators vanish. This reduces to the Gasper-Rahman summation
formula on setting ak = apk, bk = qk and replacing α and d by d and a/b,
respectively.

In this paper we obtain in §2 a generalization of Chu’s summation for-
mula (1.7) involving four arbitrary sequences, which on specialization yields
an extension of (1.1) to a summation formula with four independent bases
p, q, P and Q and incorporating (1.7) as a special case. An expansion of the

series
∞∑

n=0
AnBn(wx)n into a series involving three independent bases is de-

veloped. A transformation of a series involving eight independent sequences
is also developed. The note is concluded by obtaining in §3 some summation
formulas which are different from the known ones by telescoping of series
including q-Paff-Saalschütz’s summation formula for a terminating balanced
3φ2[q].

§2.

We begin this section by proving the summation formula:
If 〈uk〉, 〈vk〉, 〈wk〉 and 〈zk〉 are arbitrary sequences such that none of the

terms in the denominators vanish and M,N are non-negative integers then

n∑
k=−m

(1− ukvkwkzk)(1− wkzk
ukvk

)(1− vkzk
ukwj

)(1− ukzk
vkwk

)

(1− u0v0w0z0)(1− w0z0
u0v0

)(1− v0z0
u0w0

)(1− u0z0
v0w0

)
(2.1)

×

k−1∏
j=0

[(1− u2
j )(1− v2

j )(1− w2
j )(1− z2

j )](ukvkwk
zk

)

k∏
j=1

[(1− vjwjzj

uj
)(1− ujwjzj

vj
)(1− ujvjzj

wj
)(1− ujvjwj

zj
)]

=
(1− u2

0)(1− v2
0)(1− w2

0)(1− z2
0)

(1− u0v0w0z0)(1− w0z0
u0v0

)(1− v0z0
u0w0

)(1− u0z0
v0w0

)

×

{
n∏

j=1

[
(1− u2

j )(1− v2
j )(1− w2

j )(1− z2
j )

(1− vjwjzj

uj
)(1− ujwjzj

vj
)(1− ujvjzj

wj
)(1− ujvjwj

zj
)

]
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−
0∏

j=−m

[
(1− vjwjzj

uj
)(1− ujwjzj

vj
)(1− ujvjzj

wj
)(1− ujvjwj

zj
)

(1− u2
j )(1− v2

j )(1− w2
j )(1− z2

j )

]}
.

Proof. Let

τ
k

=
k∏

j=1

[
(1− u2

j )(1− v2
j )(1− w2

j )(1− z2
j )

(1− vjwjzj

uj
)(1− ujwjzj

vj
)(1− ujvjzj

wj
)(1− ujvjwj

zj
)

]
.

Then by straight forward calculations, we get

∆τ
k

=

k−1∏
j=1

[
(1− u2

j )(1− v2
j )(1− w2

j )(1− z2
j )
]

k∏
j=1

[
(1− vjwjzj

uj
)(1− ujwjzj

vj
)(1− ujvjzj

wj
)(1− ujvjwj

zj
)
]
( zk

ukvkwk
)

×
[
(1− ukvkwkzk)

(
1− wkzk

ukvk

)(
1− vkzk

ukwk

)(
1− ukzk

vkwk

)]
where ∆τ

k
= τ

k
− τ

k−1
. Now summing with respect to k from −m to n, and

using the fact that
n∑

k=−m

τ
k

= τn − τ−m−1 and keeping in mind (1.6), we get

(2.1) on simplification.
By setting uj =

√
a pj , vj =

√
c qj , wj =

√
b P j , zj = d

√
a
bc Qj in (2.1),

we get a summation formula involving four independent bases:

n∑
k=−m

(1− adpkqkP kQk)(c− dP kQk

pkqk )(1− bpkP k

dqkQk )(1− ad
bc

pkQk

qkP k )q2k

(1− ad)(c− d)(1− b
d)(1− ad

bc )
(2.2)

×
(a; p2)k(c; q2)k(b;P 2)k(ad2

bc ;Q2)k

(d qPQ
p ; qPQ

p )k(ad
c

pPQ
q ; pPQ

q )k(ad
b

pqQ
P ; pqQ

P )k( bc
d

pqP
Q ; pqP

Q )k

=
(1− a)(1− b)(1− c)(1− ad2

bc )

(1− ad)(c− d)(1− b
d)(1− ad

bc )

×

{
(ap2; p2)n(cq2; q2)n(bP 2;P 2)n(ad2

bc Q2;Q2)n

(dqPQ
p ; qPQ

p )n(ad
c

pPQ
q ; pPQ

q )n(ad
b

pqQ
P ; pqQ

P )n( bc
d

pqP
Q ; pqP

Q )n

−
(1

d ; qPQ
p )m+1( c

ad ; pPQ
q )m+1( b

ad ; pqQ
P )m+1( d

bc ;
pqP
Q )m+1

( 1
a ; p2)m+1(1

c ; q
2)m+1(1

b ;P
2)m+1( bc

ad ;Q2)m+1

}
.

Summation formula (2.2), on setting Q = pP
q and replacing p2, q2, P 2, a, b,

d by p, q, P, β, y, cy
d , respectively, reduces to the summation formula (1.4),

which in turn incorporates (1.3) and (1.2) as special cases.
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It may be pointed out that (2.2) reduces to Chu’s summation formula
(1.7) on setting uj = √

aj , vj = √
aj/

√
d, wj =

√
cbj , zj = α

√
d/c

√
bj .

Setting m = 0 in (2.2), replacing zi by αzi and setting α = u0
v0w0z0

, we get
that

n∑
j=0

(v0w0z0
u0

− ujvjwjzj)(v0w0z0
u0

− wjzj

ujvj
)(v0w0z0

u0
− vjzj

ujwj
)(v0w0z0

u0
− ujzj

vjwj
)ujvjwj

zj

(1− u2
0)(1− v2

0)(1− w2
0)(v

2
0w2

0 − u2
0)

(2.3)

×

j−1∏
i=0

[(1− u2
i )(1− v2

i )(1− w2
i )(v2

0w2
0z2

0
u2

0
− z2

i )]

k∏
i=1

[(v0w0z0
u0

− viwizi

ui
)(v0w0z0

u0
− uiwizi

vi
)(v0w0z0

u0
− uivizi

wi
)( u0

v0w0z0
− uiviwi

zi
)]

=
z3
0

v0w0u3
0

×
n∏

i=1

 (1− u2
i )(1− v2

i )(1− w2
i )(v2

0w2
0z2

0
u2

0
− z2

i )

(vow0z0
u0

− viwizi

ui
)(v0w0z0

u0
− uiwizi

vi
)(v0w0z0

u0
− uivizi

wi
)( u0

v0w0z0
− uiviwi

zi
)

.

Next, using (2.3), the following transformation involving eight arbitrary
sequences is obtained:

nX
k=0

n−kY
i=1

24 (1− U2
i )(1− V 2

i )(1−W 2
i )(

V 2
0 W2

0 Z2
0

U2
0

− Z2
i )

(V0W0Z0
U0

− ViWiZi
Ui

)(V0W0Z0
U0

− UiWiZi
Vi

)(V0W0Z0
U0

− UiViZi
Wi

)( U0
V0W0Z0

− UiViWi
Zi

)

35
(2.4)

×
( v0w0z0

u0
− ukvkwkzk)( v0w0z0

u0
− wkzk

ukvk
)( v0w0z0

u0
− vkzk

ukwk
)( v0w0z0

u0
− ukzk

vkwk
) ukvkwk

zk

(1− u2
0)(1− v2

0)(1− w2
0)(v

2
0w2

0 − u2
0)

×

k−1Q
i=0

[(1− u2
i )(1− v2

i )(1− w2
i )(

v2
0w2

0z2
0

u2
0

− z2
i )]

kQ
i=1

[( v0w0z0
u0

− viwizi
ui

)( v0w0z0
u0

− uiwizi
vi

)( v0w0z0
u0

− uivizi
wi

)( u0
v0w0z0

− uiviwi
zi

)]

=
V0W0U

3
0

Z3
0

z3
0

v0w0u3
0

×
nY

i=1

"
(1− u2

i )(1− v2
i )(1− w2

i )(
v2
0w2

0z2
0

u2
0

− z2
i )

( v0w0z0
u0

− viwizi
ui

)( v0w0z0
u0

− uiwizi
vi

)( v0w0z0
u0

− uivizi
wi

)( u0
v0w0z0

− uiviwi
zi

)

#

×
nX

j=0

(V0W0Z0
U0

− UjVjWjZj)(
V0W0Z0

U0
− WjZj

UjVj
)(V0W0Z0

U0
− VjZj

UjWj
)(V0W0Z0

U0
− UjZj

VjWj
)

(1− U2
0 )(1− V 2

0 )(1−W 2
0 )(V 2

0 W 2
0 − U2

0 )
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× UjVjWj

Zj

×
j−1Y
i=0

»
(1− U2

i )(1− V 2
i )(1−W 2

i )

„
V 2

0 W 2
0 Z2

0

U2
0

− Z2
i

«

×
„

v0w0z0

u0
− vn−iwn−izn−i

un−i

« „
v0w0z0

u0
− un−iwn−izn−i

vn−i

« –

× 1
jQ

i=0

h“
V0W0Z0

U0
− UiWiZi

Ui

”“
V0W0Z0

U0
− UiWiZi

Vi

”“
V0W0Z0

U0
− UiViZi

Wi

”“
U0

V0W0Z0
− UiViWi

Zi

”i

×

j−1Q
i=0

h“
v0w0z0

u0
− un−ivn−izn−i

wn−i

” “
u0

v0w0z0
− un−ivn−iwn−i

zn−i

”i
jQ

i=0

h
(1− u2

1+n−i)(1− v2
1+n−i)(1− w2

1+n−i)
“

v2
0w2

0z2
0

u2
0

− z2
1+n−i

”i .

Transformation (2.4) can be proved by expanding the first product on the
left hand side by using (2.3) (with n replaced by n − k), interchanging the
order of summations and evaluating the inner sum by using (2.3) once again
and simplifying to get the right hand side of (2.4).

Transformation (2.4), on replacing ui, vi, wi, zi, Ui, Vi,Wi, Zi by
√

a pi,√
c qi,

√
b P i, Qi,

√
A p̃ i,

√
C q̃ i,

√
B P̃ i, Q̃i, respectively, reduces on some

simplification to the following transformation of q-series involving eight in-
dependent bases:

n∑
k=0

(1− apkqkP kQk)( qkP kQk

pk − cq2k)(1− b pkP k

qkQk )(1− a
bc

pkQk

qkP k )

(1− a)(1− c)(1− b)(1− a
bc)

(2.5)

×
(a; p2)k(c; q2)k(b;P 2)k( a

bc ;Q
2)k

( qPQ
p ; qPQ

p )k(a
c

pPQ
q ; pPQ

q )k(a
b

pqQ
P ; pqQ

P )k(bc
pqP
Q ; pqP

Q )k

×
( eq−n eP−n eQ−nep−n ; eq eP eQep )k(C

A
ep−n eP−n eQ−neq−n ; ep eP eQeq )k(B

A
ep−neq−n eQ−neP−n

; epeq eQeP )k

( ep−2n

A ; p̃ 2)k(
eq−2n

C ; q̃ 2)k(
eP−2n

B ; P̃ 2)k(BC
A Q̃−2n; Q̃2)k

×

(
p̃−nq̃−nP̃−n

BCQ̃−n
;
p̃q̃P̃

Q̃

)
k

=
(ap2; p2)n(cq2; q2)n(bP 2;P 2)n(aQ2

bc ;Q2)n

( qPQ
p ; qPQ

p )n(a
c

pPQ
q ; pPQ

q )n(a
b

pqQ
P ; pqQ

P )n(bc pqP
Q ; pqP

Q )n
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×
( eq eP eQep ; eq eP eQep )n(A

C
ep eP eQeq ; ep eP eQeq )n(A

B
epeq eQeP ; epeq eQeP )n(BC epeq ePeQ ; epeq ePeQ )n

(ap̃ 2; p̃ 2)n(Cq̃ 2; q̃ 2)n(BP̃ 2; P̃ 2)n(A eQ2

BC ; Q̃2)n

×
n∑

j=0

(1−Ap̃j q̃jP̃ jQ̃j)( eqj eP j eQjepj − Cq̃2j)(1− Bepj eP jeqj eQj
)(1− A

BC
epj eQjeqj eP j

)

(1−A)(1− C)(1−B)(1− A
BC )

×
(A; p̃2)j(C; q̃2)j(B; P̃ 2)j( A

BC ; Q̃2)j

( eq eP eQep ; eq eP eQep )j(A
C

ep eP eQeq ; ep eP eQeq )j(A
B

epeq eQeP ; epeq eQeP )j(BC epeq ePeQ ; epeq ePeQ )j

×
( q−nP−nQ−n

p−n ; qPQ
P )j( c

a
p−nP−nQ−n

q−n ; pPQ
q )j( b

a
p−nq−nQ−n

P−n ; pqQ
P )j

(p−2n

a ; p2)j( q−2n

c ; q2)j(P−2n

b ;P 2)j( bcQ−2n

a ;Q2)j

×
(

p−nq−nP−n

bcQ−n
;
pqP

Q

)
j

.

Transformation (2.5) is a generalization of Gasper’s [4, Ex. 3.21] quad-
basic transformation (from which Gasper deduces a transformation of a half-
poised 10φ9 into another half-poised 10φ9 [4, Ex. 3.24]) to which it reduces
on setting Q = q, P = p, P̃ = p̃, Q̃ = q̃ and then replacing p2, q2, p̃2 and
q̃2 by p, q, P and Q, respectively.

Next, we obtain an expansion of
∞∑

r=0
ArBr(xw)r/(q; q)r terms of q-series

having three independent bases. In the summation formula (2.2), setting
m = 0, c = q−2n, where n is a non-negative integer and letting d → 1, we
get

n∑
j=0

(1− apjqjP jQj)( qjP jQj

pj − q2j−2n)(1− bpjP j

qjQj )(1− a
b

pjQj

qj−2nP j )

(1− a)(1− q−2n)(1− b)(1− a
b q2n)

×
(a; p2)j(q−2n; q2)j(b;P 2)j(a

b q2n;Q2)j

( qPQ
p ; qPQ

p )j(apPQ
q1−2n ; pPQ

q )j(a
b

pqQ
P ; pqQ

P )j( bpq1−2nP
Q ; pqP

Q )j

= δn,0.

Replacing a and b by aprqrP rQr and bprq−rP rQ−r respectively, where r is
a non-negative integer, setting Q = pq

P and then replacing p2, q2, P 2, n by
p, q, P, m, respectively, we get

δm,0 =
m∑

j=0

(1− apj+rqj+r)(1− bP j+rq−j−r)(1− a
b pr+jq2r+mP−r−j)qj

(1− aprqr)(1− bP rq−r)(1− a
b prq2r+mP−r)

(2.6)

×
(aprqr; p)j(q−m; q)j(bP rq−r;P )j(a

b prq2r+mP−r; pq
P )j

(q; q)j(ap1+rqr+m; p)j(a
b pr+1q1+2rP−r−1; pq

P )j(bq−m−rP r+1;P )j
.
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But, we know that

Brx
r

=
∞∑

m=0

(1− a
b pr+mq2r+2mP−r−m)(a

b prq2rP−r; pq
P )m(apqr; p)r(bPq−r;P )r

(1− a
b prq2rP−r)(q; q)m(apqr+m; p)r(bPq−m−r;P )r

× {q−rmBr+mCr,mxr+mδm,0},

where 〈Br〉 and 〈Cr,m〉 are arbitrary sequences of complex numbers such that
Cr,0 = 1 for r = 0, 1, 2, . . . Substituting for δm,0 from (2.6), interchanging
the order of summation and setting j = n− r and m = n + k − r, we get

Brx
r =

∞∑
k=0

∞∑
n=r

(−)n(1− apnqn)(apqr; p)n−1(1− bPnq−n)(bPq−r;P )n−1

×
(1− a

b pn+kq2n+2kP−n−k)xn+k(q−n; q)r

(apqn+k; p)n(bPq−n−k;P )n(q; q)n(q; q)k{(
1− a

b
pnqn+k+rP−n

)(a

b

pn+1qn+r+1

Pn+1
;
pq

P

)
k−1

×
(a

b
pr+1qn+k+r+1P−r−1;

pq

P

)
n−r−1

Bn+kCr,n+k−rq
n(r−k−n)+n2

2
+n

2

}
.

Multiplying both sides by Arwr

(q;q)r
and summing from r = 0 to ∞ and inter-

changing the order of summation on the right hand side, we get
∞∑

r=0

ArBr
(xw)r

(q; q)r

=
∞∑

n=0

(1− apnqn)(1− bPnq−n)(−x)nq(
n
2)+n

(q; q)n

×
∞∑

k=0

(1− a
b

pn+kq2n+2k

P n+k )xkBn+k

(q; q)k(apqn+k; p)n(bPq−n−k;P )n

×
∞∑

r=0

(q−n; q)r(apqr; p)n−1(bPq−r;P )n−1

(q; q)r

×
{(

1− a

b

pnqn+k+r

P r

)(
a

b

pn+1qn+r+1

Pn+1
;
pq

P

)
k−1

×
(

a

b

pr+1qn+k+r+1

P r+1
;
pq

P

)
n−r−1

}
Cr,n+k−rw

nqn(r−k−n)Ar,

which is a generalization of Gasper’s bibasic expansion formula [4, (3.7.6)] to
which it reduces on setting P = p. It may be noted that on setting P = p the
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terms in {· · · } of the above expression combine to yield (a
b qn+r+1; q)n+k−r−1

as in the bibasic expansion formula of Gasper [4, (3.7.6)].

§3.

All the summation formulae proved so far are for one generalization of (1.1),
a very-well-poised q-series. We next derive a summation formula which gives
the sum of a balanced series.

Let 〈xi〉, 〈yi〉 and 〈zi〉 be arbitrary sequences and a an indeterminate so
that none of the terms in the denominators vanish and m,n are non-negative
integers. Then

n∑
k=−m

(1− yk
azk

)(1− xk
azk

)zk

(1− y0

az0
)(1− x0

az0
)

k−1∏
i=0

[(1− xi)(1− yi)]

k∏
i=1

[(1− azi)(1− xiyi

azi
)]

=
(1− x0)(1− y0)

a(1− y0

az0
)(1− x0

az0
)

×

{
n∏

i=1

[
(1− xi)(1− yi)

(1− azi)(1− xiyi

azi
)

]
−

0∏
i=−m

[
(1− azi)(1− xiyi

azi
)

(1− xi)(1− yi)

]}
.(3.1)

For proving (3.1) we consider

τ
k

=
k∏

i=1

[
(1− xi)(1− yi)

(1− azi)(1− xiyi

azi
)

]
.

Then by straight forward calculations we find that

∆τ
k

= azk

(
1− yk

azk

)(
1− xk

azk

) k−1∏
i=1

[(1− xi)(1− yi)]

k∏
i=1

[(1− azi)(1− xiyi

zi
)]

,

which on summing over k from −m to n, gives (3.1) after using (1.6).
In view of this it is natural to look for a telescoping proof of the

q-Paff-Salschütz summation formula [4, (1.7.2)]

(3.2) Sn ≡ 3φ2

[
a, b, q−n; q, q
c, ab

c q1−n

]
=

( c
a , c

b ; q)n

(c, c
ab ; q)n

.

To this end define for non-negative integers n and r

F (n, r) =
(a, b, q−n; q)rq

r

(q, c, ab
c q1−n; q)r
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and G(n, r) =
(a, b; q)r+1(q−n; q)r

(q, c, ab
c q1−n; q)r

.

Notice that S0 = 1, G(n, n + 1) = G(0,−1) = 0. By straightforward calcu-
lations we can verify that(

1− c

a
qn
)(

1− c

b
qn
)

F (n, r)− (1− cqn)
(

1− cqn

ab

)
F (n + 1, r)

− c

ab
qn[G(n, r)−G(n, r − 1)] = 0.

Summing over r from 0 to n + 1 and using G(n, n + 1) = 0 = G(0,−1), we
get (

1− c

a
qn
)(

1− c

a
qn
)

Sn = (1− cqn)
(
1− c

ab

)
Sn+1

which yields

Sn =
( c

a , c
b ; q)n

(c, c
ab ; q)n

S0.

By using S0 = 1, we get (3.2).
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