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CLASSIFICATION OF STRONGLY FREE ACTIONS OF
DISCRETE AMENABLE GROUPS ON
STRONGLY AMENABLE SUBFACTORS OF TYPE II1I,

TOSHIHIKO MASUDA

We classify the strongly free actions of discrete amen-
able groups on strongly amenable subfactors of type IIl,.
Winslgw’s fundamental homomorphism is a complete invari-
ant.

1. Introduction.

In the theory of operator algebras, classification of group actions on approx-
imately finite dimensional (AFD) factors has been done since Connes’s work
[2].

In subfactor theory, various results on classification of group actions have
been obtained. The most powerful results have been obtained by Popa in
[16], who classified the strongly outer actions of discrete amenable groups on
strongly amenable subfactors of type II; up to cocycle conjugacy. (Strong
outerness for automorphisms are introduced by Choda-Kosaki in [1], and
Popa in [16] independently. Popa use the terminology “proper outerness”.)

In our previous work [13], we have classified the strongly free actions
of discrete amenable groups on strongly amenable subfactors of type III,,
0 < A < 1. Our method in [13] has been based on [18] and [19]. But in [18]
and [19], Sutherland and Takesaki treated factors of type III, 0 < A < 1,
including the case A = 0. So it is natural to ask if their method works for
the classification of group actions on subfactors of type IIly. In this paper,
we classify strongly free actions of discrete amenable groups on strongly
amenable subfactors of type I1Ig. The complete invariant we use is Winslgw’s
fundamental homomorphism, [22, Definition 4.2], which is an analogue of
the Connes-Takesaki module ([5]) in subfactor theory. It is well known
that in the single factor case, centrally free actions of discrete amenable
groups on injective factors are completely classified by their Connes-Takesaki
modules, [2], [14], [18], [19], [10]. And in subfactor theory, strong freeness
is an analogy of centrally freeness, so the results in [13] and this paper
are “subfactor-version” of these results. (In the case of strongly amenable
subfactors of type II and type III, 0 < A < 1, strong freeness is equivalent
to central freeness. See [16], [21].)
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To classify actions on subfactors of type Iy, we must consider actions of
groupoids on subfactors of type Il. Groupoid actions on semifinite factors
are studied in [9] first, and developed in [18] and [19]. A basic idea to
classify groupoid actions is the followings. First we split a groupoid into
an isotropy part and a principal part, second apply the classification results
of group actions to the isotropy part, and the cohomology lemma to the
principal part, and finally combine them. Our idea to classify groupoid
actions on strongly amenable subfactor of type Il,, owes much to this idea.

Note that in the type III) case, 0 < A < 1, we need only classification
results on group actions and do not have to use the cohomology lemma
because the form of the flow of weights of type III, factor is simple and the
principal parts become trivial.

This paper is organized as follows.

In Section 2, we collect facts on group actions and strongly amenable
subfactor of type IIIy which we need in this paper.

In Section 3, we explain how to reduce the classification of group actions
to that of groupoid actions. We also discuss relation between invariants of
group actions and those of groupoid actions.

In Section 4, we classify groupoid actions on strongly amenable subfactor
of II,. We split the groupoid into the isotropy part and the principal
part. To classify the isotropy part, we use Popa’s classification result, [16,
Theorem 3.1] and to classify the principal part, we use the cohomology
lemma, [17, Theorem 5.5]. Then we get outer conjugacy, but it may happen
that the actions are not cocycle conjugate. To obtain cocycle conjugacy, we
use model actions constructed by Sutherland and Takesaki in [18] and we
complete the classification.

Acknowledgement. The author is grateful to Prof. M. Izumi and Prof.
Y. Kawahigashi for helpful advice and constant encouragement. He also
thanks Professor C. Winslgw for pointing out his misunderstanding in The-
orem 2.7

2. Preliminaries and notations.

In this section, we recall several facts about group actions on subfactors and
strongly amenable subfactors of type IIlj.

Definition 2.1 ([1, Definition 1], [16, Definition 1.5.1]). Let N C M be a
subfactor with finite index and N € M C M; C --- be the Jones tower.
For ae € Aut (M, N), « is said to be strongly outer if there are no nonzero
a € My, such that a(x)a = ax holds for every x € M. An action « of G is
said to be strongly outer if o is strongly outer for g € G \ {e}.

Definition 2.2 ([12, Section 5]). Set ®(«) := {&|rmrna tr- We call &(a)
the Loi invariant.
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In the case of subfactors in type II, the following classification results are
obtained by Popa and Winslgw.

Theorem 2.3 ([16, Theorem 2.1, Theorem 3.1], [21, Theorem 4.3]).  Let
N C M be a strongly amenable subfactor of type 111 or . Let a and
B be actions of a discrete amenable group G. Then a and B are cocycle
conjugate if and only if ®(a) = ®(B) and mod (o) = mod (3). (In the type
I} case, the last condition is not necessary.)

Let ¢ be a faithful normal state of N and E the minimal conditional
expectation from M onto N. Set (N C M) := (N x,¢ R C M X 0r R).
Let a € Aut (M, N) and & the canonical extension of o to N C M. (See
[7].)

Definition 2.4 ([21, Definition 3.2], [22, Definition 4.2]). Let N C M be
a subfactor type III with finite index and N € M C M, C --- be the Jones
tower for N C M. For a € Aut (M, N), « is said to be strongly free if there
are no nonzero a € Mj, such that a(z)a = azx holds for every x € M. An
action « of G is said to be strongly free if o is strongly free for g € G'\ {e}.

Definition 2.5 (22, Definition 4.2]). Set T(c) = {7, te- We call
T () the fundamental homomorphism.

In the case of subfactors of type II and type III,, strong amenability has
been introduced by Popa, [15] and [16]. Based on strong amenability of
subfactor of type II, Winslgw introduced strong amenability for subfactors
of type IIlj.

Definition 2.6 ([25, Definition 3.5]). Let N C M be a subfactor of type
ITIy with the common flow of weights and N C M = N>4~U¢R - M X g0 R.
N C M is said to be strongly amenable if Z(N) = Z(M) and (N C M) =

Z(N)® (P C @), where P C @ is a strongly amenable subfactor of type
IT.

On the classification of subfactors of type IIly, the following result has
been obtained by Winslgw.

Theorem 2.7 (|25, Theorem 4.2]). Let N C M be a strongly amenable
subfactor of type Illg. Then N C M 1is classified by its relative flow of
weights,

]:M:)N p— {M{ ka C M/ﬁMkaeﬂM’ﬁMk}k’

3. Reduction to groupoid actions.

In the rest of this paper N C M is always a strongly amenable subfactor
of type Illy and G denotes a discrete amenable group. We also use the
notations in the previous section.

Our main theorem of this paper is the following.
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Theorem 3.1. Let a and 8 be strongly free actions of G on N C M. Then
a and 3 are cocycle conjugate if and only if there exists o € Aut (FM2N)
such that

Y(a)=coY(B)oo L.

We give the proof of above theorem in this section and next section.

In this section, we reduce the classification of actions of G to that of
actions of groupoids.

First we consider only one action «. For the same reason as at the begin-
ning of Section 3 in [13], we only have to classify the actions of G := G x R
on N C M defined by (g,t) — @f;. We also denote this action of G by a.

Let (X, u, 1) be the flow of weight of M. Then L>(X,u) = Z(N) =
Z(M). Then by assumption,

<NCMCM1C--~)%L‘X’(X,u)®(PCQCQ1C---)

holds.
Let G x X be the auxiliary groupoid. Then the source map s and the
range map r from G x X to X are the following:

s(g,z) = x,7(g,7) :== gz, (g,7) € G x X.

We consider the groupoid action of G x X on P C Q by the following
equation:

D
Gigla) = /X Giggtoy (alg™12))dp(a).

We express (X, u, F;) as the flow built under a ceiling function on the
base transformation 7' on the measure space (Y,v). So X is of the form
{(y,s) € Y xR|0 < s < f(y)}. We define maps 7 : X — Y and h :— R
by the equality z = (7(z),h(z)). Set G := {y € G x X|s(7),7(7) € Y}.
The groupoid G is an orbitally discrete groupoid. (See [6].) For z € X, put
H, := {g € G|gz = x}. Then H, is a discrete amenable group. Since R is
in the center of é, H, = Hy, holds for ¢t € R. Since R acts on X ergodicaly,
H, = H for a.e x. Then we have a semidirect product of G as G = H x K,
where K is a principal groupoid derived from G. In this case, K is an AF
ergodic groupoid by [4], [26].

Here as in [13, Proposition 3.2], the following holds.

Proposition 3.2. If a is a strongly free action on N C M, the action of
H, on P C Q is strongly outer for a.ex € Y.

Proof. Assume that there exists Z C Y such that v(Z) > 0 and actions of
H, are not strongly outer for any z € Z. Then for every z € Z there exists
k€ N, 0# a(z) € Py and e # h € H, such that &,(x)a(z) = a(z)x holds
for every x € P. It is possible that k£ and g depend on z. But since H, is
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countable, we may assume k and g are independent from z € Z. Note that
since TQay, = 7, g is in G. Set

(&)
= / G ) m(oy (@ () ) (z).

X

Then an easy computation shows that this element breaks strong freeness
and « is not strongly free. O

By the next lemma, we know the relation between cocycle conjugacy of
actions of G X X and that of G.

Lemma 3.3. Let & and 3 be actions of G x X on P C Q. If & and B are
cocycle conjugate when we restrict actions on G, then actions of G x X are
also cocycle conjugate.

Proof. The proof of [19, Theorem 4.2] works in the same way. But we
present the proof here for the reader’s convenience.
First we define a map from G x X to G as follows

p(g,x) := (h(gz) ' gh(z), 7 (z)).

By assumption, there exist automorphisms {6, },cy C Aut (Q, P) and a
cocycle vy, € Zé(g, U(P)) such that

Or(y) 0 Gy 00,1 = Adv, By, 7 €G.

Define ¢/, x € X and vEg " (g,t) € G x X as follows:

A ~—1
O := B(n(2),n(x)) © O (2) X (h(z),m(x))’

V(g,z) = B(h(gz)m(gz)) (Up(g,z))-

Note that (g,2) = (h(gz),7(g9z))p(g, z)(h(z), 7(x))~! holds. Then using
the above equations, we can show that

~ 1 =
Oy © gy © by ' = Adv(y 1 Biga)

holds and this shows that actions of G x X are cocycle conjugate. (]

In the end of this section, we discuss invariants of actions of G on P C Q.

Lemma 3.4. Let a and 3 be actions of G on N C M such that T(a) =
Y(B). Let & and [ be actions of G induced from o and [ respectively by the

above procedure. Then we have ®(&) = ®(3) and mod (&) = mod ().

Proof. First we compare mod . Let 7 be the trace of M such that 76, = e 7,

where 6; is the dual action. For (g,t) € G, set (g,t) := e~*. Then Téay =
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Y(h) = 73, holds for h € G. Express T by direct integral, 7 = ffg Trdp(z).
Then

D
rén(a) = /X Tha (G oy (0(2))) dpgr)

S _ du o
= [ Al a@) P @)duta)

holds and we get an equality du o g/du(x)The G(pe) = e try. A similar
equality holds for 3. From these equations, we can easily get mod (d(mj)) =
mod (ﬁ(h,x)) _

Next we compare ®. By assumption, ap|;;n N, = Bnl i a1, bolds for

every k. Note that an action & of G x X can be extended to Qj such that
the equation

@
inla) = [ dunrafath'0)du(o)

holds for every a € Mk; (See the proof of [25, Lemma 4.3].) Then we get
an equality ®(&) = ®(09). O

4. Classification results.

Let a and B be strongly free actions of G on N C M. By the results of
previous section, we get two actions & and B of a groupoid G such that
&y and f), act strongly freely on P C Q and satisfy ®(&) = ®(3) and
mod (&) = mod (5).

In this section, we classify actions of G on P C @ and complete the
classification of actions of G on N C M.

Theorem 4.1. Two actions & and (3 of G are cocycle conjugate, i.e., there
exists {0y }yey C Aut (Q,P) and a cocycle uy € Zﬁl(g, U(P)) such that

Ory) 0 Gy 00,0 = Aduy By, v EG.

In the following, we give a proof of Theorem 4.1.

We express G as the semidirect product H x IC. We use Theorem 2.3 to
classify the H part and the cohomology lemma to classify the IC part.

First we compare the H part. By the above assumption, we have ®(a&y) =
®(By,) and mod (&) = mod (By) for h € H,. So by Theorem 2.3, there exist
automorphisms {0, },cy and a cocycle uy, € Z%}(Ha;, U(P)) such that

HmOdOG;IZAduhBh.

So we replace & by 6,4y 0o 08_(%, we may assume &, = Aduy By, for
h e H,.
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Next we compare the I part by applying the cohomology lemma, [17,
Theorem 5.5]. To use the cohomology lemma, we need several preparations.
Define two groups NO and N, as follows:

N} .= {(e,vh) 10 € Aut (Q, P), 700 = 10, ®(0) = id,

on € ZY(Hy, U(P)), 00 Byo 07" = Adwy iy, for h e H, |,
NO = {(Adu, wn(w)) |u € U(P), h e Hx}
Then obviously N C N}

Lemma 4.2. N? is dense in N}.

Proof. Take (0,v,) € N}. Since ®() = id and 790 = 7, 0 is in Int(Q, P).
(See [22].) So there exist {u,} € U(P) such that lim,_oc Adu, = 6. By
assumption, 6o [ o060t = Adwy, By, holds, so limy, oo Aduy, B (uw)By =
Adwy, By, holds and {vjunfBy(us)}y is a central sequence.

Fix a free ultrafilter w over N. Let Cu(Q, P) be the central sequence
algebra for P C @ and ) the induced action on CM(QLP) from . Then
strong outerness of the action 3 on P C Q means that ) acts freely on
Cu(Q, P). (See [21, Proposition 3.4] and [2, Proposition 2.1.2].)

Here we need the next proposition, which is a subfactor version of the
1-cohomology vanishing theorem of [14, Proposition 7.2].

Proposition 4.3. Every 1-cocycle wy, € Zﬁlw(Hm,U(Cw(Q,P))) is a co-

boundary, i.e., there exists a unitary w' in C,(Q, P) such that w’*ﬁi(lw) (w') =
W,

The proof in [14] works in the same way. When the group is Z, the above
result has been obtained by Loi in [12, Proposition 4.2]. We can easily verify
that {viunBh(uy,)}n is a % cocycle. So by Proposition 4.3, we can find a

unitary w = {wy }, € Cu(Q, P) such that {wﬁ@h(wn)}n = {v;’;unﬁh(u,’;)}n in
Cu(Q, P). Set yp, := wpuy,. Then lim, ., Ady, = 0 holds, and

i g, O (y) = lim w, By (wfhw?)
n—w n—w
= lim Uh’();;wnungh(u;kzw:z)
n—w
= lim vpwnvyun By (uy,)Bn(wy,)
n—w
= lim vywpw), Br(wy) B (w))
m—w
= vy

So by choosing a subsequence, we get unitaries {yy }, such that

nli_)Holo(Ad Yn, ynﬁh(y;)) = (97 Uh)'
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This shows that NY is dense in N and the proof of Lemma 4.2 is complete.
O

For k = (y,x) € K, put v := &kﬁk_l. Then it is clear that ®(v;) = id
and mod (v;) = 1. Moreover
WO = Byt

= dkAdu}:,lhk dkflhkdlzl

= Adag(uj-1,) an

= Ad g (ug-1p)un Bn
holds and ay(uj 1), )un is a B cocycle. So = (Y, Gr(uf—1),un)) is an
element of N

Next, for k = (y,z) € K, we define a Borel map N} from N} to N?} as
follows:

N (0,vp) == (B0 00 B, Blog-111))-

Then (N}, N}) is a Borel functor in the sense of [17, Definition 4.1] and
¥ is a N} cocycle, i.e., Y5, = :YklN/%l (Yk,). Here we apply the cohomology
lemma, [17, Theorem 5.5], for 4 and id.

Then we get Borel maps 6 : Y — Aut (@, P) and a : K — U(P) and a
cocycle vy, € Zé(Hx, U(P)) which satisfy equalities

6y o Vi 09;1 =Ada, k= (y,x)€eK,
00 B 0 0,1 = Ad vy, B

Since K is AF, we may consider that ay, is a cocycle for 3. By definition

of i, we obtain the equality

0, 0 dar o0, = Aday, fi.
Then for h € Hy and k = (y,z) € K
Oyodppob;' = Oy0dap00, 0b, 0,00,
= GyoAduhoBhoegloAdakoBk
= Ad6,(up)vy o B o Aday, o By,
= AdOy(up)vnBn(ar) Buk-
Set ap, := 05 (up)vy, for h € H, and ap, := ahﬁh(ak), we get
0, © Gpg 0 0 = Ad ank B

Here ap and ay are cocycles for ﬁh and Bk., but apj is not necessary a
cocycle for Byi. But by comparing &k, Ghyk, With ap k nok,, We get the
following equality:

Whyky Bhyky (Qhoky) = ©(K1, P2)Ahy by hioks s
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where @(ki, hy) is the element of Z'(K, H) and does not depend on h; and
ko, where H is the set of 1 dimensional representations of H.

To remove ¢, we use the model actions constructed by Sutherland and
Takesaki.

Theorem 4.4 ([18, Theorem 3.1)). Let Ro 1 be the AFD factor of type 1.
Then there exists an action m of G satisfy the following conditions.

(1) For everyy €Y, Hy acts outer on Ry .

(2) mod (m) = mod (&).

(3) For every ¢ € ZY(K, H), there exist {0y}yey C Aut (Ro1) and upy €
U(Ro,1) such that:

(a) up, and uy, are cocycle for Hy and IC,
(b) 0y 0 mp © 0y = Ad upy My,

(C) Uhy k1 TRy Ky (uh2k2) = (p(lﬁ, hQ) Uhik1hok: -

We define the model action m of G on (P C Q) = (Vi(P.NP) C Vi(P.N
Q)) ® Ry, as follows:

— . ~st
My 1= Oy ® My .

We complete the proof of Theorem 4.1 by comparing & with the model
action m.

The action m has the same invariant of & and my, h € H,, acts strongly
outer on P C () by the construction of m. Then the above discussion is
valid for & and m, so we may assume the following equalities:

ani = Ad apg, o My,

Ahyky M kg (Choky) = (K1, h2) Ak hoks

for some . Take {6, }ycy C Aut (Rp1) and upy satisfying the conditions of
Theorem 4.4.
Then

(id ® O,(x)) © @ © (id @ Oyqy) "

= (id ® O,()) © Ad ang © Mgk 0 (id @ Oyr)) ™

= Ad (id ® 0,()) (ank) a3y ® (Or() © mpk © 93_&))
= Ad (id ® 0,.(4)) (ank) a3 @ (Ad upempk)

= Ad (id ® 0,))(ank)(1 @ upk)mpk
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and
(id & Oy (y) ) (@hikr ) (1 © wny ey )70k, (1 @ O (1)) (@oky ) (1 @ unkc))
= (id @ O,(ky)) (@nyky) (@3, @ Or(ry) k) (@hghy) (1@ k)
(1@ mpyky (Unogksy))
(id ® Oy(ky)) (@hyky 5 1y (@hoky ) (1 @ Uny iy Moy ey (Uhgksy))
(id @ Or(,)) (@(k1, h2)an kyhoky) (1 @ @(k1, h2)Un ki hoks )
(id @ O (ky)) (@hy ky ks ) Uy ey ok

hold, so (id ® 0,(x))(ank)(1 ® upk) is a cocycle for myy, and finally we can
conclude two actions & and m are cocycle conjugate and proof of Theorem
4.1 is complete.

Proof of Theorem 3.1. Let a and 3 be strongly free actions of G on N C M
such that T(a) = Y(3). Then by the results of Section 3 and Section 4, two
actions & and 3 of G on P C Q are cocycle conjugate. Then by Lemma 3.3,
two actions & and 3 are cocycle conjugate, i.e., there exist automorphisms
{0:}zex C Aut(Q, P) and a cocycle u,, € Zﬁ(é x X,U(P)) such that

QT(A/) 0y 0 9;(}y) = Ad Usy B’y-

We put 6 := f)e? 0, dp(z) and ug := fEB U(g,z) dit(z), then we get

X
éoo?goé*l :Adugﬁg

for g € G, so actions & and B of G =GxR are cocycle conjugate and
we conclude a and (8 are cocycle conjugate as explained at the beginning of
Section 3. O
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