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In previous work, we have considered the problem of show-
ing that a continuous function on a real hypersurface I in CN
satisfies the tangential Cauchy-Riemann equations provided
that its slices satisfy conditions of Morera type. For instance,
these results imply that if 2 C C¥ is a bounded convex do-
main with smooth boundary, strictly convex at zg € bD, if Lg
is a complex line tangent to b2 at zg and if f is a continuous
function on bQ such that [, ., fw = 0 for all complex lines L
close to Lo which meet Q and for all (1, 0) forms with constant
coefficients, then f is a CR function in a neighbourhood of z,.
This fails to hold if Ly is a complex line that meets {2 even
under much stronger assumption of holomorphic extendibility
along complex lines. Indeed, let B be the open unit ball in
C2, and define a function f on bB \ {z = 0} by f(z,w) = 1/z.
It is easy to verify that for each complex line L close to the
z-axis, f|L N bB has a continuous extension to L N B which is
holomorphic on LN B, yet there is no open set in bB on which
f is a CR function. So to conclude that f is a CR function
one has to assume the holomorphic extension property for a
larger family of analytic discs.

1. Introduction and the main result.

Let A be the open unit disc in C. An analytic disc attached to a manifold
M c CV is a continuous map ¢: A — CV, holomorphic on A and such
that p(bA) C M. A.E. Tumanov proved that if f is a function of class C*
on a generic submanifold M of CV, and ¢y is an analytic disc attached to
M such that for all analytic discs ¢, attached to M and close to g, the
function ¢ — f(¢(¢)) has a continuous extension from bA to A which is
holomorphic on A, then f is a CR function in a neighbourhood of g (bA)
[Tul].

In the present paper we consider a similar problem with conditions of
Morera type for continuous functions on real hypersurfaces. Let Q C CV be
a bounded domain with C? boundary. A subset D C € is called a transversely
embedded analytic disc if D =V N where V is a one dimensional complex
submanifold of an open neighbourhood of Q which intersects b2 transversely
such that V N is biholomorphically equivalent to A. Then V N b€ is a
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simple closed curve which bounds D in V and which we denote by bD.
Clearly D = ¢(A) where p: A — CV is a one to one continuous map which
is holomorphic and regular on A. We say that ¢ parametrizes D. Let Dgy be
a transversely embedded analytic disc and let g be a parametrization of Dy.
A family D of such discs is called a neighbourhood of Dy if there is an € > 0
such that D contains each transversely embedded analytic disc D which can
be parametrized by a map ¢pp satisfying |pp(() — po({)] < e (¢ € A).

As we shall see, the formulation of our principal result depends in an
essential way on the linear structure of C so that it has no obvious analogue
in the setting of domains in complex manifolds. However, in the final part
of the paper we deduce from the principal result certain consequences that
do hold on domains in Stein manifolds.

In formulating our main results it is convenient to use the notation that
C!9[dz] denotes the space of all (1,0)—forms on CV with constant coeffi-
cients and C![dz] the space of all (1,0)—forms with coefficients that are
polynomials of degree not more than one. These spaces are invariant under
the action of the group of affine automorphisms of CV but under the action
of no larger subgroup of the group Aut(CV).

The following is the principal result of the paper:

Theorem 1.1. Let Q C CN be a bounded domain with boundary of class
C%. Let Dy C Q be a transversely embedded analytic disc and let f be a
continuous function in a neighbourhood of bDqy in bS2. Let wg be a point of
Dy, zg a point of bDy. Assume that

(L.1) /bD fw=0

for every w € CH[dz] and for every transversely embedded analytic disc D
belonging to a neighbourhood D of Dy such that wg € D. If Q is strictly
pseudoconver at zg then the function f is a CR function in a neighbourhood
of zo. If Q is strictly convex at zq, it suffices to assume the vanishing of the
integrals (1.1) only when w € C19[dz].

In the following N is a fixed positive integer at least two. By B we denote
the open unit ball in CV or in R”, depending on the context. Similarly,
B(z,7) is the ball of radius r centered at the point z.

We describe the idea of the proof in the special case when  C C? is a
convex domain and Dy = Ag N bS2 where Ag is a complex line which meets
Q. Let Ly be the complex line tangent to b2 at zy. To prove that f is a
CR function in a neighbourhood of zj it is, by [GIS, Th. 3.2.1], enough to
prove that

(1.2) /Lme fw=0
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for all w € C1Ydz] and for all complex lines L which meet Q and belong
to a neighbourhood L of Lg in the space of complex lines. Fix such a line
L and let z € LN b By the strict convexity of Q at zg, z is close to zg
provided that L is sufficiently small. Let A be the complex line passing
through wg and z. If £ is sufficiently small then A N belongs to D. For
convenience assume that z = 0. Let £ and h be linear functions on C? such
that L = {z € C?: {(z) = 0}, A = {z € C?: h(z) = 0}. We show that
there are o € R and 7 > 0 such that if V; = {z € C? : £(2)h(2) = t2e},
0 <t < 7,and if F is a unitary map such that |E — I| < 7 then E(V;) N is
a transversely embedded analytic disc which belongs to D provided that £
and 7 are small enough. For each ¢, 0 < t < 7, we choose E; in such a way
that wo € Ei(V;) and that Fy — I as t — 0. We show that if ¢ — 0 then
E(Vi) NbQ converges to [A N b U[LNbQ in such a way that

/ R / fw
B (V)b ANbS LObS

for each smooth 1-form w on C?. Now, for each w € C1°[dz] the terms on
the left and the first term on the right vanish by the assumption so (1.2)
holds.

In Section 2 we analyze carefully the intersections of the varieties V; =
{(z,w) € C%: 2w =t t > 0} with certain smooth perturbations of the
real hyperplane {(z,w) € C?> : Re(z +w) = 0}. In Section 3 we use the
results of this analysis to show the existence of o and 7 with the properties
above and then prove the theorem.

2. Intersections in C2.

To begin with, we study how certain small smooth perturbations of the real
hyperplane

H = {(z,w) € C*: Re(z +w) =0}
intersect the variety Vi = {(z,w) € C%: zw = 1}.

The first step in this direction is to compute explicitly the intersection
V1 N H and to show that this intersection is transverse.

The transversality assertion goes as follows. Denote by A the (unique)
complex line in H that passes through the origin. Thus, A = {(z,w) € C2:
w = —z}. At a point (z, %) of V1, the tangent space to V; is the complex line
{¢(1,—1/22) : ¢ € C}. This coincides with A if and only if 22 = 1, i.e., if and
only if z = +1. It follows that V7 meets the real hyperplane H transversely.

The determination of V; N H uses the identification of C? with R* obtained
by setting z = x + iy and w = u + iv. The point (z,w) lies in V; N H if and
only if t +u = 0,2u —yv = 1, and uy + zv = 0. These equations imply that
u=0,x =0, and yv = —1. Thus

VinH ={(z+iy,u+iv):z=u=0,yv=—1},
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a hyperbola contained in the (real) (y,v)—plane in C2. When studying the
intersection of V4 with perturbations of H, it is useful to view this hyperbola
yv = —1 as the union of two graphs in a new coordinate system with the lines
y = Fv as the coordinate axes. For this purpose introduce new coordinates
in R by means of the real orthogonal transformation

X:—x—i-u Y:—y+v U:a:+u Yyt

V2 V2 T R e
The inverse of this is the orthogonal transformation given by
-X+U -Y+V X+U Y+V
xr = \@ y Y = ﬂ , U= \/5 , U= 7
With respect to the (X,Y,U,V)—coordinate system, the equation of H is
U =0, and

VmH:{(o,m,o,m:VeR}u{(o,—\/V2+2,o,V);VGR}.

The perturbations of H that we need to consider are graphs Gr(y) of the
form

Gr(p) = {(X,Y,U,V): U = (X,Y,V): X,Y,V € R}

where ¢ is a function of class C' on R? such that

(2.1) lo(p)] <n (p € R?,|p| < p) and [(D)(p)| < n (p € R?)

with suitably chosen p and 7. Note that in (2.1) the condition |p(p)| < n
is assumed to hold only for p € R? in a fixed neighborhood of the origin; it
need not hold on large subsets of R3. Nevertheless, it turns out that if 7 is
small enough, then Gr(¢) N H is similar to V3 N H and, in particular, it is
a union of two graphs:

Lemma 2.1. There are n > 0, p < oo, and M < oo such that whenever ¢
is a function of class C* on R> that satisfies (2.1), then
(a) Gr(yp) is transverse to Vi, whence Gr() N Vi is a closed submanifold
of R* of class C',
(b) Gr(e)NVi = Ay UAs where Ay and Ay are disjoint curves of class C*
each of which is of the form

Ay ={(X;(V),Y;(V),U;(V), V) : V € R}

where X;,Y;, and U; are C' functions on R the first derivatives of
which are bounded by M, and
(¢) Yi(V) >0 and Y2(V) <0 (V €R).

Remark 1. If ¢ = 0, then Gr(p) = H, U; = X; = 0, and Y3, Y> are the
functions V — £V V2 4+ 2.
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Remark 2. Having proved (a), to prove (b) it is enough to prove that there
is a 3 > 0 such that for each s € R, Gr(y) N V; intersects the hyperplane

E,={(X,Y,U,s): X,Y,U€R}

at precisely two points and, moreover, that if p € Gr(p) N Vi N Es, then
the angle between the hyperplane E; and the (tangent line to) the curve
Gr(p) NV at p is bounded below by S.

The proof of Lemma 2.1 requires some preliminaries.

Denote by L; and Ly the z— and w—axes in C?, respectively. Far from the
origin, V] is a slight perturbation of Lj U Lo, so to understand Gr(p) NV,
far from the origin, we first understand how Gr(y) intersects L, a small
perturbation of Lj or Lo.

Lemma 2.2. There are 8, 3 > 0 such that if ¢ is a C' function on R® with

(2.2) (De)(p)| <4 (peR?)
and if f,q are functions of class C* on R? that satisfy
(2.3) 1fllerm2) < 0, [lgller @y < 6

then with L = {(x,y, f(x,y),9(x,y)) : =,y € R} we have that

(a) Gr(y) is transverse to L,

(b) for each s, Gr(v) N LN Es consists of a single point, and

(c) if p € Gr(p) N Es, then the angle between Eg and Gr(p) N L at p is
bounded below by f.

Proof. The z—axis L1 = {(z,9,0,0) : z,y € R} intersects H transversely,
and the line L; N H intersects E, transversely at an angle that does not
depend on s. Further, (2.3) implies that at each point p of L, the tangent
space T, L is arbitrarily close to L1, uniformly with respect to p € L provided
that J is small enough, and (2.2) implies that each point p € Gr(y), T,Gr ()
is arbitrarily close to H, uniformly with respect to p, provided that ¢ is small
enough. This shows that Gr(y) is transverse to L if 4 is small enough, which
proves (a). It also shows that the tangent line to L N Gr(p) at a point p is
arbitrarily close to L1 N H when ¢ is small enough, which proves that there
is a 3 > 0 satisfying (c¢) when ¢ is small enough.

If s € R, then LNEs = {(x,y, f(,9),9(x,y)) : y+g(z,y) = sv/2}. If § is
small enough, then a simple one-variable argument shows that given s,z €
R, there is a unique y = y(z, s) = sv/2+(x, s) such that y+ g(z,y) = sv/2,
and, moreover, that ¢ (z,s) is arbitrarily small, uniformly with respect to
z,s € R when § is sufficiently small. By the implicit mapping theorem ¥ is
of class C!. By differentiating the equality v (z, s) + g(x, sv/2 +(x, s)) = 0,
we see that %’ and g—f are arbitrarily small, uniformly in x,s € R when ¢
is small. If we put t = —x/\/§ and pass to X,Y, U,V —coordinates, we can
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write LN Es = F5(R) where Fy(t) = (t+ A(t,s), —s+ B(t, s), -t + A(t, s), s)
with ||Alc1, || B||er arbitrarily small provided that ¢ is small enough. The
set Es N Gr(yp) has two (connected) components Q; = {(X,Y,U,s) : U <
p(X,Y,s)} and QF = {(X,Y,U,s) : U > p(X,Y,s)}. If p € Gr(p) N E;, let
n, be the unit normal vector to Gr(y) N E, at p that points in the direction
of Q. By (2.2), n, is arbitrarily close to (0,0,1,0), uniformly with respect
to p if § is small enough. Further, for sufficiently small §, F(t)/|F(t)] is

arbitrarily close to (%, 0, —%, 0), uniformly with respect to s and t. Thus,

granted that § is small enough, if (,) denotes the real inner product on R*,
then

<’§z§2’,np> <0 (teR,peGr(p)NE;y),

which shows that only way that F,(¢) can meet Gr(y) as t increases is when
it passes from Q7 to €, which implies that Gr(¢) N EsN L contains at most
one point.

To see that Gr(p) N Es N L # () we must show that ¢(t + A(t,s), —s +
B(t,s),s) = —t + A(t, s) for at least one t. For small § this follows from
the one-variable fact that if p, ¢ are two functions of class C' on R such that
Pt) <p<v<d(t),teR, for two constants u and v, then their graphs
intersect.

Lemma 2.3. If R > 0, then the 6 of Lemma 2.2 can be chosen so small
that if (2.2) and (2.3) are satisfied, and if, in addition, ¢ satisfies

(2.4) [p(X, Y, V)l <o (IX], Y], [V] < 2R)

then |s| < R and (X,Y,U,s) € Gr(y) N LN Es imply that | X| < R and
Y| < 2R.

Proof. Choose w € (0,min{1, R}) such that 2w/(1 —w) < R —w. Let A, B
be as in the proof of Lemma 2.2. Choose § < w so small that Lemma 2.2
holds, that |A(t, s)| < w,|B(t,s)| <w (t,s € R) , and that ¢ satisfies

d
(2.5) ’dttp(t—l—A(t,s),—s—i—B(t,s),s) <w (t,seR).
Assume also that ¢ satisfies (2.4). Recall that Gr(p) N LN E; = {(A +

AN, 8), —s+B(A, 8), = A+A(N, s),s)} where —A+A(\, s) = o(A+A(N, s), —s
+B(A,s),s). It follows that

— A+ AN s)
A
:/0 %@(t+A(t,s),—s+B(t,s),s)dt+cp(A(O,s),—5+B(0’s)’3)_

Since |A(0, s)],|B(0,s)| < R, it follows by (2.4) that |s| < R implies that
(A0, 8), —5 + B(0,5),5)| <5 < w
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whence (2.5) implies that |A\| < 2w/(1 —w) < R—wso | — A+ A(\ s)| < R.
Clearly | — s + B(t,s)| < R+ R = 2R. This completes the proof.

To prove Lemma 2.1, we also need the following quantitative form of the
inverse function theorem:

Lemma 2.4. Let U be an open subset of R™ that contains the origin, and
let F: U — R"™ be a map of class C' such that F(0) = 0 and (DF)(0) is

nonsingular. If r > 0 is so small that
1

20, (PR - (PO < goppgrr (<),
then given a C' map ¢ : U — R™ such that

(2.7) (D)@ < g <)

and

(2.8) p(0)] < W

there is a unique x with |x| < r such that F(x)+ ¢(x) = 0.

Remark 3. The assumptions imply that if |z| < r, then D(F + ¢)(x) is
nonsingular. Indeed, if |x| < r, then DF(0)~'D(F + ¢)(x) is invertible:

IDF©O) ' D(F + ¢)(x) — T

— |DF(0) {{D(F + ¢)(x) - DF(O)}]

< |DF(0) '{|DF(x) - DF(0)] + |Dg(x)[}

1 1 1 1

STDF©) 1] ' 16 |DF<0>1|} =316 <1

The proof of Lemma 2.4 is in the Appendix to this section.

Proof of Lemma 2.1. For each t > 0, set D, = {(X,Y,U,V) : |V| < t}, and
let L1, Lo be the coordinate axes in C?. Sufficiently far away from the origin,
Vi is an arbitrarily small perturbation of L U Lo, so by Lemmas 2.2 and
2.3, there are R, 2 < R < 00, § > 0, and v > 0 such that if ¢ satisfies (2.2)
and (2.4), then:

(i) Gr(yp) is transverse to Vi at each point of C?\ Dp,

(ii) for each s, |s| > R, the set Gr(p) N Vi N E5 consists of precisely two
points and at each of these points the angle between (the tangent line to)
Gr(e)NVy and E; is at least «, and

(iii) if |s| < R and if (X,Y,U,s) € Gr(¢) NV, then | X| < R and |Y] < 2R.

Let the p of condition (2.1) satisfy p > 8R. To complete the proof, it
suffices to show that there are 1,0 < n < ¢, and 4" > 0 such that if ¢
satisfies (2.1), then G(yp) is transverse to V; at each point of Dp and that

< |DFO)" {
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for each s, |s| < R, the set {|X| < R,|Y| < 2R} N Vi N Gr(p) N E; consists
of precisely two points at each of which the angle between (the tangent line
to) V1 N Gr(y) and Ej is at least +'.

The equations of V; in the (X,Y, U, V)-coordinates are —X? +Y?2 4 U? —
V2 =2and XY — UV = 0, so given s € R, we find E; N'V; N Gr(p) by
solving F(X, Y,U,V)=(0,0,0,s) where

F(X,Y,UV)=(-X*4+Y24+U? - V? -2, XY —~UV,U — p(X,Y,V),V).
Let
FX,Y,UV)=(-X?>4+Y?>4+U?-V? -2, XY —UV,U,V).

Then F~1(0,0,0,s) = ViNHNE; = {(0,V2 + 52,0, ), (0,—v2 + 52,0, 5)}.
We have det[DF(0,4+v2 4+ 52,0,5)] = —2(2 + 5?) (s € R), so (DF)(p) is
invertible at each point of Vi N H. Clearly (DF)(p) and (DF)(p)~! depend
continuously on p = (0, +v2 + s2,0, s) on each branch of V; N H, i.e., they
depend continuously on s. By compactness Lemma 2.4 now implies that

(A) there are r, 0 < r < VR?2+2 — R and > 0 such that whenever
p = (0,£Vs?+2,0,s) with |s|] < R and ¢ satisfies |p| <  and |Dyp| < 8
on (p+ rB) N H, then Gr(p) N Vi N EsN (p+ rB) consists of precisely one
point, at which DF is nonsingular.

The nonsingularity of DF at p means that Gr(p) is transverse to V; at
p and that the angle between Gr(p) NV; and E; at p is positive. Since this
angle depends continuously on s, it follows that for |s| < R it is bounded
below by a positive constant.

The equation of Vi N H is X =U =0, Y = £v/2 + V2. Since R > 2 and
r < VR?+2 — R, it follows that |X'| < R and |Y’| < 2R whenever |V| <
R,p=(X,Y,0,V) e ViNnH,and p' = (X', Y',U’, V) satisfies |p' —p| < r. Let
U = [DrNViNH]+7B. By compactness there is some 7, 0 < 1 < min{d, 3},
such that Dp N Vi N{(X,Y,U,V) : |X| < R,|Y| < 2R,|U| < n} C U. Since
p > 8R, it follows that if ¢ satisfies (2.1) then |p| < § and |Dy| <
on U N H, which, by (A), implies that if |s|] < R, then the only points
(X,Y,U,V)in E; N Vi NGr(p) that satisfy | X| < R, |Y| < 2R are the two
described in (A).

It remains only to prove assertion (c). For this, note that V; \ B(0,r)
is an arbitrarily small perturbation of (L; U Lg) \ B(0,r) where the L; are
the coordinate axes, provided that r is large enough. In particular, if p in
Lemma 2.1 is large enough and 1 > 0 small enough then for, say, |V| > p/4,
the tangent line to A; is arbitrarily close to either LiNH ={X =U =V =
0}={X=U=0,V=-Y}ortoLoNH={X=U=Y =0} ={X =
U =0,V =Y}. In particular, there are disjoint neighborhoods W of L1 N H
and W, of La N H in the space of real lines passing through the origin such
that the tangent line to A; for |V| > p/4 is either in Wi or in Wa. With
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no loss of generality, assume that if {X = p1 V)Y = poV,U = p3V : V € R}
belongs to Wi, then py > % and if it belongs to Ws, then py < —%. On
the other hand, provided that 7 is small enough, {V; N Gr(p) : |[V| < p/2}
is an arbitrarily small perturbation of {Vi N H : |[V| < p/2} = {X =U =
0,Y =—v2+V2}U{X =U=0,Y =2+ V2}. It follows that one of the
functions Y;, say Y1, is positive on |V| < p/2 and the other, Y, is negative
there. By the preceding discussion Y{(p/2) > 3, and Y{(p/2) < —3, and
YJ(p/2) < —3%, and YJ(p/2) > 5 provided that 7 is small enough. Since for
V| > p/4, either Y/(V) > L or Y/(V) < —3, it follows, by the continuity of
Y/ that Y7 decreases on (—oo, —p/4) and increases on (p/4,00) and that Y3
increases on (—oo, p/4) and decreases on (p/4,00). This establishes (c) and

completes the proof of Lemma 2.1.

We now want to understand how a surface S passing through the origin
and almost tangent to H = {(z,w) : Re(z+w) = 0} intersects the varieties
Vi = {(z,w) : zw = 2} for small ¢ > 0 in a neighborhood of the origin.
To do this, we consider a C! function 1) on R? that satisfies 1(0) = 0 and
consider how S = Gr(1) intersects V;.

The main fact we use is the homogeneity condition that V; = tV; when
¢ > 0. This implies that V;NGr(y) = t(V1N1Gr(v)). Notice that $Gr(¢) =
Gr(p) it o(X,Y,V) = Lp(tX,tY,1V). Also (Dp)(X,Y,V) = (D¥)(tX, 1Y,
tV), so |(Dg)(p)| < 7 for all p € R? if and only |(Dv)(p)| < 7 for all p € R3.

If n, p, and M are as in Lemma 2.1, then the conditions (2.1) for ¢(p) =
%1/1(tp) are

1
29[| <u (bl <p) ad (DO <0 (R
Lemma 2.5. There are 7 > 0 and M < oo such that if the smooth real
function ¥ on R3 satisfies
(2.10) ¥(0)=0 and |(D¥)(p)| <7 (p€R?),

then for everyt > 0
(a) Gr(v) is transverse to Vi, and
(b) Gr(y) NV; = Ay U Ay where Ay and A are C' curves of the form
Aj = {(XJ(V)?Y(V>7 UJ(V)7V> Ve R}

where the functions X;,Y;, and U; are of class C* on R and where the
first derivative of each is bounded uniformly by M, and
() Yi(V) >0 and Y2(V) <0 (V €R).
Moreover, given € > 0, there is 6 > 0 such that if

(2.11) W= {(X,Y,U,V): |V] <6},
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then for allt >0
length (W NV, NGr(y)) <e.

Proof. Let n,p and M be as in Lemma 2.1. This lemma and the preceding
discussion imply that to prove (a)-(c) it suffices to show that 7 > 0 in
(2.10) can be chosen so small that (2.10) implies (2.9) for every ¢ > 0. Let
7 =min{n,n/p}, and assume that ¢ satisfies (2.10). The second inequality
in (2.9) is obviously satisfied. To prove the first inequality, let |p| < p. Then
(2.10) implies that

1 1 [t 1
twp)\ _ 1t JREDLEY -pdA' < elple < Zp =

Finally, if 6 > 0 is so small that v/3M? 4+ 1 < ¢, and if W is given by (2.11)
then

2 )
length (W NV, NGr(p)) = Z/ \/Xj((t)2 + Yj/(t)Z + UJ’.(t)2 +1dt
j=1"79

<45V3M?2+1<e.

This completes the proof.

Appendix to Section 2.

The proof of Lemma 2.4 depends on the following standard result:

Lemma 2.A.1. Let U be a neighborhood of 0 € R", and let F : U4 — R"
be a C' map with F(0) = 0 and (DF)(0) = I. If r > 0 is so small that
|(DF)(0)(z) — (DF)(0)| < 3 when |x| < r, then for each y, |y| < 5, there
is precisely one x, |x| < r, such that F(z) = y.

Proof. Let G(z) = F(z) — z. Then |(DG)(z)| < § when |z| < r. Thus, if
], [yl < 7, then |G(2) = G(y)| = | [y (DG)(z+t(y—x))(y—=)dt| < Jle—y|,
s0 5o —y| > |G(2) =G (y)| = |F(x) = F(y) — (x~y)| = |z —y|=|F(z)-F(y)],
and |F(z) — F(y)| > 3|z — y|, whence F is one-to-one on W = {|z| <

r}. Let |y| < § and set x9 = 0,2, = y — G(zp—1),n = 1,2,... . Then
|Zpt1 — Tn| = |G(zn) — G(@n-1)| < 3|2 — Tn_1|. Note that 2, 2,1 do lie
in W x| = |y| < 5, s0 [z1 — 20| < § < %\a:z — x| < %\xl — x| < %%, ete.

Thus, z, — x, and * = y — F'(x) + =, whence y = F(x). This completes the
proof of the Lemma.

Lemma 2.A.2. Let U be a neighborhood of the origin in R™, and let F' :
U — R™ be a C' map with F(0) = 0 and (DF)(0) nonsingular. If r > 0 is
so small that

|(DF)(z) — (DF)(0)] < when |z| <r

2/(DF)(0)~]
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then for each z with |z| < AF) T there is a unique x, |z| < r, such that
F(z) = z.

Proof. Consider the map = +— (DF)(0)~! o F(z) = G(x). We have that
G(0) = 0 and that |(DG)(z) — (DG)(0)| = [DF(0)"'[(DF)(z) - (DF)(0)]| <
|(DF)(0)~! - |(DF)(z) — (DF)(0)| < & when |z| < r. By Lemma 2.A.1,
given y, |y| < g5, there is a unique z, [z| < 7, such that G(z) = y, ie.,
F(x) = (DF)(0)(y). Consequently, for each z € §(DF)(0)(B), there is a
unique z, |z| < r, such that F(z) = z. As WB C (DF)(0)(B) it
follows that for each z, |z| < %W there is precisely one x with |z| < r

such that F(z) = z. This completes the proof.

Proof of Lemma 2.4. Put G(z) = F(z) + ¢(x) — ¢(0) so that G(0) = 0, and
(DG)(z) = (DF)(x) 4+ (Dy)(x). We have

(DG)(0)™! = [(DF)(0) + (Dg)(0)] ™!

ST [H(DF)(©0) ' De(0)]" .
k=0

By (2.7) [(DF)(0)"' Dyp(0)| < [(DF)(0)||(Dp)(0)] < 3, s0

(2.12) (DG)(0)~[ < 2|(DF)(0)] .
Further, if |z| < r, then by (2.7) and (2.8)
(D

(DG)(x) — (DG)(0)| < [(DF)(z) — (DF)(0)| + |(D£)(0)] + |( D) (x)|
1 1 1 1
S 8[DFO)1 " 3DFO)
1 1 1
< 1[DF(0)1] = 2[DG(0) |

so by Lemma 2.A.2, for each |z| < W there is a unique z, |z| < r, such

that G(z) = z. In particular, by (2.8) and (2.12), this holds for z = —¢(0).
Accordingly, there is a unique x, |z| < r, such that F(z) + ¢(z) = 0. This
completes the proof of Lemma 2.4.

3. Proof of Theorem 1.1.

We begin with two lemmas of a general character, which will be used in the
main part of the proof of the theorem.

The proof of the first of these is quite short but is decidedly nontrivial, as it
depends essentially on some complicated results in the theory of polynomial
convexity.
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Lemma 3.1. If o : A — (@N 18 a continuous map that is holomorphic on
A, that is one-to-one on A and that carries bA onto a rectifiable simple

closed curve, then the set X = @(A) is polynomially convex.

Proof. Let X be the image of bA under ¢, and denote by S the polynomially
convex hull of ¥. It is a result of Alexander [All] that ¥\ ¥ is a closed
analytic subvariety of the domain CV \ 3. Moreover, by [Al2], this variety
is irreducible. As (A) is a closed analytic subvariety of CV \ ¥ that is
contained in f], it follows that, as claimed, X = 5.

Lemma 3.2. Let P C C? be a bounded domain. Let V; = {(z,w) : zw =
t2}, t > 0, and suppose that V; N P # () and that V; NbP =T is a simple
closed curve. Then Vi N P is biholomorphically equivalent to a disc.

Proof. The projection 7 : C2 — C given by 7(z,w) = z carries V; biholo-
morphically onto C \ {0}. Let @ be the bounded component of C \ =(T).
Since P is bounded, it follows that if z € C\ Q, z # 0, then (z, %) € C2\ P.
We show that 0 ¢ Q. Otherwise, there are points z, € @ with z, — 0 such
that (zy, %) € P for all n, contradicting the boundedness of P. Thus, 0 ¢ @,

and {(z, %) :z € Q} = PNV, As @ is biholomorphically equivalent to a
disc, the same is true of P N V;. This completes the proof.

We now begin the proof of Theorem 1.1 itself. Initially we work in C2,
We shall deal first with the case that 2 is strictly convex at z,.

By the assumption of convexity, there are a ball B(z,,r) centered at z
and a function p on B(zp, ) with nonvanishing gradient and positive definite
Hessian such that B(zg, 7)NbQ = {w € B(zp,r) : o(w) = 0} and B(zp, r)NQ =
{w € B(zo,7) : o(w) < 0}. Denote by A(zp,b2) the complex line passing
through 2o and tangent to b2 at zo. There is a neighborhood £ of A(zg, bQ2)
in the space of all complex lines in C? such that if A € £ meets B(zg, )N €,
then A meets B(zp, 7)NbS2 transversely in a closed curve that bounds a convex
domain in A. We shall show, after passing to a smaller £ if necessary, that

(3.1) / fo=0 (A€l
ANB(zg,r)NbS

for all w € C10[dz]. By [G1S, Th. 3.2.1] this implies that f is a CR-function
in a neighborhood of zj.

Given A € £ which meets B(0, )N we shall show that the neighbourhood
D contains transversely embedded analytic discs D,, n € N, and D, such
that as n — oo, bD,, converges to bD U [A N B(zp,7) N bS] in the sense that
for every continuous 1-form v on C?,

(3.2) lim/ ’y:/ ’y—i—/ .
n=% JbD, bD ANB(zo,r)NbS2
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If w € C1Y[dz], then by hypothesis Jop, f@ =0,(n € N), and [, fw = 0.
Applying (3.2) with v = fw gives (3.1).

To construct such sequences, first consider the following special case. We
again use the notation that V; = {(z,w) € C? : zw = 2} (¢t > 0).

Lemma 3.3. Let Q C C? be a bounded domain with boundary of class C2.
Let 0 € b, and let Re(z + w) = 0 be the tangent plane to bS) at 0. Denote
by L1 and Lo the coordinate azes of C2, which we assume to intersect bQ)
transversely and in such a way that L; N b = A; is a simple closed curve
that bounds a domain D; C Lj, j = 1,2. There is then 7 > 0 such that if
0 <t <7 and if E is a unitary map of C? to itself with |E — I| < 7, then
E(V;) is transverse to bQ) and Diyg = E(V;) N Q is a transversely embedded
analytic disc. Moreover, if § > 0 is sufficiently small, then D;g \ 0B is an
arbitrarily small perturbation of [D1\ 0B] U [D2 \ 6B] provided that t > 0 and
|E — I| are sufficiently small.

Proof of Lemma 3.3.

Step 1. If r > 0 is sufficiently small, then b(rB) is transverse to A; and
to Ao, and each A; intersects b(rB) at exactly two points. In addition,
b(rB) intersects b2 transversely in a slight perturbation of H Nb(rB) where
H = {Re(z +w) = 0}. Both b(rB) and b2 are transverse to L; and Lo. For
each i, D; \ 7B is bounded by the union of an arc \; = A; \ 7B and a circular
arc 7y; contained in b(rB).

On any compact set missing the origin E(V}) is an arbitrarily small per-
turbation of L; U Ly provided that ¢t > 0 and |E — I| are small enough. In
this case, b§2 and b(rB) cut out of V; two domains D;(t, E,r), and by the
transversality mentioned above, each D;(t, E,r) is a slight perturbation of
D;\7B. It is bounded by two smooth arcs, one lying near );, the other near
Yi-

Suppose for the moment that we have proved that
(B) there is 7 > 0 such that for each t, 0 <t <7, E(V}) is transverse to
b and E(V;) NbQ is a simple closed curve Ag;.

For 0 < t < 7 define D;g to be QN E(V;). By Lemma 3.2 each Dy is a
transversely embedded analytic disc.

Step 2. We first describe what we are going to do to prove (B). If
Vo = {zw = 0} = L; U Ly, then V5 N bQ is a figure eight, a union of
two simple closed curves, A; and As, in C? which meet only at the origin.
(Note that they are not tangent to each other there.) Fix a small ball B
centered at the origin. Outside B the variety V4 is a small perturbation of Vj
when ¢ > 0 is small enough. It follows that QN E(V;)\ B is, for small ¢ > 0,
a small perturbation of (A; \ B) U (A2 \ B), which is a union to two disjoint
arcs. Now we use Lemma 2.5 to analyze what happens in B as we pass from
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t = 0 to a small positive t. A careful analysis will show that BNV;, the cross
in the figure eight, gets replaced with two arcs that connect the endpoints
of the two arcs whose union is [b2 N E(V})] \ B in such a way that the union
of all four arcs is a simple closed curve.

Now let us give the details of the proof of (B). Let § > 0 be smaller than 7
in Lemma 2.2. Since Re (z4+w) = 0 is tangent to b2 at 0, it follows that there
are 7 > 0 and a smooth function ) on R3 such that (0) = 0, |(Dv)(p)| <
g (p € R3) and such that B(0,7) N Gr(¢p) = B(0,7) N b2 There is a v > 0
such that if £ is a unitary map with |E — I| < v, then E(b2) is transverse
to both Li and Lo, and there is a unique function g, smooth on R? with
YE(0) =0, |(DYE)(p)] < § (p € R3) and such that E(Gr(y)) = Gr(vg).

Provided that & has been chosen small enough Lemma 2.2 shows that
GT('L/JE) NnL;, = {(‘I’zE(V),V) i VA< R} where &, = (XiE7YiE7Ui ) is
smooth on R and @) ,(V) is arbitrarily close to (0,—1,0), and @4, (V) is
arbitrarily close to (0,1,0) uniformly in V' € R provided that § and v are
small enough. In particular, we may assume that for V € R

(3.3)
1 1 3 11 3
(Xie(V)| < 5, Uip(V) < 5, =5 <Yp(V) < =5, 5 < Vap(V) < 3
Thus, Y g is strictly decreasing, Yag is strictly increasing, and since Y;5(0) =
0 it follows that Y1 (V) > 0 and Ya5(V) < 0 when V' < 0 while Y15(V) <0
and Yap(V) > 0 when V > 0.

Step 3. We have to take into account that Gr(¢g) coincides with E(2)
only within B(0,r). With M as in Lemma 2.5, choose w > 0 so small that if

A={|X|,|Y], U] < (M +2)wand |V| < w}
then A C B(0, R). The bounds (3.3) imply that

1 1 3
(3.4) | Xip(w)| < P |Uip(+w)| < 2w and |Y;p(Fw)| < Jw-

As ¢ is smaller than the 7 of Lemma 2.5, this lemma implies that for each
t>0,

Gr(We)NVi={(®1e:(V),V): Ve R}U{(Pare(V), V) : V € R}

where ®;py = (Xigt, Yiee, Uigt) is smooth on R and Yig (V) > 0, and
YQEt(V) <Oforall VekR.

If tg > 0 and v > 0 are sufficiently small, then by transversality, the set
{®1¢(w), Pap (W)} is a small perturbation of the set {®1;(w), Por(w)} and
the set {®15(—w), Popi(—w)} is a small perturbation of the set {®7(—w),
®y7(—w)} whenever 0 < t < ¢y and |E — I| < . In particular by (3.4) we
may suppose that

(3.5) | Xip(w)| < w, |Uipi(2w)| < w and |Yig(fw)| < 2w.
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Since by Lemma 2.5 | X!, |, |Y/gl, |Ulg < M on R, (3.5) implies that for
VI <w,

| Xip:(V)| < (M + Dw, [Uig:(V)| < (M + 1)w, and |Yig:(V)| < (M + 2)w

so, provided that ty and v are small enough (X;5:(V), Yipe, Uip:(V), V) € A
when |V| < w. Since A C B(0,r) where Gr(¢g) coincides with E(bS2), it
follows that B(0,7)NGr(ve)NViN{|V| <w} =B(0,r)NEBL)NV,N{|V] <
w}.

To see that E(V;) NbQ is a simple closed curve if ¢ > 0 and |E — I| are
small is equivalent to seeing that V;NE(bS2) is a simple closed curve provided
that ¢ > 0 and |E — I| are small.

To see that V;NE(bQY) is a simple closed curve, observe first that A; = A;r
consists of a short arc A = {(®;7(V),V) : |V| < w} and a long arc A, which
joins the points (®;7(w),w) and (®;7(—w), —w). If w > 0 is small enough then
the long arc A% meets A only at its endpoints at which it is transverse to the
hyperplanes V = w and V = —w, respectively. This transversality, together
with the transversality of L; and Ls to b2 implies that when ¢ = 0 changes
tot,0 <t <ty and I changes to E, |[E — I| < =, then, provided that ¢y
and ~ are small enough, the long arc Af will change arbitrarily little to an
arc Afp, with endpoints (T}, w) close to (®7(w),w) and (T}, —w) close to
(P;7(—w), —w), which will still meet A only at its endpoints. In particular,

(C) the Y—coordinates of T, and Ty, will be positive, and the Y-
coordinates of T&t and T, ,, will be negative.

We have A{p, UASL, = VN E(BQ)] \ A.

On the other hand, provided that ty > 0 and ~ are small enough, for
every E, |E — I| < 7, and for every ¢, 0 < t < t), ANEMBL) NV, = AN
Gr(ve) NV = {(P1p(V), V) : V| < w} U {(P2r:(V),V) : |V] < w} where
Yipd(V) > 0, and Yo (V) < 0 for all V' € R. Now V; intersects E(bS2) \ A
transversely provided that v and ¢y are small enough, and by Lemma 2.5, V;
meets F(b§2) N A transversely. Thus E(V;) intersects b} transversely, which
implies that E(V;) N b is a closed, one-dimensional submanifold of C2. As
VinEBEOQ)\ A=A UANL and VN (0Q) N A = {(@1::(V),V) : |[V] <
wiU{(P2r(V),V) : |V] < w}, it follows that

(3.6) EMbQ) NV, = A5 UA g, U{(®15:(V), V) : [V] <w}
U{(®2(V), V) : V] < w}.

The last two arcs are contained in A, and the first two miss A. As A{ ﬂAg =
0, it follows that A{,, N A%, = 0 if to and v are small enough. The last
two arcs in (3.6) are also disjoint since Y1z:(V) > 0 and Yag (V') < 0 for all
V € R. This, together with (C), implies that the only way for the right side
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of (3.6) to be a closed submanifold of C? is for
<I>1Et(—(.U) — TfEt (blEt — TQE‘t
and

Popi(—w) =Thp  Pop(w) = T1+Et-

Thus, E(b2) NV; consists of the long arc A{p, joining (T3, w) with (T}, —w)
followed by the arc {(®15:(V), V) : |[V| < w} joining (T}, —w) with (T3, w)
followed by the long arc A%, joining (T3, w) with (7, , —w) followed finally
by the arc {(®g(V),V) : |V| < w} joining (T, , —w) with (7}, w). This
proves that E(b2) NV, is a simple closed curve provided that ¢ > 0 and
|E — I| are small enough.

This completes the proof of Lemma 3.3.

Discussion 1. Given € > 0, the w in the proof of Lemma 3.3 can be
chosen so small that 4wv3M? +1 < e. This implies that the length of
E(bQ)NANV; does not exceed €. Indeed, length( E(bQ2)N.ANV;) = length(V;N

Gr(ve) N A) = [“ 152 [X]5(0)? + Yg,(0)? + Vig,(v)> + 1]]2dv, and

since | Xig, (v)], [Yig,(v)|, |V/g(v)] are all bounded by M, it follows that
length(E(02) N ANV;) < 4wv3M?2+1 <e.

Discussion 2. The implicit mapping theorem implies that given an interior
point w of the long arc A%, there are a neighborhood W (w) of w, a v(w) > 0,
and a to(w) > 0 such that |[E — I| < v(w) and 0 < ¢t < to(w) imply that
Afp, N W(w) is a smooth graph over Af N W (w). These graphs depend
smoothly on E and t. The same is true at the endpoints of A%. Since we
want the endpoints of AfEt to belong to |V| = w, we have to write, e.g., in
a sufficiently small neighborhood W (w) of w = (®;7(w),w), Air N W(w) =
{(®ir(t),t) : w <t < w+~} for some small v > 0, and then Afy, N W (w) =
{(®ig(t),t) s w <t <w+~}. A partition of unity argument together with
the compactness of Af shows that given a smooth 1-form « on C?, we have

(3.7) lim a:/ a.
E—1, 10 Afp Af

Similar reasoning applies to show that if tg and v are small enough, then the
lengths of AfEt, |E—1| <v, 0<t<ty,are uniformly bounded. We already
know that the lengths of E(b2) N V; N A are uniformly bounded. Thus, the
lengths of F(b2) NV} are uniformly bounded provided that |E—I| <v, 0 <
t < to.

Discussion 3. Let 7 (z,w) = 2, m2(2, w) = w be the coordinate projections
in C2. Foreach t, 0 <t < 7, let D!y = m(E " Y(Dsg)), i = 1,2. Since the
E~Y(Dyg) are discs in Vi, 0 < t < 7, the D!, are Jordan domains in C,
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bounded by simple closed curves m;(E(V;) N bQ2), which, when ¢t — 0, E —
I, by the last statement of Lemma 3.3, converge to D; in the following
sense: Given ¢ > 0 there is a 9, 0 < § < 7, such that if 0 < ¢ < § and
|E — I| < § then there is a homeomorphism Qf)éEZ bD; — ngE such that
[Yip(w) —w| < e (w € bD;), i = 1,2. This implies [Po, p. 26] that given
a conformal map ¢1: A — D and € > 0 there is a §, 0 < § < 7, such that
whenever 0 < t < § and |E — I| < §, there is a conformal map ¢}z A —
D}y such that |¢; — ¢1] < € on A which further implies that there is a
parametrization ¢ — (¢}5(¢),t?/¢lp(C)) = ®1p(¢) of E~1(Dyg) such that
|Pi£(¢) — P1(¢)| < 2 + diam(D2) (¢ € A) whenever 0 <t <4, |E—I| <46
where ®1(¢) = (¢1(¢),0) is a parametrization of D;. In particular, given
a neighbourhood D of D; in the space of transversely embedded analytic
discs, Dip € D (0 <t < §,|E — I| < ¢§) provided that diam(D2) and ¢ are
small enough.

Let a be a continuous 1-form on C? with compact support. Given € > 0,
there is a 6 > 0 such that for every smooth compact curve ¥ in C?, we have

/ a—/a /E*a—a
B(D) by N

whenever F is a unitary map with |E — I| < 0.

< elength(X)

Lemma 3.4. Let Q, A1, Ay and Vi, t > 0, be as in Lemma 3.3. If a is a
continuous 1-form on C2, then

(3.8) lim a :/ a :/ a.
E—=1I, t=0 JyonEW;) A1UAo bV

Proof. With no loss of generality we suppose that a has compact support.
Suppose that we have proved that

(3.9) lim a:/
E—=ILt—=0 JEmo)nw; AjUA

Since the lengths of E(bQ) N'V;, |E —1I| < 6,0 < t < tg, are uniformly
bounded, the preceding discussion implies that given € > 0 there is a § > 0
such that

Q.

<€

[
E(E(bQ)NV;) EbQ)NV;

whenever |E — I| < 8, |E —1I| < 7, and 0 < t < to. In particular, taking

E = E~ yields
/ o —/ al <€
bONE—1(V;) E@®OQ)NV;
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whenever |E™! —I| < §,|E — 1| < 7,0 <t < ty. Now E — [ is equivalent
to B~ — I, so

lim / a= lim o
E-1—1t—0 bONE—1(V4) E—1,t—0 EMb)NV;

provided that the limit on the right exists. Thus (3.9) implies (3.8). It
remains to prove (3.9).
Let € > 0, and let L be a uniform bound for the coefficients of a. By the
Discussion 1 above, one can choose w > 0, t, > 0, and v > 0 such that
length(E(bQ) N AN (A UAs)) < 16%
and
length(E (b2 —
ength(E(bQ) N ANV < 16L
whenever |E — I| < v and 0 < ¢ < to. It follows that when 0 < ¢ < ¢; and
|E— 1| <v,

(3.10) / a| < < and al < <.
E(bQ)NANV; E(bQ)NAN(A1UA2) 4
Further, by (3.7), we can pass to smaller v > 0 and ¢y > 0 if necessarily to
get,
(3.11) / a—/a< 0<t<ty |[E-Il<v,i=12).
Al Af

Thus, if 0 < t < tg and |E — I| < v, then (3.10) and (3.11) imply that

o — / ol < Z o — / o
E(bQ)NV; A1UA2 im1 |/ A Af E(bQ)NANV;
+ / o <e.
E(bQ)NAN(A1UA2)

This proves (3.9). The proof of Lemma 3.4 is complete.

Lemma 3.5. Let Q C C? be a bounded domain with 0 € bQ). Assume that
bQY is of class C? in a neighborhood U of (L1UL2)NbSY, Ly, Ly the coordinate
azes, and that Ly, Lo intersect b2 transversely so that D; = L; N} are
transversely embedded analytic discs, j =1,2. Let wy € Dy. There is then
a sequence {Ap}tn=12.. C Q of transversely embedded analytic discs such
that wy € Ay, bA, C U (n € N) and such that for each continuous 1-form
a on C?

(3.12) lim a:/ a—i—/ e
=00 JbhA, bD1 bDo
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Proof. Suppose to begin with that b is of class C2.

Assume first that Re(z + w) = 0 is the tangent space to b at 0. By
Lemma 3.3 there is 7 > 0 such that bQ N E(V;) is a simple closed curve
contained in U that bounds the analytic disc E(V;) N ) transverse to bS2
provided that |E — I| and ¢ are small enough. Since on a compact set
missing 0, V; is an arbitrarily small perturbation of L; U Lo provided that ¢
is small enough, it follows that given 7, (7, < 7), there are t,,, 0 < t,, < 7,
and E,, |E, — I| < 7, such that w; € E,(V,). Put A, = E,(V,,) N Q.
Then the A, are transversely embedded analytic discs and by Lemma 3.4,
(3.12) holds for every continuous 1-form on C2.

In the general case, let Re(pz + qw) = 0 be the equation of the tangent
space to b§2 at 0. Since L1, Lo are transverse to b2 it follows that p # 0, q #
0, so F(z,w) = (£,7) is an isomorphism of C? with F(0) = 0,F(L;) =
Li,i=1,2, and Re(z +w) = 0 is the tangent space to bQ if Q = F(Q). We
are now in the situation above with  replaced by Q and with D; replaced
by D =1L NnQ. Thus, there is a sequence A c Qof transversely embedded

analytic discs such that bA, C F(U), F(w;) € A, and such that

lim / / B+ B
n—00 bD; bDy

for every continuous 1-form 3 on C2. In particular given a continuous 1-form
a on C? it follows that if 3 = (F~'*)a then

lim F*(F™a = / F*(F~™)a +/ F*(F~ ™)
o0 JbA, bDy bDy
where A, = F~'(A,), which implies (3.12).

If the boundary b is of class C? only in a neighborhood of the intersection
(L1 U L2) N b2, then a small modification of the argument just given is
required. The set U can be taken to lie in the subset of () that is a manifold
of class C2. Then, in the proof of Lemma 3.3 it is enough to assume that b
is of class C2 only in a neighborhood of (L; U L) N b€, since we are there
intersecting b2 with varieties that are small perturbations of L; U Lo.

Lemma 3.5 is proved.

Discussion. Again, as in Discussion 3 after Lemma 3.3, given a neigh-
bourhood D of D in the space of transversely embedded analytic discs, A,
can be chosen to belong to D provided that diam(Ds) is small enough.

We now continue the proof of Theorem 1.1, but no longer under the
restriction to domains in C?. We are dealing with the case that € is strictly
convex at zg.

Lemma 3.6. Let Q be a bounded domain in CN with b of class C2. Suppose
that Dy C 2 is a transversely embedded analytic disc. Let wg € Do and zg €
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bDyg, and suppose that ) is strictly convex at zy. Let D be a neighbourhood
of Dg in the space of transversely embedded analytic discs. Denote by A(zp)
a complex line that is tangent to bS2 at zg. There are an open ball B centered
at zy and a neighborhood L of A(zg) in the space of all complex lines in CN
such that for each L € L that meets QN B

(a) LN BN is a compact convexr curve, and
(b) there are A € D and a sequence {A,}n=12,.. C D such that wy €
A wg € Ay, (n € N) and such that for each smooth 1-form o on C?

(3.13) lim a:/ o' +/ a.
n—0 JhA, bA LNQNbQ

As in the two-dimensional analysis, this implies that |[ LOQNbO fw = 0.
Granted this lemma, Theorem 1.1, in the case of convexity, now follows
from the following lemma.

Lemma 3.7. Let D be a bounded conver domain with bD of class C* and
strictly convex at zg € bD. Let L be an open set of complex lines in CN that
contains a line tangent to bD at zg. If f is a continuous function on bD that
with the property that fLme fa =0 whenever L € L meets D and whenever
a € CYOdz], then f is a CR-function on a neighborhood of zo in bD.

Proof. As L contains Ly, a complex line tangent to bD at zy and is open,
the result follows, in the case that N = 2, from a result in [G12]. In the
case of arbitrary N, a different analysis is necessary.

Thus, consider the case of general N. Let Hy be the real hyperplane
tangent to bD at 2o, and let Ty C Hy be the complex hyperplane in CV that
goes through zy. We shall show that if 7" is a complex hyperplane in CV
that is near Ty and that meets D, then [, - f© = 0 for all (N, N —2)-forms
¥ on CV with constant coefficients. Granted this, the result we want is a
consequence of Theorem 3.2.1 of [GI1S].

The complex hyperplane Ty is a disjoint union of complex lines parallel
to Lg. Continuity and the openness of £ imply the existence of an open set
7 in the space of complex hyperplanes in CV such that Ty € 7 and such
that each T' € 7 is a union of complex lines L each of which is parallel to
an element of £ and each of which is either disjoint from D, meets D in a
single point, or else meets bD in a small convex curve lying near zg. If 7 is
small enough, then as £ is open, each T' € T is a union of lines {Lx}rea(r)
parallel to an element of £ with the additional property that if L) meets
bD, then L) € L.

By hypothesis, for a given T' € 7T, fLme fw = 0 for every A € A(T).
Lemma 2.2.1 of [GIS] implies that for each T € T, [, f© = 0 for each
9, an (N,N — 2)—form on CV with constant coefficients. The lemma is
proved.
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The proof of Lemma 3.6 depends on the following simple observation.

Lemma 3.8. Let § > 0, and let V be a closed one-dimensional complex
submanifold of an open set in CN such that for each ¢, |C| < 8, V intersects
the hyperplane He = {z : z1 = (} at one point and transversely. Assume
that V meets Hy at the origin. There is a biholomorphic map ® of {z € CV :
|z1| < 0} onto itself that fivzes Hy and has the property that ®(V N {|z1] <

5}) = {(¢.0,...,0) : ¢| < ).

Proof. Let V' N HC = (p(C) = (Cv 902(C)7 a(PN(C))v ‘C‘ < 6. The map
¢ : 0A — CV is holomorphic by the transversality. As it satisfies (0) = 0
the map ® given by

D(21,... ,2n) = (21,22 — p2(21), ..., 2N — o (21))
has the desired properties.

Proof of Lemma 3.6. The idea is very simple; we describe it in a special
case. Since () is strictly convex at zp there are an open ball B centered at
2 and a neighbourhood £ of A(zg) in the space of complex lines in CV such
that if L € £ and L N B meets €2 then L N B meets b} transversely in a
compact convex curve. Moreover, given a neighbourhood £ of zy in CV,
LNBNQ C € provided that £ is small enough. Let V be a one dimensional
submanifold of an open neighbourhood of ) such that VN Q = Dy. We find
a biholomorphic map G from a neighbourhood @ of Dy in CV to a domain
G(Q) in such a way that G(zp) = 0 and that G maps QNV into the zj-axis.
Shrink £ if necessary so that L N BN Q C @Q whenever L € £ and assume
that L € £ and that zp € L. We modify G so that, in addition, it maps
LNBNQ into the z3-axis. Then we intersect G(Q) with the two-dimensional
subspace M spanned by z1- and z9-axes. This gives a domain in the copy M
of C? to which Lemma 3.5 applies to yield a sequence {fln} of transversely
embedded analytic discs whose boundaries bA,,, in the sense of that lemma,
converge to G(bDp) U G(L N BN Q). Then A, = G~Y(A,), and Ay = Dy
will do the job. Of course, we must be more careful when L does not pass
through zg.

Step 1. Let V be a closed one-dimensional submanifold of an open neigh-
borhood of € that intersects b2 transversely so that Dy = VNQ, bDy = V N
bQ. By Lemma 3.1 above, Dy is polynomially convex, so it has a Stein neigh-
borhood basis. Thus, there are arbitrarily small neighborhoods Q of Dg in
CY that are biholomorphically equivalent, say under F, to a domain P in CV
and in such a way that F(VNQ) = {(21,... ,28) E P29 =+-+ = zy = 0},
i.e., that F(V N Q) is the intersection of P with the z;-axis. This follows
from a result of Docquier and Grauert on the existence of holomorphic tubu-
lar neighborhoods -see [GR, pp. 256-257]- and the holomorphic triviality
of holomorphic vector bundles over discs. The strict convexity of Q at zg
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implies that there are an open ball B centered at zp and a neighbourhood
L of A(zp) in the space of complex lines such that

(D) if L € £ and L N B meets € then L N B meets bQ) transversely in a
small compact convex curve. Moreover, given a neighbourhood & of 29, £
can be chosen so small that BN LNQ C & for every L € L.

Passing to smaller P, (@ if necessary we may assume that there are a
neighbourhood 7 of the zj-axis in the space of all complex lines passing
through wy = F(wp) and a § > 0 such that whenever a complex line 7’
is parallel to a line T' € 7, dist(7,7") < § then T intersects F(Q N bQ)
transversely in a simple closed curve that bounds the domain D(T") = T" N
F(QNQ).

Step 2. Since V is transverse to b2 at zp it follows that A(zp) is not tangent
to V at zp so the complex tangent line to F/(A(zo)NBNQ) at Zg = F(zp) does
not coincide with the zi-axis. Thus, after composing F' with a unitary map
that fixes the zj-axis we may, after passing to a smaller £ and 9, assume
that there are a small open ball £ C B N Q such that (D) holds, and a
neighbourhood H of {z2 = 0} in the space of complex hyperplanes passing
through wg such that

(E) for each L € L, F(E N L) intersects each H', a complex hyperplane
parallel to an H € H, dist(H, H') < 2§, at precisely one point and trans-
versely.

By passing to a smaller 7 we can suppose that for each T' € T there is
an H € H such that T'C H.
For each T' € T let
D(T,d) = U{D(T") : T parallel to T, dist(T,T") < §}
and
P(T,6) = U{T' N P : T'parallel to T, dist(T,T") < §}.

Note that D(T, ) = P(T,0)NF(Q2NQ) is a connected component of P(T,J)\
S where S = F(b2N Q). Choose a neighbourhood P of Zy in @ so small
that

(F) if z € P and if T is the complex line passing through z and wg then
T €T and P CC P(T,0).

By (D) we can pass to a smaller £ such that
(3.14) LNBNQCQ, FILNBNQ)CP (Lel).

Fix L € £ that meets Q N B. By (D) and by (3.14), L meets B N b2
transversely in a compact convex curve that bounds the convex domain
LN BNQ CC Q. Moreover, by (3.14) we have
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(G) F(LhBNQ)=F(LNB)NF(QNQ) C Pisadomainin F(LNBNQ)
bounded by the simple closed curve F(LNBNbQ) = F(LNBNQ)NF (N
Q) CP.

Recall that
P(T,0)NbD(T,5) = P(T,0) N F(bQ2NQ)
and
P(T,0)NF(QNQ)=D(T,0).
By (G) and by the fact that P CC P(T,9) it follows that F'(LNBNQ)NEF (22N
Q) C D(T,6)NP and F(LNBNQ)NF(HQNQ) C bD(T,0)NP C SNP(T,0)
which implies that

(3.15) FBNLNQ)ND(T,§)=F(BNLNQ)NF(QNQ)

and

(3.16) F(BNLNQ)NVD(T,§) = F(BNLNQ)NF(bBLNQ) C SNP(T,J).
Clearly, F(B N LN Q) intersects S transversely.

Step 3. Choose p € F(LNBNQ)NF(NNQ). By (3.14) and by (F) the
complex line T' passing through p and Wy belongs to 7 and is contained in
some H € H so by (E), F(LNBNQ) intersects each complex hyperplane H'
parallel to H with dist(H, H') < 26 at precisely one point and transversely.
Lemma 3.8 now implies that there is a biholomorphic map ® from H + 26B
onto itself that fixes H and maps F(BN LN Q)N (H + 26B) onto p + 20Aq
where ¢ is a unit vector orthogonal to H. Note that P(T,d) CC H + 20B.
Let U = ®(D(T,6)) and ¥ = ®(P(T,0) NS) = &(bD(T,0) N P(T,9)).
Now (3.15) and (3.16) imply that ®(F(BNLNQ))N(H +26B) = p+20Aq
meets U in a domain bounded by a simple closed curve contained in ¥ C bU,
and the intersection is transverse. Moreover, since ¢ fixes H D T we have
p € XNT and T meets U in a domain bounded by a simple closed curve
XNT =5NT obtained as a transverse intersection of 7' with 3 C bU.
With no loss of generality, assume that p = 0. Let M be the two-
dimensional complex subspace spanned by 1" and Cq. Recall that Cq meets
U in a domain bounded by a simple closed curve which is a transverse inter-
section of Cq with ¥ C bU and that T intersects U in a domain bounded by
a simple closed curve which is the transverse intersection of T with ¥ C bU.
Since both TN bU and Cq N bdU are contained in X, an open subset of bU
which is smooth, it follows that near (77U bU) U (CqNbU), bU is smooth
and transverse to M. Thus U = U N M is a bounded open set in M which
has smooth boundary near (T'NbU) N (Cqg N bU). The component Uy of
U containing (T'NU) U (CgNU) is a bounded domain in M which has
smooth boundary near (T N bUy) U (Cqg N bUy) and which T' and Cq meet
in domains bounded by simple closed curves, which are transverse inter-
sections of T" and Cq with bUy. Now apply Lemma 3.5 to get a sequence
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fin C ﬁo of transversely embedded analytic discs whose boundaries bfin, in
the sense of that lemma, converge to (T'NbUy) U (CqNblp). Tt is now clear
that by pulling back to b2 N Q with (® o F)~! that A, = (® o F)~'(4,),
A= (Do F)"YTNUy),and LNBNQ N = (B o F)"1(CqnbU) satisty
(3.13) and wg € A, wo € Ap(n € N).

It remains to show that everything can be done in such a way that A,, (n €
N) and A belong to D. By transversality, for each T € T the disc TNF(QN)
is arbitrarily small perturbation of the intersection of F/(Q N§2) with z;-axis
provided that 7 is small enough. Further, our construction implies that
the maps ® are uniformly close to the identity provided that H and § are
small enough. Since P can be chosen arbitrarily small the reasoning from
Discussion 3 following Lemma 3.3 applies to show that the discs A,, belong
to an arbitrarily small neighbourhood of T'N F(Q N Q) provided that P is
small enough. It follows that A,, n € N, and A can be chosen to belong to
D.

Theorem 1.1 is thus proved in the case of convexity. It remains to prove
it in the strictly pseudoconvex case.

To this end, observe first that in the proof of Lemma 3.6 we never used
the fact that the elements of £ are complex lines. What we needed was the
following:

(a) There is an open neighborhood W of zy such that all L € Ly are one-
dimensional complex submanifolds of W,

(b) the initial A(z) € Lo is tangent to W N LY,

(c) if L € Ly is sufficiently close to A(zg) in the C'—sense and if L meets
WNQQ, then L meets b€) transversely in a simple closed curve bounding the
domain QN L, and

(d) given a neighborhood V of 2z, we have L N Q C V provided that L € £,
is sufficiently close to A(zg) in the Cl-sense.

Now the following lemma is proved in exactly the same way as Lemma
3.6.

Lemma 3.9. Let Q be a bounded domain in CN with b of class C2. Suppose
that Dy C Q is a transversely embedded analytic disc. Let wyg € Do and
20 € bDg. Let W, A(z0) and Ly be as above. Let D be a neighbourhood of Dy
in the space of transversely embedded analytic discs. There is an L C Ly, a
C'-neighbourhood of A(zg) in Lo, such that for each L € L that meets QNW

(a) LNbQ is a compact convex curve, and
(b) there are A € D and a sequence {A,}n=12,.. C D such that wy €
A wg € Ay, (n € N) and such that for each smooth 1-form a on C?

(3.17) lim a:/ a +/ .
=00 JhA, bA LNbQ2
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To conclude the proof, we suppose that b2 is strictly pseudoconvex at zg.
There exist a neighborhood W of zy and a biholomorphic map ¥ : W —
W, W a neighborhood of 0 = W(z) such that ¥ is a polynomial map of
degree two and such that ¥(Q2NW) is strictly convex. Let Lo be the complex
tangent line to b¥(QNW) at 0. Let [,0 be a ne1ghborhood of Ly in the space
of complex lines, and for each L € Lo let L = @1 (LNW). If W and Ly are
sufficiently small then Lo = {L : L € Lo} has the properties (a)-(d). Recall
that by our assumptions, fbD fw = 0 for every form w € CY![dz] and for
each transversely embedded analytic disc D € D. By Lemma 3.9 it follows
that there is a neighborhood £ C Ly of Ly in the space of complex lines
and a neighborhood Q of zg such that for each L € £ = {L : L € L} which
meets QN W,

(3.18) /mm fw=0

for each w € CYH[dz]. Since ¥ is a polynomial map of degree two, it follows
that for all @ € C1%[dz] the form ¥*a lies in C4![dz].
If L € L, then given a form o € CH0[dz] (3.18) implies that

/ (fo\If_l)a:/ (fo\I/_l)a:/ (foUu loW)W*a =0.
LOw(bQnW) (LNbE) LObQ

By [GIS, Th. 3.2.1] it follows that fo¥~! is a CR-function in a neighborhood
of 0 in W (b2NW), which implies that f is a CR-function in a neighborhood
of 20-

Theorem 1.1 is finally proved.

4. Concluding Remarks.

In this final section we note a consequence of the main theorem.

Let € be as in Theorem 1.1 and let D C €2 be a transversely embedded
analytic disc. If a continuous function f on bD has a continuous extension
to D which is holomorphic on D then [, fw = 0 for all (1,0)-forms with
linear coefficients. The holomorphic extendibility is invariant with respect
to biholomorphic maps. Accordingly the following theorem holds in Stein
manifolds, which we view as closed complex submanifolds of CM.

Theorem 4.1. Let Q be a relatively compact domain in a closed complex
submanifold M, dimM > 2 of CM that has C? boundary. Let Dy C
be a transversely embedded analytic disc, and let ) be strictly pseudoconvex
at zg € bDg. Let D be a neighbourhood of Dy in the space of transversely
embedded analytic discs D C Q). Suppose that f is a continuous function on
a neighbourhood of bDqy in bS) such that for each D € D satisfying wg € D,

(4.1)  f|bD has a continous extension to D which is holomorphic on D.
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Then f is a CR function in a neighbourhood of zy. If (4.1) holds for all
D € D then there are a neighbourhood W of Doy in M and a continuous
function f on W NQ such that f = f on W N K.

Proof. Let dimM = N. The set D C M is a compact, polynomially convex
set in C™ and thus has a Stein neighborhood basis in CM. The intersec-
tions of the elements of this basis with M form a Stein neighborhood basis
of D in M. Thus, by the result of Docquier and Grauert and the holo-
morphic triviality of holomorphic vector bundles on discs as used above and
by the fact that the extendibility assumptions we make are invariant under
biholomorhic maps, we can assume that € is a domain in CV and that D
is the intersection of 2 with the z;—axis. The preceding theorem now im-
plies that f is a CR-function in a neighborhood of zy in b£2. This proves
the first part of the theorem. As (2 is strictly pseudoconvex at 2o, there
are a neighborhood P of zp and a continuous function f on PN Q that is
holomorphic on P N2 and that satisfies f = f on PNbQ. Our assumptions
imply that there is § > 0 such that if 7 denotes the set of all complex lines
parallel to the z;—axis and at distance not exceeding ¢ from it, then each
T € T meets P N b transversely (and thus also meets P N§2), T' meets bS2
in a simple closed curve bounding 7N €2, and f|(T° N bQ2) has a continuous
extension fr to TN that is holomorphic in T'NQ. Since TNbQN P contains
an arc, fr coincides with f |T near b2 N P. Thus, by Hartogs’s lemma, the
function f defined by f (T NQ) = fr has all the required properties on
W=U{T:TeT}.
This completes the proof.
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