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‘We consider the correspondence between nilmanifolds and
Lie algebras with rational basis, and we define spectral se-
quences converging to the respective cohomologies. The F,
terms of the spectral sequences are the cohomolgies of iso-
morphic graded Lie algebras.

Each nilmanifold gives rise to a Lie algebra with rational
basis. We give an example which illustrates that not all such
Lie algebras correspond to nilmanifolds. Given a Lie algebra
with rational basis we give a construction that produces a
nilmanifold with Lie algebra that is rationally equivalent to
the starting Lie algebra.

0. Introduction.

In Section 1 we consider the correspondence between groups and Lie alge-
bras over the reals and rationals. A nilmanifold is completely determined by
its fundamental group — a finitely-generated, torsion-free, nilpotent group.
In Section 2 we show how a nilmanifold determines a nilpotent Lie algebra
with a finite rational basis; we give an example to illustrate that not every
such Lie algebra comes from a nilmanifold. In Section 3 we define a spectral
sequence for a nilmanifold. We prove that spectral sequence converges to
the integer cohomology of the nilmanifold and has Es term isomorphic to
the cohomolgy of a graded Lie algebra. In Section 4 we define the corre-
sponding spectral sequence for the Lie algebra associated to a nilmanifold.
The spectral sequence converges to the cohomology of the Lie algebra; the
FE» term is the cohomology of a graded Lie algebra, and if A is the smallest
subring of the rationals containing the structure constants of the Lie algebra
then with coefficients equal to A the Fs terms of the spectral sequences of
the nilmanifold and the Lie algebra are isomorphic. In Section 5 we give a
construction of a nilmanifold from a nilpotent Lie algebra with finite rational
basis; the Lie algebra associated to this nilmanifold is rationally equivalent
to the original Lie algebra.
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1. Nilmanifolds and corresponding Lie algebras over the reals
and the rationals.

A nilmanifold is the quotient of a simply-connected Lie group by a uniform
discrete subgroup. A uniform discrete subgroup can be identified with a
finitely-generated, torsion-free, nilpotent group. We denote such a group by
G. Let Gr be a k-dimensional, connected, simply-connected, nilpotent Lie
group. Then Gg can be identified with its real Lie algebra Lr with bracket
[, ]. With respect to any basis {di,... ,d;} for Lg, the group Gg can be
identified with the set of elements {1dy + - - - + &§rdi, {5 € R, in Rk, The Lie
algebra Lg has real structure constants and the group structure * on Gg (as
well as on any subgroup) is given by the Campbell-Hausdorff formula:

Using the notation ad(z)(y) = [z,y],ad*(x)(y) = ad(z)([z,y]) =
[z[z,y]],... we can write
(1) z*y = z(z,y),

Z(CL’,y) = Z Zn(xa y)v
1

n—=
1
zn(z,y) = - Z (Zpg T Zpg)s where

pg=n

o 3 (=1)™* ad” (v)ad?® (y) - - - adP (z) (y)
Pq lag! -+ p,! ’

1+t pm=p m DP1q1: - - Pm!

it gm—1=9-1

Pitqi21,pm=>1
o 3 (=)™ ad” ()ad® (y) - - - adP " (y) ()
- m pilg! - gmi!

P1t+:+Pm=p
gt +gm-1=q-1
pitgizlpm=>1

It is easy to find the first three homogeneous components of z. Namely,
z1(z,y) =z +y,

a(e,9) = 5],

2ale9) = 25l o 4l] + 7500 [y, 2]

It is clear that z(z,0) = x,2(0,y) =y, and z(z(w, z),y) = z(w, z(z,y)).
Malcev [3] showed that a group Gg contains a uniform discrete subgroup

G if and only if there is a basis for Lr with rational structure constants. Let

{di,...,dy} be such a rational basis. Then the set of elements

‘Sldl +- €kdk’7 g] € Q>
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has the structure of a Lie algebra £ = Lg. £ as a subset of Gr has group
structure given by the Campbell-Hausdorff formula. We denote this group
by Gg. Since £ is a nilpotent Lie algebra, a rational basis for £ can be chosen
so that {d;,... ,dy} is a basis for an ideal £¢ of £, with [£%, £] C £i! and
LF+1 = 0. Such a basis is called a canonical basis for L. It follows from the
Jacobi identity that

(2) (', 7] C £
for 4,5 > 1. In particular, the bracket on £ induces a graded Lie algebra
structure on @, L'/L1.

Let G be the group on the set of elements

(x1dy) * - -+ * (zpdy), zj € Q,
with group structure given by the map *. The elements
(wids) * - - - % (wpdy)
generate a normal subgroup G* of the group G.
G=0G'>¢>...>¢F>1

is a central series. The commutator (a,b) = a_lb__lqb for any a € G and
b € G’ belongs to G'*!, and the quotient groups G'/G**! are isomorphic to
Q.

Proposition 1 ([3]). The groups G and Gg are isomorphic. The isomor-
phism is given by the maps

@ @
Qi’QQ, (w1dy) * -+ x (zpdy) = §1dy + -+ + Edy,,
P

where

§=zj+ej(rn,... wji) and x5 =&+ 96,5 §-1)
are rational polynomials.

Proof. See [3]. O

The explicit formulas for ¢ and 1 follow from the Campbell-Hausdorff
formula.
Note that the maps ¢ and @ give one-to-one maps of sets

g"éﬁi, i=1,2,... k.
P
The group G, as a set, can be identified with Q* via the map e : G — QF
given by
e:(xpdy) * - * (zpdy) — x = (z1,... ,Tk).
e induces on QF a group structure by the operation

z-y=-e(elzxely).
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It follows that
(3) :Uy:p(x,y)Z(m(l‘,y), apk(‘r?y))v
where the p;s are rational polynomials of the form
pi(T,y) =xj +yj + (@1, T, Y1 Y1)
=xj+yj+oi(T,...,Tj-1,y1, 0, Yj—1) + oo,

and where o; = 0j(z1,... ,y;—1) denotes the quadratic part of 7;. Then Q¥
can be given a Lie algebra structure with bracket [, | defined by setting

[z,y] = o(x,y) —o(y,z), where o(z,y) = (01,...,0%).

This bracket on Q¥ induces the original Lie algebra structure on £ (= Gg)
via the maps e, ¢, and .

2. Finitely-generated torsion-free nilpotent groups.

Let G be a torsion-free, nilpotent group on k generators. A set of elements
{g1,... , g9k} of G is called a canonical basis for G if every element of G can
be expressed in the form

gflgik7 .TJGZ,
so that the elements of the form g} - -gzk generate a normal subgroup G*
of G, for i =1,2,... , k, with the quotients G*/G**! being infinite cyclic.
Any such group is isomorphic to a uniform discrete subgroup of the real
Lie group Gr. This isomorphism is given as the composition of maps

G i g © g@ inclusion g]R

)

where
i(g7t - gpk) = xign * - * TG,

and

o(z1g1 * - * 2pgr) = 191 + - + EpGr-

As in Proposition 1, it follows that {g1,...,gx} is a canonical basis for
the Lie algebra L. Note that while the $;~S are integers the 5}5 are rational
numbers in general. Furthermore, recall that Gg = Lo = £ and Gr = Lg as
sets. We identify G with its image i(G) in G. Thus we have:

(i) G is the subgroup of G consisting of the elements
(z1g1) * - * (Trgk), zj € L.
(ii) The groups G, = G N G' of the elements
(wigs) -+ * (zkg),  x; €L

are normal subgroups of G.
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(iii) The quotient groups G;/G;+1 are infinite cyclic.

(iv) The Z module €, Gi/Gi+1 has a graded Lie algebra structure in-
duced by the commutators on G. This Lie algebra structure is induced
from that on @, £!/L! by the map poi: G — L.

(v) The group G, as a set, can be identified with Z* c QF via the map
ioe. The group structure on Z* in (3) is induced by e. Therefore, the
rational polynomials p; are Z-valued polynomials when restricted to
ZF x ZF. Each polynomial pj(z,y) can be written as a sum (over Z)
of binomials

@) )G GG~ Go)

with a,, b, nonnegative integers, r,s < j, where not all a/;s and not
all b s are equal to zero and also as sum (over Q) of polynomials (see
[1])-
Thus, we can consider the group Z* with the group operation given by
(3). We denote by G the image of ZF in Gg under the one-to-one map

ch:gpoeilzzk—>GCQQ.

Recall that, given a canonical basis {gi,...,gx} for G, G¥ is the set of
elements £1g1 +- - -+ Exgi, where &1, ..., &, are certain rational numbers. G*
with the operation * given by the Campbell-Hausdorff formula is a group.
It is important to note that the sequence of rational numbers &1, ... ,& is
not an arbitrary sequence of rational numbers; it depends on the choice of
a canonical basis {g1,...,gx} for G. Once a canonical basis is chosen then
& = zj + ¢pj(x1,... ,x2j-1), where the x,’s are integers and the rational
polynomials ¢; are determined by the Lie algebra bracket.
We summarize our observations as follows:

Proposition 2. Let G be a torsion-free nilpotent group on k generators, and
let {g1,... 9k} be a canonical basis for G. Then the group G is isomorphic
to the group ZF with the group operation defined by

(4) z -y = ch™(ch(z) * ch(y)),

where x = (x1,... ,2%),y = (Y1, ..., yx) and where x is given by the Campbell-
Hausdorff formula (1).

In order to illustrate the type of rational numbers &i,... & that can
occur, we look again at a classical example.

Example 1 (The Heisenberg group). Let G be the group of matrices

1 al ad/k‘
0 1 az |, wherea; €Zandk is a fixed integer > 0.
0 0 1
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Then

is a canonical basis, and
1 I (l‘3/k‘) + 12

g9i'g5°g5° = [0 1 T2
0 0 1

{91, 92,93} is a canonical basis for £, [g1, g2] = kg3, and [g;, g;] = 0 other-
wise. We have

k
ch(z) =191 + z292 + | @3 + 57132 | g3, x = (21,22, 23);
therefore,
k
S1=z1, &=z, & =z3+ 1170

2
It can be checked that the group structure on Z? is given by (4). Namely,

ch(z) x ch(y) =(x1 + y1)g1 + (22 + y2)g2

+ <($3 +y3 — ky1w2) + g(ivl +y1)(z2 + y2)> 93
=o(((z1 4+ z2)g1) * (11 + y2)g92) * (23 + y3 — ky122)g3))
=poe (z-y)
=ch(x - y).

As was mentioned above, a canonical basis for G determines a canonical
basis for the rational Lie algebra. However, the converse is not always true.
A canonical basis for £ is not always a canonical basis for G. This fact is
demonstrated by the next example. We will see later that given a canonical
basis for a Lie algebra, there is always a rationally equivalent basis that is
induced by a canonical basis of the corresponding group.

Example 2. Let £ be the Lie algebra over Z with generators g1, ... , g7 and
with product given by

(91, 92) = 94 — g5,
91, 93] —g4+95, (92, 93] = 95,

[

(91, 94) = (92, 94] = g6, (93, 94) = g7,
91, 95] = ga, [92, 95] = g7,

[9i,95] = 0 otherwise.

L is a nilpotent finitely-generated Lie algebra with no torsion elements. The
set {g1,..., g7} forms a canonical basis for £ with {g;,... ,g7} a basis for
the ideal £’. We want to show that {g1,...,g7} can not be a canonical
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basis for a finitely-generated torsion-free nilpotent group whose associated
Lie algebra is £. The idea is the following. Assuming that {gi,...,g7} is
such a canonical basis we show that there are elements z,y € Z” such that
ch™(ch(z) * ch(y)) fails to be a sequence of seven integers.

Let x = (71,... ,27) € Z7. Then ch(z) € Gp,

ch(x)

= (191 % - - * 27g7)

= T191 + X292 + T393
+ (x4 + 1/2(x122 + 2123)) g4 + (25 + 1/2(—2122 + 2123 + 2223)) g5
+ (z6 + 1/12(—1‘11’% + 21’%1’3 + 2z1x923 + 62124 + 62274 + 62275))96

+ (z7 + 1/12(1’11’% — xlxg + x%xg — 2z1w0w3 + 62374 + 62225))9g7

and there is a similar formula when z is replaced by vy = (y1,...,y7).
Now we assume that there is a sequence of integers z = (21,... , 27) € Z7
such that ch(z) = ch(z) * ch(y). A routine computation shows that

zi = x; + Yi, 1=1,2,3,
24 = T4+ Y4 — T2Y1 — T3Y1,
Z5 = T + Y5 + T2Y1 — T3Y1 — T3Y2,
26 = T6 T Yo — TaY1 — TaY2 — T5Y1

1
+ Z2Y1Y2 + T3Y1Y2 + 93334% + 5515%91

Z7 = X7 + Y7 — TsY2 — Tay3 — T2Y1Y2 + T2Y1y3 + T3Y1Y2

1 2 1 2 1 2
+ T3y1ys + rox3yr + §$3y1 - §$2y1 §x3y2'

From here it is immediate that for  and y such that zo = 1,2; = 0,7 # 2

and y3 = l,y; = 0,7 # 1 we get z¢ = 1/2 and 27y = —1/2. Thus, the
cannonical basis {g1, ..., g7} for £ is not induced by a cannonical basis for
any group.

However, it is possible to find a nilpotent torsion-free Lie algebra L’ on
seven generators e, ... ,ey over Z such that £ and £’ are isomorphic over
Q (but not over Z) and that the generators ej,...,e7 are induced by a
canonical basis for a torsion-free nilpotent group on 7 generators and that
L’ is the corresponding Lie algebra. Such a Lie algebra is the following:
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Example 3. Let £ be the Lie algebra over Z with generators eq,... ,e7
and products

[61, 62] = 264 — 265,

le1, e3] = 4deq + 4es, [e2, €3] = 2es,

le1, e4] = 2eg, [e2,e4] = €6, [e3,e4] = 2e7,
le1, e5] = 2es, [e2, e5] = e,

lei,e5] =0 otherwise.

In this case for z = (21,...,27) and y = (y1,...,yr) from Z7, ch(x) and
ch(y) belong to G” C G,
ch(zx)
= T1€] + x2€2 + X3€3
+ (x4 + 22123 + T122)eq + (x5 + 22123 + Tow3 — T1T2)eEs
+1/12(122¢ 4 122124 + 6204 + 122125 + 8T 2073 4 162703 — 2123 )€
+ 1/12(12x7 + 122324 + 62975 — 8T 12973 — 8:619:% + Qx%xg + 2x1x§)e7 .
There are similar formulas for ch(y). The group structure on Z7 is given
by the formula z = ch=!(ch(x) * ch(y)),
z1 =1+ Y1,
Z2 = T2 + Y2,
23 = T3 + Y3,
zy = x4 + Ys — 2x2y1 — 4311
25 = T5 + Y5 + 2w2y1 — 4r3y1 — 2731
26 = 26 + Y6 — 2Tay1 — Tayz — 2T5y1 + 200192 + AT3y1y2 + 8T3YT + T3y
Z7 = T7 + Y7 — TsY2 — Tay3 — 2x2y1y2 + dx2y1ys + 4w3y1y2 + 8x3y1y3
+ dzomgyr + dx3yr — T3YL + T35

Thus, the group G’ whose Lie algebra is L’ is the set of elements of the form

el *---xer” with the product given by the above formulas.

Given a finitely-generated, torsion-free, nilpotent Lie Algebra over the in-
tegers, there is a family of Lie algebras over the integers that are equivalent
to it over the rationals. All such algebras can be provided with canonical
bases. However, as we have seen in Example 2, not all such bases are deter-
mined by a canonical basis for a finitely-generated, torsion-free, nilpotent
group. It seems natural to ask the following question: Suppose that we are
given a finitely-generated nilpotent Lie algebra over the integers. Can we
find a finitely-generated torsion-free nilpotent group and a canonical basis
for such a group so that its associated Lie algebra is a Lie algebra over the
integers that is rationally equivalent to the original one? It turns out that it
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is possible. In the last part of this paper we describe a procedure for finding
such a group.

3. The spectral sequence for polynomial cochains.

In this part we start with a finitely-generated, torsion-free, nilpotent group
G with a canonical basis. The induced Lie algebra is a Lie algebra over the
rationals together with the induced canonical basis. In [1] we proved that the
integral cohomology of G is isomorphic to the cohomology of the differential
algebra P(G) of rational polynomial maps from Z* to Z, where k is the
number of generators of the group G. The differential on P(G) is induced
by the group structure on Z. In this section we use the structure of the group
G to define a filtration on P(G), and study the resulting spectral sequence.
Starting with the sequence of normal subgroups of G, G = G' > G? >
.-+ > G¥ > 1, denote by i; the largest positive integer such that G'/G7+!
is a torsion-free, abelian group and by i the largest positive integer such
that G +!/G?2+! is a torsion-free, abelian group. Inductively, let 0 = ig <
11 < ig < -+ < iy—1 < iy = k be the largest positive integers such that
GU—1 /Gt j =1,2,... N — 1, are torsion-free, abelian groups. Then
G=G1>Gy> - >Gny1 =1, Gjy1 =Gt j=0,1,2,... N-1
is the shortest central series with torsion-free quotients. Then ¢ maps this
sequence of normal subgroups to a sequence of ideals of the Lie algebra L.
£=£13£23"'D£N+1=0, L‘j+1=£ij+17
(p(Gj)Cﬁj, j=12,... N.

From (4) it follows that the commutators induce a Lie algebra structure on
the Z-module gr G = @®;>1G;/Gj4+1. The Lie bracket [, | on £ induces a
Lie algebra structure on the Q-module gr £ = @®;>1L;/L;+1. In addition the
graded Lie algebras gr G ® Q and gr £ are isomorphic. The isomorphism is
induced by .

For the remainder of this paper, we assume that the canonical basis

{g91,...,9x} for G is such that {g1,...,g:, } projects to a basis for G1/Ga;
{Gi;+1,--- , gi,} Projects to a basis for G2/G3; and in general

{9i;.1+1,--- ,9i;} Dprojects to a basis for G;/Gjy1.

To each basis element g; of g we assign a weight as follows. If g; projects

to a basis element for G,/G,1, then its weight is |g;| = 7. In particular,
|Gi,_1+1] =+~ =1gi,| =7 for r =1,2,..., and for every rational number ¢
we set

99| = lgl-
Furthermore,

l9r + gs| = max{|gr|, |gs|}-
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Since a canonical basis for G induces a canonical basis for £, we set the
weight of an element g; of £ to be the weight of g; considered as an element
of G.

From (2) it follows that for any two elements of the canonical basis g, €
La, gs € Ly, the Lie bracket is

lgr g5l = > d°g;,
j>r+s
where q;-"’s € Q and gj € Lg4p. Thus,
|[g7“’gsH > ‘97“’ + |gs‘-
The above summation goes over all j such that
’gj‘ > |gr| + 1gs]-

Next we assign a weight to each binomial map Z¥ — Z according to the
rules:

(xj>‘:a\xj|, a=0,1,2,...,
a
T T
(I-1C)
a a

|u+ v| = max{[ul, |v]},

for any integer p # 0,

|uv] = |uf + Jv].

Analogously, we assign a weight to each monomial map Z* — Z as follows:

‘:Uj‘ = ‘gj|7
25| = ala;],
lgz;| = |z;| for any rational number ¢ # 0,

|u+v| = max{lul, |v[},
|uv| = |u| + |v].
Observe that each binomial of weight w is a sum of monomials of weight

< w and that each monomial of weight w is a sum of binomials of weight
< w.

Lemma 1. Let the group structure on G be induced by the --product (3).
Then each pj(x,y) is a sum (over Z) of binomials. p;(x,y) can be also
expressed as a sum (over Q) of monomials of weight < |g;|, j =1,2,....

Proof. Because the group structure on ZF is given by restricting the *-
product from G to e~!(Z*), it follows that the statement is proved if we
verify that
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for every x,y € Z*.
Equivalently, it suffices to show that the above inequality is satisfied in
the product formula on G,

((w1g1) * -+ % (zrgr)) * ((y191) * -+ % (Yrgr)) = (p1(@,y)g1 * - - * pr(x, y)gr)-

©
But the maps ¢, ;G = L are such that
P

Y(€1g1 + - + Ekgr)

= (&1g1) * -+ (§ + &y §-1))gg * - (G +r(€1y 5 Eem1)) 90
o(T191 * - * T gr)

=x191+ -+ (zj+gj(z1,...,xj-1))9; + - + (@r + ge(21, .- ., Tho1)) 9k,

where
& + (&, §-1)| < €] = gy

and

25 + @i (@1, wj)| <zl = gl
It follows that the statement is proved if we show that the product in L,
given by (1)

Exn=(§1g1+ -+ &egr) * (mgr + -+ + Megr)
= (B1(&,mg1 + -+ + Br(&,m)gr)

holds with »83(5,7]) = Bj(&la--'aé—jflanl,'"777]'*1) and |ﬁ](£an)| < |gj| for
j=1,2,... .k But

Bi(6m =& +n+ Slely+ oo

Hence, it is enough to verify that |[£,7n];| < |g;| if |£5] < |gj] and [n;| < |gj]
forall j =1,2,....
Since

[gmgs] = a'?sgja a?s € Q7
j=r+s

where the sum is over all g}s such that |g;| > |g,| + |gs| and

k
[Ean] = Z Z 57'778&;759,]"

r,s=1j>r+s
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the result follows from the identities

& ml;] = Z frnsa;’s

1<r,s<k
r+s<j

T8
1gi§k { |€rnsaj |}
r+s<j
max{|&-7s|}
= max{[&| + [ns|}

max{|g-| + |gs|} < gl

IN

IN

O

Recall from [1] that an element of P"(G), n > 1, is given as a linear
combination, with integral coefficients, of the binomials

H (x”)
)
s
1<i<k Y
1<j<n

where the aj;s are nonnegative integers. PY%(G) = Z. The differential d on
P(G), as a derivation, is completely determined by its values on P!(G). On

a typical binomial
(o) () G)
aq ag af
in P1(Q)

o= () () () G - () ()

where p; = y; + z; + 7j, or more explicitly

pj(yl,... ,yj,Zl,... ,Zj) = yj +Zj —|—Tj(y1,. .. ,yjfl,zl,... ,ijl),
where 7; is a polynomial of degree > 2. To each polynomial cochain v in

P(G) we assign a nonnegative integer |lu|| called its norm, according to the
following rules:

llggill = |lgs|| for any rational number ¢,

H <x> H = allz;|| fori=1,2,... .k,
a
a a

lwoll = Jlull + o],

lu+ v|| = max{||u||, ||v]|} for any u € Pi(G), v E Pj(G).
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Lemma 2. The polynomial functions p; and 7; have their norms bounded
from above. Namely,

||pj(131,--- yLjy Yls - - - 7yj)” < ‘gj| - ]-7
HTj('Ila"' s Lj—1,Y1y - 7yj*1)” < ‘g]| - 2.

P’FOOf. p](xh y Ljy Y1, .- 7y]) = +y] +Tj($1,... y Lj—1,Y1,--- ayj—l)v
where 7; is a sum of binomials

() ()6)-¢)
ai, a;, ) \bj b;
r > 1, s > 1, with integer coefficients. The norm of such a binomial 5 is
1611 = aullzall + ) bollyel
=Y aullzal = 1)+ Y bullye] = 1)
< (X aulwal + D okl ) —2

=8l -2

< |pjl =2

< lgjl =2
according to Lemma 1. Therefore, |7;]| < |gj| — 2. Since ||p;|| =
max{||z;||,[|3]|} over all binomials 3 in pj, it follows that ||p;|| = |lz;].
Hence, |[pjll = lg;] — 1. .

Using the norm || ||, we define a filtration on P(G) by setting
F'=F'P(G)={ucP@)|u| <i}, i=0,12,...,
FOcF'cF*c..-F~'cF'c-.-Cc PG).
This filtration has the following properties:
Lemma 3. (i) Under the cup product on chains
F'x FI — F"™*.
(ii) The differential d on P(G) preserves the filtration; i.e.,
dF' C F'.

Proof. (i) follows immediately from the definition. ‘ '
(ii) follows once we verify that for every binomial u € F*, du € F".

Let
(o) ()
aj ag
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Then du is given by formula (5) above. Note that

(0) ) Sntai-v

and

() ()= St - <

J=1

And according to Lemma 2,

k k
P1 Pk
]( ) ( )H=Zajupj||§zaj<|gjr—1>,
a1 ak =1 j=

which is < i, by the assumption. Therefore, ||du| < i. Hence, du € F*. 0O

3.1. Ep and Ej-terms of the spectral sequence. Let {E,,d,} be the
spectral sequence corresponding to the filtration {F"}. In particular, we
have

Ey=F'/FL,

Let p be the projection F* — Ejy. The next step is to compute E;. Since
do = pd and because each element of F’ is an integral linear combination
of binomials, we look more closely at the last term in formula (5) for du,
where u € F,

pPLY (Pr) _ yitzatm) (Yt 2+ Tk
ai ag al ag

k ajfl
(707 ()2 ("))
i=1 CL]' CL]' — T aj —-T
Observe that
751l < 1g;] — 2

by Lemma 2. Therefore,

.
I(2)] = estml < et -

J
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and
a;—1
£
— r a;—r
= (7))
1<r<a;—1 r a; —T
= max{rlyy + 51+ (@ = Dl
=, e {rllyill + (a; = rllmsll izl + (a5 = )l 1}
= . {rlagl+ (a5~ D))
since [ly;|| = ||#;||- Because |ly;|| = |g;| —1 and ||75|| < |g;| —1, the last term

is strictly smaller than

max {(r+ (a; —r))(lg;| = D} = a;(lg;| = 1)

1<r<a;—-1

Therefore, the binomial (¥ 1) o (4 Z) has the form

()0

where
1X50l = a;(lg;l = 1), NT5l < a;(lg;] — 1)
But
k k

G+ = 1%+ > T T, X5, - X

j=1 J=1
where the sum is over all sequences i1,...,%. of elements from 1,2,...,k
of length » > 1 and where ji,...,jr_, is the complementary sequence.

Observe that

HZT“ o T Xy Xy,
= max {HTH '.'XjkfrH}
(all sequences)
< max  A{a; (|lgi| = 1)+ +ai,(lgi, | = 1)
(all sequences)
+ ajl(’le’ - 1) +--t a’jkfr(’gjkfr’ - 1>}
which is strictly smaller than ¢ by the assumption that u € F?. Therefore,
do — j AN i Tz
() 1) - T (Y,

J=1 Jj=1 Jj=1
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or dyu = pdyiu, where dyu = 0 for u = (mf) when 1 <7<k and

o ()(,2.)

7j=1 r=1

when a; > 2. But this is the differential on P'(A4), when A is the Z-module
G1/G2 @ - ® Gj/Gjy1 @ --- considered as an abelian group. Using the
results of [1], we obtain:

Theorem 1. The Ei-term of the spectral sequence {E,,d,} is isomorphic
to the exterior algebra N\, (T1,... ,Tk) on one-dimensional generators.

3.2. Esr-term of the spectral sequence. Since the terms of the spectral
sequence are algebras, it is sufficient to find the value of d; on the generators
z; of Ny (Z1,...,Z). If z;, ||z;|| = 4, is a representative of z; then d7;
will be determined by the projection of dz; into the submodule of P(G) of
elements whose norm is i — 1.

From the definition of d on P(G) it follows that

dacj = —Tj(yl,. . .,yj_l,zl, . ;Zj—l);

where

Ti(Y1y o Y1, 21, - - Zj—1)

y Yi— zZ Zi—
= Zc(al,... ,aj,l,bl,. . ,bj,l) <a1) cee <a21> <bi) <bji>’

where the coefficients ¢(- - - ) are integers and at least two of the nonnegative
integers az, ..., bj_1 are nonzero. Note that

mﬁ) | ( )H atuyt||+btuztu>

= Z as +be)(lgel — 1)

7j—1

= Z at + be)|ge| — Z(at + by).

We are looking for the sequences of nonnegatlve mtegers aly... a1,
b1,...,bj—1 such that

()G G- Go)

From the above identity, it follows that such sequences satisfy

—i—1=|g] -2

Jj—1 Jj—1

Z(at +0)|ge| — Z(at +by) = |gi] — 2.

t=1 t=1
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But from Lemma 1, it follows that

j—1 i1
‘ <y1> <§j—1> =3 (aulyel + belze) = > (ar + bo)lgel < lgjl.
a1 J—1 =1 t=1
Therefore,
j—1 j—1
D (ae+be)lgel =Y (ae +be) + lgjl =2 < |gj1.
t—1 t=1

Hence, we must have

j—1

Z(at +b) <2

t=1
But if Zg;ll (at 4+ bt) < 1, then there cannot be two nonzero integers among
ai,...,bj_1. Hence,

j—1

Z(at + bt) = 2.

t=1

)

But then exactly one of the a;’s and exactly one of the b;’s must be equal to
1 and all the other integers must be equal to 0. Therefore, d17; is determined
by the terms in 7; of the form
j—1
cg’sxrys, e,
r,s=1
where

lzrysll = el + llysll = lg;] = 2.

Theorem 2. The Es-term of the spectral sequence {E,,d,} is isomorphic
to the integral cohomology of the graded Lie algebra

ng = @ Gj/Gj.H.

j>1

4. The spectral sequence for the Lie algebra cochains.

Let G be a finitely-generated, torsion-free, nilpotent group with canonical
basis {g1,...,9k}. We denote by A the smallest subring of the rationals
containing the structure constants of the corresponding Lie algebra L. Let
{wi,...,wi} be the A-dual of the canonical basis {g1,...,gx} of L. The
algebra of A-valued cochains on £ is isomorphic to the exterior algebra

/\(E*) = /\A{wl’ ce L WE T
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L* = Homp (L, A). Recall that there is a pairing
(s A e ANL) — A,
such that for every v* = vi A---Avi € N'(L*) and any v =v; A -+ Aw, €
N'(£)
(v, v) = det({o], ;).
In particular, for every f € A"(£*) and g € A\*(L*), f Ag e N T5(L*) and

(FAG VLA Nupgs)
= Z (sen) (f, V(i) A+ A V()G Va(rg1) Ao A Vs(rges))-

r,s shuffle
For every w = ajwi + - + apwy, a; € A, the differential d : £L* — /\2 L*
takes the form

dw = aiw1 + -+ + a,wy,

and extends to the map d : \"(£*) — A" (£*) as a derivation.
Let || || be the norm on A, (w1, ...,wy) defined by the formulas

lwill = lg;l =1, llaw;ll = [lwjll for g € A,
[ Ao™[| = Jlu*]l + o7,
lu” + o™ = max{[[u"[| + [lv”|[}.

Using this norm, we define an ascending filtration on A(L*) by setting

Fi=F AL = {v* e N(L) | [lv*] < 1}
Then

FcrFlc.cFcFtc...c /L.
Lemma 4. The differential d on \(L*) lowers the filtration.

Proof. Since d is a derivation it suffices to verify that if ||w;| = 4, then
||dw;|| < i. But

s = max{|jwr || + [lws][}
= max{l|gr[| + [|gs[[},

where the max is taken over all pairs ||g,| + |lgs]] < [lg;ll =1 < |lg;]| = 7.
Thus, dF' C Fi=1i > 1. O
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4.1. &y, &1, and & terms of the spectral sequence for Lie algebra
cochains. We denote by {&,, d,} the spectral sequence associated with the
above filtration. In particular, let

& =F|F,
and let p : F! — F'/F=1 be the projection. Set w; = pw;f. Then dy on
the element @; with |lw;|| = 4 is determined by those elements in dw; which

have norm exactly equal to i. But |w;|| <4 — 1. Hence, dy = 0.

Lemma 5. & is isomorphic to the exterior algebra )\, (w1, ... ,Wy) on gen-
erators of dimension one.

The differential d on A\(L*) is dual to the Lie bracket in the sense that
<Cle,gr A gs> = _<wja [grvgsD
== ¢ (wj,9)

= _quw@uu N Wy, Gr /\gs>-

u<v

Note that the first summation is always zero if |g;| < |gr| + |gs| because
97| +19s| < lgi| and (wj, gi) = O whenever |g;| <[gi|. Hence,

dwj = — Z q;’swr A Wy

r<s
with [g,| +gs| < [gj] or |wr| + |ws| < |wjl, when |wi| = [jwi]| + 1.
The differential dy on W; € A, (@1, ...,W) is determined by the terms in
w; of the form
Z Q;7SWT A ws;
r<s

where ||gr|| + ||lgs|| = ||gj]| — 1 or equivalently |g,| + |gs| = |g;|. This implies:

Theorem 3. The Ey-term of the spectral sequence {&,,d,} is isomorphic to
the cohomology of the graded Lie algebra

gL =EP(L;/Lj1 @A)
i>1

Suppose that the group G is two-stage nilpotent, and let G = G1 > Go >
1 be the shortest central series with torsion free quotients. Let {g1,..., g%}
be a canonical basis such that {g1,...,g;} projects to a basis for G;/G2 and
{gi+1,--., 9k} projects to a basis for G. Then {gi,...,gr} determines a
canonical basis for the induced Lie algebra £. We use the same symbols for
the canonical bases of the group and its associated Lie algebra. Then there
is a sequence of ideals of £, £ = £1 D L3 D 0 and the subset {g1,...,9;}
of the canonical basis for £ projects to a basis for £1/Ls and the subset
{gi+1,.-.,9k} projects to a basis for Lo.
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Note that for the elements of the canonical basis for G and £, the norm
is
lgall =0 fora=1,...,3 lgp| =1 forb=1i+1,... Kk,
and there are no elements of norm higher than 1. Note that the differential
dz;j on z; in P}(G) can be written in the form

dl‘j = 50($j) —|—51(£E]) + .. +5T($]) + -

where 0, (z;) is the element of the submodule of P(G) whose norm is ||z || —r.
The differential d, in the spectral sequence FE, for the group G is determined
by 6,(x;). Thus, in the case of a two-stage nilpotent group d, = 0 for r > 2.
A similar argument shows that the differentials d, for r > 2 for the Lie
algebra spectral sequence &, are also zero. Therefore, the spectral sequence
{E,,d,} converges to

H*(G;Z); ie., Ey= Ey = egrH*(G;Z),

where grH*(G;7Z) is the graded module associated with the filtration {F}
of P(G). If the Lie algebra L is a Lie algebra over the integers, then A = Z
and we can also conclude that the spectral sequence {&,,d,} converges to
H*(L;7Z); i.e.,

E = E = grH* (L 7).

Therefore, from Theorem 2 and Theorem 3 we obtain:

Corollary 1. Let G be a two-stage, nilpotent, finitely-generated, torsion-
free group, and let L be its Lie algebra such that L is a Lie algebra over the
integers. Then there is an isomorphism of graded modules

grH*(G;Z) = grH* (L;Z).

If we do not assume that G is a two-stage nilpotent group and that the
associated Lie algebra L is over the integers, then we get the following:

Corollary 2. Let A be the smallest subring of rationals containing the struc-
ture constants of the Lie algebra L. Then there is an isomorphism of A-
modules

Ey® A& = H*(grl; A).

The conclusion of Corollary 1 is valid even for certain (perhaps for all)
three-stage, nilpotent, finitely-generated, torsion-free groups. However, the
argument based only on the length of lower central series used in the proof of
the Corollary 1 is not sufficiently strong to prove the statement. An explicit
computation of the Fo-term and of the differential ds is needed even in the
example below.

Example 3 (continued). Let G’ and £’ be the group and its associated
Lie algebra as stated above. Recall that {gi,...,g7} is a canonical basis for
G’ and also for L' (as we keep the same notation for both). The shortest
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lower central series with torsion-free quotients is G = G1 > G2 > Gg > 1.
Then {g1, g2, g3} projects to a basis of G1/G2, {94, g5} projects to a basis of
G2/Gs, and {gs, g7} projects to a basis of Gi3. The Lie algebra £’ is filtered
by the ideals £ = £} D £, D £4 D 0 with appropriate quotients. The

weights are [|g1]| = [|g2]| = [lgs]l = O, [lgall = llgsll =1, llgell = llg7|l = 2.
Since the comparison of Theorems 2 and 3 implies that the Fo-term of the

spectral sequence for the group G’ and the &-term of the spectral sequence
for the Lie algebra £’ are isomorphic Z-modules, it suffices to compute only
one of them. We choose to compute the £-term for L.

Let {wi,...,wr} be the Z-dual basis of the canonical basis {gi,...,g7}
of £'. Then the exterior algebra

/\ = /\(/j’* = Homy (L', 7)) = /\(wl,... ,wr)

is filtered and graded. The elements wi,...,w7 have dimension one and
fltration [lwy | = lwall = sl = 0, wil| = lwsl] = 1, ]l = wr]l = 2. The
increasing filtration on the Z-module A7 of elements of A of dimension ¢ is
defined as the sequence of modules

q q

FPN\ ={we Allwll <p}.
Setting F_, A? = FP N\, we get a descending filtration

q

q q q
Fo\NcFaNc-cFpa\c—c A\

Then

q-p q-p
& =T /\ /F—pt1 /\

with dy = 0. Thus, & 77 = £,7% and d; is determined by the full differential
d on A. From the explicit formulas below we can see that ||dw;|| = ||w;|| — 1.
Since the differential d is dual to the Lie bracket, we get

dwl = dceJQ = dLU3,

dwy = 2wowr + 4wswi,

dws = —2wow1 + dwswy + 2wsws,
dwe = 2wawi + 2wsw1 + wWawa,
dw7 = wswg + 2waws.
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Then an explicit computation shows that

&1=0, 4<q,
&M=0, g¢=2  5<gq
£ =0, q¢=3, 1<q,
£71=0, ¢<5  9<gq,
&EM=0, ¢<7,  10<gq
&M =0, ¢<9, 12<g
&% =0, ¢<10
&P =0, p>T.

ds is determined by that part of the differential d that lowers the filtration
by two. But in our case d lowers the filtration only by one. Thus do = 0,
and Eo = & = grH*(L';Z). But, that is not the case for the differential d
on P(G’). That differential does have a component that lowers the degree
by two. However, since there is an isomorphism Fy = & of the second terms
of the spectral sequences for the group G’ and for the Lie algebra £/, dy = 0
for dimensional reasons in all cases except possibly for dy : Fy 24, Eg 3
because Fy 24 o &y 24 Zla], where « is represented by the element wsws —
dwgwi — 3wewe — 2wewz — dwrwi — 2wrwy, and Eg,s o 58’3 & Zo[fA], where
[ is represented by wswowi. In order to compute the differential dy we need
an explicit form of the isomorphism FE5 = &. This isomorphism is induced
by the map sending w; to the polynomial z; in P(G’) and the products
Wj, Wy, - -+ wj, to the monomials xj, xj, - - - x;, where j1 > jo > --- > j,. The
technique of [1] is then used to show that do = 0. Thus, F3 = E3 and d3 = 0
for dimensional reasons. In fact all the higher differentials are also zero for
dimensional reasons. Then we get Eo, = grH*(G';7Z) and the comparison
of Theorems 2 and 3 gives grH*(G';Z) = grH*(L';Z).

5. Construction of a group from a Lie algebra.

In his section we describe a method for generating examples of groups start-
ing with Lie algebras. More precisely, let £ be a nilpotent torsion-free Lie
algebra over Z on a finite set of generators {g1,...,gx}. Our aim is to find a
torsion-free nilpotent group G on k generators whose associated Lie algebra
L(G) is a Lie algebra over the integers. Then a canonical basis for G induces
a canonical basis for £(G) and the group structure on G is determined via
the group structure on Z* by the formula z -y = ch™!(ch(z) * ch(y)). In
some instances £L(G) = L (see Example 1 and Example 3). Example 2 shows
that it is not always the case. We will show below that there is always a
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group G such that £(G) is rationally equivalent to £. However, G is not
uniquely determined by L.

Starting with a Lie algebra £ with a canonical basis {g1, ... , gk}, we first
check to see whether the basis is induced by a canonical basis of some group
G.

Assume that G is the set of elements gi* ..., g/", v = (z1,... ,21) € ZF.
Then compute ch(x) and ch(y) for 2,y € ZF. Note that ch(x) is completely
determined by the Lie algebra via the Campbell-Hausdorff formula (1), and
hence, so is the product ch(z) * ch(y). Since ch : Z¥ — GF is a one-to-one
map, it is enough to check whether or not ch(z) * ch(y) has the form ch(z)
for some z € Z* and for any choice of z and y. If the answer is yes, then G
is the desired group and {gi,...,gx} is a canonical basis for G induced by
the given basis {g1,... ,gr} for £. This was the case in Example 3.

However, if there are elements z,y € Z* such that ch(z)*ch(y) is not equal
to ch(z) for some z € Z*, then we proceed as follows: Let & = 191+ - -+Ergr
and 77 = mg1 + - - + Nrgr be any two elements of Ly = the Lie algebra £
over Z, considered as a Lie algebra over Q; i.e., §;,n; are rational numbers.
Then by (1)

§xn= P& gL+ + Bu(&, gk
ﬁj(5777) :ﬂ](gb 75]'7117717"' 777]'71)‘

Let N; be the smallest positive integer such that
1
Bj(gan) = EBJ(&”), Bj(fﬂ?) = B](é.la cee 75]'7177717 ce 777]'71)’

where B;(§,7n) is a polynomial with integer coefficients. {g1,...,gx} is as-
sumed to be a canonical basis for £. Therefore, {g;,... ,gr} generates an
ideal of £, where £ = £1 D Lo D --- is the shortest sequence of such ideals
with abelian quotients. Then {g¢1,... ,gx} can be grouped into subsets such
that {gi;_,+1,...,9i,} projects to a basis for £;/L;1, j = 1,2,.... Then
we define the norm of each such element g,,i;_1 < s <, to be ||gs|| = s—1.
We assume that the norm satisfies the identities: ||pg;|| = ||g;|| for any inte-
ger p, 1 < j <k, and ||u+ v| = max{||lu|,||v]} for any u,v € L.
Furthermore, we set [[§;|| = [|g;[,1 < j < k and [|§:&]] = [[& (] + 1], for

any polynomial variables. Therefore, |Bj11(&,n)|| = ou41l|&ll + -+ +
a;[|&; || (note that [[£1]| = - -+ = [|&, ]| = 0). Denote the sum of the coefficients
by

5j:ai1+1+-~-+aj.

Now we define the subset D of the Q-vector space Lg to be the set of
elements

mi mo mg
Tt ——g2t Gk,
ny no ng
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where mq, ..., my are arbitrary integers and
Ej .
nj+1:anNj+1, ]:1,2,... .
n1 can be any nonzero integer. We choose ny = 1. It follows that the

operation * induces on D the structure of a group. D is a uniform discrete
subgroup of the real Lie group Gr and the quotient is a nilmanifold. The
above construction of D is similar to that given by Malcev [3]. For different
choices of a canonical basis for D we get different but rationally equivalent
Lie algebras.

Now we make a choice of a canonical basis for D that the associated
Lie algebra is a Lie algebra over the integers. Starting with the original

canonical basis {g1,...,gx} for £ we define
1
= —g;j =1,2,... k.
e] njg]’ J )< )

Note that for every r and s, [gr, gs] = >_ qu’° gu, where the summation is over
all u such that ||g;|| + ||gs|l < ||gull. Therefore, u > max{r, s, }. Hence,

1 1
e, es) = p— (G, 9s] = — > @ gu

_ Ny r,sgu _ Ny .8
- qu - q'u, eu7
NnyNg om NyNg
]

where the ¢, are integers and ;- is also an integer since u > max{r, s}.

Therefore, the new Lie algebgra L is a Lie algebra over the integers that is
rationally equivalent to £. Then the group G is defined as the set of elements
{el*, ... ,ef*} with the operation (ef* - --e*)-(ef" - -elF) = e]' - - - €;* given

by the formula z = ch™!(ch(x) * ch(y)).

Example 2 (continued). The new Lic algebra £, in this case, has canoni-

: 1 1 1 1
cal basis {e; = g1,e2 = g2,€3 = g3,€4 = 504,65 = 505,€6 = 1596, €7 = 1597}
and bracket

[e1, e2]

[el, 63] = 2e4 + 2e5 [62, 63] = 2e;

[61, 64] = 666 [62, 64] = 666 [63, 64] = 667
[e1, e5] = Geg [e2, e5] = Ger

lei,ei] =0 otherwise.

The group G is the set of elements {e7’,...,e7"} with the product induced
by the formula ch=t(ch(z) * ch(y)).
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