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‘We show that the two-sided inclusions of braid subfactors
of type A coincide with the asymptotic inclusions for the one-
sided pairs. We also include an elementary method for ob-
taining the higher relative commutants of the one-sided pairs,
which were already computed by H. Wenzl.

Introduction.

In [W-1] and [W-2] Wenzl constructed new examples of subfactors of the
hyperfinite I1; factor. He considered unitary representations p of the infinite
braid group B, whose restrictions to finite braid groups B,, generate finite
dimensional C*-algebras, with additional properties such as the existence of
a positive Markov trace on the quotients. His pairs of subfactors are given
by the von Neumann algebras generated by {g; : ¢ € N, i > m} and by
{g; : 1 € Ny} in the trace representation, where g; := (7, o p)(0;), o; are
the braid generators for ¢ € Ny, and m € Ny is arbitrary.

These special unitary braid representations can be obtained in connection
with the representation theory of the classical Lie algebras. The ones corre-
sponding to the Lie type A factor through the Hecke algebra H(q) for ¢ a
root of unity, [W-1]. The ones corresponding to the the types B,C,D factor
through the Birman-Murakami-Wenzl algebra C(r, q) for special values of
r and ¢, [W-2]. Wenzl subfactors are a generalisation of Jones subfactors
which arise in connection with the sl(2) case, [J].

In [E] the two-sided versions of the Wenzl subfactors for classical Lie types
were considered; for the Jones subfactors this had been done by M. Choda
in [Ch]. The two-sided subfactors are defined by extending the unitary
braid representations p to the infinite two-sided braid group with generators
oi, with ¢ € Z. Thus, the two-sided pairs are generated by {¢g; : i €
Z\{0,... ,m}} and by {g; : i € Z}.

It turns out that if we set m = 0 — where m is as in the first paragraph
— then the asymptotic inclusions (in the sense of Ocneanu, [O]) for Wenzl’s
one-sided pairs associated with the Lie types A,B,C,D coincide with the
corresponding two-sided versions. This was easily proved in [E] for the
B,C,D types. In this paper we shall prove this fact for the remaining type A
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case. It has also been shown by S. Goto in [G] independently by a different
method.

The method we employ here is fairly elementary. Roughly, we show that
the iterations of the Jones’ basic construction for the one-sided pair at the
finite dimensional level are obtained by adding generators “to the left”, and
then by reducing by a special projection. In this way we can relate the
Jones’ basic iterations of the one-sided pair with the two-sided pair. For
example, for large n € N, the first basic construction for

<gl7"' 7gn> C <g07"' 7gn>

is isomorphic to the algebra

(*) P{G—k+15- -+ 5 9n)D = (€ P(go,--- ,9n)D)-

Here, the parameter k corresponds to sl(k), and p and e are special projec-
tions in (g_g+1,-.-,9-2) and in (g_g, ... ,g_2), respectively. The projection
e behaves like the Jones’ basic projection. When ¢ = 1, e is precisely the
antisymmetrizer a;, of the symmetric group algebra CSy, acting on V®F by
permuting the tensor factors, where V is a k-dimensional vector space; and
p coincides with the antisymmetrizer aj_;, which projects V®*~1 onto the
dual representation of V', regarded as an Si(k)-module. The subfactors for
this case, ¢ = 1, were studied by A. Wassermann, [Wa].

At each iteration, we do a similar procedure as in (*) for the first basic
construction, with variations depending on its parity, and one obtains, in
the limit, a reduced two-sided pair. Later, by applying some Bisch-McDuff
results, we show that this reduced two-sided pair is in fact conjugate to the
two-sided pair.

This paper is organised as follows: In the first section we include some
results by Wenzl on his type A subfactors and definitions. In the second
section we prove some technical lemmas and establish the relation between
the Jones’ iterations of the one-sided finite dimensional approximants and
the two-sided approximants. In the last section, first part, we show that we
can apply Bisch-McDuff results that imply that the pairs in consideration are
stable, that is, that they split a copy of the hyperfinite II; factor. Later on,
we express the asymptotic inclusion as some “infinitely reduced” version of
the two-sided pair, and using inductive arguments and stableness we prove
our main result. As a remark, the “infinitely reduced” two-sided pair is
conjugate to the two-sided pair in a more general setting: In fact, in our
proof we only assume the properties of more general braid-type subfactors
as constructed in [E]. We also include in Section 3.2 an expression for
the higher relative commutants of Wenzl’s (finite depth) type A subfactors,
which have already been computed by him, [W-4], and later also computed
by D. Evans and Y. Kawahigashi in [EK].
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1. Preliminaries.

Let us recall that the finite dimensional Hecke algebra H,(q) is the free
complex algebra with generators 1,7y, ... ,T,—2, and relations, depending
on a parameter q € C,

(B1) Ti1 TiTip1 = TiTi T, for i = 0,... ,n — 3,

(By) T,T; = T, for |i — j| > 2,

(H)T? =(q—1)T;+¢q,fori=0,... ,n—2.

It can be shown by induction that these complex algebras have dimension
n!, independent of q. Set Hs(q) = |J Hn(q). The representations consid-
ered for defining the braid subfactors are interesting in the case that the
parameter ¢ is a root of unity, ¢ # 1. So, we shall fix ¢ = ei¥, with [ > 3.
We shall briefly summarise the parametrisations of the semisimple quotients
of Hy(q), with g as above, which are associated with sl(k) for 1 < k <[ (see
[W-1]).

For k € N, and k < [, a (k,l) Young diagram X\ of size n is a k-tuple
A= (/\1,... ,)\k) with A\{ > Ay > ... > A 20, My — Ay <1 —k, and
Zle Ai = n. We denote the set of (k,l) diagrams of size n by APD - We
can also regard a (k,l) diagram X\ = (A1,... , ) of size n as k ordered rows
of boxes with )\; boxes in the i*" row. A (k,[) tableau t of shape \ of size n
is a standard tableau, such that for each j < n, the subdiagram occupied by
the numbers {1,...,7} is an element of Ag.k’l). A (k,l) standard tableau t
of shape A can also be regarded as an increasing sequence of (k, ) diagrams
D=X C[l]=X CAX C...C A\, =A. Denote by T;\k’l) the set of (k,1)
tableaux of shape A.

For each diagram A\ € A% let Vy be a vector space with basis {ve}
labelled by Tik’l). Wenzl defined in [W-1] an irreducible representation
Wf\k’l) of H,(q) on V) given by

B B 1— g1y (1 — -1z
o\ (1) = ba(q)F: + (Gl 1)(_qdq )} Usi (1)

where d = d(t,i) = c(i+1)—c(i) —r(i+1)+7r(i), with ¢(j) and r(j) denoting
the column and the row of the box containing j respectively, and where

ba(q) = ‘ii(_lq_dq)), and s;(t) is the tableau obtained from ¢ by interchanging
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the numbers ¢ and 7 + 1 (if the resulting tableau is not standard then it
appears with zero coefficient).

Different diagrams in Agf’l) give inequivalent representations. Consider

H,_1(q) as the subalgebra of H,(q) generated by 1,Tp,...,T,—3. The re-

(k.1

striction rule is given by W&k’l)mn%(q) =2 Py ), where A < A means

that A can be obtained by adding one box to N € Agc_q. We can then

define a representation w0 of H,(q) by ng’l)(:n) = ®A€A(k’l) Wg\k’l)(:n), for

Slk_’ll) . Finally, we have
a well defined representation 7% of H.,(q) given by n(Fd(z) = 7r7(1k’l)(a:),
if € H,(q). The representation 78D is locally finite dimensional, i.e., the
algebras B, := 7! (H,(q)) are finite dimensional C*-algebras. We have
B, =& AeA®D M,, (C), that is, the equivalence classes of minimal idempo-
tents of B, are labelled by ASZ“’”. The representation &0 s also unitary
(that is, g; := ﬂgk’l)(n) is a unitary element of B, = (go,...,gn—2), for

i=0,...,n—2, and every n € N), and has the following properties:

x € Hy(q). Its restriction to H,_1(q) is equivalent to m

(1) Any element x € By11 can be written as a sum of elements agn,—1b+ ¢
with a,b,c € By,.
(ii) The ascending sequence of finite dimensional C*-algebras (B,,) is pe-
riodic with period k, in the sense of Wenzl, [W-1].
(iii) The unique positive faithful trace tr on |J By, has the Markov property:

tr (gn—lx) = ntr (‘T)7
for all x € By, for all n € N, where n € C is fivred. Given condition
(1), the Markov condition implies the multiplicativity property for the
trace:
(iii)’ If x and y are in *-subalgebras generated by disjoint subsets of gener-
ators g;, then
tr (xy) = tr (z) tr (y).
(iv) Euxistence of a projection p € By, where k is the periodicity, with the
contraction property: p € By has the contraction property if for all
n €N,

PBnikp = pBriintk+1 = Bryintkt1s
where By is the algebra generated by {gs, ... ,gi—2}.

Property (iv) is equivalent to a special property in connection with the
structure coefficients for the multiplication in ,, Ko(By). More precisely,
given a locally finite dimensional representation of the braid group Bo =
\U,, Bn, one has an associative, commutative, graded product on @,, Ko(By)
defined as follows (see [GW] for more details). For projections x € B,
and y € By, define 2 ® y = x(p o shift,)(y) € Bnim, where shift, :
CB,, — CBj4+n, is determined by o; +— 0jy,. Then, [2] ® [y] = [z ® y]
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defines the multiplication on @,, Ko(By). Denote the structure constants
of this multiplication by CK#. That is, if py and p, are minimal projections

in the classes labelled by A € AP and W E Al respectively, then [py] ®
ul =22 cAleD CKM[ v]. The existence of a projection p with the contraction
v n+m

property is equivalent to (v) or (vi) below:

(v) For alln € Ny there exists an injective map j : A(Ig D A(lC l) that pre-
serves the structure coefficients for the multiplication in @ Ky(B,),

that is, such that c§, = C;El)/\)u = c/\] for all \ € AED pe AP

vE A£l+,)7l, and also such that c)\j( =0ifeé¢ j(A n+k)
(vi) There exists a projection p € By, such that for every minimal projection
px € By, and for all n € N, the projection p ® px remains minimal in

By k. Moreover, if X # X then p ® px and p @ py are not equivalent.

For a proof of these see [W-3], [E]. An implication of these last conditions
is that the injective map j preserves the coefficients of the inclusion matrices

for the pairs B, C Bp+1, Gn (g)‘“)AEA(k ) €A<kl that is, gy, = (N (w)>

since gy, = cﬁ] y- It is also easy to show that the periodicity condition on

(By,) forces the injective map j : A(k h_, A(k l) to be a bijection for large
n (see [E]). It was shown in [GW] that an 1dempotent ppx) € By in the

equivalence class given by the diagram [1¥] (a column of height & boxes)

has the contraction property: The map j maps an element p € A(k D to

a diagram j(u) € Agf,z obtained by adding to g a column of k boxes to
the left. Let us remark that the minimal projections p;s) € Bs correspond
to “g-antisymmetrizers”: If ¢ = 1, ppys) is just the antisymmetrizer of CS;
acting on V®¢ — where V is an s-dimensional vector space — by permuting
tensor factors.

We include here a well-known lemma related to the structure coeflicients
that will be needed in the next section:

Lemma 1.
(a) Cg[l] = c[]f,?ll]a, forn € Aﬁf”) and o € Ag:’?, where the integer co-

efficients ci,, are the structure coefficients for the associative graded
multiplication ® on @, Ko(By).

(b) APy, #£0 < n<o.
Proof. (a) The coefficients c? o] and cjlk 1o coincide with the classical Little-

wood-Richardson coefficients by the Young-Pieri Rules (see [GW]). So we
only need to apply the classical Littlewood-Richardson rule, which says that
the (classical) ¢y, coefficient is the number of ways the Young diagram A
can be expanded to the Young diagram v by strict u-expansion (check for



62 JULIANA ERLIJMAN

these rules e.g. in [FH]). By this rule,

o 1 if o>n
(1.1) o) = {0 :

otherwise.

If ey =1theno >, ie., o— {one box} =n,so that j(c— {one box})=
j(n), where o — {one box} means a diagram obtained by taking away one
box of ¢. Thus, one can see that j(n) is a strict o-expansion of [1¥~!], and

it follows that 071,73)1] 1. Conversely, if cfl(,?ll}a > 0 then j(n) can be

obtained by adding the boxes of o to [1¥7!]. Since j(n) has at least one

column with k& boxes, then j(n) is formed by adding one box of ¢ to [1¥71]

to obtain [1¥], and then “attaching” the resulting ¢ — {one box} to the

“right” of [1¥]. Then, n = o — {one box}, so that ¢y = 1. 1t follows that
= cflk 1 a'

(b) It is an obvious consequence of (a) and (1.1). O

The so-called one-sided and two-sided inclusions of hyperfinite II; factors
corresponding to the representation kD of Hy(q) are defined as follows:
For r € N set

Ar = <glv v agT—2>7 B’r" = <gO7' e 79T—2>'

The pair A, C B, is conjugate to B,_1 C B,. The inclusion of ascending
sequences (A,) C (B,) is periodic, and the Wenzl one-sided pair is given
by the inclusion of hyperfinite II; factors A C B, with A and B the weak
closures of | J, A, and J, B, respectively, in the GNS representation with
respect to the unique trace (see [W-1]). For the two-sided inclusion (see
[E]), consider the ascending sequences of finite dimensional C*-algebras

é’f = <g—T+17"' y9-1,91, - -- 7gT—1>7
DT = <g*7“+17"' »9-1,90,91; - - - 797“71))

after extending our representation to the two-sided infinite braid group. We
have the identifications

ér gBr@)Bra Dr %BQTa

via the trace preserving automorphism g_;g; — gr—;®g;, and g; +— gr4;. The
pair C, C D, is conjugate to B, ® B, C Ba,, and the inclusion here depends
on the structure coefficients for the graded multiplication on €p,, Ko(Bn),
as explained in properties (iv)-(vi). The inclusion of ascending sequences
(C,) c (D,) is periodic as well, and the two-sided pair is given by the
inclusion of hyperfinite I1; factors C' C D with C' and D the weak closures
of |, C, and U, D, respectively, in the GNS representation with respect to
the unique trace.



TWO-SIDED BRAID GROUPS 63

In the rest of the paper we shall assume a basic knowledge on Wenzl’s
Hecke algebra article, [W-1].

2. Some technical lemmas and the basic iterations for A, C B,.

In this section we shall first prove some rather technical lemmas. These
will be used later in this section to show how the iterations of the basic
construction for A, C B, are related to the two-sided pair. We use the same
notation as in the preliminaries, for i,j € Z, i < j — 1,

Bi,j = <gia R a.gj—2>7
so that B, = By,. The algebra B;; = shift;(B;_;) is just the shifting “to

the right (or left) by || ” of the algebra B;_;. If k is the periodicity constant,

n € N, and if
ORI
—ik ifn=2i

define the projections

{p(") := shifty,

() (Ppe-1)) € shifty(n)(Bg—1)
¢ = shifty () (p] '

purp) € shifty() (Br)
By this we mean that p(™ and ¢(™ are the g-antisymmetrizers pp;r-1) € Br_1

and p(ix) € By, but with the appropriate shifting of the generators’” indexes
depending on the parity of n. Set also

)
n)
(

PO = T p® Y = pWp® .. p@D),
s=1

Below we list some properties which will be used frequently in the next
section. The reference for these is basically [W-1].

Remarks.

(1) For every n € N, p(™ ¢ shifty,,)(Br—1) and ™ € shifty,,,)(By) are
minimal. ([W-1, p. 368].)

(2) Fori € N, by the braid relations, the p2i=1g are mutually commuting,
and the p*)’s are also mutually commuting. In particular, P is a
projection.

(3) For every n € N, ¢ < p™ . Furthermore, if we regard p™ in
shifty,)(By), then p™ splits orthogonally as p(™ = ¢™ @ ¢, where
g™ e shifty,) (By) is also minimal. ([W-1, p. 368].)

(4) ¢ < p=1: Since shifty (pye-17) ~ ppr-1) in B, pps) is a rank one
minimal central projection in By, and pjyx) < ppys-1y by (3), then pyxy <
Shiftl(p[lkq]). Thus, q(%) = Shift,ik(p[lk]) < Shift,ik(shiftl(p[lk&])) =

(2i—1)
P .
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(5) By the braid relations, [¢™), By ] = 0 for any n € N, and s,t € Z such
that —(i — 1)k +1 < s <t—2, or such that —(i — 1)k < s <t—2
(depending on parity of n). In particular, ¢®= 1 and ¢®) commute
with p=1 for j=1,...,i— 1.

(6) ¢ € shifty,(,) (By) remains minimal in shifty,)(Byy1): This can be
shown by using the contraction property of p[i#), or by using the prop-
erties for pyx) stated in [W-1, p. 368].

(7) Let A C B be finite dimensional C* algebras acting on a Hilbert space
H with a faithful trace on B, and e be a projection on H. Then, if
(x)ebe = ee4(b)e, where €4 is the trace preserving conditional expec-
tation onto A, and (x*x)eA = A, then (B,e) = Q @ K, where @Q is
isomorphic to the basic construction for A C B, and K is isomorphic
to a subalgebra of B. [W-1, Theorem 1.1, (i)].

Next in Lemma 2 we prove some relations involving the projections ¢,
¢?, and trace preserving conditional expectations. This will enable us to
show that in fact the projections ¢(™ behave as the Jones’ basic projections.

Lemma 2. If N C M are von Neumann algebras and p € M, set N, to
be the von Neumann algebra generated by {pxp : x € N}. So, forr € N
consider the inclusions Arp(n C Brpu) - B,kﬂ,rp(l). Let Ey Brp(l) —
Arp(l) and FEs : B_k+1,rp(1> — Brp(l) denote the conditional expectations
with respect to tr onto Arpu) and By, respectively. We have:

a) ¢V commutes with Arp(l

(
(b

) ¢ commutes with Brpu)
(¢) ¢MbgM = E1(b)¢W, for every b e B, ).
(d) ¢ 2)q(l)q@) = aq®, with o € C such that Ey(pM¢WpM)) = ap™).
(e) (¢, B, p(0) contains a subalgebra, Q1, isomorphic to <Arp(1),€1>.

Proof. Parts (a) and (b) are true by remarks (3), (4) and (5).

(c) Any element = € B, can be written as a linear combination of elements
of the form ugov + w, with u,v,w € A, (see [W-1]). Since p(!) commutes
with B,, then any element in Brp(l) can be written as a linear combination
of elements of the form ugov + w, with u,v,w € Ay-p(l). By the bimodule
property of the conditional expectation (E1(uzv) = uki(2)vifu,v € Ary)),
if u,v,w € Ay then Eq(ugov + w) = auv + w, where o = tr(gp) (the
last equality follows from multiplicativity property of tr; see (iii)’ in the
preliminaries). As ¢ commutes with A, and ¢(Mp(H) = ¢ = pMg(D  the
claim follows as soon as we show ¢ gog™ = agW. Since ¢V e B_gy12 18
minimal then ¢M goq™ = B¢V, for some 3 € C. By the Markov property
B = tr(go) = o
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(d) ¢® remains minimal in B_j; and ¢®pM) = ¢@). (Remarks (4),(6).)
tr (¢@x)
tr(¢(®)) *
Also, for y € By, tr (pNzpMypM)) = gotr (pMyp)), where 3, = %
by multiplicativity of tr, so that Es(pMzp™M)) = 3,p1). We shall show that
B, = a, for every @ € B_ger,. For € B yyng, pVap® = 8,p0, by

In particular, if x € B_g41,1, ¢DpWrpWg@ = 0, ¢?, with a, :=

minimality of p(*) in B_k4+1,0- Then, a2q? = B,¢?, so that ap = 3,. For
T = g_1, ap = B, by multiplicativity of tr. Finally, because a, = (, for
x € B_j41,0 and for z = g_1, then the equality holds for every x € B_j 111,
since any element in B_j_1 1 is a linear combination of elements of the form
tr (¢Pug_1v)

ug—1v + w, with u,v,w € B_j419. (For o = ug_1v, ap = @) =
t ) yg_ t @ w)tr (g_
r(:f(qg)g) L = r(vqtr(zzzf)(g D — uptr (9-1) = Buvtr (9-1) = Bz.) It now

follows that for x € B_j41.1, q@ (p(l)xp(l))q@) = Ey(pWapM)¢®@ . In par-
ticular, (d) follows if we take z = ¢(1).
(e) The projection ¢ and the algebra By, verify the conditions of

Remark (7) (conditions (a) and (c) of this lemma). Therefore, (¢!, B ,m)
(e1, B0 Y® K7, where K7 is isomorphic to a subalgebra of B, ), and where
e1 is the Jones’ basic projection for Arpu) C Bry)- O

The lemmas above and the following results have the following purpose:
We want to obtain all the iterations of the Jones’ basic construction for
the pair A, C B,, in a way that they can be related to the two-sided
construction. The odd iterations will be obtained by adding £ —1 “reduced”
generators on the “left” of the previous iteration, and then by reducing by
the g-antisymmetrizer p(™ for the appropriate n. The even iterations will
be obtained by just adding one reduced generator on the left of the previous
iteration. We shall now show this for the first two iterations, and afterwards
for the general case, by induction.

Proposition 3. For large r € N, consider the inclusion Arpm C Brya) as
before:

(i) The 1% basic construction is isomorphic to Bfk+1,rp(l) = (q(l), Brp(1)>.

(i1) The ond pasic construction is isomorphic to B,;“p(l) = <q(2),

B—k+1,rp(1)>-
Proof. (i) By Lemma 2 (e), the algebra (¢!, B, 1)) contains a subalgebra,
()1, isomorphic to the basic construction for A, )y C B, ). Consider the
p P
inclusions:
t
By €% Q1, and By CF By,

where G is the inclusion matrix for A, C B,. Our goal is to show that
L = G, for then we shall have dim Q; = dim Bfk+1,rp(1)7 and so the desired
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equality Q1 = (q(l), BTP(1)> = B,k+17rp(1). A minimal idempotent in B ) is
given by pWpyp) = pMp, . where py is a minimal idempotent in B, in the
central summand labelled by the diagram \ € Agk’l). We can write the class
of pMpy in B_iy1,,0) as follows, using Lemma 1 (a): [pMpy] = [ppe-1 ®

(k1)
n+k

as in the preliminaries is a bijection for large n. Therefore, the inclusion
matrix L is given by Ly, = c[)‘l]y for A € Aq(nk’l), S Agill),
with the matrix G*.

(ii) Using (i) and Lemma 2 (d), we shall show that (q(2),B_k+17rp<1)>
contains a subalgebra, 2, isomorphic to the basic construction for Brp(l) -
B_k+41,p0- By Remark (7), Lemma 2 (b), and Remark (5) we just need

to show that ¢bg® = Ey(b)q® for all b € B_k+1,r,0), Where Ey is the
unique trace preserving conditional expectation onto By ). The equation

pA] = ZV6A<;2? cf\l]y [Pj()], where we use that the map j : A,(lk’l) — A

which coincides

above is true for b € B, ), and by Lemma 2 (d) it also holds for b = qW.
Since B,kﬂ,rp(l) = <q(1), Brp(1>> by part (i), then the equation holds for all
be B—k+1,7«p(1) by the bimodule property of Es, and because any element of

qW, B, 1)) is a linear combination of elements of the form ¢y + z, with
o Y
z, Y,z € By, Consider the inclusions:

G H
B—k+1,rp(1)C Q2 and B—k+1,rp(1)C B—k,rp(l)a

where G is again the inclusion matrix for A, C B,. Since @3 C B—k,rp(1)7
it is enough to show that G = H in order to prove that Q3 = B—k,rpm)-

By Lemma 1 and the fact that the map j : A%k’l) — Agi’rl,i is a bijection

for large n, it is easy to show that the equivalent class of p(!) in B_ji1,

is given by [ppr-1 ® 1,] = ZAEA(k’l) ax [pjoy], with ay # 0 for every
r—1

PS Ai’ill). Therefore, the classes of minimal idempotents in B_j 1, are

given by [p;(y)] with A € Af,]ill). The class of ;) in Bogr,) 18 [pjn] =

ZJGASIQ c;?()\)[l] [ps] = ZuGA(Tk,l) Ci[ll [Pj(]; so that the inclusion matrix H

is given by H), = Cl)f[l] for \ € Agf_ll) and p € Agk’l). So H coincides with
G. O

Lemma 4. Let 1 € A C B be finite dimensional C* algebras acting on a
Hilbert space H with a faithful trace tr on B. Let p € A be a full projection
(i.e., the central support of p is 1). Then, the algebra (By, pea) is isomorphic
to the basic construction for A, C B,, where e4 is the Jones projection for
ACB.
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Proof. The algebras A,, B, and pey satisfy the conditions of Remark (7).
Therefore, (By,pea) = (Bp,ea,) ® K, where K is isomorphic to a subalge-
bra of B,. Because p is full in A, then the inclusion matrix for A, C B,
coincides with that for A C B, G. Thus, @ )tA = tA > GG? t<Bp7p€A> =

ﬁGGtﬂ Bea) = tr(p) 4, so that an equality holds, and by faithfulness of

tr, K must be zero. O

We shall obtain now all the iterations of the basic construction, by doing
the same procedure as in the last proposition, by induction. Define

BT(QZ - 1) — B—ki—l—l,r
B"(2i) := B_pi.

Corollary 5. Forr € N large, the n' basic construction for (A,) ([241]) C
P
(BT)P([nJQA]) is isomorphic to

B(n) ((opr)) = (@ B (0= 1) o))

2

Proof. The statement is true for the cases n = 1,2 by Proposition 3. We
shall proceed now by induction in n € N. Suppose that the statement is
true for m < n. We want to show that then it is also true for m = n + 1.
By inductive hypothesis, the n — 1% basic construction for (A;),qz) C
(Br) paz) is isomorphic to B"(n — 1) 5z, and the n'" basic construction
for (AT)P([MTH) C (BT)P([QJ%D is isomorphic to B”(n)P([QJrrl]). Thus, the
n+ 1% basic construction for (AT)P([nTn]) C (BT)P([n+2]) is isomorphic to the
first basic construction for for B"(n — 1) (g2 C BT (n) JRIEEEDE (Here we

[232])

also use that P( = P([%Dp, with p = p™ or p = p(®*t1) according to

parity.)

(a) If n is odd, write n + 1 = 2i. The inclusion B"(2i —2)pu C
B"(2i —1)pu is conjugate, via shift;_ ks 0 (Br+(i_1)k(0)p(1))ﬁ C
(B™H0DR(1) )5, with § = shift ,([T;"3 p**~Y). By Proposition 3
(ii) and Lemma 4, the first basic construction for the latter is given by
(Br+i=Dk(2 )p)p = (¢, Br+=Dk(q) pm)p-  Then, by applying the in-
verse of shlft(l,l)k, shift _;_1)x, the basm construction for B"(2i — 2) puy C
B"(2i — 1) p(s) is isomorphic to B"(2i) puy = (¢\%), B™(2i — 1) p(i))-

(b) If n is even, write n +1 = 2i — 1. As in (a), apply shift;_;), to
obtain that B"(2i — 3)pw C B"(2i — 2)pw) is conjugate to (A, (1)), C
(B4 (i-1))p > with basic construction isomorphic to (Br+(i_1)k(1)p(1))ﬁ =
(W, (Bry(i—1k)pm)p- Thus, the basic construction for B"(2i —3)pu C
B"(2i — 2) p(s) is isomorphic to B"(2i — 1) pe = (¢Z1, B"(2i — 2) p»). O
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Section 3.

3.1. Denote by B™ the Jones’ n'" basic construction for the one-sided
pair A C B, (see [J]). The asymptotic inclusion for A C B is the inclusion
AV(A'NB()) ¢ B(>®) where B(*) := (|, B™)". We shall proceed first by
showing that both the two-sided pair C' C D and the asymptotic inclusion
for the one-sided pair A C B satisfy the conditions of some splitting results
due to D. McDuff and D. Bisch (see [McD], [B]).

Lemma 6.
(a) The asymptotic inclusion AV (A'NB)) c B(®) of the one-sided pair
A C B has two non-trivial non-commuting central sequences.
(b) The two-sided pair C C D has two non-trivial non-commuting central
sequences.

Proof. Let us recall first that a central sequence (x,) for a II; factor M is
a bounded sequence in M with the property that ||[z,,z]|]2 — 0, for all
x € M, where || . ||2 is the norm defined on M via its trace. A central
sequence (x,) € M is said to be trivial if ||z, — A,.1||2 — 0, where A, € C
for all n € N. A central sequence for a pair of II; factors N C M is a central
sequence (x,) for M which is contained in N.

(a) The candidates are the sequences (€gm))nen and (egm+1) )nen, where
ep(n) is the projection corresponding to the n* Jones’ basic construction for
A C B. It is obvious that these sequences lie in A V (A’ N B(>)). To show
that they are non-trivial, consider a sequence (Ay) of complex numbers. For
alln € N,

1
llegm — /\n.ng =7ll-— )\nlz +(1- T)|)\n|2 > §min{r, (1-7)}>0,

because tr(egm)) = 7 € (0,1) for all n € N. To show that (egm)), and
(egn+1))n are non-commuting, write

e s epmin]lls = —2tr (negmegmin) + 2t (egmegmin)
=2n(1l—n)=c>0,

since €pmi1)epgm)€gmin = Negm+n), with 0 < n = tr(egwm)) for all n € N.
Finally, to show that (egm))n and (egm+1) )n are central with respect to B()
fix an element 2 € B(®). There exists a sequence (z,,) with z,, € B™ which
converges to z in the || . |2 norm. Given € > 0, choose some jy € N with
|z — xj,|l2 < €. Then, [egm),xj,] =0 for n > jo+ 1, so that

llegm,zlll2 < 2llegm [l-lz — zj0ll2 + legm Tjo — Tjoepm ll2 < 2.

(b) For the two-sided pair C' C D consider the sequences (e,)nen and
(én+1)neN, where e, is the image (under the braid representation consid-
ered) of the spectral projection corresponding to the eigenvalue —1 of the
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generator T, of the Hecke algebra. In other words, for ¢ # —1, e, = quff

(see [W-1]). These sequences belong to C' (since none of its terms is e),
and they are non-trivial: As in (a), for a complex sequence (A,),

1
llen — An- ]2 = d|1 — M2+ (1 — )| \]? > 3 min{d, (1 —d)} > 0,

for all n € N, since d := tr(e,) € (0,1) for all n € N. For showing that
they are non-commuting we use one of the defining relations for the Hecke
algebra generators, namely, epent1€, — @€y = €pr1€p€ni1 — @epny1, for 0 #

_ _q
O = qrge Hence,

Ien, ent1]ll3 = —2tr (eneniienenit — Ceneni1 + aenenit) + 2tr (eneni1)

= 2atr (e,) — 2atr (e,)? = k > 0,

where we also use the fact that tr (e,eni1) = tr(ey,)?, which is constant for
all n € N because of the Markov property of tr. Finally, we need to show
that these are central sequences with respect to D. This follows from a
similar procedure as in (a). Let x be an element in D. Then, there exists

a sequence (x,) with z, € (e_p,...,ey,), which converges to x in the || . |2
norm. For e > 0, take jo € N such that ||z — z;||2 < e. Then, [ey,zj,] =0
for n > jo + 1, because zj, € (e—j,,-..,ej,) and [e;, e;] = 0 for |i — j| > 1.
Therefore,

llens 2l < 2lenll 1z = zjoll2 + llenzjo — zjoenllz < 2e.
O

Now we are able to use the Bisch-McDuff splitting results mentioned
above: In [McD], McDuff gave necessary and sufficient conditions for a
| . ||2-separable II; factor M to be isomorphic to M®R, where R is the
separable II; factor. In [B, Theorem 3.1], based on the work by McDuff,
Bisch gave necessary and sufficient conditions for a pair N C M of separable
IT; factors to be stable, that is, for N C M to be conjugate to NQR C M®R
(i.e., existence of an isomorphism ® : M — M®R with ®(N) = NQR).
The equivalent condition that we shall use is the following, namely, that
the algebra M’ N N is non-commutative, where w is a free ultrafilter in
N. In particular, it is enough to show that there exist two non-trivial non-
commutative central sequences for M which are contained in N. Therefore,
as a result of Lemma 6:

Corollary 7. Both the asymptotic pair AV (A’ N B(®) ¢ B(®) for the
one-sided pair A C B and the two-sided pair C C D are stable.

Remark. Let R®> be the II; factor given by the inductive limit of R®"
with the canonical embeddings and trace. It can easily be shown that it is
hyperfinite, so that it is isomorphic to R. For a non-zero projection p € R, let
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R2*° be the II; factor given by the inductive limit of the factors RY™, with
the embeddings R%’" = Rf?" ®p C Rf?”‘*‘l, together with an appropriate
renormalisation of the canonical trace at each step. It can also be easily
shown that RE’OO is hyperfinite, and so isomorphic to R. Therefore, if a pair
N C M splits a copy of R, then it also splits a copy of R®", R®>, or RY>.

3.2. In Section 2 we obtained all the iterations of the Jones’ basic con-
structions for A, C B, in a way which relates them to the two-sided pair
C C D. Corollary 5 says that for large r, and for every s, the 2s + 1 basic
construction for the pair (A4;) ps) C (Br) p(s) is isomorphic to B"(2s —1) p(s) .-
Then, B(>®) can be identified with the II; factor defined by the inductive
limit of (D) p(s), with

Ds = <g—$k+17 9—sky--- >/,7

and the embeddings s : (Ds)pi) — (Dsy1)ps+1) given by (Ds)ps) =
(Ds)ps+1y € (Dsi1)pis+1y (note that [ptt1) Dy = 0 for all s € N), to-
gether with an appropriate renormalisation of the trace tr at each step; that

is, define tr(®) on each (Ds) p(s) by trs) .= m tr. With the same iden-

tification as above, the subalgebra of B(s~1 given by AV (4’ N BZs~1) is
isomorphic to (Cs) p(s), where

Cs = <g—8k+15 ce. 79717907.915 .. ~>”

For showing this, one should prove that

(G=skt1s-- > 9-1)ps) = (g1s -V pre) N {Gmsht1s - - ) po-

One inclusion,

(9—skr1s- - ag—1>P(S) C{g1,--- >/],a(s) N{g—ski1s--- >;/3(s)7

is obvious. For the other inclusion, one needs to apply an estimate, [W-1,
Theorem 1.6] — dim A’ N B~ < dim p(A4L N B,(?s_l)), for any non-zero
projection p € A, and sufficiently large r — as it was used in [W-1, Theorem
3.7, (b)], where p € A, is chosen to be a projection with the contraction
property. So, as a corollary we re-obtain:

Wenzl’s Theorem. The n'-higher relative commutant A’ N B™ of the
pair A C B is isomorphic to B(n) ([2£])-
P

Proof. It is a corollary of Corollary 5, and the above identification. (We
include at the end of this article a rule of how to draw the inclusion diagrams
for AANB™ ¢ A/NB™+Y and a description of the principal graphs, together
with two examples.) O
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We have just seen that the asymptotic pair A V (A4’ N B(*®)) ¢ B(*) for
the one-sided inclusion A C B is conjugate to the von Neumann algebra
inductive limit of (Cs)ps) C (Ds)psy — which we shall denote by Cpe C
D, for convenience — with the embeddings and the renormalisation of the
trace at each step as above. We need to show that Cp C D)~ is conjugate
to the two-sided pair C' C D. In other words, we need to “eliminate” the
projections P(). That is the reason in the next results we need consider
larger von Neumann algebras, of the form (Cy) ps) @ R®*.

Lemma 8. Consider s large enough so that P'®) is full in B'(2s — 1) =
B_gk41,1. Then, there exist a projection PG e Oy with P®) < P®) | and a
unitary us € Cs @ R®® such that:
(a) Us(P®) @ 1ges) 1= us(P®) @ 1ges)ut = 1o ® qs, with qs a projection
in R®S.
(b) P®) is “mazimal” with the property described in (i). That is, if there is
a projection JOMC Cs with pe) < P, and a unitary ul, € Cs @ R®®
with . (P(S)/ @ lges) = 1o ® ¢, for some ¢, € R®*, then P < p),

s

Proof. (a) Let A be the finite set of (k,1) Young diagrams that label the
minimal central projections Zy of B'(2s — 1), and zy = Z), ® 1 the minimal
central projections in Cs = (g_sk41,---,9-1,91,--.)". For A € A let gy be a
tr(P(S)Z)\)

tr(zx)
are unitarily equivalent if and only if their traces coincide, there is a uni-

tary @y s in the factor (Cs ® R®S)Zk®1R®s such that %L\)\’S(P(S)ZA ® lpes) =
iy s(P®) 2y @ 1gos )i} , = 2 @ qx. Take g5 € R®® with tr(gs) = I/\ni/le{tr(q)\)},
' €

so that 2y ®qx 2 2A®¢s in (Cs ®R®S)Z/\®1R®s for all A. It follows that there
is a projection P®) € Cy® R®S and a unitary uy s in (Cy ®R®S)Z>\®1R®s with
PGz, < PGz, and ﬁ)\,s(P(s)z)\ ® lpes) = 2\ @ gs. Thus, if ug ==Y, urs,
then ugs € Cs ® R®® is a unitary and ES(P(S) ® lges) = 1o ® g¢s.

(b) Suppose there exist P e ¢, with P©) < P and a unitary u), €
Cs ® R®* such that a’s(P(S)/ ®1pes) = 1o @ ¢, for some ¢, € R®*. Then for
all A e A

projection in R®® with tr(qy) = . Since in a II; factor projections

/

tr(za)tr(q)) = tr(P®) 2)) < tr(P®)z)) = tr(zy)tr(q)),

so that tr(q.) < tr(gx). Thus, tr(q)) < r)\ni{r\ltr(qA) = tr(gs), and so P’ <
€

p). O

Lemma 9. Fiz s large. There is a projection P(®%) e Cy, with P®) @ PG) <

P2s) < p2s) projection qas € R with qas > qs ® qs (15(5) and qs as in
the lemma above), and a unitary ugs in Cas @ R®25 sych that:

(a) As in Lemma 8, (a), for 2s.
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(b) As in Lemma 8, (b), for 2s.
(¢) The following is a commuting diagram:

Us
Cs ® R (prg1 ) — (G ®  R¥)uueq)
s Js (4)
Uy ® U
(Cos ® R®2S)(ﬁ(s)®p(s)®1R®25) — (O ® R®2S)(IC®(1$®QS)
& Js (B)
U2s
(Cs ® R®25)(15(25>®1R®28) _2’ (Cs ® R®2S)(10®q25)7

with the embeddings

iy = reduction by the projection P®) @ P) @ 1po2s,
7s = reduction by the projection 1o ® qs ® qs,

Ls = reduction by the projection PEs) g 1pe2s,

7s = reduction by the projection 1¢ ® qas.

(Note that the maps above are embeddings since P®) @ P®) ®1gees and
le®qs®qs commute with P(f) ®1ges and with 1o ®qs respectively, and
also P9 @ 1pe2: > PO) @ PO @ 1ps2s, and 1o ® qas > 10 @ qs ® ¢s).

Proof. Note that we identify B(2s — 1) ® B(2s — 1) with a subalgebra of
Bl(4s—1) according to the multiplication rules for the structure coefficients
that describe the embeddings B, ® B, C Bs,, as in the preliminaries. By

Lemma 8 we can find P(25) < P39 with P(25) ®1 ge2s € Cos® R®?* maximal
with respect to the property of being unitarily equivalent to a projection of
the form 1¢ ® gos, for some Go, € R®%.

We can also define the unitary ‘us ® u,’ € Chs @ R®?® since, by the
construction of u, € Cy ® R®® in the proof of Lemma 8, one has that in fact
us € BY(2s — 1) ® R®® (so that us ® us € BY(2s — 1) ® B1(2s — 1) ® R®? C
Cos ® R®?). For P®) as in Lemma 8, P @ P®) < p6s) @ ps) = p(2s)
and P®) @ P @ 1R®zijiunitarily equivalent/‘_c\o/lc ® s @ qs via ug @ ug,

so that P(®) @ P() < P(25) by maximality of P(29). Since this last relation
holds in each factor summand of Cys ® R®?%, then for every minimal central

projection z) € Cy there is a projection P25z, such that P29z, ~ P(25)z,
and (P®) @ P®))zy, < P29z, < P29z, Thus, P®) @ P() < p(2s) < p(2s),
and P9 @1 Re2s 18 maximal with respect to being unitarily equivalent to
a projection of the form 1¢ ® qos € Cas ® R®?®, where we can assume
that gos > ¢s ® gs. Since their traces agree in each factor summand, the
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projections (P(*) — P(9) @ P()) @1 geo. and 1o @ (gas — gs @ ¢5) are unitarily
equivalent via some uni‘gvary Was € Cys @ R®%.

Note that the maps ¢y and J; are clearly embeddings, and that the fact
the morphisms ¢; and j; are injective follows from the faithfulness and mul-
tiplicativity of the trace (property (iii)’ in the preliminaries).

To find a unitary us, € Cos ® R®?S that makes the diagram commute,
take the partial isometry

Vg 1= w2s((]5(25) _ P g ]5(8)) ® 1R®25) + (us ® us)(P(S) @ P® & 1pe2s),

and a partial isometry v5, with initial projection given by (1¢ — 15(25)) ®
1ge2s and final projection given by 1¢ ® (1ge2s — q2s). (The latter can be
defined since the trace of both projections agree in each factor summand of
Cas ® R¥?5.) One can see easily that ugs := vas + v}, is a unitary and that
1723(]5(25) ® lpe2s) = 1o ® qos. Finally, by the definitions of the embeddings
and the unitaries, the diagrams (A) and (B) commute. O

Lemma 10. Fiz s large. The pairs of von Neumann algebra inductive limits

li_r}n (052")15(52"> ® R% C th (Ds2”)15(s2”) ® R®82nv

n n

and

lim Cgon ® (R®82")qs2n Clim Dgon ® (R®82n)q52n

n n

are conjugate with the embeddings as above, and the trace normalisation at
each step as described at the beginning of this section.

Proof. By Lemma 8 and Lemma 9, for s large and fixed, we can inductively
define sequences of projections (]5(52n))n, with P2") € Cyon ® R®2" and
P2") < ps2")  and (gson)n With gson € R®*2" and also a sequence of
unitaries (ugon ), with ugn € Csn @ R®?" such that the diagrams below
commute for all n:
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(Csan) poamy ® R®s2" Ys2ny Coon ® (R®2")

gs2m

N\ 7

(Dyan) prsamy ® RE2" 225 (Do) preamy ® (R22") g 0m

‘%2” J{Ls2" ,752"\[ Js2n l

(D82n+1)15(52n+1) ® R®s2m — D ® (R®32n+1)q

Ugon+1 san
/ AN
2n+1 2"+1
(C52”+1)]5(32”+1) ® R¥* ﬁ;; Coznir @ (R®S )qs2n+1 :
U

Proposition 11. The inclusion of inductive limits obtained via “reducing”
by the subprojection sequence (P(52n))n21,

h_n} (052")13(82"> ® R% C th (Ds2”)ﬁ>(s2”) ® R®32”7
18 conjugate to that obtained via reducing by the sequence of projections
(PG54,

lim (ngn)P(szn) & R®32n C lim (Dsgn)P(Szn) & R®S2n.

n n

For proving this we shall first need the following lemma:

Lemma 12.

tr(P(”)zg\n))
> )y
=00 tr(PM) tr(zy")
for any Young diagram A\ € AESC’Z), where zg\n) 1 the minimal central idem-
potent of B1(2n — 1) corresponding to X\, and where z/(\nﬂ) 18 z](.?;gl), with

Jj(A) € AEI:L’QI)]C obtained by adding to to the left of X a column of height k.
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Proof. Let G be the inclusion matrix for B'(2n—1) C B*(2n+1). Consider
n > ng large, and note that G does not depend on n by periodicity. Let G
be the one for BY(2n — 1) pty € BY(2n + 1) p(n+1), where the embedding is
as before: For z € B'(2n — 1), PMzP — p+)zp+l) The trace is
renormalised at B(2n — 1) () as before: tr(n) = mtr, where tr is the
usual trace.

Because n is large, P(™ is full in B*(2n — 1), and G does not depend
on n (the graph is periodic) and is “like” G, with the difference that the
multiplicity of some edges of G may be larger than the corresponding ones
for G. By [W-1], both G and G are normal. In particular, the Perron-

Frobenius eigenvectors for G and G* (resp. for G and G?) coincide. Also, by
fullness of P(™, the trace weight vectors £ ™ and ¢ ™ for B'(2n — 1) and

for BY(2n — 1) pn) are multiples of each other; moreover, ¢ (n) — %. Let

@ ™ and a ™ be the dimension vectors for B!(2n—1) and for B*(2n—1) p(n),
respectively. By P-F theory (see [W-1]), if 3 (resp. [3) is the P-F eigenvalue
for G (resp. G), then

t\ T AN .
lim (%) g () =c ™) and lim (%) a (o) = & (no),

where ¢, ¢ € C. We can compute these constants:

= (n+ng) = (n+n, - (n+no0) on th—-‘n
:th\+ o)ag\Jro):Ztg\Jr 0)ﬂ <<ﬂ> a(o)))\
o e = Ht e
A

so that ¢ = || ™)||=2. Similarly, & = tr(P"0))2||¢ (%0)|| =2, Therefore, if

(k1)
AN ok
pr( (o) (1 0)y 7407 (nno) 5 7 (10)°
lim o = lim H(ﬁm)# =— =1
n—00 tr(P(nJrno)) ( 0 ) n—oo f | 0)g (n+mo) 1 g\no)

Proof of Proposition 11. By definition, if ng is large and n > ng, we have

. (P () n . . .
tr(P") = % for some z( ) e A(k Y Since we can identify all the fi-
nite sets A% o D Via the bijection j, it follows by Lemma 12 that h tig:;; =

1. Consider the canonical embeddings given by ¢, : (Dgan) p(s2n) @ R®s2" _,
(Dsan) proony @ R®52" | with ¢, (P22 P62 @ r) = P22 P62") @ 1 for
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x € Dgon,r € R®?". Then
¢ — (¢n) : ll‘l’)n (Dsgn)P(SQn) X R®52” N h‘r)n (D52n>]5(52n) ® R®s2”

is an isomorphism of the inductive limits which conjugates our pairs: ¢ is

clearly surjective. Since nh_)rglo gg%;; =1, then ¢((P*?") ®1),) = (P(s2") @

1)n, and injectivity is a consequence of this fact. O

Theorem 13. The asymptotic inclusion for the one-sided inclusion of sub-
factors A ¢ B, AV (A' N B(™)) c B s conjugate to the two-sided
inclusion C C D.

Proof. By the identification shown at the beginning of Section 3.2, before
Lemma 8, we have AV (A’ N B(®)) ¢ B(®) = e C Dpe. The statement
follows from this observation, Corollary 7, Lemma 10 and Proposition 11.

O

Remark. If C' C D is a two-sided braid inclusion of hyperfinite II; factors
defined as in [E] (i.e., via unitary braid representations which are locally
finite dimensional and have properties as (i)-(vi) in the preliminaries), then
C C D is conjugate to Cpee C Dpeo, where the latter is an “infinitely re-
duced” version of C' C D by a descending sequence of projections (p,,), with
pn € Cp, and tr(p™) = ¢" for some fixed ¢ € C. This is just the observation
that for proving Theorem 13 we only used these assumptions.

3.3. We include here the description for the inclusions A’ N B™ < A’ N
B™+1) mentioned in the proof of Wenzl’s theorem. The embeddings are
given by the v,,’s as at the beginning of 3.2. To draw the inclusion diagrams
for A/NB™ ¢ A/NB™+Y) in general, for any 1 < k < [, ] > 3, one alternates
according to the parity of n in the following way:

If n is odd, then A’N B™ c A’ N B"+Y is given by simply considering

the diagram for B nt1y, C B nt1 , and restricting it to the simple ideals
( 3 )k ( 3 Vk+1

of B(LH )i which correspond to classes of minimal idempotents py, with
2

ntl
pa < ppr1) O

If n is even, then A’ N BM™ < A’ n Bt is given by a subgraph of
the graph for B(%)k_j,_l C B(%_H)k., which is obtained by restricting it to the
simple ideals of B(%) k+1 which correspond to classes of minimal idempotents

P, with px < ppr-1 ®3, and to the simple ideals of of B(%H)k which
correspond to classes of minimal idempotents p,,, with p, < Pl1k—1] ®F+1
The principal graphs in general can be described the following simple way:
Fix ng large. For the (k,1) case the principal graph is given by the inclusion
diagram for B, x C Bpyk+1, where the even vertices are labelled by (k,)
diagrams of ngk boxes, and the odd vertices by (k,l) diagrams of ngk + 1
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boxes. The *x-vertex is given by the k X ng rectangle. Let us also observe
that the dual principal graph is the same, which follows by applying similar
arguments.

For example, the Bratteli diagrams and principal graphs in the cases k£ = 3
and [ = 6,7 are the following:

ANA ANB ANBW ANBY  4aB® AQBY  AABW®
o \ﬂ . < &
EF<EB -68 22 i
i i
| i i
o— —e—
ANA ANB A'nBW A'nB® ‘ A'nat A'nBW A'nBs A'nB®
e a 8 f B & 3] i
\B, o ' ﬁE @B @B
& P iia i)
o &e o e iy
i = i i
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