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A PALEY-WIENER THEOREM
FOR THE INVERSE SPHERICAL TRANSFORM

ANGELA PASQUALE

A Paley—Wiener theorem for the inverse spherical trans-
form is proved for noncompact semisimple Lie groups G which
are either of rank one or with a complex structure. Let K
be a fixed maximal compact subgroup of G. For each K-bi-
invariant function f in the Schwartz space on G, consider the
function f defined on a fixed Weyl chamber a® by f(H) =
A(H) f(expH). Here A(H) := [[,es+ (sinha(H))™/?,
where 71 is the set of positive restricted roots and m, is
the multiplicity of the root a. The K-bi-invariant functions
f whose spherical transform has compact support are identi-
fied as those for which f extends holomorphically and with a
specific growth to a certain subset of the complexification a.
of a. The proof of the theorem in the rank-one case relies on
the explicit inversion formula for the Abel transform.

Introduction.

The classical Fourier transform is an isomorphism F of the Schwartz space
S(R™) onto itself. The space D(R™) of compactly supported C* functions on
R™ is dense in S(R™), and the classical Paley—Wiener theorem characterizes
its image under F: a function f € S(R™) is the image under F of a C™
function with support in the Euclidean ball {z € R™ : |z| < r} if and only
if it extends to C™ as an entire function of exponential type r and rapidly
decreasing. This is to say that given any integer N > 0 there exists a
constant o, > 0 so that for all z € C"

1F(2)] < on(14|z)) Nerl¥2l,

Since R"™ is self-dual, the same theorem also applies to the inverse Fourier
transform. So the functions in S(R™) whose image under F is supported in
{z € R™: |z| < r} are exactly those extending as entire functions on C" of
exponential type r and rapidly decreasing.

Let G be a noncompact semisimple Lie group with a maximal compact
subgroup K. We refer to Section 1 for the notation and the basic definitions.
The spherical transform S is the analogue of the Fourier transform for K-
bi-invariant functions on G. Generalizing the notion of rapid decrease used
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to define S(R™), Harish-Chandra defined the Schwartz space S(K\G/K)
for the K-bi-invariant functions on G. It contains the set D(K\G/K) of
the K-bi-invariant compactly supported C'*° functions on G as a dense sub-
space. The spherical transform is an isomorphism of S(K\G/K) onto the
subspace Sy, (a*) of the Weyl group invariants in the Schwartz space over a*.
In this setting, a Paley—Wiener theorem for the spherical transform has been
proved by Helgason [Hel66] for G of rank one or with a complex structure.
The proof for G arbitrary has been completed by Gangolli [Gan71]. As in
the classical case, the Helgason—Gangolli Paley—Wiener theorem character-
izes the image under S of the elements of D(K\G/K) as those functions in
Sw(a*) having an entire extension of exponential type and rapidly decreas-
ing, and the rate of growth is determined by the size of the support. But,
unlike the classical case, a Paley—Wiener theorem for the inverse spherical
transform cannot be deduced from that of the spherical transform. The
following question is therefore quite natural: What are the functions in
S(K\G/K) whose spherical transform has compact support?

This paper provides the answer when G is either of rank one or with a
complex structure. The characterization is given in terms of holomorphic
extendibility and growth conditions, and the rate of growth is determined
by the size of the support of the image. The precise statement is given
in Section 2. In the rank-one case the proof of the theorem relies on the
explicit formulas for the Abel transform and its inverse as given by Rouviere
[Rou83]. In the complex case, the theorem is an easy consequence of the
explicit expression of the (elementary) spherical functions.

After the fundamental works of Helgason and Gangolli, a number of au-
thors have proved Paley—Wiener type theorems for the spherical or related
transforms, e.g. [Koo75] and [Bra96] in the rank-one case. Not only
a Paley—Wiener theorem for the inverse spherical transform has not been
considered so far, but also the various estimates required in its proof for
the rank-one case are different from those considered in other Paley—Wiener
type theorems. The main difficulties are in the proof of the sufficiency of the
stated condition, where we also need a detailed analysis of the holomorphic
extendibility across given vertical segments of the complex space.
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author would like to thank her thesis advisor Prof. R. Gangolli for his
continuous guide and encouragement. The paper has been written while the
author was financially supported by the Dutch Organization for Scientific
Research (NWO).
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1. Notation and preliminaries.

In the following, G denotes a connected noncompact real semisimple Lie
group with finite center, and K denotes a fixed maximal compact subgroup
of G. g and ¢ (C g) are the Lie algebras of G and K, respectively. p is the
orthogonal complement of ¢ in g with respect to the Cartan-Killing form B
of g. The dimension of any maximal abelian subspace of p is a constant,
called the (real) rank of G. We fix a maximal abelian subspace a of p. a*
denotes the (real) dual space of a. g. is the complexification of g and a. is
the complexification of a in g..

The set of the restricted roots of the pair (g, a) is indicated by X. Tt
consists of all & € a* for which the vector space g, := {X € g: [H,X] =
a(H)X for every H € a} contains nonzero elements. m, := dimg g, is the
multiplicity of the restricted root o. Xt denotes the set of the positive
restricted roots corresponding to a choice of a Weyl chamber a™ of a.

The restriction of the exponential map of G to a is an analytic diffeomor-
phism onto the abelian subgroup A := expa. The inverse diffeomorphism
is denoted by log. The action on a of the Weyl group W of the pair (g, )
induces actions of W on a* by duality, on A via the exponential map, and
on a. by complex linearity.

Set n:=) csit ga- IV := expn is a simply connected nilpotent subgroup
of G. The map (k, a,n) — kan is an analytic diffeomorphism of the product
manifold K x A x N onto GG, and the resulting decompostion G = K AN is
called the Iwasawa decomposition of G.

Every element = of G can be written as x = kiaky for some ki,ky € K
and a € A. a is uniquely determined up to conjugation by elements of W.
This property will be referred to as the Cartan decomposition of GG, written
G =KAK.

The Cartan-Killing form B is positive definite on p x p, so (X,Y) =
B(X,Y) defines Euclidean structures in p and in a C p. We extend this
inner product to a* by duality, that is we set (\, u) := (Hy, H,) if H, is
the unique element in a such that (H,,H) = y(H) for all H € a. Set
|H| = (H,H)'/?. For x € G define |z| := |H| if + = kjexp Hky with
ki,kys € K and H € a.

If (V,(-,-)) is a Euclidean space, the Schwartz space on V' is the set S(V)
of all rapidly decreasing C*° functions on V: a C' function f on V be-
longs to S(V') provided for every differential operator D on V' with constant
coefficients and for every integer N > 0

o (f) = sup (14 [o)N[Df(v)] < oo,
veV
where |v| := (v,0)1/2. S(V) is a Fréchet space in the topology defined by

the seminorms 7 x. Sw(a) and Sy (a*) respectively denote the sets of all
rapidly decreasing C*° functions on the Eucidean spaces a and a* that are
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W-invariant. Using the exponential map, the space Sy (A) of W-invariant
rapidly decreasing C'™ functions on A = expa can be similarly defined.

A function f on G is said to be K-bi-invariant if f(kizks) = f(z) for all
x € G and ki, ke € K. Because of the Cartan decomposition G = KAK, a
K-bi-invariant function is uniquely determined by its W-invariant restriction
to A. Let D(G) denote the set of the left-invariant differential operators on
G. The Schwartz space S(K\G/K) of K-bi-invariant functions over G is the
set of all K-bi-invariant C°° functions on G satisfying the following property:
For every D € D(G) and every integer N > 0

To.n(f) = sup (1+ |z d(@)|Df(2)| < oo

Here d denotes the K-bi-invariant analytic function on G defined by
(1.1)

inha(H)] 2

dz):= [] [S“;(O;))] if & = ky exp Hky with ky, ks € K, H € a.
aext

The seminorms 7, 5 define a Fréchet topology on S(K\G/K).

Let Dg(G) be the set of all left-invariant differential operators on G
which are right-invariant under K. The (elementary) spherical functions
on G are the K-bi-invariant eigenfunctions ¢ of every differential operator
D € Dg(G), normalized by the condition ¢(e) =1 (e is the identity element
in G).

Let dk be the Haar measure on K normalized so that [ dk = 1. Harish-
Chandra proved that for A € a} the functions

(1.2) oa(x) = / e (AP H(R)) g, xr e q,
K
exhaust the set of spherical functions on G. Here

(1.3) pi= % Z Me @
aceXt

and, for g € G, H(g) is the unique element of a such that exp H(g) is the
A-component of ¢ in the Iwasawa decomposition G = KAN. Moreover,
©x = py if and only if A = w.\ for some w in the Weyl group W. ¢ (x)
is a real analytic function of x € G and a W-invariant entire function of
A€ ag.

The spherical transform, the Abel transform and the Euclidean Fourier
transform are respectively the isomorphisms

S: S(K\G/K) =5 Sy(a¥)
A: S(E\G/K) =5 Sy (A)
F i Sw(A) =5 Su(a*)
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defined (up to a constant multiple) by
SIN = [ f@)pos@)dn,  feSK\G/K). A,
Af(a) i= o llo5a) /N flan) dn, e S(K\G/K), a € A,

Fg(\) == / gla)e™08D) gq g e 8, (A), X € a.
A
The Haar measures dx, dn and da respectively on G, N and A can be
normalized so that
(1.4) S=FoA

Via the Cartan decomposition of GG, the spherical transform can be given
by integration over the Weyl chamber a*: For f € S(K\G/K) and A € a*

(1.5) STV =C [ Flexp H)o-x(exp H)AH)? dH
a
where A is the function on a™ defined by
(1.6) A(H) = [] [sinha(H)]?
aext

and C' is a constant depending on the normalization of the measures.

An explicit analytic formula for the inverse Abel transform is not available
for arbitrary groups G. The inversion formula for the case G = SOp(n,1)
was given first by Takahashi [Tak63]. In 1968, Gangolli solved the complex
case [Gan68]. For the general rank-one case the explicit formula was deter-
mined with different approaches by Eaton [Eat73], Koornwinder [Koo75],
Lohoué and Rychener [LR82], and Rouviére [Rou83]. These formulas will
be described in Sections 3 and 4. For more information on the inversion
formulas of the Abel transform we refer to [Bee88|.

2. Statement of the results.

As already observed, a K-bi-invariant function is uniquely determined by its
W-invariant restriction to A. Via the exponential map, the Schwartz space
S(K\G/K) is therefore identified with a subset of Sy (a). In the Paley—
Wiener theorems we are going to state, the elements of f € S(K\G/K)
whose spherical transform has compact support supp Sf will be character-
ized in terms of the holomorphic extendibility and growth of the function
H — A(H)f(exp H) over suitable subsets of the complexification a. of a.

2.1. The rank-one case. In the rank-one case a further simplification can
be made, as we can intrinsically identify a with R. Indeed, if G is of rank one,
the set ¥ of the positive restricted roots consists of at most two elements:
a and, possibly, 2a. Let H be the element of a satisfying o(H) = 1. The
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choice of H and « and the exponential map allow us to identify a, a* and A
with R. The Weyl group reduces to {—1, 1} acting on R by multiplication,
so Sw(a), Sw(a*) and Sy (A) become S, (R), the set of even functions in the
Schwartz space of R.

Formulas (1.1) and (1.3) respectively become

(2.1) d(t) = (Smht>m; (m;ft))"? tER,

t
1
(2.2) p=35 Ma + Mag.

One can show that, under the above identifications, S(K'\G/K) corresponds
to the set SY(R) of all even C* functions on R such that for every differential
operator D on R with constant coefficients and for every integer N > 0

sup (1 + [t)Nd()|Df(t)] < oo .
teR
We fix the following constants related to the multiplicities m, and moq:

(2.3) j = 1 %f Maoq =0 and J o 2 if mg i? even and mag = 0
2 if mog #0 1 otherwise.

We shall frequently use the property that if 2« is a restricted root, then my,
is even and ms, is odd. The case m, even and ms, = 0 corresponds to
the particular situation in which all Cartan subalgebras of G are conjugate
(G=SOp(2n+1,1)).

We shall use the following notation:

RT:={2€C: Rz >0}

S :=i(R\ 22) (j=12)
§R;r =RTUS; (1=1,2)
Hj::(:\{z:%zgugzegz} (1=1,2)
Gj::(C\{z:%zEE.Z} (1=1,2)
S;j={z€C: \sze(—jg)} (1=1,2),

Rz and Iz being respectively the real and the imaginary part of z € C.
For z € §; \ (—00,0], set (cf. Formula (1.6))

ma m2q
2

(2.4) A(z) = (sinh z) 2 (sinh(2z)) 72 .

If mj, is odd, (sinh(jz))™/2 stands for (sinh(jz))™se=1/2[sinh(jz)] vz
where []}r/ % denotes the single-valued holomorphic branch of the square

root function determined on C\ (—o0,0] by v/1 = 1. If m, is even and
Maq = 0, then A(z) = (sinh 2)=/2 is an entire function on C.
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The Paley—Wiener theorem for the inverse spherical transform on rank-
one groups is given by the following theorem.

Theorem 2.1. Let f € S?(R), and let f(t) := A(t)f(t) for t € (0, 00).
Then Sf is compactly supported, with supp S f C [—r, 7], if and only if f(t),
t € (0,00), extends to a holomorphic function F' on 3; such that:

(1) For every integer N > 0 there is a constant Ty > 0 so that for all
z € ?R;r

mjafJ

(1 + [eoth(j2)]) 7 (1 4]zl

|F(2)] < (1 + |coth 2)0~D "
(2) The function F defined by
F(z) = ZEZ forz € S;\ (—o0,0]

extends to be an even holomorphic function on the horizontal strip S;,
and F(t) = f(t) for allt € R.

Observe that the growth estimate of F' is given on %j, not on the en-
tire complex plane. Moreover, a single-valued holomorphic extension of the
function f is generally only obtained in the strip S;. But, when m,, is even
and mo, = 0, the function f has actually a meromorphic extension to all
of C, with poles at most on i7Z \ {0}, with estimated growth on the whole
complex plane. Indeed, in this case, m, /2 is a positive integer. The func-
tion F(z) := F(z)(sinh 2)~™/2 is therefore holomorphic on 3;. Because of
2, F(z) is an even extension of f(t), t € R, to Sj. Hence it holomorphically
extends to C\ {imk : k = £1,£2,...} by setting F(z) := F(—=z) if Rz < 0.
The growth condition for F stated in 1 becomes: For every integer N > 0
there is a constant 7y > 0 such that for all z € §Rj

|F(2)] < 7nv(1 + |coth z|) 2 1 (1 + |2])Nerl™2,

It follows, in particular, that the function (sinh z)™~1F(z) is bounded near
the points itk (k = +1,£2,...). Thus (sinhz)™e"1F(z) is entire, and
F(z) is a meromorphic extension of f to C.

In the case m, even and msg, = 0, Theorem 2.1 can be therefore equiva-
lently stated as follows.

Theorem 2.2. Suppose mg, is even and mo, = 0. Let f € S(R). Then
supp Sf C [—r, 7] if and only if f(t), t € R, extends to an even meromorphic
function F' on C satisfying: For every integer N > 0 there is a constant
Tn > 0 such that for all z € C

IA(2)F(2)] <7y (14 |cothz]) 2 7L (1 + |2])Nerl¥l,
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Theorem 2.1 is proved in Section 3. The proof is based on the relation
S = F o A, applying the classical Paley—-Wiener theorem to F and then
using the explicit inversion formulas for the Abel transform A and for the
inverse Abel transform A~

Observe that when m, = 2 (i.e. G = SL(2,C) = SOy(3,1)), Theorem
2.2 says that z — A(z)F(z) is an even entire function of exponential type
r and rapidly decreasing. As we shall see shortly, this property generalizes
to arbitrary complex groups.

2.2. The complex case. When G admits a complex structure, all the
restricted roots a have multiplicity m, = 2. The function A in (1.6) becomes

(2.5) A(H) = ][] sinha(H), Hea
aeXt

Its entire extension to a. will be also denoted by A:

A(H) = H sinh & (H), H < a,,
aext

& being the complex linear extension of o € ¥ to a,.
We define a norm on the complexification a. = a & ia of a by setting

. . - oN\1/2
| = (|§RH|2 + \%H\Q) :
An entire function g on a, is said to be of exponential type r > 0 and rapidly

decreasing provided for every integer N > 0 there is a constant o, > 0 such
that

g(H)| < on(1+|H)NeBE e,

For r > 0, B, := {X € a* : |A\| < r} denotes the closed ball around 0 with
radius r in a*.

Theorem 2.3. Suppose G has a complex structure. Let f € S(K\G/K).
Then S f is compactly supported, with supp Sf C B,., if and only if f(exp H),
H € a, extends to a W-invariant meromorphic function F on a. such that
H — A(H)F(H) is an entire function on a. of exponential type r and
rapidly decreasing.

Theorem 2.3 is proved in Section 4.

3. Proof of Theorem 2.1.

Because of the classical Paley—Wiener theorem, the Fourier transform of a
function g € S, (R) has support in the interval [—r, r] if and only if it extends
as an even entire function on C which is of exponential type r and rapidly
decreasing. We indicate the set of such functions by H’ (R).
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Under the identifications of A and a* with R described in Section 2.1, the
Euclidean Fourier transform F : Sy (A) — Sw(a*) reduces to the classical
Fourier transform on S, (R). Because of the relation S = Fo.A, our problem
is therefore to describe, for every r > 0, the subset of S%(R) which is the
image of H" (R) under the inverse Abel transform A~1.

For every [ > 0, let S'(R) be the set of the even C*° functions f on R
such that for every differential operator D on R with constant coefficients
and for every integer N > 0

sup (1 + |t))N cosh! t|Df(t)] < oo.

teR
Since (1 + [t|)"!cosht < sinht/t < cosht, t € R, this definition is consis-
tent with our previous definition of S7(R) when [ = p (cf. Formula (2.2)).
Moreover, S(R) = S, (R).

As shown by Rouviere [Rou83], the Abel transform A : S{(R) — S, (R)
can be expressed as a composition of elementary transformations A; and As.
Definition 3.1. ' Let > 0. For j = 1,2, Aj; is the integral operator from

1L
8. 2(R) to SL(R) defined by

Aif(t) == /+00 o f ([coshjt+x2]1/j) dx, teR,

— 00

where @ f(cosht) := f(t).

Aj (resp. As2) can be interpreted as partial Abel transform associated with
one-parameter subgroups of N generated by elements of g, (resp. g2q)-
Theorem 3.2. 2 Up to a constant multiple,

A = A" o A3 .
, 1 d i i

For j = 1,2 define D, := Snh(j1) dt Then D; maps S’ (R) into S (R)
for every [ > 0. Rouviere proved the following theorem.

Theorem 3.3. > Forj=1,2

J
(3.1) Djod;=AjoD; on Sy 2(R)
(3.2) A%o D = —7D; on S\ (R).

'[Rou83], p. 274. See also pp. 283, 286. Rouviére denotes the operator on S?(R)
corresponding to A by F. The relation between our operators A; and A2 and Rouviere’s
operators Fy and F{ is A1 = /7Fo, As = /TF}.

2[Rou83], Théoréme 1, p. 275. See also Théoreme 5, p. 283.

3[Rou83|, Théoreme 1, p. 275, and the computations before it. See also Lemme 6,

p- 283, and Lemme 7, p. 286. Observe that Rouviére uses the differential operator
-1 d

sinh(jt) dt
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Up to a constant multiple, A~1 = AJ** o DJ'** o AT** o D™ .

A~! is therefore an integro-differential operator, which reduces to a dif-
ferential operator when m,, is even and ms, = 0. According to the various
possibilities for m, and mo,, there are three cases:

Al = DT“*/Q (mq, even, ma, = 0),
A=A 0 D§ma+1)/2 (mgq odd, ma, = 0),
A= A50 D§m2°‘+1)/2 o D;na/z (mq, even, mao, odd).

(All the equalities are given up to constant multiples.)

3.1. Necessity. To prove the necessity of the condition stated in Theo-
rem 2.1, we consider the “complexifications” of the operators 4; and D,
and we apply them to the holomorphic extension of the functions in H’ (R)
as prescribed by the formulas for 41,

Let 7 > 0, and let D; be the differential operator on functions on C defined

d
by Dj := —————. Ob that D; . odd) functi
y D; Snh(j2) dz serve that D; maps even (resp. odd) functions
into even (resp. odd) functions. The next Proposition 3.7 describes how
the (n, m)-th iterate D5 D" of Dy, D; acts on entire functions which are of

exponential type and rapidly decreasing.

Lemma 3.4. Let r,s > 0, and let N be a nonnegative integer. Let g be an
entire function satisfying for all z € C

l9(2)| < o (1 4 |z])NesleIS

for some constant o > 0. Then there is a constant & > 0 such that for all
zeC

|g’(z)\ < 5’(1 + |Z|)7Nes|§Rz\+r\%z\.
Consequently, for every positive j, D;g is a meromorphic function, with at
most simple poles on i%Z, satisfying

Djg(2)] < Glsinh(jz)| " (1 + [2])~Nes TS,

Proof. Fix z € C. Let v denote the rectangular contour -~ of vertices
<§Rziﬁ,%ziﬁ). For ¢ € v, we have | — z| > ﬁ and 2(1 + [¢]) >
1+ |z|. Cauchy’s Formula therefore gives

% "/|<_Z‘2

= [0l

|dC]

IA
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4 — s 7|
<% [ o Nemasjag
T Jy

2N+20.

/(1 I |Z|)_Nes(|%z|+ﬁ)+r(\§z\+ﬁ) |dC‘
il

— 5_(1 + |Z|)—Nes|§Rz\+r\%z\’

where ¢ := 2\;;4 e(r+s)/2v2 5 .

2w

Lemma 3.5. Letr >0, and let n > 0 and N > 0 be integers. Let l(z) be a
meromorphic function on C satisfying the following properties.

i. (sinh 2)?"~1(z) is an entire function.

ii. There is a constant v > 0 such that for all z € C\ inZ

(1 + |coth z|)"!
|sinh z|"

()] <v (L |2~ Verl¥=,

Then

1. (sinh 2)?"*! D1l(2) is an entire function.
2. There is a constant v > 0 (depending on r, n, N) such that for all
z € C\inZ

(1+ |coth 2])"

N1l
b b (L F DT

|Dil(z)] <©

3. sinh(2z)(sinh 2)%" Dyl(2) is an entire function.
4. There is a constant v > 0 (depending on r, n, N) such that for all
z € C\ijZ
1 thz|\" ~
|Dyl(z)| < |sinh(22)|~" <W> (1+ |2])Nerl®2l,

Proof. Apply Lemma 3.4 to the entire function g(z) := (sinh z)?"71i(2),
using the following inequalities:

(33)  J5(1+|coth]) < ePlisinh ¢|7! < 14 |coth¢|, ¢ e C\inZ.

For 3 and 4, observe that Dy = D1, which gives
z

2 cosh
sinh(22)(sinh 2)?" Dol(2) = (sinh 2)?" ™! Dyi(2).
U

Lemma 3.6. Let r > 0, and let m,n > 0 and N > 0 be integers. Let I(z)
be a meromorphic function on C satisfying the following properties.

i. (sinh(22))?"~1(sinh 2)?™I(2) is an entire function.
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ii. There is a constant v > 0 such that for all z € C\ i5Z
1 th(2z)[)"~* /1 h
1o < p (L leoth(22))"1 (1 +[eoths
|sinh(2z)|"
Then
1. (sinh(22))%"*!(sinh 2)®™ Dyl(2) is an entire function.

2. There is a constant v > 0 (depending on r, n, m, N) such that for all
z € C\ijZ

" 92]
1 —N r%z‘
|sinh z| ) (1+]z))e

|Dol(z)] <

(1 + |coth(22)])™ (1 + |coth z|
|sinh(2z)[7+1

Proof. Apply Lemma 3.4 to g(2) := (sinh(22))?"~!(sinh 2)?™ (2), using In-
equality (3.3) together with |coth z| < 2|coth(2z)| + 1. O

m
) (1 + ‘Z|)_N6T|%Z|.

|sinh z|

Proposition 3.7. Let g be an entire function on C which is of exponential
type r > 0 and rapidly decreasing. Let j = 1,2. Then for every positive
integers n and m:

1. (sinh(jz))?"~!(sinh z)20-1m D;‘ng_l)mg(z) is an entire function.
2. For every integer N > 0 there is a constant vy > 0 (depending also on
Jsm,m) such that for all z € C\i%Z

IDPDY Vg (2)| <

(1 + |coth(jz)|)" <1 + |cothz\><“>m erls?l
> VN . ;
[sinh(jz)|" (

|sinh z| 14 |z])V°

3. If g is even, then D?ng_l)mg 1s even and extends to be holomorphic
at 0.

Proof. Suppose first j = 1, and prove 1 and 2 inductively on n. The case
n = 1 follows from Lemma 3.4 (with j = 1 and s = 0), and the inductive
step is provided by Lemma 3.5, Parts 1 and 2 (with [(z) = D}g(z)). Suppose
then j = 2, and prove 1 and 2 inductively on n for m arbitrarily fixed. The
case n = 1 is obtained from Lemma 3.5, Parts 3 and 4 (with I(2) = D7"¢(z)).
The inductive step is given by Lemma 3.6 (with [(z) = D§D7"g(z2)).

If g is even and holomorphic near 0, then ¢’(0) = 0. Hence Djg is even

and extends to be holomorphic at 0 by setting D;g(0) = %g”(O). O

We now want to determine the image under the operators A; (j = 1,2) of
the functions h(t) := D?D%J_l)mg(t), t € R, described by Proposition 3.7.

1L
If he SJQ (R), then A;h is a function in S' (R) that can be written as

Ajh(t) =2 / <I>h([coshj t+ :132]1/j)d:n, t>0.
0
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Substitute the variable z € (0, 00) with the variable w € (0,00) defined by
the relation cosh’ t + 22 = cosh’ (t + w). Then

22 = cosh’(t + w) — cosh’ t = %sinh(t + %) sinh (%),

and

- 7 sinh (j(t +w))
Aih(t) =1/% [ h(t+w dw, £>0.
OV e

Since the map z — [sinh( jz)]i/ ? is well defined and holomorphic on Si\

(—00, 0], we are led to the following definition.

Definition 3.8. For j = 1,2, let A;? denote the integral transform given,
for all functions h for which it is well defined, by

-7 sinh(j(z + w))
ASh(z) :==1/% [ h(z +w) dw,
g \/g 0/ [sinh (j(z+%))sinh (j%)]i/z

z €85\ (—o0,0].

To study the operator A;? we need the following theorem.

Theorem 3.9. * Let U be an open subset of C, and let ¥(z,w) be a con-
tinuous function on U x (0,00). Assume:

i. For every w € (0,00), ¥(z,w) is holomorphic in U.
ii. For every compact subset K of U there exists a function My (w) which
is integrable in (0,00) and such that for all z € K and w € (0, 00)

[V (z,w)| < Mg (w).
Then ¢(z) := [;° ¥(z,w)dw is holomorphic on U.

Lemma 3.10. Let h be an even holomorphic function on S; with the fol-
lowing property: For every ¢ € (0, g) there exists a constant Cs such that

for all z with |Sz| < 6
|h(2)| < Cslsinh(j2)|7"/2(1 + |2) 7>

Then A5h(z), z € S;j\(—00,0], is well-defined and it extends to an even holo-
morphic function on S, which we also denote by ASh. Moreover, A;h(t) =

Ajh(t) for allt € R.

4[Lan93], Lemma 1.1, Chapter XV, p. 392, and [LR70], p. 368, for the M-test.
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Proof. Set

sinh(j(z + w))
[sinh (5= + %)) sinh ()] >

By assumption, ¥(z,w) is holomorphic in z € S; \ (—o0, 0] for every fixed

€ (0,00). For every integer m > 2, let Sy, :={z € C: [Jz| < ?—%, Rz >
—m}\{z € C: Rz <0,[3Fz| <1/m}. Let xya(w) denote the characteristic
function of A C (0,00). Since

U(z,w) := h(z + w)

sinh(j(z + w))
smh( (z+ ))smh( %)

§‘c0th(j( ))‘—FCOth( %)

there is a constant C' > 0 so that for (z,w) € S,,, x (0, 00)

(3.4)
w\\1/2 —2
]\I/(z, w)| <C [X(O,m}( ) (COth( 5)) + X(m,oo)(w)(l + (w - m)) } :
Theorem 3.9 thus guarantees that A$h(z) is holomorphic on S; \ (—o0,0].
We now prove that ASh is even by showing that ASh(iy) = ASh(—iy)

for all y € (0, g) Let L, denote the horizontal half-line in 5)?;' from iy to
infinity. The change of variables u = iy + w gives

o sinh(ju)
Ajh(iy) \[/ )]1/2 du

i (iy, u

where

d;j(iy,u) := sinh ( (u“y)) sinh (](u_zzy)) = L{cosh(ju) — cos(jy)]-

By assumption h is holomorphic in the horizontal strip S;. [d;(iy, )] Y2 44
holomorphic in the domain D, obtained from S; by removing the vertical
segments (—i%, —iy] and [zy,z?) Therefore the function

sinh(ju)

,u) = h(u) ———————
fy,u) ( )[d iy, )]1/2

is a holomorphic function of u € Dy.
Let R > 1, and let 4% Ui 1 wk be the closed curve in D, pictured in
Figure 1 (v£ is the quarter of circle centered at iy with radius y/R).
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iT/j
Iy < R+i
1y < y
R
J R Y4 R
75 A 73
\ YA
Y
0 VR
Y, R
Dy
- i/

Figure 1. The contour of integration ~.

/f(y,U) du =
R

Because of the growth condition of h, when u = R+ it, t € (0,y),
£ (y,w)| < Cylsinh(ju)| 2 (1 + [u])~?|sinh(ju)||d; (iy, u)| />
< C;(l + R)_2

By Cauchy’s Theorem

Hence lim / fly,u)du = 0. If u € D, is close to iy, then there is a
oG

R—o0

constant Cp = Cp(y) > 0 such that |f(y,u)| < Co‘u_Tw’_l/Q. Hence f(y,-)

is integrable along the segment (0,iy) on the imaginary axis with

Y
Jim A = 0/ F(yit) dt

Also, if u =iy + %ew, 0 € (—m/2,0), then

0
i0 | —1/2
/|f(y,u)Hdu|§Co / y;R %dezcom/%_)()asg_)oo,
e —7/2
li = li “h(iy), th
SO Rgréofyé%f( u) du = 0. Since Jm 5 fy,u) f.A (1y), then

A5h(iy) = /3 [1(y) + ()
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where

y Y
‘ . sinh(ijt)
) == [ iy =i [ i) T

sinh(jt)

Ir(y) :O/f(y7t)dt:0/h(t>wdt

Consider now —y and the closed curve I'f = Uzzl ' in D, which is
symmetric to 7 with respect to the real axis (cf. Figure 2).

in/j

\ N

o
=
A
L

R+iy

=in/
Figure 2. The contour of integration I'.

Computations analogous to those made above show

_\/g P}Ego/f(—y,u)du:\/g[h(—y)JrIz(—y)]
I

where
Zngr;o/f —y,u /f(y,it) dt
-y
i [ napy S,
/ STE————
)= 1 : _ [ rynydi= [ SED
Rggo/f —y.u O/f(y) 0/<>[d(zy7m1/2
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Since dj(—ty,t) = d;(iy,t), then Ir(—y) = I»(y). Since h is even and
d;(iy, it) = d;(—iy, —it), then

sy Ny (i)

Thus ASh(—iy) = ASh(iy). ASh is even, so we can extend it to S; \ {0}
by setting A5h(z) := Afh(—2) if Rz < 0. Moreover, (3.4) shows that ASh
remains bounded on S; N %j and hence that it holomorphically extends to
S;j. Finally, ASh and A;h are continuous even functions of ¢ € R: Since they
agree on (0,00), they must agree on all R. O

y . .. 0 . ..
L(y) = —z’/h(it)[dsmh(wt)dt - i/h(it)[smh(zm dt = I(—).

To extend Ajh outside S;, we need to make its integrand single-valued.
The key observation is that the map

[ sinh(jz) ] 1/2
b =+ 9) sinh (15 )+
is well-defined and holomorphic on 3; for every fixed w € (0, 00).

Definition 3.11. For j = 1,2, let .A;r denote the integral operator given,
for all functions h for which it is well defined, by

AFh(z)

= \/g 7h(z + w)
0

Z

sinh(jz)
sinh (j (z + %)) sinh

1/2
sinh(j(z + w)) dw,
(jg,)L (J(z +w))

RS 3]'.
The next proposition determines the holomorphic extension of A;h when
h = D;?ng_l)mg is given by Proposition 3.7.

Proposition 3.12. Let j = 1,2 and let n,m be positive integers. Suppose
h e Sin+(]_l)m(R) extends to an even meromorphic function on C with the
following properties.
i. (sinh(j2))?" !(sinh 2)20=V" h(2) is an entire function.
ii. For every integer N > 0 there is a constant vy > 0 such that for all
z€ C\i5Z

(1 + [coth(jz)))"1 /1 + |cothz|\Y~ D™ N el
< 1 AR
IM2)] < v |sinh(jz)[™ |sinh z| (1+1]2))" e

iii. h is holomorphic at z = 0.
Then
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1. .Ajh is holomorphic in 3;, and Ajh(t) = (sinh(jt)) 2 A;h(t) for all
t € (0,00).

2. For every integer N > 0 there is o > 0 (depending also on n,m,j)
such that for all z € §Rj

1+ |coth(jz)|\" " (1 + |coth 2|\ Y~ D™ NS
Th < - W L hhiniod | 1 N ISz
A7 h(z)] —"N< sinh(j2)| sinh 2| (L4 z)" e

3. ASh is an even holomorphic extension of A;h(t), t € R, to S;.
A;rh(z)

4. ASh(z) = ————=  on S; \ (—o0,0].
s [sinh(j2)]"/” M |
Proof. Let
1/2
z,w)=h(z4+w sinh(j2) sinh(7(z +w
Uz w) =zt w) sinh(j(z+1§))sinh(j1§})]+ P ).

Because of Condition i on h, ¥ is continuous on 3; x (0, c0) and holomorphic
in 3; for every fixed w € (0,00). If z =t + iy € R and w € (0,00), then
|sinh(j(z + w))| > sinh(jt), and |coth(j(z + w))| < coth(jt). Condition ii
(for N = 0) therefore gives the following estimate:

W (2, w)]

1+ [coth(j(z +w))[\" [ 1+ [coth(z + w)[\ Y™ el
<u(Samgerat) el ) o 2]

<, (L coth(jt) "=l /1 4+ coth ¢\ U D™ ey
= sinh(jt) sinh ¢ [sinh (j%)}l/Q

= (function bounded on compact subsets of §R+) : [sinh (j%)] 2

If z=t+1iy € &, then sin(jy) # 0 # siny. Condition ii on h (with N = 0)
gives, for some constant v > 0,

W (z,w)]

g%mmwﬁ“"%mmmjm(r%

sinh(jt) D 1/2 ey
i) ) [sinn (78)] 7
= (function bounded on compact subsets of &;) - [sinh (j%)] —2
Since w + [sinh (j%)]fl/z is integrable on (0,00), Theorem 3.9 implies
that Ajh is holomorphic on 3; = RT U G;.

If (z,w) € §Rj+><(0,oo), we have |z+w| > |z|, |sinh(j(z+w))| > [sinh(jz)],
and |coth(j(z + w))| < v/2 + |coth(j2z)|. The growth condition for h then
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implies: For every integer N > 0 and z € 9?;‘

+
[Aj h(2)]

n—1 i—1)m
<\ﬁV 1+ /2 + |coth(jz)| 1+ V2 + |coth 2| Y
vz |sinh(j2)] |sinh z|

(1+ |z])_NeT‘%Z‘ / [sinh (j%)]_l/2 dw
0

1+ |coth(j2)|\"* /1 + |coth z| G=bm N S
< S i Cla A S hbinntod 1 r[Sz]
=N ( |sinh(j2)] |sinh z| (L4 J2)77 e,

with

oy = 31t Nml/2 \/g VN/ [ sinh (j%)]_lﬂ dw.
0

Property 3 is a consequence of Lemma 3.10. In fact, h is holomorphic and
even on Sj, and if |[Rz| > 1 and |Jz| < /4, then

Ih(2)] < v (1 + |coth(§2))"! /1 + |coth 2]
=V ()

< v [sinh(jz)| 72 (1 + |2)) 2.

(=1ym N
) (1+ ‘Z‘)72€r\\rz\

|sinh z|

Ath
[sinh(jz)]
are both holomorphic on §; \ (—o0, 0] and agree with A;h on (0, c0). O

Finally, Property 4 follows immediately because A;h and

Proof of Theorem 2.1 (Necessity). Let g € H' (R) and let f := A~ 1g. Sup-
pose first that mg is even and ma, = 0 (that is j = 1 and J = 2). Then (up

to a constant multiple) f = DTQ/QQ, and Proposition 3.7 (with j = 1 and
n = mg/2) proves that f extends to an even meromorphic function F on C
satisfying the condition stated in Theorem 2.2.

Suppose now that J = 1, i.e. that either m, is odd (so j = 1) or mg is
even and mag is odd (j = 2). Then (up to a constant multiple)

f=A"lg=ADrDY V"

with n = (mjo +1)/2 and m = m, /2. Because of Proposition 3.7, we can

apply Proposition 3.12 to the function h = D]”ng_l)mg.

For z € d;, set

F(z) = (sinh 2)0~Dme/2(sinh(jz)) "2~ D/2 AT h(2).
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Observe that the exponents (j — 1)m,/2 and (mj, — 1)/2 are nonnegative
integers, so F'(z) is holomorphic on 3;. Moreover, for ¢ € (0, 00),

F(t) = (sinh ¢)U=Dme/2(sinh (jt)) Mo —D/2 AT h(2)
= (sinh ¢)U=Yma/2 (sinh(jt)) Mia=/2 (sinh(jt)) /2 A;h(t)
= (sinh ¢)"/?(sinh(2t))™2/2 £ (¢).

The growth condition of Ajh on 3?; given by Proposition 3.12 determines
the growth estimate 2 for F.

Let (sinh(jz))™ie/2 := (sinh(jz))™e~D/2[sinh(j2)]}/? if m;a is odd. For
z € 85\ (=00,0],

F(2)
(sinh z)ma/2(sinh(2z))m2a/2
(sinh 2)U=Hme/2(sinh(jz)) moe /2 AL h(2)
(sinh 2)™e/2(sinh(22))m2a/2
_l’_
ATh(z)

[sinh(j2)]/

— A%h(2).

Condition 1 then follows from the equality A$h(t) = AjD?ngfl)mg(t) =
f(t) (t € R) and from Proposition 3.12. O

F(z):=

3.2. Sufficiency. Before completing the proof of Theorem 2.1, we give, fol-
lowing Rouviere, the explicit form of the Abel transform Af of a function
f € SY(R). Let dX (resp. dX’) denote the Lebesgue measure on g, (resp.
g2 corresponding to the Euclidean structure induced by the inner product
(X,Y) := —B(X,0Y), where B is the Cartan-Killing form and 6 is the Car-
tan involution of g. Via SU(2,1)-reduction, Rouviere proved the following
theorem.

Theorem 3.13. 5 Let f € S?(R). Then there is a constant C so that

Af(t) = C / of ([(cosht +]XP)? + (X)) dX dX', e,
FJaXg2a

where ® f(cosht) := f(t). When ma = 0, disregard the variable X' and the
integration over goq.

For a fixed normalization of the Haar measure dn of N, the constant C
can be explicitely determined as a function of the multiplicities m,, and ma,.

5[Rou83], p. 272,(8). See also p. 283.
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For our purposes it is more appropriate to have a different expression for
Af(t), t € (0,00). We first pass to spherical coordinates on g, and on goq,
and then perform a change of variables in the integral that takes @ f back
to f. Finally, we replace f by f. The cases mo, = 0 and mg, # 0 are kept
separated.

Case maq = 0: For all t € (0,00)

Af() = C/(I)f(cosht—i— IX[2)dX

Ja
:2C7rma/21“(”’§0‘)_1/(I)f(cosht+r2)rma_1 dr
0

m

= C"/f (t + w) [sinh(t + %) sinh (¥)] Kl sinh(t + w) dw

ma _q

7 [Slnh t+ smh (12”)] 2 J
w,
0

sinh( t + w)
where C' = ( )m”‘/2 (%) e,
Case maq # 0: For all t € (0,00)
Af(t)

_C / of ([(cosht+ 1X2)? + |X’|2]1/2) dx dXx’
JaX@2a

4C7T Ma+M2q /

- F m2a

[e e
// ®f ([(cosht +r?)? + 82]1/2> pma—lgmaa—lgr s
0

[e.o]

// f(t+w+wv) [sinh(t + %) sinh ()] El sinh(t + w)
- [sinh(2(t + w) + v) sinh ’u]%_ sinh(2(t + w + v)) dw dv

C”77f(t+w+v)
00

. . m2a _q .
sinh(2(t +w) + v) sinhwv] 2 sinh(t + w)
sinh(2(t +w + v)) sinh(t + w + v)

Mo
5 1

sinh(t + %) sinh (%)
sinh(t +w + v)

dw dv,

where C” = 2(§)ma/27rm2“/2 [T (%) T (mga)]il C.
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In the above integrals, the variable r € (0,00) has been replaced by the
variable w € (0,00) defined by the relation

cosht + 12 = cosh(t 4+ w),

and the variable s € (0,00) has been replaced by the variable v € (0, 00)
defined by the relation

cosh?(t +w) + s% = cosh?(t +w + v).

The constants €’ and C” do not affect the result we want to prove. We
therefore disregard them.

The idea to prove the sufficiency of the conditions in Theorem 2.1 is
the following. The hypothesis on f imposed by Theorem 2.1 involve the
holomorphic extension F to 3; of the function f(t) := A(t)f(t), t € (0, 00).
The function f also appears in the integrand of Af(t), t € (0,00). We
formally extend Af to AF on 3; by replacing f(t) by F(z), and the variable
t by the variable z in the remaining hyperbolic sines. A little extra care is
required when dealing with square roots. The growth condition for F on
S%j is used to prove that AF is holomorphic on (some open neighborhood
of) §R;r Condition 2 in Theorem 2.1 is employed to show that AF' is even,
which allows us to extend it to C\ z?Z Finally, the growth condition is
used again, to prove either that AF' is bounded near each point in i?Z (and

hence it is entire) or that AF is rapidly decreasing with exponential growth
r.

Definition 3.14. Let f € S{(R) satisfy the conditions stated in Theo-
rem 2.1. For z € 3;, formally define

[e.o]

AF (z) == /F(z +w) [s1(z, w)]%*1 dw, if moq = 0,

Mm2a _q

77 F(z+w +v) [s2(z,w,0)] "7 " [ss(z,w,0)] 2
0

sinh(z + w)
sinh(z + w 4 v)

dw dv, if moq # 0,

where
o sinh(z + %) sinh(%)
s1(zw) = sinh(z 4+ w) ’
5221, 0) = s1nh(z + 5) smh(§)

sinh(z + w + v)
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532 ) = sinh(2(z + w) + v) sinhv
ST TR +w + v)

)

m]a TYLjaf

Mja g ! 1/2 . .
and [] 72 =[] 72 [1/>1<]+ if mjq is odd.

Remark 3.15. By definition, the function AF extends, up to a constant
multiple, Af(t), t € (0,00). Observe that the square roots appearing in
the formula when mj, is odd are well-defined single-valued holomorphic
functions of z € 3; for all v,w € (0, c0).

Lemma 3.16. Define
-1 - 1
1 if x € [1,00).

Then there is a constant C > 0 such that for every ( = a + ib with a > 0
and for every x € (0, 00)

i { sinh(¢ + 2x)

sinh(¢ 4+ z) sinh z
Lemma 3.17. Let ¥(z,w) and ¥ (z,w,v) denote respectively the integrands
of AF(z) when mas = 0 and maq # 0. Then, for every integer N > 0 there
are constants ny, iy > 0 such that for all z € 3‘%;’ and v,w € (0,00)

, 1+ |coth(¢ + z)| } < C s*(x).

|V (z,w)| < UN(S*(w))(Q_‘])/Q(l Flet w|)—Ner|SZ|7
‘\I/(Z,U),U)’ < MN(S*(w))3/4(S*(U))3/4(1 + |Z+’LU+UD7N€T|%Z‘.

Proof. Observe first that there is a constant C' > 0 so that for all ({,z) €
RS x (0,00) and j =1,2

sinh(j¢ + x) sinh z
sinh(j¢ + 2x)

(3.5) (1 + [coth(j¢ + 2z)]) < C.

When m, > 1 and mg, = 0, the exponent (mqy/2) — 1 of the function
$1(z,w) in Definition 3.14 is positive. The growth condition for F’ gives: For
every integer N > 0 there is a constant 7, > 0 such that

W (z,w)|

< 751 (2, w)|Me/D (1 + |coth(z + w)\)(

<7y [\sl(z,w)](l + |coth(z + w)’)}(ma/Q)_l (1 + [coth(z + w)|)(2—J)/2
(14 |z + w]) " NerlsH

< (8% (W) @D [z 4 w])~NerlBE,

ma—J)/Q(l + ’Z+w’)fNeT|SZ|
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If mq = 1 and mg, = 0, then J =1 and

1/2
sinh(z + w)

sinh (z + %) sinh (%)
<71+ |z 4+ w]) "N (5" (w/2)) /2

<y ( ( ))1/2(14_‘2_’_,&0‘)71\/67“‘%,2\'
Suppose now msa, > 1.

U (2, w)| = ‘F(z+w)‘

In this case the exponents of both functions
so(z,w,v) and s3(z,w,v) are positive. The growth condition for F gives:
For every integer N > 0 there is a constant 7y > 0 such that

¥(z,w,v)]

S TN‘82(27w7’U)‘(ma/2 |83(Z w /U)|(m2a/2)*1

sinh(z + w)
sinh(z + w + v)
- (1 + |coth(z +w + v) )™/ (1 + |coth(2(z 4+ w + v))]) ™21/

(14 |z 4w+ v])Nerl¥

<rT

v [sa(z,w,0)] (1 [eoth(z + w)]) ™/ 7H (1 + [coth(z +w + v)))
|s3(z,w,v)| (1 + |coth(2(z +w + U)>|)](mza/2)—1
coth(2(z +w +0)))M* (L |z 4w+ v])~Verl!

|coth(z 4+ w + v)]) (1 + [coth(2(z 4+ w + v))[)*/?
|2 +w + v])Nerl¥e

7

2l
(14
Ty (14
(14
(s"(w

IN

by Inequality (3.5)

< pn(s ))3/4(3 (U))1/4($*(2U))1/2(1 4w+ U|)—Ner|%z|

by Lemma 3.16
< (¥ (w))P (5" ()4 (1 + |2+ w o) Ve
When mg, = 1, the exponent of s3(z,w,v) is —1/2. Hence
U (2, w,v)]
= |F(z + w +v)]|s2(2, w, v)| M/
. sinh(2(z + w + v)) 1/2 sinh(z + w)
sinh(2(z + w) 4+ v) sinhv sinh(z +w + v)

< 7h|s2(z, w, v)|(m"/2)_1 (1+ |coth(z +w + v)|)m"/2 (s*(v))l/2
(14 |z 4w+ o))V erlSE

< 71 |s2(z, w,v)| (1 4 |coth(z + w + v)|) | Me/D 1
(1 + |coth(z + w + v)|)(s* (V) /> (1 + |z + w + v]) N 1%
< (87 ()P (5" (0) V(5 W) VP (1 + 2+ w o) TN
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by Inequality (3.5) and Lemma 3.16
< (8% (W) (5% (0) (1 + |2 4 w + v])“Nerl¥E,
[l

Proposition 3.18. Let f and AF be as in Definition 3.14. Then AF is
holomorphic in RT and continuous on §R;r Moreover, for every integer

N >0 there is a constant on > 0 such that for all z € §R;r
|AF(2)| < on(1 + |2]) N9,

Proof. Let ¥U(z,w) and ¥(z,w,v) be as in Lemma 3.17. The assumption on
F and Remark 3.15 ensure that they are holomorphic functions of z € d; and
continuous functions on 3; x (0,00) and 3; x (0,00) % (0, 00), respectively.
The estimates in Lemma 3.17, Theorem 3.9 and the Dominated Convergence
Theorem prove that the function AF is holomorphic in ®" and continuous
in 9?;'

To determine the growth of AF on §R;r, observe that if M is an even
integer >4, 1 € (0,1), and R¢ > 0, then there is a constant C' > 0 so that

oo

(3.6) [ @) Ic+al) Vs < € (1 1)
0
Indeed, there exist constants C; and Cs such that

1 1
/ (" (@) (L 4+ ¢ + 2))Mdz < (1+ ¢y~ / rlde < (14 |0
0 0

and®

o0

[ @ lcah e = [(+1c+a)Mas
1

3:5---(M—3) m 2\—(M—1)/2
e ar—g 3P
< Cy(1 4 [¢)~MH

6[Dwi61], Formula 856.21. The formula can be applied because of the assumption that
M/2 is an integer > 2.
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For every integer N > 0, choose

_JN+4+2(j—1) if N iseven
S IN+3+423 1) if N isodd.

Then M is an even integer > 4.
If maq =0 (j = 1), the estimate in Lemma 3.17 yields

AF(2)] < a1 / YED2(1 4 |z 4+ wl) ™M du

<l (L+2)TM e B by (3.6)
<on(14|z))"Nerl2l,

If moo #0 (j = 2), set ¥q(z,v) = [ ¥(z,w,v)dw. Then
0

01 (2, 0)] < puag (s (0)) P/ 1197 / DAL+ |z 4w+ o)™ du

< o (s (v ))3/4(1+|Z+v|) MHLSE by (3.6)
< (8" ()Y [z 4 o) M2,

and, since M — 2 is again an even integer > 4,

\AF(Z\</|\I!1 2 0)| dv

< i, emz/ DA + |z + w) M2 d

3u;€1<1+1z\> MH8erS=l by (3.6)
<on(1+|z)) N2,

O

We now prove that, under the above assumptions, AF(iy) is a real an-
alytic function of y on the interval I := (kg, (k + 1)?) for every integer
k. Thus AF extends holomorphically across each vertical segment il;. The
proof is an application of the classical criterion for which a C'*° function ¢
is real analytic on an open interval I C R if and only if for every compact

K C I there is a constant M > 0 such that

h
%9 )

o < M)
Y
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for all y € K and all integers h > 0.
Lemma 3.19. Let j =1,2, 2 € 6, and a,b,c € [0,00) with b # 0. Define

(G be) e sinh(jz + a + b) sinh b
20,0, 6= sinh(jz+a+2b+¢)

Then there are functions 1(j, z) and m(j,z) which are bounded on compact
subsets of &; such that
|54, 2,a,0,¢)] <1(j, 2)
[5(j,20,6,0)[ 7" < m(j, 2)s™ (b)
for all j,z,a,b,c (s* is the function defined in Lemma 3.16).

Lemma 3.20. Let f and AF be as in Proposition 3.18. Then AF(iy) is a
real analytic function of y € Iy := (kg, (k + 1)%) for every integer k.

Proof. Observe first that if s1(z,w), s2(z,w,v), s3(z,w,v) are as in Defini-
tion 3.14 and if s(j, z,a, b, c¢) is as in Lemma 3.19, then

sinh (z + %) sinh (%)

sinh(z 4+ w)

sinh (z + M) sinh (w)
1,2,0,w/2,v) = 2 22 =

5( y %y ,’U)/ ,U) Sinh(Z+lU+U) SQ(Z,U},U)
sinh(2(z + w) + v) sinhv

sinh(2(z + w + v))

s(1,2,0,w/2,0) = = s1(z,w)

s(2,z,2w,v,0) = = s3(z, w,v).

Moreover, for z =t +iy € &; and w,v € (0,00) we have

cosht
= [siny|

sinh(z 4+ w)
sinh(z + w 4 v)

Set
S1(z,w) = [s1(2,w)]me/D

sinh(z 4+ w)
sinh(z +w +v)’

So(z,w,v) = [s2(2,w, v)] /D 55z, w, v)]2e/D

Then S7 and Sy are holomorphic functions of z =t +iy € &;. Suppose first
me # 1 and ma, # 1. If I(j, 2) is the function in Lemma 3.19, we have
(3.7) |1 (2, w)| < [I(1, 2)] /21
ht
(38)  IS2(z,w,0)] < [U(L, )] AT U2, 2) e/ 2)71%'
iny

Observe that the right-hand sides of (3.7) and (3.8) are bounded on the
compact subsets of G, and do not depend on w, v.
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Let k be an arbitrarily fixed integer. For simplicity, the dependence on the
choice of k will be omitted in the following notation. For every § € (0, 7/47),
consider the open half-strip

Sjsi={z€C: 2> 0,9z € (kT +26, (k + )% - 20) }
and its left edge
Lis =i(k5 +26, (k+1)% —20).

Let Qj 5 be the open rectangle {z € S5 : Rz < 2}. Then the closed rectangle
Rjs of vertices (2+0)+i(5k+0), (2+0)+i (5 (k+1)—4), —6+i(F(k+1)—0)
and —J + z(gk + 5) contains (); s and is entirely contained in &;.

Let K be the supremum of the right-hand sides of (3.7) and (3.8) over
z =t+1y € R;s;. By Cauchy’s Inequalities, for every integer h > 0,
8h
ay"

oh K K
(3.9) ‘8 -51(iy, )‘ < 5—hh! and ’ < —h!

SQ(iy?u]?U) 6’7’

for all iy € I 5.
Suppose z € S5\ Q;,s. Then the circle I' centered at z with radius 0 is en-

ﬁm@ammmaﬁnﬂwﬂm%tD::{CEC:%C21£K€(§h§%+1»}
of ?R;r The growth estimate of F' on 8%;‘ with N = 2j gives for all ( € D

IF(O)
< (1 [eoth €)D" /2(1 4 [eoth(j¢) )™=/ (1 + () 7™
<7(L+[¢)7Y

for some constant 7’ (depending on k). For ¢ € T, [{| > |2| — 0 > |2| -1 >

|2]/2, so (1+[¢])™% < 2%(1+ |2|)~%. Applying Cauchy’s Integral formula,
we obtain, for all h > 0,

‘ h) < h]/’C C ‘dd <h|22]5 ( +|Z’)

— z|hH 27

Therefore, for some constant 7",
"

o
(3.10) ‘ath(zy +w+(j—1)v)| <Al ;7(1 +w? 4 (j — 1)v?) ™7

for all integers h > 0, iy € I;5 and w,v € (0,00) with w + (j — 1)v > 2.
Since F' is holomorphic on J;, we can conclude that for every integer A > 0
there is a constant M > 0 such that for all iy € ;5 and w,v € (0, 00)

<—%KLH0+U—UﬁY]

(3.11) 'h 5

ah(w+w+U—D)
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Let W(z,w) = F(z4w)S1(z,w) and ¥(z,w,v) = F(z +w +v)S2(z,w,v).
Then for every integer h > 0 and all iy € I 5, w,v € (0,00)
o

g (- )‘ (Z)'ahh_zﬁ(zwwHSl(zy, )’

=M=

n=0

<va — <5th(h—n)!> (14+w?)! <5Knm>

< (h+1)h! %(1 +w?)!

2 h~ 2\—1
<h(5) MEQ+w?)

and, similarly,
ah

2\" -
8—yh\ll(iy,w,v) < h! ((5) MK+ w? +v?)72

If mq =1 or maq = 1, then for all z =t +iy € &; and w,v € (0, 00)
|S1(2,w)] = |s1(z,w)|7H? < m(1,2)2(s* (w/2)) /2,
sinh(z + w)
sinh(z +w +v)

< (l(LZ))(m“/Z)1(m(2,z))1/2|($(8*(v))”2

|Sa(z, w,v)| = |32(z,w,v)|(m‘1/2)*1]33(2,w,v)]*l/2

where [(j,z) and m(j, z) are as in Lemma 3.19. If K is an upper bound
for (2m(1, 2))Y/? and (I(1, 2)) ™=/ =1(m(2, 2))'/? cosh t|siny| =" over all z =
t+11y € Rjs, then

h

o" 1/2 ,
i) | < G ) and [ sativw.0)

for all iy € I; s and w,v € (0,00). Computations as above therefore give

K *
< (")

oy
M .
WW(Zy,w,U)

] < (5) K e

<l (§>h TR (5" (0)) (1 + w? 4 02) 72

Differentiation under integral sign then proves that, for any multiplicities
Mmq and maq, AF(iy) is C* on each I} ; and that, for some constant M > 0,

.AF(zy) < MMp)




172 ANGELA PASQUALE

Since the sets I; 5 cover ily, AF(iy) is a real analytic function of y € I},. O
Our last step is to prove that AF' is even. We need the following lemma.

Lemma 3.21. Let j = 1,2, and let n > 0 and m > 0 be integers. Suppose
h is an even holomorphic function on S; with the following property. For
every 0 € (0,7/7) there is a constant Cs > 0 such that for all z with |3z| < 6

[h(2)] < Cslsinh(jz)] ™/ ?[sinh 2 ~0U=D™/2(1 4 |of) 72t tHG=0m],

Then h satisfies the hypothesis of Lemma 3.10.
Moreover, for every 6 € (0,7/j) there is a constant C§5 > 0 such that
whenever |Jz| < 6

|ASh(2)| < Cjlsinh(jz)|~ (n=1)/2|5inh 2|~ G=Dm/2(] 4 | 5|y 2AntG-1m]

Proof. Since h is holomorphic on Sj, the estimate on |3z| < describes the
growth of h(z) only for large values of |Rz|, where

|sinh(j2)|7™2|sinh 2| ~U~D™/2 < |sinh(jz)|~1/2.

It is therefore clear that h satisfies the hypothesis of Lemma 3.10.

For z € §; \ (—00,0] and w € (0, 00), let

sinh(j(z + w))
172"

[smh( (z + )) smh( %)L_
Because of Lemma 3.16, if |Jz| < 0 and Rz > 0, then
1/2

|sinh(j(z + w))|~("~1/2

U(z,w) := h(z + w)

sinh(j(z +w))
sinh (]7) sinh (]5)
- [sinh(z + w)|"EDM™/2(1 4 |z 4 ) At IHG-Dm]
< Cs(s*(w))Y?|sinh(jz)|~ "~ D/2|sinh z|~0—m/2
(14 z+wl|)” 2[n+1+(j-1)m]
Formula (3.6) therefore implies: For |Jz| < 6 and Rz > 0

[A5h(2)| < Cslsinh(jz)| "~/ |sinh 2|0~ Dm/2

o0

W (z,w)| < Cs

/(S*(w))1/2(1+ |z+w‘)72[n+1+(jfl)m] dw
0
< Cflsinh(jz)|~~Y/2|sinh 2| ~U—Dm/2(1 4 |z]) 72 HG—Dm]

for some constant C5. Since .A;h(z) is even, this estimate holds also for
Rz <0. O
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Proposition 3.22. In the assumptions of Proposition 3.18, AF is an even
holomorphic function on a neighborhood of %j

Proof. The growth condition for F' and the fact that 1+ |coth(jz)| is bounded
for large |Rz| imply that the even holomorphic function F' satisfies the hy-
pothesis for A in Lemma 3.21 with n = mj, and m = m,. The same
lemma also ensures that the application of A to F' ma,-times and of A{ to
(A§)™* F' mg-times is legittimate and gives an even holomorphic function
on 5.

F holomorphically extends f(t), t € R, to S;. Hence (A§)™* (A$)"** F(z)
holomorphically extends AY** A5 f(t), t € R, to S;. Up to constant mul-
tiples, AF'(z) holomorphically extends Af(t), t € (0,00) to some neighbor-
hood U of R}, and, because of Theorem 3.2, Af(t) = A" A5 f(t) on
R. Thus, up to a constant, AF(z) must agree with (A§)™ (A$)"?* F on
S; NU, and, therefore, it is even. O

Proof of Theorem 2.1 (Sufficiency). Proposition 3.18 and Lemma 3.20 proved
that AF is holomorphic in a neighborhood of §R;r Because of Proposi-
tion 3.22, AF has to be even, so we can extend it holomorphically to (C\i?Z
by setting AF(z) := AF(—=z) if 2 < 0. The growth condition proved in
Proposition 3.18 therefore holds on all (C\i?Z. In particular, AF is bounded
near each point in i%Z, and therefore it extends to be entire. By continuity,
the growth condition can be extended to C to become: For every integer
N > 0 there is a constant o, > 0 such that for all z € C

AF(2)] < on(1+ \z|)*Ne’"]%z|.

Thus: If f satisfies the conditions stated in Theorem 2.1, then Af(t), t € R,
extends to be an even entire function AF on C which is of exponential type
r and rapidly decreasing. O

4. Proof of Theorem 2.3.

The study of the spherical transform on complex groups is greatly simplified
by an explicit formula for the elementary spherical functions. Let (a}) :=
{N € af : (a,\) # Oforalla € X}, where (-,-) denotes the C-bilinear
extension to a of the inner product in a* induced by the Cartan-Killing
form. Then, for every A € (a})’ and H € a

(4.1) A(H) QO)\(eXp H) — 2—|E+| ;T((Zp;) Z (det w)eiw)\(H)
weW

where A is given by (2.5), W is the Weyl group, |27| denotes the cardinality
of X7, and 7 is the polynomial function on a} defined by

(4.2) ()= [] (e

aext
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Formula (4.1), due to Harish-Chandra, relates the spherical transform of
a function f € S(K\G/K) to the Fourier transform of the function H
A(H)f(exp H) on a. Indeed, since

A(wH) = (det w)A(H)

for all H € a and w € W, we obtain from Formula (1.5): Up to a constant
multiple, for all A € (a*) := (a)’ Na*,

/ f(exp H)p_x(exp H)[A(H))> dH

W /A f(exp H)A(H)p-x(exp H) dH

9—Ix* .
= \W\ Z/detw H) f(exp H)e ™) gH
7(

=9 A / A(H) f(exp H)e=™H) g,
—1

Therefore, up to a constant depending only on |~ | and on the normalization
of the measures,

(4.3) m(=iA)Sf(A) = F(A(f o exp))(A)
for all A € (a*)’. By continuity, (4.3) holds for all A € a*.

Proof of Theorem 2.3. Since w(—i\) is a polynomial in A, Formula (4.3) to-
gether with the classical Paley—Wiener theorem prove that Sf is compactly
supported, with supp Sf C By, if and only if A(H) f(exp H), H € a, extends
to an entire function fjj on da. which is rapidly decreasing and of exponential

type . Set F(H) := iég; , H € a.. Then F is a meromorphic function on

C with singularities at most on the set

{Hea.: A(H) =0} = | J {H €ac: o(RH) =0 and o(SH) € iZ}.
aeXT
Since I agrees with A(H)f(exp H) on a, F extends to be holomorphic on

the set {H € a: «(H) = 0 for some o € ¥} by setting F(H) := f(exp H).
So F extends f(exp H), H € a. In particular, F' must be W-invariant. [

We conclude this section with a remark on the Abel transform. For com-
plex groups an explicit formula for the inverse Abel transform is available.
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As proved by Gangolli” , if f € S(K\G/K), then, up to a constant multiple,

(1.4) fexpH) = J] ——

L m O(Hy) Af(exp H)

where H, € a is uniquely determined by the condition a(H) = (H,, H) for
all H € a, and 0(H,) is the corresponding differential operator on a.

Theorem 1.2 can be also proved using Formula (4.4) to characterize the
functions f whose Abel transform extends to a rapidly decreasing entire
function of exponential type r. However, doing so, we would not free our-
selves from the use of the explicit espression for the elementary spherical
functions. In fact, the only known general procedure to get (4.4) is to
take the inverse Fourier transform of both sides of (4.3), using the prop-
erty S = F o A. Note that this is not the case for the rank-one groups.
In fact, the explicit formulas for A and A~ we used has been determined
by Rouviére (and others) directly, without assuming any knowledge of the
elementary spherical functions on the group.
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