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Symplectic homology is studied on closed symplectic man-
ifolds where the class of the symplectic form and the first
Chern class vanish on the second homotopy group. Critical
values of the action functional are associated to cohomology
classes of the manifold. Those lead to continuous sections
in the action spectrum bundle. The action of the cohomol-
ogy ring via the cap-action and the pants-product on the set
of critical values is studied and a bi-invariant metric on the
group of Hamiltonian symplectomorphisms is defined and an-
alyzed. Finally, a relative symplectic capacity is defined which
is bounded below by the π1-sensitive Hofer-Zehnder capacity.
As an application it is proven that a Hamiltonian automor-
phism whose support has finite such capacity has infinitely
many nontrivial geometrically distinct periodic points.

1. Overview of the Results.

It is a well-known problem in symplectic geometry and Hamiltonian dynam-
ics to study the existence of fixed points of Hamiltonian diffeomorphisms and
to relate them to invariants from symplectic topology. The aim of this pa-
per is to study the existence of “homologically visible” critical values of the
action functional and their dependence on the Hamiltonian automorphism
in the case of symplectically aspherical closed manifolds. The methods are
provided by the theory of Floer homology. The initial aim of this paper
is to consider a version of Floer homology refined by a filtration via the
action functional. This version has been introduced by Floer and Hofer as
so-called symplectic homology for open subsets of R2n, [4]. Here we study
its generalization for closed symplectic manifolds which satisfy the property
that

ω|π2(M) = 0 and c1|π2
= 0.(A)

This condition forms the simplest case for which Floer homology was studied
initially. Note that, very recently, examples have been constructed of closed
manifolds satisfying (A) but having nontrivial second homotopy group, [6],
[9]. Observe that a closed symplectic manifold satisfying (A) is necessarily
non-simply connected and π1(M) contains elements of infinite order. From
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now on we call a symplectic manifold (M,ω) satisfying (A) symplectically
aspherical.

In terms of Floer theory, condition (A) implies that for any given Hamil-
tonian H : [0, 1]×M → R, the associated action functional AH on the space
of free contractible loops is real-valued. Having in mind that the full Floer
homology can already be uniquely associated to the time-1-map φ1

H gen-
erated by the Hamiltonian H one naturally asks how the action spectrum
depends on the choice of H. By the action spectrum one denotes the set
of critical values of the action functional. In fact, it is easy to prove that any
two Hamiltonian functions H and K generating the same automorphism φ
and homotopic to each other with respect to this property have the same
action associated to the fixed points provided that they are normalized as
follows ∫

M
H(t, ·)ωn = 0 for all t .(norm)

However, in general, two different homotopy classes of Hamiltonians generat-
ing the same time-1-map might have action spectrum differing by a quantity
I([H][K]−1) associated to the difference of the homotopy classes. In fact,
one can define a group homomorphism

I : π1(Ham(M,ω)) → R

describing this obstruction. Here, Ham(M,ω) is the group of Hamiltonian
automorphisms. For a definition of I one considers g ∈ π1(Ham) and glues
the trivial symplectic fibre bundles D2×M with reversed orientations of the
disk along their boundaries using a loop in Ham(M,ω) representing g. The
resulting symplectic fibre bundle E over S2 carries the so-called coupling
form ωE defined by ω on D2 ×M and one defines

I(g) =
∫
S2

s∗ωE

for any section s of E. It follows from Floer theory that such a section exists
and (A) implies that I(g) ∈ R does not depend on the choice of s. As an
immediate consequence of a theorem by P. Seidel, [22], we observe:

Theorem 1.1. The obstruction homomorphism I : π1(Ham(M,ω)) → R
vanishes if (M,ω) is a closed symplectically aspherical manifold.

We obtain for each φ ∈ Ham(M,ω) a well-defined action spectrum Σφ

which as a whole provides the action spectrum bundle Σ → Ham(M,ω).
The main result of this paper is a construction of continuous sections of
this bundle associated to cohomology classes of M . Here the topology on
Ham(M,ω) is given by the bi-invariant Hofer-metric

dH : Ham×Ham → [0,∞), dH(φ, id) = inf{ ‖H‖ |φ = φ1
H }(1)
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where ‖H‖ =
∫ 1
0 oscM H(t, ·)dt.

The result of this paper was predominantly motivated by a remark by
M. Bialy and L. Polterovich in [1], cf. 1.5.B. They already suggested a
generalization of Hofer’s minimax selector γ from the theory on R2n to
more general manifolds using Floer theory and an idea by C. Viterbo. An
intrinsic motivation was the problem of infinitely many periodic points of a
Hamiltonian automorphism, which is partly analyzed by Theorem 1.4 below.

Theorem 1.2. Let (M,ω) be symplectically aspherical. Then for each non-
zero cohomology class α ∈ H∗(M) there exists a section c(α) of the action
spectrum bundle Σ → Ham(M,ω) which is continuous with respect to the
metric from (1). These sections satisfy:

1) c(λα) = c(α) for all λ ∈ R and α ∈ H∗(M) with λα 6= 0.
2) c([M ]) ≤ c(α) ≤ c(1) for all 0 6= α ∈ H∗(M) where [M ] = [ωn] ∈

H2n(M) and 1 ∈ H0(M) are the canonical generators. If α ∈ Hk(M)
for 0 < k < 2n then we have strict inequality over the regular auto-
morphisms.

3) c(1;φ)− c([M ];φ) ≤ dH(φ, id) = inf{ ‖H‖ |φ = φ1
H }, φ ∈ Ham(M,ω).

4) If α ∪ β 6= 0 then c(α ∪ β;ψ ◦ φ) ≤ c(α;φ) + c(β;ψ) for all φ, ψ ∈
Ham(M,ω).

5) c([M ];φ) = −c(1;φ−1) for all φ ∈ Ham(M,ω).

Note that the obstruction homomorphism I can be viewed as the mon-
odromy map of the action spectrum bundle with respect to any of the sec-
tions c(α). This observation should be relevant for a generalization to the
non-aspherical situation which will be studied in a separate paper.

The construction of the sections c(α) is based on Viterbo’s idea for gen-
erating functions defined in the context of a cotangent bundle M = T ∗P ,
cf. [23]. There, c(α) is a critical value of a generating function. In our case
of closed symplectically aspherical manifolds we use the construction of an
explicit isomorphism between Floer homology and standard cohomology of
M which was introduced in [16]. A detailed description of this isomorphism
will appear in [18]. The critical values of the Hamiltonian action functional
then are defined as the infimum of all action levels below which the specified
Floer homology class is still nontrivial.

The problem of finding a nontrivial continuous section in the action spec-
trum bundle was first introduced and treated by Hofer and Zehnder [7]
in the context of open subsets of R2n and a capacity for such symplectic
manifolds. This so-called Hofer-Zehnder capacity, denoted by cHZ below, is
defined in terms of periodic solutions for compactly supported Hamiltoni-
ans on R2n. Using a variational minimax method for the associated action
functional they constructed a so-called selector γ : Hamcpt → R which is
continuous in the Hofer metric. For a detailed treatment see [8]. It is this
continuous selector γ in the context of compactly supported Hamiltonians
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on R2n which Theorem 1.2 replaces by the family of continuous sections
c(α) in the case of closed symplectically aspherical manifolds. In the case
of the open symplectic manifold given by a cotangent bundle, the result
corresponding to Theorem 1.2 has been obtained by Y.-G. Oh in [14], [15].
There the finite-dimensional concept of C. Viterbo from [23] finding critical
levels of generating functions has been applied in Floer homological context
replacing the action functional for the generating function.

As a consequence of Theorem 1.2 we can consider the difference between
c(1;φ) and c([M ];φ) which is a continuous function of φ ∈ Ham(M,ω).

Theorem 1.3. Given a closed symplectically aspherical manifold (M,ω)
there exists a unique nonnegative function

γ : Ham(M,ω) → R+, such that γ(φ) = c(1;φ)− c([M ];φ)

for all φ ∈ Ham(M,ω) which is continuous in Hofer’s metric. Moreover,
dγ(φ, ψ) = γ(φψ−1) is a bi-invariant metric on Ham(M,ω) bounded above
by Hofer’s metric.

Since γ measures the maximal action difference of homologically visible
1-periodic solutions of the Hamilton equation, this difference can be related
to the oscillation of H if there exists no non-constant 1-periodic solutions.
We show in Theorem 5.11 below that γ coincides with the Hofer distance
‖ · ‖ for quasi-autonomous Hamiltonians which are admissible in the sense
that they admit no non-constant contractible periodic solutions which are
“fast”, i.e., of period T ≤ 1. This shows the close relationship between
γ and the Hofer-Zehnder capacity defined via the maximal oscillation of
an autonomous Hamiltonian admitting no non-constant periodic solutions,
cf. [8]. Here, this capacity has to be refined as a π1-sensitive capacity coHZ
with respect to the nontrivial fundamental group. We consider the larger
set of admissible Hamiltonians which admit no non-constant contractible 1-
periodic solutions. Based on γ we can define a relative capacity for subsets
of (M,ω) which is monotone and invariant under global automorphisms of
(M,ω). Defining a γ-capacity for subsets of M by

cγ(A) = sup{ γ(φ) | ∃H s.t. φ = φ1
H ,

suppXH(t, ·) ⊂ A for all t ∈ [0, 1] },

we have the estimate

cHZ(U) ≤ coHZ(U) ≤ cγ(U) ≤ 2e(U)

for all open subsets U ⊂ M . Here, e(U) is the displacement energy as con-
sidered in [11]. The idea of using symplectic homology in order to construct
symplectic capacities was first carried out in the series of papers by Floer
and Hofer et al., cf. [4], [5].
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In the context of such a capacity based on the Floer homological approach
we prove the following conditional existence result for infinitely many peri-
odic points:

Theorem 1.4. Assume that φ ∈ Ham(M,ω) admits a Hamiltonian func-
tion H such that φ = φ1

H 6= id and there exists a uniform bound on the
γ-capacity of the support for all φtH , t ∈ [0, 1],

cγ(suppφtH) ≤ m <∞, for all t ∈ [0, 1].

Then φ has infinitely many geometrically distinct non-constant periodic
points corresponding to contractible solutions.

There are clearly examples for such a bounded capacity of the support of
φtH , for example if the support can be separated from itself by a Hamiltonian
isotopy. However, in general, in view of Theorem 1.3 it is obvious that such
a uniform bound cannot exist if γ(φn) →∞ for n→∞. Hence our method
of finding infinitely many periodic points via the action spectrum is closely
related to the question of the diameter of Ham(M,ω) in the Hofer-metric.
It is in fact conjectured that this diameter should always be infinite. Using
the methods developed in this paper we are also able to reproduce several
known examples of such infinite diameter.

It is clearly an interesting question how far one obtains similar results if
ω|π2

6= 0. This will be studied in a sequel.

Organization of the paper. In Section 2 we present the construction of
symplectic homology on a closed symplectically aspherical manifold for the
purpose of this paper. For a more thorough exposition in the case of R2n

see [4]. We associate critical levels of the Hamiltonian action functional
to given cohomology classes of M using the explicit isomorphism between
standard cohomology of M and Floer homology for a given Hamiltonian
functionH. It is shown that these homologically visible critical levels depend
continuously on H in the C0-norm.

In Section 3 we analyze more closely the action spectrum, i.e., the critical
levels of the action functional for a given Hamiltonian and we show that
these levels are already uniquely associated to the Hamiltonian equivalence
class φ = [H] ∈ H̃am(M,ω) and do not depend on the specific Hamilton-
ian provided that we use a suitable normalization. We consider a more
intrinsic version of Floer homology. Namely, Floer homology is already
canonically associated to the automorphism φ ∈ H̃amreg(M,ω) such that we
still have the filtration by the action functional. This requires methods of J-
holomorphic sections in symplectic fibre bundles over Riemann surface which
are used by P. Seidel in [22], where a monodromy action of π1(Ham(M,ω))
on this intrinsically defined Floer homology is analyzed.

Using these methods, we obtain in Section 4 a concise proof for the “sharp
energy estimate” for the pair-of-pants multiplication on Floer homology.
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This estimate expresses the compatibility of symplectic homology with this
multiplication provided that it is viewed as a product

HF∗(φ)×HF∗(ψ) → HF∗(φψ) .

The result of this estimate is the nontrivial fact that the nonnegative func-
tion γ : Ham(M,ω) → R satisfies the triangle inequality. As a consequence
of the pair-of-pants multiplication we also obtain the continuity of the sec-
tions c(α) with respect to Hofer’s metric.

In the last section we draw conclusions from the constructed metric γ. We
define the γ-capacity, compare it to the π1-sensitive Hofer-Zehnder capacity
and deduce the results on the infinite number of periodic points.

Acknowledgments. This preprint was largely written during the author’s
stay at the Max-Planck Institute for Mathematics in the Sciences, Leipzig,
and the Forschungsinstitut für Mathematik, ETH Zürich. He thanks them
for their warm hospitality. The author also thanks Leonid Polterovich for
many helpful discussions and Dusa McDuff for pointing out that the vanish-
ing of the monodromy I follows from Seidel’s theorem. Moreover, he thanks
Y.-G. Oh for his comments.

2. Symplectic homology and critical levels for the Hamiltonian
action.

2.1. Symplectic homology. Let (M,ω) be a closed symplectically aspher-
ical manifold, i.e., satisfying condition (A). Throughout this section we as-
sume H : S1 ×M → R to be a regular Hamiltonian, i.e., every fixed point
x ∈ Fixφ1

H is non-degenerate, where φ1
H : R ×M → M is the time-1-map

for the flow of the non-autonomous Hamiltonian vector field XH defined by

ω(XH , ·) = −dH .

Denoting the space of contractible free loops by Ωo(M) ⊂ C∞(R/Z,M) we
define the set of 1-periodic contractible solutions of the Hamilton equation
by

P1(H) = {x ∈ Ωo(M) | ẋ(t) = XH(t, x) }.
We have P1(H) = CritAH for the action functional

AH(x) =
∫
D2

x̄∗ω −
∫
S1

H(t, x)dt

where x̄ : D2 → M is any extension of x to the unit disk. Note that AH is
real-valued due to assumption (A). In view of the same condition we have
the integral grading by the Conley-Zehnder index µ : P1(H) → Z, where
we choose the normalization such that for an autonomous C2-small Morse
function H we have µ(x) = n−µMorse(x) for stationary x ∈ P1(H) = CritH,
cf. [17].
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Given a generic ω-compatible S1-dependent almost complex structure
J(t, p), (t, p) ∈ S1 × M , i.e., ω ◦ (id×J) = gJ is a Riemannian metric
on TM → S1 ×M , we obtain the moduli spaces of Floer trajectories with
the component-wise structure of a smooth manifold

My,x(J,H) =
{
u : R× S1 →M |∂su+ J(t, u)

(
∂tu−XH(t, u)

)
= 0,

u(−∞, ·) = y, u(+∞, ·) = x
}

where u(±∞, ·) denotes the uniform limit in C0(S1,M) as s → ±∞. A
standard computation in Floer theory is:

Lemma 2.1. The dimension satisfies dimMy,x(J,H) = µ(x) − µ(y) and
for u ∈My,x(J,H) we have

E(u) def=
∫ ∞

−∞

∫ 1

0
|∂su|2dsdt = AH(x)−AH(y) ≥ 0.

In particular, if the flow energy E(u) vanishes then x ≡ y and u(s, t) = x(t)
for all (s, t) ∈ R× S1.

Heuristically, in view of the chosen sign conventions, the Floer trajectories
correspond to the positive gradient flow of AH .

The full Floer homology is based on the chain complex obtained from
the Z-module C∗(H) = Crit∗AH ⊗ Z which is graded by µ. The boundary
operator is defined as

∂ : Ck(H) → Ck−1(H),

∂x =
∑

µ(y)=k−1

#algM̂y,x(J,H) y,

where #alg denotes counting the finitely many unparameterized Floer tra-
jectories with sign determined by a coherent orientation, cf. [3]. Here,
M̂y,x = My,x/R is the space of unparameterized trajectories after divid-
ing out the free R-action from shifting the trajectories in the s-variable.
Floer’s central theorem is that ∂ ◦∂ = 0 and that the thus defined homology

HF∗(J,H) = H∗(C∗(H), ∂(J,H))

is canonically isomorphic to the singular cohomology of M .
Symplectic homology was developed by Floer and Hofer, cf. [4] using the

additional filtration of the complex C∗(H) by the action functional.

Definition 2.2. For any a ∈ R we define the the Z-module

Cak (H) =

 ∑
µ(x)=k

ax x ∈ Ck(H) |ax = 0 for AH(x) > a

 .
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In view of Lemma 2.1,
(
Ca∗ (H), ∂

)
is obviously a sub-complex of

(C∗(H), ∂). Denoting C
(a,b]
∗ (H) = Cb∗(H)/Ca∗ (H) for a < b we have the

short exact sequence of chain complexes

0 → Ca∗
i−→ Cb∗

j−→ C
(a,b]
∗ → 0, a < b ≤ ∞.

We use the convention that C∞∗ (H) = C∗(H) and C
(−∞,a]
∗ = Ca∗ . Conse-

quently we obtain for the homology groups

HF
(a,b]
∗ =

(
C

(a,b]
∗ (H), ∂(J,H)

)
the long exact sequence associated to −∞ ≤ a < b < c ≤ ∞,

. . .→ HF
(b,c]
k+1

∂∗−→ HF
(a,b]
k

i∗−→ HF
(a,c]
k

j∗−→ HF
(b,c]
k

∂∗−→ HF
(a,b]
k−1 → . . . .

(2)

Lemma 2.3. It holds that HF (−∞,a]
∗ (H) = {0} for a ∈ R small enough and

HF
(b,∞]
∗ (H) = {0} for b ∈ R large enough.

Proof. This follows immediately from the regularity of H which implies
that P1(H) is finite. So, choose a < min{AH(x) |x ∈ P1(H) } and b >
max{AH(x) |x ∈ P1(H) }. �

Let us now analyze within the context of symplectic homology the con-
crete realization of the canonical isomorphism between Floer homology and
singular cohomology which was introduced in [16]. We first define the iso-
morphism

Φ: Hk(M)
∼=−→ HF

(−∞,∞]
n−k (H).

We represent the standard cohomology of M in terms of Morse cohomology,
see [19]. That is, let f be an auxiliary Morse function on M and g a generic
Riemannian metric. We choose a smooth cut-off function

β−(s) =

{
1, s ≤ −1,
0, s ≥ −1

2 ,

and define the solution spaces of mixed type associated to x ∈ Critk f =
{x ∈ Crit f |µMorse(x) = k} and y ∈ P1(H),

M−
y;x(H,J ; f) =

{
(u, γ)

∣∣u : R× S1 →M, γ : [0,∞) →M,

∂su+ J
(
∂tu− β−(s)XH(u)

)
= 0,∫ ∞

−∞
|∂su|2dsdt <∞, γ̇ +∇gf ◦ γ = 0,

u(−∞) = y, u(+∞) = γ(0), γ(+∞) = x

}
.
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Note that the condition of finite flow energy of u together with the cut-off
function β− in the perturbed Cauchy-Riemann equation implies by remov-
able singularities that u has a continuous extension to u(+∞). For regular-
ity, we have to allow even explicit dependence of J on the variable s ∈ R
in order that for a generic J , f and g, M−

y;x is again component-wise a
manifold of dimension

dimM−
y;x(H,J ; f, g) = n− µMorse(x)− µ(y) .

(See also [20].) Moreover, in view of (A) and standard bubbling-off analysis
these solution spaces are compact in dimension 0, i.e., finite and the following
Z-module homomorphism is well-defined,

Φ• : Ck(f) → Cn−k(H),

Φ•(x) =
∑

µ(y)+µMorse(x)=n

#algM−
y;x(H,J ; f, g) y.(3)

A theorem analogous to Floer’s central theorem states that Φ• commutes
with the boundary operator ∂(H,J) on C∗(H) and the coboundary operator
of the Morse cochain complex associated to f and g. Hence we obtain the
induced homomorphism

Φ: Hk(M) → HFn−k(H,J).

Details are carried out in [18]. There it is shown that Φ is indeed an isomor-
phism. We have an analogous representation of Φ−1. Define in the reversed
order for x ∈ Crit f and y ∈ P1(H)

M+
x;y(H,J ; f) =

{
(γ, u)

∣∣u : R× S1 →M, γ : (−∞, 0] →M,

∂su+ J
(
∂tu− β−(−s)XH(u)

)
= 0,∫ ∞

−∞
|∂su|2dsdt <∞, γ̇ +∇gf ◦ γ = 0,

γ(−∞) = x, γ(0) = u(−∞), u(+∞) = y.

This implies for generic J , f and g manifolds of dimension µ(y)+µMorse(x)−
n, so that we obtain

Ψ• : Ck(H) → Cn−k(f),

Ψ•(y) =
∑

µ(y)+µMorse(x)=n

#algM+
x;y(H,J ; f, g)x.(4)

In [16] it is shown that the induced homomorphism

Ψ: HFk(H) → Hn−k(M)

equals Φ−1.
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2.2. Critical levels of the action functional. Following an idea of
Viterbo, which in [23] was used to define symplectic capacities via generating
functions, we will associate critical levels c(α;H) for the action functional
AH associated to given cohomology classes α in M . The same idea was also
employed in [14].

Definition 2.4. Given the Hamiltonian H : S1 ×M → R we define

E+(H) = −
∫ 1

0
inf
M
H(t, ·)dt,

E−(H) = −
∫ 1

0
sup
M

H(t, ·)dt,

and ‖H‖ = E+(H)− E−(H).

Note that ‖H‖ is a semi-norm with ‖H −K‖ ≤ ‖H −K‖C0(M×S1). Con-
sider now x ∈ Critk(f) and Φ•(x) =

∑
µ(y)=n−k ay y. It is a straightforward

computation (compare the energy estimate, Lemma 4.1 in [21] and the proof
of Lemma 2.12) to show that

AH(y) ≤ E+(H) for ay 6= 0.(5)

Analogously, we have

AH(y) ≥ E−(H) whenever Ψ•(y) 6= 0.(6)

This shows:

Lemma 2.5. The isomorphisms Φ and Ψ factorize as

Φ: Hk(M) Φ̃−→ HF
(−∞,E+(H)]
n−k (H) i∗−→ HFn−k(H),

Ψ: HFk(H)
j∗−→ HF

(E−(H)−ε,∞]
k

Ψ̃−→ Hn−k(M), for all ε > 0.

Consider the diagram for given a ∈ R
Hk(M)

Φ

y
HF

(−∞,a]
n−k (H)

ia∗−−−→ HF
(−∞,∞]
n−k (H)

ja
∗−−−→ HF

(a,∞]
n−k (H)

Ψ

y
Hk(M).

In other terms, Lemma 2.5 says that{
ja∗ ◦ Φ = 0, i.e., im Φ ⊂ im ia∗, if a ≥ E+(H),
Ψ ◦ ia∗ = 0, i.e., im Φ ∩ im ia∗ = {0} if a < E−(H).

(7)

This lends itself to the following definition:
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Definition 2.6. Given any nonzero cohomology class α ∈ H∗(M) we define

c(α;H) = inf{ a ∈ R | ja∗ (Φ(α)) = 0}.

In view of Lemma 2.5 and (7) the c(α;H) are finite real numbers which
are obviously critical values of AH . They satisfy

E−(H) ≤ c(α;H) ≤ E+(H) for all 0 6= α ∈ H∗(M).(8)

In the following we discuss the behaviour of c(α;H) with respect to vari-
ations of H leading to first continuity properties, and with respect to vari-
ations of α, in terms of the cohomology ring structure on H∗(M).

2.3. The cap-action of H∗(M). Let us recall from [2] the definition of
the cap-action

∩ : H l(M)×HFk(H) → HFk−l(H).(9)

Given a generic Morse function f and a Riemannian metric g as above we
denote for a critical point x ∈ Crit f

W s
x(f) =

{
γ : [0,∞) →M | γ̇ +∇gf ◦ γ = 0, γ(+∞) = x

}
.

Recall the definition of the Floer trajectory space Mz,y(J,H) from above.
Given y, z ∈ P1(H) we set

Mz;x;y(H,J ; f, g) =
{

(u, γ) ∈Mz,y ×W s
x |u(0, 0) = γ(0)

}
.

As before, for generic J , f and g, this is a manifold of dimension

dimMz;x;y = µ(y)− µ(z)− µMorse(x),

compact in dimension 0. Thus, we can define

∩ : C l(f)× Ck(H) → Ck−l(H),

x ∩ y =
∑

µ(z)=µ(y)−µMorse

#algMz;x;y(H; f) z.

Again, ∩ commutes with the boundary operators in the standard way so
that we obtain the cap-action (9) of the standard cohomology ring H∗(M)
on Floer homology. The first of the following crucial relations is essentially
due to Floer and has been studied in full details in [13].

Proposition 2.7.
1) The operation ∩ is a ring operation, i.e.,

(u ∩ α) ∩ β = u ∩ (α ∪ β),

for all α, β ∈ H∗(M), u ∈ HF∗(H).
2) It is compatible with the isomorphism Φ: H∗(M) → HF∗(H),

Φ(α) ∩ β = Φ(α ∪ β).
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The proof of the second property is carried out in [18].
It should be no surprise that this cap-action is also compatible with the

refined structure as symplectic homology. We have:

Lemma 2.8. For generic J , f and g and µMorse(x) > 0, a non-empty so-
lution space Mz;x;y(H,J ; f, g) implies

AH(z) ≤ AH(y)− ε(H)

with 0 < ε(H) def= min{0 < AH(y)−AH(z)|y, z ∈ P1(H)}.

Proof. Suppose the assertion is not true. By definition of ε(H) we have
AH(y) = AH(z). Hence, due to Lemma 2.1, u ∈ Mz,y must be constant,
i.e., u(0, 0) = y(0) = z(0) ∈ Fixφ1

H . However, u(0, 0) ∈ W s
x(f, g), but for

generic f and g, W s
x is a manifold of codimension at least 1 and does not

intersect the finite set Fixφ1
H . �

We obtain:

Proposition 2.9. Given α, β ∈ H∗(M) with α ∪ β 6= 0 and β 6= 1 we have
the estimate

c(α ∪ β;H) ≤ c(α;H)− ε(H),

in particular, c(α ∪ β;H) < c(α;H).

Proof. In view of the definition of c(·;H) suppose that ja∗ (Φ(α)) = 0. Due
to Lemma 2.8 it follows that Φ(α) ∩ β ∈ im i

a−ε(H)
∗ . Hence by Proposition

2.7 we have ja−ε(H)
∗

(
Φ(α ∪ β)

)
. �

We have the following a priori estimate for the critical levels c(α;H),
compare (8).

Proposition 2.10. Let 1 ∈ H0(M) and [M ] ∈ H2n(M) be the two canoni-
cal classes in the ring H∗(M). We have

E−(H) ≤ c([M ];H) < c(1;H) ≤ E+(H),

in particular,

c([M ];H) < c(α;H) < c(1;H) for any α ∈ Hk(M), 0 < k < 2n.

The upper estimate follows directly from Proposition 2.9, the lower esti-
mate is due to the Poincaré duality which will be discussed below.

Following Viterbo in [23] we can make the following:

Definition 2.11. Given any regular Hamiltonian H we define the positive
number γ(H),

0 < ε(H) ≤ γ(H) def= c(1;H)− c([M ];H) ≤ ‖H‖.
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2.4. First continuity properties. Let H and K be any two Hamiltonians
and consider the associated canonical isomorphism between the associated
Floer homologies (cf. [17], [20])

ΦKH : HF∗(H)
∼=−→ HF∗(K).

Namely, we choose a monotone increasing smooth cut-off function β(s), say
β(s) = 0 for s ≤ −1 and β(s) = 1 for s ≥ 1, and we define the homotopy of
Hamiltonians

Gs(t, x) = K(t, x) + β(s)
(
H(t, x)−K(t, x)

)
.

Given y ∈ P1(K) and x ∈ P1(H) we recall the associated moduli space of
homotopy trajectories

My,x(Gs, J) = {u | ∂su+ J(∂tu−XGs(u)) = 0, u(−∞) = y, u(+∞) = x }.

We have the following energy estimate.

Lemma 2.12. If u ∈My,x(Gs) then

AK(y) ≤ AH(x) + E+(H −K).

Recall the definition of E+(f) = −E−(−f) in 2.4.

Proof. A simple computation shows

0 ≤
∫ ∞

−∞

∫ 1

0
|∂su|2dsdt =

∫∫
R×S1

u∗ω −
∫ ∞

−∞

∫ 1

0
ω(us, XGs)dsdt

= AH(x)−AK(y) +
∫ ∞

−∞
β′(s)

∫ 1

0

(
H(t, u(s, t))−K(t, u(s, t))

)
dtds

≤ AH(x)−AK(y) +
∫ 1

0
sup
p

(
H(t, p)−K(t, p)

)
dt.

�

Thus it follows that the canonical homomorphism is already defined as

ΦKH : HF (−∞,a]
∗ (H) → HF

(−∞,a+E+(H−K)]
∗ (K).

What is more, it is compatible with the long exact sequence of symplectic
homology (2), i.e., we have the commutative diagram with e+ = E+(H−K),

HF (−∞,a](H)
ia∗−−−→ HF (−∞,∞)(H)

ja
∗−−−→ HF (a,∞](H) ∂∗−−−→yΦKH

∼=
yΦKH

yΦKH

HF (−∞,a+e+](K)
ia+e+

∗−−−→ HF (−∞,∞)(K)
ja+e+

∗−−−−→ HF (a+e+,∞](K) ∂∗−−−→ .

(10)
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Moreover, recall from the explicit isomorphism between Morse homology
and Floer homology that for ΦH : H∗(M)

∼=−→ HFn−∗(H) we have

ΦK = ΦKH ◦ ΦH .(11)

Thus, if ja∗
(
ΦH(α)

)
= 0 for some α ∈ H∗(M) and a ∈ R it follows by (10)

and (11) that also ja+e
+

∗
(
ΦK(α)

)
= 0. We obtain:

Lemma 2.13. For any two Hamiltonians H and K and any nonzero coho-
mology class α ∈ H∗(M) we have the estimate

c(α;K) ≤ c(α;H) + E+(H −K).

This immediately implies the property that the map H 7→ c(α;H) ∈
σ(φ1

H) ⊂ R is continuous with respect to the semi-norm

‖H‖ =
∫ 1

0
oscxH(t, x)dt = E+(H)− E−(H),

namely ∣∣c(α;H)− c(α;K)
∣∣ ≤ ‖H −K‖(12)

for each 0 6= α ∈ H∗(M). By this first continuity result we see that c(α,H)
is in fact well-defined for all Hamiltonians. Denoting by H the set of all
Hamiltonians and by Hreg the dense subset of regular ones we have:

Proposition 2.14. We have a well-defined function

c : H∗(M) \ {0} ×H → R, (α,H) 7→ c(α,H),

which is continuous in H with respect to the semi-norm ‖H‖.

Proof. This follows immediately from (12) recalling from [17] that Hreg ⊂ H
is C0-dense �

From now on we do not assume regularity of H without further notice.

3. The action spectrum.

The fact known for (R2n, ωo) that the action spectrum is well-defined already
for a Hamiltonian automorphism with compact support regardless of the
chosen Hamiltonian will now be transfered to the case of a symplectically
aspherical closed manifold. However, a priori we have to lift the analysis to
the universal covering of Ham(M,ω). Choosing a suitable normalization for
the generating Hamiltonian functions H we observe that the above functions
c(α, ·) are uniquely defined on this covering group and we will finally show
that they are continuous sections in the so-called action spectrum bundle
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over H̃am(M,ω) with respect to Hofer’s bi-invariant metric. Recall the
definition of this metric on Ham(M,ω),

dH(φ, ψ) = dH(φψ−1, id), dH(φ, id) = inf{ ‖H‖ |φ = φ1
H },

‖H‖ =
∫ 1

0
osc
x∈M

H(t, x) dt.

From now on we assume that the symplectic manifold M is connected and
that

(
Ham(M,ω), dH

)
is the topological group with Hofer’s bi-invariant

metric.

3.1. The action spectrum bundle. Let H and K be two Hamiltonians
which generate the same symplectomorphism,

φ1
H = φ1

K
def= φ.

Without loss of generality we can assume that H(1, ·) = K(1, ·) = 0.
Namely, replace H by Hα(t, ·) = α′(t)H(α(t), ·) where α is any monotone
map α : [0, 1] → [0, 1] satisfying α(0) = 0, α(1) = 1 and α′ has compact
support in (0, 1). Consider the loop in Ham(M,ω) based at the identity

gt =

{
φtH , 0 ≤ t ≤ 1,
φ2−t
K , 1 ≤ t ≤ 2 .

(13)

Clearly, gt is the flow associated to the Hamiltonian

ϕt = φtG, G(t, ·) =

{
H(t, ·), 0 ≤ t ≤ 1,
−K(2− t, ·), 1 ≤ t ≤ 2 .

Let χ : M → Ω(M) be the induced continuous map into the free loop space
χ(p) = (gt(p))t∈[0,2]. Thus, χ(po) is contractible exactly if all χ(p) are con-
tractible. From Floer theory we know that for any k-periodic Hamiltonian
function G(t+k, p) = G(t, p) there exists at least one contractible k-periodic
solution of the associated Hamiltonian equation. Therefore the map χ has
its image in the component of contractible loops and we obtain:

Proposition 3.1. Given any two Hamiltonians H and K generating the
same symplectomorphism φ1

H = φ1
K , there is a canonical identification of

the contractible 1-periodic solutions

P1(H) ∼= P1(K) 6= ∅.

Hence, we can define for φ ∈ Ham(M,ω)

Fixo(φ) =
{
x(0) |x ∈ P1(H), φ = φ1

H

}
.(14)

In the following we use the same notation for x ∈ Fixo(φ1
H) and x ∈ P1(H).
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In order to associate a well-defined action already to the fixed point x ∈
Fixo(φ) we consider the following function Ig : M → R. Let g : [0, 1] →
Ham(M,ω) be a closed loop based at the identity

g0 = g1, gt = φtG, G(t+ 1, p) = G(t, p).

Given any p ∈ M denote by g̃t(p) an extension of the contractible loop to
the unit disk. Since ω|π2

= 0, the function

I(g, p) =
∫
D2

g̃t(p)
∗
ω −

∫ 1

0
G(t, gt(p))dt

is well-defined.

Definition 3.2. We call a Hamiltonian function H : R×M → R normal-
ized if ∫

M
H(t, ·)ωn = 0 for all t ∈ R.

Obviously, for any Hamiltonian isotopy φtH , H can be normalized,

Hnorm(t, x) = H(t, x)− 1∫
M ωn

∫
M
H(t, ·)ωn,(15)

and the action changes by a constant,

AH = AHnorm −
∫ 1

0

∫
M
H(t, x)ωndt.

Lemma 3.3. The function I(g, p) does not depend on p ∈ M and I(g) is
invariant under homotopies of the loop g if the Hamiltonian G is homotoped
through normalized functions.

Proof. Let s 7→ p(s), s ∈ (−ε, ε) be any differentiable arc with p′(0) = ξ,
then

d

ds

(
I(g, p(s))

)∣∣
s=0

=
∫ 1

0
ω
(
Dgt(p)ξ,XG(t, gt(p))

)
dt

−
∫ 1

0
dG(t, gt(p)) ◦Dgt(p)ξ dt = 0,

hence I(g, p) = I(g) for all p ∈M . Let gs,t = φtGs
, G(s, t+ 1, p) = G(s, t, p),

s ∈ (−ε, ε), be a 1-parameter family of Hamiltonian loops based at idM .
Then a straightforward computation shows

d

ds

(
I(g(s), p)

)
= −

∫ 1

0
∂sG(s, t, gs,t(p)) dt f.a. p ∈M.

Integration over M with respect to ωn shows that d
dsI(g(s)) = 0. �
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Clearly, we obtain group homomorphisms

I : π1(Ham(M,ω)) → R(16)

describing the obstruction to a well-defined action spectrum for each φ ∈
Ham(M,ω).

Remark 3.4. If every element of π1(Ham(M,ω)) is of finite order, then
I ≡ 0. In general, if ω|π2

6= 0, we only have I : π1(Ham) → R/ω(π2(M)) and
this argument fails.

Given any point po ∈M consider the evaluation map evpo : Ham(M,ω) →
M , φ 7→ φ(po). Like in the proof of Proposition 3.1 we know that the induced
homomorphism π1(Ham, id) → π1(M,po) vanishes, ev∗ = 0. Moreover, evpo

is a locally trivial fibration with typical fibre Hampo =
{
φ ∈ Ham |φ(po) =

po
}
. We obtain the exact homotopy sequence

. . .→ π2(M,po) → π1(Hampo , id) → π1(Ham, id) → 0.

We conclude:

Remark 3.5. For each {g} ∈ π1(Ham, id) and po ∈ M there exists a nor-
malized generating HamiltonianG(t, p) such that∇G(t, po) = 0 for all t ∈ S1

and thus

I({g}) = −
∫ 1

0
G(t, po)dt.

Example 3.6. Consider (S2, ωo) with ωo(S2) = 1 and {g} ∈ Ham(S2, ωo) =
Z2 generated by the normalized autonomous Hamiltonian G generating the
rotation around the axis through the poles. Its values at the poles are ±1/2.
Hence for the homomorphism I : Z2 → R/Z we have I({g}) = I(1) = 1/2
(mod 1).

Let the Hamiltonians H and K generate the same automorphism φ1
H =

φ1
K . We call them equivalent, H ∼ K if there exists a homotopy (Gs)s∈[0,1]

of Hamiltonians such that each Gs generates the same automorphism, φ1
Gs

=
φ1
H = φ1

K for all s ∈ [0, 1]. It is easy to see that the group of equivalence
classes is the universal covering of Ham(M,ω),

H̃am(M,ω) =
{

[H] |H ∼ K, H,K normalized
}
.

From the previous analysis it follows that we obtain a well-defined action
spectrum bundle over the group H̃am,

Σ =
⋃

φ̄∈H̃am

{φ̄} × Σφ̄, Σφ̄ = {AH(x)|x ∈ Fixo(φ1
H), φ̄ = [H]}.

The action π1(Ham)× H̃am → H̃am, (γ, φ̄) 7→ γφ̄ gives

Aγφ̄(x) = Aφ̄(x) + I(γ), for all x ∈ Fixo(φ), φ = π(φ̄).
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Analogously to the situation of compactly supported automorphisms of
(R2n, ωo) as studied in [8] we have:

Proposition 3.7. The action spectrum Aφ̄ ⊂ R is compact and nowhere
dense.

Proof:

Lemma 3.8. The regular values of the Hamiltonian action functional AH
form a residual subset of R.

Proof. We will construct a smooth function on a finite-dimensional manifold
whose set of critical values contains all critical values of AH . Thus by Sard’s
theorem the claim follows.

Let S2 = R/2Z and define the function F : H1,2(S2,M) → R,

F (x) =
∫
D2

x̃∗ω −
∫ 1

0
H(t, x(t)),

where D2 = {z| |z| ≤ 1}, x̃ : D2 → M , x̃(eπit) = x(t), t ∈ [0, 2]. Its
differential is given by

dF (x)(ξ) =
∫ 2

0

〈
− J

(
ẋ− χ[0,1]XH(t, x(t))

)
, ξ(t)

〉
dt

for ξ ∈ H1,2(x∗TM). We obtain the embedding of the critical points of AH
into the critical set of F ,

i : CritAH ↪→ CritF, i(x)(t) =

{
x(t), 0 ≤ t ≤ 1,
x(1), 1 ≤ t ≤ 2 .

with AH(x) = F (i(x)) for all x ∈ CritAH . Clearly, i(CritAH) ⊂
H1,2(S2,M) and F is a smooth function.

Denote now by U ⊂ TM the injectivity neighbourhood of the exponential
map such that

exp: U ≈−→ V (4) ⊂M ×M, exp(p, v) = (p, expp(v)).

We define the mapping c : X → H1,2(S2,M) on the open subset X = {x ∈
M | (x, φ1

H(x)) ∈ U } by

c(p)(t) =

{
φtH(p), 0 ≤ t ≤ 1,
expp

(
(2− t) exp−1(p, φ1

H(p))
)
, 1 ≤ t ≤ 2.

The mapping c is smooth and we have c(x(0)) = i(x) for all x ∈ CritAH .
Defining

f : X → R, f(p) = F (c(p))
we conclude that the critical values of AH form a subset of the critical values
of the smooth function f . �
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The proof of Proposition 3.7 follows immediately from this Lemma and
the compactness of the set of critical points of AH since it can be identified
with the fixed point set Fixo(φ) ⊂M . �

We now conclude that c(α;H) only depends on the equivalence class [H] ∈
H̃am(M,ω). Consider H and K such that there exists a homotopy H

Gs' K,
that is (Gs)s∈[0,1], with φ1

H = φ1
Gs

= φ1
K for all s ∈ [0, 1]. After subdividing

Gs in homotopies (Gs), s ∈ [si, si+1], 0 = s0 < s1 < . . . < sN = 1, we have∣∣c(α;Gsi+1)− c(α;Gsi)
∣∣ ≤ ‖Gsi+1 −Gsi‖.

Choosing the subdivision small enough we obtain in view of (12) and Propo-
sition 3.7 that c(α;H) = c(α;K). This idea of an adiabatic homotopy im-
plies that c(α, ·) can be viewed as sections of the action spectrum bundle
over H̃am.

Proposition 3.9. For every nonzero cohomology class α ∈ H∗(M) we ob-
tain a section c(α) of the action spectrum bundle Σ → H̃am(M,ω) which is
continuous with respect to the Hofer-metric dH̃(φ̄, id) = inf

{
‖H‖ | φ̄ = [H]

}
on the covering H̃am(M,ω).

Note that the continuity does not follow directly from the C0-continuity
H 7→ c(α;H) as shown in Lemma 2.13. We will prove continuity in Corollary
4.10 below using an additional structure with respect to the pair-of-pants
product.

Since the sections c(α) are only defined over the universal covering H̃am it
is important to determine the action of π1(Ham) on them. Let us introduce
a more suitable description of Floer homology which has also been used by
P. Seidel in [22] in order to study π1(Ham).

3.2. The intrinsic Floer homology. Let φ ∈ Ham(M,ω) be a given au-
tomorphism and consider the associated mapping torus as a symplectic fibre
bundle over S1,

Mφ = {(t, x) ∈ R×M}/((t, φ(x)) ∼ (t+ 1, x)) → S1.(17)

Obviously ω ∈ Ω2(Mφ) is a closed 2-form and (M,ω) is the typical fibre.
Consider now the following path space

Lφ =
{
x : R →M |φ(x(t+ 1)) = x(t)

}
,

i.e., the space of sections in Mφ → S1. We can view the nonempty point
set of fixed points Fixo(φ) defined in (14), corresponding to contractible
periodic solutions, as a subset of Lφ. In fact, it is contained entirely in one
component of Lφ, and we define

Loφ = {x ∈ L |x ' xo }, for any xo ∈ Fixo(φ) .(18)
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Recall that the symplectic action was uniquely associated to an φ̄ ∈ H̃am
with π(φ̄) = φ and defined on the set Fixo(φ). For each φ̄ we have a well-
defined extension to the component Loφ by:

Proposition 3.10. For each φ̄ ∈ H̃am there exists a continuous extension
of the Hamiltonian action Aφ̄ to a continuous function lφ̄ : Loφ → R such
that for each differentiable1 path γ : [0, 1] → Loφ it holds

lφ̄
(
γ(1)

)
− lφ̄

(
γ(0)

)
=

∫ 1

0

∫ 1

0
γ∗ω.

Proof. Essentially, it satisfies to realize that given any two paths γ, γ̄ : [0, 1]
→ Loφ with coinciding ends, γ(0) = γ̄(0), γ(1) = γ̄(1), we have∫∫

γ∗ω =
∫∫

γ̄∗ω.

This follows from dω = 0 on Mφ, ω|π2(M) = 0 and the fact that we re-
stricted Lφ to the component of sections which contains the fixed points
from contractible periodic solutions. It remains to verify∫∫

γ∗ω = AH(γ(1))−AH(γ(0))(19)

for a differentiable path between x, y ∈ Fixo(φ). Set u(s, t) = φtH(γ(s, t)),
then clearly u(s, t+ 1) = u(s, t) and one computes∫ 1

0

∫ 1

0
u∗ω =

∫∫
ω(DφtHγs, Dφ

t
Hγt +XH(u)) dsdt

=
∫∫

γ∗ω +
∫ 1

0
H(t, u(1, t))dt−

∫ 1

0
H(t, u(0, t))dt.

This proves (19). �

Recall the definition of the moduli space of Floer trajectories Mx,y associ-
ated to a Hamiltonian H : M ×S1 → R and an ω-calibrated almost complex
structure J on TM →M × S1,

u : R× S1 →M,

us + J(t, u)
[
ut −XH(t, u)

]
= 0,

lim
s→−∞

u(s, ·) = x, lim
s→∞

u(s, ·) = y,

where we consider x, y ∈ P1(H).
In fact, Floer homology HF∗ is already uniquely associated to the sym-

plectomorphism φ, regardless of the generating Hamiltonian (for the grading,

1i.e., differentiable as map [0, 1]× R→M .
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see the remark below). Namely, we consider maps v : R×R →M , satisfying

u(s, t) = φtH(v(s, t)), i.e., v(s, t) = φ1
H(v(s, t+ 1)),

vs + J̄H(t, v)vt = 0,

for J̄H(t, v) = (DφtH)−1J(t, φtH(v))DφtH ,

lim
s→−∞

v(s, t) = x(0), lim
s→∞

v(s, t) = y(0), for all t ∈ R.

We identify v with the section v̄(s, t) = [s, t, v(s, t)] of E = R×Mφ → R×S1.
Let us now generalize this Cauchy-Riemann problem for such mappings v
by considering merely the time-1-map φ = φ1

H and

v : R× R →M, v(s, t) = φ(v(s, t+ 1)),

vs + J̄(t, v)vt = 0, v(−∞, ·) = x(0), v(∞, ·) = y(0),

for J̄ satisfying Dφ−1(v)J(t+ 1, φ(v))Dφ(v) = J̄(t, v).

(20)

As in (19), we have for solutions with J̄ = J̄H∫∫
R×S1

v̄∗ω =
∫ ∞

−∞

∫ 1

0
|vs|2JH

dsdt = AH(y(0))−AH(x(0)).(21)

Moreover, as a corollary we obtain the improvement of (10):

Proposition 3.11. Given any two equivalent Hamiltonians H ∼ K gener-
ating φ̄ ∈ H̃am, the associated canonical homomorphism between the Floer
homologies is compatible with the long exact sequence and respects the filtra-
tion by the action,

ΦKH : HF a∗ (H) → HF a∗ (K).

Proof. We define now ΦKH : C∗(H) → C∗(K) by means of (20) where we
allow the generic almost complex structure J̄ on the fibre bundle R×Mφ →
R× S1 to be explicitly s-dependent such that

J̄(s, ·) =

{
J̄H , s ≤ −T,
J̄K , s ≥ T,

for some T > 0. Observe that such a connecting J̄ exists since the space
of ω-compatible almost complex structures on the fibre bundle is fibrewise
contractible. By virtue of Proposition 3.10 it follows analogously to (7) that
connecting trajectories between y ∈ P1(H) and x ∈ P1(K) solving

vs + J̄(s, t, v)vt = 0(22)

satisfy

0 ≤
∫∫

|vs|2J̄dsdt =
∫∫

v∗ω = AK(y(0))−AH(x(0)).
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Note that such trajectories solving (22) cannot be obtained directly from the
“adiabatic” homotopy (Gs) described above since the s-derivative would im-
ply an additional 0-order term. The most general setup formulated in terms
of connections will be described in the following section. It is straight-
forward to see that all operators ΦKH defined on the chain level by such
sections in R×Mφ induce identical operators between the homology groups

HF∗(H)
∼=−→ HF∗(K). �

Remark on HF∗(φ). Clearly, for any two H ∼ K generating the same
φ̄ ∈ H̃am, the canonical isomorphism ΦHK viewed as an automorphism of
the Floer homologyHF∗(φ) associated to the time-1-map φ = π(φ̄) has to be
the identity. This is not true in general for φ̄, φ̃ ∈ H̃am with π(φ̄) = π(φ̃).
P. Seidel shows in [22] that the group π1(Ham) operates on HF∗(φ) in
terms of the quantum cup-product, i.e., using the canonical isomorphism
HF∗(φ) ∼= QHn−∗(M,ω) with the quantum cohomology ring (cf.[16]),

q : π1(Ham) → Aut(HF∗(φ))

is given by a group homomorphism π1(Ham) → QH×(M,ω) into the group
of invertibles of the quantum cohomology ring of homogeneous degree.
Hence, under our assumption (A) of symplectic asphericity, the quantum
cohomology and thus q is trivial. It can also directly be seen that the
grading on Fixo(φ) by the Conley-Zehnder index is already well-defined if
c1|π2

= 0.

4. The pair-of-pants product and Poincaré duality.

We will now show that also the canonical ring structure on Floer homology,
the pair-of-pants product which was constructed in [20], is compatible with
symplectic homology. This requires a “sharp” energy estimate which will
be proven along the same lines as Proposition 3.11. As a consequence we
obtain a crucial sub-additivity property for the section c(·, ·).

In [20] it was shown that every topological surface with oriented cylindri-
cal ends gives rise to a multi-linear operation on Floer homology. Namely,
choosing a conformal structure on the surface Σ and associating a Hamil-
tonian function to each end, one can generalize the Cauchy-Riemann type
equation from Mx,y(J,H) to mappings from Σ into M with respective 1-
periodic solutions as boundary conditions. The full theory with the verifica-
tion of the axioms of a topological field theory is carried out in [20]. From
the gluing axiom describing the concatenation of such multi-linear operators
on Floer homology it follows that the entire theory is already uniquely de-
termined by the multiplication associated to the surface with two exits and
one entry, by the standard cylinder, by the cylinder with two exits and by
the disk with only one end. From [18] it follows that this graded algebra is
naturally isomorphic to the cohomology ring of M , if ω|π2(M) = 0.
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In [20], the construction of the pair-of-pants product on Floer homology
was as follows. Let Σ be a Riemann surface with three cylindrical ends, one
entry and two exits. Associate the Hamiltonians H and K to the exits and
choose any Hamiltonian L for the entry. Then for x ∈ P1(H), y ∈ P1(K)
and z ∈ P1(L) we can define a moduli spaceMz;x,y(L;H,K) of pair-of-pants
solutions u : Σ → M converging towards x, y and z on the respective end.
As before, under generic choices of the almost complex structure J on M ,
the solution space is a manifold, which is compact in dimension 0 and its
dimension formula is

dimMz;x,y = µ(x) + µ(y)− µ(z)− n.

The multiplication on Floer homology is induced by

∗ : Ck(H)× Cl(K) → Ck+l−n(L),

x ∗ y =
∑

µ(z)=k+l−n

#algMz;x,y(L;H,K) z,

and it is isomorphic to the cup-product under the isomorphisms ΦH , ΦK

and ΦL (cf. [16] and [18]),

ΦH(α) ∗ ΦK(β) = ΦL(α ∪ β)(23)

for all α, β ∈ H∗(M).
In order to combine this multiplicative structure with the refinement of

Floer homology by the action filtration we need a suitable energy estimate.
For this purpose we again generalize the definition of the moduli space
Mz;x,y in terms of J-holomorphic sections in a suitably defined symplec-
tic fibre bundle over the pair-of-pants surface Σ. We obtain:

Proposition 4.1. Assume that [L] = [H] ◦ [K] in H̃am(M,ω). Then, the
pair-of-pants product ∗ is compatible with the filtration by the Hamiltonian
action and the following diagram commutes,

HF
(−∞,a]
∗ (H)⊗HF

(−∞,b]
∗ (K)

ia∗⊗ib∗−−−→ HF∗(H)⊗HF∗(K)y∗ y∗
HF

(−∞,a+b]
∗ (L)

ia+b
∗−−−→ HF∗(L) .

For example, as a concrete Hamiltonian generating the composition φ1
K ◦

φ1
H one can choose

(H#K)(t, x) = H(t, x) +K(t, (φtH)−1(x))(24)

for φtK ◦ φtH . Note that this operation preserves also the normalization.
Suppose a > c(α;H) and b > c(β;K) so that ΦH(α) ∈ im ia∗ and ΦK(β) ∈

im ib∗. Then, Proposition 4.1 implies that c(α ∪ β;H#K) ≤ a + b. This
proves:
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Theorem 4.2. Given any α, β ∈ H∗(M) with α ∪ β 6= 0 and φ̄, ψ̄ ∈
H̃am(M,ω) it holds

c(α ∪ β; ψ̄ ◦ φ̄) ≤ c(α; φ̄) + c(β; ψ̄) .

Note that by definition it is obvious that

c(λα; φ̄) = c(α; φ̄) for all λ with λα 6= 0.

In particular, c(α ∪ β; φ̄) = c(β ∪ α; φ̄).
Remark on regularity. In order to prove that, for a generic choice of J ,
the solution space associated to the pair-of-pants model surface is a mani-
fold, one has to exclude solutions which stay constantly on a fixed periodic
solution. Such solutions trivially exist for H = K and L(t, x) = 2H(2t, x).
This singular situation can be excluded by choosing a generic pair of regu-
lar Hamiltonians H, K which have no fixed points for their time-1-maps in
common. Finally, in view of Proposition 2.14 we can approximate the case
H = K by such generic pairs such that all conclusions about critical levels
remain valid.

4.1. The energy estimate for the pair-of-pants. In order to prove
Proposition 4.1 we use a more general formulation of (20) given in terms of
a connection on a symplectic fibre bundle.

Let Σo be a compact Riemann surface of genus 0 with three boundary
components two of which are oriented as exits and one as entry, denoted by
∂+

1 Σo, ∂+
2 Σo and ∂−Σo. Assume that E → Σo is a smooth locally trivial fibre

bundle with a closed 2-form ω̄ ∈ Ω2(E), dω̄ = 0, such that (Ez, ω̄|T (Ez)) is
a symplectic manifold and the typical fibre is (M,ω). Recall the symplectic
fibre bundle Mφ → S1 from (17) associated to φ ∈ Ham(M,ω). Given three
symplectomorphisms φ, ψ, η we assume that there are symplectic diffeomor-
phisms

Mφ
∼−→ E|∂+

1 Σo
, Mψ

∼−→ E|∂+
2 Σo

, Mη
∼−→ E|∂−Σo

.(25)

Note that such diffeomorphisms lead to trivializations over S1 if the symplec-
tomorphisms are isotopic to the identity. The simple but crucial observation
is:

Lemma 4.3. Given φ and ψ, such a symplectic fibre bundle (E, ω̄) satisfy-
ing (25) and such that the fibrewise symplectic form ω̄ is closed on E exists
if η = ψ ◦ φ.
Proof. Consider the domain D ⊂ C as sketched in Figure 1 and impose an
equivalence relation ∼ on D×M by identifying boundary points as indicated
using the symplectomorphisms φ, ψ and ψφ. Details are left to the reader.

Note that the induced M -fibre bundle E = (D ×M)/ ∼ over the pair-
of-pants surface Σo carries the closed fibrewise symplectic form ω̄ ∈ Ω2(E)
canonically induced from (M,ω). �
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φ

ψ
ψ ◦ φ

D

Figure 1. Boundary identification for the pants bundle.

Consider now exactly this fibrewise symplectic form ω̄ and choose an
almost complex structure J̄ such that the projection map π : E → Σo is
J̄-holomorphic, and restricts to an ω-compatible almost complex structure
on the fibres Ez, z ∈ Σo. Associated to ω̄ we have the following connection
on E,

TξE = Verξ ⊕Horξ, ξ ∈ E,
Verξ = (kerDπ(ξ) : TξE → Tπ(ξ)Σ0),

Horξ = { v ∈ TξE |ω̄(v, w) = 0 for all w ∈ Verξ }.

The connection map K : TE → Ver is the projection w.r.t. this connection.
Given a section v : Σo → E we denote the covariant derivative by

∇v = K ◦Dv, ∇v(z) ∈ Hom(TzΣo, Tv(z)(Ez)).(26)

Recall that, since we have a fixed conformal structure on Σo and a vertically
Riemannian structure by ω̄(·, J̄ ·)|Ver, the L2-norm

∫
Σo
|∇v|2

J̄
of ∇v for any

section v is intrinsically defined.
What is crucial for the following is that for the above defined form ω̄ on

the bundle E → Σo we have∫
Σo

|∇v|2J̄ = 2
∫

Σo

v∗ω̄ +
∫

Σo

|∂v|2J̄(27)

where ∂v = J̄∇v i+∇v, and consequently∫
Σo

v∗ω̄ ≥ 0 for ∂v = 0.(28)
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We call a section v J̄-holomorphic if ∂v = 0. This is not true for an arbitrary
closed form ω̃ ∈ Ω2(E) which restricts fibrewise to ω. The above form ω̄
leads to a so-called flat connection.

Let us now combine this energy estimate with the Floer trajectories from
(20). Given φ, ψ ∈ Ham(M,ω) we consider the trivial symplectic fibre bun-
dles

Mφ × [0,∞), Mψ × [0,∞), and Mψφ × (−∞, 0],

and glue them to E → Σo along the boundary circles by means of the
gluing maps from (25). This gives a symplectic fibre bundle over a Riemann
surface Σ, a pair-of-pants, which we denote again by E. We have extensions
of the structures on Σo, ω̄, J̄ and K. Given a continuous section v : Σ → E
we denote by v(∂±i Σ) the uniform limits of v as paths in Loφ, L0

ψ or L0
η

as we approach the respective ends of Σ, i.e., in cylindrical coordinates
s → ±∞. Observe that in terms of the cylindrical coordinates we have for
a J̄-holomorphic section ∂v = 0

1
2 |∇v|

2 = |vs|2ds ∧ dt.

Note that the structure ω̄ on E still satisfies the flatness condition (27). The
crucial estimate analogous to Proposition 3.10 for this fibre bundle over the
surface Σ is:

Proposition 4.4. Let v be a section of the pair-of-pants bundle (E →
Σo, ω̄) with boundary values

v|∂Σo
= (vφ, vψ, vψφ) ∈ Loφ × Loψ × Loψφ.

Then, we have∫
Σo

v∗ω̄ = lφ̄(vφ) + lψ̄(vψ)− lψ̄φ̄(vψφ), for all φ̄, ψ̄ ∈ H̃am(M,ω).

Proof of Proposition 4.4. Observe first that, due to dω̄ = 0 on E and ω|π2(M)

= 0, the value of
∫
Σo
v∗ω̄ only depends on the boundary values v|∂Σo

. The
proof is now exactly analogous to the computation of the Fredholm index
in [20]. Namely, we construct symplectic fibre bundles E± → D± over
the disks with both orientations which restrict respectively to Mφ, Mψ and
Mψφ over the boundary. Moreover, we have to construct fibrewise symplectic
forms on these bundles which are closed. Using the obvious additivity for
the integration it thus remains to compute the relevant formula for the
symplectic fibre bundle over the disk, if the integration over the closed sphere
S2 as a base gives

∫
S2 v

∗ω̄ = 0.
Let us construct the symplectic fibre bundle E+ → D+ over the unit

disk D+ = {|z| ≤ 1} in terms of the coordinates z = e2π(s+it), (s, t) ∈
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(−∞, 0]× S1. Let β : R → [0, 1] be a smooth cut-off function

β(s) =

{
0, s ≤ −2,
1, s ≥ −1,

and choose a generating Hamiltonian H(t, x) for φ = φ1
H . Consider the

smooth 2-parameter family of symplectomorphisms

φts = φtβ(s)H , i.e., ∂tφts = β(s)XH(t, φts).

Define the symplectic fibre bundle E+ → D+ with fibre (M,ω) by

E+ = (−∞, 0]× R×M/{ (s, t, x) ∼ (s, t− 1, φ1
s(x)) } → (−∞, 0]× S1

which is trivialized by

Φ: E+ ∼−→ (−∞, 0]× S1 ×M

[s, t, x] 7→ (s, t (mod 1), φts(x)).

Via Φ, sections v̄(s, t) = [s, t, v(s, t)] of E+ are identified with maps u :
(−∞, 0] × S1 → M , u(s, t) = φts(v(s, t)). Consider the following 2-form
ωE ∈ Ω2(E+), given by ωE = Φ∗α with α ∈ Ω2(R× S1 ×M),

α(s,t,x) = −β′(s)H(t, x)ds ∧ dt+ ωx + iβ(s)XH(t,x)ωx ∧ dt.

One computes

ωE = −β′Hds ∧ dt+ ω − i(Dφ)−1∂sφω ∧ ds.(29)

Straightforward computation shows that

ωE |fibre = ω,

dωE = 0,

π∗ω
n+1
E = 0,

(30)

where π∗ : Ω2n+2(E) → Ω2(R× S1) denotes the fibre integration map. The
last property holds if H is normalized.

Lemma 4.5. Let E+ → (−∞, 0]× S1 and ωE be given as above. Then∫
D+

v̄∗ωE = l[H]

(
v̄(0)

)
holds for any section v̄ in E+.

Proof. We can assume E+ as canonically extended over R×S1. Since ω|π2
=

0 the left hand side does not depend on the section if v̄(∞) is fixed. In view
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of Proposition 3.10 we can also assume that v̄(∞, ·) = x ∈ Fixo φ. Denoting
(s, t, u(s, t)) = Φ(v̄(s, t)) and x(t) = u(∞, t) we compute∫∫

v̄∗ωE =
∫∫

w∗α

=
∫∫

α(ws, wt) ds dt

=
∫∫

α(∂s + us, ∂t + ut) ds dt

=−
∫∫

β′H(t, u)dsdt+
∫∫

u∗ω +
∫∫

iβXH
ω(us)dsdt

=
∫∫

u∗ω −
∫∫

[β′(s)H(t, u(s, t)) + β(s)dH(u(s, t))us]dsdt

=
∫∫

u∗ω −
∫∫

d

ds

(
β(s)H(t, u)

)
dsdt

=AH(u(+∞)).

�

Lemma 4.6. Let E → S2 be a symplectic fibre bundle with a form ωE
satisfying (30). Then for any section s of E we have∫

S2

s∗ωE = I(γ)

if E is obtained from gluing two trivial bundles E± = D± ×M along their
boundary via a loop representing γ ∈ π1(Ham). In particular, if E is trivial
then

∫
S2 s

∗ωE = 0.

Proof. Since we know that Aγ[H](x) = A[H](x)+I(γ) it suffices to show that∫
S2

s∗ωE = 0

in case E is trivial. Let p : E → M be the projection map obtained from
a trivialization E ∼= S2 × M and π : E → S2 the canonical projection.
Denoting by σ ∈ H2(S2) the generator normalized by σ(S2) = 1 we have

{ωE} = p∗{ω}+ aπ∗σ, a =
∫
S2

s∗ωE .

Then, the last condition of (30) implies that a =
∫
S2 π∗ω

n+1
E = 0. �

The proof of Proposition 4.4 now follows from Lemmata 4.5 and 4.6 if
we glue the bundles E−[H], E

−
[K] over D− and E+

[H#K] over D+ to E → Σo

over the pair-of-pants. We obtain a trivial (M,ω)-fibre bundle π : Ē → S2

together with a coupling form ω̄ satisfying (30). �
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Recalling the energy identity (28) for J̄-holomorphic sections in the pair-
of-pants bundle E → Σo we obtain the energy estimate:

Corollary 4.7. Every J̄-holomorphic section v : Σ → E with the bound-
ary condition v(∂+

1 Σ) = x(0) ∈ Fixo(φ), v(∂+
2 Σ) = y(0) ∈ Fixo(ψ) and

v(∂−Σ) = z(0) ∈ Fixo(ψφ) satisfies the energy estimate for automorphisms
φ = φ1

H , ψ = φ1
K ,

0 ≤
∫

Σ
|∇v|2J̄ =

∫
Σ
v∗ω̄ = A[H](x) +A[K](y)−A[K][H](z).

Observe that such a positivity estimate for J̄-holomorphic sections in the
bundle E± → D± does not hold because the closed form ω̄ has non-vanishing
ds ∧ dt-components, see (29). There is no equivalent of (27).

Let the moduli space of such J̄-holomorphic sections of E → Σ with
boundary condition as in Corollary 4.7 replace the originally considered
space Mz;x,y(L;H,K). Then, analogously to Proposition 3.11 we obtain a
multiplication

∗ : Ck(φ)× Cl(ψ) → Ck+l−n(ψφ)
which coincides with the original pair-of-pants product on the level of Floer
homology. The sharp energy estimate from Corollary 4.7 concludes the proof
of Proposition 4.1.

4.2. Poincaré duality. Let us consider the dual Floer complex associated
to symplectic fixed points by applying the Hom-functor. For sake of simplic-
ity we restrict ourselves to coefficients in a field F, e.g., Z2, Q or R. Given
a ∈ R we have the cochain complex

Ck(a,∞)(H) = {x ∈ P1(H) |µ(x) = k, AH(x) > a } ⊗ F,

δ : Ck(a,∞) → Ck+1
(a,∞), δx =

∑
µ(y)=µ(x)+1

#algM̂x,y(J,H) y,

and we identify

C∗(H) = Hom(C∗(H)), C∗(a,∞) = Hom(C(a,∞)
∗ ),

and C∗(−∞,a] = C∗/C∗(a,∞) = Hom
(
C

(−∞,a]
∗

)
.

We observe that the long exact cohomology sequence induced from the short
exact sequence of cochain complexes

0 → C∗(a,∞)

j•a−→ C∗
i•a−→ C∗(−∞,a] → 0(31)

equals the dual sequence obtained by the Hom-functor from the long exact
homology sequence (2). In view of the universal coefficient theorem we have

C∗(H) = Hom(C∗(H),F), HF ∗(H) ∼= Hom(HF∗(H); F),

respectively for C∗(a,∞), etc.
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Let us consider now the dual isomorphism Ψ∗ : H∗(M) → HFn−∗(H) and
the dual generators [pt] ∈ H0(M) and 1 ∈ H0(M). In view of the long exact
cohomology sequence obtained from (31) we have:

Lemma 4.8. The critical value c(1;H) can be equivalently represented in
Floer cohomology by

inf
{
a ∈ R | ja∗

(
ΦH(1)

)
= 0

}
= sup

{
a ∈ R | i∗a

(
Ψ∗
H([pt])

)
= 0

}
.

Proof. We have ΦH(1) ∈ im ia∗ if and only if there exists a ua ∈ HF
(−∞,a]
n

such that
〈
ua, i

∗
a(Ψ

∗
H([pt]))

〉
6= 0. That is,

ja∗
(
ΦH(1)

)
= 0 if and only if i∗a

(
Ψ∗
H([pt])

)
6= 0 .

�

We now use the fact that Poincaré duality is represented in terms of Floer
homology by the canonical isomorphism between the homology HF∗(H)
and the cohomology HF ∗(H(−1)) of the Hamiltonian generating the inverse
symplectomorphism,

H(−1)(t, x) = −H(−t, x), φt
H(−1) = φ−tH .

It is straightforward to verify that the identification

P1(H) ∼= P1(H(−1)), x−1(t) = x(−t),

Mx,y(J,H) ∼= My−1,x−1(J,H(−1)), u−1(s, t) = u(−s,−t),

provides an identification of the chain complex of H with the cochain com-
plex of H(−1), (

C∗(H), ∂
) ∼= (

C−∗(H(−1)), δ
)
.

Note that it holds

µ(x−1) = −µ(x) and AH(−1)(x−1) = −AH(x).

Hence we have the identification of C(−∞,a]
∗ (H) with C−∗[−a,∞)(H

(−1)), etc.,
and the short exact sequence of chain complexes

0 → C
(−∞,a]
∗ (H)

ia∗−→ C∗(H)
ja
∗−→ C

(a,∞)
∗ (H) → 0

becomes isomorphic to the short exact sequence of cochain complexes

0 → C∗[−a,∞)(H
(−1))

j∗−a−→ C∗(H(−1))
i∗−a−→ C∗(−∞,−a)(H

(−1)) → 0.

In [20], Poincaré duality was analyzed in terms of a canonical non-degenerate
bilinear form β on Floer homology associated to a Riemann surface with two
cylindrical ends both oriented as entries. This is equivalent to the identifi-
cation of the homology for H with the cohomology for H(−1) because the
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change H → H(−1) corresponds to the change of orientation of a cylindrical
end. Hence, we have the commutative diagram

Hk(M) ΦH−−−→ HFn−k(H)

PD

y =

y
H2n−k(M)

Ψ∗
H(−1)−−−−→ HF k−n(H(−1)) .

(32)

Proposition 4.9. The representation of Poincaré duality in Floer homol-
ogy yields the identity

c([M ];φ) = −c(1;φ−1), for all φ ∈ H̃am(M,ω).

Proof. From (32) we obtain that

c([M ];H) = inf{ a | ja∗ (ΦH([M ])) = 0 } = inf{ a | i∗−a(Ψ∗
H(−1)([pt])) = 0 }.

Hence, the assertion follows by Lemma 4.8. �

An immediate consequence is:

Corollary 4.10. Given any nonzero cohomology class α ∈ H∗(M) and
φ, ψ ∈ H̃am(M,ω) we have the estimate

c([M ], ψ) ≤ c(α;ψφ)− c(α;φ) ≤ c(1, ψ)

and φ 7→ c(α, φ) is continuous with respect to dH̃(φ, id) = inf{‖H‖|φ = [H]}.

Proof. First we combine

c(α;φ) ≤ c(α;ψ ◦ φ) + c(1;ψ−1)

from Theorem 4.2 with Corollary 4.10. The continuity follows from

c(1, [H])− c([M ], [H]) ≤ ‖H‖.
Recall that c(1, [H]) ≤ E+(H) and 0 ≤ E+(H) because H is normalized. �

We can now compute the action of π1(Ham) on these continuous sections
c(α) in the action spectrum bundle.

Proposition 4.11. For any α ∈ H∗(M) \ {0}, γ ∈ π1(Ham), φ ∈
H̃am(M,ω) we have

c(α; γφ) = c(α;φ) + I(γ).

Proof. Considering the covering π : H̃am → Ham we identify π1(Ham) =
π−1(id). Given γ ∈ π−1(id) the action spectrum of γ consist only of one
value, Σγ = {I(γ)}, hence

c(α, γ) = I(γ) for all α ∈ H∗(M) \ {0}.
Then assertion then follows from Corollary 4.10. �

This result allows us to define the following function on Ham(M,ω).
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Definition 4.12. Given φ ∈ H̃am(M,ω) we define

c−(φ) = c([M ];φ), c+(φ) = c(1;φ) and γ(φ) = c+(φ)− c−(φ).

We obtain γ : Ham(M,ω) → R as a continuous function.

Summing up the above results we have

0 ≤ γ(φ) = γ(φ−1) and γ(φ ◦ ψ) ≤ γ(φ) + γ(ψ)(33)

for all φ, ψ ∈ Hampo(M,ω). This function γ plays the role of the nontrivial
selector of Hofer and Zehnder in the case of compactly supported Hamilton-
ian automorphisms of (R2n, ωo).

4.3. Vanishing of the monodromy I. We now show that the homomor-
phism I : π1(Ham) → R is in fact trivial in the symplectically aspherical
case (A).

Let M2n i
↪→ E

π−→ S2 be a Hamiltonian fibre bundle and ωE ∈ Ω2(E)
be a coupling form, i.e., satisfying (30). Let ω|π2(M) = c1|π2(M) = 0 and
choose a generic almost complex structure J on E such that J is fibrewise
ω-compatible, and the projection π is J-i-holomorphic. Then, the space
M(J) of holomorphic sections s : S2 → E is a closed manifold of dimension
2n.

Theorem 4.13 ([22]). The evaluation map evzo at any point zo ∈ S2 in-
duces a homomorphism ev∗ : H2n(M(J),Z) → H2n(M,Z) of degree ±1.

Proof. Given ωE and a generic J on E, Seidel defines in [22] the invariant

Q(E,ωE , S) =
∑
γ∈Γ

[
evzo

(
S(j, J, γ + S)

)]
⊗ 〈γ〉 ∈ QHd(M,Z2),

where zo ∈ S2, Γ = π2(M)/ kerω|π2
∩ker c1|π2

. This is an invariant of a given
equivalence class S of a section of E. The degree of the quantum homology
class Q is given by d = 2n+2c1(TEv, ωE)(S) where TEv is the vertical sub-
bundle. Since by assumption ω|π2

= c1|π2
= 0 we can assume coefficients

in Z, Γ = 0, and the quantum homology equals ordinary homology, the
invariant

Q(E,ωE , S) ∈ H2n(M,Z) ∼= Z
is independent of S. Seidel’s main result is that Q(E,ωE) is an invertible
element in QH∗ of homogeneous degree. Hence Q(E,ωE) = ±1 ∈ Z. �

Corollary 4.14. For any section s : S2 → E it holds s∗[ωE ] = 0 in
H2(M,R).

Proof. Clearly, the result does not depend on the choice of the section s.
Let u ∈ M(J) be a holomorphic section for a generic J on E and consider
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the commutative diagram

M(J)× S2 ev−−−→ Exũ yπ
S2 =−−−→ S2

where ev(w, z) = w(z) is a bundle map and ũ(z) = (u, z) is a constant
section in the trivial bundle. We have u∗[ωE ] = ũ∗ ev∗[ωE ] and ev∗[ωE ] =
α× 1+a1×σ, a ∈ R, for α ∈ H2(M(J),R) and σ ∈ H2(S2,Z) a generator.
Hence,

u∗[ωE ] = aσ ∈ H2(S2,R)

and we have to prove that a = 0.
Since the fibre integration homomorphism π∗ : H2n+2(E) → H2(S2) is an

isomorphism, the assumption (30) on the form ωE implies that the class
[ωE ]n+1 vanishes, hence aαn × σ = 0. Since α = ev∗zo

[ω] for evzo : M(J) →
π−1(zo) ≈M for any fixed zo ∈ S2, we have〈

αn, [M(J)]
〉

= deg(ev∗) = ±1

by Seidel’s theorem. Thus, it follows that a = 0. �

This proves Theorem 1.1 on the vanishing of the obstruction homomor-
phism I in the symplectically aspherical case.

Corollary 4.15. The sections c(α) in the action spectrum bundle are well-
defined over Ham(M,ω) and continuous in the Hofer-metric dH(id, φ) =
inf{ ‖H‖ |φ = φ1

H }.

Proof. Combine Corollary 4.10, Proposition 4.11 and Corollary 4.14. �

This concludes the proof of Theorem 1.2.

5. The bi-invariant metric γ and a relative capacity.

Let us first analyze the relation between the function γ and the well-known
displacement energy introduced by Hofer. Let H : [0, 1] × M → R be a
normalized Hamiltonian and ψ ∈ Ham(M,ω) an automorphism separating
the support set of φ1

H

ψ(S(H)) ∩ S(H) = ∅ S(H) =
⋃

t∈[0,1]

suppXH(t, ·).(34)

As in [8] and [23] we observe that Fix(φtH ◦ ψ) = Fix(ψ ◦ φtH) = Fix(ψ) for
all t ∈ [0, 1] and for x ∈ Fixo ψ, ψ = φ1

K we have

A[K][H](x) = A[K](x) +
∫ 1

0
H(t, x)dt.
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Setting a(H) =
∫ 1
0 H(t, p)dt for any p 6∈ S(H) we obtain for the action

spectra
Σ[K][H] = Σ[K] + a(H).

Considering the continuous path ε 7→ εH, ε ∈ [0, 1] we obtain for every α 6= 0
the continuous function

ε 7→ c(α; [εH][K])− a(εH) = c(α; [K][εH])− a(εH)

into the nowhere dense action spectrum Σ[K] ⊂ R which therefore has to be
constant. It follows that

γ(φ1
Hψ) = γ(ψφ1

H) = γ(ψ).(35)

In particular, this implies:

Proposition 5.1. Given H and ψ as in (34) we have

γ(φkH) ≤ 2γ(ψ)

for all k ∈ Z, where φkH = (φ1
H)k.

Proof. The triangle inequality for γ (33) yields

γ(φ1
H) ≤ γ(ψ ◦ φ1

H) + γ(ψ).

For k ∈ Z use φkH = φ1
Hk with Hk(t, x) = kH(kt, x) and that condition (34)

holds for all k ∈ Z since we can assume H(t+ 1, x) = H(t, x). �

Moreover, we have:

Proposition 5.2. Given any open subset U ⊂ M there exists φ1
H ∈

Ham(M,ω) such that S(H) ⊂ U and γ(φ1
H) > 0.

Proof. We pick a smooth positive function H : M → R independent of t with
suppH ⊂ U such that the only critical point p ∈ suppH is a maximum and
the C2-norm of H is small enough so that the only 1-periodic solution are
the constant solutions p ∈ P1(H) and q ∈ M \ suppH. Approximating
H suitably by C2-small Morse functions we obtain c−(H) = −H(p) and
c+(H) = 0, i.e., γ(H) = ‖H‖ > 0. Recall that here we do not need H to be
normalized. �

Combining this observation with Proposition 5.1 we deduce the metric
property of γ.

Theorem 5.3. For every φ ∈ Ham(M,ω) we have

γ(φ) > 0 if φ 6= id .

That is, γ : Ham(M,ω) → R+ defines a metric dγ by

dγ(φ, ψ) = γ(φψ−1).

Moreover, this metric is bi-invariant.
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Proof. It remains to show that dγ is bi-invariant. This follows analogously
to dH in [8] from the fact that for any θ ∈ Aut(M,ω) we have

θ ◦ φtH ◦ θ−1 = φtHθ
for all t,

where Hθ(t, x) = H(t, θ−1(x)). �

Remark 5.4. This result implies another proof for the nontrivial fact that
Hofer’s metric dH is in fact a metric. This has been shown for all closed
symplectic manifolds in [10]. Here we obtain a different Floer-theoretical
proof for at least symplectically aspherical manifolds.

An interesting application of this bi-invariant metric is obtained analo-
gously to [8].

Theorem 5.5. Let φ ∈ Ham(M,ω) such that there exists a uniform bound

γ(φn) ≤ C for all n ∈ N,

then φ has infinitely many nontrivial geometrically distinct periodic points
corresponding to contractible periodic solutions.

Proof. Let H be a normalized Hamiltonian generating φ = φ1
H .Then φn =

φ1
H(n) . Assume that φ has only finitely many nontrivial periodic points,

then without loss of generality the spectra are related by the scaling with
n, Σφn = n · Σφ. But if φ 6= id then c+(φn)− c−(φn) > 0 for all n ∈ N and
necessarily γ(φn) →∞ contradicting the assumption. �

Clearly examples of such automorphisms with uniformly bounded γ-dist-
ance exist. For example, if the support

⋃
t∈[0,1] suppφt can be disjoined from

itself by a Hamiltonian isotopy.
Let us study the following examples which show that, in general however,

there is no upper bound on γ.

5.1. Examples for infinite diameter of Ham(M,ω).

Example 5.6. Consider the autonomous Hamiltonian function

H : S1 × S1 → R, H(x, y) = sin 2πx.

Since we consider only contractible 1-periodic solutions, P1(H) equals the
set of critical points of H,

P1(H) = {π} × S1 ∪ {−π} × S1.

Moreover, we see that the action spectrum contains only two values, σ(φ1
H) =

{−1, 1} and since γ(φ1
H) > 0 we have γ(φ1

H) = 2. We conclude that

γ(φkH) = 2k →∞ for k →∞ .
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Clearly, it is straightforward to generalize this observation for T2 to any
symplectically aspherical manifold, i.e., ω|π2

= 0, admitting an incompress-
ible Lagrangian torus.

A subset A ⊂M is called incompressible if the inclusion map gives an
injection for the fundamental group.

Example 5.7. Assume that Tn ↪→ M is an incompressible Lagrangian
torus. By Weinstein’s theorem a tubular neighbourhood is symplectomor-
phic to a neighbourhood of the zero section in T ∗Tn which is a product of
T ∗S1. We can now find an autonomous Hamiltonian with compact support
in this neighbourhood which factorizes according to the product structure
and is independent of the base variables. Thus the only nonconstant periodic
solutions are non-contractible and we find a Hamiltonian automorphism φH
such that γ(φkH) →∞ as k →∞.

Example 5.8. Clearly, this argument also works for a general incompress-
ible Lagrangian submanifold which admits a Riemannian metric all of whose
contractible closed geodesics are constant. For example, if it admits a met-
ric of nonpositive sectional curvature. This example recovers the result
by Lalonde and Polterovich in [12] which is proven without restriction to
ω|π2(M).

Example 5.9. It is also easy to recover here, in the more restrictive case of
a symplectically aspherical manifold, the example of products with surfaces
of genus ≥ 1 as given in [11].

More generally one can consider symplectic fibrations (M,ω) ↪→ (E,ωE)
π−→ (B, σ) where ωE is a symplectic form such that its restriction to the

induced horizontal subbundle of TE with respect to the associated connec-
tion equals the pull-back π∗σ. Assume that (B, σ) is a symplectic manifold
of the previously mentioned kind with a Hamiltonian of arbitrarily high os-
cillation norm ‖H‖ but without nontrivial contractible 1-periodic solutions.
Then the Hamiltonian vector field on E of the pull-back π∗H lies in the
horizontal sub-bundle of TE and Dπ identifies it with XH on B. Hence its
non-constant periodic solutions have to be non-contractible too.

5.2. Comparison with Hofer-Zehnder capacity. Let us now compare
the metric γ with the Hofer-Zehnder capacity for symplectic manifolds which
is defined via so-called admissible Hamiltonians.

Definition 5.10. We call a Hamiltonian function H : S1×M → R admis-
sible if its set of 1-periodic contractible solutions x ∈ P1(H) contains only
constant solutions ẋ = 0, i.e., x(0) = x(t) ∈ CritH(t, ·) for all t ∈ S1.

A smooth Hamiltonian H : [0, 1]×M → R is called quasi-autonomous
if there exist two points x+, x− ∈ M such that maximum and minimum of
H are attained at x+ and x− uniformly for all t. Here we will consider a
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slightly stronger condition:

max
x

H(t, x) = H(t, p) for all t ∈ [0, 1], p ∈ U+,

min
x
H(t, x) = H(t, p) for all t ∈ [0, 1], p ∈ U−

(36)

for some disjoint open neighbourhoods U−, U+ ⊂M of x−, x+.

Theorem 5.11. Every quasi-autonomous Hamiltonian K satisfying (36)
which is admissible and homotopic to 0 through admissible Hamiltonians
satisfies

γ(φ1
K) = ‖K‖.

Throughout this section we do not assume the Hamiltonian functions
to be normalized without further notice. From Proposition 2.14 we know
that the functions c(α,H) are well-defined and continuous with respect to
‖H‖ without any normalization condition. We also still have the symmetry
from Poincaré duality, c+(H−1) = −c−(H). Moreover, in view of (15), also
γ(φ1

H) = c+(H)− c−(H) does not depend on the normalization.
Let K be an admissible Hamiltonian such that there exists an open subset

U ⊂M with

K(t, p) = max
x∈M

K(t, x) for all t ∈ S1, p ∈ U.(37)

Recall from Definition 2.4, E−(K) = −
∫ 1
0 maxM K(t, ·) dt.

Proposition 5.12. Assume that an admissible Hamiltonian K satisfying
(37) is homotopic to 0 through admissible Hamiltonians. Then any regular
Hamiltonian H ∈ Hreg satisfies

c−(H) ≤ E−(K) + ‖H −K‖.

Clearly, an autonomous Hamiltonian K is homotopic to 0 through admis-
sible Hamiltonians if every T -periodic contractible solution of ẋ = XK(x)
for 0 < T ≤ 1 is constant, namely take the homotopy (τH)τ∈[0,1].

Proof of Proposition 5.12. The proof is based on a suitable variation of the
definition of the map ΦH : H2n(M) → HF−n(H) as given in (3). Given any
Morse function f , we known that any local maximum p ∈ Crit2n f repre-
sents the top cohomology class in terms of Morse cohomology, [M ] = {p} ∈
H2n(f). Moreover, any negative gradient flow trajectory for f converging
towards p has to lie constant in p. Therefore, we can identify the moduli
space used for the definition of ΦH([M ]) as

M−
y;p(H,J ; f) = { (u, p) |u ∈M−

y;p(H,J) },
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where

M−
y;p(H,J) =

{
u : R× S1 →M

∣∣ ∂su+ J
(
∂tu− β(s)XH(u)

)
= 0,∫ ∞

−∞
|∂su|2dsdt <∞,

u(−∞) = y, u(+∞) = p

}
and β(s) = 1 for s ≤ −1, β(s) = 0 for s ≥ 0. We therefore have

ΦH([M ]) =
∑

µ(y)=−n

#algM−
y;p(H,J) y.

Let us now consider the homotopy between H and K

Gs(t, x) = β(s)H(t, x) +
(
1− β(s)

)
K(t, x),

so that the associated Hamiltonian vector field satisfies XGs(t, x) = 0 for
s ≥ 0 and x ∈ U . The associated Cauchy-Riemann type flow equation reads

u : R× S1 →M, us + J
(
ut −XGs(u)

)
= 0.(38)

Analogously to the solutions in M−
y (H,J), every finite energy solution u

of (38), i.e.,
∫∫
|us|2dsdt < ∞, which satisfies lims→∞ u(s, t) ∈ U for all

t ∈ S1 has a removable singularity at +∞ and can be smoothly extended
over R× S1 ∪ {+∞} ∼= C. We have thus the well-defined solution space

M̃−
y;p(H,K) = {u : R× S1 ∪ {∞} →M |u solves (38),

u(−∞) = y, u(+∞) = p }.

Again, for a generic almost complex structure J , M̃−
y;p is a (µ(y) + n)-

dimensional manifold. To be precise, we allow almost complex structures J
to be explicitly (s, t)-dependent for |s| < 2 and t-dependent for t ≤ −2. (For
details cf. [20].) Our aim is to define the element ΦHK ∈ HF−n(H) by

ΦHK =
∑

µ(y)=−n

#algM̃−
y;p(H,K) y.(39)

The crucial point is to show that the 0-dimensional solution space
M̃−

y;p(H,K) is compact. Recall that in view of the asphericity condition
ω|π2

= 0 the only compactness obstruction can occur by splitting off of
cylindrical Floer trajectories at either end. On the negative end, i.e., for
s→ −∞ this is prohibited by the regularity assumption on H, the transver-
sality condition and the index restriction that dimM̃−

y;p = 0. It remains to
rule out splitting off at the positive end of u. Suppose we have such a weak
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C∞loc-convergence to a split solution for a sequence of suitably reparameter-
ized trajectories in M̃−

y;p(H,K). Then there exists a non-constant solution
of

v : R× S1 →M, vs + J(v)
(
vt −XK(t, v)

)
= 0

with v(+∞) = p and lims→−∞ v(s, ·) = z ∈ P1(K). By assumption of
admissibility of K it follows that z(t) = z(0) = zo for all t ∈ S1 and we can
compute the flow energy of v as

E(v) =
∫∫

|vs|2 dsdt = AK(p)−AK(z)

= −
∫
S1

K(t, p)dt+
∫
S1

K(t, zo)dt.

Since by assumption K(t, x) ≤ K(t, p) for all t ∈ S1, x ∈ M , it follows
that E(v) = 0, that is, v has to be constant. Altogether it follows that the
0-dimensional manifold M̃−

y;p(H,K) is compact and ΦHK ∈ CF−n(H) is a
well-defined Floer chain.

By the standard arguments in Floer theory we can show that

∂ΦHK = 0,

that is {ΦHK} ∈ HF−n(H) is well-defined. In order to show that {ΦHK} =
ΦH([M ]) we use the typical homotopy-cobordism argument in Floer theory.
For this we need the assumption that K is homotopic to 0 through admis-
sible Hamiltonians so that we have compactness up to splitting off of Floer
trajectories at the negative end. By a standard argument from Floer theory
we can then define a chain S ∈ CF−n+1 such that

ΦHK − ΦH([M ]) = ∂S.

Hence we have

{ΦHK} = ΦH([M ]) ∈ HF−n(H).(40)

An energy estimate analogous to (5) shows that

AH(y) ≤ AK(p) + ‖H −K‖ if M̃−
y;p(H,K) 6= ∅.

Therefore, it follows that

{ΦHK} ∈ im ia∗ for a = E−(K) + ‖H −K‖.
�

The assumption that K is homotopic to 0 through admissible Hamilto-
nians can be replaced by a simpler condition in view of the following. If
we assume that the possibly non-autonomous Hamiltonian K has no non-
constant contractible T -periodic solution for 0 < T ≤ 1, the homotopy
(τK)τ∈[0,1] is a homotopy through Hamiltonians which are admissible apart
from the fact that they are not anymore 1-periodic in t. But in view of
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the nonlinear Fredholm analysis for the quasi-linear Cauchy-Riemann type
operator of the type ∂̄ : W 1,p → Lp-maps used in the cobordism argument
for (40) this non-continuity of H at t = 1 is not essential. However, this
point is not carried out in further detail since we will apply Proposition 5.12
to autonomous Hamiltonians in view of the Hofer-Zehnder capacity.

From Proposition 5.12 we can now conclude the:

Proof of Theorem 5.11. Note that K−1(t, x) = −K(−t, x) satisfies the same
condition as K. For any regular Hamiltonian H we obtain from Proposition
5.12 applied to H±1 and K±1,

γ(H) ≥ ‖K‖ − 2‖H −K‖.
From the denseness of Hreg and the continuity of γ we thus obtain

γ(K) ≥ ‖K‖
which implies the assertion in view of the obvious estimate γ(K) ≤ ‖K‖. �

In principle, such admissible Hamiltonian functions are the key ingredient
of the definition of the Hofer-Zehnder capacity for symplectic manifolds.
However, here we consider an alteration by allowing admissible Hamiltonians
to exhibit non-contractible non-constant 1-periodic solutions.

Definition 5.13. Let (U, ω) be a symplectic manifold. Consider the func-
tion space

Hc(U) = {H ∈ C∞o (intU) |H ≥ 0, H|V = supH for some open subset V }.
We call H HZ-admissible if the corresponding Hamiltonian flow has no
contractible non-constant T -periodic solution with period T ≤ 1. Let

Ho
HZ(U, ω) = {H ∈ Hc(U) |H is HZ-admissible }.

Then, the π1-sensitive Hofer-Zehnder capacity of (U, ω) is defined as

coHZ(U, ω) = sup
H∈Ho

HZ(U,ω)
‖H‖.

The definition of the original Hofer-Zehnder capacity cHZ(U, ω) also excludes
the existence of non-contractible slow non-constant periodic orbits. That is,
we have

coHZ(U, ω) ≥ cHZ(U, ω).

We now are able to relate the metric γ with this π1-sensitive Hofer-
Zehnder capacity.

Corollary 5.14. Let U be an open subset of (M,ω). Then

coHZ(U) = sup{γ(φ) |φ = φ1
H , H HZ-admissible}.

Proof. This is a direct consequence from the estimate of Theorem 5.11 be-
cause every HZ-admissible Hamiltonian is quasi-autonomous, satisfies (36)
and is homotopic to 0 through admissible Hamiltonians. �
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This comparison result suggests the following definition of a relative ca-
pacity based on the Floer-homological approach via γ.

Definition 5.15. Given any subset A ⊂ M we can define the following
relative capacity cγ(A) ∈ [0,∞) ∪ {∞},

cγ(A) = sup{ γ(φ) |φ = φ1
H ∈ Ham(M,ω), suppXH(t, ·) ⊂ A for all t}.

According to its definition, cγ is a priori only a relative capacity, i.e., in-
variant under global symplectic automorphisms of (M,ω). Following [8] and
[11] we have the displacement energy

e(A) = inf{dH(φ, id) |φ ∈ Ham(M,ω), φ(A) ∩A = ∅}.
From Corollary 5.14 and Proposition 5.1 we have the inequality:

Corollary 5.16. For any open subset U ⊂M we have the inequality of the
capacities

cHZ(U) ≤ coHZ(U) ≤ cγ(U) ≤ 2e(U).

It can, in general, not be expected that cγ(U) and coHZ(U) coincide because
the Hofer-Zehnder capacity is based on the exclusion of any fast non-constant
contractible periodic solution, whereas the γ-capacity only considers periodic
solutions which represent the top and bottom cohomology class. However,
there might be nontrivial fast solutions representing nontrivial intermediate
classes, for example associated to the levels c([ω]k) with 0 < k < n.

As example, consider a symplectic embedding of the standard ball
(B2n(r), ωo) of radius r into M such that the image lies within a set A.
This embedding provides a push-forward of HZ-admissible Hamiltonians on
B2n(r) to M and we obtain

πr2 = cHZ(B2n(r)) ≤ cγ(A) ≤ 2e(A).

This reproduces the result from Theorem 1.1 in [10] in our Floer homological
setup for symplectically aspherical manifolds.

Example 5.17. In the case of the torus, we have seen that

cγ(S1 × S1) = ∞.

But by passing to a suitably large finite covering one can show that

cγ(S1 × S1 \ ({pt} × S1 ∪ S1 × {pt})) <∞.

In fact, since the universal covering is R2, we have

coHZ(S1 × S1 \ ({pt} × S1 ∪ S1 × {pt})) = 1.

To make the covering argument more precise we conclude with the fol-
lowing observations.

Let π : M̂ → M be a finite, symplectic covering of degree m. Given a
Hamiltonian H : S1 ×M → R we obtain the pull-back π∗H : S1 × M̂ → R
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and define the notation π∗φ1
H = φ1

π∗H . We observe that for such a finite
covering we obtain

γ(π∗φ) = γ(φ) for all φ ∈ Ham(M,ω).(41)

Namely, since π is in particular a local symplectomorphism, considering the
pull-back operation on Floer homology for this finite covering we deduce
that

c(π∗α, π∗H) = c(α,H) for all α ∈ H∗(M), s.t. π∗α 6= 0.
The identity (41) then follows from property 1). in Theorem 1.2.

Now suppose we have an open subset U ⊂ M such that its preimage
π−1(U) = U1 ∪ . . . ∪ Um is a disjoint union of m copies of a lift of U , and
suppose that H satisfies the condition suppXH(t, ·) ⊂ U for all t. We may
assume that suppH(t, ·) ⊂ U for all t. Then define φi ∈ Ham(M̂, ω) by
φi = φ1

χiπ∗H
where χi is the characteristic function of Ui. It follows for

φ = φ1
H that π∗φ = φ1 ◦ . . . ◦ φm, hence by (41)

γ(φ) ≤
m∑
i=1

γ(φi) = mγ(φi).(42)

In the case that for (M,U) there exists a finite symplectic covering π : M̂ →
M and ψ ∈ Ham(M̂, π∗ω) such that ψ(Ui) ∩ Ui = ∅ we obtain

cγ(U) ≤ 2γ(ψ) <∞

thus proving the finiteness assertion in Example 5.17.

Remark 5.18. The estimate (42) should not be sharp. One might expect
γ(π∗φ) = γ(φi). This will be studied more closely elsewhere.
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