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ON THE CONVEXITY OF THE KOBAYASHI METRIC
ON A TAUT COMPLEX MANIFOLD

MAsAsHI KOBAYASHI

We study the Kobayashi-Royden metric and the Kobayashi
distance on a taut complex manifold. We prove that the de-
rivative of the Kobayashi distance is equal to the Kobayashi-
Busemann metric. This gives us the necessary and sufficient
condition of the convexity of the Kobayashi-Royden metric.

1. Introduction.

Let M be an m-dimensional complex manifold. We recall the definition of
the Kobayashi-Royden pseudo-metric on M:

(1.1)  Fup(€) = inf{t > 0|7 f € O(A, M) such that tf,(d/d(|c—0) = &},

where £ € T, M is a holomorphic tangent vector, A = {¢ € C| |(| < 1}, and
O(A,M) ={f: A — M] f is a holomorphic mapping}. Then, Fj; has the
following properties:
(i) Fam(&) > 0 for any & € T, M;
(i) Far(AE) = [A| Far(€) for amy A € C;
(iii) Fas is upper semi-continuous on the holomorphic tangent bundle T', M,
moreover if M is taut, that is, O(A, M) is a normal family;
(iv) Fyr is continuous on T'M;
(v) Fapr(€) =0 if and only if £ = 0.
Hence we see that F); is a metric on M, if M is taut.
Let v € T,M be a real tangent vector. We can uniquely write v = & +&
with £ € T,M. We set Fy(v) = 2Fy(§). Then Fjs induce a pseudo-
distance dp; on M as follows:

(12) dutpra) =it { [ ' (e afan)ar |

where ¢ runs over all piecewise smooth curves connecting p with ¢q. This

pseudo-distance dyy is called the integrated form of Fys. Since the condition

dua(p,q) = 0 does not necessarily mean p = ¢ in general, djs is not a

distance. We remark, however, that dys is a distance if M is taut (see [7]).
We define the indicatrix of Fj; at p by

(1.3) Iry (p) = {€ € TpM[ Fu(§) <1}
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Note that Fis is a seminorm at p if and only if its indicatrix at p is a convex
set. Hence we say that Fj; is convex at p, if it is a seminorm at p.

S. Kobayashi introduced a new infinitesimal pseudo-metric Fyoon M
which is the double dual of Fis (see [3]). It is defined by

(1.4) Fy(€) =inf{t > 0|t ¢ € I, (p)}

for all £ € T, M, where I Fy (p) is the convex hull of I, (p). We call Fur
the Kobayashi-Busemann pseudo-metric on M. Fy; is a seminorm at any
p € M and Fyis upper semi-continuous. Moreover Fy is a metric if M is
taut. Because Fy is a norm at any p € M and continuous on T'M, if Fy;
is so. We also set Fys(v) = 2F)(€), where &€ € T,M with v = £ + €. Thus
the integrated form of Fy; are defined in the same way. S. Kobayashi in [3]
proved that the integrated form of Fyris equal to that of F);.

The integrated form of F)y is, as a matter of fact, equal to the Kobayashi

pseudo-distance (see [7]). It was originally defined as follows. First we define
the function dj; on M x M by

(15) dis(p,q) = inf{p(a,b) 3f € O(A, M)
such that a,b € A, f(a) = p and f(b) = q},

where p is the Poincaré distance on A. We set d},(p, q) = oo if there is no
analytic disc connecting p with ¢. Note that d},(p, ¢) < oo if p is sufficiently
close to q. Next for each positive integer [, we introduce the following
function on M x M:

l
Zldh(pjvpj+l) P1=D,P2,- s PLPI+1 =4 € M} :
j=

(1.6) d%}(p, q) = inf{

Now we have the Kobayashi pseudo-distance on M:

(1.7) dy(p,q) = Jim d\(p,q).

By definition we easily see that

(1.8) dy(p,q) > dﬁ)(p, q) >

>d
for all p,q € M. We remark that d},(p,q) = dm(p,q) if M is a convex
domain (see [4]).
Let h be a Hermitian metric on M. We fix a point p of M. Then, h
induces the exponential mapping exp: U — M where U C T'M is a small
open neighborhood of 0 € T,M. We define the derivative Ddys by

Dp,q) > > du(p, q)

dai (g, exp tu)

t—0
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where u € T, M, if the limit exists. We remark that this definition is inde-
pendent of the choice of h. We set Ddp(€) = 271Ddys(v) for € € TpM,
where v = & + €. Then Ddy; is a pseudo-metric on M.

Suppose D is a domain in C™ with the standard flat metric. We identify
TD with D x C™. Then, if the derivative Ddp exists, we have

1.10 Ddp(p, &) = lim ————=.
( ) p(p:8) (q,nzﬂ((]p,f) 2|

The derivative of the Kobayashi metric pseudo-distance on M does not
always exist. We know, however, the following facts: If D is a domain in
cm,

d t
(1.11) limsup PLITI) g, )
(qmzﬂ(p,é) 21t

for each (p,v) € D x C™(see [1]). On the other hand, M.Y. Pang showed in
[6] that
d; t
(1.12) 2Fp(p, €) = lim DPP1E)
t—0 |t|
for each £ € C"™ when D is a taut domain in C™.

Here we state our main theorem about the derivative of the Kobayashi
distance.

Main Theorem 1.1. If M is a taut complex manifold, then Ddy; exists
and

(1.13) Ddy = Fyy.
This theorem gives us the following formula:
dp(g: 9 +1tn) _ -
1.14 —— =2Fp(p,§
(L14) (@)= 8 I »8

for each £ € C™, if D is a taut domain in C™. Considering the result of the
derivative of the function d},, which is Theorem 2.5, we have the following
corollary:

Corollary 1.2. Let M be a taut complex manifold. Then Fy; is conver at
p if and only if

d /
(1.15) lim M
a.d—p d3(q,q')
a#£q’
The point p € M is called a Kobayashi simple point if there exists an open
neighborhood U of p such that das(p, q) = d};(p,q) for all ¢ € U. For exam-
ple every point of a convex domain D in C™ is a Kobayashi simple point,

=1.
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because dj, = dp. Corollary 1.2 implies that if p € M is the Kobayashi
simple point, then Fj; is convex at p (cf. [6]).

Acknowledgment. I would like to express my sincere gratitude to Pro-
fessor Kiyoomi Kataoka, Professor Shoshichi Kobayashi, Professor Junjiro
Noguchi, and Professor Takushiro Ochiai for helpful discussions and sugges-
tions.

2. Proof of Main Theorem.
We keep the notation used in Section 1.

Definition 2.1. A holomorphic mapping f € O(A, M) is called an extremal
mapping with respect to points p, ¢ € M (resp. a holomorphic tangent vector
¢ € T,M), if there exists t € [0,1) such that f(0) = p, f(t) = ¢ and
dy; (P q) = p(0,t) (vesp. Far(§) fx(d/dC|c=0) = &).

Note that in general an extremal mapping with respect to all p, ¢ € M or
¢ € T, M does not necessarily exist. In [6] M.Y. Pang showed the following
theorem:

Theorem 2.2 (M.Y. Pang [6]). Let D C C™ be a domain containing the
origin, {pn} C D and {q,} C D sequences both convergent to the origin.
Suppose that f, € O(A, D) are extremal mappings with respect to pn, qn, € D
and that they converge to f € O(A, D) uniformly on compact subsets. Then
1/(0) # 0 and f is an extremal mapping with respect to (0, f'(0)). Moreover
the following identity holds:

im d*D(pnaQH) _ 2FD(O7 f’(O))
21) A Ton—aall SO

where ||z]| = > ’zj}Z forall z = (24,...,2™) € C™.
j=1

Let p be a point of M. We fix an arbitrary holomorphic coordinate
neighborhood (Uy, ¢, A™) about p such that ¢(p) = 0. In fact, the following
theorem holds:

Theorem 2.3. Let {p,} C M and {g,} C M be sequences both convergent
to the point p of M. Suppose that f, € O(A, M) are extremal mappings with
respect to pn,qn € M and that they converge to f € O(A, M) uniformly on
compact subsets. Then f.(d/d(|¢c=0) # 0 and f is an extremal mapping with
respect to f (d/de:O). Moreover the following identity holds:

(2.2) i G (Pnsdn) 2y (f.(d/dC|c—o))
' w5 p(pn) — @(an) — [I(g© F)u(d/dClc=0)]
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Though the proof of the preceding theorem is the same of Theorem 2.2, we
may recall the following theorem about the extension of regular holomorphic
mappings, which plays an important role in the proof:

Theorem 2.4 (H.L. Royden [8]). Let f be a holomorphic mapping of the
unit disk A into an n-dimensional complex manifold M, and suppose that
f is regular at 0. Then, given r < 1, there exists a mapping F of A x A"~
into M, which is regular at 0 and whose restriction to A x {0} is f.

From here we assume that M is a taut complex manifold. Hence note that
there exists an extremal mapping with respect to any p,q € M or £ € T, M.

Theorem 2.5. For any € > 0 there exists an open neighborhood U C Uy of
p such that

(2.3)  |dif(g,d) — 2Fu (so*‘l (P, la) — w(q’))ﬂ < ellp(a) = (@)
for all q,q' € U. Moreover the following identity holds:
(2.4) Ddy; = F.

Proof. For simplicity we assume that M is a domain in C™. It is sufficient
to prove that for any € > 0 there exists an open neighborhood of p such that
for any q,¢' € U

(2.5) \dii(a,qd) —2Fv(p,qa—q)| < ella— |-

Suppose the contrary; there exists a constant € > 0 such that there are
distinct points g;,q; € By (p,1/j) = {¢ € C™ |lg—p| < 1/j} for each
positive integer j which satisfy the following inequality:

(2-6) | (4. 4) — 2Fn(p, a5 — 47)| > €|la; — g5 -

Since M is taut, there exists the extremal mapping f; € O(A, M) with
respect to g;, ¢; € M such that f;(0) = g; and f;(c;) = gj, where ¢; € [0, 1),
for each pair of the points g;, q§~ € By (0, 1/4). Choosing a subsequence of
the sequence {f;}, if necessary, we may assume that {f;} converge to f €
O(A, M) uniformly on compact subsets, and —(g; —q}) / qu — q} H converges

to some £ € C™ with [|£|| = 1. Tt follows from Theorem 2.2 that f’(0) # 0.
We easily see

1'(0) . [5(0) = fi(c)) |0 — ¢
7 —— 2 _ = lim
27) FOT 2% 0=¢ 150 5]
BTG
J=e0 qu —q;

= ¢
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We take a sufficient large positive integer N satisfying

d3 (95, 4)) €
(238) T = 2Fu(d 6] < 5
Jos 4]
and
a4 — 4 €
; :
45 — 4;
for all j > N. Then, we have
Cl* ;) /‘ L /‘
(2.10) Beland) _op, p,
H%—% ‘%—%
3 (45, ;)
< | DD omy(.6)
Jos =]
9 — 4

+ 2FM(q/7§)_2FM D,

a4 — q;
<e.

This is a contradiction. Thus we finish the proof of the first part of this
theorem.

We fix a Hermitian metric h on M. Then the following facts are well-
known:

(2.11) Jim : -8
t—0

o1 i Pexpi) —ele) &

(2.12) 20 o(exp tu) — p(q)l] ()]

where ¢ € T, M with v = ¢ + € and u € T, M. It follows from the first part
of this theorem and the preceding facts that

d; t
(2.13) D}y (v) = lim LT (9, exptu)

P U

iy (g exptu) lp(exptu) — o(q)]
u=v |lp(exp tu) — p(q)|| 2]

= 2Fu (&/ llpx(II) Nl (©)]

= Fy(v).

Thereby we conclude the whole proof. ([
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Lemma 2.6 (H.L. Royden [7]). Let h be a Hermitian metric on M andp a
point of M. Then, there exists a constant L' > 0 such that for any § € T, M

(2.14) L' 1Elly, < Fa (&),
where ||&||p is the length of £ induced by h.

Theorem 2.7 (S. Kobayashi [3]). For any & € T,M there exist n holomor-
phic tangent vectors &1, ..., &, € TpM (n < 2m) satisfying the following:

(i) &1 ...,&n are linearly independent over R;
(i) €= 30 &5
7j=1
(iif) Fr(§) = ZIFM(fj)-
j=

Lemma 2.8. Let p be a point of M. Then, there exists a constant L > 0
satisfying the following: For any £ € TpM we take &1,...,&, € T, M as in
the preceding theorem. Then the following inequality holds:

(2.15) el < LY 1&l, -
j=1

Proof. Since F)y is continuous, there exists a constant L” > 0 such that

(2.16) L€l = Far(€)

for all £ € Tp,M. We take &1,...,§, € TpM as in Theorem 2.7. By
Lemma 2.6 we see

(2.17) > Fu(&) =L 1IgH, -
p =1

Because of the preceding two inequalities, we have

(2.18) L€l = Fa(€) =Y Far(€) = LY 11l -
j=1 j=1
Thereby the proof is concluded. U

We recall the following fact:

Remark 2.9. We fix a positive integer [. Take any two points ¢,q of M
such that dg\l/} (¢,q') < oo. Because M is taut, there exist [ + 1 points ¢; =

l
l *
G0 q. @1 = ¢ € M such that d§)(q.q') = 3 di; (g5, qj+1)-
j=1
Lemma 2.10. For any open neighborhood W C Uy of p and positive integer
I, there exists an open neighborhood V.C W of p satisfying the following:
For any q,q' € V, we take the l + 1 points q1,...,q+1 as in Remark 2.9.

Then, q1,-...,q+1 are contained in W.
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Proof. Since M is taut, M is hyperbolic (i.e., djs is distance and the topology
induced by it is the same of M). Choosing a constant R > 0, we may assume
that W = By,,(p, R) = {q € M|dn(p,q) < R}. There exists a constant r >
0 satisfying o~ (By.(0,7)) € W, where By;(0,r) = {z € C™| |lz]| < r}.
Set V = ! (BdBHAH(o,T)(QR/‘L))- For any two points q,¢ € V, there exist
[+ 1 points q1,...,q+1 € M as in Remark 2.9. Then, for any g; it follows
that

(2.19) dr(p, ¢5) <dum(p, ) + dar(q, q5)

dui(p, q) + d) (q,9)

l
dui(p, q) + d3) (0, 4).
Because the Kobayashi distance has the distance-decreasing property and

0 B
dB||4u(07r) - dB‘H‘(o,r), we have

IN

IN

(220) dM(p7 q]) < dBH.”(O,T) (So(p)v
< dBH.”(O,T) (So(p)v

+dp, 0 (9(0), 2(0) +dp, 0. (), ()
< (3/4)R.
Thus ¢; is contained in W. The proof is thereby concluded. [l

Lemma 2.11. There exist an open neighborhood V of p and a constant
C > 0 such that for any points q,q' € V and positive integer [,

)

l
(2.21) > llelay) — elg+)ll < Cllela) — o(d)|
=1

where q1,...,q+1 are points of M chosen as in Remark 2.9.

Proof. Since M is taut, F)s is continuous. The Kobayashi distance djs is
an integrated form of F), therefore there exist an open neighborhood W of
p and a constant C’ > 0 such that

(2.22) C' ||e(q) — ()| < dula,q)

for any ¢, q' € W. We choose a sufficiently small open neighborhood V-C W
of p as in the preceding lemma. For any ¢,q' € V we take [ + 1 points
qis---,q+1 € W as in Remark 2.9. Then, we have

l l
(2.23) " llelay) = elgir)ll < darlgg,gjv1)
j=1

j=1
l

<3 dig(aj q541) = d)(a,d) < diy(a.q).
j=1
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On the other hand, choosing a small constant R > 0, we may assume
that V = ! (B”.H(O,R)) and <p*1(B||.||(0, 2R)) C W. Then, there exists a
constant C” such that

(2.24) dp, 02r) (#(@),0(d) < C"[|p(a) — o(d)|]
for any ¢,q' € V. Thus, we have
(2.25) dy(a,4") < dp, 02r) (9(0): () < C" |lp(a) — (d)]|-

Combining (2.23) and (2.25), we have

l
(2.26) Y () = elaza)ll < C” ||ela) = o(d)]| -
j=1

Thereby we conclude the proof. U

The next lemma is a key to proving the Main Theorem.

Lemma 2.12. For any € > 0 and positive integer | > 2m, there exists an
open neighborhood U C Uy of p such that

227)  |d\)(q,q) — 2Fw (soil (ps 0(q) — w(Q’)))) < €llelq) — e(d)]]
for all q,q' € U.

Proof. For simplicity we assume that M is a domain in C™. We take
the distinct two points q,q¢' € Uy arbitrarily. We can choose the points
A =q¢q,---q Q1 = ¢ € M as in Remark 2.9, and n holomorphic tan-
gent vectors (p,&1),...,(p, &) € M x C™ for (p,q —¢') € M x C™ as in
Theorem 2.7, where n < 2m. Clearly it follows that

! n =1 j
(228) Y diylgi,q541) = d\)(q.4) < > dy <q + > &k g+ k21§k> ;
= k=0 =

j=1
where £y = 0. Thus we have

[ !

lag—dl  lla—=4

j=1

» |
L (q+yzsk,q+ i@)
= =y

<
2 T

lg—d¢'|l’
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We easily see that

dyr (a5, q5+1) 114541 — 5]
“ g1 — gl Mg =4l

i1 j
n d*M <Q+Z£k>Q+ Z§k>
_da.q) _ S =0 =) gl
lg—d| — 1€l g —d¢'||

j=1

(2.30)

We arbitrarily fix ¢ > 0. Then we take an open neighborhood U of p as in
Theorem 2.5. Then for any ¢,q¢ € U we have

l
23) Y (sz <p %H—%> _ 6) lag1 = ;1

— "Naj+1 — gl g — ¢l
dNa.d) & < 3 151
< MDD < 2Fp < J ) + e> JL

lg — 4|l z; g3 lg — |l

Replacing U by a smaller one, we may assume that the conditions in Lem-
mas 2.8 and 2.11 hold. Thus, we have

(2.32) 22 ( <p, W)) — Ce

||
d(”( ( 3
<2 Fp <p, >> + Le.
IIq —q || Z -
Because
l !
qj+1 — qj r qj+1 — qj
(2.33) Fy < ) > M (p, >
; llg — 'l ; llg =4l
> Fur | p, q]+1 S
i= 1 lg —q H
s ( q—q )
=rpm|lDp,
g — |
and

:M

(2:34) ;FM ( H@H) T (p’ i :Zn)
(

qd—q )
P,
g’ — qll
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we obtain
!/
” q9—4q

||
40 o
<7(qq) 2FM< 4 q,)—i—Le.
lg—d| — g — ¢

The constants C' and L are independent of [. Hence the proof is finished. [J

Proof of Main Theorem 1.1. We take any Hermitian metric h on M. It
follows from the preceding lemma that

(2.36) lim (P9 g ( 3 )
=0 [[p(exptv) — (q)| [«
where & € T, M with v = ¢ + £. Hence we have

t
(2.37) Ddys(v) = lim dM(q’;Xpw
t—0

~ m dar(q,exptu)  |lp(exptu) — o(q)||
u—y IIsO(eXp tu) — o(q)|l It|

_ zﬁM(” o) el

= 2Fy(€)
= Fy(v).
Thereby the proof is completed. (]

It is easy to see Corollary 1.2 by Main Theorem 1.1 and Theorem 2.5.
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