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THE PLURICOMPLEX GREEN FUNCTION WITH TWO
POLES OF THE UNIT BALL OF C"

DaAN COMAN

In this paper we find the formula for the pluricomplex
Green function of the unit ball of C™ with two poles of equal
weights. The strategy will be to show the existence of a folia-
tion of the ball (singular at the poles) by proper smooth ana-
lytic discs passing through one or through both of the poles,
such that the restriction of the pluricomplex Green function
to these discs is harmonic away from the poles. This folia-
tion is obtained by solving a suitable extremal problem, in
analogy to the results of Lempert in the case of one pole for
convex domains. Using the expression of the Green function
along each leaf of the foliation, we construct its formula on
the whole ball. We then show that this function is of class
C%! but not C2.

1. Introduction and statement of results.

Let us recall the definition of the pluricomplex Green function and its con-
nection to the complex Monge-Ampere operator. Let €2 be a bounded
open set in C"™ and let p be a point in 2. A plurisubharmonic func-
tion v on ) is said to have a logarithmic pole at p with weight v > 0
if v(z) < vlogllz — p|| + ¢, for some constant ¢ and for z in a neighbor-
hood of p. The pluricomplex Green function g, (z,p) of Q with pole at p
is defined by g, (z,p) = supv(z), where the supremum is taken over the
set of negative plurisubharmonic functions v on 2 which have a logarith-
mic pole at p with weight v = 1. This definition, given by Klimek [K1], is
in analogy to the one dimensional case, where one obtains in this way the
(negative) Green function for the Laplace operator. The function g, (-,p)
is negative and plurisubharmonic in €2, maximal in Q \ {p}, and it has a
logarithmic pole at p. It is also decreasing with respect to holomorphic
mappings, i.e., g, (f(2), f(p)) < go(2,p), where €' is a bounded open set
in C™ and f : Q@ — Q' is a holomorphic mapping. It follows that g, is
biholomorphically invariant. In the case of the unit ball B of C" we have
95(2,0) =log||z||. Since the automorphism group of B is transitive we see
that g, (z,p) = g5(T2,0), where T € Aut(B) satisfies T'(p) = 0.
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If Q is a hyperconvex domain (i.e., it has a negative plurisubharmonic
exhaustion function) and if for z € 9 and p € Q2 we define g, (z,p) = 0, then
Jo : 2 x Q — [—00,0] is continuous. This result was obtained by Demailly
[D1]. He also showed that when Q is hyperconvex g, (-,p) is the unique
solution of the following Dirichlet problem for the complex Monge-Ampére
operator: u € PSH(Q)NC(Q\ {p}), u(z) —log||z — p|| = O(1) as z — p,
(dd°u)™ = 6, in Q, u =0 on §. Here d =9+ 9, d° = (0 — 0), and J, is
the Dirac mass at p. The Monge-Ampere operator (ddu)™ acting on locally
bounded plurisubharmonic functions was defined by Bedford and Taylor
[BT] (we also refer to [D2] and [K2] for a detailed presentation). We recall
that the definition of the Monge-Ampere operator can be extended so that it
applies to plurisubharmonic functions with finitely many singularities. We
refer to [D2] and [F'S] for extensions of the complex Monge-Ampeére operator
to suitable classes of unbounded plurisubharmonic functions.

The pluricomplex Green function with finitely many poles was introduced
and studied by Lelong [L]. If € is a bounded open set in C" and A =
{(pj,vj) € 2 x(0,00) : j = 1,...,k} the pluricomplex Green function
9o, (-, A) of Q with poles in A is defined by g, (2, A) = supv(z), where the
supremum is taken over the set of negative plurisubharmonic functions v on
2 which have a logarithmic pole at p; with weight v;, j = 1,...,k. It is
easy to see that g, (-, A) is negative and plurisubharmonic on {2, maximal
on Q\ {p1,...,pr}, and it has a logarithmic pole at each p; with weight
vj. If Q is hyperconvex and we define g,(z,A) = 0 for z € 00, then
go(,A) + @ — [—00,0] is continuous and (ddg, (-, A))" = Zle R
as measures on 2.

We note that in general we have

k
Zyj 90 (2,05) < go(2,A) <min{v; g,(2,pj): 7=1,...,k}.
j=1

In dimension one the complex Monge-Ampere operator is the same as the
Laplace operator, hence it is linear; so equality holds in the first inequality of
the above relation. This is however far from being the case in dimensions n >
2 (see [L]), when the complex Monge-Ampeére operator is highly nonlinear.

We denote by A the unit disc in C and we consider the function d,(z,p) =
inf{log s}, where the infimum is taken over all s € (0,1) for which there is
an analytic disc f: A — Q such that f(0) = z and f(s) = p. In the case of
one pole it is well known that g, (z,p) < d,(z,p), for all z € Q (see [K2]).
It was proved by Lempert that if €2 is a bounded convex domain in C" then
9o (2,p) = 04(2,p), for all z € Q ([Lm1], [Lm2]). Let now © be a bounded
strongly convex domain in C" with real analytic (or C*°) boundary (by
strongly convex we mean that €2 has a defining function whose real Hessian
is positive definite on all real tangent spaces T,(0D), p € 0D). Lempert



THE PLURICOMPLEX GREEN FUNCTION WITH TWO POLES 259

showed in this case that the function g, (-,p) is real analytic (respectively
C*) on Q\ {p} and that for each z € Q\ {p} there is a unique properly
embedded analytic disc f, : A — Q such that f,(0) = z, f.(t) = p for a
unique ¢ > 0, and the function ¢ € A — g¢,(f.(¢),p) is harmonic in A\ {¢}.
We have in fact g,(f-(¢),p) = log ‘%‘, ¢ € A. Moreover, the curves
f2(A) foliate 2\ {p}. We recall that in the case of the ball B the foliation
corresponding to g, (-, p) consists of the complex lines through p.

So far very little is known about the “structure” of the pluricomplex Green
function with several poles. A natural question to ask is what are in this
case the analogues of Lempert’s results mentioned above. In particular, if 2
is a smoothly bounded strongly convex domain does there exist a foliation of
Q\ {p, ¢} by analytic discs on which the pluricomplex Green function with
poles at p and ¢ is harmonic? Moreover, what regularity does this function
have?

In the present paper we compute the pluricomplex Green function of the
unit ball of C™ with two poles, and we provide answers to the above questions
in this case. We now state our results.

Let Q be a bounded domain in C" and let A = {(p1,v1),..., Pk, vk)} C
Q0 x (0,+00). In analogy to the results mentioned above it is natural to
consider the function

d, (2, A) = inf{v; log |s1]| + - - - + vi log |sk|}

where the infimum is taken over all sq,...,s; € A for which there exists an
analytic disc f : A — € such that f(0) = z and f(s;) =p;, 7 =1,...,k.
Using this we define for z € Q2

5§(z) = min{d,(z,5): SCA, S#0}.

We have the following proposition, whose proof will be postponed until the
end of the paper.

Proposition 1. The function z — 5;;‘(2) s negative, it has a logarithmic
pole with weight v; at each point pj, j =1,...,k, and it satisfies g,(z, A) <
5£(z) on Q. Moreover, if Q is taut then the function (5;? : Q) — [—00,0) is
continuous.

Let us now specialize to our situation. We denote by B™ the unit ball
of C" and by ¢,(-,p,q) the pluricomplex Green function of B™ with poles
at p #% g € B™ and with weight one at each pole. By using a suitable
automorphism of B"™ we may assume without loss of generality that p =
—q = (8,0,...,0), for some 5 € (0,1) (we indicate how this can be done
at the beginning of Section 2). We also denote by ¢,(-,p) and gn(-,q) the
pluricomplex Green functions of B™ with poles at p and ¢ respectively. The
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functions ¢, introduced above take the following form:

(1.1)
on(z,p) =inf{logs: s € (0,1), 3f € O(A,B"), f(0) =z, f(s)=p},

(1.2) on(z,p,q) = inf{log s + log |t| },

where the infimum is taken over the set of (s,t) € (0,1) x A for which there
exists f € O(A, B") satisfying f(0) = z, f(s) =p, f(t) = ¢, and

(1.3) 601(z) = min{d,(2,p), dn(2,q); on(2,p,q)}-

Note that in the definition of J,(z,p,q) we used the normalization s > 0
(compare with the definition of d,,(z, A)); this can always be achieved by
using a rotation of A.

We remark that by Lemma 8 of [AT1] we have in fact §,(z,p,q) <
on(2,p), so 874(z) = 6,(z,p,q) on B".

We now discuss the two dimensional case n = 2. The general case n > 2
will follow easily from this one. So we assume n = 2 and p = —¢ = (53,0),
where 8 € (0,1). We divide B? into three regions: I', and I'y, which are
intersections of B? with two closed complex cones with vertex at p and ¢
respectively, and the complement of their union, D. They are defined as
follows:

(14) Ty = {z=(21,22) € B*: |8 - 21| < Bz},
(1.5) Ty = {zeB*: |B+2]< ]},
(1.6) D = B?\(T,uT,)

= {z€ B?: Blz| <min{|f — 21,8+ 21} }.

The main result of this paper is the following:

Theorem 2. The pluricomplexr Green function of the unit ball of C? with
poles at p = —q = ((3,0) is given by

92(2,p,q) = 02(2,p, q)

log \/Iﬁ—21\2+(1—52)|22|2

92(2,p) = [1—Bz1] z € va
— 11 ‘/82 21|2+54|Z2‘4+2(1 /34 |Z2‘2+\/ .D
O 2‘1 62 2‘2 9
[B+212+(1—5%)|22|?
92(2,q) = log v Zl\l-l—ﬁzﬂ = , 2 €Ty,
where M (2) = (8%22|* = |87 = 27[?)? + 4(1 — B%)|22]? |3 22f* — (B* — 27)[*.

The function g2(-, p,q) is real analytzc inint I', UDUint Iy, it is of class cht
on B?\ {p,q}, and its first order partial derivatives extend continuously to
OB2. The domain D is foliated by a one parameter family of complex curves
L., v €A, which are given by the formula

Ly={z€B%: vz = B°(y — 22)(1 = ¥22)}.
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The leaves L~ are properly embedded submanifolds of B? and the restriction
of g2(-,p,q) to each L. is harmonic away from p and q.

In order to describe the Green function g,(-,p,q), p = —¢ = (5,0,...,0),
for arbitrary n, we write z = (z1,2’) € C x C"~! and we consider the regions

T, = {z€B": |3—2z|<8|Z|},
I, = {zeB": |B+2] <87},
D = B"\(T,UTy) ={zeB": p||I|| <min{|8 — z1|,[6+ 21|} } .

For u = (0,u") € 9B™ we let V,, = Ce; + Cu be the subspace generated by
e1 = (1,0,...,0) and w.

Corollary 3. We have g,(z,p,q) = g2((21, |Z']]), p*, ¢*), where p* = —q* =
(8,0), and gn(-,p,q) € CHL(B™\ {p,q}). Moreover, the function g,(-,p,q)
is real analytic in intI'y U D UintT'y, and its first order partial derivatives
extend continuously to OB™. The leaves of the corresponding foliation are
the following: The z1-axis, complex lines through p contained in I'), complex
lines through q contained in I'y, and leaves Ly C V, N B™ of the form

Ly z=Aei+ Au, 'y)\% = 52(7 —A2)(1 —FA2),
where v € A\ {0}, u = (0,u’) € OB™, which foliate D \ z1-axis.

The proofs of Theorem 2 and Corollary 3 are given in Section 2 of the
paper. We have seen above that g,(z,p,q9) = gn(z,p) for z € I', and
n(2,0,q) = gn(z,q) for z € T'y. Similar results actually hold in the general
case when the weights of the poles are arbitrary. Welet A = {(p, ), (¢,v)} C
B™ x (0,400) and we denote by g, (-, A) the pluricomplex Green function of
B™ with poles in A. Without loss of generality we can assume that p > v
and that p = 0 and ¢ = («,0,...,0), @ > 0, by using a suitable automor-
phism of B". For u = (ui,...,u,) € OB™ we let L, = {(u : ¢ € A}
and I'y = U{Ly : |wi| < a/2}. Moreover, we let I'; = T'(I'g), where
T € Aut(B") is an involution (7o T = Id) satisfying T'(¢) = 0 (see [R]).
Proposition 4. In the above setting the following hold:

(1.7) gn(2, A) = pign(2,0) for z € Iy,

(1.8) 19n(2,q) < gn(z,A) <vgn(z,q) forz el

In particular, the function z — gn(z, A) is not real analytic on B™ \ {0, ¢}
and hence is not of the form gn(z, A) = log||H(2)||, for any holomorphic

map H : B® — B™. Moreover, if p > v then in general there is no complex
line L containing q and such that gn(z, A) = vgn(z,q) for all z € LN B".

It was pointed out to us by L. Lempert that the existence of similar
regions I'g, I'; was noticed independently by F. Wikstrom. As we shall see,
the existence of I'y follows from the following fact: If L, C I'g then there
is a holomorphic map F : B"™ — A such that F(¢) = 0 and F(Cu) = ¢
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for all ¢ € A. Our next result can be viewed as a “partial converse” of
this fact. Before we state it, we remark that such a map F' gives rise to
a holomorphic retraction r : B" — B"™ onto Ly, r(z) = F(z)u, such that
r(p) = r(q). It is known that the holomorphic retracts of B™ are precisely
its affine subsets [S]. However, there are examples in [R] showing that for a
given holomorphic retract X C B"™ there are many retractions r such that
r(B") = X.

Theorem 5. Let A = {(0,u),(q,v)} C B" x (0,+00), where u > v, and let
20 = Cu, for some ¢ € A\{0} and u € OB™. We have gn(z0, A) = pgn(z0,0)
if and only if there exists a sequence of holomorphic functions F; : B" — C,
j=1,2,..., such that Fj(q) =0 for all j > 1 and the following hold:

(i) Fj(tu) = ti, for allt € A and for all j > 1.
(ii) limsup; o, +log|F;(2)| < gn(2, A)/p, for all z € B".

The proofs of Proposition 4 and Theorem 5 are given in Section 3. We
also make a remark there on what the analogue of Theorem 5 is in the case
when B" is replaced by a smoothly bounded strongly convex domain (the
proof remains the same as in the case of B").

Motivated by the above results we make the following:

Conjecture. If Q2 is a bounded convexr domain in C" and A is a finite subset
of 1 x (0,400) then g,(z, A) = (55‘(2) for all z € QL.

Acknowledgement. The results of this paper constitute a part of my
doctoral thesis. I am grateful to Professor John Erik Fornaess for all that
he taught me in the field of several complex variables, and in particular for
the stimulating discussions we had regarding this paper. I would also like
to thank the referee for valuable suggestions and comments.

2. Proof of Theorem 2.

We begin by discussing the simplifications we use by arranging the poles p,
q in special positions. For a € B" let us denote by T, the automorphism of
B™ defined as follows:

a— Pa(z) — (1~ |la|*)*Qu(2)

(2.1) T.(2) = R ,

where P,(2) = 2223 a is the projection onto Ca and Q, = Id— P, is the pro-
jection onto the orthogonal complement of Ca (see [R]). Since g, is biholo-
morphically invariant, by applying 7}, followed by a unitary transformation
we can assume p = 0 and ¢ = («,0,...,0), for some a € (0,1). If we set
a=(a/(1++vV1—-0a?),0,...,0) then To(p) = —Tu(q) = (5,0,...,0), where
B=a/(1+4V1—a?) € (0,1). So we may assume that p = —q = (53,0, ...,0)
for some 3 € (0,1).
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Let us now fix n = 2 and assume that p = —¢ = (3,0). The proof of
Theorem 2 goes as follows. We first compute d2(z0,p, q) for all the points
z0 = (0,7), v € A. We also show that for such points zy the extremal discs
[y A — B2 for which the infimum in the definition (1.2) of d2(20,p, q) is
attained are unique, properly embedded in B?, and passing through both
points p, g; moreover, we compute the discs f, explicitly. Eliminating ¢
from the equations f,(¢{) = z we obtain that

(D) ={z€ B: 72 = F*(y — 22)(1 = 722)}.
We use this to show that the discs f, foliate the domain D defined by (1.6).
Let us write s, = f,y_l(p) >0and ty = f;l(q); we will see that ¢, = —s,. If

z = fy(¢x) then using the map ¢ — fy((¢ — ¢)/(1 — (C)) it easily follows
from the definition of d3(z, p, q) that

2 2
S'y_C*
-G

62(z,p,q) < log =g"(2).

As the curves L, = f,(A), v € A, foliate D, the function ¢g* introduced
above is well defined on D. We extend g* to B? by setting g*(z) = g2(2,p)
for z € T'y, and ¢*(z) = ¢2(2,¢q) for z € 'y, where I';, and I'; are defined by
(1.4) and (1.5). The function g* is precisely the one given in the statement
of Theorem 2. By the construction of ¢g* we clearly have

92(2,p,q) < 02(2,p,q) = 05(2) < 9*(2)

for z € B2. Finally we show that g* is a negative plurisubharmonic function
on B? of class C1!, with logarithmic poles at p and ¢ of weight one, hence
9" < g2(-,p,q). We also prove that the first order partial derivatives of
g2(-,p,q) are continuous up to the boundary of B2.

We now proceed with the proof of Theorem 2. For v € A let us define
sy € (0,1) by

2 B+ VB - P2+ 4l
(2.2) sy = 5 )
We also introduce the maps f, : A — B? given by

5,00 = hA¢ (2 =€)
Z-PRE - hRe? )

Proposition 2.1. For zg = (0,7) € B? we have d2(z0,p,q) = log s,2y. More-
over, the functions f. are the unique extremal discs realizing the infimum in
the definition (1.2) of 62(z0,p,q). The map f, : A — B? is proper, injective,
non-singular in A, and f1(0) = z0, fy(sy) =, fv(=sy) =q.

Proof. We deal first with the case v = 0. By considering the maps ¢ — (¢, 0)
and z = (21, 22) — 21 we get g2(0,p, ) = 62(0,p, q) = log . If f = (f1, f2) :

(2.3) S Q) = <
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A — B2 satisfies £(0) =0, f(s) = p, f(t) = g and s]t| = 82, then f(C) = ¢
by the Schwarz lemma, so fo = 0.

For the remainder of the proof we assume vy # 0. Motivated by the
definition of d2(z0, p, ¢) we define S to be the set of all pairs (s,t) € (0,1) x A
for which there exists a holomorphic map f : A — B? satisfying f(0) = 2o,
f(s) = p, f(t) = q. We divide the proof in two steps. In the first one we
show that the function (s,t) € S — s|t| has a unique minimum point at
(84, —5y) € S, where s, is defined by (2.2), and that s% = inf{s|t| : (s,t) €
S}; so d2(20,p,q) = log s%. In the second step we prove that there exists
a unique disc f, : A — B? corresponding to the point (5y, —5y), that fy
is proper and it is given by (2.3). The facts that f, is injective and that
f3(¢) # 0 on A now follow by inspection.

Step 1. Let us introduce the following notations:
c=1=hB+ NP d=1-n*B -}
We also define for s € (0,1) and t € A
(s> =o(tf —¢)  (A-s)A -t

E(s,t) = -
(,2) st + dJ? 11— st

We first prove that
(24)  S={(st)€(0,1) x A: s#t, s> >¢, |t|* > ¢, E(s,t) >0}

Let (s,t) € S and let f : A — B? be such that f(0) = zo, f(s) = p, f(t) = q.

Clearly s # t. Let T be given by (2.1) such that T'(zy) = 0:

2. T = (= py—— 122 )

(2.5) (rom) = (- P, 22

Then the analytic disc T'f : A — B? satisfies 7'f(0) = 0 and
Tf(s)=p=(—(1—P)?8,7), Trt)=q=((1—}*"8,7).

Hence Tf(¢) = Cf(g“), where f: A — B2. We have f(s) =p/s, f(t) = q/t,

soc=||p]|?> < s% and ¢ = ||§]|? < |t|*. If s = /c = ||p]| it follows by Lemma

2.2 that Tf(¢) = (p/||p| for all ¢ € A. As ~ # 0 this implies q¢ Tf(A), a

contradiction. Hence we have s? > ¢ and similarly [¢t|? > ¢, so f(A) C B2
Let ® be the automorphism of B2 of form (2.1) determined by ®(p/s) = 0.

By the Schwarz lemma applied to ® o f we get

q t—s
2.6 1= <
which is equivalent to E(s,t) > 0.

Thus we have shown that (s,t) € S implies s # t, s2 > ¢, [t|? > ¢, and
E(s,t) > 0. Conversely, we assume that s, t, with s # ¢, satisfy these three

)
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inequalities and we let p, ¢, T and ® be as defined above. Then the analytic
disc f: A — B2,

ro-1(ew (=50 (9)).

is well defined and satisfies f(0) = T'(0) = 2o, f(s) = T(s®(0)) = T'(p) = p,
and f(t) = T'(¢) = q. So relation (2.4) is completely proved.

Let S C (0,1] x A denote the closure of S. Since S is compact we
can find a point (sg,tp) € S such that sg|ty] = min{s|t| : (s,t) € S}.
We show that there is a unique point (sg, o) with this property and that
(s0,t0) = (Sy,—sy) € S. If s = ¢ then E(sq,tp) > 0 implies |to] = 1,
so sglto] = +/¢; a similar conclusion holds if |tg|?> = c. We also note that
s0 # to; indeed, we have E(s,s) < 0 for all s > 0 with s? € [c,1]. From this
discussion it follows that

(2.7) $0|t0‘ = \/E if (So,to) S g\ S.

We assume now that (sp,%p) € S. Then (so, o) is a solution of the prob-
lem:

(2.8) s[t| — min ,
’ (5,t) € (0,1) x A, s#t, s2>¢, [t|? > ¢, E(s,t) >0.
Clearly we must have FE(sg,t9) = 0. Moreover, if ¢t lies on the circle
|t| = [to| we must have E(sg,t) < 0 (otherwise one could find ¢ # sg

such that |t'|? > ¢, |t'| < |to| and E(sq,t') > 0, hence so|t’| < soltol, a
contradiction). By the definition of E(s,t) we have that E(sg,t) < 0 is
equivalent to

sot +d|* _ (s — o) (to* — )

T—sot| = (1—s3)(1— o)

and equality holds for ¢ = ¢y. The image of the circle |t| = |to| under the
map

Sot + d
1— sgt
is a circle C' orthogonal to the real axis and centered at
20412
t d
Xo = 55 0|2 + ‘
1-— 80|t0|2

t—

We have two cases:

Case 1. Xc # 0. We have by the formula above that (sotg + d)/(1 — soto)
is the point on the circle C' of smallest magnitude. It follows that (soto +
d)/(1 — sotp), and hence tg, are real. For ¢ real we note that E(s,t) = 0 is
equivalent to F'(s,t) = 0, where

F(s,t) = (s> —¢)(t* — ¢)(1 — st)? — (1 — s*)(1 — t})(st + d)>.
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By (2.8) we see that (so,tp) is a solution of the problem
s?t? — min,
(s,t) € (0,1) x (=1,1), s #t, s> > ¢, t? > ¢, F(s,t) =0.

We make the change of coordinates x = s +t, y = st. This is a local
diffeomorphism away from the diagonal s = ¢. In the new coordinates the
image of the curve F(s,t) = 0 is the curve F(z,y) = 0, where

Flz,y) = (y+ 0’1 -y =+ 1)y +d)*+[(y+d)?* — c(1 - y)*|2*.
We let g = so + to, yo = Soto. Then (xo,yo) is a local solution of the

problem
y? — min,
F(z,y) =0.
Hence we must have
OF
%(ivo,yo) =0 = (yo+d)?=c(l—yo)* or zp=0.

If (yo + d)? = ¢(1 — yo)? then using F(zo,50) = 0 we get (yo + ¢)? =
c(yo+1)2, hence y2 = c. But the system of equations (yo +d)? = c¢(1 —1y)?,
yg = ¢ has no solution.

If zo = 0 then sy = —ty and hence s% = —yo. The equation f(xo, yo) =0
implies that (yo + ¢)(1 — o) = —(yo + 1)(yo + d) or (yo + c)(1 — yo) =
(yo + 1)(yo + d). If the former equality holds we get yo = —32, which is in
contradiction to s3 = —yo > c. If the latter equality holds we solve for yg
and obtain yo = —s2, where s, is defined by (2.2). As s§ = 33 > ¢ we see
that (sy,—sy) € S is the only possible solution of problem (2.8) in Case 1.
Case 2. Xc = 0. Then s|ty|> = —d > 0 and the equation E(so,tp) = 0
becomes
sotg +d
1-— Soto

2 —d—c(st+[to]?) + &

—d— (3 +t]?)+1°
Writing sotg = v/—d e’ we get that the left hand side of the above equality
is equal to —d. Using this and substituting x¢ = 5% + |to|? in the equation
E(so,to) = 0 we get 9 = ¢ —d. Since s3 > ¢ and [t|?> > ¢ we have
c—d = xy > 2c, a contradiction.

We conclude by above that the problem (2.8) has at most one solution;
hence if (sg,tg) € S we have shown that (so,%0) = (54, —5y). One can easily
check that s% < /¢, so in view of (2.7) the function (s,t) € S — s|t| has a
unique minimum at (s,, —s,) € S and s2 = inf{slt| : (s,t) € S}.

Step 2. Let f : A — B? be a holomorphic map verifying f(0) = zo,
f(sy) =p, f(=sy) = q. By Theorem 4 and Lemma 7 of [AT1] f is unique
with these properties and proper: Indeed, with notations from [AT1] f is
extremal for pi(s), s = {z0,p, ¢}, hence norm minimal among holomorphic
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maps A — C" with {0,s,, —s,} — {20,p,¢}. We call this map f, and find
it explicitly as follows. Let for { € A

o [ BA=]A

f"/(C) - ( Sfy 9 5,2Y .
Then f;(sv) =D/5y, jﬁ‘;(—sv) = —q/sy. By the definition (2.2) of S,QY we see
that
(2.9) sy = B2 = y*)s3 — h* =0,

which shows f;(A) C B2. Next we let f,(¢) = T(Cﬁ,(()), with T given by
(2.5). A simple computation shows that the map f, has the form (2.3) and
it satisfies fy(0) = 20, fy(sy) = p, fy(—5,) = ¢. This concludes the proof of
Proposition 2.1. O

We have used the following well known variant of the Schwarz lemma:

Lemma 2.2. Assume that the holomorphic map f : A — B? satisfies
£(0) = 0 and f(|lz]]) = = for some z € B>\ {0}. Then f(() = Cz/l|z],
for all ¢ € A.

For z € D we define
=2
22 2 21
(2.10) x(z) = <|22 -1+ > ,
|22 — [1 — 27/2|2

_ —Alz(2)2
1) 4 = - QQﬁJ”x@.

Proposition 2.3. The complex curves L, = f,(A), where f, is defined by
(2.3) and v € A, are given by

(2.12) Ly={z€B%: vzl = By — ) (1 - F22)}.

We have L, C DU {p,q} for all v € A. Moreover, for z € D the number
v(2) defined by (2.11) is the unique solution in A of the equation in (2.12),
hence the curves L, v € A, foliate D.

Proof. Using the expression of the second coordinate of f(¢) = (21, 22) we
write ¢? in terms of zo and obtain
(2.13) g2:£77_z2
' v 1—Fz
Formula (2.12) now follows by squaring the formula of z; from f,(¢) =
(21, 22) and by using the above formula for (.

For the rest of the proof it is convenient to introduce

)
2.14 T = .
(2:14) T+ P
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Using this substitution, the equation in (2.12) can be written in the form

2 =2
(2.15) x(l—ﬂz) + 7T 25 = 29.

Let us assume that for some v € A we have L, \ D # {p, ¢}, or, without
loss of generality, that L, NI, # {p}. Then there is z € L, \ {p} such that
Bzo = €9 (B—21); in particular, this implies that R z; > 0. Writing u = 21/,
29 = (1 —p), and ¢ = ze™?, Equation (2.15) becomes ¢(14p)+¢(1—p) =
1. As R p > 0 it follows that ¢ = 0, hence ¢ = 1/2; this is in contradiction
with |c¢| = |z| < 1/2, which holds since 7 € A (see (2.14)). We conclude
that L, C DU {p, ¢} for all v € A.

For a fixed z € D we now consider the Equation (2.15). The determinant
of the corresponding system of two real equations is |1 — 27 /3?|2 —|z2|* > 0,
since z € D; hence Equation (2.15) has a unique solution x = xz(z) for
z € D, where x(z) is given by (2.10). Let us write again u = 21/8 € C,
r = |z2| € [0,1). Since z € D we have r < min{|1 — p|, |1 + p|}. We claim
that this implies

rlrt—1+p? 1

‘$(z)| - |1 _ 'u2|2 _ 7”4 < 2'
The proof of this claim is given in Lemma 2.4. For z = z(2) with |z| < 1/2
we notice that Equation (2.14) has a unique solution 7 = vy(z) € A: Indeed,

arg v = arg x, and |y| is the unique solution of |z||y|?> — |y| + |2| = 0
contained in [0,1). We conclude that for z € D the equation in (2.12) has a
unique solution y(z) € A, given by (2.11). O

Lemma 2.4. Letr € [0,1) and p € C be such that r < min{|1 —pul, |1+ p|}.
Then
rlr? —1+ 2 1
I |
Proof. An elementary proof of this inequality is given in [C]. We are grateful
to the referee, who suggested the following argument. Consider the follow-
ing:

Fr={(v,8y): v€A}, o ={(7,—sy): 7€ A},
G={(7,¢) € A?: (#4s,} = A\ (M UFR),
®:G— D, @(v,0) = f(0).

Then G is open, and, by arguments in the proof of Proposition 2.3, the map
® is well-defined, continuous and one-to-one. Hence ® is a homeomorphism
onto ®(G). We will check that ® is proper, which implies ®(G) = D. This
is equivalent to the inequality we seek, |x(z)| < 1/2 for z € D, as (2.14) has
solutions if and only if |z| < 1/2. To show & is proper we assume that

(7,¢) € G — (70,(0) € 0G = FLUF U (DA x A) U (A x 9A) U (DA x OA).
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If (70,¢0) € F1 U Fy then ®(v,¢) — (5,0) € D, or ®(v,¢) — (—05,0) €
oD.

If (0, o) = (€, o) € DA x A then ®(v,¢) — 9D by (2.3).

If (70,¢0) = (70,€%) € A x DA then ®(v,() — 9D, as f,, is proper.

It (707(0) = (€i9’€i¢) and ¢ 7é 0,7, then 33 - |’Y’2C2 — 1 — e 7é 0,
so ®(v,¢) — (0,€%) € OD. If ¢ = 0 then let (z1,22) = f,(¢). A simple
computation yields

B-z _ sy 4+ ¢ —C(1— 7%
Bz 'Y(Sw"’o

Hence ®(v,() — dD. A similar argument works in the case ¢ = . O

— e_w, as (v,¢) — (ew, 1).

Since the maps f, defined by (2.3) are injective and their images f,(A),
v € A, foliate D, we can define a function g* on D as follows: For each
z € D there is a unique v = y(z) € A (given by (2.11)) such that z € f,(A),
and hence a unique ¢ = ((z) € A (given by (2.13)) such that z = f,(¢). So
we can define

2 2
S,Y—C

1—5%(2

9" (2) = log

The function ¢ — ¢*(f,(¢)) is clearly harmonic in A\ {—s,,s,}, for all v €
A. As we noticed at the beginning of this section, we have d2(z, p, q) < g*(2)
for z € D. Using (2.13) and the above formula of g* we obtain

|22]
2.16 g*(z) =log ,
(210) =) [v/82 — B2y + (22|

where z € D, v = v(z) is given by (2.11), and sg is given by (2.2) (we point
out that in the above computation we use relation (2.9) to replace s% in

terms of s2, which allows us to simplify with a factor of (1 — |]?)).

Lemma 2.5. For z € D we have

L og |87 = 28 * + 3% ]z2]* + 2(1 — BY)|22* + V/M(2)
2 21 — 32222 ’

where M (z) = (84]z2]* — |82 — 22|%)% + 4(1 — 8%)|z2]? |8%|22]? — (82 — 22)|*.

Proof. We first use relation (2.11) to replace v = ~y(x) in (2.16), and then
we write down a formula of g* in terms of z alone by using (2.10). We now
present the main steps of the computation. Using (2.11) and (2.14) we have

v 1+h? x

= T = .
L=y 1= /142
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To compute 7/s2 we write it in terms of v/(1—||?); using the above relation
and (2.11) again we get

4 4(1 — B4 2 _ (A2

Sy

Replacing this in the formula (2.16) of g* we see that

2|zl
G (2) = |22| ||

Wﬂ4 TA(T— D[P — 52 + 26227
Using formula (2.10) we get

64

4 AN 2
G5 +4(1 = p5%)|x)" = (\62—zf\2—ﬁ4\22]4)2

M(z),
and hence
() 2|22 |8%]22]? — (B — 27)]
]\/ — [zt — 282 202(6 — 22) + 6% — 23P)|
A simple computation now yields
2
M(z) — [B*|z]* - 2ﬁ2|Z 2(6% = 27) +18° = 21f]
= 40%|2|? (|67 = 22° = %222 (8% — 21)) (6% — 21 — 32|22
+4(1 — BY) |29 |ﬁ2 — 21 — BPz)? ‘
2
= 4202 (1 = 8°20) |87 — 21 — B =?|”
Using this and the last formula of g* we get
VATE) + el = 2P - ) 1 - 2P|
= log —.
21 — 3222] |82 — 22 — B2z’ 5N,

g"(z) =log
The final step is to compute Nl:
NE = VM@ + (Bl = (8 = ) - 282l § S(8° - 22)

= M(2) + 8%z - (B - zl>|4 +48% 2|1 [3(8 - D))
+2|8|2)? — (8% — 2D)|> VM ().

‘2

Using
(BY2]" — 8% — 221%)? + 48%|20/* [3(82 - 23))”
= (822" + 187 = 237)° — 48% 22| [R(B? - 2D)]
= |82 — (8% = )| Bz + (B2 - D)
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we get
2
N} = 2|6z — (5% - 21))|
(Bl 187 - 2P 421 - BY) 4+ VM)
We conclude that ¢*(z) = % log x—lz has the desired form. O
2

We now extend the function g* to B? by defining
VIB— 212+ (1 - 7))

(2) = z,p) = lo , for z € T,

9" (2) 92(z,p) = log = ] »
VIB+ 212+ (1= 522

9" (z) = g2(2,q) =log T , for z € T,

where T', T'y are defined by (1.4) and (1.5) respectively (the formula of
g2(z,p) is well known, and it can be easily obtained from the results we
recalled in the Introduction and from formula (2.1)). The final part in the
proof of Theorem 2 is to show that the function ¢g* is plurisubharmonic in B?
and of class C1't on B2\ {p, q}. The function g* is clearly plurisubharmonic
in intI', UintI'j. We next prove that ¢g* is plurisubharmonic in D. To this
end we consider the holomorphic mapping F': D — C x A, F(z2) = (u,w),
where

(2.17) u=201-pY 2 w= 52""%2 .

P-4
We also define a function V on C x A by
(2.18)
V(u,w)

— log (\/1 1l 1w+ [+ 2w] + /11 [l + [w]? — [u2 + 2w\) .

Lemma 2.6. For z € D we have

2z
1— (3222

Proof. Let M(z) be as in Lemma 2.5. Then

9" (2) = log +V(F(z)) — log 2.

82—z |
wz—ﬁ\]
= 187 = 22 (ol = )% + 2fuf? (jw? +1 - 2juP % )]
= 167 = 221 [(fwl? = 1 + 2(ulleol? + [uf? = 2% (wi?)]

M(z) = 6% - 2" [(\w!2 = 1)+ 2fuf® ||w| -
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If we denote by
Ju,w) = 1+ |uf* + |w]?,
H(uw) = (jw* = 1)* +2(|ul’|w]® + [uf* — 2R (wu?)),

we see using Lemma 2.5 and the above formula for M (z) that

2 o 1/2
i 1+Mg(*“@> (F(2))

*
= Jog | —ZL
g"(2) =log|y — . 5

We finally note that J2 — H = |u? + 2w|?, so

J+vVvH V2 1
IV :f(\/J+]u2+2w|+\/J—|u2+2w|),
2 2
and the proof of the lemma is finished. O

Lemma 2.7. The function V defined by (2.18) is real analytic, plurisubhar-
monic and mazimal in C x A.

Proof. The fact that V is real analytic follows if we write

1
V(u,w) = 5 log |21+ [u? + w]?) + 2y/(T+ [uP? + [wP)? = [u? + 2w

and notice that 1 + |u|? + |w|? — |u? 4+ 2w| > (1 — |w|)?> > 0 on C x A. We
compute the Levi form of V. Setting

Gi = Gi(u,w) =1+ ul*+ [w* + |u® + 2w],

Go = Galu,w) =1+ |uf’ + |w]? - |u? + 2],

G = Gu,w)=+G+VGs,
we have V' = log G. We obtain (see [C] for the details of the computations):
2

(LV)t,t) = — |w*)ty + (uw — W)ta]|”,

; ‘(1
2(G1G2)3/?
at any point (u,w) € C x A, where t = (t1,t3) € C2. So V is plurisubhar-
monic in C x A. Moreover, since
0’V 9’V 0’V 9’V
udu dwdw  Judw dwdu

we see that V' is maximal. O

0

As an immediate consequence of Lemma 2.6 and Lemma 2.7 we have the
following;:

Corollary 2.8. The function g* is real analytic, plurisubharmonic and maz-
mmal in D.

Lemma 2.9. g* € CYY(B2\ {p,q}).
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Proof. Let v be the function defined on D by v(z) = ¢*(2), z € D (i.e., v
is given by the formula in the statement of Lemma 2.5). We first notice
that there exists a domain D’ C B2\ {p, ¢} such that (DN B?)\ {p,q} C D’
and the function v is well defined, real analytic and plurisubharmonic on D’.
Indeed, by Lemma 2.6 and Lemma 2.7 v has the above mentioned properties
near all points z € B2\ {p, ¢} for which |w(2)| < 1, where w(z) is given by
(2.17). So it is enough to check that |w(z)| < 1 for z € 9D N (B%\ {p,q}).
Without loss of generality we assume that Szo = n(8 — 21), where || = 1.
Then z; = 3 — Bzy/n satisfies R z; > 0, hence

ﬁ—z1
+Zl

Z)‘:’m

We recall that the function gg(-,p) is real analytic on B?\ {p,q}. So
in order to prove that g* € C1Y(B?\ {p,q}) it is enough, by symmetry
reasons, to show that the function v — go(-,p) vanishes to first order at
points 2o = (29,29) € B2\ {p} of the form B — 2¥ = nyB32Y with |no| = 1.
Near such a point zg we make the change of variables

B—z
(Zl?ZQ) - (77722)7 n= B2s .
Using these coordinates we obtain after a straightforward computation:

1 2|2 1
92(2,p) = 5 log ’|5‘22‘2 > log hi(n, z2),

where
2
hi(n, z2) = (1= B>+ B%nl*) |1+ B°(1 — nz2)|”,
and
1 | 22| 1
U(Z) = 5 10g W + 5 10g hQ(T], 22)’
where
Bnl*nzs — 2% + B4z + 201 - 84 + B2V M
h2(77a22> =

2
~ 2 _
M = ' (|2 = Pz — 217)" +4(1 - 89|22 + 0’z — 29>,
Hence it is enough to check that at the point (7]0,28) we have h; = hs,
Oh1/0z2 = Oha/Dz9, and Oh1/On = Ohy/dn, where |no| = 1 and |29] < 1. A
simple computation shows
M (10, z2) = 16 [1 = R(noz2)]?,
hence
2
hi(no, 22) = ha(mo, z2) = |1 + 8% — B%noza|”,
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for all |z2| < 1. This proves the first two of the above relations. For the
third one we obtain after a computation that

oM _ L
a77(7707 29) = 16 [R(noz2) — 1](22 — M) [1 — B* — B*(MeZ2 — 2)]
oh oh
677]1(7707 z) = 87772(770’ 2) = B2(1 + %) (22 — o) (B°MpZ2 — 1 — B°),
and the proof is finished. O

Remark. The function g* is not of class C2. Indeed, with the nota-

tions introduced in the preceding proof one can check that %(no, z9) #

2

Proposition 2.10. The function g* is negative and plurisubharmonic on
B2, and it has logarithmic poles with weight one at p and q.

Proof. By the construction of g* we clearly have g* < 0 on B2. It follows by
inspection that ¢* has logarithmic poles with weight one at p and q. We have
shown (Corollary 2.8) that ¢g* is plurisubharmonic on intI', U DUint I'y. Let
v and D’ be as defined in the proof of Lemma 2.9. We recall that (DN B?)\
{p,q} C D’ and that the function v is real analytic and plurisubharmonic on
D’. In order to show that g* is plurisubharmonic on B? we consider a point
20 € B2N 0D and a complex line L through zy. Without loss of generality
we assume zg € OI,. If LN B2 C 0T, then g* |, is subharmonic, since
g* = g2(-,p) on I'y,. Otherwise we apply Lemma 2.11 to conclude that g* |1,
is subharmonic near zg. O

Lemma 2.11. Let I' be an embedded smooth curve in C which divides C
into two domains I'y and I'_. Let Q be a disc, QL =QNT'y, Q_=QNT_.
Assume vy and v_ are subharmonic functions of class C?, defined in a
neighborhood of Q0 , respectively Q_, such that vy — v_ vanishes to first
order along T'. Then the function v defined by v = vy on Q,, v = v_ on
Q_, is subharmonic in €.

Proof. 1t suffices to show that Av > 0 in the sense of distributions. Let ny
(respectively n_) denote the unit outward normal vector of I' with respect
to Q4 (respectively Q_). We let ¢ € C§°(2), ¢ > 0, and apply Green’s
formula on Q4 and €2_ using the fact that vy = v_ to first order on I'. We
get

. (9¢ _ 8v+
/Q+U+A¢—¢Av+—/rv+an+ O
:_/U%_Qﬁ%—:_/ v Ap—dAuv_,
I

-
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hence
/qub: o Avy + o Av_ > 0.
Q Q4 Q_
O

The proof of Theorem 2 is complete as soon as we show the following:

Proposition 2.12. The partial derivatives 3%192(';2?, q) and 6%292('7177 q)
extend continuously to 0B?.

Proof. If zg € OB%\ D then the function go(-, p, ¢) is clearly defined and real
analytic in a neighborhood of z5. By Lemmas 2.6, 2.7 and 2.9 the function
g2(+,p,q) is well defined and of class C! in a neighborhood of any point
20 € B% N D such that |w(zg)| < 1, where |w(z)| < 1 is defined by (2.17).
So we only have to consider the points 29 € 9B%N D where |w(z)| = 1. At
such points zg = (29, 29) we have 3|23 = |8 — 29| = |3 + 2}|, so 2¥ = 0 and
|29] = 1. Let us fix 29 = (0,7) € B2 Let v be the function defined as in
the proof of Lemma 2.9 by v(z) = ¢2(2,p, q), for z € D. Since

[aazl 92(-,19)} (20) = [821 92('761)} (20) =0,

)] ) = [ mea] o = a8

it suffices to show that

. Ov . Ov 1 o
(2.19) zlgIzlo 8721(2) =0 and Zlgrzlg a—zg(z) = 5(1 — B)7.
Here, as well as in the remainder of this proof, the notation lim._.,, means
that z € DN B% and z — 2. If M(z) is defined as in the statement of
Theorem 2 then it follows from the definition of v that

ov 1 oM
2.2 lim — - M(z))" V222
) lm ) = Llm [( () o <z>] ,
. 8’0 . j 1 . _1/2 8M
(2.21) le)rrzlo 5% () = 5 T S Zlgrzlo [(M(z)) P (2)] -

For z € D N B? let us introduce the following notations:

82]z2]” — (B2 — 27)]

(2.22) By =Ei(2) = 182 — 22| — 32|z
,62 2—§R ﬂ2_ 2
N T [ O

(187 = 23] = B?|=2[?)
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We will prove (Lemma 2.13) that lim,_,, F(z) = 0. Since Ef — 1 =
203%|22|?F and Ey—1 = (8?%|22]2 — | 3% — 2}|) F it follows that lim, ., E1(z) =
lim,_,,, Fa2(z) = 1.

A simple computation now shows:

OM /0z2(z)

B|z2|? — 62 — 27|

= 4% 20|22 [B*(8%| 2] + 187 — 21]) + 2(1 — B*) B2
—4(1 = Yz |82 — (8% — 20)| By — 8677,

[0M /921 (2)]
8% = 23| — 32|22

< dlz| [182 = 221(8%22f” + 167 = 22]) +2(1 = ) |22 En] — 0,

M)
= 2] - PP
= J(@eaP + 18 = 27+ 41— )P ER — 2,

as 2 € DN B% — 2y = (0,7). These formulas, together with relations (2.20)
and (2.21), now show that (2.19) is verified. O

Lemma 2.13. If F(z) is defined by (2.22) for z € (D N B?)\ {p,q} then
F(z) — 0 as z — 2 = (0,7) € 0B2.
Proof. Let us define

2 _ L2 LR (52 — 22

Fi(z) = v 2 Zl|2+ (f 2212) F(2) = 773 2\221 1.2

(162 = 2{| + 5%[z2/?) (182 = 27> — 64 22|*)
It is enough to show Fi(z) — 0 as z — zy. We claim that for 2 € D N B2
we have

(0 2)2

62 = 23 = 8Yz2|" = %22 (|21 |* + 28]z,
where z; = = +4y. Indeed, let us assume without loss of generality that
x > 0. Then since z € D we have |3 — 21| > (|z2], so

182 — 232 = Bzl > 8|22 (18 + 21)* — B%|22]?) =
= l2? (B2 (1 = |22f*) + |21 + 282) > 5|20/ (|21 + 282) .
It follows that

1 o .2\2 4 2,2
Fi(z) < g\SZ1) 2= A4 (2 xzy 2
Bzl (|21 +28|x|)2 Bzl (22 +y? + 28|z|)

4 y2

Bl @B+ el

as z = (x + iy, z2) — (0,7) € OB O
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Proof of Corollary 3. Let z = (z1,2') € B". If 2/ = 0 then g,(z,p,q) =
gn(2,p) + gn(z,q) verifies the desired formula. So we assume 2z’ # 0 and
let u = (0,2'/||2'||). We denote by B? the unit ball of the subspace V,, =
Ce; + Cu and consider the inclusion map j : B2 — B™ and the orthogonal
projection 7 : B" — B2 As z = z1e1 + ||2/||u we get the desired formula
by using the fact that pluricomplex Green functions are decreasing with
respect to holomorphic mappings. The rest of the assertions of Corollary 3
now follow easily from Theorem 2. O

3. Proofs of Proposition 4 and Theorem 5.

In this section we consider the case when the poles have different weights.
Let us recall from Section 1 that A = {(p, ), (¢,v)} C B™ x (0, +00), p > v,
and that g, (-, A) denotes the pluricomplex Green function of B™ with poles
in A. We saw that without loss of generality we can assume p = 0 and
q = (,0,...,0), where a € (0,1). We also recall the following notations:
L, ={Cu: ¢ € A}, where u = (u1,...,uy) € O0B™, Ty = U{L, : |ui| <
a/2}, and I'y = T,(T'y), where T, € Aut(B") is given by (2.1).

Proof of Proposition 4. For the proof of (1.7) let us fix u € 9B™ such
that |ui| < a/2. We construct a holomorphic map F : B" — A such
that F'(q) =0 and F(Cu) = ¢ for all ( € A (see [R], p. 164). We choose
u?,...,u" € dB" such that {u,u?, ...,u"} is an orthonormal basis of C".
Then ||z|? = |(z,u)|> + [{z,u?)|> + - + |(z,u™)|?, for all z € C"; here (-,-)
denotes the standard scalar product on C". Let h(¢) = 1 — /1 —(, for
¢ € A. Then h is holomorphic in A and the Taylor expansion of h at 0 has
positive coefficients; hence |h(¢)| < h(|(]), for all ( € A. For a € C with
la| <1 and for 6, ...,6, € R we define F': B" — C by

F(2) = (z,u) +ah | e (z,u/)?
j=2

Since |a| < 1 we have by the properties of h that

F@) < Wzl +h | Do 1) | <[zl +h (1= [z 0)f) =1
j=2

here we also used the fact that h is increasing on [0,1]. Hence F(B™) C A
and clearly F'(Cu) = ¢ for all ¢ € A.

We now show that since u satisfies |ui| < /2 we can choose a with |a| <1
and 6, ...,0, € R such that F(q) = 0. For j = 2,...,n we choose #; such
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that e (q,u’)? = |{q,u?)|?. Next we define a by
(q,u)
b (2 g, w)l?)

Then clearly F(q) = 0, so we only have to check that |a| < 1. But this is
equivalent to

a = —

1
2

n
1= g w) | <1-[(gu),
j=2
which in turn is equivalent to

o® = (g, u)* + Y [{g.w))[* = 2[(g,u)| = 2au].
j=2
Using the function F' constructed above it follows from the definition of
gn (-, A) that plog|F(2)] < gn(z, A), for all z € B™. On the other hand we
clearly have g,,(z, A) < pwgn(z,0) = plog|/z||. So for z = (u we obtain

plog ¢ = plog |[F(Cu)| < gn(Cu, A) < pgn(Cu,0) = plog ¢l

so (1.7) holds for all z € T'y.

The proof of (1.8) is done in a similar way. We first interchange p = 0
and ¢ by applying T}, so the pole of smaller weight is now at the origin.
Then the lower bound in (1.8) is obtained exactly as before, and the upper
bound actually holds for all z € B"™.

Since for z on the z1-axis we have g,(z, A) = pgn(z,p) + vgn(z,q) <
ugn(z,p), (1.7) implies that g, (-, A) cannot be real analytic on B™ \ {p, ¢}.
The last assertion of Proposition 4 follows from the next lemma. U

In the above setting we consider the case when p = 0, 4 = 1, and ¢ =
(,0,...,0), v =1/2, with o € (0, 1) arbitrary. For u = (u1,...,u,) € 0B"
we let

To = J{Lu: Jwl* <1/2}.

Lemma 3.1. For any o € (0,1) and z € Ty we have gn(z, A) = gn(2,0) =
log ||2]|. If o® < 1/2 then there is no complex line L containing q and such
that gn(z, A) = gn(z,q)/2 along L N B™.

Proof. We fix u € 9B™ with |u;]?> < 1/2 and choose u?,...,u" € OB™ such
that {u,u?,...,u"} is an orthonormal basis of C". For a € C with |a| < 1
and for 0s,...,0, € R we consider the function F': B™ — A defined by

F(2) = (z,u)® + aZei9j<z,uj>2.
j=2
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For j =2,...,n we choose 6; such that e {q,u)? = |{q,uw’)|? and then we
choose a € C such that F(q) = 0. We note that |ui|?> < 1/2 implies |a| < 1.
Since F(Cu) = ¢? and F(q) = 0, we get by the definition of g,(z, A) that

1
5 108[F(2)] < gn(2, 4) < log ],

hence g,(z, A) =log ||z|| for z = Cu.

We now assume that a? < 1/2 and that L is a complex line containing ¢,
different from the z;—axis. We parametrize L N B™ using the unit disc A;
for instance L N B"™ = f(A), where f(¢) = T,(Cu*) for a suitable u* € 0B™.
Since o2 < 1/2 there is a nonempty open set G C A such that f(G) C T.
For z € G we have g,(z, A) = log ||z|| # gn(z,q)/2. O

Remark. In the above setting let S = {z € B"\ {q} : gn(z,4) =
gn(2,q)/2}. If a® < 1/2 we have in fact S = (). Indeed, if z € S and L is
the complex line through ¢ and z then by the maximum principle it follows
that L N B™ C S, which contradicts Lemma 3.1.

Remark. Let us recall the description of the foliation corresponding to
gn(-,p,q) given in Corollary 3: The leaves are embedded submanifolds of
B™, some passing through p and not containing ¢, or through ¢ and not
containing p, and some passing through both p and ¢. In the case of different
weights © = 1, v = 1/2, and when o? < 1/2, Lemma 3.1 shows that there
are no “nice” leaves passing through ¢ and not through p. Indeed, let us
assume that the function f : A — B" is proper holomorphic, that there
is a unique s € A with f(s) = ¢, and that f'(s) # 0. If the function
¢ — gn(f(¢),A) is harmonic on A\ {s}, it follows from the maximum
principle that g,(f(¢),q)/2 < gn(f({),A), hence these functions are equal
in A. This implies that f(A) is a complex line, which is in contradiction to
Lemma 3.1.

Proof of Theorem 5. It is clear that if such a sequence {F}}; exists then
gn (20, A) = plog |¢| = pgn(z0,0). Conversely, we assume that pg,(z0,0) =
gn(z0, A). We first note that g,(tu, A) = ugn(tu,0) for all t € A. Indeed,
the function v(t) = gn(tu, A) — pgn(tu,0) is subharmonic in A\ {0}. Since
v < 0on A\ {0} and since, by hypothesis, v(¢) = 0, it follows from the
maximum principle that v = 0.

Let L, = {tu: t € A} and let F': B" — A, F(z) = (z,u). We consider
the following Hartogs domains in C"**1:

Dy = {(sz) EB"xC: |w< e—gn(sz)/u},

Dy = {(Z,’LU) eB"xC: ‘w’ < e*gn(z,o)}.

The domains D; and Dj are pseudoconvex (see [Br]). Let u = (ug, ..., uy)
and write z = (21,...,2,). We consider the holomorphic functions h;(z) =
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zj — (z,w)uj, j =1,...,n, and we denote by X the analytic variety defined
by these functions in B"™ x C:

X ={(z,w) € B"xC: hi(z) =---=hn(z) =0} = L, x C.

Aslog |F(2)| < gn(z,0), the function a(z,w) = 1/(1— F(2)w) is holomor-
phic in Dy. Since gy, (tu, A) = pgn(tu,0) we have that X N D; = X N Dy. As
the variety X N Dy is globally defined in D; and « is holomorphic in a neigh-
borhood of X N Dy, it is a standard result that there exists a holomorphic
function & on D; such that & = o on X N Dy ([H2], Theorem 4.2.12). We
can eagsily adapt the proof of the above quoted theorem in order to ensure
that our extension « also satisfies a(q, w) = 0, for all w € C. This can be
done as follows: Let y € C°°(D;) be such that x = 1 in a neighborhood of
X ND; (relatively to D), supp x C Da, and {(q,w) : w € C} C Dy \supp x.
Let ¢(z,w) = 3log(|h1(2)|* + -+ + |hn(2)|?) + log ||z — g]|, for (z,w) € D.
We consider the d-closed (0,1) form 9(ya) = ady and we solve OU = adx
with the following L? estimate ([H1], Theorem 4.4.2):

/ U220+ D@0) (1 4 ||z, w)]|)~2dA < / By [Ze~ 2t D@+ g
D, Dy
Here ¢ is a plurisubharmonic exhaustion function for D; increasing rapidly
to 0o, so that the right hand side of the above inequality is finite (this is
possible since the function |ady|?e~2("+1)(#+¥) is continuous on Dj). Since
the function e~ 2("+D(@+¥) ig not integrable near any point of X N Dy and
near any point of the form (¢, w), w € C, it follows that U must vanish at
these points. Hence a = xa — U is holomorphic in Dy, and by the choice of
X we have that @ = « on X N Dy and a(q, w) = 0, for all w € C.

We note that a(z,w) = Z;";O[F(Z)]jwj and by the definition of Dy we

can write
(o)
w) =) Fj(z)u!
=0

where F}; are holomorphic in B". Since for all z € B™ the analytic discs
{(#,w) : w € A} are contained in Dy, it follows that

oo
Fj(tu)w? = a(tu, w) = a(tu, w) thwj
=0

and
ZF _QQ7 )_Oa

for all t, w € A. Hence for every j > 1 we have F;(tu) = t/, for all t € A,
and Fj(q) = 0.



THE PLURICOMPLEX GREEN FUNCTION WITH TWO POLES 281

Finally, as the function w — a(z,w) is holomorphic in the disc {|w| <
e~ 9n(=A/1Y it follows that 1/(limsup;_, |Fj(2)|17) > e=9n(zA)/1 for all
z € B™. This proves conclusion (ii) of the theorem. O

Remark. In view of the results of Lempert [Lm1l] the last theorem
can also be stated in the more general situation when B™ is replaced by
a strongly convex domain {2 with C'* smooth boundary. Indeed, let us as-
sume that g, (z0, A) = ug, (20, p) for some point zp € 2\ {p, ¢}, where A =
{(p,),(q,v)}, p > v. By the results of Lempert there is a unique extremal
disc f: A — Q for the Kobayashi metric such that f(0) = p and f({) = zo,
for some ¢ € (0,1). Along this disc we have g, (f(t),p) = log |t|. Moreover,
Lempert proved the existence of a holomorphic function F':  — A satisfy-
ing F'(f(t)) =t, for all t € A. In this setting, we can proceed as in the proof
of the previous theorem to show the existence of a sequence of holomorphic
functions F; : Q — C, j = 1,2,..., which satisfy F;(q) = 0, Fj(f(t)) = t/,
for all t € A, and limsup,_, , % log |Fj(2)] < g, (2, A)/u, for all z € Q.

Before we give the proof of Proposition 1, let us recall that a domain
2 in C" is said to be taut if every sequence of holomorphic functions f; :
A —  has a subsequence { f;, } that either converges locally uniformly to a
holomorphic function f: A — €, or, for every compact sets K C A, L C ),
one has fj, (K) C Q\ L if k is sufficiently large. In particular, if €2 is bounded
and taut it follows from the classical Montel theorem that every sequence
of holomorphic functions f; : A — € has a subsequence which converges
locally uniformly to a holomorphic function f : A — Q and either f(A) C
or f(A) Co9Q.

Proof of Proposition 1. The assertions that the function 55’;‘ is negative with
logarithmic poles in A and that g,(z, A) < 5;;‘(2) are obvious. The upper
semicontinuity property holds for any bounded domain 2. Indeed, as the
minimum of upper semicontinuous functions is upper semicontinuous, it is
enough to check that the function (-, A) is upper semicontinuous. For
z € Q\{p1,...,pr} and € > 0 we fix a holomorphic function f : A — Q such
that f(0) = z, f(sj) =pjfor j =1,...,k, and vy log|si|+ - + v log |sk| <
d,(z,A) + e. By shrinking A we may assume that f is holomorphic in a
neighborhood of A and that f(A) C Q. Let b : C — C be the finite Blaschke

product with zeros at sq,..., sk, and let 2’ € Q. We define f: A — C™ by

ry _ b(C) /
FlO = 1)+ g - 2)
Then f(0) = 2/, f(sj) = pj, and F(A) C Q provided that 2’ is sufficiently
close to z; hence for such 2’ we have ¢, (2, A) < d,(z, A) + €.
We finally show that the function 55‘? is lower semicontinuous when {2 is
taut. Let us assume for a contradiction that this does not hold at some point



282 DAN COMAN

z € Q\ {p1,...,pr}. Then there is a sequence {z7}; C  and e > 0 such
that 2/ — z and 5£(zj) < 5;?(2) — €. By the definition of 5é(zj) we see that
for each j there is a holomorphic map f; : A — Q and a nonempty subset
S; of A with the following properties: f;(0) = 27, and for every (p,v) € S;
there is some s;(p) € fj_l(p) such that

Z v logls;(p)| < 5£(z) — €.

(p,v)ES;

Since A is finite, it follows that A has a nonempty subset S such that S; = S
for infinitely many j. So by passing to a subsequence we may assume that
S; = S for all j. As Q is bounded and taut it follows after passing to a
subsequence that {f;} converges locally uniformly to a holomorphic map
f+ A — Q; moreover, we may assume (again by taking subsequences) that
sj(p) — s(p) € A, for every (p,v) € S. By the above, we see that the set
S"={(p,v) € S: s(p) € A} is clearly nonempty and

> vlogls(p)| < 85(2) — e

(p,v)es’
Since f(0) = z and f(s(p)) = p for (p,v) € 5, it follows that J,(z,5’) <
64(z) — €, which is in contradiction to the definition of 52 O

Note. The extremal problem yielding the function 6,(z,p,q) was also
considered by E. Amar and P. J. Thomas in [AT1] (see in particular Section
5 and Section 6 of [AT1]). Their work is in connection with interpolating
sequences in the unit ball for the space of bounded analytic functions. We
also refer to [AT2] for related results regarding extremal analytic discs. I
would like to thank Pascal Thomas for informing me about these results.
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