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The curvature of a surface can be recovered from the tan-
gent space to the graph of the Gauss map. Exploiting this
observation we manage to equip a generalized Gauss graph
with the standard tools of differential geometry: Weingarten
map, second fundamental form, Riemann curvature tensor.
Several variational applications are given.

1. Introduction and outline of the results.

In the recent past a lot of authors have devoted systematic efforts to indagate
problems related to compactness and degeneration phenomenons in classes
of surfaces with integral bounds on curvature, both on the front of geometric
measure theory and on that of differential geometry. As a general reference
reviewing the main results obtained in this area by differential geometers, we
refer the reader to [1] while, unfortunately, we have no paper so efficaciously
summarizing the theory developed in the setting of geometric measure theory
to recommend.

These two points of view are deeply different and only a few attempts to
bridge the gap existing between them have been done up to now. As very
interesting examples of steps in this direction from geometric measure the-
ory, we have to mention the papers about curvature varifolds by Hutchinson
([19], [20], [21], [22]) and Mantegazza ([24]) where a notion of generalized
second fundamental form is defined and applied to variational problems. We
also have to recall the papers on generalized Gauss graphs ([2], [3], [5], [10],
[11], [12], [13], [14], [15]). In particular, in paper [14], special generalized
Gauss graphs have been used to prove a result of differential geometry ([14,
Theorem 7.1]) which generalizes a theorem by Langer [23].

As far as this paper is concerned, our main goal will be to equip gener-
alized Gauss graphs with the standard tools of differential geometry (Wein-
garten map, second fundamental form, Riemann curvature tensor), coher-
ently extended, in such a way that they continue to have nice properties and
satisfy the usual relations, useful to perform geometric calculations. We be-
lieve that this machinery could be helpful in pursuing the “bridge project”
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mentioned above, making simpler a comparison between results from differ-
ential geometry and results from geometric measure theory.

The idea from which we proceed characterizes Section §3 and it can be
summarized as follows: The curvature of an oriented smooth surface at a
given point can be recovered from the tangent space of the Gauss graph, i.e.,
the graph of the Gauss map, at the corresponding point. As a consequence
of this simple observation, one is led in a natural way to look for a formula
expressing the Weingarten map through the multivector orienting the Gauss
graph. Hence we arrive to define the generalized Weingarten map, that is
the Weingarten map associated to a generalized Gauss graph (Definition
5.2), and to prove that it is self-adjoint just as in the smooth case. Then
generalized principal directions and curvatures can be defined, and the usual
linear properties of the Riemann curvature tensor can be extended easily to
this generalized setting (Proposition 5.2).

Section §4 is devoted to collecting some well known facts about gener-
alized Gauss graphs, going into some aspects which, otherwise, could be
incomprehensible for a reader unnaccustomed to this subject.

In Section §6 we compute the length of strata of the multivector orienting
a generalized Gauss graph and, as a consequence, we get an estimate of the
length of a fixed stratum by means of the length of a lower order stratum
(Proposition 6.1). Such a result has been applied in Section §7 where we
deduce an inequality (Proposition 7.5) useful for solving variational problems
involving special generalized Gauss graphs. Indeed the estimated functional
Gr, has been proved in [13] to be cohercive enough to allow compactness
in the class of special generalized Gauss graphs. Proposition 7.6 implies, in
particular, that a conjecture stated in [14] is true.

In Proposition 7.1 we prove that, for codimension 1 special generalized
Gauss graphs, the integral of the greatest among the nonnegative parts of
principal curvatures is lower semicontinuous with respect to the weak con-
vergence of currents. Moreover, in view of future works involving integrals
of curvatures, we prove the measurability of the symmetric functions of
principal curvatures with respect to a normal vector field (Proposition 7.3).

In the last section, §8, we have collected some variational applications of
the theory developed in this paper and in the previous ones [12], [13], [14].

2. General notation.

For the general terminology we refer to the classical literature about geo-
metric measure theory (see [18], [26], [28]) and about differential geometry
(e.g., [9], [16], [17]). In regard to the classical measure theory, a completely
standard terminology will be adopted (e.g., [27]).

Rectifiable currents are the main tools we will work with. Let U be an
open subset of a given euclidean space. Then, according to a completely
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standard notation, the set of smooth differential h—forms having compact
support in U will be denoted by D"(U), while Dy, (U) will be the set of
h—dimensional currents in U. For the usual mass of a current 7" we use
the notation M(T'). More generally, if W is any open subset of U, then we
define My (T") according to 26.5 in [28].

We will also need the class I(U) of integral currents, i.e., the set of
T € Dy(U) such that T is an integer multiplicity current and

My (T) + My (0T) < 400

for all W CcC U. Note that, by Boundary Rectifiability Theorem, 97 is an
integer multiplicity current whenever T' € I, (U).

According to Definition 4.1 below, a generalized Gauss graph is an inte-
gral current satisfying certain relations trivially fulfilled by the graph of the
Gauss map to a smooth oriented surface viewed as a current. Dimension
and codimension of the surface will be denoted by n and k. The euclidean
spaces we need to introduce are the following

RY, ARY=R! R} xAR) =R} xR{

N:=n+k, d:= <];j>

where

and the subscripts specify the variable names.

The standard basis (resp. dual basis) of RY (resp. (RY) = RY) will be
denoted by ey, ..., ey (resp. dx',..., dz"V) while {es}perv,k) will be the
standard basis of RZ.

To simplify the formulae, throughout the paper we will often omit mention
of the obvious isometric isomorphism

®:A'RY - RY (®(eg, A+ Neg,) = ep)
and immersions
RY - R) xR}, R{—R)xR{.
Furthermore, for the convenience of the reader, we set also
=0, [0
eg. leg, N---Neg,|* =¢ep and [egle = €5, A+ Neg,.

Given a couple of positive integers H and h such that H > h > 0, we
adopt the following notation for multi-indices sets:

{(5:((51,...,(5h)‘1§(51<(52<...<5h§H} ifh>0

I(Hh) = {(Z) if b= 0.
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If « € I(H,h), then o(a, @) is the sign of the permutation of (1,2,..., H)
into (a,@). The short notation for wedge products will often be used. For
example:

€a ' =€aqy N... Neg, or da? = dz® A .. A daPE.

In order to distinguish the wedge and interior products in RY x Rg from
the same operations in Ri\f , the first ones will be indicated by

N and L
respectively.

The projection operator from the product space RY x R?‘j onto the first

factor space RY will be denoted p. Given a linear transformation L, we
shall use the so-called “Hilbert-Schmidt norm” of L, i.e.,

|L| :== +/trace(Lt o L).

Given a nonzero simple multivector 7, the corresponding linear subspace
E. will be called enveloping subspace of T (according to [25]).

Both the standard inner product and the dual pairing for all the vector
spaces we will deal with will be denoted by (-, ). For example, if n,7 €
AM(RY),

(n,7) = (nead(r,ea) = 01"
(e [e%

The only notion of length we will need is the natural one induced by (-, -),
namely:

| =V )
It is convenient to introduce a notation also for the set of unit vectors in

Rg: Let it be denoted Sl(Rg). For h =0,1,... ,n, the h—th stratum of a
vector

n N d
¢ e A"(R; x Ry)
is defined as follows:
Cny = Z (C, ey Nes) ey Nes.

~yEI(N,n—h)
s€I(N,h)

Analogously one can define the strata w,) of a form w € DM(RY x RZ) and
hence, in the natural way, also the strata of a current can be defined. For
example, if T = [G,n,0] is an integer multiplicity rectifiable n—current in
RY x RZ and h € {0,1,...,n}, then we set

(2.1) Ty (@) = Toir) = [ {1, 0)007"
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for all w € D*(RY x RZ). Obviously the strata T{y), as the current 7', can
be regarded as vector measures and then (2.1) implies that

Tyl = Iy |OH" - G = [nwy| [T

where | - | denotes, in this case, the total variation.
Moreover, with reference to the same rectifiable current, we set also:

G* = {(.T,y) €G ‘ n(O)(xvy) 7é 0}
Finally we will adopt the standard inclusion and equality symbols to de-
note the corresponding notions in measure. For example, if A and B are
H"—measurable sets, then “A C B” will mean H"(A\B) = 0.
Further notations and conventions will be introduced in each section be-
low, if need be.

3. Some preliminary results about smooth submanifolds of Riv .

Let M be a n—dimensional smooth submanifold of RY, oriented by a smooth
field 7 of unit simple n—vectors tangent to M.
Define

(3.1) vi=[xT]°%, E=N"I&dv)r
and note that £ is a simple n-vector field, tangent to the graph of v. Note
also that ) = 7.

Since the curvature tensor is completely determined by dv, we expect a lot
of information about curvature could be easily deduced from £. According
to this expectation, in the first subsection below we show how to recover
the Weingarten map of M from &, while, in the second subsection, we get
the expression of £ in terms of principal curvatures. These results will allow
to generalize the notion of curvature and to interpret integral functionals
involving curvatures as energies in the context of generalized Gauss graphs.

3.1. Weingarten map through £. Given p € M and w € [MIH', let
fljf/l,p : MP - MP

denote the classical Weingarten map of M at p with respect to w (e.g., see
[9]). Then the following proposition holds.

Proposition 3.1. One has

frp() = D gy ()L ()L )], L ([(p))olws) -
for all v e My.

Proof. Obviously, we can assume |w| = 1. Let {v1,... ,v4} be an orthonor-
mal family of unit vector fields, defined and of class C' close to p on M,
such that

v1(p) = we and 1A A]® =
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Then, at the point p, we have

(3.2) [dv(v)], —Z(* ) ~tdvj(v) A vy
—Z 7! (duy ()" Avg+ Y (=1 dv (o)) vy Avy

J
- Z(—WAJ;[(U) Ay
J
whence we obtain

3:3)  ldrp)], - (W(p)]ol we) = [drp(v)], L vi(p)
= = 45,0 A v)] L i)
= (—1)F AR, (o).
Now, if {73} is an orthonormal basis of My, then one has

§y(p) = A" (I @ dvp)T(p)] gy = Z(—l)hflde(Th) ATy
3

which implies
Eoy(p) T = (—1)"duy (1)

ie.,

Ey () (T(p) ) = (—1)" duy ()

and then also

() (T(p)_v) = (=1)"duy(v).
The conclusion follows by (3.3). O

3.2. Expression of ¢ in terms of curvature. Before proceeding to the
computation in any dimension and codimension, let us consider the following
example concerning the case of a curve in three dimensional space.

Example 3.1 (n=2, k=1). Let M be a curve in R3 and consider the Frenet
frame {7,n,b} along M (see [16, §1-5]). If k,, and k; denote the principal
curvatures of M with respect to n and b, i.e., the eigenvalues of AI]\‘J and
AP respectively, then formula (3.2) above yields

dv(r) = [~ AR () Ab + AR (1) An| = —kn(r AD)® + kp(r A n)".
Hence
E=74+dv(T) =7 — kn(T AD)® + Kp(T An)®

i.e.,
§o) =T, §1) = —kn (T AD)® 4+ k(T Am)®.
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The general case is rather complicated and requires a supplement of no-
tation. First of all, set

J={1,... k}x{l,... ,n}={(0,1)|1<j<k 1<I<n},
and define
Xp={(n,---,m) e J" ‘ i # 7; whenever i # j}

where h € {1,... ,n}. Then consider the following equivalence relation on
X7
'y ~Ty if 'y is a permutation of I'y

and choose a complete set of representatives from the equivalence classes,
which will be denoted by Xj,.

Now consider an orthonormal basis {w; } of Ej,,(p)e. Then for all j one can
find the generalized principal curvatures s;(w;) of M at p with respect to
wyj, i.e., the eigenvalues of Alj\l}j » and the corresponding principal directions

Tl(wj).
For v = (j,1) € J let us set

7y 1= T(wj), Ky 1= Ky (wy).

Consider an orthonormal basis {u;} of E .y and « € I(n,h). If for a given
I'=(v1,...,7) € X; we define

TD =Ty N s ATy
then we recall that one has

(1hua) = det ({7, o),

S

ie.,

(3'4) <TF‘uOt> = Z U(F/7 I) <T'y{ ‘u0¢1> T <T’Y],1’u04h>

I/~T
'=(]7p)

where o (T, T") denotes the signature of the permutation mapping I"” to T.
Finally, the first component of v € J will be indicated by j,, while

KD 0= Ky = Koy,
for all given I = (vy1,... ,m) € X}

Now we are ready to state the expression of £ in terms of principal cur-
vatures. Indeed, the definition (3.1) of ¢ implies immediately

=Y olaa)|(Adv)us| Mg

a€cl(n,h)



292 SILVANO DELLADIO

for h =1,...,n, and it can be computed that
( Ahdu) Ugy

. . L] L]
= Z (=1t (rplug ) ke [7‘71 A wm] AN [7'% A wm} .

rex,
L=(v1,---»7n)

Hence it follows

Eml? = Z kil €* = 1+Z Z K|

T'eXy, h=1TeXy
In particular, note that [(;)| coincides with the length of the second funda-
mental form of M (see [6, §29.4.2]).

As we shall see, these formulas and the argument necessary to prove them
hold also in the context of generalized Gauss graphs. This is the reason why
we prefer to postpone the proof to Section §6 below.

If M is a hypersurface, i.e., k = 1, the set {w;} consists of a single element.
Then the corresponding principal curvatures and directions can be simply
denoted by {r;} and {r;}. Taking u; = 7;, the previous formulas become

Em@) = D" Y o(a,@)kats ATa
a€cl(n,h)

forh=1,... ,n,and

n

EmlP= D> k& KEP=14+>. > K

a€cl(n,h) h=1 ael(n,h)
where
P e { ] { ]
Ko = Kay ** " Ray, » To = Toy Mo ATy, .

As an interesting subcase we have

€2yl = ’2R| (R is the Riemann tensor of M)

which will be proved below, in the generalized setting, along with the pre-
vious identities.

4. Generalized Gauss graphs.

Quite a lot of results about generalized Gauss graphs have been obtained
since they were defined in [5]. In this section, we recall just some basic
definitions and simple facts necessary to understand the statements in the
propositions of next sections. For a more exhaustive presentation of gen-
eralized Gauss graphs, their applications and relations with other subjects
(e.g., curvature varifolds), we refer to papers [2], [3], [4], [5], [10], [11], [12],
[13], [14] and [15].
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4.1. Basic definitions. The notion of generalized Gauss graph was intro-
duced at first in the particular case of codimension 1 (see [5, Definition 2.7])
and then for general codimension (see [11, Definition 3.1]). Special gener-
alized Gauss graphs were defined in [13, Definition 4.1] where we applied
them to solve variational problems. The class of generalized Gauss graphs
can be graded into subclasses with nice properties, the smallest of which is
just the set of special generalized Gauss graphs (see [14]).

Definition 4.1 ([5], [11]). Let Q be an open subset of RY. Then we define
curvy(Q2) as the set of the currents 7' € I,(§2 x RZ) such that:
(i) T and OT are carried by rectifiable subsets of  x S1(R%);
(i) (T A, pl_w) = 0 for all A € D""H(Q x RY) and w € D 1(Q2 x RY),
where p(z,y) = Eﬁe[(Nyk)yﬁ dab;
(iii) (AT p, ol w) =0 for all u € D"2( x RZ) and w € DF1(Q x RZ);
(iv) (=1)*™(TL * ¢, g) > 0 for all nonnegative g € C.( x RZ), where * is
the Hodge operator in R with respect to the canonical basis, so that
xp(x,y) = Zﬁej(]v,k)a(ﬂaﬂ)yﬁdxﬁ-
A current belonging to curvy, (2) will be called generalized Gauss graph.
Definition 4.2 ([13]). A generalized Gauss graph T is called special if
‘T| << ’T(0)|
The set of special generalized Gauss graphs belonging to curv, (2) is denoted
by curv, ().

Remark 4.1. The geometrical meaning of Definition 4.1 has been discussed

n [11], from which we recall some facts now. By virtue of the natural
isomorphism between multivectors and multicovectors, it is easy to interpret
axioms (ii)-(iii) as “orthogonality conditions” and (iv) as an “orientation
condition”. Indeed, if T' = [G, n, 0] € curvy (), then a standard localization
argument shows that (ii) is equivalent to

(n(z,y)_ AlyeL_B) =0

for all A € A" H(RY x Rg) and B € A*1(RY), at H"L_ G almost all (z,y).
But this is clearly equivalent to

(41) p(En(a:,y)) 1 Ey.
at H"L_ G almost all (z,y). Analogously, axiom (iii) is equivalent to
(4.2) p(EC(%y)) L By,

at H"L_ S almost all (z,y), where S and ¢ denote the carrier and the orien-
tation of 9T, respectively. As for (iv), the same argument shows that it is
equivalent to

(4.3) 10y (2, y)lye) =0
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at H"L_ G almost all (z,y). By using (4.1) and (4.3), one can easily verify
that

M(0) (xv y)

100y (%, y)|
for |T(p)| almost all (x,y), [11, Proposition 4.1]. Finally, note that the ab-
solute continuity condition characterizing Definition 4.2 says that ap D(p|q)
has rank n, i.e., the tangent space for G does not contain purely y-directions,
at ‘H™ almost all points of G (compare [13, Proposition 7.1]).

= (_1)kn *Ye

Example 4.1 (Generalized Gauss graphs induced by a smooth submanifold).
Let M be a n—dimensional surface, embedded in RY, smooth (enough), ori-
ented by a smooth field 7 of unit simple n—vectors tangent to M and with
smooth boundary OM C M. Then, by considering v and £ as in (3.1), one
can define ¢

G := graph of v, n::mop
and verify that
[G,n,1] € curv, (RY).
Indeed Equations (4.1) and (4.2) are verified by virtue of the obvious reci-

procal orthogonality between the tangent space and the normal space, at all
points of M. Moreover (4.3) follows at once from

(0 :@01):101)
© = Te] €]

which implies also the absolute continuity condition in Definition 4.2. Fi-
nally, note that the expression of 1 in explicit terms of principal curvatures
can be immediately obtained by the formulas of subsection §3.2.

4.2. Functionals. Given any nonnegative continuous function
Fla,y:€) : (@ RY) x A" (2x R{) » R

we can define a functional

Gr :curvy(2) — R
as follows (if T' = [G,n, 6]):

D= 2,y —(x x
Gr(1): = | F( Pt ,y>) AT )

= L7 (2 g o)) o 000, ) 020

Integrands we are particularly interested in are given by

FM(x,y;8) =l and  F,:=>» FM
h=0
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where p > 0. Let us set

Ez()h) =g )

and note that

EO(T) = To)l = Tipl(@ xRY)  and G, = EP.
h=0

If p > 1 then one can easily verify that
Gk, (T) = CIT|(G7)

where C' is a suitable positive constant, independent from 7'. In particular,
we get

Gr,(T) > CM(T)
for every special generalized Gauss graph T' (see [13, Remark 4.4]).

Recalling §3 and more precisely the formulas obtained in subsection §3.2,
we see that for the generalized Gauss graph T associated to an oriented
smooth hypersurface M (according to Example 4.1) one has

0 __aymn
E(T) = H™(M)
and

D
2
Eé")(T)=/M< > n%w?) dH*  (h=1,2,... n).

TeXy
In particular, by the identities obtained in §3.2, one has
(4.4) ESY(T) = / LPdH™
M
where L is the length of the second fundamental form of M, and (if £ = 1)

(4.5) EQ(T) = 27 / RIPdH"
M

where R is the Riemann tensor of M. In the next sections we will define
the Weingarten map and the Riemann curvature tensor corresponding to a
generalized Gauss graph and we will find that, even in such a generalized
setting, the equalities (4.4) and (4.5) continue to hold (see Proposition 5.3
and Proposition 6.1).

5. Generalized notions of Weingarten map, second fundamental
form and Riemann curvature tensor.

Let T = [G,n,0] € curvy(RY). Then, on the basis of Proposition 3.1, we
are naturally led to consider a linear transformation

Aw .pPN N
AT7(x,y) Ry — R
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for almost every (z,y) € G* and for w € RY, defined by
A n n () ($, y)

(5:1) AR () (0) = (=LA (efylalv) | L (el w).
T(zy) 700y (2, )] .

In particular, when T is the Gauss graph current associated to a smooth
submanifold M of RY, oriented by a smooth normal field v, one has

AW _ AW

AR o) ag, = A

at every p € M and for w € MpL, by Proposition 3.1. This remark and the
nice properties proved in Proposition 5.1 below, motivate the introduction
of a generalized notion of Weingarten operator.

Definition 5.1. Given T = [G, 7, 0] € curv,(RY), let us define

n(z,y) UOIC) n
{r(z,y)=1—7——+  and  7p(z,y)i=—— = (-1)"*[yle
0] 0 :1) ”
at |T(g)|—a.e. (z,y). The n—vector {7 is called the scaled orientation of T.
The subscript 71" in &7 and in 7p will often be omitted, for simplicity.

Remark 5.1. If T = [G,7,0] € curv,(RY), then 7 is obtained by normal-
izing the scaled orientation of T', i.e.,

_ &y)

at |T(gy|—a.e. (z,y). Moreover, by [11, Theorem 4.3], at |T(p)|—a.e. point
(7,y) there exists a class C! embedded submanifold M of RY, containing =
and oriented by a continuous normal simple k—vector field v, approximately
differentiable at z, such that v(z) =y and

(x,y) = A" (IEB ap—dy(x))T(x,y).

Proposition 5.1. Let T € curv,(RY). Then the following facts are true
at |Tipy|-a-e. (v,y):

1) given u € RY, the map

w = A?,(w,y) (u)

defines a linear operator in Rév;
2) for all w € Ey, one has

A% () (Brzy) C Eray)

and the restricted operator

w . Aw
AT @y) = AT @B, .,

is self-adjoint, whereby its eigenvalues are all real numbers.
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In particular, the operator A% (.9) (where w € Ey) is self-adjoint almost
everywhere with respect to |T'|, provided that T is special.

Proof. (1) This statement is obvious, by (5.1).

(2) Let us recall Remark 5.1. It follows that there exists a class C?
embedded submanifold M’ of RY, containing x and oriented by a C' normal
simple k—vector field v/ such that

Viz)=v(z)=y and dv'(x) = ap-dv(z)

which implies

n(z,y) n /
5.3 ———— =¢(z,y) =AN"(IDdV(x)) T(x,y
) oy e — W) = A E @) Ty
by (5.2). It follows that
n 77(1)(377.@)
Ay () = (DT Sl (2, y)lv) | L ()]l w)
(.4) 70y (@, y)| .
= A%(w,y) (U)
for all v € M, by Proposition 3.1 and (5.1). We get the conclusion by
noting that E ., = M,. O

Definition 5.2. The self-adjoint operator

A%,(w,y) : ET(:E,y) - ET(Ivy)

of Proposition 5.1(2) will be called the generalized Weingarten operator of T
at (z,y) with respect to w. Its eigenvalues and eigenvectors will be referred
to as generalized principal curvatures and generalized principal directions
(with respect to w), respectively. The corresponding notations will be

n?’(x’y) (w) and T]T’(x’y) (w)

j = 1,...,n, but the superscripts will often be omitted to simplify the
formulas, whenever it will cause no confusion.

5.1. Generalized second fundamental form and Riemann curva-
ture tensor. Through the classical relations existing among the Wein-
garten operator, the second fundamental form and the Riemann curvature
tensor (e.g., see [9] and [17]), now we can complete the extension to gen-
eralized Gauss graphs of the classical curvature machinery. More precisely,
if M is a smooth submanifold of RY, p € M and {w;} is an orthonormal
basis of M;-, recall that:

e the second fundamental form of M at p

By : My x M, — M,
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is given by
By(u,v) := Z(A;,Uju]wwj;
J
e the Riemann tensor of M at p
R, : M, x M, x M, — M,
satisfies

Ry(u,v, 2) ::Afp(u,z)v _ Afp(v,z)u

:Z(A;Uju\z')/l;:jv — Z(A;Ujv\z)A;fju.
J J
Then, by considering a generalized Gauss graph 7" and adopting the same

notation as in Proposition 5.1, the following definitions become natural.
Definition 5.3. The generalized second fundamental form of T

. L —
Br(e)  Er(ay) X Er@y) = Ery) = By

is defined at |T{o)|—a.e. (z,y) as follows:

Br,(2.9) (u,v) := Z(Aq;f(m,y)u\wwj
J
where {w;} is an orthonormal basis of E,.

Definition 5.4. The generalized Riemann curvature tensor of T

Ry ay) t Br@y) X Er@y) X Er@y) = Er@y)
is defined at |To)|—a.e. (z,y) by:

R ) (1, 0:2) 1= D (A7 ul2) Al 0 = D AT G ) VIR AL g gy

)

J j
where {w;} is an orthonormal basis of E,,.

In the following proposition, we prove that the generalized second funda-
mental form and the generalized Riemann curvature tensor are well defined.
We obtain also some generalized identities which are well known in the clas-
sical case and that could become useful to obtain results concerning our
generalized objects from classical arguments.

Proposition 5.2. Definitions 5.3 and 5.4 do not depend on the choice of
{wj}. Moreover, at |T(g)|—a.e. (x,y), the following identities hold for all

tu,v,2 € Ergy):



DIFFERENTIAL GEOMETRY OF GENERALIZED SUBMANIFOLDS 299

5) (R(u,v, 2)lt) = (R(z, t,u)]o)
6) R(u,v,z)+ R(v,z,u) + R(z,u,v) =0
where we have omitted the subscripts, for the sake of simplicity.

Proof. Let us recall the following simple fact, from the proof of Proposi-
tion 5.1: At |T(o)|—a.e. (x,y) there exists a class C? embedded submanifold
M’ of RY, containing = and oriented by a C' normal simple k—vector field
v/ such that

Ey = Eu’(w)’ ET(%y) = M; and A%«’(m’y) = qj\v/[/’x

for all w € E, = E, /(). Therefore, at [T(g)|—a.e. (z,y), the generalized sec-
ond fundamental form of T" at (x,y) coincides with the second fundamental
form of M’ at x, whereby it has to be independent from the choice of {w;}.
The same argument proves that the generalized Riemann curvature tensor
is well-defined.

Finally, all the identities follow immediately from Definition 5.3, Defini-
tion 5.4 and Proposition 5.1, through a standard computation. O

Proposition 5.3. Given T € curv,(RY), the following assertions are true
almost everywhere w.r.t. [T gy|:

1) if k=1 then [R| = 2|y
2) if n =1 then |R| = [{2)| = 0.
In general, one has |R| # |§(9)| and there is no constant ¢ such that
1€2)| < c| R

holds almost everywhere w.r.t. [T(g)|.

Proof. (1) Let 7; = T]T (@) (y) and K; = /{? (x’y)( ) be the generalized prin-

cipal directions and curvatures, according to Definition 5.2. Then we get

(5.5) Eo)l* =) KK

1<J
by Proposition 6.1 below. On the other hand, we have
Rijni := (R(75, 75)7h|7i) = (A|m0) (ATj| ) — (ATj|70) (ATi| T3)
= Kik;(0indjk — 0nik)

whence, recalling also (5.5), it follows that

2 2.2
’R’ E Rzghk =2 E Ky ﬁjéihéjk § R Zh5]k5jh62k
ijohk i,k i gk

=2 ZI{?H?—ZH? —4Z/<a ;=4[ (9
i, 7

1<J
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(2) This statement is trivial.

To verify the last assertion, we will produce a counter-example where
R = 0 while {3y # 0. Consider the 2-dimensional submanifold of R*
parametrized by

o(x1,x9) == (21, 20,22, 23) : RZ - R?

where we are assuming that R? and R* have been equipped with the canon-
ical bases. Then a short calculation shows that the metric matrix and its
inverse are given by

1
1+ 422 0 ij 54z Y
(9i5) = ( ! 2> and (97) = o )

By the classical expressions for the Christoffel symbols (e.g., [17], formula
(10) on p. 56), we get

13&5 if i=j=m=1
m __ 4 . R _
L= 1+Z% ifi=j=m=2
0 otherwise

and hence it follows immediately (see [17], formula (2) on p. 93) that

R=0.
Now consider the Gauss map
Do A Do *
. < o ‘9902) -1
vVi=|————-~0¢p
Op N Op
ox1 Oxo

and denote by T the corresponding generalized Gauss graph. The graph of
v is parametrized by

A= (p,vop)
i.e.,

Ax) = <x161 + xoe9 + 1’%63 + 33‘%64,
a(x)[dzixeeis — 2x1€14 + 220693 + 634]')

where {e;} is the canonical basis of R*, while
-1

0 0
Y s AN g (14 422 + 422 + 162222)71/2,

- 8%1 Gxg
Hence, by a quite boring computation and noting that

a(0) =1 and Va(0) =0,

a .
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we obtain
oA oA
e ——(0) A o ——(0) = (e1, —2[e14]®) A (e2,2[e23]®) -
It follows that
e m%(o) = —4(0, [e14]*) A (0, [e23]®) # 0

whereby the scaled orientation of T has to be different from zero at every
point of a neighbourhood of A(0). O

6. Length of strata of the scaled orientation.

Consider T' € curv,(RY). Then, at |T(0)| almost all (z,y), given an or-
thonormal basis {w;} of E,, one can find the generalized principal curva-
tures and directions of T' (according to Definition 5.2). We will denote them
by xi(wj) and 7;(w;) respectively, omitting mention of the superscripts, for
simplicity.

The goal of this section is computing the length of the h-th stratum &)
of the scaled orientation £ = &p. Consider an orthonormal basis {u;} for
the enveloping subspace of 7 = 7 and then define J, X;, Xj, 7y, K, T,
Kr as in subsection §3.2. We have the following result.

Proposition 6.1. For h=1,... ,n one has
n
Emyl® = Y wilmrl hence [€7 =1+ > wilmf
I'eXy, h=1TeX}

In particular,

FEXl

Sl = > wt = Z/ﬂ w)? =3 lAvP.
J
Moreover, the following estimate holds whenever 1 <1 < h:

€| < eln, )€y
Proof. Recalling Equation (5.3) we get:

E(x,y) = A" (I P dl/;)(ul A Auy) = (ul, dl/;(ul)) A A(un,dufv(un))
=71(z,y) + Z Z oo, @) [( mhdy:;)ua} MNUg.
h=1a€l(n,h)
It follows (by dropping the obvious notation)

= ola,@) (AN )ue| nuz

a€cl(n,h)
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for h=1,...,n, whence
2
(6.1) EmlP= D [(n'd)uq|
a€l(n,h)
forh=1,... ,n.
By identities (3.2) and (5.4), we find

[dv,(v)], = Z(—l)jA?f(w,y) (v) A ws

J
for all v € F(,,) and then also

(mhdz/)ua

— Z (_1)j1+..-+jh [AlT”J'l (Ual) A wﬂ} N A [A¥jh (Uah) A wﬁ}
Jisesdh

= Y (VI gy |y (w5,) - (a7, (w),)) -
j1,4.4,jh
U lp

i (wg) -+ iy (03,) [y (w3) Awg] T A [ () A
Recalling the notation introduced above and (3.4), we obtain
( Ahdl/)ua

= Y (P (g, [y ) - (U [T -

*
FGXh

T=(v1,---,7p)

© Kp [TVI/\wE} A---A[Tﬂyh/\wﬁ}

. . ° .
= Z (_1)]W1+'--+3’Yh <TF’u(X>HF [T’Yl A wE:| A A |:th A wm:| X
rex,
T=(v1:-27n)

From the identity

([ntwp )’

together with (6.1), we get

EmlP= > wb D (mlua)®= Y wflmf

reX, acl(n,h) rex;

T (wjr) A wsr )= I
i)

that is just the first equality we had to prove. Now the second one is clear,
while the inequality follows from Proposition 6.2. ([
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Proposition 6.2. If [ and h are integers satisfying 1 < 1 < h, then there
exists a positive constant c¢(h,l) such that

h
(6.2) o1 Ao Aopl el h) D fug A Avg |

Bel(hyl)
for every set of vectors {vy,... ,vp} C R™.
Proof. Let us indicate with GS{z1, ...,z } the orthogonal set {z],... ,2.,}
obtained by processing a linearly independent set {z1,...,z,} C R",

through the well-known Gram-Schmidt orthogonalization algorithm:

A=z, ;== (wlA)d], A= 2 — (asl)2) — (28]20)%
et cetera, where Z denotes the unit vector z/|z|. Obviously one has
(6.3) A A Azl =12 A Azl = |21 20

Then let vq,...,v, be linearly independent (otherwise (6.2) trivially holds
for all nonnegative constants ¢) and consider

i, ... v} = GS{vy, ..., o}, {vg,, ..., 05} = GS{va,,... ,vg}
where (€ I(h,l). From (6.3), (6.4) which will be proved below, and since

we get,

~|>

for A Avnl = o] Jop] < e@h) ST (1] 10l )

BeI(h,l)
h
<e(t,h) Y ([l
BeI(h,l)
h
:C(l,h) Z |U,31 /\"'/\Uﬁz|l
BeI(h,l)

ie., just (6.2).

It remains to prove the following assertion which has been used above:
There exists a positive constant ¢(h, 1) such that

h
(6.4) Tl Th Sc(l7h) Z (xﬂ1 "‘xﬁz)l
Bel(hyl)
for every set of nonnegative real numbers {z1,...,z}.
Let us set x := (z1,...,xp) and note that, by homogeneity, one can

assume also |z| = 1. We shall prove by induction on [ that

(6.5) the statement holds for all A > [.
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Let I =1, h > [ and m := max; ;. Then the assertion (6.5) has to be
true in that

h
Za:jl th > Xy Ty,
J

Now, assume assertion (6.5) be true and prove the inductive step. Let
h > 1+ 1 and consider

f(z) = Z (xﬁl T mﬁlﬂ) l%

Bel(h,l+1)
We get
oy h_
flz) > z" Z (zg, - xg) T
Bel(h—1,0)
. w1 | THED
> c(h, 1) x;l“ [ Z (55,61 "‘xﬁz) 7
Bel(h—1,l)
e _hl
> C(h, l) $;ll+1 (351 - fEh—l) (h—1)(+1)
T — hi
= C(h, l) x;L+1 =D ([+1) (171 . xh)m_
Since
<1 d h <1
€Ti1---T an -
b= TENEE
we find
f(:C) > C(h, l) Z'Z(hl)ﬁl R N
where

h hi
Ti+1 (h=D)(+1)

It follows that
f(z) = c(h,l) 2"y,
for all 7, and hence also
p(h,l)
f(z) > e(h,l) (mjax@) X1 Tp.
We obtain the conclusion by recalling that x — max; |z;| defines a norm in

R” and that the norms in R" are all equivalent. O
Remark 6.1. Proposition 6.1 shows, in particular, that the expression
Ly := Z/ﬁ;l(wj)Q
j7l
does not depend on the choice of the basis {w; }. This result generalizes a fact
which is well known in the classical case of a smooth immersed submanifold
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of RN. Then, by extending the classical terminology, Ly will be referred to
as the length of the second fundamental form of T (compare [6, §29.4.2]).

Remark 6.2. The estimate stated in Proposition 6.1 generalizes the one
we got in the proof of the smooth estimate [14, Theorem 5.2].

7. Integrals of generalized curvatures: Some results in view of
variational applications.

The first proposition we state in this section, is a semicontinuity result (in
the special case k = 1), which can be used to solve geometric variational
problems by the direct method. Then we will get Proposition 7.2 and its
corollary Proposition 7.3, which make possible to define integral functionals
of symmetric functions of generalized curvatures, e.g., mean curvature or
Lipschitz-Killing curvature.

Finally, we prove some integral estimates which allow to get compactness
results for problems involving special generalized Gauss graphs (see [13]).
Applications will be given in the last section.

7.1. A semicontinuity result. Let us introduce some notation. If T €
curvy, (R21) then, at |T(g)| almost every (z,y), we set:

T, (x,
o) = max (0 \0) = max (4, )l
ul<1

and
o— 1 Tv(xvy) —_ 1 Yy
Ar (2, y) := min (ﬂj (v) /\0> =, Jpin (AT (2. (W)

[ul<1

The maps yr and Ar are evidently H"” —measurable and have constant sign:
~r is nonnegative while Ay is nonpositive. Note also that

(7.1) () = e (AL ()
i<t
Finally denote the usual operator norm by ||| - |||, so that
H|A%(x7y)|‘| = ue%lji{y) ‘Azq/j(x,y) (w)]
lul<1
— y y _ T\(z,y)
= AT (1A ) () = max g ()]
[ul<1

= max {'YT(JJ, y)7 _)‘T(xa y)}
since the Weingarten operator is self-adjoint, by Proposition 5.1.
Now we are ready to state the announced result.
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Proposition 7.1. If T;,T € curv, (R are such that T; — T, then the
following inequalities hold:

1) [vrd|T()| < liminf; [ 7, d|T} |
2) [ Ard|T(g)| > limsup; [ Az d|Tj g
3) [IlA7|ll d|T(p)| < liminf; [ ||| Az, dIT} )]

where the notation has been reduced, for the convenience of the reader.

Proof. Let [G,n, 0] and [G},n;,6;] be representations of 7" and T}, respec-
tively.

(1) Consider a field
FeCPRIT xR R
and let PF be its orthogonal projection on E;, i.e.,

PF(z,y) == F(z,y) — (F(x,y)[[y]e)[y]e-

Since T and T' are special generalized Gauss graphs and by definition of
Weingarten operator, we get

(7.2) lmm / (A, (PF)|PF) d|Ty )|
= 1i]m /Gj (nj|(* [yleL_ (PF)) A[PF]*) 6;dH"
:/GM(* Wl (PF)) A[PF]*) 0dH"
~ [tar(PPIPR)diT)
and hence
/ (Ar(PF)|PF) dTg| < liminf / 1, [T |

for all F' such that sup |F| < 1. The inequality follows by the arbitariness
of F.

(2) From (7.2) and (7.1) we obtain also
/<—AT(PF)1PF>d\T(O)\ < limjinf/—/\Tj a|Tjip)|

J

provided that sup |F'| < 1, whence we conclude by the arbitrariness of F', as
before.
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(3) If Fy, Fy € CP(REH x RITH RITY) then, as before, one finds
/<AT(PF1)PF2>d\T(O)\ _ li§n/(ATj(PF1)\PF2>d‘Tj(O)‘

<timint [ ||z ||d|T;

whenever sup |F;| <1 (i = 1,2). Once again the conclusion comes from the
arbitariness of the vector fields. O

7.2. Measurability of symmetric functions of generalized curva-
tures. Given a current

T =[G,n,0] € curvn(RiV),

let w be a H"L_ G*—measurable map such that w(z,y) € E, almost every-
(z.y) .
(@)

where and consider the characteristic polynomial of A;
PPN = an(@, )N + an_1 (2, y) A"+ -+ ao(z,y).
Note that the coefficients a; are measurable w.r.t. H"L_ G*.

Proposition 7.2. There exists a complete system of measurable trajecto-
ries of principal curvatures with respect to the map w. In other words, there
exist measurable maps

wi :G* - R (i=1,...,n)
such that
PV = an(a,y) (A = pa(@,9)) -+ (A = sz, y))
at H'L G*-a.e. (z,y).
Proof. It will be enough to prove the existence of one of such measurable

trajectories. Then the conclusion will follow from the division rule for poly-
nomials, by induction.

Let C : G* — R and Z : R""! — P(R) be a couple of maps defined
as follows:

{C’(m,y) = (ao(m,y),... ,an(x,y))
Z(to, . tn) ={AeR| X0 _gt;N =0}

By [8, Corollary II1.3, p. 63] we get that Z is measurable w.r.t. B(R"T1).
Then F := Z o C' is measurable w.r.t. H"_ G* and hence the set

{(z,y) € G* | F(z,y)NU # 0}

is measurable w.r.t. H"L G* whenever U C R is open, by [8, Theorem
I1.2, p. 62].
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Now, Theorem III.6 of [8], p. 65, implies that F' admits a measurable
(w.r.t. H"L G*) selection, i.e., a measurable function

uw: G — R
such that u(z,y) € F(z,y) = {\ € R| p@¥(\) = 0}. O

As a consequence, we get immediately the following corollary. By analogy
with [6, §29.3], let us denote by o;(z,y; w) the i—th elementary symmetric
function of principal curvatures at the point (z,y) with respect to the normal
vector w.

Proposition 7.3. Under the same assumptions of Proposition 7.2, the
maps

(1’, y) = 0y (.’IJ, Y; 'IU(IB, y))
are measurable with respect to H™_ G*.
7.3. Some integral estimates. As an immediate corollary of Proposi-
tion 6.1 and Holder inequality, we get:

Proposition 7.4. If q is a nonnegative real number and l,h are integers
such that 1 <1< h <n, then

l
E{(T) < c(n,k,q) B (T)
for all T € curv,(RY). Moreover, if p is a positive real number such that
p>qandif h € {0,1,... ,n}, then one has
q 1—-4
E{N(T) < ES(T) || Tio)||" >
for all T € curvy,(RY).

Hence the following result follows.

Proposition 7.5. Let p be a positive real number, | € {1,2,... ,n} and
q €10, %] Then

Gk, (T) < | T)ll + E{(T) + - - + EY~D(T)

for all T € curv, (RY).
In particular, one has

M(T) < || Tl + ES(T) + - - + EL ()

+e(n, k) S ED(T)# | T |7
h=

o~

for all T € curv, (RY), provided that Ip > n.
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Proof. Let us recall from the subsection §4.2 that
EO(T) = Tl and  Gg(T) = B{(T).
h=0

Then the inequality follows at once by Proposition 7.4. U

Remark 7.1. Let V be a n—dimensional, compact and orientable Rie-
mannian manifold without boundary and consider the set

Imm2’p(V, RZH) = {gp = HQ’p(V7 Rg“) } © is an immersion}

where p > n. Let us recall that the area of ¢ € Imm?P(V,R2*!) is defined
in a natural way by

Area(p) = /V dg(7)|

where 7 denotes a smooth orientation of V. In [14] we showed that, given
@ € Imm?P(V,R2*1), the corresponding generalized Gauss graph T,  is spe-
cial and has null boundary, i.e.,

T, € curv, (R and 0T, = 0.
Note also that
Area() = [T o)l

Then, by Proposition 7.5, one gets immediately the following estimate. In
the special case [ = 1, we obtain a result which was conjectured to be true
in [14] (where it was proved for ¢ of class C?).

Proposition 7.6. Given a positive real number p andl € {1,2,... ,n}, the
estimate

Gr,(T,) < Area(p) + ES(T,) + -+ + ESD(T,) +

3

+e(n,k,q) ST EO(T,) # Area(p) ™
h=l

holds for all p € Tmm??(V,R"*1) and q € [0, %’]

8. Variational applications.

In this section we give some simple examples where the results stated
above are used to handle variational problems.
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8.1. First application. Consider the problem of minimizing the L" norm
of the Riemann curvature tensor, for r > n/2, among the immersions ¢ €
Imm??(V, R2*1) (see Remark 7.1) such that

(i) Area(p) < A, [Bar(p)|<B and ES)(T,) <C

(ii) (V) D M
where A, B, C are fixed positive constants, Bar(y) is the “center of gravity”
of ¢ (see [14]), and M is a given n—dimensional rectifiable subset of R?*+1.
Denote by D the set of such immersions, that is

D:i={pc Imm*P(V, R™H1) | (i) and (ii) are satisfied }
with p > n.
Proposition 8.1. Let F be the functional defined in D as follows
F(p) = 2"EPN(T,)

i.e., F is the r—th power of the L™ norm of the Riemann curvature tensor,
by Proposition 5.3. Then F has a minimizer, provided that r > n/2.

Proof. Assume

inf F =m < 400
otherwise the assertion is trivial, and let ¢; be a minimizing sequence. By
(14, Theorem 7.1] and [12, Proposition 5.1], there exist a subsequence ¢;
and diffeomorphisms Ay : V' — V such that the ¢; o Ay converge in the
H?P weak topology to an immersion ¢ € D. It follows that

T«pj/ = Lol - T<p
for [14, Corollary 5.6]. Hence, applying [14, Theorem 4.2] with F(§) =
)", we get

m < F(T,) < liminf 7(Ty, ) = m
]/

i.e., ¢ is a minimizer. ([

Remark 8.1. Let {7;} C curv,(R?*!) be such that

(8.1) sup {/ (1+ Ly, + |Rpy|2) d|Tj(0)\} < 400
J
where Ly, denotes the length of the second fundamental form of T}, ac-
cording to Remark 6.1. By Proposition 7.5 and Proposition 5.3, the masses
M(T};) must be equi-bounded. If M(9Tj}) are also uniformly bounded, then
there exists a subsequence {7} } which converges weakly to T € curv, (R2T1).
It is easy to find situations (e.g., shrinking spherical surfaces in R?) show-
ing that condition (8.1) does not prevent the limit Gauss graph from having
vertical parts of positive measure. In other words, under the assumption
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(8.1), it can happen that T is not a special generalized Gauss graph. To be
sure that T € curv, (R?*1), it is enough to replace (8.1) by

sgp {/ (1 —i—L% + |Rz,|P) d|Tj(0)]} < 400

where p > n/2 and 1 < g < 2p/n. Indeed, by Proposition 7.5 and Proposi-
tion 5.3, we can apply the compactness theorem [13, Corollary 4.2].

8.2. Second application. The domain of the functional will be the set D
of currents

T =[G,n,0] € curvz(RiV) (N=n+k)
such that
(0) [Tl < A BT <B(i=1,..,1-1), and EJ)(T) <C,
where [ € {1,2,...,n}, p>n/l and 1<q<lIp/n
(ii) p(G) D M and 0T =0.
As before A, B, C are fixed positive constants, while M is a given n—dimen-
sional rectifiable subset of RY.

Proposition 8.2. The functionals F' and F" defined in D by

F(T) 2=/7Td!T(o)|7 F(T) ::/H|AT\||d|T(0)\
(see Section T) have a minimizer.

Proof. We will prove only the assertion about F’ in that the same argument
works also for F”. As in the first application one can obviously assume
inf ' < 4o00.

Then, from a minimizing sequence {7}, we can extract a subsequence {7} }
such that

Ty —=T¢€ Curvz(RiV)
by Proposition 7.5 and the compactness theorem [13, Corollary 4.2]. More-
over T satisfies (i) above, for the semicontinuity theorem [14, Theorem 4.2],
while (ii) is fulfilled by [12, Proposition 5.1]. So we get T € D and the
conclusion follows from Proposition 7.1. O

8.3. Third application. Given a couple of real numbers p, ¢ such that
p>mnand 1 < g < 2p/n, consider the set

D = {<p € Imm*?(V, R"1) | Area(p) < A, Eél)(Tw) < B}

where, as usual, A and B are positive constants. Then introduce the func-
tional defined in curv, (R?*!) by

F(T) = EP(T,) =27 [, |Rm()]P if T =T, with ¢ € D
' +00 otherwise
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and denote by F the relaxed functional of F with respect to the weak
topology of currents, i.e.,

f:M%mMFQHEGwMﬂQﬂ,EAT}
J

As a general reference about relaxation we recommend [7].

Proposition 8.3. The following facts hold:
1) if F(T) < +oo, then T € curv, (R
2) one has F(T,) = F(Ty) for all p € D.
Proof. (1) A sequence {T;} C curv,(R?™!) has to exist such that
T; =T and sup F(Tj) < +oc.
j

Then, by definition of F, we get T; = Tj,, with {p;} C D, which implies
Tj € curv, (R™)

by [14, Corollary 5.5]. On the other hand, Proposition 7.5 (I = 2) yields
Sl]l_p Gr,(T;) < +o0

and hence, recalling the compactness theorem [13, Corollary 4.2], we con-
clude that T is a special generalized Gauss graph.

(2) It follows at once from the lowersemicontinuity of EI(,Q) [14, Theorem
4.2]. O
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