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COMMUTING ANALYTIC SELF-MAPS OF THE BALL

BARBARA D. MACCLUER

Under broad conditions, two analytic self-maps of the disk
fixing 0 commute under composition precisely when they have
the same Schroeder map, where the Schroeder map for an
analytic ¢ : D — D with ¢(0) = 0 is the unique analytic
function o on D solving Schroeder’s equation o o ¢ = ¢’(0)o
and satisfying o/(0) = 1. For analytic self-maps of the ball in
CN fixing 0 we may still seek analytic C™N —valued solutions
o to Schroeder’s equation with o/(0) = I, but considerable
complications for existence and uniqueness of o may ensue.
Nevertheless, we show that there are reasonably general hy-
potheses under which it will still be the case that two analytic
self-maps of the ball fixing 0 commute if and only if they share
a common Schroeder map o with ¢/(0) = I.

1. Introduction.

If ¢ is an analytic map of the unit disk D into itself which fixes the origin and
has derivative there satisfying 0 < |¢'(0)| < 1 then there exists an analytic
map o on D that satisfies Schroeder’s functional equation

oo =¢(0)o.
This “Schroeder map” ¢ is unique up to constant multiples; its existence
and uniqueness was proved by Koenigs in 1884 ([3]). It is usually convenient
to require that o satisfy ¢/(0) = 1. Koenigs showed that in this case o can
be obtained as the almost uniform limit of normalized iterates of ¢:

_ ¥Yn
0D

where ¢, = ¢ and @,y = @ o ¢,. When ¢ is univalent in D, o will
be also, so that ¢ is conjugate to multiplication by ¢’(0) on (D) : ¢ =
o~1/(0)o. Suppose 1 is an analytic self-map of D which commutes with
¢ under composition. Then necessarily 1(0) = 0. Moreover, ¢ and 1 will
have the same Schroeder maps, and conversely if ¥ : D — D is analytic,
fixes 0 and has the same Schroeder map as ¢, then ¢ oy = ¥ o . These
results follow from the existence and (essential) uniqueness of the Schroeder
map in one variable. ([1], [4].)
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If  is an analytic self-map of the unit ball By in CV which fixes the
origin, then by a Schroeder map for ¢ we will mean an analytic map o :
Bn — C! which satisfies the functional equation

(1) cop=¢(0)o

where ¢/ (0) is the linear map from CY to CN given by the matrix whose i
entry is D;p,(0). By analogy to the one variable case we restrict to the case
that the eigenvalues of ¢’(0) are non-zero and of modulus strictly less than
1. In addition we exclude maps which are “unitary on a slice” of the ball;
that is, maps ¢ for which there exists {,7 in OBy so that ¢(A() = An for
all A € D. We are chiefly interested in Schroeder maps ¢ which are locally
univalent near 0. This is equivalent to requiring that ¢’(0) be invertible ([5,
1.3.7 and 15.1.8]). In fact when there is a solution to Equation (1) with
o’ (0) invertible, there will be a solution with ¢/(0) = I. Precise conditions
under which such a solution exists for a given ¢ are known ([2]; see also
Theorem 1 and Corollary 2 below), but are somewhat complicated. A basic
issue is whether any algebraic relationships of the form

kiyk k
Aj = ATTAYT AN

hold between the eigenvalues Ay of ¢'(0), where k; > 0 and > k; > 2, and if
any such relationships do hold, whether they in fact prevent the existence
of a locally univalent Schroeder map. Such an algebraic relationship for an
eigenvalue of ¢ will be called a resonance of .

The results which make this precise are as follows. As a convenient nor-
malization we may assume, by a unitary change of variables, that ¢’(0) is
upper triangular.

Theorem 1 ([2]). Suppose ¢ is an analytic map of By into By with ¢(0) =
0 and A = ¢'(0) an upper triangular diagonalizable matriz, with diagonal
entries Ai, Ao, ... , AN such that 0 < |\;| < 1. Assume further that ¢ is not
unitary on any slice. Suppose that \j = )\’fl '--)\?VN 1s the longest expression
(maximal Y k;) for one eigenvalue of A as a product of any number of
the eigenvalues of A. Set m = ki + -+ + ky and M = the number of
maulti-indices for CN of total order less than or equal to m. Let M be the
upper left M x M corner of the matriz for the composition operator Cy, with
respect to the standard (non-normalized) basis for any weighted Hardy space
HE(BN); ordered in the usual way. If M is diagonalizable, then Schroeder’s
Equation (1) has a solution o with o’(0) = 1.

The “standard basis” referred to in this theorem consists of the monomials
1,21, 29,... ,zn,z%,zlzg, ... ordered as follows: z® precedes z7 where @ =
(a1,...,ay) and v = (71,... ,yn) are multi-indices, if either |o| < |7/ or,
in the case |a| = |7], if there is a jo so that a; = ~y; for j < jo and aj, > ;.
The matrix for the composition operator C, with respect to this basis has as
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its j*" column the coefficients of ¢ with respect to this basis, where 2 is the
4" monomial in the prescribed ordering. A weighted Hardy space Hg(B N)
is a Hilbert space of analytic functions on By for which the monomials form

a complete orthogonal set of non-zero vectors satisfying

[ I (|
ﬁ all) = =
D = ety =
whenever |a;| = |ag|, where || - || denotes the norm in Hg(BN) and || - |2

denotes the norm in L? (on), on being normalized Lebesgue measure on By .
When ¢(0) = 0 and ¢ is not unitary on any slice there exist weighted Hardy
spaces on which the composition operator Cy, (defined by Cy,(f) = fop) is
a compact operator ([2]).

There is a converse to Theorem 1 which says, under the same hypotheses
on ¢, that if ¢ has a Schroeder map with invertible derivative at the origin,
then every upper left corner of the matrix for C, is diagonalizable.

While we won’t have direct need for the full strength of Theorem 1 here,
the following corollary will play a crucial role in our study of commuting
analytic self-maps of By. It gives a description of all Schroeder maps (locally
univalent or not) for ¢, based on the presence or absence of resonances for

@.

Corollary 2 ([2]). Suppose the hypotheses of Theorem 1 hold and that in
addition A = ¢'(0) is diagonal. Then all solutions to Schroeder’s Equation
(1) can be described as f = g oo where o is a Schroeder map with o’'(0) =
I, as given in Theorem 1 and g = (g1,92,... ,9N) is a mapping on CN
with polynomial coordinate functions. Moreover, if g = > c(v)z?, then the
coefficients c¢(),y = (Y1,... ,Yn) are 0 unless A, = A\*AJ* - XV (v > 0),
in which case c¢(vy) can be chosen arbitrarily.

If A = /(0) is merely diagonalizable, with SAS~! = diag(\1, Ao, ... , AN),
then an arbitrary Schroeder map has the form S~'ogo S oo with o and g
as just described.

Note that g always includes a linear term bgzp (by arbitrary), and if
A is a repeated eigenvalue of ¢’(0) there will be other linear terms with
arbitrary coefficients. The terms of g; with order at least two correspond
to the resonance relations for A\;. When no resonance relations hold, g is
linear. We emphasize that a resonance relation expresses an eigenvalue \;
as a product )\lfl /\’2€2 . ‘-)\?VN where > k; > 2; a relation \; = \; is not a
resonance relation.

The goal of this paper is to study commuting analytic self-maps of By
and to see, by analogy with known results in one variable, to what extent
it still is the case that commuting maps are those which share a locally
univalent Schroeder map. Our main results (Theorems 3 and 7) will show
that under natural hypotheses on ¢, a map ¥ which commutes with ¢ and
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has no resonances in common with ¢ will share a locally univalent Schroeder
map with ¢. Examples will be give to show that this can fail if ¢ and ¢
have resonances in common.

2. Non-resonant maps.

In studying the Schroeder maps for commuting self-maps ¢, of By, the
easiest situation arises when at least one of ¢, has no resonances. This
means, say, that no eigenvalue of ¢'(0) can be written as a product of two
or more of the other eigenvalues, although repeated eigenvalues are allowed.

Theorem 3. Suppose ¢ : By — By is analytic, with ¢(0) = 0. As-
sume that A = ¢'(0) is upper triangular diagonalizable with eigenvalues
AL, A2, AN, 0 < [N < 1. Assume further that ¢ is not unitary on any
slice and that no resonance relations hold for any of the \;’s. If 1 : By —
By is analytic and ¢ o o = @ o then ¢ and ¢ share a common Schroeder
map which is locally univalent near 0.

Proof. Since ¢ is not unitary on any slice and ¢1(0) = 1¥p(0) = (0) we
must have 1(0) = 0, since the fixed point set of ¢ in By is affine ([5, 8.2.3]).

By the m =1, M = N+1 case of Theorem 1 we know that ¢ has a Schroeder
map o, with o(,(0) = I. Moreover,

(opo0)op=0,0p0) =¢ (0)(0,01)
s0 0,01 is a Schroeder map for ¢. By Corollary 2 this tells us that o 01 =
S~1BSo, where S diagonalizes ¢'(0) and B is linear. Differentiation of this
equation gives o7,(0)¢/(0) = S™'BSc/,(0) so that in fact S~'BS = ¢/(0)
and o, is a Schroeder map for both ¢ and 1, with derivative at 0 equal to
I. O

It need not be the case that ¢ and 1) have the same set of Schroeder maps;
see Example 1 in the next section.
As a converse to this result we have the following theorem.

Theorem 4. Suppose @, are analytic self-maps of By, each fixing 0, with
©'(0)y'(0) = ¢'(0)¢'(0). Suppose further that there exists an analytic o :
By — CN with o' (0) invertible and both o op = ¢'(0)o and oot = 1'(0)o.
Then @ o) =1 o .
Proof. Since o is locally univalent near 0 we may write

p=0""¢(0)
and

Y =0"1(0)o
in an open neighborhood of 0. Thus near 0 we have
pov =01 (0)oo™ 'y (0)0 = 7' (0)(0)o = o714/ (0)¢' (0)o =9 o .
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Since ¢ 0 1) = 1 o in an open neighborhood of 0 and the compositions are
defined on By we must have p oty =1 oy in By. (|

The last result need not hold if the hypothesis on the commutability of
the derivatives at 0 is omitted: Take ¢, to be linear maps which do not
commute. They share o(z) = z as a common locally univalent Schroeder
map.

3. Resonances.

We begin with several examples which will help set the stage for Theorem 7,
the main result of this section.

Example 1. Let (21, 20) = (c121, C322 + ca23) where c1, co are sufficiently
small non-zero constants so that ¢(Bs2) C By. Note that

0
'0) = < C1 )
90( ) 0 Ci’)
and the resonance Ay = )\?1’ holds for the eigenvalues Ay = ¢, A9 = c‘;’ of
©'(0). Tt is easy to check that

o, =1\ 21,22+ _e 22
= 1,22 1
® ’ 3 — 2

176
is a Schroeder map for ¢ with derivative at 0 equal to I (this example is
also discussed in [2]). By Corollary 2 all Schroeder maps for ¢ are of the
form g o o, where g is a polynomial map (b121, b2 + b3z}) for arbitrary
constants by, by and b3, and thus have the form

bac
<b121, bozo + ﬁz% + b32f’> .

14
Now suppose that » commutes with ¢. We know from the calculations in
Theorem 3 that o, 0% is a Schroeder map for ¢ and hence o, 09 = go o,
for g as above. From this we easily determine that 1) must be of the form

<b12’1, bozg + %(bg — b%)z% + ng%)
G -4
for some constants by, ba, b3, and moreover any choice of these constants will
give a map which commutes with ¢. If these constants are chosen sufficiently
small, ¥(By) C Bs. Note that whenever bs # 0 we have a commuting map
which is not an iterate of ¢, so the set of maps which commute with ¢ is
considerably larger than just the natural iterates of .

If by # b3 then

€2 2 bs 3
(zl,z2+ 3 2zl+b _b321
-4 2 1
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is a common Schroeder map for ¢ and 1 with derivative at 0 equal to I. We
remark that

c
(zl, 22 + ﬁz% + azf)
where a # bs/(ba — b3) is a Schroeder map for ¢ but not for 1, so that while
@ and 1) have a locally univalent Schroeder map in common, their sets of
Schroeder maps are not the same.
On the other hand, if by = b3, b3 # 0 and
1#(21, 22) = (blzl, bozg + %(bg — b%)Z% + bng)
-G
then ¢ commutes with ¢ but ¢ has no locally univalent Schroeder map
by the converse of Theorem 1. Omne can check that the upper left 7 x 7
corner of the matrix for €y has diagonal entries 1,b1,bif,b%,b‘11,bfl",b‘rl3 and
three non-zero off diagonal entries: c2(b3 — b?)/(c3 — c}) in the 4-3 position,
ca(b3 — b2)b1/(c3 — ¢2) in the 7-5 position, and b3 # 0 in the 7-3 position.
This matrix is not diagonalizable. Note that the situation being considered
here is that of the resonances of ¢ also being resonances of i, where ¢ is
not a natural iterate of .
We also note that this example shows that two self-maps of the ball which

each commute with ¢ need not commute with each other as

C
1/}1 (21, 22) = <b121, 622’2 + ﬁ(bg — b%)z% + bgzi’)
1 1

and

14
both commute with ¢ but fail to commute with each other if b1, by and b3
are chosen to be sufficiently small non-zero values with b3 # bs.

c 1
1/)2(21, ZQ) = (b12’1, bQZQ + ﬁ(bg - b%)z% + 2()32’%)

In two variables only one resonance relation is possible (either A\; = A}
or A2 = AT"), but as the number of dimensions increases so do the possible
variety of resonance equations. The next example, describing a general
situation in C2 will be instructive for formulating a general theorem.

Example 2. Consider any analytic mapping ¢ : B3 — Bs, fixing 0 and
not unitary on any slice, where ¢’(0) is diagonal, with diagonal entries \;
satisfying 1 > |A;| > |A2| > |A3] > 0 where the resonances

Ao =A',(n>2) and
A3 = ANPAS = Xk (i k> 0,m + k> 2, and m < n)
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hold. Notice that we, in fact, have k + 1 different resonances for As:
Az = AP = AT = APAS =+ = ATFAS

where

(2) ri +jn=m+nk

for j = 1,...,k. If ¢ satisfies the hypotheses of Corollary 2 then all
Schroeder maps are of the form goo, where o, is a Schroeder map satisfying
/

0,(0) = I and g is a polynomial mapping with

g1 =b121,92 = bazg + 127

and

m+nk
1

g3 = b3zz + coz + ngqfl Z9 + C4ZI2Z% + -+ ck+2zIkz§

for arbitrary choice of the coefficients. Denote the collection of all such
polynomial maps G.

Now suppose ¥ : B3 — B3 commutes with ¢ and that no resonance of
¢ is also a resonance of ¥». We know o, o 1) is a Schroeder map for ¢ so
0,01 = gooy, for some g € G,. Taking derivatives, we see that o(,(0)4'(0) =
9'(0)o,(0) and thus ¢'(0) = ¢'(0) = diag(b1, ba, b3). Our hypothesis on the
resonances of ¢ implies that by # by, by # b7 b £ biby, ... by # b]FbE.

We claim that there exists § in G, with ¢’(0) = I solving g o g = ¢'(0)g.
Once the claim is verified we see the following holds in a neighborhood of 0:

(gogw)o¢:(goacp)ogg;logonggogogw
=g'(0)ogoa, =4'(0)(go0y,)

since ¢ = 0;190@ near 0. If (goo,) o) = ¢'(0)(§ o oy) holds near 0, then it
holds in Bj since § is defined on C3. This shows that § o o, is a Schroeder
map for ¢ with derivative at 0 equal to I; it is also a Schroeder map for ¢
by Corollary 2.

To verify the claim we will show that coefficients ¢;, éa,. .. , p+2 may be
determined so that g given by

- ~ A ST
g1 = 21,92 = 22+ C12]

and

ro 2

+nk AT I A Tk
T 4 Cgzy 20 + Cazy® 2y + -+ Cryo2y" 20

Js = z3 + Ca2
solves g o g = ¢'(0)g. Notice that g1 o g = g1 = b1z1 = b1g1 and that
g2 0 g = bago provided ¢ = ¢1/(b2 — b}'); the hypothesis by # b} being used
here.

Finally, we turn to

(3) g3 09 = b3g3.
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Using the forms of g3 and g, we expand the left side of Equation (3) into a
sum of monomials and observe that each of these monomials is a scalar multi-
ple of a monomial which also appears in bsgs, the right side of Equation (3).
To see this, observe that when we expand g,"gj = (b121)" (bazg + c12})
we get terms which are scalar multiples of the monomials z,’z5(2})I~* =
ziﬁn(ﬁs)zg(o < s < j). Since r; +n(j — s) = r,, this monomial, with some
scalar coefficient, appears in b3gs.

By equating in turn the coefficients of

ek JTk—1 k—1 1 m-+nk
220,217 2y T, 2 22, 2 ,
we obtain equations for the unknown coefficients ¢xio,¢éxt1,...,¢62. The

equation obtained from the coefficients of 27" 25 is

~ kir ~
Cht2 + Cryobgbi* = b3Crqa

which may be solved for ¢é;yo provided b3 # bqkbg; this is guaranteed
by the hypothesis on the resonances of 1. Continuing, suppose that by

. . Th_ — 5 1 .
comparing the coefficients of z]%2%, 21" 2571 . 217 22% the coefficients
Ck+2, Ck41, - - - » Cj43 have been determined. Next we compare coefficients of

2y’ 23 on both sides of Equation (3). None of the terms

m~+nk 1

A A AT1 A Ti-1_J—
C2d1 yC391 925 -+ ,Cj+1917 G5

. T . ~ ri g
contribute any terms of the form z,’2zJ. The expansion of éj120,” g3 con-

tributes a term ¢;42b,’b32]7 5. The expansions of
A Ti+1 j+1 - ri k
Cj+3.91] gy - Ck+2971792
contribute terms zy’ 23 all of whose coefficients involve the previously deter-
mined coefficients ¢j13,... ,¢+2 (and by, be). Thus equating the coefficients

of 2}’ zé on both sides of Equation (3) leads to an equation of the form
Cjt2 + éj+gb;j bg + known terms = b3Cjio

where “known terms” refers to a sum involving the known values ¢j;3,... ,

Ci+2 and the b;’s. This equation may be solved for ¢;o provided b3 # b;j vy,

which is part of our hypothesis. Continuing this process we determine all

of the coefficients of the second and higher order terms of g;. Note that the

only first order term in g3 o g is bgz3 and this is the only first order term on

the right side of Equation (3). Thus we have found a choice of coefficients
so that g o g = ¢’(0)g, verifying the claim.

We set some notation and terminology which will be useful in the main
result. We now restrict attention to the case that the eigenvalues ¢’(0)
are distinct, non-zero, and of modulus less than 1. There is no loss of
generality in assuming that ¢’(0) is upper triangular, with diagonal entries
AL, A2, ..., Ay satisfying 1 > |A1] > |A2| > --- > |An]| > 0, since there is a
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unitary map U so that U*¢/(0)U is upper triangular with the eigenvalues
of ¢/(0) appearing in the prescribed order. Moreover, if ¢ and ¢ commute,
then so do U*pU and U*U, and ¢ and v have a common locally univalent
Schroeder map if and only if U*@U and U*YU do. This ordering on the
eigenvalues of ¢'(0) implies that A\; has no resonance relations, and in general
a resonance for ); is of the form

k:j,1

Aj = )"fl )‘]2@ T )‘jfl

where k; > 0 and > k; > 2.
For j > 2 we say that a monomial czlflzé€2 x zfj_ 7' (¢ any non-zero scalar)
is j-permissible (for ¢) if

kivk kj_1,
j=AAGE A
call the corresponding multi-index (kq,k2,...,kj—1,0,...,0) j-permissible
as well. There is a one-to-one correspondence between a resonance for A;
and a j-permissible monomial with scalar coefficient 1 (or a j-permissible

multi-index). For a given ¢, let I'; denote the j-permissible multi-indices,

so that (ky,ka,... . k;j—1,0,...,0) € I if and only if A; = APAR2 ... A%
and I'; is empty if \; has no resonance relations. We order the multi-indices
in I'; according to the following rule: A multi-index « in I'; preceedes a
multi-index 3 if either the k;j_; entry of «v is greater than the k;_; entry of
B3, or if the entries in the k; through k;_; positions agree for some 7 < j,
then the k;_1 entry of « is greater than the k;_1 entry of 8. This is not the
“usual” ordering on multi-indices. For example, if (¢ has resonance relations

)\2 = )\%, )\3 = )\i’ = )\1)\2 and
(4) A=A = A3 = A3 = AA = A3 = A28 = A0 =\
then the ordering on I'y is

(17 07 27 0)7 (07 27 17 0)7 (2? 17 17 0)7 (47 O? 17 O)

(1’ 37 07 0)? (3’ 2’ 07 0)7 (5’ 1’ 0’ 0)7 (77 0’ 0’ 0)'
Recall the notation G, is used for the collection of all polynomial mappings
g=1(91,92,---,9N) where

gj(zl,... ,ZN) = ijj + Z CJ(’Y)«Z7
el

where the coefficients b; and ¢/ (7) are arbitrary.

Lemma 5. With ¢ as just described, suppose g € G, and g € G, with

§'(0) = I. Then the monomials of order at least two in the expansion of

gj o g are all j-permissible, for j > 2.
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Proof. The coordinate functions g; are of the form

gi=2z+y &)

where the sum is over all multi-indices v in I';. Thus

giog=gi+> &g

r;

and it suffices to show that each monomial in the expansion of ¢ is j-
permissible. Consider ¢” where v = (v1,72,...,7%j-1,0,...,0), 75 > 0,
>~ > 2. Computing a term of g7 = g|'g3* - g;yfll involves making a
choice of 7; terms from g; (necessarily each of these will be by z1), 72 terms
from ga, 3 terms from gz, etc. Since A\; = A"\ - - )\ZJ_ 7, making these
successive choices produces a j-permissible monomial. O

As an example, again suppose as above that ¢ has resonances Ao = A2,
A3 = )\:f = A1A2 and A4 has the resonance relations in Equation (4). In
the expansion of g4 o g we obtain, for example, the terms from g3gs since
(0,2,1,0) € I'y. The monomials obtained by choosing two terms from g
(either byzo or a multiple of 27) and one from g3 (either b3zz, a multiple of
zi)’ or a multiple of z1z5) are all in T'y.

Since Theorem 3 applies when ¢ has no resonances, in the next two results

we consider the resonant case.

Theorem 6. Let p be an analytic self-map of By fixing 0 and not unitary
on any slice with ¢'(0) upper triangular with distinct diagonal entries A;
satisfying

1> A1 > [Ae| =+ > |An| > 0.
Suppose @ has at least one resonance relation. Let g € G, with
g/(O) = diag{bl, bg, ‘e ,bN}

and assume that whenever a resonance relation

holds then
ki
bj # byt b

Then there exists § € G, with §'(0) =1 and §go g = ¢'(0)g.
Proof. By hypotheses the coordinate functions of g are

gj(zla"' 7ZN) = ijj + Z c](fy)zw
v€L;
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Set
Gi(#z1,...,28) = 2 + Z & (y)27

~€rl;

so that ¢’(0) = I. We need only show that the coefficients ¢’(y) may be
determined so that

(5) gog=4(0)3
holds. We will determine these coefficients in the order of the multi-indices
in ;. For v = (y1,...,7j-1,0,...,0) € T;, write b7 for b]"bJ* - --b;-”:ll.

If T'; = 0, then g; o g = bjg; holds automatically. If I'; # (), let 7y be the
first multi-index in I'j, and compare the coefficients of 2™ on both sides of

(6) gjog=0b;g;
to obtain
Cj(’i'l) =+ éj(Tl)le = bjéj(Tl)

which can be solved for the unknown &/(71) since b; # b™.

Next compare the coefficients of 2™ in Equation (6), where 79 is the second
multi-index of I';. Only for v = 71, can g contribute a 2™ term. Thus
we are led to the equation

Cj(TQ) + bTQéj(TQ) + = bjéj(Tg)

where --- indicates terms depending only on coefficients of g and/or the
just determined value & (1). This can be solved for ¢/(r3) since b™ # b;.
Proceeding in this way through the multi-indices of I'; in the prescribed
order we obtain equations

cj(Tk) +ka6j(Tk) + = bjéj(Tk)

where the omitted terms on the left are known quantites, possibly involving
the coefficients & (7;) where 7; preceedes 7y.

At this point we have determined ¢/ (7y), v € T; so that in Equation (6) the
coefficients of any 27,7 € I'; agree on both sides. Recall that by Lemma 5
the monomials of order at least two which appear in the expansion of the
left side of Equation (6) are all j-permissible, so in fact we have shown that
the coefficients of z” for any multi-index 7 of total order at least two on both
sides of the equation agree. The only non-zero first order terms on either
side of Equation (6) are bjz;. Hence with the determined values of &/(v),
Equation (5) holds. O

Theorem 7. Let ¢ : By — By be analytic such that ¢(0) = 0, ¢ is not
unitary on any slice, and A = ¢'(0) is upper triangular with distinct diagonal
entries \j satisfying 1 > |Ai| > [Ag| > --- > |An| > 0. Assume that ¢ has
resonances so I';j is non-empty for at least one j. Suppose ¢ has a Schroeder
map o, with U:@(O) =1. If pot)p = 1o for some analytic self-map 1 of
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By, and the resonances of ¢ are not also resonances of ¥, then ¢ and
have a common Schroeder map which is locally univalent near 0.

Before giving the proof, we clarify the meaning of the hypothesis “the
resonances of ¢ are not also resonances of ¢”. Since ¢ and 1 commute,
so do ¢'(0) and /(0). Since ¢'(0) is assumed to have distinct eigenvalues,
this means that ¢’(0) and ’(0) may be simultaneously diagonalized, and
we may find an N x N invertible matrix S so that

S¢'(0)S™" = diag (A1, Az, .-, AN)
and

SY'(0)S~! = diag (p1, p2, - - - , uN)
where the \;’s appear in non-increasing order, but there is no apriori order-
ing on the p;’s. To say that the resonances of ¢ are not also resonances of
1) means that if

k1 kj1
Aj= A '”)‘j—l

then
kj_

i #
(with the given ordering on the f;’s).
Proof. If p o1 =1 oy we have already observed that o, 0 is a Schroeder
map for p. By Corollary 2, we must have

oqpoz/):S_logosomp

where S diagonalizes ¢’(0) and ¢'(0) as just described and g € G, so that
the coordinate functions of g are

gj(z1,...,2n) = bjzj + Z (7).
V€L
Upon differentiation of the relation o, 0 ¢ = S~1gSo, we see that ¢/(0) =
S=1¢'(0)S so that

diag(p1, .., pv) = S¢'(0)S™! = ¢'(0) = diag(bi, ... ,bn)

and by hypothesis \; = )\]1“ e )\fj__f = b; # b’fl bf’__ll By Theorem 6,
there exists ¢ € G, with §’(0) = I and go g = ¢'(0)§. By Corollary 2,
571380, is a Schroeder map for ¢; its derivative at 0 is I. The following

calculation shows that it is also a Schroeder map for :
(S§So,)p =S9S5S 1 gSo, = S 'ggSo,
= S7'4(0)gSa,
= (87'¢'(0)5)S™'gSa,
= ¥(0)(S7'g50y). O
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In Example 1 we saw that Theorem 7 can fail if the resonances of ¢ are
also resonances of 1. Of course, if ¥ is a natural iterate of ¢, then ¢ and
1 will commute, have the same resonances, and have a common Schroeder
map.

One application of Theorems 7 and 3 is to extract qualitative information
about the maps which commute with a given map. Our next theorem is a
result in this direction. It depends on the following result from [2].

Proposition 8 ([2]). Let ¢ be an analytic map of By into itself with ¢(0) =
0 and A = ¢'(0) invertible and suppose ¢ is not unitary on any slice of By .
If o, is an analytic map of By into CV that solves Schroeder’s functional
equation o, 0p = Af and 0/,(0) is invertible, then o, is univalent on By if
and only if ¢ is univalent on By .

Corollary 9. Suppose ¢ and ¥ are commuting analytic self-maps of By,
both fixing 0, not unitary on any slice, and having invertible derivative at
0. Suppose further that they satisfy the hypotheses of either Theorem 3 or
Theorem 7. Then if ¢ is univalent in By so is 1.

Proof. There is a common locally univalent Schroeder map for ¢ and ¥
which by the “if” direction of Proposition 8 is univalent in By. Now apply
the “only if” direction of the proposition for 4 to conclude that 1 is univalent
in B N- O

The invertibility of ¢'(0) and ’(0) is necessary in this corollary, as the
maps ¢(z1,22) = (1/221,1/322) and ¥ (z1,22) = (1/221,0) which share the
Schroeder map o(z1, z2) = (21, 22) show.

Finally, we observe that our proof of Theorem 7 depends on the hypothesis
that the eigenvalues of ¢'(0) are distinct. This hypothesis plays a significant
role in Theorem 6 as it means each coordinate function g; has at most one
non-zero linear term. We leave consideration of the repeated eigenvalue case
for a later time.
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