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Let (M™,g) be a smooth compact Riemannian manifold
with boundary M # (. In this article we discuss the first
positive eigenvalue of the Stekloff eigenvalue problem

{(—A +q@u(x) =0 inM

% = Au on OM,

where g(z) is a C? function defined on M, 8y, is the normal
derivative with respect to the unit outward normal vector
on the boundary M. In particular, when the boundary oM
satisfies the “interior rolling R—ball” condition, we obtain a
positive lower bound for the first nonzero eigenvalue in terms
of n, the diameter of M, R, the lower bound of the Ricci
curvature, the lower bound of the second fundamental form
elements, and the tangential derivatives of the second funda-
mental form elements.

1. Introduction.

Let (M"™,g) be a smooth compact Riemannian manifold with boundary
OM # (). In local coordinates (z',22,...,2"), the Riemannian metric is
given by
n
ds® = Z 9ij deztda?,
ij=1
and the the Laplace operator is defined by

d 0
v
i (x/ﬁg 8xj>,

1 n

A=—
g ZJZZI g

where (g) = (gij)~! and g = det(g;;). We consider the following Stekloff

eigenvalue problem:

1.1
(L.1) gu — Ny on OM,

{(—A +qu(x)=0 inM
ov

where g(z) is a C? function defined on M, Ovg is the normal derivative
with respect to the unit outward normal vector on the boundary 0M. More
specifically, we shall find a lower estimate for the first eigenvalue of the
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problem (1.1) in terms of the dimension of M, the geometrical data of M
and OM, and the potential function g.

Problem (1.1) is known as the Stekloff problem as Stekloff first studied
it for bounded plane domains with potential function ¢ = 0, and he found
applications in physics. Also, it is important because the set of eigenvalues
for the Stekloff problem is the same as the set of eigenvalues of the well-
known Dirichlet-Neumann map. Also, it is well-known that when metrics on
manifolds with boundary are conformally deformed, the sign of the Sobolev
quotient Q(M) and Sobolev trace quotient Q(M,IM) of the manifold M
are important conformal invariants and they can be characterized by the
sign of the first eigenvalue of the problems (see [E])

Lu+mu=0 in M
Bu=20 on OM,

and
Lu=0 in M
Bu=XAu on JdM,

respectively, where L = Ay—[(n—2)/4(n—1)| R, is the conformal Laplacian,
B = (0/0vy) + [(n — 2)/2]hy is the boundary operator, hy denotes mean
curvature of the boundary M with respect to v, and R4 denotes the scalar
curvature on M. Hence, it is natural to study the first eigenvalue of the
associated equation (1.1) without the functions R, and hg. From the analysis
viewpoint, this problem closely corresponds to the study of the following
Neumann eigenvalue.

(1.2) {(—A +m)u(r) =0 inM

gu—0 on OM.

It is well known that the first nonzero Neumann eigenvalue of the Laplacian
on M will provide an optimal upper estimate for the Poincaré constant and it
is important from an analysis viewpoint to prove the Poincaré inequality on
the manifold M. Therefore, it is interesting to find a positive lower estimate
of the first nonzero eigenvalue, and this has been studied extensively by
many authors. We will simply refer the reader to [B], [Ch], [C], [C-L],
[L1], [L2], [L-T], [L-Y1], [L-Y2], [W] for further references. Analogously,
it is also interesting whether one may obtain a positive estimate for the lower
bound of the first eigenvalue of the problem (1.1).

In a recent paper [E], Escobar generalized problem (1.1) with ¢ =0 to a
compact manifold (M", g) with boundary M. In the two-dimensional case,
if M has nonnegative Gaussian curvature and the geodesic curvature ky of
OM satisfies k4 > ko > 0, then he proved that the first nonzero eigenvalue A\
of the Stekloff problem satisfies \; > kg. Also, he proved that the equality
holds only for the Euclidean ball of radius k; ! In higher dimensional cases,
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if M has non-negative Ricci curvature then he proved that A; > ’“2—0, where
ko > 0 is a lower bound for the second fundamental form elements of the
boundary. However, the lower bounds in the paper [E| will become zero
if one only assumes nonnegative geodesic curvature on the boundary for
dimension two case or nonnegative second fundamental form elements on
the boundary for higher dimension case.

From the interests of analysis, we shall try to obtain a positive lower
bound for A\; of the Stekloff problem on a more general class of manifolds.
In particular, we shall follow a similar gradient estimate argument as in [C]
and [W] to prove a quantitative generalization of some results in [E].

Theorem 1.1. Let (M", g) be a compact Riemannian manifold with bound-
ary OM . Suppose that OM satisfies the “interior rolling R—ball” condition.
Let K, H and H be nonnegative constants such that the Ricci curvature
Ricys of M is bounded below by —(n — 1)K, the second fundamental form 11
of OM is bounded below by —H and the absolute value of tangential deriva-
tives of 11 is bounded by H. By choosing R small, and fora =1 ora = 3, we
have the following estimate for the first eigenvalue \1 of the Stekloff problem

(1.1).

(1.3)

[

2(1 + 014)
2P(n — 12(1+ H)

N

sexp [ —1— (1+Cu)

|

sAﬂ&n—w+0w4f@4+wH%Hme{Un—8+“i

2(n—1)<\/(n—1)K+(n—2)KR+11%+1>}

+ 8v/2(n — 1)(96 + 6Cy 4 2C4) + 66_1(3671 +28412(n — 1)H)]

+ [3B sup |q| + Bv/2(n — 1)dsup |Vq| —2(n — 1) infq} ,

where 6 > 0 1s any constant, C1, C4, Cs, Cg, are constants depending on n,
K, H, H, R, d = diameter of M,

ﬁﬁ—l = exp [1 +(1 +Cl4)%} )

Ciy =d*(1+ H)? [305+CG+(n—1)K+215 ,

and they can be explicitly computed.



280 ROGER CHEN AND CHIUNG-JUE SUNG

Remark. We shall choose the radius R < 1 of the interior rolling ball to
satisfy the following inequalities

Kpr taH(R\/KiR) <
= tan(RV/E) <

V(n—1)K + (n—2)Kg
2R/ (n—1)K+(n-2)Kr _

_l’_

Y

|
N

i

N |

> H

where Kp denotes the upper bound of the radial curvatures in OM(R) =
{x € M UIOM|dist(z,0M) < R}.

Corollary 1.2. Let (M™,g) be as in Theorem 1.1 and let ¢ = 0 in (1.1).
By choosing R small, we have

(14) )\1 > Cl5a

for some constant Cy5, depending on n, K, H, H, R, d = diameter of M,
and it can be explicitly computed.

Using the same technique, we may also obtain the following estimate for
m in (1.2).

Theorem 1.3. Let (M™,g) be as in Theorem 1.1. By choosing R small, we
have

(1.5) m 2> Che,

where Cig s a positive constant depending on n, K, H, R, d = diameter of
M and both can be explicitly computed as in (3.13).

Corollary 1.4. Let (M™,g) be as in Theorem 1.1. Assume that the Ricci
curvature of M is nonnegative, the boundary OM is convex. By choosing R
small, we have

Chr
m 2> 2
where C17 is a positive constant depending only on n and it can be explicitly
computed as in (3.15).

(1.6)
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2. Main Lemma.
We recall the following definition from [C].
Definition 2.1. dM is said to satisfy the “interior rolling R-ball” condition
if for each point p € M there is a geodesic ball B, <§> , centered at ¢ € M
with radius £, such that p = By(£) N OM and B,(£) c M.

We may modify a gradient estimate method as in [C] and [W] to prove
our main lemma for a positive solution of the problem (1.1). In our case, we
need to define two functions on M by ¢(x) = ¢(r(z)) and ¥ (z) = W(rg)),
where r(x) denotes the distance from x € M to OM and ¢(r) and ¥(r) are
nonnegative smooth functions defined on [0, 00) such that

2.1) {gp(r) SMR ifrelo§)
¢(r)=M\R ifre€[R, )

and

22) ot ey

with

(2.3) p(0)=0, 0<¢'(r)<2M, ¢(0)=\

0" (r)] < 2A\1, " ()] < 24,

and

(2.4) w(0) =0, 0<V¥'(r)<2H,
v'(0)=H, W'(r)>—-2H.

Letting

w=(1+¢)u, [f=log(l+ ),
p=—q+|Vf’—Af,

Equation (1.1) for u is transformed into the following equation for w.

(25) {Aw—Q(Vf,Vw)—i—pw:O in M

guw —0 on OM.

Lemma 2.2. Let (M",g) be as in Theorem 1.1. Normalize w such that
1 =supw. For a constant 3 > 1, we consider the function
2 [Vuwl?

(2.6) F() = (14+ 0@ =
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Assume that F(xo) = max,cy; F(z), and choose R small, we have

2.7) Fwo) < (1+4)* |(2n—1)0 + WI
< (14 H)2 [2(71 —1)C12 + 2(2_1)013 )

where § > 0 is any constant, and
C1 = (n—1)max{3H +1,\/(n — 1)K + (n — 2)Kg}
Cy =max{(3H +1)%,(n — 1)K + (n — 2)Kg} + Kg

RCy / _

RCy _
03 e em <H+RQHKR>
C4 = max{Cg, 03}

412
© =g
o _2n-1VHBH+1) 2H
6~ R 2R?
Cr = 4)\3

Cs =M (8\1 +6H +4)

R
Cig = max{C7 + (TL — 1)087 (n — 1)09}
Ci1 = 64/\:13 + 32/\% + 2\ (301 + 04)
[— infq+ C7 + (n - 1)08] I5] " (3TL + 13)07

Cy =2\ <\/(n—1)K+(n—2)KR—|—1+1>

Cio =

B—w 2(n—1)
1
+Cg+305+06+(n—1)K+%
Ci3 = [sup |q|* + C3y] + 6 [sup [Vq|* + C} ] .

n—1
Proof. The proof we give may be divided into the following steps.

(1) In Step (1), we determine the location of the maximum point of xg by
using a maximum principle.
(2) In Step (2), we apply the maximum principle to obtain an inequality

0 > aF(x0)* — bF(x0) — ¢

for F(xg), where a > 0, b, ¢ > 0 are constants.
(3) In Step (3), we shall find estimates of b and ¢ which lead to an estimate
of F(l‘o)
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Step (1). The point zy is either a boundary point or an interior point of
M. Suppose that xo € 9M, we let {e;} be a local orthonormal frame field of
M™ such that e, = 6% on OM. If we let h;; denote the second fundamental
form elements of OM, then
0< E(%)
—QH‘V?UP + 221 1 WiWin
(B —w)?
28 |\Vwl? = 237772 hijwiw;
(B —w)?
<—2ﬂVwP+2HWmV
- (B —w)?

<0,

which is a contradiction, as we may choose R to be smaller than 1. Hence
F(x) cannot attain its maximum at the boundary point. Therefore xy has
to be an interior point of M.

Step (2). Since F attains its maximum value at an point zg, we have

(2.8) VF(.IQ) =0
(2.9) AF(xp) <0.
Note that
(2.10) VF-(ﬂ_w>2+F-V<ﬂ_w>{:VNwF

' 1+ 1+ '
and

] p—w p—w p—w 2

AF <1+¢) + 2VF' - V( +¢> + F- A< +¢> = A|Vuw|

which implies that, at xg,
B 2

(2.11) 0> —F(x0)A <m> (z0) + A|Vw|*(xg).

We may choose an orthonormal frame field {e;} near o such that w;(zg) =
|Vwl|(xp). Note that |Vw|(zg) # 0, otherwise F(z) = F(zg) = 0 for all
x € M which is a contradiction.

At zp, Equation (2.8) implies that

2w, 24
2 J J o\ _ ,
V| ( G—w 1 ¢> = 2wywy;
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for each j = 1,... ,n. Therefore, at xg, we have
__w Y
(2.12) e = =
’ w1t :
W15 = —Tqy for j # 1.

Using the Ricci identity, w;jr —wir; = Z?:l w51, and a direct calculation,
we get

(2.13) %A|Vw|2 Z ww +ij (Aw); + Z Rijwiw;
1,7=1 i,j=1
1 B—w\" 5 [ —Aw |Vw|?
L [ﬁ—w+(ﬁ—w)2
2(VwVy) Ay N 3|V¢2]
A+9)B-w) 1+¢ (1+¢)?

Substituting (2.13) into (2.11) and using a direct calculation, we have

Aw |Vw|?
0> wa—l—Zw] Aw); + Zwalw] |Vw|? [ﬂ +(ﬁ—w)2
7.] 1 ,] 1

<VwV1/1> Ay 3Vy? }

<1+w><ﬂ—w>_1+w+<1+w>2

Using (2.5), we have

pw
Z w” + 2wy Z fiwi)1 — wi(pw)1 + Rijwiwy — wi [

—w

3,j=1
_2fiun w% 2w A [V? ]
B-w (w2 T+0)@—w) 1+w+3< ERE

- Zn: wy; + 2wi fi1 + 2wy z": fiwji = wip — wiwpr + Riyjwiw,
mlg [ pw  2fiw "~ w}
f-—w [B-w (f—w)? )
+< +21;§1<?— w) 1% - 3<1|v+¢1|¢>2]
4 3
-2 RN +2$1<?— w)

,j=1
2f
B—

+2wlzfj
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pw A V|?
—wi [ﬂ— +p— 1_:@} +3(1|+1/;L)2 —2fn1— Rn
Z w? _ 2wty
D A (eI
2
+ 2wy Z fiwj1 + Bfl — wiwpy
L[ e Av LWL
“ [ﬂ—w o T
Using (2.12), and the inequality 2 + y? > 22y, it is easy to see that
Wl wi 2w _wiyf
B wp? B-w)(+Y) (14 9)?
2fiw} 2wi figh
3w +2frwiwn = Tro

n n 2 n
w
2) wij+ 2wy fioy == fF
= i= =2

Putting these into the above, we have
(2.14)

" 9 w%ﬁ%
0> E wr; — prww; + ————
- i,j=2 e (1+v)?

8- 1+¢  1+¢  (1+1)?
To prove our claim, we shall find an inequality for F'(xg) of the form
0 > aF(x0)? — bF(xg) — ¢

where a > 0, b, c are nonnegative constants. To obtain the quadratic term of
F(z0) with positive coefficient, we observe that Cauchy-Schwarz inequality
implies that

o | pB I~ o Ay 2fihr 2Vl
— wj w+2§fj —2f11 — + + — R11

n

wiyi wiyi
Zw’ﬁ 141—1; > 1+¢j)

1,J=2 Jj=

1 2 w%ﬂ’%
1 (w11 Aw) + m

Using (2.5), (2.12), and the inequality (z+y)? > 22 —42, the above becomes

\/

1,
2

1 w} w1 2w}
Tho1 <ﬁ—w+1+¢+Aw> LTS
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1 w? w1y 2 1 2 w3
= 3 1) (ﬁ—w+1—|—¢> S LA rpr s

(

Using the inequality (z + )2 > )a: —2(n — 1)y?, the above becomes

1 wi wiy? 1 5 wi?
1 <<@w>2 - <1+¢>2) TR e
1 wi 1 (Aw)?.

:2n—1(6—w)2_n—1

Using (2.5), and the inequality 2(z% + y?) > (z + y)?, we get

(2.15) Z wivi 1w 2 (pPw? + 4ffuw?) .
1+¢2—2n—1(ﬁ w)?2 n—1 1

Substituting (2.15) into (2.14), we get

(2.16)
0= 2n1_1(5 i}%w)Q - n31p2w2—p1ww1 w? [ﬂp_ﬂ n—1f1
+;§M}Jﬁﬁfﬁ%—dﬁz+éqﬂ;—&l
= in_ 17 ﬁu)z - n31p2u}2_ gpwa - % 2 _ 2 [ﬁp_ﬂw

2, g 2 2fipr Ay 2]V
+222:fj *2f11+1+¢*1+¢+(1+¢)2*R11

1 wi 2 9 0o o w? pp

S 2n—1(8—w) —[n1p+2p1}w a [ﬁ w nflf1
Ly~ 2fis _ DAY 2VYP 1
22223_2f“+1+¢_1+¢+(1+¢) BT

where § is any positive constant. In order to see that we have almost ob-
tained the desired inequality for F'(zg), we shall simplify the notations by
setting

ppB 8 1

2 A 2| V|2 1
S Y VY| Ry 4

_2f11+1+¢_1+¢ (1+ )2 25’




ON STEKLOFF EIGENVALUE PROBLEM 287

and
2 )
2.18 = 24 —p.
(2.18) Y= TP

Also, note that if we set a = ﬁ, then we have
w

1 1
(2.19) a= < < :
f-—w ™ f-—w™ f-1
- (1+4)* . .
Multiplying (2.16) through by G w)? and using (2.17)-(2.19), we obtain
(2.20) 0> — 1F2 —0(1 +¥)?F — y(1 4 ).

Step (3). In this step, we shall give estimates on §(1+1)? and y(1+1)*a?
in (2.20). The inequality (2.20) implies that we have

(2n—1)0 (2n — 1)26?
2 * \/ 4

(2.21)  F(zg) < (1+1)?

+ (2n — 1)7042]

< (1+ ) [(Qn —1)0 + ma} .

In order to prove our claim, we shall estimate each term in (2.17) and (2.18)
of f and ~, respectively. Since p = —q+|Vf|>—~Af and f = log(1+¢(r(x))),
we shall need to estimate Ar and |VAr| near the boundary OM if we want
to estimate the term |Vp| in . Here, we shall first derive some estimates
for Ar and |VAr|. Let {e1,...,e,} be an orthonormal frame fields of M™
in a neighborhood OM(R) = {x € M U9OM]|r(x) < R} of OM such that
en = —3,, where v is the unit outward normal vector to dM. For any
x € OM x {r}, where OM x {r} = {x € OM(R)|r(x) = r}, we have r,, = 1,
and ry, =0fora=1,... ,n—1. When R is sufficiently small, we may write
each point z € IM(R) as © = (y,r), where y € OM and dist (z,y) = r(z).
A direct calculation shows that

Tha =0, Thn =0, Taa = —haa
fora = 1,...,n — 1, where hy, is a second fundamental form element of
OM x {r}. To estimate |VAr|, it suffices to obtain estimates of |e,,(Ar)| and
lea(Ar)| for a = 1,... ,n— 1. Differentiating 74, in the direction of e,, yields

n—1
€n (Taa) = Taan — Z 7“25
b=1

n—1

n
2

= Tana + Z T Rigan — Tab
=1 b=1
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n—1
2
= - 5 Tab — Rnanm
b=1

where R,qnq denotes the curvature tensor of M. Hence, we have

—1
(2'22) en(raa) = - Z 7'(211; — Ryana
b=1

for each © = (y,r) € OM(R). Integrating (2.22) yields

r /n—1
(2.23) Taa(T) = Taa(y) + / <Z 2, — Rmma) (y, t)dt.
0 \b=1

Let K and Kp denote the upper bounds of the radial curvatures and of
the absolute value of covariant derivatives of radial curvatures, respectively,
in OM(R), i.e., Kp = max {Rpana(x)|z € OM(R),1 < a < n — 1} and
Kr = max {|Ruanap(7)| |z € OM(R),1 < a,b < n}. Since the boundary
OM satisfies the “interior rolling R—ball’ condition, its second fundamental
form element II is bounded from above by % and is bounded from below by
hypothesis. We shall follow an index comparison theorem [Wa] to obtain

estimates on 14, for a = 1,... ,n — 1. To apply it, we choose R small as in
[C] such that
= 1
H 1
tan(Ry/Kgr) < -
Vi VIR < 5
and
- 1K - 2)K
V(n=1DK + (n—2) R
2R/ (n—1)K+(n-2)Kr _
Using an index comparison theorem, we have
H + /Kprtan(Rv K
(2.24) raa > —2 T VAR an(fv/ Kr)
1-— ﬁ tan(R\/ KR)
> —(3H + 1),

and if we set K = \/(n — 1)K + (n — 2) K we have

K [(e2nr(:p) _ 1) K+ (eQKT(CE) + 1) %]
(GQH/T(Z‘) 4 1) K 4 (eQ/cr(:v) _ 1) %
K [(eQHR + 1) KR+ (eQﬁR + 1)]

<

— (6257"(;3) + 1) R

(2.25) Taa <

1 1
§H+E:\/(n_1)K+(n_2)KR+E’
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fora=1,... ,n — 1. Hence, we have
(2.26) |A7| < (n — 1) max{3H + 1,\/(n — 1)K + (n — 2)Kg}
= (1.
Combining (2.22), (2.24), and (2.25), we have
(2.27) len (A7) < max{(3H +1)% (n — 1)K + (n — 2)Kr} + Kr
= (.

Differentiating (2.23), we get

r n—1
(2-28) Taa,b(% 7“) = Taa,b(ya O) + / (2 Z TacTachb — Rnana,b) (y7 t)dt
0 c=1

forb=1,...,n—1. We may assume that r,, for a = 1,... ,n — 1 denotes
an eigenvalue for the Hessian of r. Differentiating (2.28) with respect to r
and solving the first order differential equation

Taa,b(ya T) = 2TaaTaa,b(yv T) - Rnana,b(ya T‘),

we have
(2.29) en(Ar)|() < ent (H + Rent Kp)
= Cs.
Combining (2.26) and (2.29), we have
(2.30) |VAr|(z) < max{Cs, C3}
= (4.

We are now ready to give estimates for 6, v in (2.17) and (2.18). Note that it
suffices to find estimates for terms |Vi| = &', Ay, |[Vf|2 = |[Viog(1 + ¢)|?,
fij» p = —q + |Vf? = Af, and |Vp|. In the following, we shall give an
estimate for each of these terms. From the definition of ¥ and (2.24), it is
easy to see that

> 4H?
(2.31) V| = ﬁd/’ <5 =05
and
(2.32) Ay = EWA +—¢”\V 2
2(n — 1)H(3H +1) 2H
= R Topr = v

For the terms |V f|? = |Vlog(1l + ¢)|> and f;;, we apply (2.24), (2.25) to
obtain
72
2. 2= |Viog(1 4 ¢)> = —— < 4M? =
@33) V= [Vl + o = o <=0
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Iy . //rz. 2¢/2r2
(234 fii = ot + s —
(I+¢)?  (1+9¢)?* (1+9)
> 2\ (3H 4+ 1) — 2\ — 8A2
=~ (8\; + 6H +4) = —Cx,
and
1
(2.35) fis <2\ <\/(n ~ 1)K+ (n—2)Kgp+ R) +2)
1
=2\ <\/(n— DK+ (n—2)Kgp + 7 1) = C.
For the term p = —q + |V f|? — Af, we use (2.32)-(2.35) to get
(2.36) p=—q+|Vf|-Af < —infq+ C;+ (n—1)Cs,
(2.37) p=—q+|VfP—Af>—supqg— (n—1)Cq.

Combining (2.36), (2.37), we get that
(2.38)  |p| < sup|q| + max{C7 + (n — 1)Cs, (n — 1)Cy} = sup |g| + C1p.
For the term |Vp|, we note that
_l’_ —
(1+9¢)?

72
_¥Y | _v
(1+¢)° (1+¢)* (1+¢)°
2¢'¢"Vr 20" Vr YA Y'VAr N 20 ArVr
(1+9¢)02 (140 (1+¢)2* (1+¢)?* (1+9)°
A 60" Vr
(1+¢)  (1+¢)0°  (1+¢)° 1+t
Hence, we use (2.26)and (2.30) to get
(2.39) |Vp| < 64X3 + 3202 + 20, (3C + Cy) + sup |Vq| = C11 + sup |Vq|.

Note that each constant Cr,..., (1 contains a factor A;. Combining esti-
mates (2.24)-(2.26) and (2.30)-(2.39), we have estimates for 6 and ~.

(2.40)
_ B 8 2 ln 2
o= +n—1f1+222:fj

72

' Ar " 2¢

Vp=-Vqg+V

8 —w
2fir AY 2|V|? 1
AT Ty Taree Mty
[—infq+C7+ (n—1)Cs] B 8 1 9 P?
< F-1 (i vg) oG A
Cs 2C5 1

+ s+ (n-1)K + =

110  (119) 2
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< [~infqg+C7r+ (n—1)Cs] 8 N (3n+13)Cy

- g—1 2(n—1)
1
+ 0 +3C5+Co+ (n— DK + o5
20127
and
2 )
2.41 = 24 Zp?
(2.41) T= TP +2p1

<
—n-—1

Finally, we may substitute (2.40), (2.41) into (2.21) to obtain

(2n —1)0 + (2"_1)”]

[sup |¢|* + CTy] + 6 [sup |Vq|* + C},] = Cis.

F(z0) < (1+14)?

8—1
2(n—1)C
< (1+H)? [2(n —1)C1a + (2_1)13
This completes the proof of Lemma 2.2. O

3. Proof.

In this section, we shall utilize Lemma 2.2 to give a proof to Theorem 1.1,
1.3 and Corollary 1.2, 1.4.

Proof of Theorem 1.1. Using (2.7), we have

F(z) < (1+9)2 |(2n—1)0 + (2”__11)7]
<(1+H)? [2(n —1)C12 + 2(2:1)013

for any x € M U M. This implies that

(3.1) 6‘v—wij <(1+H)|2(n—1)Cis + W 3

Let x1,x2 be two points in M such that w(x;) =0, w(xz) = supw = 1, and
let v C M be a minimal geodesic joining from x1 to x2. Then we have

p [Vw]
(32) IOgiil < A 711}
= (1 li) 2(” - 1)012 + (n?c’lg /
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where d denotes the diameter of M. Recall that constants C, ... ,Cg do not
depend on A;. We shall group them together. Hence, we have

1 B \?
(3.3) 20+ H? <logﬁ_ 1)

<2(n—1)Cia + 2(2 : 1)013
_ 2(n—1)B[-infqg+ C7 4 (n — 1)Cy]
= -1 + (3n + 13)07

+2(n—1)Cs +2(n —1) |:3C5+C6—|—(TL— 1)K + 25:|

8 [sup|q|* + C%,] + 2(n — 1)6 [sup |Vq|* + CF ]
6—-1

20— 1)8 2(n—1)°3
< |2 P ik e 1
< | =53 +(3n+13)]07+[ 51 +(2n—-1)| Cs
n 3C10 n V2(n—1)6C1y N 3sup |q| N V2(n —1)dsup |Vq|
g1 B—-1 B—1 B—1
2(n—1)fBinfq B
Multiplying (3.3) through by %, we have

(3.4)

-1 (. B Y
21+ H)? <Ogﬂ—1>

< [2(n_ 1)+ (8 — 1)(3n+13)] Cr ot [2(n_ 1)2 4 2(8—-1)(n — 1)] Cs

B B
+ 36C10 + Bv/2(n — 1)6C11 + 38 sup |q| + Bv/2(n — 1)d sup |Vq|

2(n—1)1nfq—|—2(n—l)ﬁ [3C5+06+(n—1)K+ 1]

%
< [2(n = 1)Cs + 2(n — 1)2Cs + 38C10 + Bv/2(n — 1) Cn]

+ ﬁﬂ [(3n +13)C7 +2(n — 1)C5]
+ [Bﬁsup lg| + Bv/2(n —1)dsup |Vg| —2(n —1) infq]
2(n—1)(B—1) 1
+ 3 3C5+ s+ (n— K + | .
To finish the proof, we shall estimate constants C7,... ,Ci1 in terms of Aq.

Since we have either \; > Xf or Xf > A1, we define a to be the number such
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that

(3.5) A = max{Ay, A3},

Using the definitions of the constants C7,... ,C1; in Lemma 2.2, we have
(3.6)

Cr =403 < 4\}
Cs =)\ (8)\1+6H+4) < (12+6H)X11

Cy =2\ <\/(n—1)K+(n—2)KR+]1%+1>

R
Cig = maX{C'7 + (TL — 1)087 (n — 1)09}

< 2)\8 <\/(n—1)K—|—(n—2)KR+1—|—1>

< A¢ max {12n — 84 6H,2(n—1) <\/(n —1)K+(n—2)Kg + % - 1)}

Ci1 = 6403 + 3207 4+ 2)\((3C) + C4) < A$(96 + 6C + 2Cy).
Substituting these into (3.4), we get
(3.7)
-1 (. B Y
og
d26(1 + H)? 3-1

_2(71—1)(5—1) [3C5+06+(n—1)K+ 1:|

s 26
< [2(n = 1)Cr +2(n — 1)°Cs + 38C10 + A/2(n — 130 |
- ﬁﬂ [(3n 4 13)C7 + 2(n — 1)Cy]
138

sup |q| + B/ 2(n — 1)dsup |Vq| — 2( n—l)qu}

[ n—1)+ (n—1)%(24 + 12H) +3ﬁmax{12n— 8+ 6H,

R

+ Bv/2(n —1)(96 + 6C + 2C4) + ﬂﬁ_1(36n + 28 4+ 12(n — 1)H)]

+ [3ﬁsup lg] + Bv/2(n —1)dsup |[Vg| — 2(n — 1) inf q} .

2(n — 1) <\/(n—1)K+(n—2)KR+ ! +1>}
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It is clear that the term
p—1 8\ 2n—-1)(B-1) 1
d2m1+H)2<10g5_1> o 3 [305‘i‘Cﬁ—i-(n—l)K-|-2(S

in (3.7) can be made to be positive by choosing 3 sufficiently close to 1. It
is easy to see that this term attains maximum value with

3.8 p_ L4 (14 C)2
(3.8) ﬁ—exp[—k(—k 14)}7
where
1

(3.9) Cia = 2d*(n — 1)*(1 + H)? [305 +Cs+ (n—1)K + 25] .
Putting this into (3.7), we have
(3.10)

2(1 4 Chy)? .

mexp |:-1 — (1 + 014) }

<X [S(n — 1)+ (n—1)%(24 + 12H) +3ﬁma><{12”— 8+ 64,

2(n — 1) <\/(n—1)K+(n—2)KR+]1%+1>}

+ 8y/2(n — 1)(96 + 6Cy + 2Cy) + ﬁﬂ_l(%n +28+412(n — I)H)]

+ [Sﬂsup lg| + Bv/2(n —1)dsup |Vg| — 2(n — 1) inf q} .
This completes the proof of Theorem 1.1. O

The proof for Corollary 1.2 is immediate by setting ¢ = 0 in (3.10).

Proof of Theorem 1.3. In this case ¢ = —m; A1 = 0, then we have ¢(x) =
f(x) = 0. Hence, the proof of Lemma 2.2 will be simplified by setting con-
stants C7,...,Cq1, and § to be zero. Then (3.2) will take the form

(3.11) log b < (1+H) 2(n—1)012+—v2(n_1)013 "

p—1 g1
with
(3.12) Oz = ﬁm_ﬁl 4205+ Cs + (n— DK
2
Cig = ki




where
in the

(3.13)

where

(3.14)
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Cs, Cg are constants given in Lemma 2.2. Following the argument as
proof of Theorem 1.1, we obtain
21+ 014)%
d*(1+ H)?

NI

exp |1 = (14 C1) 7| < [20 = 1) + VB35

Ciq = 2d*(n —1)(1 + H)?[2C5 4+ Cs + (n — 1)K]
Oy
b= Ciy— 1
0

When the Ricci curvature is nonnegative, the boundary is convex, ¢ =
—n1, and A = 0, it is easy to see that C5s = C4 = 0 and K = H = 0.
Therefore, one may apply (3.12) to obtain

(3.15)

where

(3.16)

1
e2
@ <m [Q(n - 1) + \/gﬁ]
1
e2
/8 =
e% -1
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