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BIQUANTIZATION OF LIE BIALGEBRAS

CHRISTIAN KASSEL AND VLADIMIR TURAEV

For any finite-dimensional Lie bialgebra g, we construct
a bialgebra A, ,(g) over the ring Clu][[v]], which quantizes
simultaneously the universal enveloping bialgebra U(g), the
bialgebra dual to U(g*), and the symmetric bialgebra S(g).
Following Turaev, we call A, ,(g) a biquantization of S(g). We
show that the bialgebra A,, , (g*) quantizing U (g*), U(g)*, and
S(g*) is essentially dual to the bialgebra obtained from A,, . (g)
by exchanging u and v. Thus, A, ,(g) contains all informa-
tion about the quantization of g. Our construction extends
Etingof and Kazhdan’s one-variable quantization of U(g).

Résumé. FEtant donné une bigébre de Lie g de dimension finie, nous con-
struisons une Clu][[v]]-bigébre A, (@) qui quantifie simultanément la bigébre
enveloppante U(g), la bigebre duale de U(g*) et la bigebre symétrique S(g).
Suivant Turaev, nous appelons A, ,(g) une biquantification de S(g). Nous
montrons que la bigébre A, ., (g*) qui quantifie U(g*), U(g)* et S(g*) est en
dualité avec la bigébre obtenue a partir de A, ,(g) en échangeant u et v. La
bigebre A, ,(g) contient ainsi toutes les informations sur la quantification
de g. Notre construction généralise la quantification en une variable de U(g)
par Etingof et Kazhdan.

Introduction.

The notion of a Lie bialgebra was introduced by Drinfeld [Dri82], [Dri87] in
the framework of his algebraic formalism for the quantum inverse scattering
method. A Lie bialgebra is a Lie algebra g provided with a Lie cobracket g —
g®g which is related to the Lie bracket by a certain compatibility condition.
The notion of a Lie bialgebra is self-dual: If g is a finite-dimensional Lie
bialgebra over a field, then the dual g* is also a Lie bialgebra.

Drinfeld raised the question of quantizing Lie bialgebras (see loc. cit.
and [Dri92]). For any Lie bialgebra g, its universal enveloping algebra U(g)
is a co-Poisson bialgebra. The quantization problem for g consists in find-
ing a (topological) bialgebra structure on the module of formal power se-
ries U(g)[[h]] which induces the given bialgebra structure and Poisson co-
bracket on U(g) = U(g)[[h]]/(h). This problem is solved in the theory of
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quantum groups for certain semisimple g. Recently, P. Etingof and D. Kazh-
dan [EK96] quantized an arbitrary Lie bialgebra g over a field C of charac-
teristic zero. Their construction is based on a delicate analysis of Drinfeld
associators.

Besides U(g), there are other Poisson and co-Poisson bialgebras associated
with a Lie bialgebra g. One can consider, for instance, the (appropriately
defined) Poisson bialgebra U(g)* dual to U(g), as well as similar bialgebras
U(g*),U(g*)* associated with g*. Note also that the symmetric algebra
S(g) = @,,~0 S™(g) is a bialgebra with Poisson bracket and cobracket ex-
tending the Lie bracket and cobracket in g. The Etingof-Kazhdan theory
provides us with quantizations of U(g) and U(g*) in the category of topo-
logical bialgebras. It is essentially clear that, taking the dual bialgebras, we
obtain quantizations of U(g)* and U(g*)*. The bialgebras S(g) and S(g*)
stay apart and need to be considered separately. At this point, the relation-
ship between all these bialgebras and their quantizations looks a little messy
and needs clarification.

The aim of our paper is to sort out and unify these quantizations. We
shall show that there is a bialgebra A(g) quantizing simultaneously U(g),
U(g*)*, and S(g). Moreover, the bialgebra A(g*) quantizing U(g*), U(g)*,
S(g*) is essentially dual to A(g). Thus, we can view A(g) as a “master”
bialgebra containing all information about the quantization of g.

To formalize our results, we appeal to the notion of biquantization in-
troduced in [Tur89|, [Tur9l]. It was inspired by a topological study of
skein classes of links in the cylinder over a surface. The idea consists in in-
troducing two independent quantization variables, u and v, responsible for
the quantization of multiplication and comultiplication, respectively. Let us
illustrate this idea with the following construction. Let A be a bialgebra
over the ring of formal power series C[[u,v]]. Assume that A is topologi-
cally free as a C[[u, v]]-module, commutative modulo u, and cocommutative
modulo v. It is clear that A/uA is a commutative bialgebra with Poisson
bracket

ab — ba
{pu(@):pu(0)} = pu (),
where a,b € A and p, : A — A/uA is the projection. The morphism p,, is a
quantization of the Poisson bialgebra A/uA. Similarly, the comultiplication
A in A induces on A/vA the structure of a cocommutative bialgebra with
Poisson cobracket

8(pu(@)) = (opy) (

where a € A and p, : A — A/vA is the projection. The morphism
py : A — AJvA is a quantization of the co-Poisson bialgebra A/vA. By
similar formulas, the quotient A/(u,v) = A/(uA+wvA) acquires both a Pois-
son bracket and a Poisson cobracket, and becomes a bi-Poisson bialgebra.

Afa) = A%(a) )

[
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The projections of A/uA and A/vA onto A/(u,v) quantize the comultipli-
cation and the multiplication in A/(u,v), respectively. We sum up these
observations in the following commutative diagram of projections

A —— AJuA

(0.1) | |

AfvA —— A/(u,v)

called a biquantization square. This square involves four bialgebras and
four bialgebra morphisms quantizing either the multiplication or the comul-
tiplication in their targets. The bialgebra A appears as the summit of the
square, quantizing three other bialgebras. We say that A is a biquantization
of the bi-Poisson bialgebra A/(u,v). The notion of a biquantization allows
us to combine four quantizations of three bialgebras in a single bialgebra.
Note that instead of the ring C[[u,v]] one can use subrings containing u
and v. In this paper, as a ground ring for biquantization, we use the ring
Clu][[v]] consisting of the formal power series in v with coefficients in the
ring of polynomials Clu].

Our main result is that, for any finite-dimensional Lie bialgebra g over
a field C of characteristic zero, the bi-Poisson bialgebra S(g) admits a bi-
quantization. More precisely, we construct a topological Clu|[[v]]-bialgebra
Ay v(g) biquantizing S(g). Specifically, A, ,(g) is free as a topological
Clu][[v]]-module, is commutative modulo u and cocommutative modulo v,
and A, ,(g)/(u,v) = S(g) as bi-Poisson bialgebras. This gives us a biquan-
tization square (0.1) with A = A, ,(g).

Our second result computes the left-bottom corner A/vA of the biquan-
tization square (0.1), where A = A, ,(g). Consider the C[ul-algebra V,,(g)
defined in the same way as the universal enveloping algebra U(g), except
that the identity xy — yz = [x,y] is replaced by zy — yz = ulz,y|, where
xz,y € g. We view V,(g) as a parametrized version of U(g); note that
Vu(g)/(w — 1) = U(g). Similarly to U(g), we provide V,,(g) with the struc-
ture of a co-Poisson bialgebra. We prove that A, ,(g)/vAu.(g) = Vu(g)
as co-Poisson bialgebras. According to the remarks above, the projection
Aun(g) = Aun(g)/vAus(g) = Vul(g) is a quantization of V,,(g). This is a
refined version of the Etingof-Kazhdan quantization of U(g). Indeed, quo-
tienting both A, ,(g) and V,,(g) by v — 1, we obtain the Etingof-Kazhdan
quantization of U(g) (cf. Remark 8.4).

Our third result concerns the right-top corner A/uA of the biquantization
square for A = A, ,(g). Namely, we prove that A/uA is isomorphic to a
topological dual of V,,(g*) consisting of C|v]-linear maps V,(g*) — C][v]]
continuous with respect to the wv-adic topology in C[[v]] and a suitable
topology in V,(g*). This dual is a Poisson bialgebra over Cl[v]]. It is
isomorphic to the Poisson bialgebra E,(g) of functions on the Poisson-Lie
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group associated with g*®cC[[v]], cf. [Tur91, Sections 11-12]. (As an al-
gebra, E,(g) = S(g)[[v]].) According to the remarks above, the projection
Auv(9) = Auw(g)/uAyn(g) = Ey(g) is a quantization of E,(g).

To sum up, the Clu][[v]]-bialgebra A, ,(g) quantizes S(g), Vi (g), and the
topological dual E,(g) of V,(g*).

We can apply the same constructions to the dual Lie bialgebra g*. It
is convenient to exchange u and v, i.e., to consider the Clv][[u]]-bialgebra
Ay (g*) obtained from A, ,(g*) via an appropriate tensoring with Clv][[u]].
As above, A, ,(g") quantizes S(g*), V4, (g*), and the topological dual E,(g*)
of V,(g). Observe that the three lower level corners of the biquantization
square for A, ,(g*) are dual to the lower level corners of the biquantization
square for A, ,(g). We prove that the bialgebras A, ,(g) and A, ,(g*) are
essentially dual to each other.

Our definition of A, ,(g) is obtained by an elaboration of Etingof and
Kazhdan’s quantization of U(g) and can be regarded as an extension of
their work. The definition goes in two steps. First we replace the variable h
by the product uv, which allows us to introduce two variables into the game.
In particular, the universal R-matrix Rj constructed in [EK96] gives rise
to a two-variable universal R-matrix R, ,. Then we separate the variables
u, v in an expression for R, , by collecting all powers of u (resp. v) in the
first (resp. second) tensor factor. The algebra A, ,(g) is generated by the
first tensor factors appearing in such an expression.

The plan of the paper is as follows. In Section 1 we recall the notions
of Poisson, co-Poisson, and bi-Poisson bialgebras, as well as the definitions
of quantizations and biquantizations. In Section 2 we formulate the main
results of the paper (Theorems 2.3, 2.6, 2.9, and 2.11). In Section 3 we
recall a construction due to Drinfeld producing certain linear maps out of
a bialgebra comultiplication. We use these maps to show that every bialge-
bra over C[[u]] has a canonical subalgebra that is commutative modulo w.
In Section 4 we collect several useful facts concerning C[[u, v]]-modules. In
Section 5 we recall the basic facts concerning Etingof and Kazhdan’s quan-
tization Uy(g) of a Lie bialgebra g. In Section 6 we define A, ,(g) and show
that it is a topologically free module. The proof that A, ,(g) is an algebra
is also given in Section 6; it uses Lemma 6.10 whose Aproof is postponed to
Section 7. In Section 7 we introduce a completion A, ,(g) of Ay, (g) and
define a bialgebra structure on A, ,(g). Section 8 is devoted to the proofs
of Theorems 2.3 and 2.6, and the first part of Theorem 2.9. In Section 9 we
investigate the two-variable universal R-matrix R, , and construct a nonde-
generate bialgebra pairing between A, ,(g) and a certain bialgebra AP, In
Section 10, using the pairing of Section 9, we relate S(g)[[v]] to the topolog-
ical dual of V,(g*), which allows us to complete the proof of Theorem 2.9.
In Section 11 we compare Etingof and Kazhdan’s quantization for a Lie
bialgebra and the dual Lie bialgebra. In Section 12 we use the results of
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Section 11 to show that AP = Ay u(g*) and prove Theorem 2.11. In the
appendix we describe explicitly the biquantization of a trivial Lie bialgebra.

We fix once and for all a field C of characteristic zero.

1. Poisson bialgebras and their quantizations.

We introduce the basic notions used throughout the paper. All objects will
be considered over a field C of characteristic zero. Given a commutative C-
algebra x, we recall that a x-bialgebra is an associative, unital k-algebra A
equipped with morphisms of algebras A : A — A®.A, the comultiplication,
and € : A — &, the counit, such that

(A@idA)A = (idA(X)A)A and (€®idA)A = (idA®8)A =idy,

where id 4 denotes the identity map of A. We shall also consider topological
bialgebras. A topological bialgebra A is defined in terms of a two-sided
ideal I C A. The definition is the same as for a k-bialgebra, except that the
comultiplication takes values in the completed tensor product

AB, A= lim (A/I” D A/I”).

The topological bialgebra A is equipped with the I-adic topology, namely
the linear topology for which the powers of I form a fundamental system of
neighbourhoods of 0 (see [Bou61, Chap. 3)).

1.1. Poisson Bialgebras. A Poisson bracket on a commutative algebra B
over the field C is a Lie bracket { , } : B x B — B satisfying the Leibniz
rule, i.e., such that for all a,b,c € B we have

(1.1) {ab,c} = a{b,c} + b{a,c}.
A Poisson bracket on B defines a Poisson bracket on B ® B by
(1.2) {a®@d,baV}=ab®{d, b} + {a,b} @dV

where a, d’, b, V' € B.

A Poisson bialgebra is a commutative C-bialgebra B equipped with a
Poisson bracket such that the comultiplication A : B — B®DB preserves the
Poisson bracket:

(1.3) A({a,b}) = {A(a), A(b)}

for all a,b € B.

The following well-known construction yields examples of Poisson bialge-
bras. Let A be a bialgebra over the ring Clu| of polynomials in a variable w.
Assume that A is commutative modulo v in the sense that ab — ba € uA for
all a,b € A. If the multiplication by w is injective on A, then the quotient
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bialgebra A/uA is a Poisson bialgebra with Poisson bracket defined for all
a, b e A by

(L4) {p(a),p()} = p(

where p: A — A/uA is the projection.

The inverse of this construction is called quantization. More precisely,
a quantization of a Poisson C-bialgebra B is a Clul-bialgebra A which is
isomorphic as a C[u]-module to the module Blu] of polynomials in u with
coefficients in B, is commutative modulo w, and such that A/uA is iso-
morphic to B as a Poisson bialgebra. The latter condition implies that
Equality (1.4) holds for all a,b € A, where p : A — A/uA = B is the
projection and { , } is the Poisson bracket in B.

One can similarly define quantization over the ring C[[u]] of formal power
series. To shorten, we call Cl[u]]-bialgebra a topological C[[u]]-algebra A
where the topology is the u-adic topology, i.e., is defined by the ideal uA.
In this case,

(1.5) A @)CHUH A= lln(A/unA Qcu]]/(un) A/unA>.

OLb—ba)7

A quantization over Cllu]] of a Poisson C-bialgebra B is a (topological)
C[[u]]-bialgebra A which is isomorphic as a C[[u]]-module to the module
B([u]] of formal power series with coefficients in B, is commutative modulo u,
and such that A/uA = B as Poisson bialgebras.

1.2. Co-Poisson Bialgebras. It is straightforward to dualize the defini-
tions of Section 1.1. A Poisson cobracket on a cocommutative C-coalgebra
B is a Lie cobracket § : B — B ® B satisfying the Leibniz rule, i.e., such
that

(1.6) (id® A)d = (§ ®id + (¢ ®id)(id ® 0)) A,

where A : B — B®B is the comultiplication of B and o is the permutation
a®b — bRa in BRB. Recall the notation A°? = oA for the opposite
comultiplication.

A co-Poisson bialgebra is a cocommutative C-bialgebra B equipped with
a Poisson cobracket § such that

(1.7) 5(ab) = 5(a)A(D) + A(a)S(b)

for all a,b € B.

We obtain co-Poisson bialgebras by dualizing the constructions of Sec-
tion 1.1. Here again we have the choice between the ring C[v] of poly-
nomials and the ring C[[v]] of formal power series in a variable v. In the
context of co-Poisson bialgebras, it will be more relevant to work with formal
power series. So let A be a bialgebra over C[[v]] in the sense of Section 1.1.
Assume that A is cocommutative modulo v, i.e., for all a € A we have
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A(a) — A% (a) € VAR A, where A denotes the comultiplication and A°P
the opposite comultiplication of A. If v acts injectively on A @)CHUH A, then
the quotient bialgebra A/vA is a co-Poisson bialgebra with cobracket

(1.8) d(p(a)) = (p®p)(w>

for a € A, where p: A — A/vA is the projection.

A coquantization of a co-Poisson C-bialgebra B is a C[[v]]-bialgebra A
which is isomorphic to B[[v]] as a C[[v]]-module, is cocommutative modulo v,
and such that A/vA is isomorphic to B as a co-Poisson bialgebra. This
implies that Formula (1.8) holds for any a € A, where p: A — A/vA = B
is the projection and ¢ is the Poisson cobracket in B.

1.3. Bi-Poisson Bialgebras. Following [Tur89, Tur91], we combine the
definitions given above and define the concepts of bi-Poisson bialgebras and
their biquantizations. A bi-Poisson bialgebra is a commutative and cocom-
mutative bialgebra B equipped with Poisson bracket { , } and Poisson co-
bracket ¢ turning B into a Poisson and co-Poisson bialgebra, and satisfying
the additional condition:

(1.9) 6({a,b}) = {0(a), A(b)} + {A(a),0(b)}
for all a,b € B.

In order to introduce biquantization, we use two variables v and v and the
ring Clu][[v]] which consists of formal power series in v whose coefficients
are polynomials in u. The following definitions can easily be adapted to the
rings Clu, v], Cl[[u,v]], and C[v][[u]].

By a Clu][[v]]-bialgebra A we mean a topological Clu][[v]]-algebra A,
where the topology is defined by the ideal vA, so that the comultiplication
takes values in

(1.10) A @)C[U][[U]] A= @(A/U”A Qcu[[o]]/(v") A/vnA>.

Let A be a CJu][[v]]-bialgebra that is commutative modulo u and cocommu-
tative modulo v. If v and v act injectively on A, then the quotient bialgebra
A/(uA + vA) is a bi-Poisson bialgebra over C with Poisson bracket given
by (1.4) and Poisson cobracket given by (1.8), where p: A — A/(uA 4 vA)
is the projection. Inverting this construction, we obtain the following notion
of biquantization.

Definition 1.4. A biquantization of a bi-Poisson C-bialgebra B is a
C|u][[v]]-bialgebra A which is isomorphic to Blu|[[v]] as a C[u][[v]]-module,
is commutative modulo u and cocommutative modulo v, and such that
A/(uA 4+ vA) = B as bi-Poisson bialgebras.

Any biquantization A gives rise to a “biquantization square” as follows.
Observe that A/vA is a cocommutative co-Poisson bialgebra over Clu] and
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that A/uA is a commutative Poisson bialgebra over C[[v]]. We form the
commutative square

A 2 AJuA

(1.11) pvl J((I'u

AlvA -2 B

where py, Dy, qu, ¢» are the natural projections. The morphisms p, and g,
are quantizations whereas p, and ¢, are coquantizations. The projection
p : A — B can therefore be factored in two ways as a composition of a
quantization and a coquantization: p = q,py = quPes-

2. Statement of the main results.

Any Lie bialgebra g gives rise to a bi-Poisson bialgebra S(g). In this sec-
tion, after recalling the necessary facts on Lie bialgebras, we state our main
theorems concerning a biquantization of S(g).

2.1. Lie Bialgebras (cf. [Dri82]). A Lie cobracket on a vector space g
over C is a linear map 0 : g — g ® g such that

(2.1) 0§ =—6 and (id+7+73)(®id)=0

where o (resp. 7) is the automorphism of g ® g (resp. of g ® g ® g) given
by oc(z®y) =yQx (resp. T(z Ry ®z) = y® 2z @x). It is clear that the
transpose map 0% : g*®@g* C (g®g)* — g* is a Lie bracket in the dual space
g* = Homc(g, C).

A Lie bialgebra is a vector space over C equipped with a Lie bracket
[,]:9®g— gand a Lie cobracket 0 : g — g ® g such that

(22) 6([z,y]) = z0(y) — y(x)
for all z,y € g. Here g acts on g ® g by the adjoint action (z, 2,2’ € g):
r(2®7)=[r,2]® +2®z,7].

Let g be a Lie bialgebra with Lie bracket [ , ] and Lie cobracket §. It
is easy to check that, if we replace [, ] by —[, | without changing the Lie
cobracket, then we obtain a new Lie bialgebra, which we denote g°P. If we
leave the Lie bracket in g unaltered and replace § by —d, then we obtain
another Lie bialgebra denoted g“®. The opposite —idg of the identity map
of g is an isomorphism of Lie bialgebras g°®? — g°®P and g — (g°P)“P.

When the Lie bialgebra g is finite-dimensional, then the dual vector space
g* with the transpose bracket and cobracket is also a Lie bialgebra. Clearly,

(g*>0p — (gcop)* and <g*)cop — (gop)*.
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2.2. A Bi-Poisson Bialgebra Associated to g (cf. [Tur89, Tur91]).
For any vector space g, the symmetric algebra S(g) = €,,~, S"(g) has
a structure of bialgebra with comultiplication A determined by A(z) =
r®1+1®azforall x € g = S'(g). If g is a Lie algebra with Lie bracket [, ],
then S(g) is a Poisson bialgebra with Poisson bracket determined by

(2.3) {z,y} = [2,9]

for all z,y € g. If g is a Lie coalgebra, then S(g) is a co-Poisson bialgebra
with the unique Poisson cobracket such that its restriction to S'(g) = g is
the Lie cobracket of g. If, furthermore, g is a Lie bialgebra, then S(g) is a
bi-Poisson bialgebra ([Tur91, Theorem 16.2.4]).

We now state our first main theorem.

Theorem 2.3. Given a finite-dimensional Lie bialgebra g, there exists a
biquantization A .(g) for S(g).

The construction of A, ,(g) will be given in Section 6. It is an extension
of Etingof and Kazhdan’s quantization of U(g), as constructed in [EK96].
As in loc. cit., our definition of A, ,(g) is based on the choice of a Drinfeld
associator. We nevertheless believe that it is unique up to isomorphism. We
shall not discuss this point in this paper.

The fundamental feature of our construction is that the bialgebras in the
lower left and the upper right corners in the biquantization square (1.11)
when A = A, ,(g) are closely related to the universal enveloping bialgebra
U(g) of g and to the dual of U(g*). We shall give precise statements in the
remaining part of this section. We begin with a short discussion of U(g) and
its parametrized version V,,(g).

2.4. The Bialgebra V,(g). Let g be a Lie algebra over C. Consider the
C|ul-algebra T'(g)[u] of polynomials with coefficients in the tensor algebra
T(g) = D,>¢ 8°". Let V,,(g) be the quotient of T'(g)[u] by the two-sided
ideal generated by the elements

TRy —y®r—ulz,yl
where z,y € g. The composition of the natural linear maps g = T (g) C
T(g) C T(g)[u] — Vu(g) is an embedding whose image generates V,,(g) as

a Clul-algebra. The algebra V,(g) is a bialgebra with comultiplication A
determined by

(2.4) Alz)=z1+1®

for all € g. Clearly, V,,(g)/(u — 1)V,(g) = U(g) and V,(g)/uV,(g) = S(g).
In this paper, we will use the fact that V,,(g) embeds in the polynomial

algebra U(g)[u]. The algebra U(g)[u] is equipped with a Clu]-bialgebra

structure whose comultiplication A is also given by (2.4). Let i : V,,(g) —
U(g)[u] be the morphism of C[u]-bialgebras defined by i(z) = ux for all



306 CHRISTIAN KASSEL AND VLADIMIR TURAEV

x € g C Vu(g). Using the Poincaré-Birkhoff-Witt theorem (cf. [Dix74,
Chap. 2]), we see that V,,(g) is a free C[u]-module and that ¢ is injective.
To describe its image, recall the standard filtration U°(g) = C C Ul(g) C
U?(g) C -+ of U(g): The subspace U™(g) is the image of @}, g** under
the projection T'(g) — U(g). Then

i(Vu(g) =4 > amu™ € U(g)[u] | am € U™ (g) for allm >0
m>0

We also have U™(g)/U™ !(g) = S™(g) for all m > 0. From now on, we
identify V,(g) with i(V,(g)) and S(g) with the graded algebra

@ Um( ) Um 1(

m>0
Under these identifications, the natural projection ¢, : Vi, (g) — S(g) sends
any element » o anu™ € V(@) to 3, <o am € S(g), where a,, € S™(g)

is the class of a,, € U™(g) modulo U™ !(g). These observations lead to the
following easy fact.

Lemma 2.5. The Clu]-bialgebra V,,(g) is a quantization of the Poisson bial-
gebra S(g).

Suppose now that g is a Lie bialgebra with Lie cobracket §. It was shown
in [Tur91, Theorem 7.4] that ¢ induces a co-Poisson bialgebra structure
on V,(g) with Poisson cobracket d,, determined for all x € g by

(2.5) Su(ux) = u?5(x) € ug@ug C Vi (g) ®cu] Vu(g)-

The projection ¢, : V,(g) — S(g) preserves the co-Poisson structure; in
other words, V,(g) is a quantization of S(g) in the category of co-Poisson
bialgebras.

Theorem 2.6. For the bialgebra A, ,(g) of Theorem 2.3, there is an iso-
morphism of co-Poisson Clu]-bialgebras

Au,v (g)/UAu,v(g) = Vu(g)

Theorem 2.6 will be proved in Section 8.

2.7. The Bialgebra E,(g). Let g be a finite-dimensional Lie coalgebra
with Lie cobracket §. By Section 2.2 the cobracket ¢ induces a co-Poisson
bialgebra structure on S(g).

Turaev ([Tur89, Sections 4-5] and [Tur91, Sections 11-12]) constructed
a (topological) C[[v]]-bialgebra E,(g) which may be viewed as the bialgebra
of functions on the simply-connected Lie group associated to the dual Lie
algebra g*. As an algebra, E,(g) is the algebra of formal power series with

coefficients in S(g):
Ey(g) = S(g)[[v]]-
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To define the comultiplication in E,(g), consider the Campbell-Hausdorff
series

(2.6) w(X,Y)=log(e*e")
1 1
=X +Y+ o (X Y]+ 55 (X XY+ (XY Y]) +
where X,Y € g*. Let us multiply all Lie brackets of length n by v™. This
yields the modified Campbell-Hausdorff series

1
(27) (X, Y) = ~ log(e"Xe™)

2
= X4V 43 [X.Y]+ 5 (X X0V +[[X, Y], Y]) +
The comultiplication A" in E,(g) is given by a — a o p,,, which makes sense
when we identify elements of FE,(g) with C[[v]]-valued polynomial functions
on g*. For x € g C E,(g) we have
2
(28) A(2) =201 +103+53(0)+ 15 > (@iaf @) +al' @ ajal) -,
i
where (id ® 0)0(z) =), o} ® ] ® . For details, see loc. cit.

Let ¢, : Ey(g) — S(g) be the algebra morphism sending an element
of E,(g) to its class modulo vE,(g). Formula (2.8) implies that the induced
map E,(g)/vE,(g) — S(g) is an isomorphism of co-Poisson bialgebras. This
leads to the following.

Lemma 2.8. The Cl[v]]-bialgebra E,(g) is a coquantization of the co-Pois-
son bialgebra S(g).

If the Lie coalgebra g has a Lie bracket [ , ] turning it into a Lie bialgebra,
then E,(g) carries a structure of a Poisson bialgebra whose Poisson bracket
{, } is uniquely determined by the condition

(2.9) {o1,@2} = [21,72) mod (€D 5™(e))([v])

for all z1,x2 € g (cf. [Tur91, Theorem 11.4 and Remark 11.7]).

Theorem 2.9. For the bialgebra A, ,(g) of Theorem 2.3, there is an iso-
morphism of Poisson Cl[v]]-bialgebras

Au,v(g)/UAu,v(g) =L, (g)

Theorem 2.9 will be proved in two steps: In Section 8.2 we prove that
Ayv(g)/uAyy(g) = S(g)[[v]] as an algebra; in Section 10.7 we determine its
coalgebra structure.
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2.10. Duality. By Theorem 2.3 we have a biquantization square
Auw(9) S Auw(9)/uAyv(9)
(2.10a) pvl J/Q'u

Auw(9)/vAuw(g) S S(g)-

Replacing g by the Lie bialgebra g’ = (g*)°P (see Section 2.1 for the nota-
tion) and exchanging u and v, we obtain the biquantization square

Apu(g) — Apu(9)/vAyu(g")
(2.10b) pul lqu
Av,u(g,)/UAv,u(g/) L S(g,)'

We prove that these squares are in duality as follows.

Let K be a commutative C-algebra together with two subalgebras K
and K. Given a Kij-module A and a Ks-module B, a C-bilinear map
(,):Ax B — K will be called a pairing if

()\1(1, )\gb) = )\1)\2 (a, b)
forall \y e K1 C K, \s € Ko C K,a € A, and b € B. We say that the
pairing ( , ) is nondegenerate if both annihilators
{a€A|(a,b)=0 forallbe B} and {be B|(a,b)=0 forallac A}
vanish. The pairing A x B — K induces a pairing ( ,) : (A®x,A) X
(B®x,B) — K by
(a®d’,bb) = (a,b) (a’, V)
for all a,a’ € A and b,/ € B. Suppose, in addition, that A and B are
bialgebras over K and Ky, respectively. The pairing (, ) : A x B — K is
a bialgebra pairing if
(2.11) (a,bb') = (A(a), bV'),
(ad’,b) = (a®d’, A(b)),
(av 1) = E(a)7
(1,0) = &(b)
for all a,a’ € A and b,/ € B, where A denotes the comultiplication and &
the counit.

Theorem 2.11. Let g be a finite-dimensional Lie bialgebra and g’ = (g*)°P.
Then there is a nondegenerate bialgebra pairing

Au(9) % Avu(g’) = Cllu, v]],

which induces the standard bialgebra pairing
S(g) x S(g) = Auw(9)/(u,v) x Avu(g’)/(u,v) — C,
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uniquely determined by (x,y) = (x,y) for all x € g and y € g’ = g*, where
(,):gxg"— C is the evaluation pairing.

Theorem 2.11 will be proved in Section 12. Note that, quotienting by u
(resp. v), we obtain nondegenerate bialgebra pairings

Ey(g) x Vo(g') — C[[v]] and  Vi(g) x Eu(g") — C[[u]].

3. The maps §".

Let A be a C[[u]]-bialgebra in the sense of Section 1.1. In [Dri87, Section 7]
Drinfeld used a general procedure to construct a C[[u]]-subalgebra A’ of A.
In Drinfeld’s terms, if A is a quantized universal enveloping algebra, then
A’ is a quantized formal series Hopf algebra. The subalgebra A’ is defined
using a family of linear maps (6" : A — A®™),,>0, whose definition will be
recalled below.

In this section, we prove that A’ is commutative modulo u. To this end,
we establish some properties of the maps ™.

3.1. Definition of §". Starting from a bialgebra A over a commutative
ring x with comultiplication A and counit &, we define for each n > 0
a morphism of algebras A" : A — A®" as follows: A = ¢ : A — &,
Al =idy : A — A, the map A% : A — A%®? is the comultiplication A and,
for n > 3,
A" = (AgidF" AT,

Let us embed A®" into A®("*1) by tensoring on the right by the unit 1 €

A. We thus get a direct system of algebras

A— A®? 5 A®3 .
whose limit we denote by A®>°. In this way, each A®" is naturally embedded
in A%,
Let I be a finite subset of the set of positive integers N’ = {1,2,3,...}.

If n = |I| is the cardinality of I, we define an algebra morphism j; :
A®T — A®® a5 follows. If I = {iy,... iy} with i1 < ... < i,, then
J1(a1®---®an) = b1®bo®---, where b; = 1if i ¢ I and b;, = a, for
p=1,...,n. If I =0, then j; : K — A®> is the k-linear map sending the

unit of x to the unit of A%,

Suppose we have a r-linear map f : A — A®" for some n > 0. For
any set I C N’ of cardinality n, we define a linear map f; : A — A®> by
fr=grof. It I ={1,...,n}, then fr is equal to f composed with the
standard embedding of A®"™ in A®>°. This shows that knowing the linear
map f : A — A®" is equivalent to knowing the family of maps f; : A — A®>®
indexed by the subsets I of N’ of cardinality n. In particular, from each
A" : A — A®" we obtain the family of linear maps (A7) indexed by the sets
I C N of cardinality n and defined by A; = (A™);: A — A®>.
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After these preliminaries, we define the maps 6" : A — A®" for n > 0 by
the following relation in terms of finite sets I ¢ N’:

(3.1) or=>_ (-)M=7lA,.
JCI

By the inclusion-exclusion principle, we have the equivalent relation

(3.2) Ar=> 6,
JC1I

It follows immediately from (3.1) that

1 ifI=90
3.3 or7(1) = ’
(3:3) 1(1) {O otherwise.
Lemma 3.2. Let a,b € A and K be a finite subset of N'. Then
(3.4) Sc(ab) = > 67(a)dy(b

I1,JCK

IUJ:K

Moreover, if K # (), then
(3.5) Silab—ba)= Y (61(a)d;(b) — 6,(b)dr(a)).

1,JCK
TUJ=K,INJ#0

Proof. In order to prove (3.4), we first observe that by (3.2),
(3.6) > bxr(ab) = Ax(ab) = Ak (a = Y dla

K'CK LICK
We rewrite (3.6) as follows:

(3.7) > dxolab) = > > 61(a)ds(b)

K'CK K'CcK I,JCK'
IuJ=K'

Let us prove (3.4) by induction on the cardinality of K. If K = (), then
dx = jp o e, which is a morphism of algebras. Suppose now that (3.4) holds
for all sets of cardinality < |K|, in particular for all proper subsets K’ of K.
Thus, the right-hand side of (3.7) equals

Z (SKI ab Z (5[

K/CK I,JCK
K'#K TUJ=K

We get the desired formula by substracting the summands corresponding to
the proper subsets K’ of K from both sides of (3.7).

Formula (3.5) follows from (3.4) and the fact that d;(a) and (b)) com-
mute when I NJ = 0.
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3.3. Remark. Note that, if I and J C N’ are disjoint finite sets, then
(38) (51®5J)OA:(51U].

Eric Miiller observed (private communication) that 6" : A — A®™ can also
be defined as §" = (idg — )%™ o A",

3.4. Definition of A’. Let A be a bialgebra over Cl[[u]] in the sense of
Section 1.1. Using the comultiplication A : A — A@C[M] A, we define
C|[u]]-linear maps 6" : A — A®™ as in Section 3.1. Observe that Formulas
(3.1)-(3.5) hold in this setting as well. Following Drinfeld [Dri87, Section 7],
we introduce the submodule A’ of A by

(3.9) Al = {a €A | 6"(a) € u"A®" for alln > 0} :
It follows from (3.3) and (3.4) that A’ is a subalgebra of A.

Proposition 3.5. If the multiplication by u is injective on A®n for alln >
1, then the algebra A’ is commutative modulo u, i.e., ab — ba € uA’ for all

a,be A.

Proof. Let us first observe that there exists a; € A such that a = ua;+¢(a)l.
This follows from the fact that idq = A! = §1+6% = 61 +¢1 and §'(a) € uA.
Similarly, there exists by € A such that b = ub; +(b)1. Hence, ab—ba = uc,
where ¢ = u(aiby — bray). It suffices to show that ¢ € A’. To this end, it is
enough to check that dx (c) is divisible by ul X! for any nonempty finite subset
K of N’. Since the multiplication by w is injective on ABIK |, it is enough
to check that dx(ab — ba) is divisible by ul®I*1. We apply Formula (3.5).
Let I and J be subsets of K such that TUJ = K and I NJ # (). Then
|I| + |J| > |K|+ 1. Since §;(a) is divisible by ul/l and 6;(b) is divisible
by ul’l, it follows from (3.5) that 0 (ab — ba) is divisible by u//I*!/l hence
by w1, O

3.6. Remark. If A is topologically free, i.e., isomorphic to V[[u]] as a C[[u]]-
module for some vector space V, then so is A’. A similar, but more compli-
cated statement will be proved in Lemma 7.2.

3.7. Example. Consider a Lie algebra g and its universal enveloping bial-
gebra U(g). Let U(g)[[u]] be the C[[u]]-bialgebra consisting of the formal
power series over U(g), with comultiplication A given by (2.4). Using the

notation of Section 2.4, we introduce a subalgebra V,(g) of U(g)[[u]] by

(3.10) Vu(g) =3 > amu™ € U@)[[ul] | am € U™(g) for all m >0

m>0



312 CHRISTIAN KASSEL AND VLADIMIR TURAEV

Clearly, Vy(g) C Vi(g). Let I, be the two-sided ideal of V,(g) generated by
uVy(g) and by ug C uU'(g) C Vy(g); it is the kernel of the morphism of

algebras
o) 5(0)— 5@/ (P 5"(@) ) =

n>1
cf. Section 2.4. It is easy to check that ‘A/u(g) is the I,-adic completion
of Vi,(g).
Proposition 3.8. If A = U(g)[[u]], then A’ = V,(g).

Proof. Let a = }_ -y amu™ be a formal power series with coefficients
in U(g). For n > 1, the condition §"(a) € u"U(g)®"[[u]] implies that
0" (ap—1) = 0. We claim that

(3.11) Ker(6" : U(g) — U(g)®") = U" '(g)
for all n > 1. It follows from this claim that a,_; € U™ !(g), hence,
a € Vyu(g).

Equality (3.11) is probably well known, but we give a proof for the sake of
completeness. The standard symmetrization map n : S(g) — U(g) is known
to be an isomorphism of coalgebras (cf. [Dix74, Chap. 2]). Hence, n®"§" =
d"n, where 0" stands for the corresponding maps both on S(g) and U(g).
Moreover, n~H (U™ 1(g)) = @Z;(l) S*(g). Therefore, Equality (3.11) is equiv-
alent to

n—1
Ker(é” :S(g) — S(g)®n) = @ Sk(g)
k=0

If (x;); is a totally ordered basis of g, we get a basis of S(g) by taking
all words w = z;, ...x;, such that x;; < --- < x;,. We call subword of
a word w any word obtained from w by deleting some letters. With this
convention, the comultiplication A of S(g) is given on a basis element w by
A(w) = > wi®ws, where the sum is over all subwords wy, we of w such
that w = wyws. Iterating A, we get for all n > 1

:Zw1®...®wm

where the sum is over all subwords w1, ... ,w, of w such that w = wy ... w,.
This, together with (3.1) or (3 2), implies that

(3.12) §M(w) =" wi® - Qwp,

where the sum is now over all nonempty subwords wi, ... ,w, of w such that

w = wj ...wy. This shows that, if w is of length < n, then the right-hand
side of (3.12) is empty and (5"( ) = 0. Therefore,

@ S*(g) C Ker(5").
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To prove the opposite inclusion, it is enough to check that the restriction
of 6™ to the subspace @y>, S¥(g) is injective. This is a consequence of the
following observation: If w is a basis element of length > n and p is the
multiplication in S(g), then (3.12) implies that pdé™(w) = [Jw||w, where
||lw]| > 0 is the number of summands on the right-hand side of (3.12). O

4. Topologically free C[[u,v]]-modules.

In this section, we establish a few technical results on modules over the ring
Cl[u,v]] of formal power series in two commuting variables v and v with
coefficients in C. They are modelled on similar results for modules over the
ring C[[h]] of formal power series in h.

4.1. Modules over CJ[h]]. We recall a few facts about C[[h]]-modules (see,
e. g., [Kas95, Sections XVI.2-3]). A CJ[h]]-module M is called topologically
free if it is isomorphic to a module V[[h]] consisting of all formal power series
with coefficients in the vector space V. A C][h]]-module M is topologically
free if and only if there is no nonzero element m € M such that hm = 0
and the natural map M — @ln M/h"™M is an isomorphism. We define a

topological tensor product ®C[[h]] for C[[h]]-modules M and N by
M &cypy N = lim (M /h"M @cyp)j/ () N/B"N).

For all vector spaces V, W, we have V[[h]] @y W[h]] = (VRcW)][[R]].
Let us extend these considerations to C[[u, v]]-modules.

4.2. Basic Definitions. Let M be a C[[u,v]]-module. We say that M is
u-torsion-free (resp. v-torsion-free) if there is no nonzero element m € M
such that um = 0 (resp. such that vm = 0).

We say that M is admissible if any element divisible by both u and v
in M is divisible by uv in M. In other words, M is admissible if, for any
m € M such that there exists mi,ms € M with m = umy; = vms, there
exists mg € M such that m = uvmy.

Observe that, if M is admissible and u-torsion-free, then any element of
M divisible by u™ and by v is divisible by u"v, where n > 0.

We denote by ]\/Z(um) the (u,v)-adic completion of M: It is the projective
limit of the projective system (M /(u, v)"M),>1, where (u, v)M = uM+vM.
The projections M — M/(u,v)"M induce a natural C[[u,v]]-linear map
i M — J/\Z(u,v)' The kernel of i is the intersection of the submodules
((u,v)"M)p>1. We say that the module M is separated (resp. complete) if
the map i : M — ]\/Z(U,U) is injective (resp. surjective).

Given a vector space V over C, consider the vector space V{[u,v]] con-
sisting of formal power series Zm7n>0 Tmn w0, where the coefficients x,,
(m,n > 0) are elements of V. The standard multiplication of formal power
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series endows V[u, v]] with a C[[u,v]]-module structure. A Cl[u, v]]-module
M isomorphic to a module of the form V{[u,v]] will be called topologically
free.

It is easy to check that a topologically free C[[u, v]]-module is u-torsion-
free, v-torsion-free, admissible, separated, and complete. We now prove the
converse.

Lemma 4.3. Any u-torsion-free, v-torsion-free, admissible, separated, com-
plete C[[u,v]]-module M is topologically free.

Proof. Let V' be a vector subspace of M supplementary to the submodule
(u,v)M. We claim that for all n > 0 we have the direct sum decomposition
of vector spaces

(4.1) (u,v)"M = (u,v)" "' M @ @ uFotv.

k,£>0
k+l=n

From (4.1) we derive

M = (u,v)" "' M @ @ uFotv.

k,0>0
k+e<n
Consequently,
M/(u,0)" "M = @ u*o'V = Vu, o]/ (u,0)" V][, 0]
k,£>0
k+e<n

Using the hypotheses, we get the following chain of C[[u, v]]-linear isomor-
phisms:
M= M(u,'u) = VHU,UH(U,U) = V[[’LL, UH
It remains to check (4.1). We shall prove it by induction on n. If n = 0,
the identity (4.1) holds by definition of V. If n > 0, let us first show that

(4.2) (,0)"M = (u,0)" "M+ > uFo'V.

k,£>0
k+l=n

Indeed, any element of (u,v)"M is of the form um’ + vm”, where m’,m” €
(u,v)" M. By the induction hypothesis, m’ and m/” belong to
(u,v)"M + Z uFotV.

k,£>0
k+f=n—1

This implies (4.2).
Suppose now that we have elements m € (u,v)" ' M and xg,1,... , T, €
V such that

(4.3) m+ Y R, =0
k=0
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We have to show that m = g = 21 = --- = x, = 0. The element m €
(u,v)" M is of the form m = u""tmg + vm”, where mg € M and m” €
(u,v)"M. The element u™zo + v img = u™(xg + umyg) is divisible by u".
It follows from (4.3) that it is also divisible by v. Since M is admissible
and u-torsion-free, there exists m; € M such that u"(xg + umg) = u"vm;.
Hence, xg + umg — vmy = 0. Now, z¢g € V and umg — vmy € (u,v)M
belong to supplementary subspaces. Therefore, zg = umg — vmp = 0 and
m = u"lmy + om” = vm where m’ = u"my + m” € (u,v)"M. Now,
(4.3) becomes v(m + Zk 0 Dukon1hy n—k) = 0. Since M is v-torsion-
free, we get m 4+, Lykyn—l-ky = 0. By the induction hypothesis,
m =z = =x, =0. O

4.4. Topological Tensor Product. Given Cl[u,v]]-modules M and N,
we define their topological tensor product over C[[u, v]] by

M &¢u N = lim (M/(% V)" M@¢(fu))/(uw)r N/ (U, U)"N)-

n

—~

For example, M<§>c[[u,v}] Cllu, v]] = My,).-

Lemma 4.5. (a) If M = V{[u,v]] and N = W{[u,v]] are topologically free
C|[u, v]]-modules, then M®C[[u,v]] N s topologically free:

M &cjjuu N = (VocW)|[u, v]).

(b) If i : M' — M and j : N' — N are injective C[[u,v]]-maps of topo-
logically free modules, then so is the map 1®j7 : M’ ®C[[u,v]] N —
M &cuo N-

Proof. (a) Proceed as in the proof of [Kas95, Proposition XVI.3.2].

(b) Since i®j = (id®j)(i®id), it is enough to prove Part (b) when N = N’
or M = M'. We give a proof for N = N'.

Let V, V', W be vector spaces such that M = V{[u,v]], M" = V'[[u, v]],
and N = W][u,v]]. Take a basis (fm)m of W. By Part (a), any element
Y of M@C[[um” N can be uniquely written as ¥ = > =~ X,,® f;n, where
Xm € M. Set j(Y) = X,,. This defines for all m a Cl[u,v]]-linear map
Jm M ®C“u o] N — M. Using the same basis of W, we define a linear map
Jr s M’ ®C[[u QN — M’ similarly. Clearly, jp, o (i®id) = i o j/, for all m.
Now, take Y' € M’ ®C[[u’v” N such that (i®id)(Y’) = 0. By the previous
equality, we have i(j/,(Y’)) = 0 for all m. The map i being injective, we
get 4/, (Y") = 0 for all m. Therefore, Y' =5 4/ (Y')®fm = 0 and i®id is
injective. (]
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4.6. From One Variable to Two Variables. One of the crucial steps
in our constructions will be to transform a module N over CJ[[h]] into a

module N over C[[u,v]]. This is done as follows.

Let ¢ : CJ[h]] — C][[u,v]] be the algebra morphism sending h to the
product uv. Observe that ¢ factors through the subalgebras Clu][[v]] and
C[v][[u]]. The morphism ¢ sends the ideal (R") into the ideal (u,v)?". Given
a C[[h]]-module N, we consider the projective system of C[[u,v]]-modules

N/(hn) ®C[[h”/(hn) C[[u, UH/(U, v)2n
where n =1,2,3,... and set

(4.4) N =l (N/(") @y Clls ]/ (1))

Clearly, for any x € N, there is defined a corresponding element = € N.

Lemma 4.7. (a) If N = V][h]] for some vector space V over C, then
N = V[[u,]].
(b) If N and N’ are topologically free C|[h]]-modules, then
(N N')™ = Nocipu N
(¢) Leti: N'— N be an injective map of topologically free C[[h]]-modules.
Then the induced C|[u,v]]-map 7 : N' = N is also injective.

Proof. (a) We have the following chain of C[[u, v]]-linear isomorphisms
N =lim V[[n]]/(B")@cyqn /oy Clls v])/ (u, v)*"

= lim VocC[[R])/(W")@cny ) Cllu, v]]/ (u, )*"
= @ V®CCHU7 U]]/(uv U)2n

= lim V/{[u, v]]/(u,v)*"
= V[u,v]].

The first isomorphism follows from the definition of N , the second
and the fourth ones from the finite-dimensionality of C[[h]]/(h") and of
Cllu, v]}/(u, v)*".

(b) This is an easy exercise which follows from Part (a) and the prop-
erties of the topological tensor products over C[[h]] and C[[u,v]] stated in
Section 4.1 and in Lemma 4.5 (a).

(c) We assume that N = V[[h]] and N = V'[[h]] for some vector spaces V
and V'. Let (eg)r be a basis of V' and (f;); a basis of V. The C][h]]-linear

map ¢ : N' — N is determined by i(ex) = > /50, ; xie fj b, where (acfC )ikt
is a family of scalars such that for each couple (k, £) the set of j with :z:i; 70
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is finite. Any element X € N’ is of the form X =37 o, ok ep h", where

(akF)y.n, is a family of scalars such that for each n > 0 the set of k with

of £ 0 is finite. We have

i(X) = Z xijgaﬁ [ pétn — Z Z xiveaﬁ fi | hP.

£n>0; 5,k p>0 \ £n=>0;45.k
L+n=p

The coefficient of f;h? in i(X) is

Jj ok _ ik
D TheOn= D T
£,k

£,n>0; k s
l+n=p 0<e<p

This allows us to reformulate the injectivity of ¢ as follows: The equations
on a family of scalars (af ). >0

(4.5) > alak =0
USZ’;SP
holding for all j and p > 0 imply that o = 0 for all £ and n > 0.
By Part (a) we have N = V([[u, v]] and N’ = V'[[u, v]]. On the basis (ex)y
the map 7 is defined by 7(e;) = Zezo;j z . [ u‘v’. Any element Y € N’
is of the form Y = >~ B, er u™v"™, where (8K, )i mn is a family of

scalars such that for each m,n > 0 the set of k with 8% # 0 is finite. We
have

~ |k 4 ¢
uy) = Z x?c,éﬁmn fiu Tyt

£,m,n=>0; j,k

_ i gk
=2 Do Tl fy |

p,q>0 £,m,n>0; 5,k
- L+m=p,l+n=q

Note that the sum in the brackets is finite. Suppose that 7(Y) = 0. For all
p,q > 0 and all j7 we have

J ko _ J k _
Z xk,zﬁmn = Z $kz,£6p—&q—f = 0.

£,m,n>0;k L,k
L+m=p,l+n=q 0<£<min(p,q)

Fixing ¢ > p > 0 and setting of = gF . we get (4.5) for all j. This
implies that (F = of =0 for all k,n,p,q. If p > q > 0, we set
k

n

q—p+n

oy = ﬁjg_q +n,n and we conclude likewise. Therefore, ¥ = 0. (]

We define a Cl[u, v]]-bialgebra as a topological Cl[u, v]]-bialgebra A with
respect to the ideal (u,v) = uA + vA. As a consequence of Lemma 4.7, we
have the following:
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Corollary 4.8. If A is a C[[h]]-bialgebra that is topologically free as a
C[[h]]-module, then A is a C[[u,v]]-bialgebra that is topologically free as
a C[[u, v]]-module.

Proof. The C[[u,v]]-module A is topologically free by Lemma 4.7 (a). It is
a Cl[u, v]]-bialgebra as a consequence of Lemma 4.7 (b). O

5. On Etingof and Kazhdan’s quantization of a Lie bialgebra.

In this section, we recall the results from Etingof and Kazhdan’s work
[EK96| needed in the sequel.

5.1. The Co-Poisson Bialgebra U(g). Let g be a Lie bialgebra with Lie
cobracket 0. Consider the universal enveloping algebra U(g) of g with stan-
dard cocommutative comultiplication given by (2.4). By [Dri87], the bial-
gebra U(g) has a unique co-Poisson bialgebra structure with a Poisson co-
bracket whose restriction to g C U(g) is the Lie cobracket . Recall from
Section 1.2 that a coquantization A of U(g) is a CJ[[h]]-bialgebra A such
that A = U(g)[[h]] as a CJ[[h]]-module and A/hA = U(g) as co-Poisson
bialgebras.

In [EK96] Etingof and Kazhdan constructed a coquantization Uy(g) of
U(g) in this sense. To this end, they first constructed a coquantization Uy ()
of U(?), where 0 is the double of g. We recall the definition of .

5.2. Double of a Lie Bialgebra. Let g = g, be a finite-dimensional Lie
bialgebra over C with Lie bracket [, ] and cobracket §. Let g = (g3")* =
(g% )°P be the dual Lie bialgebra modified as in Section 2.1.

Consider the direct sum ? = g4 @ g—. Drinfeld [Dri82, Dri87] showed
that there is a unique structure of Lie bialgebra on 0, which he called the
double of g, such that

(a) the inclusions of g4 and g_ into 0 are morphisms of Lie bialgebras
and

(b) the Lie bracket [z,y] for x € g4 and y € g_ is given by

(5.1) [z, 9] = (yo1) () + 2 -y,

where z -y € g_ C 0 is defined by (z - y)(z') = —y([z,2']) for 2’ € g..
The Lie cobracket on ? (hence on gy) is given by

d
(5.2)  dX)=[X@l+leXr]=) <[X, 7] @ yi + 7 ® [X,yi})

for X € 9. Here r = Zgzl x; ®y; is the canonical element of g4 ®g_ C 0®0,
where (7;)%_, is a basis of g4 and (y;)%_, is the dual basis of g_.
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5.3. The bialgebra Uxd. By [EK96, Section 3] there exists a C[[h]]-bi-
algebra Uy (0) with the following features:

(i) As a C|[[h]]-algebra, U (d) = U(d)[[R]], i.e., the multiplication is the
standard formal power series product.

(ii) There exists an invertible element J, € (Ud @ U0)|[[h]] with constant
term 1®1 such that the comultiplication Ay, of Up(0) is given for all a € U(0)
by
(5.3) An(a) = J; A} h,
where A is the standard comultiplication in U(9). The first terms of the
formal power series J; are given by

(5.4) Jp =11 + gr mod h?

where r € 0®0 was defined in Section 5.2. From (5.2-5.4) it follows that for
x €0 C Up(d) we have

(5.5) Ap(z) — AP(z) = hé(z) mod h?,
where A} is the opposite comultiplication and ¢ is the Lie cobracket (5.2).
(iii) If we set t =7 + 191 = Z?Zl (z; ® y; + y; ® z;), then the element

(56) R =y exp( ) Ju € (U@ UD)[[H]) = Un(0) Sy Un(d)

defines a quasitriangular structure on U, (9). This means that AjP(a) =
RyAp(a)R, ! for all a € Up(2) and that

(5.7) (Ah®id)(Rh) = (Rh)lg(Rh)Qg and (id@Ah)(Rh) = (Rh)lg(Rh)lg.
Formula (5.4) implies
(5.8) Ry = 1®1 + hR},

where R}, € U,(9) @y Un(9) such that R}, = r mod h.
From (i) and (ii) it is clear that Uy (0) is a coquantization of the co-Poisson
bialgebra U ().

5.4. The bialgebras Up(g+). In [EK96, Section 4] Etingof and Kazhdan
constructed a C|[[h]]-bialgebra Up(g+) (with h-adic topology) with the fol-
lowing properties:

(i) As a C[[h]]-module, Uy (g+) is isomorphic to U(g+)[[R]].

(ii) Up(g+) is a C[[h]]-subbialgebra of Uy(d). The map pp : Up(gs) C
Un(®) = U®)[[h]] — U®) = U®)[[h]]/RU®)[[h]] induces a bialgebra iso-
morphism

Un(g+)/hUn(g=) = U(g+) C U(2).

(ili) The element Rj, € Uy(@)®cyUn(d) of (5.8) belongs to

Uh(g+)(§>c[[hHUh(g_). So does the universal R-matrix Rj,.
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(iv) The coalgebra structure on Uy (g+) induces an algebra structure on
the dual module Uy (g+) = Homgy) (Un(g+), C[[R]]). By (iii) we can define
linear maps p+ : Uy (g+) — Un(g+) by
(5.9) p+(f) = (1@ [f)(Rn) and  p_(g) = (9®id)(Rn)
for all f € Uj(g-) and g € Uj(g+). In [EK96, Propositions 4.8 and 4.10]
it was shown that py is an injective antimorphism of algebras and p_ is an
injective morphism of algebras.

The construction of Up(0) and Up(g+) depends on a Drinfeld associator,

see Sections 11.2-11.4. Nevertheless, it was shown in [EK97] (and in Sec-
tion 10 of the revised version of [EK96]) that the assignment (g+,9,9-) —
<Uh(g+) — Up(d) <« Uh(g_)> is functorial when the Drinfeld associator is
fixed.
5.5. The Linear Forms f,. Choose a CJ[[h]]-linear isomorphism «a_ :
Un(g—) — U(g-)[[h]] such that a_(1) =1 and a— = id modulo h. Choose
also a C-linear projection 7_ : U(g_) — U'(g_) = C@®g_ that is the identity
on Ul(g_). For any x € g, we define a C-linear form (x,—) : Ul(g_) — C
extending the evaluation map (z, —) : g— — C and such that (z,1) =0.

Given z € g4 we define a C[[h]]-linear form f; : Un(g—) — C][[h]] by

(5.10) fo(b) = (z,m_a—(b)) = Y (&, m—(ba)) h",

n>0
where b € Up(g—) and the elements b, € U(g_) are defined by a_(b) =
> n>0 bnh™. It follows from the definition that f,(1) = 0.

Applying the map p4 of (5.9) to f, € Uy (g—), we get an element p(f;) €
Un(g+). Fix a basis (z1,...,24) of gy. Given a d-tuple j = (j1,... ,ja) of
nonnegative integers, we set |j| = ji +---+jg and x; = 21" ... 2} € U(gy).
Note that (z;); is a basis of U(g).

Lemma 5.6. (a) For any d-tuple j = (j1,...,jq) of nonnegative integers,
there exists an element t; € Up(g+) such that

pr(For ) pg(fa)? = Bl tj and pp(tj) =z,
where pp, = Up(g+) — Un(g+)/hUn(g+) = U(gy) is the canonical pro-
jection.
(b) For any a € Up(g4), there is a unique family of scalars /\gn) € C in-
dexed by a nonnegative integer n and a finite sequence j = Zjl, )
of momnegative integers such that

=N )\én)tl A",

n20 \|j|<e(n)

where c(n) is an integer depending on a and n.
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(¢) If a € Impy, then c(n) = n, that is, )\én) = 0 whenever n < |j|, where

)\g-n) are the scalars above.

Proof. (a) For any = € g4, we have p(f;) = ht, for some t, € Up(g+) such
that pp(tz) = =. This follows from (5.8) (cf. [EK96, Lemma 4.6]). We set
bty =t

~ (b) The proof of Proposition 4.5 of [EK96] implies that any a € Uy, (g4)

can be expanded as above. Let us check that such an expression is unique.
If

(5.11) 3 ( 3 )\é-”)ti) h" =0,

n20  j;|jl<c(n)

then ZIQISC(O) )\S;O)xl = 0 by application of the projection p;. Since the

elements (z;); form a basis of U(g,), we conclude that )\;0) = 0 for all j.
We may then divide the left-hand side of (5.11) by h and start again. This
implies the vanishing of /\§l) =0 for all j, and so on.

(c) Clearly, Uz (g) = U(g_)*[[h]] where U(g_)* = Homo(U(g.), C).
We provide Uj(g—) with the multiplication induced by the comultiplication
of Up,(g—). We claim that the family of linear forms (fie ... f! )j €Up(g-)is
linearly independent and that the C[[h]]-module it spans is dense in U} (g-)

for the I;-adic topology, where I} is the two-sided ideal of U;(g—) gen-
erated by h and f;, (kK = 1,...,d). It suffices to prove that the images
0% ...0% € U(g-)* of fi4...fi} under the algebra morphism U (g_) —
Ur(g—)/hUs(g—) = U(g-)* are linearly independent and that their linear
span is dense in U(g_)* for the Ij-adic topology, where Ij is the two-sided
ideal of U(g—)* generated by 6,, (k=1,...,d). Now, by definition of f,,,
we have 6, = (z;,7_(—)). This implies that, for all 4,5 =1,... ,d, we have

(5.12) 9%(1) =0 and Hxl(y]) = (Sz'j,

where (y1,...,yq) is the dual basis of the basis (z1,...,z4). We compute

the values of the linear form Hﬁ;‘fi .. 9%11 on the basis (ygd . --ylfl)kl,...,kdzo
of U(g-):

(632 ... 091 ) (yht . yf) = (0590 - @05 ) (ALl (yhe L yih)).

A simple computation, using (5.12) and the definition of A (cf. the proof of
Proposition 3.8), shows that
(5.13)

(@8 O o) = {0 i byt g <t
x4 x1

5j1»k1"‘5jd7kd if /{71—|—~'—|—k‘d:j1—|—-~-+jd.
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The claim about the linear forms 62% ...62% € U(g_)* follows immediately
from (5.13).

Part (a) of this lemma and the claim established above imply that the
C[[h]]-linear span of the set (pi(fz; )" ... p+(fz,)?4); is dense in Im p, for
the h-adic topology. It is enough to prove (c) for an element a in this
span. By Part (a), a=3_,50; P Rl t; with P; € C[[h]]. By Part (b), the

element a can be written uniquely as a = ano, j A§n) h"t;. Hence, for any

J, the formal power series ano )\gn) h™ is divisible by h‘i‘, which implies the

(n)

vanishing of A;™ for n < |j|. O

6. The algebra A, = A, ,(g9+)-

We first define a two-variable version U, ,(g+) of Etingof and Kazhdan’s
quantization. Then we construct the algebra A, = A, ,(g4) appearing in
Theorem 2.3. We use the notation g1, 0 defined in Section 5.

6.1. The bialgebras U, ,(?) and U, ,(g+). Applying the construction of
Section 4.6 to the C[[h]]-bialgebras Uy (?) and Up(g+), we obtain Clu,v]]-
modules

P

(6.1) Uu,v(D): h(b) and Uu,v(gi):Uh(gi).

As a consequence of Lemma 4.5, Lemma 4.7, Corollary 4.8, and of the results
summarized in Sections 5.3 and 5.4, we get the following proposition.

Proposition 6.2. (a) The Cl[u,v]]-modules U, ,(0) and U, ,(g+) are to-
pologically free.

(b) Uy (d) has a bialgebra structure whose underlying algebra is the algebra
U(0)][[u, v]] of formal power series with coefficients in U (D).

(c) Uupw(g+) has a bialgebra structure such that the Clu,v]|-linear map
Uuw(9+) — Uuow(0) induced by Up(g+) C Up(d) is an embedding of
bialgebras.

(d) There are canonical isomorphisms of bialgebras

Uuw(0)/(u, 0)Uup(0) = UQ)  and  Uuu(g+)/ (1, 0)Uno(92) = U(g)-

By Proposition 6.2 (c) we may view U, ,(g+) as a subset (in fact, a sub-
bialgebra) of U, ,(9). We denote the comultiplication in U, ,(d) and in
Uuw(9+) by Ayuy. To Etingof and Kazhdan’s universal R-matrix R), €
U (0) ®C[[h}] Ui (0) corresponds an element Ry, € Uu7v(0) ®C[[u,v}] Uu,v(b).
By Section 5.4 (iii) and Lemma 4.5 (b), we have

Ryy € Unw(g+) ®C[[u,vﬂ Uu,w(9-)-
The following is a consequence of (5.7) and (5.8).
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Lemma 6.3. (a) We have
(Au,v®id> (Ru,v) = (RU,U)13(RU,U)23 and
(id@Au,v>(Ru,v) = (Ru,v)l3(Ru,U)12-
(b) There is a unique R € Uyu(9+) @c|u,e Uuw(9=) such that Ry, =
1®1 +uvR'. The image of R’ under the projection
Uu,v(g+) @)C[[u,v]] Uu,v (9—) - (Uu,v (g+) ®C[[u,v]] Uu,v (g—))/(u7 U)
=U(g+) ®@cU(g-)

is the element r = Z?:l xi®y; defined in Section 5.2.

Following 5.4, consider the dual spaces

Unw(9+) = Homgyy,o)) (U, (94), Cllu, v]]),

and define C[[u, v]]-linear maps p, : Uy ,(9-) — Uyp(g+) and p— : Uy ,(9+)
— Uu(g-) by

(6.2) p+(f) = (1d®f)(Ryy) and p_(g9) = (g®id)(Ruy,v)

for f € U, ,(9-) and g € Uy ,(9+). The dual space Uy ,(g+) carries a
C[[u, v]]-algebra structure. The map py is an antimorphism of algebras
and p_ is a morphism of algebras. This follows by a standard argument
from Lemma 6.3 (a) (cf. [EK96, Proposition 4.8]).

6.4. The Linear Forms f,. In Section 5.5 we constructed a C[[h]]-linear
form f; : Up(g—) — CJ[[h]] for all z € g4. The construction depends on
the choice of an isomorphism a_ : Up(g—) — U(g—)[[h]] and a projection
7_ :U(g—) — Ul(g-). By extension of scalars, we obtain a C|[u,v]]-linear
form f, : Uyy(g_) — Cl[u,v]]. We have f,(1) = 0.

Let us apply py : Uy ,(9-) — Uuw(g4) to fi. The following is a conse-

quence of Lemma 6.3 (b).

Lemma 6.5. The element ,0+(fw) € Uyv(9+) is divisible by uv.

6.6. Definition of A.. Let (z1,...,24) be the basis of g4 fixed in Sec-
tion 5.5. The set (ul z;), where j = (j1,...,Jjq) runs over all d-tuples of
nonnegative integers, is a basis of the free C[u]-module V, (g, ) introduced
in Section 2.4. In view of Lemma 6.5, we can define a C[u]-linear map

1/1+ : Vu(g-i-) - Uu,v(g-‘r) by ¢+(1) =1 and
(6.3) Wy (ull z;) = v o (Fo ) (fan),

where j = (j1,...,ja) is a d-tuple of nonnegative integers with [j[ > 1.
This map extends uniquely to a Clu][[v]]-linear map, still denoted 1, from
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Vu(g)[[v]] to Uuw(gy) by

(ox Z wpv" | = Z Yy (wn)v",

n>0 n>0
where wq, w1, ws, ... € V,(g+). We define the Clu|[[v]]-module A1 by

(6.4) Ay = (Vulg)[l]]) € Uuw(gy)-

The remaining part of Section 6 is concerned with the study of A.. The
relevant results are stated in Theorem 6.9.

We choose a C[[h]]-linear isomorphism «ay : Up(g+) — U(g+)[[h]] such
that a4 (1) = 1 and a4 = id modulo h. Such an isomorphism exists by
Section 5.4 (ii). Extending the scalars, we get a Cl[u, v]]-linear isomorphism
ag : Uyp(g+) — U(g4)[[u, v]] such that a4 = id modulo uv. Let us consider
the composed map

po : Uno(gy) <5 Uge)llu, vl — U(g)[[ul],

where the second map is the projection v — 0. We equip U(g4)[[u]] with
the power series multiplication and the comultiplication (2.4).

Lemma 6.7. The map p, : Uy(g+) — U(g+)[[u]] is a morphism of bialge-
bras.

Proof. The multiplication and the comultiplication of Uy (g4) transfer, via
the C[[h]]-linear isomorphism a : Up(g+) — U(g+)[[R]], to a multiplication
pp, and a comultiplication Ay, on U(gs)[[h]]. Expanding up and Aj into
formal power series, we obtain

(6.5) pn = po + by 4+ h2pg + -+ and
Ap = Ao+ hAy + A2 Ay + -

where p; : U(g:)®? — U(gy) and A; : U(gy) — U(gy)®? are linear maps
foralli =0,1,... Since Up(g+)/hUp(g+) = U(g+) as bialgebras, we see that
uo and Ag are the standard multiplication and comultiplication of U(g.).

The multiplication and the comultiplication of U, ,(g+) give rise, via a4,
to a multiplication p,, and a comultiplication A, on U(gy)[[u,v]] of the
form
(6.6) fuw = fo + uvpy + u*v?pg + -+ and

Ay = Do +uvAr + w2 Ay + -

where the maps p; and A; are the same as in (6.5). It follows that p, is a
morphism of bialgebras, where U (g4 )[[u]] is equipped with pg and Ay. O

The following result is an elaboration of Lemma 5.6 (a).
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Lemma 6.8. (a) For any d-tuple j = (j1,... ,ja), the element Yy (uld! ;)
defined by (6.3) belongs to ulZ! Uuwv(g4) and

po (Vs (W ay)) = ulll 25 € U(gy)([u]].
(b) We have py(At) = Vu(g+) and py o by Vau(ge)[[v]] — Vu(gy) is the

projection sending v to 0.

Proof. (a) By multiplicativity of p,, it suffices to prove that v~—1 p+(fz) be-
longs to uw U, »(g+) and that p, (v_1p+(f;)) = uz for any x € g4. The first
assertion follows from Lemma~6.5.

Let us compute p,(v"'p1(fz)). Recall the isomorphism a_ : Up(g-) —
U(g-)[[h]] from Section 5.5 and the isomorphism a : Uh(g+) — U(g+)[[h]]
defined above. Let X; € Up(g4) be defined by X; = a'(z;) and Y; € Uh( -)

Ya)

by Y; = a:l(yi), where (z1,...,24) is the fixed basis of g4 and (y1,... ,yq
is the dual basis. By (5.10),

(6.7) f2(Yi) = (2, ma- (Vi) = (&, 7 (y:)) = (2, 4i)-
It follows from (5.8) that

d
(6.8) Ry =121+ h)  X®Y; +h’Z,
i=1

where Z € Up(g+) @cya Un(9—). By extension of scalars from C[[h]] to
Cl[u, v]], we get

d
(6.9) Ry =1®1 +uv Z X;2Y; + uQUZZ
i=1
where X; € Uyo(g4), Yi € Unu(g-), and Z € Uyy(94) Bc(u) Uuw(g-)-
Moreover, using the definition of p, and Formula (6.7), we have

(6.10) pv(Xi) = Ty, and J};(E) = <x7yi>'

Applying id®f, to R, and using (6.9) and (6.10), we obtain
p+(fe) = (0 f)(R uv)
= f.(1 +uvZsz ) + u*?(id® f,)(2)

=1
d

= uv Z (z,y:) X; + v (1de f)(2).
i=1
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Therefore,

v o4 () —“Z (2, y) X; + u*0(id® f,)(Z).

This implies, in view of (6.10),

d d
po(v o (fo)) = u D (wya) po(Xi) = u)_ (w,y:) 3 = uz.
i=1 i=1
(b) It follows from Part (a) and the definition of A. O

Theorem 6.9. (a) The map ¥4 : V,(g+)[[v]] — Ay is an isomorphism of
Clu][[v]]-modules.
(b) AL is a subalgebra of Uy (g4 ).
(¢) The algebra Ay is independent of the choices made in Section 5.5.

Proof. (a) The map 14 is surjective by definition of A, . Let us check that
it is injective. Let w = ) oy wpv™ € Vi(g4)[[v]] with wo, wi, wo,... €
Vu(gy). Assume that w # 0. Take the minimal N > 0 such that wy # 0
and define w’ by w = vNw'. By Lemma 6.8, we have p, (14 (w')) = wy # 0,
hence ¢4 (w') # 0. As Ay C Uy, (g+) has no v-torsion, we see that ¢4 (w) =

vNipi (w') # 0.
b) Let us check that o (ulilz;) ullz;) € Ay for all d-tuples i =
(b) + i) P+ J + p
(i1,... ,iq) and j = (j1,...,Jq). Since py : Up(g—) — Un(gs) is an anti-
morphism of algebras, the product

p-l—(fm)il s p+(f$d)idp+(fx1 )jl s p-i—(fxd)jd

belongs to the image of p;. Therefore, by Lemma 5.6 (b-c), it can be
expanded as

p+(fx1)i1 T p-‘r(fxd)idp-‘r(fm)jl . 'p—i-(fl‘d)jd = Z Z )\(En)tﬁ hn’
nz0 \|k|<n
where )\(E") € C. By Lemma 5.6 (a),

pr(fa)™ oo P (fo) s (far ) p (frg )
- Z )‘(En)P—k(fxl)kl '-'P—s—(fxd)kdh”*@.

0;k, |k|<

By extension of scalars from CJ[h]] to C[[u,v]], we have pi(fz,) = p+(f;i).
Therefore,

P (fo) oo (Foa) i (for )+ pi(frg)
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= 3 A (Fe) (e Bl

n>0;k, |k|<n

Using (6.3), we obtain
ol g (ultly) 4y (u \J\:EJ) Z )\(E")quu'@':%) un kL yn

n>0;k, |k|<n

=3[ X A @y ) o

n>0 \k;|kl<n

Thus, 04y, (ulile;) ¢, (uldlz ;) is a formal power series in v whose coef-
ficients belong to the C[ul-linear span of the elements w+(u|k|xk) Hence,
ol H3ly (ulilay) 4y (u mx]) € Ay. Applying Lemma 6.10 below |i] + |j]
times, we obtain ¥ (ul!lz;) ¥ (u |l|:nj) €Ay
(¢) The definition of A, in Section 6.6 was based on the choice of a
C|[[h]]-linear isomorphism a_ : Up(g—) — U(g—)[[h]] such that a_(1) =1
and a_ = id modulo h, of a C-linear projection 7_ : U(g_) — U'(g_) that
restricts to the identity on U'(g_), and of a basis (z1,...,74) of g4. We
have to check that A, is independent of these choices as a subset of Uy, ., (g+ ).
(i) Suppose that we take another C[[h]]-linear isomorphism o’ : Up(g_)
— U(g-)[[h]] such that ¢’ (1) =1 and o/ = id modulo h. This gives us a
new linear form f! : Up(g—) — CJ[[h]] and, by extension of scalars, a new

linear form f7, : Uy ,(g—) — C[[u,v]] for all z € g;. Lemma 6.5 also holds

for f/. By Part (b) it is enough to check that v~ p4 (f.) belongs to A..
Since o = a_ modulo h, we have f, = f, modulo h. By the proof of
Lemma 5.6 (c), we see that

(6.11) =fot D B Z >\ :

n>1

n)

where )\g» € C are indexed by a nonnegative integer n and a d-tuple j =

(j1,--. ,ja) of nonnegative integers. Applying p, we get

p+(fe) = pefo) + D 1" ZA pa (for 0 o oy (fing P

n>1
By extension of scalars, we have

pr () = pe(Fa) + 3w o | 3N (Fa) g (Fag)

n>1 J
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Using (6.3), we obtain

v (fl) = P+(f)+zu Z)‘ Pt (fur )t pi(fy)
n>1
wr _|_Zu " Z)\( |J|¢ wld! )
n>1

=g (uz)+ > o8 |30 AWkl ()

k>1 J; lg1<k

This shows that v=' p,(f.) is a formal power series in v whose coeffi-
cients belong to the Clul-linear span of the elements w+(u|1|xj). Hence,
v pi(fy) € Ay

(ii) Suppose now that we take another projection 7’ : U(g_) — U'(g_)
whose restriction to U'(g_) is the identity. We denote by f/ the new linear
form Up(g—) — C]J[h]] obtained by using n’_. By extension of scalars, we

obtain a new linear form f/, : Uuw(g-) — Cllu,v]] for x € g.
Since 7 —m_ =0 on U'(g_), it follows from the proof of Lemma 5.6 (c)
that

(6.12) f;:fx+ZAéo) N e Z)\ ,

131>2 n>1

where Ag-n) € C are scalars. Note the difference with (6.11): In (6.12) there

are extra terms of degree 0 in h. Nevertheless, the same arguments as in
Part (i) allow us to conclude.

(iii) Since x + f; is linear, it follows that A, is independent of the basis
in g+. O

Lemma 6.10. We have AL NoUy,,(g9+) = vA4.

Lemma, 6.10 will be proved in Section 7.7.

7. Bialgebra structure on A,.

In this section we establish that Ay has a C[u][[v]]-bialgebra structure. We
begin with a C[[u, v]]-subalgebra Ay of U, ,(g+) in which A sits as a dense
subalgebra.

7.1. The Algebra A, . Using the comultiplication Ay of Uyy(gy) and
proceeding as in Section 3.1, we obtain Cl[u, v]]-linear maps 6" : Uy, ,(g+) —
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Uu’v(ng)@” forallm > 1. Formulas (3.1)—(3.5) hold in this setting. We define
a C[[u,v]]-submodule A of Uy ,(g+) by

(71) A, = {a € Uuolgy) | 0"(a) € Uy o(gs)®" for all n > 1}.
It follows from (3.3) and (3.4) that A, is a subalgebra of Unw(9+)-

Lemma 7.2. A, is a topologically free C[[u,v]]-module.

Proof. By Lemma 4.3 it is enough to check that EJF is a u-torsion-free,
v-torsion-free, admissible, separated, and complete Cl[u, v]]-module.

We use the fact that E+ is a submodule of the topologically free module
Uuw(g+). Since the latter is separated, u-torsion-free, and v-torsion-free,
so is any of its submodules. We are left with checking admissibility and
completeness.

Admissibility: Let a,a1,as € A\Jr be such that a = wa; = vas. Since
Uuw(g+) is topologically free, hence admissible, there exists ag € Uy (g+)
such that a = wvag. We shall prove that ag € XJF, i.e., that 0"(ag) €
u”Uum(ng)@”. Since u(vag — a1) = 0 and U, (g+) has no u-torsion, we
have a; = vag. Therefore, v6™(ag) € u”Uuyv(ng)@". In other words, vd"(ap)
is divisible both by v and by «™ in Uy, (g+)®", which is topologically free.
By an observation in Section 4.2, v6"™(ag) = u"vZ for some Z € Uuyv(g+)®".
Since Uu7v(g+)®” has no v-torsion, 6" (ag) = u"Z.

Completeness: Let (an)n>0 be a sequence of elements of /T+ such that for
all n > 0 the image of a,1 in 121\+/(U,’l))n+1 maps onto the image of a,, in
Ay /(u,v)™. Since Uy,(g) is complete, it contains an element a such that

a—apn € (u,v)"Uyp(g+) for all n > 0. We shall show that a € AL, ie., that
0P(a) is divisible by u? for all p > 1. For any n > p,

57(a) — 8% (an) € (u,v)"Uuu(g)® and () € w’Uuu(g)®,

which implies that 6 (a) € upUu,U(ng)@p%— (u, v)"Uu,v(ng)@p. Consequently,
dP(a) is divisible by u” in lim Uy, (84)%7/(u,v)" = Uw(g+)P. O

Consider the morphism p,, : Uy »(g+) — U(g+)[[u]] of Lemma 6.7. Recall
from (3.10) the algebra

Vage) =4 Y amu™ | am € U™(gy) for allm >0 p C U(g)[[ul]-
m2>0

Lemma 7.3. (a) The morphism p, sends A, into vu(ng).
(b) We have Ker(pv P AL — Vu(g—i-)) = Ay NvUyp(g+) =v Ay,
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Proof. (a) By (3.1) and (6.6) the map 6™ for U, ,(g+) is of the form
0" =6y + wvdy,

where §( is obtained by (3.1) from the standard comultiplication A of
U(gy)[[u]]. Hence, p&6™ = 6fp,. Therefore, Part (a) follows from the
definitions and Proposition 3.8.

(b) Let a € A, and b € Uuv(9+) be such that a = vb. We have to check

that b € Ay. For any n > 1, the element 6" (a) = vd™(b) is divisible both
by v and by ™ in Uu,v(ng)@”. Since the latter is topologically free, there
exists Z € Uuﬂ,(gpr)@’1 such that vd"(b) = u"vZ. Hence, §"(b) = u"Z, which
shows that b € /TJF. O

Lemma 7.4. We have A4 C ﬁ+.

Proof. Let us first prove that ¢ (uzx) = v_1p+(fx) belongs to A\Jr for all

r € gy. Given n > 1, we have to check that §"(v='p,(f;)) is divisible
by w". Formula (A, ,®id)(R) = Ri3Re3 for R = R,,,, implies

(A%,®id)(R) = Ry nr1Ro 1 Ruo1np1 Bont1-
Therefore,
(5"®id)(R) = (Rl,n+1 - 1)(R2,n+1 - 1) U (Rn—l,n-H - 1)(Rn,n+1 - 1)-
Since R = 1®1 + uvR’, we have
(5n®1d) (R) =u"v" Rll,n+1R12,n+1 e R;L,17n+1R;L’n+1.
It follows that
" (ps(fr)
= 0"((id® f;)(R))
- (5n®f:c)(R)
= (id®f,) ((6"®id)(R))
= unvn(id@)ﬁv)( /1,n+1R/2,n+1 e Rngl,nJrlR;L,nJrl) € unUu,v(g+)®n'
Hence, for n > 1,
5w pe (1)
= w0 (id® f) ( L1 Bona1 Bt 1 B i) € u U (g4) %"
Since A, is a subalgebra of Unv(94), W (ul! zj) € A, for any d-tuple J:
Since A, is topologically free (hence complete) by Lemma 7.2, the map

Vi Va(g+)[[v] = Uno(g+)

takes its values in A,. We conclude with Formula (6.4). O
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Lemma 7.5. The Clul[[v ]] linear map ¥ : V(g4 )[[v]] = Uup(g+) extends
to a Cl[u,v]]-linear map s : Viu(gy)[[v]] — Uuv(g+). The map 4 is
injective, its image is A, :

~

by <Au<g+>nvn> = Ay,

and py o Py : V() [[v] = Vilgy) is the projection sending v to 0.

Proof. Any element of V,(g.) is of the form w = > m>0 amu'™, where

> oy

Jilil<m

and V](m) € C. By Lemma 6.8 (a), the element v (am, u™) belongs to

u™U,(g+). Since Uy,(gs) is topologically free over C[[u,v]], the series
> om>0 Y+ (am u™) converges in Uy,y(g+), so that we can define

= Z Yy (amu™)

m>0
By Lemma 7.4 and (7.1), for each m > 0, 6™ (¢4 (an, u™)) is divisible by u"
for all n > 1. It follows that §” (1/4( )) is also divisible by u™ for all n > 1.
Therefore, ¢ (w) € Ay. Now any element of Vi (g.)[[v] is of the form
Y om0 Wpv", where wy, € Va(gy) for all n > 0. Clearly, Y >0 by (wp o™

converges in A,. We set 1 (Zn>0 wnv”) =2 n>0 1Z+(wn)vn.

Lemma 6.8 (b) implies that p, ot is the identity on V. (g+)- Proceeding
as in the proof of Theorem 6.9 (a), we see that ¢+ is injective on V, (g1)[[v]].
It remains to prove that the image of 1,/1+ is A+ For a € A+, set wy =
po(a) € Vu(gy), of. Lemma 7.3 (a). Viewing wg as a constant formal power
series in V,, (g4 )[[v]], we consider the element a— 14 (wg) € A_; it clearly sits
in the kernel of p,, which is vA, by Lemma 7.3 (b). Therefore, there exists
a1 € A, such that a — ¢+(w0) = vay. Similarly, there exist wy € Vy(gy)
and as € A+ such that a1 — w+(w1) = vas. Repeating this construction and
using the separatedness of A\+, we obtain an element w = ) ., w,v" €

Viu(g4)[[v]] such that a = iy (w). O
Corollary 7.6. We have
AL n ’U.Z{_i_ =vA:+ and AinN UA\+ =uAy.
Proof. By Theorem 6.9 (a) and Lemma 7.5, it is enough to check that
Va(a+) (W]l NoVu(g) (0] = V(g4 [[v]

and

Va(a+)[[0]] N aVu(g)[[v] = uViu(a4)[[0])-
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The former is clear; the latter is a consequence of Vi (gy) N uVy(gy) =
uVy(g+), which is easy to check. O

7.7. Proof of Lemma 6.10. It is a consequence of Lemmas 7.3 (b) and 7.4,
and the first inclusion of Corollary 7.6. O

We can now show that A, has a bialgebra structure. (For the definition
of ®C[u][[u]} and ®C[[u,u}}7 see Sections 1.3 and 4.4.)

Proposition 7.8. (a) We have the inclusions
Ay B A+ € At B At € Uuw(84) Bcque) Uuw(8+).
(b) If A, denotes the comultiplication of U, (g4 ), then
Auu(At) C Ay Bcpp) A+
and

Au,v ("21\4-) - A\-l- ®C[[u,vﬂ A\-F‘

Proof. (a) The inclusion A ®C[[u,v]] AL CUyw(gy) ®C[[u,vﬂ Uy,v (94 ) follows
from Proposition 6.2 (a), Lemma 7.2, and Lemma 4.5 (b).

Let us consider the first inclusion. By Theorem 6.9 (a) and Lemma 7.5,
it is enough to prove that the natural map

(7.2)  Valo) 0] Bcpey Valg)[0]] = Vo) V] @iy Valg+) 0]

induced by the inclusion V(g1 )[[v]] € Vi(g4)[[v]] is injective. By definition
of ®C[u}[[v]]7 we see that

Vu(g0)[[v]] @cpuie)) Vulas) (V]
= (Vulo+)@cpyVale+)) [v]] = Vulg+ © g+)[[v]].
On the other hand,

V() [0]] @ciung Valgs)[[v]]
Va(g0) [[V1)/ (1, 0)™ @]} w0 V(8 )[[U]]/(%U)”)

(9:4)[0)/ (1, 0)" Dty Vala o]/ (,0)")

/—\
=

V(&O®CHV(QQ)WVOAW”

uw(g+ © g4)[v]/(u, 0)"

=

Il

<>

uw(g+ @ g0)[[0l]/ (u, v)"

I
= s

uw(g+ © g4)[[v]]-
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The last equality holds because V(gy @ g+)[[v]] is a topologically free
C[[u, v]]-module. The injectivity of (7.2) follows.

(b) In order to prove that the image of A under A, , lies in the subal-
gebra A @C[u”[v]] A4, it is enough to show that Ay, (¢4 (uz)) belongs to
this subalgebra for all x € gy.

Let us consider the linear form f, € U;(g—) of Section 5.5. Since p, :
Ui(g—) = Up(g4)isa morphism of coalgebras (see [EK96, Proposition 4.8]),
we have Ap(p+(fz)) € Im py @cypy) Im p4-.

It follows from Lemma 5.6 that for any element a € Uy (g4 ) ®C[[h]] Un(g+),
there exists a unique family VJ(ZC) € C indexed by a nonnegative integer n

and two d-tuples j and k such that

a=> | > viten|

>0\ |j|+k|<c(n)

where ¢(n) is an integer depending on a and n. If, in addition,
a € Impy ®C[[h}} Im py, then ¢(n) = n, ie., VJ(? = 0 whenever n < |j| + ||.

Applying this to a = Ap(p+(fz)), we obtain a family sz € C as above such

that
An(p+(fz))

=S Y et |

n>0 \j\+|k|<n N

= Z ]k; p+(fw1) "'p+(fxd)jd®p+(f$1)kl "'p'i‘(fl‘d)kd hniu\il&l?

n>0,5.k
|71 +]E|<n

where j = (j1,...,Jq) and k = (ki1,... ,kq). Extending the scalars from
C[[h]] to C[[u,v]] and using (6.3), we obtain

Auv(p-i-(fl’))
- Z (77];) P+ fm s p-‘r(};d)jd ®p+(f$1)k1 s p+(f$d)kd(uv>”_@_|ﬁ|

n>0;j5,k
l3]+|k|<n

=Y el @ (ulay) wr

n>0;5.k, |j|l+kl<n

= Z Z 1/3(1) Pl VA 1 ¢+(u\j\ )®w+( k) o,

n>0 \jk;ljl+kl<n
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Therefore, v Ay (V4 (uz)) = Ayy (p+(ﬁ)) is a formal power series in v
whose coefficients belong to the Clu]-linear span of the elements

w+(u‘1‘m1) @4 (ulblzy). Hence, v Ay, (¢4 (ux)) belongs to A4 ®C[U]H’UH Al
The element Ay, (¢4 (uz)) € Uyo(g+) ®C[[u,vﬂ Uuw(g+) can be expanded
as

uv w—l— ux g ;@24

where (a;); is a basis of the topologically free Cl[u, v]]-module U, ,(g+) and
zi € Uyp(g4). Since

~

D ai@vz = v Ay (U (uz)) € Uno(94) Ocipua) A+

we have vz € Ay for all i. By Lemma 7.3 (b) it follows that z; € A, for
all i. Now taking a basis (b;); of the topologically free C[[u, v]]-module A,
we can write

Ao (s (uz)) =D 2i@b;,
J

where 2} € Uuﬂ,ﬁg”. Since ZjAUz;-@bj =0 Ay (Vg (uz)) € AL ®C[[u,vﬂ Ay,
we have vz} € Ay, hence z; € Ay for all j. Therefore,

Au,v (¢+ (’LLJ,‘)) € A\-l- (%\)C[[u,v}] A\+‘
The desired inclusion Ay, (¥4 (uz)) € A ®C[u}[[v}] A follows from

(7.3) A%Q Nv <2§2> = <A§2>.
In view of Theorem 6.9 (a) and Lemma 7.5, Equality (7.3) is equivalent to

Valg) [ 0o (Ve [%2) = v(Vala)[0]12),
which is proved by using the identifications of the proof of Part (a). We
have thus established that A, U(A+) C Ay ®C[u}[[v]] Al
We now check that Auv(A+) - A+ ®C[[u o] A+ By Lemma 7.5 any
element of A, is of the form v (a), where a € V,(g.)[[v]]. For any N >
0, there exists b € V,(g4)[[v]] such that a —b = > o, apv™ with a, €

®,=n UP(g+)u?. Now, ¢y (b) = 4 (b) € Ay, and 9 (a — b) € uN Uy (g+)
by Lemma 6.8 (a). Therefore,

(7.4) Avo(h1(a)) = Ayo(tby (b)) mod u.

It follows from the considerations above that

~

Auw(1h1 (b)) € A Bcpu) A+ C Ay B A+
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The latter Cl[u,v]]-module being topologically free, Formula (7.4) for all
N > 0 implies
Ay p(Py(a)) € Ay Ocfju,e)] A+
(]

Corollary 7.9. The algebras A and Ay are subbialgebras of Uuw(g4)-

7.10. Remark. The bialgebra A has the following alternative definition.
Define the C[u][[v]]-bialgebra

Upo(g+) = lim Un(g+) @cypag)/nmy Clull[v]]/ ("),

where Clul[[v]] is a C[[h]]-module by the morphism ¢ of Section 4.6. One can
check that Uj, ,(g+) embeds as a subbialgebra into the bialgebra Uy ,(g+)
of Section 6.1, that the map a4 of Section 6.6 sends the Clu|[[v]]-module
U,.»(g+) isomorphically onto U(gy)[u][[v]], and that the bialgebra mor-
phism p, of Lemma 6.7 maps U,, ,(g+) onto the bialgebra U (g )[u] of poly-
nomials with coefficients in U(g4 ).

Adapting the proofs of Sections 67, one can prove that A, isin U&,v(ng)

and that
Ay = {a €U, ,(g4) | 0"(a) € u"U;’v(g+)®” for all n > 1} .

8. Proofs of Theorems 2.3, 2.6, and 2.9 (I).

Let Ay »(g+) = A4 be the bialgebra constructed in Sections 6-7. We first
prove Theorem 2.6 and then determine A, /uA, as an algebra (Part I of
Theorem 2.9). The proof of Theorem 2.3 follows.

8.1. Proof of Theorem 2.6. It follows from Lemma 6.7, Lemma 6.8 (b),
Theorem 6.9, and Corollary 7.9 applied to g+ = g that the morphism of
bialgebras p, : Uy v(9+) — U(g4)[[u]] restricts to a surjective morphism of
bialgebras p, : Ay — V,(g+) whose kernel is vA,. Therefore, the induced
map Ay/vAy — V,(g4+) is an isomorphism of bialgebras. It remains to
check that this isomorphism preserves the cobracket.

The bialgebra structure on A, induces on V,,(g4+) a Poisson cobracket ¢’
given by (1.8), where p = p,. We have to check that ¢’ coincides with the
Poisson cobracket d,, of V,(g+) defined by (2.5). Since the algebra V(g ) is
generated by the elements uz with x € g, it suffices to show that ¢'(ux) =
du(ux) for all z € gy.

We identify the module U, ,(g+) with U(gy)[[u,v]] via the isomorphism
a4 of Section 6.6. Let a € a,'(ux) C Uyu(gs). We have p,(a) = uz.
Viewing U, ,(g+) as a subbialgebra of U, ,(?), we see by (5.3)-(5.4) that
the comultiplication A, , of U, ,(g+) satisfies

Ayy(a) = Ala) +uv [A(a), g} mod u?v? Uuﬂ}(D)@Q7
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where A is the standard comultiplication (2.4) on U, ,(d) = U(d)[[u,v]].
Therefore,

AU,U(Q) - Azf)v (a)

v

T —T21
2

=y [A(a), ] mod 1% Uy, (2) €2,

It follows that

¥ (us) = (o)

Ayp(a) — Aﬁ?v(a))

—u [A(ux), ’”_7“21]

2

=2 [m@l + 1®z, - T21}

2
2 ].
=u” | [z®1 + 1®z,7] — 3 [z®1 + 1®z,7 + ro1]

= u? [2®1 + 1@z, 7] = u*6(x) = 6, (uz).

The vanishing of [z®1 + 1®x,r 4 r21] is due to the invariance of the 2-
tensor 7 + r21. The identity 6(x) = [z®1 + 1®z, r] follows from (5.2). O

8.2. Proof of Theorem 2.9. Part I. We prove here that A /uA; =
S(g+)[[v]] as a C|[v]]-algebra. We first observe that the algebra Ay /uA; is
commutative. Indeed, Ay /uA; C Al / uA, by the second equality of Corol-
lary 7.6. By Proposition 3.5, the quotient algebra EJF / UA\+ is commutative;
hence, so is A4 /uAy.

Consider the Clu][[v]]-linear isomorphism ¢4 : V,,(g4)[[v]] — A+ of The-
orem 6.9 (a). It induces a C[[v]]-linear isomorphism

Wy S(go)llv]] = Vule)[[v]l/uValg)[lv]] — Ay /udy.
By definition,

(8.1) \P+(x{1 . ..a:ff) = vl (fu ) ...p+(ﬁcd)jd modulo u Ay

for all d-tuples j = (j1,...,Jq). (Recall that (x1,...,zq) is a fixed basis
of g4+.) Since Ay /uA; is commutative, ¥, is an algebra morphism. O

8.3. Proof of Theorem 2.3. By Theorem 6.9 (a), the C|u][[v]]-module
A, is isomorphic to V(g4 )[[v]], hence to S(g+)[u][[v]] (see Section 2.4 and
Lemma 2.5). As a consequence of Theorem 2.6 and Section 8.2, the bialgebra
AL is commutative modulo u and cocommutative modulo v. It follows
from Theorem 2.6 and Lemma 2.5 that A4 /(u,v) = S(g) as bi-Poisson
bialgebras. ([
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8.4. Remark. Since A, is a C[u][[v]]-module, we may set v = 1. We claim
that the quotient bialgebra Ay /(u — 1) is isomorphic to Etingof and Kazh-
dan’s bialgebra U,(g+) of Section 5.4 (with h replaced by v). Indeed, the
bialgebra inclusion Ay C U{w(ng) of Remark 7.10 induces a bialgebra mor-
phism ¢ : Ay /(u—1) — Uy, ,(g+)/(u—1) = Uy(g4). It remains to show that &
is an isomorphism. The isomorphism v of Theorem 6.9 (a) induces a C[[v]]-
linear isomorphism v, : U(gy)[[v]] = Vu(g4)[[v]]/(u — 1) — Ay /(u —1). It
now suffices to check that the composite map £ o ¢, is an isomorphism.
By Sections 5.5, 6.4, and 6.6 the map & o ¢, sends z; = x{l ...xljf €

U(g)[[v] to v py (fo)7 ... pi(fu,)i for all d-tuples (j1,... ,ja). In view
of Lemma 5.6 (a) it follows that £ o) . is an isomorphism modulo v; hence,
it is an isomorphism of topologically free C[[v]]-modules.

9. A nondegenerate bialgebra pairing.

In this section, we construct a pairing between A and a Clv][[u]]-bialgebra
A_, using the element Ry, € U, (g+) ®C[[u,vﬂ Uy,v(g—) introduced in Sec-
tion 6. We start by defining A_, then we prove an important property
of R, . We resume the notation of Sections 5-8.

9.1. The Bialgebras A_ and A_. They are defined by analogy with A
and A,. Let us begin with the definition of A_. Consider the CI[h]]-
linear isomorphism oy : Up(g+) — U(g+)[[h]] of Section 6.6. We have
ay(l) = 1 and a;r = id modulo h. Choose a C-linear projection 7 :
U(gy) — Ul(gy) = C @ g, that is the identity on Ul(gy). For any y € g_
we define a C-linear form (—,y) : U'(gy) — C extending the evaluation
map (—,y) : g+ — C and such that (1,y) = 0. We obtain a C[[h]]-linear
form gy, : Un(g+) — CI[[h]] by

(9-1) gy(a) = (mras(a),y) =) (m4(an),y) h",

n>0
where a € Up(g+) and the elements a,, € U(gy) are defined by a4 (a) =
> n>0 anh™. We have g,(1) = 0.

By extension of scalars, we obtain a C[[u,v]]-linear form g, : U, »(g+) —
Cl[u, v]] such that g,(1) = 0. We apply the map p_ : Uy ,(9+) — Uun(9-)
of (6.2) to gy. By Lemma 6.5 adapted to this situation, p_(gy) € Uy,(g-)
is divisible by uwv.

Let V,,(g—) be the C[v]-bialgebra introduced in Section 2.4, where we have
now replaced u by v. Let (y1,...,yq) be the basis of g_ dual to the fixed
basis (1, ... ,24) of g. The family (vEly,.), where k runs over all d-tuples
of nonnegative integers, is a C[v]-basis of V,,(g—). We define a C[v]-linear

map - : Vy(g-) = Uuw(g-) by ¢¥—(1) =1 and
(9.2) o (0 ) = p_ (g, )" - (Gya)F,
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where k = (k1,... ,kq) is a d-tuple with |k| > 1. This map extends uniquely
to a Clv][[u]]-linear map, still denoted ¢_, from V,(g_)[[u]] to Uy.(g-) by

(1 (Z wnu”) = Z Y_(wy)u",
n>0 n>0

where wg, w1, wa, ... € V,(g—). We then define the C[v][[u]]-module A_ by

(9-3) A= (Vo(g)[[ull) C Uuo(g-)-

Recall the isomorphism «a_ : Uh(g_) = U( _)[[R]] of Section 5.5. It
induces a Cl[u,v]]-linear isomorphism a_ : U,,(g—) = U(g-)[[u,v]] such
that a_ = id modulo uv. Consider the composed map

Pt Unn(8-) = Ug-) ([, 0] — Ug-)[[o],

where the second map is the projection u — 0. The map p, is a morphism
of bialgebras when we equip U(g_)[[v]] with the power series multiplication
and the comultiplication (2.4). Moreover, p, sends A_ onto V,(g—) and
pu oY : Vy(g-)[[u]] — Vi(g-) is the projection sending u to 0. This is
proved as in Section 6.

By analogy with Section 7.1, we define a C[[u,v]]-subalgebra A_ of
Uuw(g-) by

04) A = {a € Uun(g) | 0™(a) € v"Uyo(g—)®" for all n > 1}.

It is clear that the results of Sections 6-8 apply to A_ and A\,, namely
we have the following properties.

(i) The map o_ : Vy(g-)[[u]] — A— is an isomorphism of C[v][[u]]-
modules. It extends to an isomorphism of C[[u, v]]-modules 1_ : V,(g_)[[u]]
— A,

(i) A_ C A_ are subalgebras of U, w(g-).

(iii) A— is independent of the choices of the isomorphism a4 : Up(g4) —

U(gy)[[h]], of the projection my : U(gy) — U'(gy), and of the basis of g_.

)

(iv) A and A_ are topological bialgebras for the u-adic topology and
the (u,v)-adic topology, respectively.

(v) A_ and A_ are commutative modulo v and cocommutative modulo u.
There are isomorphisms of co-Poisson bialgebras

(9.5) A Jud- = Vi(g_),
isomorphisms of bi-Poisson bialgebras

(9.6) A /(u,v)A- = S(g-),
and isomorphisms of algebras

(9.7) A JvA- = S(g-)[[ul)-
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Recall the two-variable universal R-matrix

Ry € Uuw(+) ®C[[u,v]] Uu,o(9-)

of Section 6. We now give a stronger version of Lemma 6.3 (b).
Lemma 9.2. The element R, ., — 1®1 belongs to the submodules

v AL Bciu) Uno(g-)  and  Uyy(g+) @cju u A-
of Uuw(84) @] Uuw(9-)-

Proof. Recall the element R € U, ,(g+) @c[[um” Uuw(g—) of Lemma 6.3 (b).
It is enough to show that

uR' € A\+ @)C[[%U]] Uuﬂ)(g_> and vR € Uu7v(g+) ®C[[u,vﬂ A\_.
We shall prove the first inclusion. The second one has a similar proof.

Let (bj); be a basis over C[[u,v]] of the (topologically free) Cl[u,v]]-
module Uy, (g-). We can expand R’ as R' = 3, z;®b;, where 2; are el-
ements of Uy, (g+). The proof of Lemma 7.4 shows that (6"®id)(uvR') is
divisible by u™ for any n > 1. Hence,

(0"®id)(R) = Z " (z)®

is divisible by ™ 1. The elements b; belng linearly independent, it follows
that 0"(z;) is divisible by «"~! for all n > 1 and all j. Therefore, uz; € Ay
for all j and uR' € Ay @) Uuw(9-)- O

Corollary 9.3. The element R, belongs to the submodules
Ay Bcfun) Uuw(a-)  and  Uuw(g+) Ocfuu A--

We consider the dual Cl[u,v]]-modules gfr = Homc[[u7vl](ﬁ+,C[[u,v]])
and A* = Homgjfy,.))(A-, C[[u, v]]). In view of Corollary 9.3, Formulas (6.2)
now define C[[u, v]]-linear maps A* — U, ,(g+) and A% — Uy, (g—), which
we still denote by p4 and p_ respectlvely The comultlphcatlons of A+ and

of A_ induce algebra structures on A and A* . As in Section 6, the map
p+ is an antimorphism of algebras and p— is a morphlsm of algebras.

Lemma 9.4. We have
Ay Cp(A*)C Ay and A Cp (AL)C A

Proof. Let us prove the first two inclusions. The other two inclusions have
similar proofs.

(a) We use the notation of Sections 6.4 and 6.6. We first show that,
for any = € gy, the element v py(f,) € Ay sits in py (A\i) Indeed,

if b € A_, then 6'(b) = b — £(b)1 is divisible by v in Uy, ,(g_). Hence,
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F2(b) = fo(b)—e(b) f2(1) € C[[u, v]] is divisible by v. We then define f, € A*
by

(9.8) Fa(b) = v f2(b) € Cl[u,v]]

for any b € A_. Tt follows that the restriction of fx to A_ equals vﬁc.

Therefore, v p (f) = pi(f2) € py(A%).
By Section 6.6, any element a € A, is of the form

a=Y 0" [ > P o (fo )t (fa) |
2 J

where the sums inside the brackets are finite and P;j(u) € C[u]. The formal
power series

Dot | D Bi(w) fi . f
n>0 j

converges to an element f in the topologically free C[[u,v]]-module A* .
Since py : A* — Uyo(g+) is an antimorphism of algebras, we have p4 (f) =
a. This implies that A, C p;(A*).

-~

(b) Let us prove that py(A*) C A,. Given f € A*, we have to check
that 6" (p4(f)) is divisible by u" for all n > 1. By Lemma 9.2, vR' €

Uu,o(84) ®c(u,)) A— hence

/ / / / &n 5 n
Gl 1,n+1R2,n+1 e Rn—l,n+1Rn,n+1 € Uu,v (g+)®n ®C[[u,v}] A_.

This allows us to apply id®f to v" Ry, 1 Ry, 1 -+ Ry, 1 011, 01 A com-
putation similar to the one in the proof of Lemma 7.4 yields

8" (p+(f))
= u"(d@f) (V"R 1 Ry gy Rry g1 Ry ) € 0" Uno(94) %"

Lemma 9.5. Fora € Ay and b€ A_, the formulas

(9.9) (@,D)up = (p31(@)) () = (p=' (1) (a),
yield a well-defined bialgebra pairing Ay x A“P — Cl[u,v]].

Here AP denotes the bialgebra A_ with the opposite comultiplication.
The pairing ( , )y, is in the sense of Section 2.10 with K; = Clu][[v]],
K3 = Clv][[u]], and K = C[u, v]].

Proof. Let us prove that the expression (pjl(b)) (a) is well defined. It suffices
to check that, if g € E”; satisfies p_(g) = 0, then g(a) = 0. Suppose first
that a = 1[)+(u‘1‘xj) for some d-tuple j. By (6.3), vdla = py(f), where
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f= T 3 € Uiu(a-)- Applying g®f to Ruy € Ar 8cjuu) Uusla-),
we obtain

ol g(a) = g(p+(f)) = (90f)(Ru) = f(p-(9)) = 0.
Since C[[u,v]] is v-torsion-free, we obtain g(a) = 0. By C[[u, v]]-linearity,
gla)=0forallae Ay.

A similar argument proves that (,of(a)) (b) is well defined. Let us show
that

(9.10) (o3 (@) () = (p='() (a).
By linearity, it suffices to consider the case a = 1/1+(u|1|xi) as above. We
have vl a = p, (f) with f € Usy(g-). Let g € p_t(b) C A\i Then

o3l (p31(@)) () = £(5) = F(p-(9)) = (42F) (Rus)

= g9(p+ () = v¥ g(a) = vl (pZ' (1)) (a).
Hence, (9.10) holds.
That (, )4 is a bialgebra pairing follows directly from the fact that py
is an antimorphism of algebras and p_ is a morphism of algebras. ([

9.6. Remark. Proceedlng as in the proof of Lemma 9.5, we can show that
the maps p4 : A* - A+ and p_ : A* — A_ are injective.

9.7. Induced Bialgebra Pairings. Passing to the quotient modulo u, the
pairing (, )y, induces a bialgebra pairing

(9.11) (, v:Ay/uldy x A_JuA_ — Cl[v]].

(The bialgebra A_ /uA_ is cocommutative by (9.5), so that (A_ /uA_)*P =
A_/uA_.) Recall the isomorphism of algebras ¥ : S(g4)[[v]] — A+/uAt
defined by (8.1). On the other hand, the composition of ¢ : V,(g—) — A_

defined by (9.2) and the projection A — A_/uA_ is an isomorphism of
Clv]-bialgebras ¥’ : V,(g—) — A_/uA_, which is defined on the C[v]-basis

(v yp) of Vi(g-) by
(9.12) ' (v ) = (v ) mod uA

~I& pP— (gyl)kl TP (gyd)kd mod uA_,

where k = (k1,... , kq) and the maps g,, were introduced in Section 9.1.

=Uu

Lemma 9.8. If j = (j1,... ,ja) and k = (k1,... ,kq) are d-tuples of non-
negative integers, then
0 if 151> |Kl,
(\Ij+($l)7\I/L(v|E| y&))v = 6j1,l€1 ""(de7kdj1!--~jd! if |l| = |E|7
e oE-ll C[fo]] if 13| <Kl
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Proof. We first claim that for any « € g4 and any d-tuple k = (k1,... , kq),

= {Slk—l o) it >0

Indeed, consider the diagram

Uno(g-) —— U(g)[[u, ] = Cllu, 0]

[ | l

Ug )] —*— U] E=Ch cp

where the unmarked vertical maps are the projections sending w to 0. The
left-hand and the right-hand squares commute by definition of p, and by
linearity, respectively. It follows that, for any b € U, ,,(g-),

(9.14) F2(b) mod uC[[u, v]] = (z, 7 (pu(b)))-
Since ¥ (z) = v~ py(fz) mod uA, and W (vl& yp) = ¥_ (v y) mod
uA_, we have
(U (@), U (0 yp))y = v Fo(wo- (v gp)) mod uClfu, v]]
= v~ (2, 1 (pu (- (v )
= v (2, oM 7w (yp)) = o (o m ()

for all k. If [k| = 0, then vl& yr = 1, on which (z,—) vanishes. This
proves (9.13).

Formula (9.13) implies that Lemma 9.8 holds for any j and k such that
|7] = 1. For the general case, observe that

(0.15)  (Wy(ay), W (o yp)),

= (W ()t W (), W (0l ),

— (U4 ()@ @ (20) 4, AL (U (08 ),
= (U (2)® 0 @y (2g) 0, (U) 2 (AL Ik, ),

in view of Lemma 9.5, and the fact that ¥, preserves the multiplication
and U"_ preserves the comultiplication. Here A is given by (2.4). Then the
formulas of Lemma 9.8 for a general j follow from (2.4), (9.15), and the
formulas for j such that |j| = 1. O

Passing to the quotients modulo v and modulo (u, v), the pairing (, )y
induces bialgebra pairings

(9.16) ( )u: A oAy x (A_JuA_)P — C[[u]]
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and
(9.17) Ay /(u,v) x A_/(u,v) — C.

The latter can also be obtained from the pairing ( , ), of (9.11) by setting
v =0.

The isomorphism ¥y : S(gy)[[v]] — A4 /uAt defined by (8.1) induces a
canonical isomorphism of bialgebras S(g+) = A4+ /(u,v). The isomorphism
U Vy(g—) — A_/uA_ defined above induces a canonical isomorphism
of bialgebras S(g—) = A_/(u,v). We denote by ( , )o the bialgebra pair-
ing S(g+) x S(g—) — C obtained from (9.17) under these identifications.
Lemma 9.8 implies that

0 it |j] # [kl
(9.18) (j,yk)0 = . S
12 9% Sjrkr - Ojara - dal if |j| = |K]

for all d-tuples j = (j1,...,ja) and k = (k1,... ,kq).
Corollary 9.9. The pairings
(i A X AP = Cllll, (4 )os As/udy x A_JuA_ — C[[o],

(5 Ju s Ay foAy X (A JoA )P = C[[u]], and (, )o:S(g+)xS(g-) = C
are nondegenerate.

Proof. Tt follows from (9.18) that (, )¢ is nondegenerate. (Actually, (, )o is
the standard pairing between S(g4) and S(g—).)

We check that ( , ), is nondegenerate. Let a € A;/uA; such that
(a,—)y = 0. If a denotes the image of a under the projection A, /uAd, —
S(g+), then (a,—)o = 0. It follows from the nondegeneracy of ( , )o that
a = 0, which implies that a € vAy/uA;. Let a1 € Ay /uAy be such that
a = va;. We now have (ai,—), = 0. A similar argument shows that a; is
divisible by v, hence a is divisible by v? in A, /uA, . Proceeding in the same
way, we see that a is divisible by any power of v, which is possible only if
a = 0. A similar argument shows that (—,b), = 0 implies b = 0.

The nondegeneracy of (, ), and (, )y is proved in a similar fashion. [

10. Completion of the proof of Theorem 2.9.

Before proceeding to prove Theorem 2.9, we establish a few facts about a
topological dual of the C[v]-bialgebra

Vo(g-) =q > bv" € U(g-)[v] | by € U™(g-) for alln >0
n>0
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10.1. A Topological Dual. Inside the dual

Vv*(g*) = HomC[v}(‘/U(g*)a CHUH)
of V,(g—) there is a C[[v]]-submodule V,°(g_) consisting of all f € V,*(g_)
satisfying the following condition: For every m > 0 there exists N > 0 such
that

(10.1) f(UP(g-)v") Cv™C[[v]]

for all p > N. In other words, V,2(g_) consists of all C[v]-linear forms that
are continuous when we equip C[[v]] with the v-adic topology and V(g-)
with the I-adic topology, where I is the two-sided ideal

1= UP(a )" < Vilgo)

p>1

Lemma 10.2. The C|[[v]]-module V?(g_) is topologically free and

V2g-) () vV (e-) = v V(o).

Proof. For the first statement, it is enough to check that, if (f,)p>0 is a
family of elements of V,?(g—) such that f,, = fn,+1 mod v™ for all n > 0, then
there exists a unique f € V2(g_) such that f = f,, mod v™ for all n > 0.

Indeed, since the linear forms f,, are with values in C[[v]], there exists a
unique f € V;(g—) such that f = f, mod v"™ for all n > 0. Let us show
that f belongs to V,°(g_). Fix m > 0. By definition of V,°(g_), there exists
N > 0 such that f,,(UP(g—)oP) C v™C|[[v]] for all p > N. Since f = fp,
mod v™, we have f(a) = fiu(a) mod v™ for all a € V,(g_), hence

FUP(g-)vP) = fr(UP(g-)v*’) =0 mod v™

for all p. Therefore, f(UP(g—)vP) C v™C][[v]] for all p > N.
The second statement is an easy exercise left to the reader. O
)

We now relate V,°(g_) to S(g+)[[v]]. As before, we fix a basis (z1,... ,2q4
of g4+ and the dual basis (y1,...,yq) of g—. The family of elements z; =
x7' ...z} indexed by all d-tuples j = (ji,... ,jq) of nonnegative integers is
a C-basis of S(gy); the family of elements (v/%! y) indexed by all d-tuples
k of nonnegative integers is a C[v]-basis of V,(g_).

Suppose there exists a pairing (, ) : S(g+)[[v]] X Vu(g—) — C[[v]] (in the
sense of Section 2.10 with K = K; = CJ[v]] D K2 = CJv]) such that for all
j=01,--.,Jq) and k = (k1,... ,kq) we have

0 if || > |k,
e vlE=lil ¢[fo]] if |j] < |&|.

The pairing ( , ) induces a C[[v]]-linear map ¢ : S(g+)[[v]] — V. (g—) defined
for a € S(g+)[[0]] by ¢(a) = (a, ).
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Proposition 10.3. Under Condition (10.2) the map ¢ sends S(g+)[[v]] iso-
morphically onto V,*(g—).
Proof. The same argument as in the proof of Corollary 9.9 shows that the
pairing ( , ) is nondegenerate. This implies the injectivity of ¢.
Let us prove that ¢ sends S(g4)[[v]] into V,°(g—). Any element of
S(g+)[[v]] is of the form
a = Z Ml’n fL’iUn,

n>0; j

where (ftjn)n>0;; is a family of scalars indexed by a nonnegative integer n
and a d-tuple j of nonnegative integers, such that for all n there exists an
integer N,, with fjn = 0 whenever [j| > Nj,.

In order to check that ¢(a) lies in V,°(g_), we have to prove that, given
m > 0, there exists N such that for all p > N we have

p(a)(UP(g+) v?) C v™C[[v]].

Let N/, be any integer such that N/ > N, for alln =0,... ,m —1. It is
clear that ypj, = 0 when |j| > N/, and 0 < n < m — 1. For any p > 1,
the family (vPy;) with |k|] < p is a basis of UP(g_)vP. Let us compute
¢(a)(vPyg) when |k| < p. Using (10.2), we get

p(a) (0P yr) = (a, " yp)

= D g (07 ) 0"
n>0; j

_ k n+p—|k
= E Hjn (3717 v/t yp) 0" &
n>0;7

= Z Pl(v)¢

Z
[J1<Ik]

where Pj(v) = (ano 1.n v”) (xl,vw yp) vP Bl TF j| > Ny, then

D V" =) Hjnv"

n>0 n>m

is divisible by v™. Hence P;(v) is divisible by v™. If |j| < N/, and |j| <
k|, then by (10.2) (x;, vl y,,) is divisible by o=l Therefore, Pj(v) is
divisible by v?~4, hence by vP~NmHt1. If |j| < N/ and |j| > |k|, then
p — |k| > p— N/, + 1. Therefore, Pj(v) is divisible by vP~Vm+!. Summing
up, we see that ¢(a)(UP(g4)vP) C v™C[[v]] for all p > m + N, — 1. Hence,
pla) € V,(g-).
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It remains to show that V°(g_) C (S(g4)[[v]]). Since (v y;); is a C[v]-
basis of V,(g—), a C[v]-linear form f € V;(g—) is uniquely determined by
the family (v;(v)); of formal power series defined by

vi(v) = f(vly;) € C[v]].

Suppose that f € V,2(g—). Then for every m there exists N such that for
all j with [j| > N the formal power series v;(v) is divisible by v™. Consider

the formal sum
vj(v)
a0 = =
~ 4l L
J
where j! = ji!...jq! if j = (j1,... , ja). By the divisibility property of v;(v)

obtained above, ag is a well-defined element of S(g)[[v]]. Let us compute

p(ao) € V(g-).
Given a d-tuple k = (k1,... ,kq), we have

|E| |E|

y) = (a0, 0™ yk)

= V]j(‘v) (25,0 )
j J

- ¥

gilil=lk| = J;

p(ao)(v

From (10.2) we derive

>, Vl.(:}) (g, 0¥ ) = > Vlgv) 0 K = vi(v),

gilil=lkl = J;13l=lkl

where 0; 5 = 0j, ky ---0j k.- On the other hand, by (10.2), (xl-,v@' V) is
divisible by v if [j| < |k|. It follows that, for all ,

pla0) (yev™!) = v (v) + 0 Cl[o]] = f(yro™) + v Cllo]).

Therefore, f = p(ap) + vfi1, where f; is a linear form on V,(g_) such that
vf1 belongs to the subspace V°(g—). By Lemma 10.2, this implies that
f1 € VP2(g—). Starting all over again, we get an element fo € V°(g_)
and an element a; € S(g4+)[[v]] such that fi = ¢(a1) + vfa. Hence, f =
©(ag + vai) + v2fa. Proceeding in this way, we see that for all n > 0

Vo (g-) = @(S(g)[[v]]) + 0"V (8-)-

Together with the topological freeness of V,°(g_) proved in Lemma 10.2, this
implies that V,?(g_) sits inside the image of (. O
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Recall the nondegenerate bialgebra pairing (9.11)
(3 )o: Ap/udy x A_JuA_ — C[[v]]

and the bialgebra isomorphism ¥/ : V,,(g—) — A_/uA_ of Section 9.7. They
give rise to a C[[v]]-linear morphism of algebras ¢ : A /uAdy — V. (g-)
defined for a € Ay /uAy and b € V,(g—) by
(10.3) p(a)(b) = (a, UL (b))
Corollary 10.4. V2(g_) is a subalgebra of V. (g—) and ¢ : Ay /uA; —
Vi (g-) is an injective morphism of algebras whose image is V,*(g—).

Proof. By Lemma 9.8 the pairing

(= =) = (T4(=), ¥L(=))v  S(g4)[[v] x Vo(g-) — Cl[v]
satisfies Condition (10.2). By Proposition 10.3 the map ¢ o ¥ is injective
with image V,°(g—). Since ¢ oW is an algebra morphism, its image V,*(g_)
is necessarily a subalgebra of V,*(g_). One concludes by recalling that ¥ :
S(g+)[[v]] = A4/uAL is an algebra isomorphism. O

Consider the Poisson C[[v]]-bialgebra FE,(g+) of Section 2.7. As an al-
gebra, F,(g+) = S(g+)[[v]]. By (2.8) its comultiplication A’ fulfills the
following condition: For all z € g4+ C F,(g+),

(10.4) N(r) =201+ 101+ Xk,
E>1

where Xi, € @, ,—1 SP(9+)®5%(g4) for all £ > 1. The Poisson bracket
{, } of E,(g+) is uniquely determined by Condition (2.9).

In [Tur91, Section 12| a bialgebra pairing ( , )! : Ey(g+) x Vio(g-) —
C|[[v]] was constructed such that
(10.5) (z,vy), = (,y) € C

for all x € g+ C S(g4)[v]] = Eu(g+) and vy € vg- C V,(g—), where
(,):g4+ x g — C is the evaluation pairing. The pairing ( , )! has the
following properties.
Lemma 10.5. Let Xq,... , X €94 and Y1,..., Y, €g_. If m > n, then
(10.6) (X1 Xy 0" Y7+ Yy, = 0.

If m = n, then
(107) (Xl EEP. CULD CREE Yn); = Z <X0'(1)7 Y1> e <Xa(m)? Ym>7

g
where o runs over all permutations of {1,... ,n}.
If m < n, then

(10.8) (X1 X, 0" Y1 -+ Yp), € 0™ C[[u]l.

v
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Proof. (i) We prove (10.6) and (10.7) by induction on n, using (2.11) and
(10.5). The case m = n = 1 follows from (10.5). If m > n = 1, then by (2.4)
and (2.11)

(Xl o Xm,UYi);

= (X1®X2 - X, A(Q} Yl)); = (X1®X2 v X, 0Y1®1 + 1®’UY1)2)

= (Xh UYI)Z) (XQ co X, 1)2} + (Xla 1);; (X2 T Xm7UYl);; =0.

Suppose we have proved (10.6) and (10.7) for 1,... ,n — 1. By (2.4),
A(Y; - Yy)

= 1®Y1 Y + Z Z o(1) " U(p ®Y o(p+1) Y o(n) -+ Y1 s Yn®1,

p=1 o

where o runs over all (p,n — p)-shuffles, i.e., all permutations of {1,... ,n}
such that o(1) < --- < o(p) and o(p+ 1) < --- < o(n). Therefore,

(X1-"Xm,U"Y1"'Yn)/

= (X1®X2~--Xm,A(U"Y1--~Yn));
= (X171); (Xz'”Xm,Yy--Yn)ﬁ)

+ Z Z (Xb oP Yo(l) T Ya(p)); (XZ o Xy, 0" Ya(p—I—l) T Ya(n))g)
p=1 o

+ (X1, 0" Y1 Vo) (Xa -+ X, 1),

v

where o runs over the same set of permutations as above. The first and last
terms vanish by (2.11). If m > n, the middle sum is zero by the induction
hypothesis on (10.6). If m = n, by (10.6), the only nonzero term is for p = 1,
so that

(X1'~Xm,v"Y1'~Yn)'

v

= (X1, 0 Y50y (X2 X, 0" Yooy -+ Yo s

where ¢ runs over all permutations of {1,... ,n} such that ¢(2) < --- <
o(n). Therefore,

(Xl---Xm,v"Y1-~Yn)'

v
n

:Z X1,0Y) (Xo o X, 0" LYy Y V)
=1

where the hat on Y; means that it is omitted from the product. We conclude
with (10.5) and the induction hypothesis on (10.7).
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We also prove (10.8) by induction on n. If n = 1, then necessarily m = 0
and the claim follows from (2.11). For the inductive step, observe that (10.4)
implies that, for X1,..., X, € g4,

A/( Z Xk®X// k:’
k>0

where X; @ X} € @, j—prm SP(9+)®S(g+). By (2.11), we obtain
(X1 X, 0" V1 Yo )y = (A (X7 X)), 0Y1@0" Yo - Vo),

v

=) (X o), (X YY)
k>0

By (10.6) the only case where (X;,vY7), may be nonzero is when X} €
S'(g+), therefore when X}/ € S¥¥m=1(g ). If k+m —1 < n — 1, we use
(10.7) and the induction hypothesis on (10.8). Thus, (X}, 0" 1Ys---Y,))
is divisible by v ™% If k+m —1>n—1, then (X}, v" 1 Y2---Y,), =0
by (10.6). Therefore, (X}, v" 1Yy ---Y,), is divisible by v =™ in all cases.
Hence, (Xj -+ X, 0" Y7 -+ Y,), is divisible by o™~ ™. O

From the bialgebra pairing ( , )/, we get a morphism of algebras ¢’

Eu(9+) — V;(g-) defined by ¢'(a) = (a,~), for a € B, (g+).

Corollary 10.6. The bialgebra pairing ( , ). is nondegenerate and the mor-
phism of algebras ¢’ induces an isomorphism

¢ Ey(gy) = Vo (e-) C V) (g-).

Proof. By Proposition 10.3 it is enough to check that the pairing ( , )] sat-
isfies Condition (10.2). An easy computation shows that (10.2) is equivalent
0 (10.6-10.8). O

10.7. Proof of Theorem 2.9. Part II. By Corollaries 10.4 and 10.6 we
have two algebra isomorphisms ¢ : A /udy — V2(g—) and ¢’ : Ey(g4+) —
V2(g-). Composing ¢ with the inverse of ¢/, we obtain an algebra isomor-
phism
x=¢ o Ay /udy — Ey(gy).
Let us check that y is a morphism of coalgebras. By definition of ¢, ¢’
and ¥,

(10.9) (a, UL (b))v = @(a)(b) = ¢’ (x(a)) (b) = (x(a), D),
for all @ € Ay /uAy and b € V,(g—). (For the definition of W', see Sec-
tion 9.7.) Using (2.11) and (10.9), we obtain

(A'(x(a)), b1®b2), = (x(a), biba),

= (a, \I/I, (blbg))v
= (a, \I/I, (bl)\ll/, (bg))v
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= (A(a), V(b)) (b))

= ((x®X)(A(a)), bi@bs)|

for all @ € Ay /uAy and by, by € V,(g—). Here A’ is the comultiplication
in E,(g+) and A is the comultiplication in A} /uAy induced by A, ,. Since
the pairing (, )! is nondegenerate, A’y = (y®x)A.

The bialgebra Ay /uA is a (commutative) Poisson bialgebra with Poisson
bracket { , }, defined for aj,as € Ay by

(10.10) (plan).plan)), =p (2220,

where p : Ay — A, /uA; is the projection. The bialgebra isomorphism
X : Ay /uAy — E,(g4) transfers this Poisson bracket to a Poisson bracket
{, } on E,(g+). In order to show that y is a morphism of Poisson bialgebras,
we have to prove that {, } = {, }. Tt suffices to check that { , }’ satisfies
Condition (2.9).

The pairing of Lemma 9.5 pairs the bialgebras A, and A®P. Conse-
quently,

(a1az — aza1,b)y = (a1®az, AP (b) — Ay (b))
for all a;,a2 € Ay and b € A_. The bialgebra A_ being cocommutative
modulo u (see Section 9.1), it follows that A, (b) — A, ,(b) is divisible by u;
hence,

_ op o
(10.11) (Wb> :<a1®a2’Au,v(b) Au,v(b)>

U,

U U wv

By Section 8.1 applied to A_ and by (9.5), the isomorphism 1_ : V,,(g—)[[u]]

— A_ of Section 9.1 induces the isomorphism ¥" : V,(g_) — A_/uA_ of

co-Poisson bialgebras. Therefore,

Au,v(b) - Agl,)v(b)
u

(10.12) (T @T)(6,(vy)) = mod u A_ @) A-

for vy € vg_ C V,(g-) and b € A_ mapped onto ¥’_(vy) under the projec-
tion A- — A_/uA_. Here, 6, : Vi(g-) — Viu(9-)®cy) Vo (g-) is the Poisson
cobracket defined by (2.5), where we have replaced u by v, and the Lie
cobracket 0 of g by the Lie cobracket _ of g_. By definition of g_ = (g)*,

(10.13) (21Q22,0-(y)) = —([21®22], y)

for all z;,29 € g+ and y € g_.
Combining (10.10)-(10.12), we obtain

(10.14)  ({p(a1), p(a2)}v, T (vy))w = —(p(ar)®p(az), (TLOV)(dy(vy))),

for all aj,a2 € Ay and y € g_—. It follows from (2.5), (10.9), (10.13), and
(10.14) that

(10.15)  ({z1, 22}, vy), = (X ({z1,22}), UL (vy)),,
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= ({x @), x H(@2) }o, U (vy)),
—(x"Hz)ex (z2), (PLeUL)(0u(vy))),
= — (x1®x2, (5v(vy));
= — (x1®:L‘2, v o (y))/

v

= ([, 22), vy),,

for all 21, zo € g4 and y € g_.
On the other hand, the Poisson bracket { , }’ induces the Poisson bracket
(2.3) on Ey(g4+)/vEy(g+) = S(g+). Consequently, for all x1,z2 € g4,

(10.16) {w1, 22 = [z, 22] + D Xpmo™

m>1

where X,,, € S(g+). Let X be the component of X,, in SP(g4). In order
to check Condition (2.9) for {, }', it is enough to show that X =0 for all
p=0,1and m > 1.

For the case p = 0, we use the counits ¢ of the bialgebras involved. Since
e vanishes on commutators in A4, we have £({ai,a2},) = 0 in the quo-
tient bialgebra A, /uAy. The map x being also a morphism of bialgebras,
e({z1,22}) = 0 for all 1, x2 € g4+. The map e vanishing on SP(gy) for
p > 1 and being the identity on S°(g, ), Formula (10.16) implies

0=c({zr,m}f) =c(fzr,ma)) + > e(Xp)v™ =Y XDy

m>1 m>1

Hence, XT(,?) =0 forallm>1.
For p = 1, we use Lemma 10.5, (10.2), (10.15) and (10.16) in the following
computation holding for all 1, 2 € g+ and y € g_:

0= ({a1, 22} — [ml,m] vY)y

:Z(X(l) vy), ™ + Z m,vy o™

m>1 m>1;p>2
=D (X )"
m>1

Hence, <X,g),y> =0 for all y € g_ and all m > 1. Therefore, X =0 for
all m > 1. O

10.8. Remark. Our definition of the Poisson bracket { , }' gives a con-
struction of a Poisson bracket on F,(g4) that is independent of [Tur91,
Theorem 11.4]. We have also proved that the topological dual V2(g_) has
a natural structure of a Poisson C[[v]]-bialgebra.
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10.9. Remark. There are similar versions of Theorems 2.3, 2.6, and 2.9
for the bialgebra Ja\_l’_ of Section 7.1. To state them, we need the bi-Poisson
bialgebra S (g+). As an algebra, it is the completion of S(g) with respect to
its augmentation ideal Ip = €P,,~; S (g+):

S(g+) = H S™(a+)-
n>0
The bi-Poisson bialgebra structure on S(g+) defined in Section 2.2 extends
to a topological bi-Poisson bialgebra structure on S(g; ), where the comul-
tiplication and the Poisson cobracket take values in the completed tensor
product
8(a) Eo S(g) = lim (S(a)/ 11 @c S(6)/13 )
n

The natural projection ¢, : V,(g4+) — S(g+) of Section 2.4 extends to a

— S

bialgebra morphism V(g )
of bi-Poisson bialgebras

(g+) that induces a canonical isomorphism

Va(a+)/uVu(g+) = S(g+)-
Similarly, the Poisson C[[v]]-bialgebra structure on E,(g+) = S(g+)[[v]] ex-

-~

tends uniquely to a topological Poisson C[[v]]-bialgebra structure on F,(g+)

= S(g4)[[v]]. The projection E,(gs) — S(g4) sending v to 0 induces a
canonical isomorphism of bi-Poisson bialgebras

Eu(9+)/UEv(g+) - §(9+)~

Proceeding for A\+ as we did for A4 in Sections 8-10, we can prove that
there is an isomorphism of co-Poisson bialgebras g_i'_ /fUJ?{\_A'_ = XA/u(ng), an
isomorphism of Poisson bialgebras A / u2+ ~ B, (g+), and an isomorphism
of bi-Poisson bialgebras A /(u,v) = S(gy).

11. Exchanging g, and g_.

Consider the Lie bialgebra g/, = g_ and its double d’. By definition of the
double, d’ contains g’ = (g/.*)°? as a Lie subbialgebra. Following Sec-
tions 5.3-5.4 for g’,, we obtain three C[[h]]-bialgebras Uy(g’,) — Up(?') <
Un(g"). The aim of this section is to prove the following addition to [EK96],
[EK97]. Here, for a bialgebra A, we denote by AP the bialgebra A obtained
by replacing the comultiplication by the opposite comultiplication.

Theorem 11.1. There is an isomorphism of C[[h]]-bialgebras
Un(®') = Up(2)P
sending Up(g') onto Up(g—)®? and Uy(g") onto Up(g4)®P.
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Theorem 11.1 does not follow directly from the functoriality of Etingof
and Kazhdan’s quantization because in general there is no isomorphism
between the triples (g4, 0,g—) and (g/,,0’,g") (nevertheless, see the proof of
Theorem 1.18 in [EK98]). We have chosen to give a proof of this theorem
using the original definitions of the bialgebras Uy (0), Up(g+), Un(g—) as
given in [EK96]. These definitions will be recalled in Sections 11.2-11.4
below.

11.2. A Braided Monoidal Category. Consider the double Lie bialgebra
0 =gy ®g_ of gy and let S be the category of U(?d)-modules. This is a
symmetric monoidal category: The tensor product of two U(0d)-modules is
given by M@N = M ®c N on which U(?) acts through its comultiplication,
and the symmetry oy n : M®N — N®M by the standard transposition
m@n — n®m. The category S has an infinitesimal braiding ty7,n : MQN —
M ® N in the sense of Cartier [Car93] (see also [Kas95, Definition XX.4.1]).
The morphism #7 x is given by the action of the two-tensor ¢t = r +ro; =
Zgzl (z; ® y; + y; @ ;) of Section 5.3.

We now fix a Drinfeld associator @, as defined, e.g., in [Dri89], [Dri90],
[Kas95, Section XIX.8], [KT98, Section 4.6]. This is a series ®(A, B) in
two non-commuting variables A and B with coefficients in C and constant
term 1, subject to a certain set of equations (for details see the references
above). Such a ® exists by [Dri90] and can be assumed to be the exponential
of a Lie series in A and B.

From & and ® we construct a braided monoidal category C as follows:
The objects of C are the same as the objects of S. A morphism from M
to N in C is a formal power series ), ., f,h", where f, € Homgs(M,N) =
Homys ) (M, N) for all n. The composition in C is defined using the com-
position in § and the standard multiplication of formal power series. The
identity morphism of an object M in C is the constant formal power series
Ym0 fuh™, where fo = idy and f, = 0 when n > 0. The category C
has a tensor product: On objects it is the same as on the objects of S; on
morphisms it is obtained by extending C[[h]]-linearly the tensor product of
morphisms of §. The unit object is the same as in S, namely the trivial
module C on which U(g) acts by the counit.

For any triple (L, M, N) of objects in C we define an associativity isomor-
phism ay, a ny and a braiding ¢y n by

(11.1) apan = ®(htr y®idy, hid, @ty ) : (LOM)ON — Lo(M®@N)

and
h ~
(11.2) CM,N = OM,N eXp(gtM,N> T MRN-—NXM,

where o7 v is the transposition. For details, see [Kas95, XX.6].
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The construction of C, Formulas (11.1-11.2), and ®(0,0) = 1 imply that
the braided monoidal category obtained as the quotient of C by the subclass
of morphisms whose constant term as a formal power series in h is 0 is
nothing else than the category S we started from. In this sense, C is a
quantization of S.

11.3. Definition of J,. Following [EK96, Section 2.3], we first define
U(0)-modules My = U(?) ®y(q4,) C, where C is the trivial U(g+)-module.
The Verma module My is a free U(g+)-module on a generator 1.4 such that
a-1y =¢e(a)ls for all a € U(g+), where ¢ is the counit of U(g+). There is
an isomorphism ¢ : U(®) — M4 ® M_ of U(d)-modules such that

(11.3) p(1) =1, ®1_.

There are also U(d)-linear maps iy : My — Mi®@My defined by iy(1y) =
1.®14.

In the braided monoidal category C of Section 11.2 consider the isomor-
phism

x=0"to({ids®en, . ®id_)oa: (My@M)R(M_®@M-)
— (My@M_)®(Mi@M-),
where id4 is the identity morphism of My, ey, p- : My@M_ — M_®QMy

is the braiding, « is the composition of the associativity isomorphisms

—1
ONL @My M_ M_
R S

(My@My)@(M_®M_) (My®My)@M_)@M-_

My My M_ ®id_ l
(My®(My®@M_))@M-_

and (3 is the composition of the isomorphisms

—1
OML@M_ My M_
S et M

(My@M_)Q(MiQM_) (My@M_)®M;)@M_
an, m_ i, ®id- l
(My@(M_@M))©oM-_.
Then, by [EK96, Formula (3.1)], the element J;, € (U(2)QU(0))[[h]] de-
termining the comultiplication of Uy (0) in (5.3) is defined by

(11.4) (@) (Jn) = x(1+®14@1_®1_) = x(i+®i-)(p(1)).

11.4. Definition of Up(g+). For any f € Home (M ®M_, M_) consider
the endomorphism p4 (f) € Ende(M®M_) defined as the following com-
position of morphisms in the monoidal category C of Section 11.2:

(11.5) iy ®id_ a id+®f
Mi@M_ — (Mi@M)QM_ — M @(Mi@M_) — M @M_,



BIQUANTIZATION OF LIE BIALGEBRAS 355

where a = apr, m v is the associativity isomorphism defined by (11.1).
Conjugating by the isomorphism ¢ of (11.3), we obtain the endomorphism
oty (f)p € Ende(U(0)). Applying this endomorphism to the unit element
in U(0d)[[h]], we get the formal power series

Fr= (¢ e (o) (1) € U@)][R].
By [EK96, Section 4.1], Uy(g4) is the image of the map f — f* from
Home(Mi®@M_, M_) to Ux(d) = U(d)[[R]].
There is a similar definition for Uy (g—_). For any g € Home(My@M_, M)
define p—(g) € Ende(M1®M_) as the following composition of morphisms
in C:

(11.6) id, @i a1 g®id_
M @M_ — Mi@(M_-®M_) — (M @M_)QM_ "— M,QM_.

Applying the endomorphism ¢~ !p. (f)e € Ende(U(2)) to 1 € U(d)[[h]], we
obtain

g~ = (¢ u-(9)¢) (1) € UQ)][A]].
By [EK96, Section 4.1, Up(g—) is the image of the map g — ¢~ from
Homg (M. M, M) to Un(0) = U()][[H]).
11.5. Proof of Theorem 11.1. By Section 2.1,

gL = (g}.7)*P = (g2)"P = (g2)*P
is isomorphic to g4 via the map —idg, . Let o' = g/, @ g’ be the double Lie

bialgebra of g/,. We have ?' = g_ @ gy = g4+ @ g— as vector spaces. The
following lemma is easily checked.

Lemma 11.6. The endomorphism o of g+ @ g— that is the identity on g_
and the opposite of the identity on gy is an isomorphism of Lie bialgebras
o : 0 — 0 which fits in the following commutative diagram of Lie bialgebras,
where the horizontal morphisms are the natural injections:

g- = D e g+

id l - l —id l
gy =9- — ¥ < g =(g)r
The morphism ¢ sends the 2-tensor r = Zle TiQY; € 0Q0 to
d
o(r)= Z (—z;)®y; = —r € V'®0.
i=1
Consequently, for the symmetric 2-tensor ¢ = r + 721, we have o(t) = —t.
The Lie bialgebra isomorphism o : 9 — 0’ induces a bialgebra isomor-

phism o : U(9) — U(?’), hence an algebra isomorphism between their quan-
tizations (cf. Section 5.3):

o : Up(0) =UQ)[[A]] — U@[[1]] = Un(®).
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For the definition of the comultiplication A) of Uj(?') we follow Sec-
tion 11.2 and construct a braided monoidal category C’, using now the dou-
ble Lie bialgebra ?" = ¢(?), the same Drinfeld associator ® as above, and
the two-tensor ¢ = o(t). The morphism o induces a canonical isomorphism
C = (' of braided monoidal categories.

We also need Verma modules for d'. Following Section 11.4, they are
defined by ML = U(?') ®y(q,) C. As a U(gy)-module, M} is free on a
generator 17,. There is an isomorphism ¢’ : U(d') — M/ @M’ defined by
¢'(1) = 1/, ®1"_. The homomorphism ¢ : © — ' induces canonical algebra
isomorphisms U(g+) = U(g%), hence canonical isomorphisms

My =U(d) QU (gs) C= U(D/) ®U(g’¥) C= M%

Using these isomorphisms, we henceforth identify o' with d, M/, with M_,
M! with M4, ¢' : U(®") — M/ @M with the isomorphism of U (d)-modules
¢ U(D) — M_®@M, determined by

(11.7) Y1) =1_®14.
By (5.3) the comultiplication A} of the bialgebra Uy (d') = Up(9) is given
for a € U(0)[[h]] by

Aj(a) = (J5) " A(a) T,
where A is the standard comultiplication and J; is the element in
(UR)U@))[[R] = (U®)RU(0))[[h]] defined, according to (11.4) and us-
ing the above identifications, by
(11.8) (P'@¢")(Jh) = X' (1-81-81+81+) = X' (i-®i)(¢'(1))

where x’ is obtained from the morphism y of Section 11.3 by exchanging

My and M_.
Consider the U(0d)-linear automorphism v of U(9) defined by

(11.9) v=(¢)  enmm_p,

where cpr p- c My@M_ — M_®DM, is the braiding. The morphism v is
the right multiplication by the invertible element w = v(1) € U(d)][[h]]:

(11.10) v(a) = aw
for all a € U(d)[[h]].
Lemma 11.7. We have w =1 mod h and
J, = A(w) Lexp(ht/2)(Jp)21 (wQw).
Proof. By (11.2), (11.3), (11.7), and (11.9) we have
w = () (explht/2)(1r@1)),,
=(¢)'(1_®1y)=1 mod h.
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Let us compute J;. Below we shall prove that
(11.11)

e M_oMy (e v Qe v )x(i4®i-) = X' (i—®iq)enr, v,
where car_gnr, ooy - (M_@M)Q(M_@M,) — (M_Q@M, )&(M_QM,)
is the braiding. Then, (11.9), (11.11) and the naturality of the braiding im-
ply

(1112) () @) (i )g'v
= ()@ (@) X (i—®it)en, m_p
= ((¢") ') Nem_omy m_onm, (ear . ®enr, v )x(14®i_)p
= ()U(a)(( ,)_1®(90/) 1>(CM+,M,®CM+7M7)X(Z+®Z_)gp

= cu()u() (reV) (@ )x(iy @i ).

Let us apply both sides of (11.12) to the unit in U(2d)[[h]]. By (11.8) and
(11.10), we obtain for the left-hand side

() @) N (-@is)e'v) (1)
= ((¢") (@) TN (1214 )¢) (@)
= Aw)(((¢) (@) (i-®is)¢) (1)
= A(w)J},.
For the right-hand side, using (11.2), (11.4), (11.10), and the symmetry of ¢,
we obtain
(o) v ver) (¢ ee x(i+@i-)e) (1) = cu@)ue) (v@r)(Jh)
= (exp(ht/Q)Jh(uJ@w))Ql
= exp(ht/2)(Jh)21 (w®w).
Putting both computations together, we obtain the desired formula for Jj .
Let us prove (11.11). By a well-known result of Mac Lane’s, any braided
monoidal category is equivalent to a strict braided monoidal category. It is
therefore licit to omit the associativity isomorphisms in the computations.
To simplify notation, we replace in the braidings the subscripts My by
4+ and we omit the tensor product signs. With these conventions, x =

id;®cq —@id_ and x' = id_®c_ 4 ®id. In C we have the following sequence
of equalities implying (11.11) and justified below:

(11.13) Ct =t (Cq — @y ) x (14 i)
= g~ (cq —®cy ) (id1 @y - @id_ ) (i4.@i-)
= (1d-®c_ 1 ®id4)cpq ——(cy +@c— ) (i4®i)
— (d_®e_ 4 ®idy)ery—_(i+®i)
— (@4 @id,) (i_ @iy )er
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Here, the first and the last equalities hold by definition of ¥ and x’. The
second one is a consequence of the equality

(11.14) Cp it (cq,-®cy ) (idy @cy, - ®id-)
= (ld-®c_ 1 ®idy )y, ——(c4,+®c— ),

which holds in any braided monoidal category. This equality follows from
the identity

(11.15) 09010302010309 = 030103020103,

which holds in Artin’s braid group on four strands By, where o1, 03, 03 are
the standard generators of By.
The third equality in (11.13) is a consequence of

(11.16) ct 4+ = id+®id4.

Since both sides of (11.16) are U(0d)-linear, it suffices to check this equality
on the generator 1:®14 of ML®My. Now, by (11.2) and the vanishing of
t(11®14), we have

Ci,i(li@)li) = (exp(ht/Q)(li(X)li))m = (1i®1i)21 =14+®14.

This proves (11.16). The fourth equality in (11.13) holds by naturality of
the braiding. O

Corollary 11.8. Let o, : Up(d) — Ux(?') be the algebra isomorphism de-
fined by o,(a) = o(wtaw) for all a € Uy(0). Then o, is a bialgebra iso-
morphism Up(0)%°P 2 Uy (?').

Proof. We have to check that
(11.17) Aoy, = (0L®0,) AP,
It follows from Lemma 11.7 that, for all a € U(0d)[[h]],
(W ew AP (a)(wew)
= (W lew ™) (I, Ha1A@) (Jn)2 (wew)
= (J})'A(w) " exp(ht/2)A(a) exp(—ht/2) A(w).J),.

The 2-tensor ¢ being invariant, A(a)t = tA(a), hence A(a)exp(ht/2) =
exp(ht/2)A(a). Therefore,

(Wl ew AP () (wew) = (J;) " Aw) T A(a) A(w) Iy,
= (J))'A(w taw) T},
= Aj (v taw).

This implies (11.17). O
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We now complete the proof of Theorem 11.1 by establishing that the
bialgebra isomorphism oy, : Up(0)°P? — Up(d’) sends Up(gx) onto Up(gl).
We give the proof only for g/, . The proof for g’ is similar.

For f' € Home (M, ®@M! ,M’) consider the endomorphism p/, (f') €

Endc (M ®M' ) defined as the following composition of morphisms in C':

(11.18) i, ®id_ a

’ id, ®f
M @M — (M,@M, )M — M, (M, M) 2%

M oM.
Here id/, is the identity morphism of Mi, s M — M,®M/ is the
analogue of iy : My — My ®M,, and d’ is the correspondlng associativity
isomorphism. Conjugating by the isomorphism ¢’ : U(®') — M/, @M, we
obtain the endomorphism (¢')~!u/, (f')¢" € Ende/(U(d')), hence the formal
power series

() = (@) (F)¢) (1) € UR)[[R]).
By definition, Up(g/,) is the image of the map [ — (f')" from
Home (M, @M’ ,M") to Up(d') = U(®')[[h]]. Under the above identifica-
tions, the morphism (11.18) in C’ becomes for f € Home(M_®M,, M) the
composition of morphisms in C

i ®1d+
(

(11.19) wp(f) - M_@M, M_®@M_)M,

s M_e(M_eM,) =Y

M_®M,.
Therefore, the submodule o~ (U (g',.)) of U,(d) is the image of the map

fe o= (@) e )

from Home (M_®M., M) to Up(9) = U(0)[[h]], where ¢ : U(2) — M_@ M.
is defined by (11.7).

Let us compare the map f — f_ with the map g — ¢~ of Section 11.4.
We shall prove below that
(11.20) ety v p—(9) = (gent, a )enr, v
for all ¢ € Home(Mi®@M_, M,). It follows from (11.9), (11.10), (11.20),
and from the definitions of g_ and of f_ that
p(ge M+M )‘Pl)(l)

(g¢n, MJr v )-= (¢
(V‘P M+M M(QCMJrM )CM+7M—90V_1)(1)

(V v ()
v )(w_l)
= Z/(w p-(9)p)(1))
=v(w™? )—w Ly w=10,(97).
Consequently, o, (Up(g—)) = Un(g/,).
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It remains to prove (11.20). We use the simplified notation introduced in
the proof of (11.11). By functoriality of the braiding in C, we have
(11.21)

(i—@idy)er - =cq——(dy®io) and cq _(g®id_) = (Id-®g)cq— —

for g € Home (M ®M_, M,). Therefore, by definition of p,
cl}_,u(gcf_)arr = c;l_ (id_®(gc;1_))a(i_®id+)c+7_
= c;l, (id,®g)(id,®cl},)a(i,®id+)c+7,
= (g@id-)c;l _(id-®c;')acy ——(idy®i_).

Since p—(g) = (g®id_)a~t(id4 ®i_), it suffices to observe that by the general
properties of braided categories and (11.16),

(11.22) acy—— =acy __(idy®@c_ ) = (id_®cy _)er_ _a .

This completes the proof of (11.20) and Theorem 11.1. O

We end this section by computing the universal R-matrix R} of Uj(?') in
terms of the universal R-matrix Ry, of Uy (0) and the invertible element w €

Un(0).
Lemma 11.9. We have R), = (0,®0)(Rp)a1.
Proof. By (5.6) and Lemma 11.7 we have
Rj, = (J)q1 exp(ht/2) J;,
= (W lew I exp(—ht/2)A(w)
-exp(ht/2) A(w) ™ exp(ht/2)(Jp)o1 (WBW).

As observed in the proof of Corollary 11.8, A(a) commutes with exp(ht/2)
for any a € Up(0). Hence,

R}, = (w_1®w_1)J,;1 exp(ht/2)(Jp)21 (wRw) = (w_1®w_1)(Rh)21(w®w).
O

12. Proof of Theorem 2.11.

The aim of this section is to identify the bialgebra A_ of Section 9. As an
application, we prove Theorem 2.11.

Let us apply the constructions of Sections 6-7 to the Lie bialgebra g/, =
g— of Sections 5.2 and 11. We obtain a C[[u, v]]-bialgebra U, . (g/,) contain-
ing a Clu][[v]]-bialgebra A, (g’ ).
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12.1. Exchanging u and v. Any Cl[[u,v]]-module M gives rise to a
C|[u,v]]-module 7(M) defined as follows. As a vector space 7(M) = M,
but the action of u, v is different: The new action of w is defined as the
multiplication by v and the new action of v is defined as the multiplication
by u. Clearly, 7(7(M)) = M. Similarly, exchanging the actions of v and v,
we transform any Clu|[[v]]-module M into a C[v][[u]]-module 7(M).

For the Lie bialgebra g/, = g_, we obtain a C[v][[u]]-bialgebra A, ,(g’,)
and a Cl[u,v]]-bialgebra U, (g’,) by

(12.1) Apu(gly) = T(Auﬂ,(gﬂr)) and Uy u(g) = T(Uu,v(g;)).
It is clear that A, (g') C Upu(d,).

Theorem 12.2. There is an isomorphism of C[[u,v]]-bialgebras

05t Uup(9-)P — Uv,U(QQ—)
sending AP onto A, (g)).

Proof. After extending the scalars from C[[h]] to Cl[[u,v]] and exchanging
u and v, the C[[h]]-bialgebra isomorphism o, : Uy (2)°P = U,(d') of Theo-
rem 11.1 gives rise to a C[[u, v]]-bialgebra isomorphism

(12.2) 05 Uy p(0)°P — Uy (2)

sending Uy, (g—)®P onto U, (¢,) and Uy (g4)®P onto Uy (g’ ). The iso-
morphism o is given by a — &(w 'aw), where 7 : Uyy(g-) = Uyu(g)
is the algebra isomorphism induced by extension of scalars from the al-
gebra isomorphism o : Up(0) = Up(d') of Section 11.5, and where @ is
the invertible element of U, ,(d) = U(0d)[[u,v]] coming from the element
w € Up(d) = U(D)[[R]], cf. Section 4.6. As a consequence of Lemma 11.7, we
have

(12.3) w=1 moduwv.
The bialgebra U, ,(?") contains a universal R-matrix
R;’v € Uu,U(D/) ®C[[u,v]] Uu,v(a’)

defined in the same way as the element R, € U,,(?) ®C[[u,vﬂ Uuwn(0) in
Section 6. As an immediate corollary of Lemma 11.9,

(12.4) R, , = (05005)(Ruy)21-

We have to show that oz maps A_ onto A,,(g/ ). We first describe
Ayo(gy) following Sections 5.5 and 6.6. To begin with, we need a C[[h]]-
linear isomorphism o’ : Up(g_) — U(g_)[[R]] such that o/ (1) = 1 and

/

o’_ = id modulo h, and a C-linear projection 7’ : U(g"_) — Ul(g") = Cog’_
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that is the identity on U'(g’ ). We choose them in such a way that the
following squares commute:

Un(g+) —— Ulg+)[[B]  Ulg+) —— U'(g+)

oy e
Un(e") —— U@ )[R, U(g") —— U'(g")

where ay : Up(g+) — U(g+)[[h]] has been chosen in Section 6.6 and m :

U(gy) — Ul(gy) in Section 9.1.

For any y € g_, let o(y) be the corresponding element in g/, and (o (y), —)":
Ul(g") — C be the C-linear form extending the standard evaluation map
(o(y),—) : ¢~ — C and such that (o(y),1)’ = 0. Following Section 5.5,
given y € g_, we define a C[[h]]-linear form fé(y) : Up(g) — CJ[[h]] for
a € Up(g") by

(12.6) f;(y)(a) = (o(y), " (a)).

By extension of scalars, we obtain a Cl[[u, v]]-linear form f:’y(y) Uy p(g-) —
Cl[u, v]]. By Lemma 6.5, the element

(12.7) P (o) = (95 (R,,) € Uno(g})
is divisible by uv. Let (y1,...,yq) be the basis of g_ dual to the ba-
sis (x1,...,2q) of g4. In view of Section 6.6, Ay.(g/,) is the Clu][[v]]-

submodule of U, (g, ) generated by the elements

Ca ’OlJr(J}?f(zn))k1 o 'pzr(ﬁ(yd))kd’

where k runs over all finite sequences of nonnegative integers.
Therefore, Ay (g,) = 7(Auw(g/)) is the C[v][[u]]-submodule of U, ., (g’,)
generated by the elements

(12.8) w (T P (o)™

where k runs over all finite sequences of nonnegative integers.
In view of the definition of A_ (see Section 9.1), in order to prove that
o5(A-) = Ay (g, ), it suffices to check that for all y € g_

(12.9) o5 (p-(9y)) = *P;(ﬁ(y)),

where p_ is defined by (6.2) and gy : Uyu(g+) — Cllu,v]] is the C[[u, v]]-
linear form extended from the linear form g, : Uy(g+) — CJ[[h]] defined
by (9.1).

Let us prove (12.9). First observe that, since 0 = —id on g4 and ¢ = id
on g_, we have

(12.10) (o(y),o(x)) = —(z,9)
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for all z € g4 and y € g_. It follows from (9.1), (12.5), (12.6), and (12.10)
that
fo(ow(@)) = (o(y), m_a’ (0u(a)))’
= (a(y),omai(a))
—(mrai(a),y) = —gy(a)
for all y € g— and a € Up(g+). By extension of scalars, we obtain
(12.11) Tow)(05(a) = ~g,(a)

for all y € g— and a € Uy ,(g+)-
As a consequence of (6.2), (12.4), (12.7), and (12.11),

2.
P (o) = (d2f)(RY,,)
= (1d2f] () ((05205) (Ruu)2 )
a(y)®ld)(0w®%)( Ryy)
= 05 (T 05®1d) (R )
o ((G,21) (Ru) )

= —0z(p-(9y))-
This proves (12.9) and completes the proof of Theorem 12.2. O

12.3. Proof of Theorem 2.11. Under the bialgebra isomorphism AP =
Ayu(gl) of Theorem 12.2, the nondegenerate bialgebra pairing ( , )y, of
Lemma 9.5 and Corollary 9.9 gives rise to a nondegenerate bialgebra pairing
Auw(g+) x Apu(gl) — Cllu,v]]. The second assertion in Theorem 2.11
follows from (9.18) and (12.3). O

Appendix A. Biquantization of the trivial bialgebra.

Let g+ be a d-dimensional Lie bialgebra with basis (x1,...,z4) and with
dual basis (y1,...,yq). Assume throughout the appendix that g, is the
trivial Lie bialgebra, i.e., with zero Lie bracket and cobracket:

(A.1) [, 2] =0 and d(z;) =0

for all 4 and j = 1,...,d. We now give a complete description of the
biquantization A, ,(g+) and of the pairing (9.9) under the hypothesis (A.1).

The dual Lie bialgebra g_ = (g% )°°P is also trivial, whereas the double
Lie bialgebra 0 = g4 @ g_ is not: It follows from (5.1) and (5.2) that the
Lie bracket of 0 is equal to zero, but not its Lie cobracket, which is given by
d(u) = [u®l + 1®u, r], where r = Z?:l T QY;-
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We first determine the bialgebras U (0) and Up,(g+) of Section 5. Since 0
is a trivial Lie algebra, we have

(A.2) Un(0) = U(@)[[n]] = S@)[[A]]-

This is not only an isomorphism of algebras, but also of bialgebras. Indeed,
since Up,(0) is commutative, it follows from (5.3) that its comultiplication is
the standard one: Ay = A.

In order to determine the subbialgebras Up(g+) of Uxp(0), we need Sec-
tions 11.2-11.4, whose notation we use freely. Consider the braided monoidal
category C of Section 11.2. We claim that the associativity isomorphims are
trivial:
(A.3) ar,m,N = ldrgmen
for any triple (L, M, N) of objects in C. Indeed, since the Lie algebra 0
is abelian, the morphisms ¢, s ® idy and id; ® tj7,n coming up in (11.1)
commute with one another. Now, the Drinfeld associator ®(A, B), being
the exponential of a Lie series in the variables A and B, is equal to 1 if A
and B commute. This proves (A.3).

On the Verma modules M4, the braiding cpz, a_ is given by

earyr (14@1) = exp(ht/2)(1-@15)

in view of (11.2) and the symmetry of t. Since 0 is abelian, we have

exp(ht/2) = H exp(h(x;®y;)/2) exp(hra1/2).
Now, ro1(1-®14) = Z —1 yi1,®xi1+ = 0. Therefore

(A.4) evy v (14®12) Hexp (;®y:)/2)(1_®14).

Let us give a formula for the 1somorph1sm @ :U@®) - Mi@M_ of (11.3).
Since ? = g4 @ g— as Lie algebras, any element of U(d) = S(?) is a linear
combination of elements of the form ab, where a € S(g4) C S(d) and b €
S(g—) C S(d). We have

(A.5) p(ab) = bl ®al_.

Indeed, using Sweedler’s notation, the definition of M1 as modules, and the
commutativity of U(d) = S(?), we have

p(ab) = Aab)(14 ©1-)

= 2 ambm1+®acbe)1-
(@®)

= 2 boapli@apbe)l-
(@(®)
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= Z b(l)a(a(l))1+®a(2)5(b(2))1_
(a)(b)

Z b 1+ X Z 8(@(1))a(2)1_
(a)
= b1+®a1_.

It follows that, for a € S(g+) and b € S(g-),
(A.6) p(exp(ab)) = exp(b®a)(14+®1_).
Proposition A.1. U(g+) = S(g+)[[h]] as bialgebras.

Proof. We prove this for Up(g+). There is a similar proof for Up(g-).

By Section 11.4, Up(gs) is the image of the map f ~— fT from
Home(Mi@M_,M_) to Up(d) = U(®)[[h]]. We claim that this image
is exactly the submodule U(g4)[[h]] of U(0)[[h]] consisting of the formal
power series with coefficients in U(gs) C U(?). Indeed, an element f €
Home (M ®@M_, M_) is of the form f = Y ,., fih' where the maps f; :
M, ®M_ — M_ are U(0)-linear. Since M, ®M_ is a rank-one free mod-
ule generated by 1,.®1_, the map f; is determined by the element a; 1_ =
fi(ly®1_) € M_, where a; is a well-defined element of U(g+). The claim
will be proved if we show that f™ =3",., a; h'.

By (11.5), (A.3) and (A.5) we have

= («flu+(f)s0)(1)
= (¢ (1 ®f) a(iy@id_)p) (1) b’

>0

= (¢ (s @ fi)(ipid-)p) (1) B

1>0

= (¢ (dr@fi)(ir@id ) (1y@1-) b

120

=Y (¢ (de@fi) (14@14@1-) '

i>0
= Z 0~ (1+®az Z a; h'.
>0 >0

The fact that Up(g+) = U(gy)[[h]] is a subbialgebra of U(d)[[h]], hence
has the standard product and coproduct, follows from the obvious fact that
U(g+) is a subbialgebra of U(0). The Lie algebras 0 and g4 being abelian, we
have U(g+) = S(g+). Consequently, Up(g+) = S(g+)[[h]] as bialgebras. O



366 CHRISTIAN KASSEL AND VLADIMIR TURAEV

Corollary A.2. The bialgebra A, is the subbialgebra of S(g4)[[u,v]] con-
sisting of the formal power series mezo A u™V™  such  that
Am.n € @i S*(g4) for all m > 0.

Proof. By (6.1), Proposition A.1 and Lemma 4.7, we have U,,(g+) =
S(g+)[[u, v]]. We conclude in view of (7.1) and of Proposition 3.8. O

Similarly, the bialgebra A_ of Section 9.1 is the subbialgebra of
S(g-)[[u,v]] consisting of the formal power series 3, ~q bmnu™v" such

that by, € Dr_y S*(g-) for all n > 0.
In order to determine the subalgebras A, ,(g+) and A_ defined in Sec-
tions 6.6 and 9.1, we have to make explicit the element

Ryw € Uuw(g+) ®C[[u,v]] Uu,w(9-)

of Section 6. Let J;, and Ry, be the elements of (U(d)®cU(0))[[h]] given by
(11.4) and (5.6), respectively.

Lemma A.3. We have J, = exp(hr/2) and Ry, = exp(hr).
Proof. By (11.4), (A.4) and (A.5), we have

(p®p)(Jn) = x(1401101_®1_)
= exp(ht23/2) - (14.01_®1,®1_)
= exp(hres/2) - (14+®1_®1,®1_)

d n
h’n
=Y oo (Z 1®xi®yi®1> (1, ®1_®1,®1_)
" \i=1

n>0
[
=L@ | D gy DL @ @y Ly | 1
n>0 iy yin=1
oG
n>0 i1y sin=1
= (@) (exp(hr/2)).
Formula (5.6) implies
1 ht h
Ry, = (J;, )21 exp 5 Jp =exp | (=ro1 + 7+ 1o + 7“)5 = exp(hr).
([
Corollary A.4. We have
umo" d
Ry,y = exp(uvr) = Z ol Z Ty Tiy, QYiy ** Yiyy-

n>0 i1 yin=1
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From Ry, we get maps py : Uy ,(9-) — Uun(g+) and p— : Uj,(9+) —
Uuw(g—) as in Section 6. Formula (5.10) defines a C][h]]-linear form f, :
Un(g—) = S(g-)[[h]] — CIJ[h]], where we may take a_ = id and m_ :
U(g-) = S(g-) — — Ul(g_) = C @ g_ the natural projection. It follows
that the map fy : Uyo(g_ ) = S(g-)[[u,v]] = CJ[u,v]] of Section 6.4 is given
for =2, n>0 bmnu™v™ € S(g-)|[u, vl] by

(A.7) Fo0) =D (@, 7 (b)) u™".

n>0
Lemma A.5. We have v—! p+(]§) =wux for all x € g4.

Proof. By (6.2), (A.7) and Corollary A.4 we get

p+(f:;c) = (1d®]?m)( uv)
Z fz(yzl' yzn)xnx%n

n>0 01 4eeyin=1
d
uom™
= py > (wm (e Yi) T T,
n>0 T e in=1
d d

= uv Z (x,m(y;)) x; = uv Z (x,yi) x; = uv .

i=1 =1
U

Corollary A.6. A, ,(g+) consists of the formal power series
Ym0 Gmpn V" such that amy € DiL, Sk(gy) for all m > 0, and for
all n > 0 there exists N with ap,, =0 for all m > N.

Similarly, the bialgebra A_ consists of the formal power series
> mn>0 bmp u™™ such that by, € @ Sk(g_) for all n > 0, and for
all m > 0 there exists M with b, = 0 for all n > M. Together with
Corollary A.6, this implies that

A- = Ay u(e-).

Let us describe the bialgebra pairing (, )y : Auo(g+) X AZP — C[[u, v]]
defined by (9.9). By (2.11) and Corollary A.6, it suffices to compute
(uz,vy)y, when x € gy and y € g—. The following result shows that
the pairing (, )y, is the standard one.

Lemma A.7. We have (ux,vy)y, = (z,y) for allz € g+ andy € g_.
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Proof. By (9.9), (A.7), and Lemma A.5 we have

(uz, vy)up = (p3 (uz)) (vy) = v fo(vy) = v~ "0 (2,7(y)) = (2,y).

O

A.8. Remark. The reader may check, using (A.4) and (A.6), that the in-
vertible element w € Uy () = S(0)[[h]] defined by (11.10) is given by
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