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ON EQUIVALENCE OF TWO CONSTRUCTIONS OF
INVARIANTS OF LAGRANGIAN SUBMANIFOLDS

DARKO MILINKOVIC

We give the construction of symplectic invariants which
incorporates both the “infinite dimensional” invariants con-
structed by Oh in 1997 and the “finite dimensional” ones con-
structed by Viterbo in 1992.

1. Introduction.

Let M be a compact smooth manifold. Its cotangent bundle T*M carries
a natural symplectic structure associated to a Liouville form 8 = pdq. For
a given compactly supported Hamiltonian function H : T"M — R and a
closed submanifold N ¢ M Oh [30, 27| defined a symplectic invariants of
certain Lagrangian submanifolds in T*M in a following way. Let v*N C
T*M be a conormal bundle of N. Denote by HF}(H, N; M) the Floer ho-
mology groups generated by Hamiltonian orbits v starting at the zero section
and ending at v*N such that Ay (y) := f7 pdg— Hdt < X (see, e.g., [30]). In
particular, for A = oo we write HF,(H,N; M) := HF>(H,N;M). These
groups are known to be isomorphic to H,(N) [31]. We denote the corre-
sponding isomorphism by F. For a € H.(N) one defines

(1) p(a,H : N) :=inf{\ | Fy(a) € Im(j2) ¢ HF.(H,N; M)},

where j) : HF} — HF,(H,N;M) is a well defined inclusion homomor-
phism. It is proved in [30] that p is a well defined invariant which (after
a suitable normalization of H) depends only on a Lagrangian submanifold
L := ¢ (Oy) and not on a particular choice of H. We refer the reader to
[26, 29, 30, 27| for more details.

This construction can be considered as an infinite dimensional version
of a construction given earlier by Viterbo [38]. Let L be a Hamiltonian
deformation of the zero section ops. It is known [21] that L can be realized

T {6 D)e0e () 0}

where S : M x R™ — R is a smooth function fiberwise quadratic outside a
compact set. Using that result, Viterbo [38] defined symplectic invariants
of L associated to a homology classes of a base M in a following way. For
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a class a € Hy(N) denote by Ta its lift to H.(SY,Sy>), where Sy is the
restriction of S to N x R™ and S := Sy'((—o0,\]) =: Sy for large \.
Note that this makes sense since S is quadratic at infinity. Then one sets

(2) c(a,S: N) :=inf{\Ta € Im(j}) C H,(5%°,8>)},

where j : H.(S7, Sy®) — H.(SE,Sy™) is an obvious inclusion homo-
morphism. Viterbo proved that these invariants essentially depend only on
L, and not on S. Viterbo carried out the construction for N = M (which
generalizes easily to closed N C M) and for an arbitrary vector bundle
E — M. As Viterbo’s invariants do not change under a stabilization (i.e.,
replacing S : E — Rby S@ Q : E® F — R), it is enough to consider the
case E = M x R™. We refer the reader to [38] for more details. For an
alternative construction via Morse homology see [25].

The natural question of the equality between the two invariants is raised
in [30]. In [26] we outlined a proof, constructing the invariants which in-
terpolate the above two. The main technical tool, which we omitted in [26]
was the construction of the interpolated Floer-Morse theory on T*(M x R™)
with an arbitrary coefficient ring. The purpose of this paper is to give the
details of this construction. Another way of interpolating Floer and Morse
homologies for generating functions, in the case M = N was given by Viterbo
in [39, 37].

The dependence of the above invariants on the subset N C M, in par-
ticular the continuity with respect to the C'-topology of submanifolds is
an interesting question, which was further studied by Kasturirangan and
Oh [18, 19]. Some applications to wave fronts and Hofer’s geometry are
given in [30].

At the end, we give an application of our result to Hofer’s geometry of
Lagrangian submanifolds.

2. Preliminaries and notation.

Let M be a compact smooth manifold and E := M x R™. The cotangent
bundle T*E = T*M x C™ carries the natural symplectic structure w @ wy.

For a fixed relatively compact open set K C E and a Riemannian metric
gu on M we denote

Ggudgo = the set of metrics on F

which coincide with gps ® go outside K,

where g is a standard Euclidean metric on R™. For a given non-degenerate
fiberwise quadratic form @) on E, we denote by S(g ¢) the set of all smooth



ON EQUIVALENCE OF TWO CONSTRUCTIONS... 373

functions S : F — R such that S = @Q outside K and

(3) > enllS = Qller < oo
k=0

for some sequence e}, of positive real numbers.
Similarly, let H(E) denote the set of smooth functions H : T*E x [0, 1] —
R such that outside K
H(z,§) = Hy @ Hy(x,§) := Hi(z) + Ha(§)

for some compactly supported functions Hy : T*M — R and Hy : C™ — R
and

(1) S eplHllox < .
k=0
Equipped with norms (3) and (4) the spaces
Spa)—Q:={5-Q|5€Spqp}

and H(E) become separable Banach spaces which are (for suitably chosen
sequence ¢;) dense in L?(E) and L*(T*E) (see [11]).

For a closed submanifold N C M and a function S € S(g g) we define the
space of paths

Q(S;N):={T:[0,1] = T*E | T'(0) € Graph(dS), I'(1) € v*(N x R™)},
and

Plioc(Si N) = {U : R = Q(S;N) | U € Wl (R x [0,1], T*E)}.

loc
After restricting Ay to Q(S; N), for a given path I' :== (v,2) : [0,1] — T*E
and a pair (H,S) € H(E) x S(g ) the first variation formula gives

dAp(T)n = /01 {w (Zm) - dH(’V(t),t)n} dt — 0n(0)
-/ 1 o (%n) - @t (0.0n) dt - aS (OO TR((0)

where 7w : T*E — F is the natural projection. Therefore, to get a good
variational problem, we set

Ar,s)(T) = Au (') + 5(x(1(0)))
(c.f. [30]). Straightforward computation yields:
dAm,s)(T)n

1
- /0 (@ ® wo) (T, ) — dH(T)n)dt
T {T(1), Tr(n(1))) — (D(0), Tr(n(0))) + dS(x(T(0))) T (n(0)).
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After restricting to Q(S; N)

1
(5) dA11.5)(T)n = /0 [(w ® wo) (F, ) — dH (T))dt.

Hence, the critical points I' := (v,2) : [0,1] — T*E of Ay,g) on Q(S;N)
are the solutions of

I'=Xpu(I)
(6) (7(0), 2(0)) € Graph(dS)
v(1) € v*N, 2(1) € ogm.

Note that I" — I'(1) establishes the one-to-one correspondence

Crit(Ag) ={I":[0,1] — T*E | T satisfies (6)}
>~ ¢ (Graph(dS)) Nv* (N x R™).

For a given Riemannian metric gy on M, we denote by J,,, the almost
complex structure which satisfies the following conditions:

1) J

4, 18 compatible with the canonical symplectic structure w on T M.
2) J,

4n Maps the vertical tangent vectors to the horizontal vectors with
respect to the Levi-Civita connection of gyy.

3) On the zero section oy C T*M Jg,, assigns to each vector v € T,M

the cotangent vector Jg,, (v) = ga(v,.) with obvious identifications.

Denote by j& (M) the set of w-compatible almost complex structures which
coincide with Jj,, outside a compact set in T*M, and by J5(M) the set of
smooth paths J; : [0,1] — j&(M).

For a path {J;} € JS(M), the family of product almost complex struc-
tures

J @i :={Jt ®ito<<1

is compatible with the product symplectic structure w®wyon T*E = T* M x
C™. Denote by JS(E) the set of almost complex structures on T*E which

coincide with product structure J,,, ©4 outside a compact set. Those almost

complex structures induce the family of metrics

(n1,m2) 5, == w ® wo(m, Jin2)

and hence an L2-type metric

1
() = /0 (1 (£), 72 () st

on Q(S; N).
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In terms of metric ((.,.)) s the gradient flow U := (u,v) € P}, (S;N) of
A(m,s) restricted to Q(S; N) satisfies
0guU =% +J (% - XyU)) =0
7) (u(r,0), v(r, 0)) € Graph(dS)
u(r,1) € v*N, v(7,1) € ogm.

Denote by CF(H, S : N) the set of critical points of Ay, s)las;n)- Then
CF(H,S:N)={I' = (v, 2) | I satisfies (6)}.
The set of critical values of A g) in R
Spec(H,S : N) := Ags)(CF(H,S : N))
is called the action spectrum of Ay, s)-
In the construction of Floer homology we will impose on the functions in
S(E,q) the generic transversality condition

(8) Graph(dS) M (o)1 (*N x R™).

Under assumption (8), the sets CF(H,S : N) and Spec(H, S : N) are finite.
In the general case, we have the following lemma, which describes the size
of set Spec(H,S : N). Similar results were established in [17, 30].

Lemma 1. The action spectrum Spec(H,S : N) is a compact nowhere
dense subset of R.

Proof. For the smooth function

f:V'N xogm — R

f(a) = As) (@1 o (61) " (2))
we have, by (5)

df (x) = =0((¢1) " (@) T (1)) (z) + dS(n(o1) (@) T (é1) " (2)

and thus the set Spec(H,S : N) is contained in the set of critical values of
f. The latter is nowhere dense in R by the classical Sard’s theorem.

Since H = Hy ® Hs and Graph(dS) = op; x Graph(dQ) outside some
compact subset K C T*FE and supp(H;) C K;, i € {1,2} for some compact
subsets K1 C T*M and Ko C C™, it follows that for x = (x1,22) € V*N x
orm outside Ko := Uy¢(o 1 [0t o (pHh®H2) =1 ([0

f(x) = g1(z1) + g2(2),
where
g1 :V'N = R, gi(z1) = A, (¢ o (617) " (1))

g2 opm — R, ga(w2) = Ay (617 0 (61%) ! (22)) + Q(mem ((6172) " (22))).
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Here wem : C™ — R™ denotes the natural projection. Denote Ky := KoN
V*N X ogm, K1 = KiNv*N, Kg = KsNogm. Since g; = 0 outside K1 and
g2 = 0 outside K>, all critical points of g are contained in the compact set

B = g(Ko) U (gl(Kl) + 92(K2)> U {0}
Hence Spec(H, S : N) is compact as a closed subset of a compact set B. [

Let CF,(H,S : N) denote the free abelian group generated by CF(H, S :
N) and CF*(H,S : N) := Hom(CF.(H,S : N),Z). Further, denote by
M 51,9 (N : E) the set of solutions of (7) with finite energy, i.e., of those
which satisfy the condition:

o Ew):z/j/;(gf

More generally, consider the 7-dependent families
59 = 820 € S o), H := H’ e H(E), J*F = J*P € J5(E),
such that for some R > 0 and 7 < —R
5B = g« g = g g = Je,
for some fixed 5S¢, HY, J¢ and, similarly,
S8 =58 HeP = HP Job = JB,
for 7 > R and S°, HP, JP fixed. Denote the sets of all such homotopies by
H(E), S0y Tu(E).
We define M jap fas Saﬂ)(N : E) as the set of solutions of

2 oU 2

Bt - Xyu(U)

) dtdr < oo.

J

Dyas g, U =92 + J (% — X4rap(U)) =0
(10) (u(r,0),v(7,0)) € Graph(dS*?)
u(r,1) € v*N, v(7,1) € of

which satisfy

an /+OO/ ( o7

It is a standard result in elliptic regularity theory that the solutions of (10)
are smooth.

Finally, for two solutions x, y of (6) we denote by My )(x,y) the set
of solutions U of (7) such that

lim U(r,t) = z(t),
T—00

2

2
oUu
] Xy (U)

ot

> dtdr < oo.

Jos JoB

lim U(r,t) =y(t).

T——00
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In an analogous way, we define M jas s gas)(2?, 27) to be the set of so-
lutions U of Equation (10) such that

lim U(r,t) = z%(t)

lim U(r,t) = 2P(t),
where
7% = Xpa(2%) b = Xp5(29)
(12) x*(0) € Graph(dS®) 2°(0) € Graph(dS?)
z* € V*N X ogm 2?(1) € v*N X ogm.

3. CY-estimates.

In this section we will prove that the solutions of (7) and (10) remain in a
compact neighborhood of zero-section. The essential ingredient of the proof
is the version of maximum principle which states that a J-holomorphic curve
cannot touch certain kind of hypersurfaces.

3.1. Contact type hypersurfaces.

Definition 2 ([40]). A smooth hypersurface A in a symplectic manifold
(V,w) is said to be of a contact type if there exists a vector field X defined
in a neighborhood U of A and transversal to A such that d(X|w) = w in
U. Such vector field is called conformal.

It is easy to see that g := X |w defines a contact structure ¢ := Ker (p)
on A.

Definition 3 ([7]). Let A be an oriented hypersurface in an almost complex
manifold (V,J) and ¢, the maximal J-invariant subspace of T;A. Then A
is called J-convez if for some (and hence any) defining 1-form ¢ for ¢, we
have do(Y, JY') > 0 for all non-zero vectors Y € (.

For a contact type hypersurface A in symplectic manifold (V,w) there
exist an w-compatible almost complex structure J such that A is J-convex.

Example 4. The sphere S?*~! ¢ C" is an i-convex hypersurface.

Example 5. Let J; be an almost complex structure on 7*M defined in
Section 2 and || - ||, the fiberwise norm induced by g. Then the hypersurface

Aw={peT"M||plly =1}
is Jg-convex.

For the sake of completeness we give the proof of the following version of
the maximum principle for subharmonic functions (c.f., [23, 30]).
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Lemma 6. Let u : D — V be a J-holomorphic disc in an almost complex
manifold V- and A C V a J-convex hypersurface. Then u(D) cannot be
tangent to A.

Proof. Suppose that Im(D) is tangent to A at the point u(z), for some
z € D. Since u is J-holomorphic, u.(T.D) C () for ¢ as in Definition 3.
Assume that A = f71(0) for some f:V — R.

We first prove that fow: D — R is subharmonic near z, or, equivalently
(see [7]) that a two-form di*d(f o u) is positive definite in a neighborhood
of z. Here i* : T*D — T*D is the operator adjoint to i : TD — TD,
n— /—1n.

Choose Y € (). Then, according to Definition 3, JY € (,(;) and thus
J*df(Y) :=df(JY) = 0. Therefore,

Jdf|a = pola + Adf|a
for ¢ as in Definition 2 and for some p : V. — (0,400) and A : V — R.

Hence
dJ*df‘Cu(z) = dp Q’Cu(z) + lu'dQ‘Cu(z) +dA A df‘Cu(z)
Since u is J-holomorphic, ¢*u* = u*J* and thus
di*d(fou) = wu*dJ*df
= u'(udo) at u(z)
= (pdo)uy.
Since u« (T, D) € y(z), and since do|¢y(») is positive definite (by Definition 3),
two-form di*d(f ou) is positive definite near z. Hence, fou is subharmonic.
Now, we finish the proof arguing indirectly. Suppose that Image (D) is
tangent to A. Then f ow attains its maximum at z. If z is an interior point

in D it contradicts the maximum principle for subharmonic functions. If

z € 0D then ;
g le=1((fou)(t2)) =0

which contradicts Hopf lemma (see [32]). O

3.2. The structure of the space of trajectories.
In this section we prove the following analogue of well-known Floer’s
theorem (see [11, 15, 35]).

Proposition 7. IfU := (u,v) is a solution of Equation (10) which satisfies
the condition (11), then there exist the limits

z(t) = lim U(r,1?)
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and
2P (t) = lim U(r,t).

T—00
Moreover, z® and z° are solutions of Equation (12) and hence
M gos gros sosy(N : B) = | ) Mjap pros gosy(z®, 2”).
za,x@

Proof. Choose a sequence 7, — —oo, and consider the sequence U, :=
U(7g,t). We claim that Uy, is bounded in W12([0, 1], T*E).
By assumption (11) we have

ap 1

Therefore, it remains to prove L?-estimate. We will prove that U(t) is
contained in a compact subset of T*E. We embed T*F properly in RP and

2

ou dt — 0, as k — oo.

E(Tk,t) — Xpo(U(Tg, t))

denote by | - | the standard Euclidean norm on RP. Assume first that
(14) lim |Uk(1)] = oc.
k—o0

Recall that S*? = Q outside a compact set K C E. By compactness of K
and (14) we have

(15) lim dist(Ug(1), Graph(dS®®|x)) = cc.

k—o0
Since

Ur(1) := (ug(1),vx(1)) € v*N X ogm
and

Graph(dSaB]E\K) = o) X Graph(d@),
(14) implies

Jim [dist(U (1), Graph(dS®’|pmk)))* = Jim. [dist (ug (1), onr)]?
+ lim [dist(vy(1), Graph(dQ))]?
(16) = o0.

Therefore, from (15) and (16) we get
(17) Jlim dist(Ux (1), Graph(dS°%)) = co.

Since Uy (0) € Graph(dS®?) (17) gives
(18) klim |Uk(1) — U (0)] = oo.
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g
/det‘
o dt

1
< / dUy,
0

< C

However

[Ur(1) = Ur(0)] =

1
2 2
dt>

by (13), which contradicts (18). Therefore, there exists a compact set K; C
T*E such that

(19) Uy(1) € Ky for all k.

dt

Assume now that there exist a sequence t € [0,1] such that |Ug(tx)| is
unbounded. By (19) that means

(20) lim [Ug(1) — Ug(tg)| = o0

k—o0

for some subsequence (denoted again by) Uy. Then, by the same argument

as above,
1
tr 2 2
UL(1) - Ti(0)] < (/ dt>
0

< C

which contradicts (20). Therefore, Uy is C° (and hence L?) bounded.
Hence we deduce that Uy is bounded in W'2([0, 1], T*E). Therefore, by
Rellich Theorem,

dUy,

dt

A

Up(t) — z%(t) as k — oo (in L?).

Moreover, since dd% is L2-bounded (by (13)), the family Uy, is equicontinuous

and thus, by Arzela-Ascoli Theorem
Ug(t) — 2%(t) as k — oo (in C?).

From (13) we conclude that x® is a (weak) solution of Equation (6). Smooth-
ness of z% follows from the smoothness of X go. Since this is true for every
sequence T, it is easy to see that

lim U(r,t) =x%(t).

T——00

The case 7 — ¢ is treated analogously. ([

Remark 8. The converse of previous proposition also holds: If U is a solu-
tion of Equation (10) which satisfies (13) then U is bounded in sense of (11).
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1 1 [t rt(loUu
lpwy = 2 / / ou ou
2 2) . Jo \|or ot

2
>dtd7'
o Jeh
too b/ oU oU
= X,
/_OO / <8T,8t HTB>JQ6dth

oo aﬂaﬁ
= Aws.so) (@) = Aggra ge)( / ;

< +00.

3.3. The image of the evaluation map.

In this section we prove the C° estimate necessary for defining Floer ho-
mology on a non-compact manifold (see [8, 15, 30] for similar propositions).
In fact, we will prove that the image of the evaluation map

ev : MJaB,HaB7SaB(N N E) X [0’ 1] X R — T*E

defined by
ev(U,T,t) .= U(1,t)

is bounded.
Proposition 9. Consider a family of parameters (JO‘B,HO‘B,SW) chosen
as in Section 2, so that there exist a compact set K C T*E such that

HY = H o HS®, J*P = J, ® i outside K
and

5 = Q outside 7 (K),

where w : T*E — E is the natural projection. Then there exists a compact
set Ko D K, depending on (J*P, H*? S%8), such that

e’U(MJa/@7Haﬁ7Sa/B (N . E)) C KO
Proof. Let Ky O K be a compact subset of T*F such that
Graph(dSo‘B]W(K)) C Ky
and
m1(Ko) D supp(Hi), m2(Ko) D supp(Ha)
where
m T*E2XT"MxC" - T'M, m : T*E — C™
are natural projections. It is clear that outside Ky Equation (10) splits onto
0j,u— JgXHfg(u) =0 v — iXHgﬂ(v) =0
(21) u(7,0) € oy v(7,0) € Graph(dQ)
u(r,1) €e v* N v(T,1) € ogm.
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Let U := (u,v) be a solution of (21) outside Ky. Assume
m1(Ko) C Dr, »= {(g;p) € T"M | ||plly < Ro}.

af
Ry —sup{Has (e) |e€E’}.
9

Note that Ry is finite since S*?(¢, &) = Q(€) (and hence ag = 0) outside
a compact set. Set

Let

Ry = sup{ sup |ly(t)|lg | « := (y, z) solves (12)} .
te(0,1]
Since H® = 0 outside 7 (Kp) and H*® = H* ¢ HSP | Graph(dS®f) =
Graph(dQ) outside Ky it follows that
max{Rl, RQ} S Ro.
We will first prove that
Rg(u) == sup |u(7,t)]l, < Ro.
(m,t)ERX%[0,1]
Arguing indirectly, assume that
(22) Rs(u) > Ry, fori € {0,1,2}.
Then v component of Equation (21) outside the set {(¢,p) € T*M | ||pllq
< Ry} becomes
dju =0,

i.e., u is J-holomorphic. Denote

A:=A{(g,p) e T"M [ |lplly = R3(u)}.
By Example 5 A is Jg-convex. Choose T' € R such that

sup_sup [Ju(r, By < Rs(uw).
Ir|>T 0<t<1
Since max ||u(7,0)|| < Ry it follows from (22) that max ||u(7,t)|| is achieved
at some point (19,%0) € [-T,T] x (0,1] and there exists a neighborhood B.
of (10,t0) such that u|p, is a Jg-holomorphic disc.
If (70, t0) is an interior point of (0,1) x (=7, T), then u(B;) is tangent to
the Jg-convex hypersurface A, which is, by Lemma 6, a contradiction.
Therefore, assume that tg = 1. Then wu(7,1) is a curve tangent to A
at 79. But, since u(7,1) € v*N and v*N is Lagrangian, J%u(r,l) must
be perpendlcular to v*N. In particular, it is perpendicular to the confor-
mal vector ﬁeld ~ € Tv*N (see Definition 2 and Definition 3). Therefore,
JLu(r,1) € TA and hence u(B;) is tangent to A, which is again a contra-
diction by Lemma 6.
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Consider now mo : T*E = T*M x C™ — C™ and assume that
7T2(K0) C M x B(O, R4),
where B(0, Ry) is the standard Euclidean ball of radius R4 in R™. If

Rs :=sup< sup |z(t)| | z:= (y, 2) solves (12) »,
te(0,1]

where | - | is the standard Euclidean norm on C™ then Rs < Ry. Now

sup  |v(7,t)| < Ry.
(r,t)ERX[0,1]
Indeed, arguing as above, we rule out the interior points easily. For the
boundary points, we use the fact that the radial vector field 6% e TC™
is tangent to both Graph(d@) and ogm and perpendicular to the standard
Euclidean sphere in R™. Assume that sup |v| was achieved at some point
(70, t0), for tg = 0 or 1. Then the curve v(7,tg) is tangent to S*™~! at 7y and
perpendicular to the radial vector field 6% € TR™. Since both Graph(dQ)
and ogrm are Lagrangian, i%U(T, to)|r, is also perpendicular to a%’ i.e., tan-
gent to S?™~1. Since S?*™~! is i-convex (see Example 4), this again contra-
dicts Lemma 6. O

Once we have established C estimates, the standard compactness result
follows as in [12, 11, 28, 35]:

Proposition 10. For any sequence Uy € M jas gos gas)(z?, 2P) there exist

a subsequence (denoted by Uy, again), sequences 73, € R (0 < j <) and an
integer s (0 < s <) such that

1) for 0 < 7 < s—1Ug(rt + T]z) and all its derivatives converge uni-
formly on compact sets to U7 € M(J57H@755)(:Uj,xj*1), where 27 are
the solutions of Equation (12) and 2° = 2%,

2) Up(t +73) and all its derivatives converge uniformly on compact sets
to UJ € M(Jaﬁ}Haﬁ7Saﬁ)(xS7$S_1), where x° is the solutions of Equa-
tion (12),

3) fors+1<j<I Uk(7'+7',g) and all its derivatives converge uniformly on
compact sets to UJ € M(J&7H047Sa)<x'j, 2971 where x7 are the solutions
of Equation (12) and ! = z°.

The complementary concept to the compactness property of Proposi-
tion 10 is the gluing construction. It is now standard (see [12, 22]) and
can be summarized in the following

Proposition 11. For any pair of trajectories

(U™, U) € M(ja fra 50y (2%, 4%) X M jap gras gam (y*, 2°)
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there exists a sequence Uy, € M(JQB7HQB7SQ/B)($&,ZIB> converging to (U, U?)
in the sense of Proposition 10.

4. Fredholm theory.

Assume that H € H(FE) and S € S ) are chosen as in (8), i.e., assume

that Graph(dS) intersects (¢}/) ' (v*N x ogm) transversely. Then, for each
two solutions z, y of Equation (6) there exist a smooth Banach manifold

Pr(,9) C Phoe(w,y) = {U € Py (S N) | lim U =z, lim U =y}
such that (7) defines a smooth Fredholm section
(23) 01 P(z,y) — L,
where £ is a smooth Banach bundle over Pf(z,y) with fibers
Ly =WFLP(R x [0,1], U'T(T*E)).

The linearization of 0 g at U € M 51,5 (7,y) is a Fredholm operator

(24) Ey :=D(0n) : TuPY(z,y) — Lu,
oU
Eu€ = Vet + J(U)ViE + Ve (U) 5 + VeVH(E,U)

where V;, V;, V¢ denote the covariant derivative with respect to Levi-
Civita connection associated to metric w(-,J-) and TyPy (x,y) is the set of
all ¢ € WEP(R x [0,1],U*T(T*E)) such that £(7,0) € T(Graph(dS)) and
&(r,1) € T(v*(N % ogm)). Furthermore, for fixed J and S,

F:(UH):= (u,v,H)— d;uU
defines a smooth section of the Banach bundle
L — P,f(a:,y) x H(E)

transversal to the zero section. Hence, F~1(0) is a (Banach) manifold. The
projection
IT: F1(0) — H(E)
(UH)— H

is a Fredholm map. The point U € M ;g ) (z,y) is a regular point of
Section (23) if and only if (U, H) € F~1(0) is a regular point of II. Hence,
by Sard-Smale Theorem applied to II, the set of points in H € H(FE) for
which Section (23) is regular is dense in H(E). Similarly, one can use J5(E)
or S(g,g) in place of H(E).

Indeed, Floer’s proof of the above statements in [11] (see also [28, 35])
carries over in our situation with slight modifications. Hence we have the
following
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Proposition 12. Let N and Q be fized as in Section 2. Then there exists
a dense set

(Ts5(E) X Sg,g) X H(E))reg C T5(E) X Sg,q) X H(E)

such that for every (J, S, H) € (TS(E)XS(g,g) <X H(E))reg the linearization of
Section (23) at U € M ;) (N : E) is onto. Consequently, for (J,S,H) €
(TS(E) x Sg,g) X H(E))reg M(j,1,5)(,y) is a smooth finite dimensional
manifold.

Similarly, we have the parameterized version of Proposition 12 (see [9,
11]):
Proposition 13. Let N and Q be fized as in Proposition 12, and

(J*, 8 H*), (J°,8° HP) € (JXE) x S(5,g) X H(E))reg-
Then there exists a dense subset (T (F) x S(£,Q) X H(E))reg in a set of all
homotopies T, (E) x S(5,q) X H(E) defined in Section 2 such that for
(J*7, 50, H) € (T, (E) % S(p,) X H(E))reg

Equation (10) defines a smooth Fredholm section
(25) (05, 0) : P(a*,2") — L,
on a smooth Banach bundle L over PY(z®,z%) C PY, (2, 2P), where

PP (a2’ ={U ePL, (S;N)| lim U=z lim U= 2"},

T——00 T—00
which is regular at any U € M(JaB7Ho¢B’SaB)(Ia,xB)
Example 14. The case S =510 So, H=H,® Hy, J =J1 D Jo.

Assume that S(q,&) = Si(q) + S2(§) and H(z,y) = Hi(z) + H2(y). Then
Equations (6) and (7) split onto

¥ =X (7) 2= Xmy(2)
~(0) € Graph(dsS) 2(0) € Graph(dSs)
v(1) € v*N z(1) € ogm

and
G+ (5 — Xy (w) =0
u(7,0) € Graph(dSh)
u(r,1) €e v*N

and the linearization (24) splits onto

2 4+ Jy(3 — Xigy(u)) = 0
v(1,0) € Graph(dSs2)
v(1,1) € ogm,

EyOFE, : T(u,v)P]f((xla x2)7 (yla y2)) - TuP}f(xb yl)@TU,P]f(x% yQ) — Ly®L,.
Hence, if Hy € (H(M))reg and Hy € (H(R™))reg then H € (H(M X R™));eq.
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Example 15. The case H = 0.
In this case we have the Morse complex of S|y, which is regular for a dense
subset (S(g,@))reg € S(i,@) (see Proposition 27).

In this section we will compute the Fredholm index of Sections (23)
and (25) in terms of Maslov indices of Hamiltonian paths 2 and 2. Next,
we relate this computation to the Morse index of S and give the groups
CF.(H,S : N) canonical grading. The existence of such grading is estab-
lished in [10] and similar computations to ours are given for the case S =0,
m = 0 in [30] and for the periodic orbits problem in [6, 36].

4.1. The Maslov index.

Maslov index for paths of Lagrangian subspaces has been studied by sev-
eral authors (see [1, 3, 34, 33]). We will follow the notation and terminology
of [34] and [33]. Denote by A(k) the Lagrangian Grassmanian, i.e., the man-
ifold of Lagrangian subspaces in C¥. The Maslov index assigns to every pair
of paths

L,L':00,1] — A(k)
a half integer y(L, L') € $Z characterized by:

Naturality: For any path ¥ : [0,1] — Sp (2k)

p(R(E)L(E), T()L'(t) = u(L(t), L'(2))-

Homotopy: Two paths L, L' : [0,1] — A(k) with L(0) = L'(0) and
L(1) = L'(1) are homotopic with fixed endpoints if and only if they
have the same Maslov index.

Zero: If L(t) N L'(t) is of constant dimension, then pu(L, L") = 0.

Direct Sum: p(Ly @ LY, Ly & L) = (L1, L2) + p(Ly, LY).

Catenation: For 0 <ty <1

p(L, L) = 1(Lljo,t0); L/‘[O,to]) + (Lo 175 L/|[t0,1})-

Localization: If L'(t) = R¥ x 0 and L(t) = Graph(A(t)) for a path

A:[0,1] — End (R")

of symmetric matrices then

(L, 1) = % sign A(1) — % sign A(0).

The Maslov index of a symplectic path
U :[0,1] — Sp (k)
with respect to a fixed Lagrangian submanifold V' C CF (say V = 0 x R¥)

is defined by
p(V) == p(¥V, V),
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or, equivalently, (see [33])
(V) = p(Graph(¥),V x V).
Following [34], we consider the perturbed Cauchy-Riemann operator

0s1.1C = % +J% +1T¢
(26) ¢:RFx[0,1] — C*

(¢(,0),¢(7,1)) € R* x L(1) c C* x CF.
Here we assume that (c.f., [34, 30]):

1) L:R — A(k) is C* and L(7) = 0 x R* for large |7|.

2) The almost complex structure .J : Rx[0,1] — End (R?*) is compatible
with symplectic form wy = dzi A dy; + --- + dxg, A dy,, on CF and
independent of 7 for || large enough; J(+o0,t) = J*(t).

3) T:R x[0,1] — End (R?¥) is the continuous family of matrices such
that

(27) lim sup ||T(7,t) = T&(t)]| =0
T—F00 0§t§1

for some paths Ty : [0,1] — End (R¥) of symmetric matrices.
4) If ¥+ :[0,1] — Sp (2k) is a solution of

(28) o JE®)TE()TE =0, ¥E(0) =1d

then W*(RF) is transverse to 0 x R¥.
We will need the following;:
Proposition 16 ([34]). The operator

Ay Wi — L*(R x [0,1],C")

where

W= {¢ e WH(R x [0,1],C%) | (¢(7,0)),¢(r,1) € RF x L(7)}
18 Fredholm with the index given by

Index(B7,1) = —p(W7) + (U + (A, RF x L(7))

where A is the diagonal in CF x CF.
Remark 17. The Proposition above has been proved in [34] under the
assumption J = —i (i.e., for the operator 0 instead of 9). In index formula
in [34] the Maslov indices p(¥*) appear with the opposite sign. Since the
change of variables ¢ — —t transforms the operator 9 to 0 and changes
the sign of Maslov index, these two difference give the index formula in
Proposition 16 if J = i. The general case is an easy consequence of the

contractibility of set 5 of wp-compatible almost complex structures in C*
and the continuity of Fredholm index.
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4.2. The dimension of My (N : E).
Our goal is to to assign the Maslov index to the Hamiltonian path
z=X H (Z)
(29) 2(0) € Graph(dS)
z(1) e v*(N x R™).
However, in a manifold instead of a linear space the Maslov index of a
Hamiltonian path would depend on the choice of a trivialization of a tangent
bundle along that path. Hence, we have to choose some class of admissible

trivializations. In the case S = 0, m = 0 this is done in [30] and we will
adapt that exposition to our situation. Let

N A C R R LI G Cr O R
o1 07 T o (o1 06T %) o (g1 o (o))
= ¢ o] "o (¢F %) o(gf) 7,

The transformation

(30) U(r,t) = U = ¢y (U(7,t))
transforms Equation (10) to
gj,Hﬁw*SU =0
(31) (1,0) € opr x R™
U(r,1) € v*(N x R™),
where J = 17.J, and (29) is equivalent to

z=X Hin* s(z)
(32) 2(0) € oprxrm
z(1) € v*(N x R™).
Hence, we will compute the dimension of /\/l( JoB_faB, Saﬁ)(N : E) by com-
puting the dimension of the space of solutions of (31) and give the grading
to CF.(H,S) by assigning the Maslov index to each solution of (32).
For given z, we choose the class 7 of trivializations
¢ : 2*T(T*(E)) — [0,1] x C"*™
such that
O(H, ) =R"™™, o(F,p) = R"™,
where H, and F, are horizontal and vertical subbundles with respect to

Levi-Civita connection on T*E. Note that 7 # & since [0, 1] = *.
For ¢ € T and a solution z of (32), we define the symplectic path

(33) WE (1) = oT%F 5(2(0)(p) ' - M — Cni,

Then we have:
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Lemma 18 ([30]). If p1,92 € T then pu(V,,) = u(Vy,).

We give the groups CF.(H,S : N) the grading by assigning to each
solution of (29) (i.e., the generator of CF,(H,S : N)) the Maslov index of
the corresponding solution. More precisely, we have the following:

Definition 19. 1) We call the index of the solution of (32) with respect
to some (and thus any) trivialization ¢ € 7T the Maslov index of a
solution z of (29) and denote it by pu(z).

2) We denote by CF,(H,S : N) the group generated by solutions z
of (29) with p = $dim(N x R™) — u(z) and set CFP(H,S : N) =
Hom(CF,(H,S : N),Z).

According to Theorem 2.4 in [33] p is an integer. We will see later (see
Remark 21) that it depends on the rank of the eigenbundle of @ (= S at
infinity) but not on the rank of E.

Consider the case H = 0. Let Sy : N — R be a Morse function and
let S : E — R be an extension of Sy such that Sy o rxy = S in a tubular
neighborhood 7y : V. — N xR™ of N x R™ C E. Let z € N x R™ be a
critical point of Sy. We identify the neighborhood of z in N x R™ with R/
and the neighborhood of x in E with R! x R**™~!_ In these coordinates

TS (q1, g2, 1, p2) = (q1, 92, p1 + dSn(q1), 2)
and
I 0 0 0
s 0 I 0 0
TE2@ =1 425y 0 1 0
0 0 0 I

Since T % (x)(R™™ x {0}) = Graph(tD2S), applying the localization
property of Maslov index to A(t) := tD?S(z) we get

(34) p(TUF 5(x)) = JsignA(1) — signA(0)

1
= isignDQS(x)
1.
= 531gnD25N(q1)
1
= —mY(q1) + Fdim(N < R™),

where m]SV is the Morse index of S . Therefore, in that case p is the Morse
index of Sy.
Now we have the following analogue of Theorem 5.1 in [30]:

Proposition 20. For the regular choice of parameters,

dimM ( jas pras gesy (2, 2P) = —p(x®) + p(?).
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In particular, for H =0 and S as above

dimM (s 1,5 (2,y) = m§ (x) —mg (),

where mY is the Morse index of S|n.
Proof. Since

M(Jaﬁ7Ha57Saﬁ)(xa7Iﬁ) = (gJaﬁ,Haﬁ)fl(O)a
we have

dimM(JaﬁvHaﬁ,Saﬁ)(fEa, .7}”8) = II’ldeX(EU),
where Ep is the linearization of gJagvHa@ at U € M(Ja67Haﬁ7Saﬁ)(xa,xﬁ).
Since Index(Ey ) depends only on the homotopy type of U, we can assume
that

U(—,t) = z%(t), and U(r,t) = 2P (t) for 7 > 7.
Choose a symplectic trivialization
0 : U*T(T*E) — R x [0,1] x C"t™

such that

()O(HU(T,t)) = Rn—l—m’ SD(FU(T,t)) = {R"™.
The same computation as in Theorem 5.3 [36] shows that

cpEUgo_l =0 Jo,T,I. + compact perturbation,
where 0, 7.1, is the operator (26) with Jo = ¢.J, L(7) = ¢(T(v*N x ogm))
and T satisfies (27) and (28) with
+ g g
Ur=wg, U= Vg

(see (33)). Since a compact perturbation does not change Fredholm index,
we have

Index(Ey) = Index(dj,7.1)
= () + pla?) + (AR x I(7))
by Proposition 16. Since the trivialization ¢ is chosen so that dim(A N
R™™ x L(7)) is constant, by zero axiom we have
Index(Ey) = —p(a®) + p(z”).

This proves the first statement. The second statement follows from the first
one and (34). O

Remark 21. Let H = H; ® 0 for some compactly supported Hamiltonian
Hy : T*M — R and S(q,€) = Q(£). Then the grading by p = 3dim(N x
R™) — u(z) does not depend on a fiber dimension m but only on the index
of Q. Indeed, consider the stabilization

Q:ExR™ R, Q=Qa Qo
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for some quadratic form @y : R™ — R with zero index. The critical
points of A(H1EBO,C2) are of the form (z,0) : [0,1] — T*E x C™ where
z:[0,1] — T*FE is the critical point of Ay, a0,0)- Let ¢ := (¢1,92) € T be
a trivialization of T*E x C™. By Direct Sum Axiom

1
§dim(N x R™HM) — 1y(2,0)

1 .
= S (dim(N) + m +mq) — p(Ve, @ \Ilg2)

2
— %(dim(N) +m+my) — M(‘I’ipl) - N(\I’?oz)
- %(dim(]\/) +m+mi) — pu(2)

~ (~tndex(@u) + gm )by (30)

_ %dim(N « R™) — u(2).

4.3. Orientation.

In order to define Floer homology for arbitrary coefficients we need the
orientation of manifolds M g ) and M jap pras gas). Contrary to the case
of holomorphic spheres or cylinders (see [14], [24]), manifolds of holomorphic
discs with Lagrangian boundary conditions need not to be orientable in
general. However, in case of cotangent bundle such manifold are orientable
under the boundary conditions of a conormal type. More precisely, we have
the following:

Proposition 22 ([30]). For each (J*%, H*? S°%) € (T (E) x H(E) x
S(E7Q))reg and each x%, x” the determinant bundle

Det — M(JaﬁvHaﬁ,Saﬁ)(xa,x’B)

is trivial. Hence, the manifold M(JaB’Haﬁ’Suﬁ)(xa,xﬁ) is oriented. More-
over, there exists a coherent orientation in the sense of Definition 11 in [14]
of all M(5n,5)y and M jap pas sesy in each isotopy class of (J, H,S).

Remark 23. In [30] the proof Proposition 22 is carried out for the case
S = 0. The general case follows from the fact that the transformation (30)
defines a diffeomorphism

Mgm,5) () - M(j,Hﬁn*S,O)(CE’ y).
Hence the orientation on M( J Hir*$,0) (Z,y) induces the pull-back orientation
on M m.s)(7,y).
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Remark 24. In Section 5.2 we will prove that in the case H = 0 for a
suitable choice of a J, .S, g there exists a diffeomorphism

M (2, y) = MYESe (2, y)

for z,y € Graph(dS) N v*(N x R™) = Crit(S|yxgm). We will choose the
orientations of Mo g)(%,y) and Mg (z,y) so that this diffeomorphism
is orientation preserving.

The one dimensional components of M ;g s) and M jap pas gas) carry
two orientations: one given in Proposition 22 and another given by orienting
each trajectory in the direction of %—g. Define

) 1 if these two orientations coincide
n _
—1  otherwise.

Coherent (compatible with gluing) definition of orientation in Proposition 22
has the following consequence:

Lemma 25. If (U1, V1), (Uz2,V2) € My u,5)(z,y) X M1 m,5)(y,2) are two
ends of the component of M u s)(x,2) (in sense of Propositions 10), then
n(Up)n(V1) + n(Uz)n(Vz) = 0.

O

Similar statement is true in parameterized version. The proof follows the
same lines as the proof of analogous statements in [12, 14, 15].

5. Floer homology.

5.1. Construction.
For x € CF,(H,S : N) and y € CF,_1(H,S : N) we define n(x,y) to be
the number of points in (zero dimensional) manifold

Mg, (N : E) = M5 (N : E)/R
counted by their orientations, i.e.,
n(z,y) = > n(U),
U

where n(U) is defined in Section 4.3. Here R acts on Mz ) (N : E) in a
standard way, by the translation in 7-variable.
According to Propositions 12, 13 and 10 for (J, H, S) in a dense subset

(TS (E) x H(E) X S(p,q))reg C T5(E) x H(E) X Sp,q)

the number n(z,y) is finite.
The following proposition is a reformulation of the result proved in [12]
and [28] for the compact case.
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Theorem 26.
(1) For (J,H,S) € (TS(E) x H(E) X S(g,q))reg the homomorphisms
0:CF,(H,S:N)— CF,_1(H,S:N)

0x = n(z,y)y
Y
and
§ := Hom(9) : CFP(H,S : N) — CFPTY(H,S : N)
satisfy
000=0,006=0.
We define
HF,(J,H,S;N : E) := Kerd/Imo

and

HFP(J,H,S;N : E) := Kerd/ImJ.
(2) For two given parameters
(J*, H, 5%, (J7, H?, 8%) € (TS(E) x H(E) X 8(5,0)res:
there exist canonical isomorphisms
hap : HE,(J* H* S N : E) — HF,(J?, H? S°; N : E)
and
hP . HFP(J* H* S N : E) — HFP(J°,HP SP: N : E)
which satisfy
(i) hyg o hpa = hya
(ii) haa = id.
The analogous equalities hold for hP.

Proof. Once we established the C? -estimates as in Proposition 9, the proof
follows the same lines as in Theorem 4 in [12] (see also [28]). For the later
purpose, we only recall the main points. By definition of 0, we have

(35) Px) = a(Zn(az,wy)

y
= Z Z n(z,y)n(y, z)z.

According to Propositions 10 and 11, the split trajectories in

M gm,9) (%, y) X M(1m,5)(Y, 2)

are the boundaries of one dimensional manifolds contained in M g 5)(, 2)
and oriented as in Section 4.3. Hence, they appear in (35) in pairs with
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opposite signs and thus they add to 0. That proves d o d = 0. For the proof
of the second statement, we define

(hap)g : CFp(H®, S : N) — CF,(H",5° : N)
by

(hag)pr = Z n(z®, ") z?,
B

where n(z®,z%) is the number of points in (zero dimensional by Proposi-
tion 20) manifold M jas fas, Saﬂ)(l‘a,l'ﬂ ), counted with their orientations.
Set

(h®P)f .= Hom((h"®)y) : CFP(H®, 8% : N) — CFP(H", 8" . N).

Note that the grading is preserved by Proposition 20. Homomorphisms
(hap)y and (h*%)* commute with & and d respectively. The proof is based on
the same gluing arguments as the proof of 92 = 0 (see [12, 15]). Therefore,
they define the mappings h,g and h*8 in homology (resp. cohomology).

If hag and hg, are defined via regular homotopies

(Haﬁ’ Saﬁ’ Jaﬁ) and (Hﬁv, Sﬂ’y, Jﬁv)
then for large R the regular homotopy (H®7, S, J*7), where

(36)

B B ¢
o {Hgﬁ’ PO oy {S%R’ TE0 {Jf‘+R, <0
T H 7>0 T S >0 T
—r 720, —r 720,

defines the homomorphism hq~ which satisfies property 2 (i). The proof is
again based on the same argument as the proof of 9% = 0 [12].

Finally, homomorphisms h,g and h*? are independent of the choice of
homotopy H*?. We only sketch the proof of this fact, referring the reader
to [12, 15] for the details. Choose two homotopies Hfﬁ, Sf‘ﬁ, Jf‘ﬁ, Hgﬁ, S’gﬁ,
Jy P Let (hag)é and (hag)§ be the corresponding chain homomorphisms.
Consider the one-parameter families of homotopies {H5"}oer, {S9°} e,
{J5P},cr such that

HYP = g 598 = §9P - job = job for 1 < 0

and

HYP = HP 598 = 597 joB = JoF for v > 1.
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Let 72(z®, %) denote the algebraic number of the solutions of
( «
W+ TG = X pes(U)) =0
(u(7,0),v(r,0)) € Graph(dS;”)
(37) u(r,1) € v*N, v(7,1) € ogm
lim, o U(T,t) = 2%(t),
lim; oo U(7, 1) = zB(t).

Define
% . CF,(H*, 8 : N) — CF,11(H", 8" : N)
by
(1) = Z a(z®, 7).
Then

Hod¥ o= (hag)§ — (hag)g,

i.e., ®* is a chain homotopy ([12, 15]). Therefore, hiﬁ = hiﬁ'
Statement 2 (ii) now follows by choosing the constant homotopy H** =
H~. O

5.2. Computation.
In [13] Floer proved that if

h:M—R
is a C? Morse function, then
HE,(J,hom, M) = HMoe(h).

We incorporate this result and the generalization [31] in our framework.
Consider the tubular neighborhood W = Wy x R™ of N x R” C E and the
projection

y W — N xR™

given locally by
(38) TN : (xayvg) = (mag)

Following [31], assume that the metric g in T*F is chosen in the following
way. Choose a metric gpy on M such that the fibers of mx are orthogonal to
N x R™ with respect to the metric g := gur @ go, where gg is the standard
metric on R™. The Levi-Civita connection associated with g provides the
splitting
Te(T*E) = He @ Fe

into horizontal and vertical subbundles. F¢ and H¢ are canonically isomor-
phic to T;(g)E and T E. Let g be a metric on T*FE such that He is
orthogonal to F¢ and that the above isomorphisms are isometries.
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Let
Sy : N xR™ —=R

be a Morse function obtained by restricting S € Sg ) to N x R™. Let
V C W be another tubular neighborhood of N x R™ and let k : E — R be
a smooth function such that

k(e) = lforeeV

= Ofore¢W.
We denote by
SY:E—R

an extension of Sy defined by

SV (e) = | (SN (TN () + (1= A(e))S(e)  fore e W
M) for e ¢ W.

Then S]‘\/[ : F — R is smooth and
Sx(e) = Sy omn(e) fore c V.

Note that from (38) and the definition of S) it follows that S} (x,y,&) =
Q(&) whenever S(z,y,£) = Q(¢) and hence S} belongs to the parameter
space S(g,q)- Since we proved in Proposition 9 that images of all solutions
of (7) are contained in some relatively compact open submanifold Ky C T*FE,
we have

sup HVdSXH < 00,
Ko

where [|[VdSY| is defined with respect to gp and the induced Levi-Civita
connection on T*E| (k,). Hence we can assume, after replacing gr by xgr
with

x(e) = &, fore € Ky
= 1, fOr€€K13K0
if necessary, that
(39) sup ||[VdSy|| < e
Ko
for small ¢ > 0. Note that the Levi-Civita connection on T*FE| (k) is

invariant under the rescaling gg ~» €0gg and thus remains unchanged. Since
X = 1 outside K7, xgr remains in parameter space Gg, aq-

Proposition 27 (Compare [31]).
HF,(J,0,55; N : E) = H)(Sy).
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Proof. Since H = 0, Equation (6) becomes
I'=0
I'(0) € Graph(dSY)
I'(1) € v*N X ogm
i.e.,
I'(t) = p € v*(N x R™) N Graph(dSY) = Crit(Sy).
Hence, we have one-to-one correspondence

(40) CF,(0,SX; N : E) = Crit(Sy).

Since SY is constant along the fibers of 7y and the fibers are orthogonal
to N x R™ we have, for e € N x R™

(41) v9ESY (e) = VIE Sy (e),

where gg is a restriction of gg to V.
Let v be a solution of

d
(42) L+ VI Sn(y) =0,

Consider, modifying Lemma 5.1 in [13]
U(r,t) := t1-4(y(7))
and
Je = (Y1-¢)«Jy
where 1 = w:*s}\’, and J; := Jg,, @i for Jy,, is as in Section 2. Then

oU U dy

5 Thgr = T+ (Wr-hJgTr-e[ = Xogy (V1-4(7))]
d
= T%ftdfz — (1)« JgT1 1 X 57 (7)

d
= Ti14 <dz - JgXﬂ*sx(7)>

d
— Ty, (dj i vgw*sxm) .

Since dﬂ*SX, vanishes on the vertical subbundle F' it follows that VQW*SX] -
H, and since T'rr|g : H — TE is an isometry by the choice of g, we have

vIn*Sk = VvIESK

= VIESy (by (41)).
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Therefore, U satisfies
U+ 190 =0
U(T 0) = 91(7()) € ¢1(N) C Graph(dSy)
U(r,1) =~(r) € N C V*N,
i.e., U € M(Jt,O,S%)( . E)
Conversely, for every solution U of
U+ 1,97 =0
U(T, 0) € Graph(dSN)
U(r,1) € v*N X ogm

we define
7(7—7 t) = (wl—t)il(U(ﬂ t))
Note that
0 0 oUu oUu
g+ 9 (G~ Xesy) = @)™ (G + w0 Gy )

= 0,
i.e., v satisfies
gT+Jggz+v SY(v) =0
(43) (7, 0) = ¢ {(U(7,0)) € o
(T 1)=U(r,1) € v*(N x R™).

We will prove that 6t = 0. Let us write y(7,t) = (z(7,t),y(7,t)) with
xz(1,t) € E and y(7,t) € Ty nE. Since J; maps horizontal vectors to

vertical ones, we can write (43) in the form

— Viy + VIS (2) =0
ox
(44) Vey+ % =0
y(7,0) =0, z(r,1) € N x R™, y(r, 1)61/( (VX R™).

1
— / ly(r, )|2dt.
0

Note that, by the construction of S},
Craph(dSX) Nv*(N x R™) € N x R™.

Therefore, we have

Define

lim y(r,t)=0

T—+00

and hence

lim f(r)=

T—+00
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Following the same lines as in [31] we prove that f is convex, and hence
constant. We identify T¢(T*E) = T E & T¢ £ and compute

1
30 = [ (Val+ ()

1 ox
_ 2 el
= /0 (IVTyI <VtaT,y>>dt
1
- /0 (1Yo — (V0.) + (Ve dSK(2). 0)) .

Here we used the fact that the Levi-Civita connection is torsion free, and
thus VT% = Vt%. Since y(7,0) = 0, integrating by parts we compute

1 1
/ (V2ygdt = (Vey(m 1), y(m 1)) — / Vey Pt
0 0

1
_ <+vsx<x>,y<r, 1>>— JRTRE
87’ 0

1
= - |Vy|2dta
0

since % + VSX(z) € T(N x R™) and y(7,1) € v*(N x R™). Hence

1
iy = /0 (Vo2 + [Viyl? — (V. pdSY(2), 1)) dt

2
> 2 2 v
> | Veyllze + IVeyllze = [[VASK || e IVl 22 Tyl 2
2 2 2

> | Veyllze + I Veyllze — [[VASK || Vel 72
by Poincaré inequality, since y(7,0) = 0. Hence f”(7) > 0 if € in (39) is
small enough. Therefore y = 0 and, by (44) % = 0. Hence %;Y = 0. By (43)
this means that v solves

dry

dr

Therefore, we have one-to-one correspondence

+ V9E SY(y) = 0.

Mo.s%) = Misy.g)
Together with (40) this finishes the proof. O
Theorem 28. For reqular parameters

(J,H,S) € (TS5E) x H(E) X S5.q))res
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and (J,H) € (J5(M) x H(M))eg there exist the isomorphisms
HFE, 1 (J,H,S;N : E)~ HF,(J,H,N : M) = H,(N),

where HFE.(J,H,N : M) is the ordinary Floer homology of the pair
(onr, v*(N)) of Lagrangian submanifolds in T*M and H.(N) the singular
homology of submanifold N. Analogously, there exist the isomorphisms

HFP™ (J H,S;N : E)= HFP(J,H,N : M) = H?(N).

Furthermore, the above isomorphisms commute with isomorphisms hag
(resp. h®B) constructed in Theorem 26.

Proof. The second isomorphism
HF.(J,H,N : M) = H,(N),

follows from Proposition 27, and we will prove only the first one.
According to Theorem 26 we can assume that

H=H®0, J=J&i and S = Q.

With such choice of parameters, the critical points I' := (v, 2) of A(gao,g)
on Q(Q; N) are the solutions of

Y=Xu()
~v(0) € opr, v(1) € v*N
z2=0

2(0) € ogm, 2(1) € Graph(dQ).
Hence z = 0 and thus
CF.(H®0,Q: N)=CF,(H,N)
where the last group is the usual Floer chain group for the pair (ops, v*N)

in T*M.
The gradient flow of A(pg0,0) satisfies

Oypu = % + J(% — Xp(u)=0
u(7,0) € opr, u(r,1) € v*N

v = % + i% =0

v(7,0) € Graph(dQ), v(7,1) € ogm

and therefore M jg; Hao,0) (N @ E) is diffeomorphic to M jm)(N : M).
Hence, the above isomorphism between Floer chain groups defines the iso-
morphism between the corresponding Floer homologies, and, consequently,
cohomologies. O
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6. Invariants.

6.1. Definition.

Observe that, since Equation (7) is the negative gradient flow of Ay g),
the boundary operator 9 preserves the level sets of A, g). More precisely,
we define

CFMH,S:N):={I' € CF(H,S:N) | A5 T) <A}
and
CF)H,S : N) := the free abelian group generated by CF*(H, S : N).

Then, the boundary map

0:CF.(H,S:N)— CF.(H,S:N)
induces the relative boundary map

o CFMNH,S:N)— CF)H,S:N)
which satisfy the obvious identity

o0t =0.
Therefore, we can define the relative Floer homology groups
HF? := Ker(9)/Im(0™).

The natural inclusion

j*: CFMH,S:N)— CF(H,S:N)
induces the group homomorphism

ji : CF)MH,S:N)— CF.(H,S:N)
which commutes with 0, i.e.,

do ]ji)\ = ]ﬁ)\ 0.
Hence, jﬁ/\ induces the natural homomorphism
j)  HFMJ,H,S: N) — HF,(J,H,S : N).
Furthermore, we define
CF;(H,S: N):=Hom(CF)H,S: N),Z)

and denote by ¢* the restriction of § to CF;(H,S : N). Now jﬁ)‘ induces
dual homomorphism

ji:CF*(H,S:N)— CF{(H,S: N)

such that
jrod =8 ok,
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Hence, we have the homomorphism
Jx:HF*(J,H,S: N)— HF\(J,H,S: N).
Definition 29. (1) For (a,J, H,S) € Hi(N) X (JS5(E)xH(E) X S(E,Q))reg
we define
o(a,J,H,S : N):=inf{\ | a € Image(j, F,)}.
(2) For (u, J, H,S) € H*(N) x (J5(E) x H(E) x §(g,))ses we define
o(u,J,H,S : N) :=inf{\ | jiF*u # 0}.

Here

F,:H,(N)— HF,(J,H,S: N)
and

F*:H*(N)— HF*(J,H,S: N)
denote the isomorphisms in Theorem 28.

Next lemma shows that the above definition is correct.

Lemma 30. Fora # 0, u # 0 and generic (J, H,S), the numbers o(a, J, H,
S:N) and o(u,J, H,S : N) are the critical values of Ay s). In particular,
they are finite numbers.

Proof. The set of critical points of Ay g) is in one-to-one correspondence
with

(45) Graph(dS) N (o)L (* N x ogm).
Since H = H; @ Hz and S = @ at infinity, the set (45) is
(oa N (1) (¥*N)) x (Graph(dQ) N (¢12) ™ (omm))

outside a compact set. Since H; and Hy have compact supports, all points
in (45) are contained in a compact set. From transversality assumption (8)
we conclude that the set (45) is finite. Hence, if A is not a critical value of
A(n,s), then there exists u < A such that there is no critical values of Ay g)
in closed interval [p, A]. In that case,

CF)H,S:N)=CF/H,S:N), CF;(H,S:N)=CF;(H,S:N)

and
i =t 55 =gk
Hence, z € Im(j}) (resp. j; # 0) is equivalent to z € Im(jL') (resp. in #0).
It follows that A cannot be detected by o.
Finally, since there are only finitely many critical values of Ay g), we
deduce that both o(a,J, H,S : N) and o(u,J, H,S : N) are finite numbers.
O

We next show that the definition of o does not depend on an almost
complex structure J used in construction of Floer homology.
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Proposition 31. The numbers o(a,J,H,S : N) and o(u,J,H,S : N) are
independent of the regular choice of J.

Proof. For J*,J% € J¢(E) we chose any path J, € J.(FE). Recall from
the proof of Theorem 26 that the isomorphism

hop : HF.(J* H,S : N) — HF.(J? H,S: N)

is induced by the group homomorphism

(46) hy : CF.(H,S: N) — CF,(H,S:N),
he(a®) = 3 n(a®, 2%)a?,
B

where n(z®, z) is the algebraic number of points in zero dimensional mani-
fold M jas 1,5y (2, ). We compute the difference A g)(¢”) — A (g 5y (z%)
for every ” which appears in sum (46). For such 27, the set M jes m,5)(x,
2”) is nonempty (n(z%,2%) # 0). For any U € M jas 1.5)

Am,s)(2°) — A ) (a)

+00 d
:/oo %.A(H’S)(U)dT

+oo ou
:/ dA(H,S)(U)EdT
ool oU oU ou

too b/ (0U oU
_ /Oo /0 <JT (at —XH(U)> ,8T>JT dtdr
+oo 1 8U 2
__ / ) /0 S| dar
<0.
Here we used (5) and (10). Hence, A(g,s)(z%) > Am,s) () and therefore

hag is level preserving, i.e.,

(47) hog : HFNJ®, H,S: N) — HF)JP, H,S : N),

hag © 32 = 3 © hag
Assume that F%a € Im(j7), where
F®: H.(N) — HF,(J* H,S: N)
is the isomorphism in Theorem 26. Then, by (47), hagF%a € Im(j2). Since
hagFg = FP? by Theorem 26, we have Flae Im(j7) and hence
o(a,J* H,S:N)<o(a,J° H,S:N).
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Since the above argument is valid for any J®, J?, the opposite inequality
also holds and therefore

o(a,J*H,S: N) zo(a,Jﬁ,H,S:N).

As a consequence, we can introduce the following notation.

Definition 32. For regular choice of parameters (J, H,S) we denote the
numbers o(a,J,H,S : N) and o(u,J,H,S : N) by o(a,H,S : N) and
o(u,H,S: N).

6.2. Continuity.

In order to extend Definition 32 from (JS(E) x H(E) X S(g,Q))reg to the
whole manifold JS(E) x H(E) x Sg,g) we need the following continuity
result:

Theorem 33. For a € H,(N) the function
o (T5(E) x H(E) X S(g,q))reg — R,
(H,S)—o(a,H,S:N)
is continuous in CO topology. The analogous statement is true for u €
H*(N) and o(u,H,S : N).
Proof. We fix regular parameters (H®, S%) and (H?, %) and choose the C>

function
p:R—R

such that

p(t)=1, forT > 1

p(1) =0, for 7 <0.
Denote by (H,, S;) a regular homotopy connecting (H®, S®) and (H?, S?)
which is e-close in C''-topology to (possibly non-regular) homotopy

(p(T)H" + (1 = p(7))H*, p(7)S” + (1 = p(7))S).

Then, as in the proof of Proposition 31 we compute .A(H,G’S,B)(l‘ﬁ)—
A(gre,gey(2%) for a pair 29, 2P connected by trajectory U satisfying (10).
Since

d ou ' OH, 9S;
EA(F‘IWgT)(U(T)) = dA(ﬁTug‘r)(U)E — 0 67- dt + 87’

and since the last two terms are e-close to

1
_/0 P(r)(H® — H®)dt + (r)(5” — 5),
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we have

too g
— A, 5,)U(7))dr

T

Ao 59) (@) = Aggre o) (2)
[

' 1 oU )
- /oo {/0 [dA<HmST>(U)8T — p(7)(H® — H*)| dt
(7)(8° - Sa)}dT .

/—i—oo 8U
< U
B —00 67’

Here, again, we used (5) and (10). Hence, we have the well defined homo-
morphism

dT—/ min(H? — H*)dt + max(S” — %) + ¢

hag : HEMJ,H® : S : N) — HF**"*(J,H?; S : N)

where A\, 5 1= )\—fol min(H? — H*)dt+max(S® — S%), such that the diagram

X\
HF)MJ,H*:8*:N) 25 L(J, H*; S : N)

[ R

)‘a5+5

HF) (1, 05,8 . N) 7—  HF,(J,H% 8% : N)

commutes. By the same argument as in Proposition 31 we deduce, for
a € H,(N)

o(a,H?,58% : N) — o(a, H?, S : N)
1
—/ min(H® — H*)dt + max(S® — ) + ¢
0
Letting € — 0 this becomes
o(a, H?,8% : N) — o(a, H*, 5% : N)
1
—/ min(H” — H*)dt + max(S° — §%).
0
By changing the role of @ and § we get
o(a, H? S? : N) — o(a, H*,5% : N)

1
—/ max(H” — H*)dt + min(S” — S%)
0
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and therefore
lo(a, H?,S” : N) — o(a, H*, 5% : N)|
< |H? — H*|co + 1157 = 5% co.

As a consequence we have the following:

Definition 34. For (a, H,S) € Hi(N) x H(E) X Sg ) we define
o(a,H,S: N) := klim o(a,Hg, Sk : N)
—00
where the limit is taken over any sequence
(JT5(E) x H(E) X S(g,Q))reg 2 (J, Hi, Sk)
such that
C° — lim (Hy, Sk) = (H, S).
k—o0

We define o(u, H, S : N) for w € H*(N) in the same way.

The following lemma extends Lemma 30:

Lemma 35. For a # 0, u # 0 and arbitrary (not necessarily generic)
(J,H,S), the numbers o(a,J,H,S : N) and o(u, J, H,S : N) are the critical
values of A(p,s)-

Proof. For any (H,S) € H(E) x S(g ) there exists a sequence (Hy, Sk) €
(H(E) X S(E,Q))reg of generic functions such that

(48) ct - Jim (Hy, Sg) = (H, S).
According to Lemma 30 there exists a sequence of points
1, € ¢ (Graph(dSy)) N v* (N x R™)
such that
Hy Hi\—1
o(a,J, Hg, Sk : N) = A, 5,) (91 " 0 (617%) 7 (zk))-

Note that xj is bounded and hence, after taking a subsequence, we can
assume that

(49) klim T = Tp.
Define
(50) fifu : v (N xR™) - R,

Fi(@) = A, 5 (61 0 (61%) 7 ()
F(@) = A, (61" o (o) (2)).
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From (48) it follows that

lim ¢y (2) = o7 ()
for all z € T*E and hence
(51) Jm fi(w) = /()

Since fi are smooth, by Arzela-Ascoli Theorem the convergence above is
uniform on compact subsets of v*(N x R™). Similarly, by (48)

(52) klim dfy, = df
uniformly on compact subsets of v*(IN x R™). According to Definition 34
and by (49) and (51)
ola,J,H,S: N) = klim o(a,J, H, Sk : N)
=
= f(zo)
= Am,g)(91 o (¢1) (x0))-
By (49) , (50) and (52) we have
dA(r,s)(97" o (61) " (w0)) = df(wo)
= lim dfi(wy)
=0
and hence ¢f o (¢f1) ™ (z0) € Crit(Am,g))- O

6.3. Normalization.
Consider the Hamiltonian

Kt = X(t)(Ht + Co)
where x : T*M — R is a smooth function with compact support, such that
X = 1in a neighborhood of Useo 1)¢f! (0ar). Then ¢t (0rr) = ¢ (oar), but
pla, K : N)=p(a,H : N)+ co.
More generally, it can be shown that for any two Hamiltonians H and K
such that ¢ (0pr) = ¢ (0pr) we have
p(CL?K:N) :p(CL?H:N)"i'CO

for some ¢y € R [30]. Similar considerations apply to the case of invariants ¢
and o. Hence, in order to consider the constructed invariants as the invari-
ants of Lagrangian submanifolds, we have to impose certain normalization on
the choice of parameters in (H, ) € H(E)xSg ). Assume that H = H1©0
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for some compactly supported Hamiltonian function H : T*M — R. De-
note by Lg C T*M the Lagrangian submanifold having S as a generating
function quadratic at infinity. We will need the following result.

Theorem 36. If H*, H? are two compactly supported Hamiltonians defined
on T*M and S*,SP two generating functions quadratic at infinity such that

o1 (L) = 1" (Lgo),

then there exists a constant cg € R such that for any N C M
(53) Spec(HY @ 0,5% : N) = Spec(H” ©0,5° : N) + cp.
In particular, if voo € M is fived and

Sfp\éc(HeBO,S : N) :=Spec(H ®0,S: N)—Spec(H® 0,5 : xo)

={r—s|reSpec(H®0,S:N), scSpec(HD0,5:2x)}

then
(54) Spec(H® ® 0,8 : N) = Spec(H” &0, 5% : N).

Proof. The critical points of A(pa ga) and .A( HP,56) are in one-to-one corre-
spondence with points of

(55) VNNl (Ls) = "N ol (Lg).
More precisely, the solutions of

9 = Xpeo(T)

I'(0) € Graph(d$)

I'(1) € v*N x ogm

are of the form I' = (v, z) where

O = Xp(y)
&z =
(7(0), 2) € Graph(dS), (1) € ¥*N, 2 = (€,0) € ogn.
Denote ,
L= ¢ (Lsa) = 61" (Lgp)
and consider the function f : L — R defined by
f@) = Apese (@ A5 (iga((61) ' (2)))))
— Aurs 500" (i3 ((677) 7 (@)))).
Since (¢H#*)"1(L) = Lg~ and and (¢”)"1(L) = Lgs, for z € L

i1 () = igh (qa, - (qa,fa>> = (¢,
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A o) =i (o ‘fq €)= (@€,
where
(56) (¢%,6%) € Bga, (¢%,67) € Tgp
and

0 0S*\ | pe._ 98P\  me
o0 () =6l e (5 =6l
Hence
dse(igd((eff") Hx)) = dS(g*,€)
_ @%%i@%a)g e ,fa>)
— (5 amee0) (o 60)
= (¢ (x)),£%,0) (by (57)),
and similarly
dSP(igH(01") (@) = (((611°) " (2)), €, 0).
Therefore, the paths
(58) t gy 20(dS*(iga((¢f")"(2)))) and
t— o "0(dSP (i (o) (2)))

409

respectively start at Graph(dS®) (respectively Graph(dS?)) and end at the

points (in local coordinates)
1 20dS (iga((617)H@) = (@1 (61" (1)), €%,0)
= (2,£%,0)
and
oS (igh (o) M (@))) = (2,€7,0)
respectively. Let
xR = i (L) = 61" (Ls)

be a smooth path connecting two points in (55). Since the paths (58) are
Hamiltonian and start at Graph(dS®) and Graph(dS?), the same computa-

tion as in (5) shows that

d% F(x(5)) = 007%(s)) — 0(n° (5))
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where

W) = IS g (611°) " (x())

(0
- ds’ ds )’

with (dgzs(s) ,0) € T(ogm). Similarly,
dx déP(s)
B — | ZA
0= (55 0).
Since 0 = p; @ Ogm and Ogm (£,0) = 0 it follows that

L H(x(s) =0.

Hence f = ¢, for some constant ¢y € R independent of N. This proves (53)
and (54). O

Definition 37. Fix zo, € M. Let S be a generating function quadratic at
infinity for the Lagrangian submanifold Lg = ¢ (0ps) € T*M. We define
the normalized parameters (H,S) by

- 1 ~ 1
S:S—ﬁa(l,H@O,S:xm), H:H+§a(1,H@O,S:a}OO).

Remark 38. Strictly speaking, (H,S) ¢ H(E) x S(e,)- However, it is
allowed to add a constant to the parameters in H(E) x S(g o) since Floer
theory depends only on the first derivatives (VH,V.S) which remain un-
changed.

The normalization described above also gives the normalization of invari-
ants p and ¢ defined by (1) and (2). Indeed, these invariants are the special
cases of invariant o, as we show in the following lemma:

Lemma 39. For (H,S) € H(M) x Sg,q) and a € H.«(N)
o(a, H®0,Q : N)=pla,H : N)

and

0(a,0,S:N)=c(a,S:N).
Analogous statements hold for any u € H*(N).
Proof. The first equality follows from Theorem 28. To prove the second
one, we first observe that, if S]‘\/[ is as in Proposition 27 and SX, = S outside
U DV, then

c(a,S: N)=0(a,0,SX : N).

Since || Sk — S||co — 0 as U — N, the conclusion follows from Theorem 33.
([
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Definition 40. Fix z, € M. Let S be a generating function quadratic
at infinity for the Lagrangian submanifold Lg = ¢{(op;) € T*M. For a
submanifold N C M and a € H*(N), u € H*(N) we define

cla,Ls: N):=c(a,S: N), e(u,Lg : N) :=c(u, S : N),
where S = S — ¢(1,S : Zoo). In a similar way, define

pla, Ls : N) := p(a, H - N), p(u, Ls : N) := p(u, £ : N),
with H = H + p(1, H : 2.

By Lemma 39 the definition of the parameters (H, 5’) in Definition 37
and Definition 40 agree in a sense that in the cases H =0 and S = @ both
definitions give the same functionals

A(HEBQQ) - A(H@O’Q) - 0'(17 Ho O, Q : .’L'OO)
and
A((),S) == ./4(075) - 0(1, 0, S : ﬁl?oo)

Invariants in Definition 40 are well defined invariants of Lagrangian sub-
manifolds of 7* M Hamiltonian isotopic to the zero section.

6.4. Equality between the two invariants.

In this section we will show that the invariants p and ¢ give the same
invariants of Lagrangian submanifolds of 7*M. The proof below is sketched
in [26], we present it here for the sake of completeness.

Theorem 41 ([26]). Let Lg = ¢! (0p) € T*M be a Lagrangian submani-
fold generated by generating function S quadratic at infinity. Then for any
submanifold N C M and any a € H.(N)

(59) c(a,Ls : N) = p(a, Lg : N).
The analogous equality holds for any uw € H*(N).

Proof. Denote by S; : E — R a generating function of (¢f1)~!(Lg), such

that So = S, S1 = S. Let H(t) denote a Hamiltonian such that ¢f(t) = ol
Note that

o' (Ls) = o' (L)
— ¢ (o) \(Ls)
— LS

—

and therefore, by Theorem 36 the action spectrum Spec(H (t) & 0,S; : N) is
fixed. By Theorem 33 the function

g:t—o(a, Ht)®0,S:N)—o(a, H(t) ®0,5; : xo0)



412 DARKO MILINKOVIC

is continuous and takes the values in the set Spec(H (t)®0,S : N), which is
nowhere dense in R by Lemma 1. Hence ¢ = constant. In particular,

(60) 0(a,0,5 : N)
=0(a,H(0)® 0,5 :N)—0(a, H0) 0,50 : )
=o0(a,H(1)® 0,5 : N)—0(a, H(1) 0,57 : )
=o(a, H®0,Q;N).

According to Lemma 39 and Definition 40

(61) 0(a,0,S: N) = c(a,Lg : N)

and

(62) o(a, H®0,Q: N)=p(a,Ls: N).

Now, (59) follows from (60), (61) and (62). 0

7. A note on Hofer’s geometry.

In [16] Hofer introduced a biinvariant metric on a group D¢ (P) of compactly
supported Hamiltonian diffeomorphisms of a symplectic manifold P. For
H € CX(P x [0,1]) define the oscillation of H; by

osc(Hy) := sup Hy(x) — inf Hy(x).
zeP zeP
That leads to the definition of the length of the curve ¢/ in D¢ (P) as

1
[({of Yoze<r) = / osc(Hy)dt.
0
Definition 42 (Hofer’s energy). The energy of 1 € DS (P) is defined by
E(y) = inf{l(¢]") | 1" = v}
The non-degeneracy of the energy functional, i.e.,
E@)=0iff v =1id

has been proved by Hofer [16] (see also [17]) in the case P = C" and by
Lalonde and McDuff [20] in general.
In the case P = C" Bialy and Polterovich [2] proved that

(63) c(p, Ty) = ¢(1,Ty) < E()

where ¢(p,I'y) — ¢(1,Ty) is Viterbo’s norm (see [38]). Moreover, they
proved that Viterbo’s and Hofer’s metrics coincide locally in the sense of
C'-Whitney topology.
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More generally, for a symplectic manifold P, let £3/(P) be the space of
Lagrangian submanifolds . C P Hamiltonian isotopic to the Lagrangian
submanifold M. In other words,

L (P) = {o1 (M) | ¢1' € D(P)}.

The group D¢ (P) acts transitively on Ly (P) by (¢, L) — ¢(L). The mani-
fold £/(P) has a natural D¢ (P)-invariant metric defined in the following:

Definition 43. For L1, Ly € L)(P) we define
(64) d(Ly, Lz) := nf{E(¢) | ¢ € DL(P), ¢(L1) = La}.

The non-degeneracy of d has been proved by Oh [30] for P = T*M and
by Chekanov [4, 5] in general case. Moreover, for P = T*M

(65) p(p, L) — p(1, L) < d(om, L)

(see [30] or apply Lemma 39 to the inequalities at the end of the proof of
Theorem 33 with S* = §% = Q, H* = 0, setting first & = 1 and then
a = p and subtracting; then take the infimum over all H”’s such that

5
o1 (onr) = L).
Theorem 41 together with (65) implies

e(, L) - e(1, L) < d(oar, L)

which is the generalization of (63) to Hofer’s and Viterbo’s geometries of
Lagrangian submanifolds in a cotangent bundle. As ¢(u,L) = ¢(1,L) if
and only if L = oy, it gives another proof of the nondegeneracy of Hofer’s
metric.
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