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ON EQUIVALENCE OF TWO CONSTRUCTIONS OF
INVARIANTS OF LAGRANGIAN SUBMANIFOLDS

Darko Milinković

We give the construction of symplectic invariants which
incorporates both the “infinite dimensional” invariants con-
structed by Oh in 1997 and the “finite dimensional” ones con-
structed by Viterbo in 1992.

1. Introduction.

Let M be a compact smooth manifold. Its cotangent bundle T ∗M carries
a natural symplectic structure associated to a Liouville form θ = pdq. For
a given compactly supported Hamiltonian function H : T ∗M → R and a
closed submanifold N ⊂ M Oh [30, 27] defined a symplectic invariants of
certain Lagrangian submanifolds in T ∗M in a following way. Let ν∗N ⊂
T ∗M be a conormal bundle of N . Denote by HF λ∗ (H,N ;M) the Floer ho-
mology groups generated by Hamiltonian orbits γ starting at the zero section
and ending at ν∗N such that AH(γ) :=

∫
γ pdq−Hdt ≤ λ (see, e.g., [30]). In

particular, for λ = ∞ we write HF∗(H,N ;M) := HF∞∗ (H,N ;M). These
groups are known to be isomorphic to H∗(N) [31]. We denote the corre-
sponding isomorphism by F . For a ∈ H∗(N) one defines

ρ(a,H : N) := inf{λ | FH(a) ∈ Im(jλ∗ ) ⊂ HF∗(H,N ;M)},(1)

where jλ∗ : HF λ∗ → HF∗(H,N ;M) is a well defined inclusion homomor-
phism. It is proved in [30] that ρ is a well defined invariant which (after
a suitable normalization of H) depends only on a Lagrangian submanifold
L := φH(OM ) and not on a particular choice of H. We refer the reader to
[26, 29, 30, 27] for more details.

This construction can be considered as an infinite dimensional version
of a construction given earlier by Viterbo [38]. Let L be a Hamiltonian
deformation of the zero section oM . It is known [21] that L can be realized
as

L =

{(
x,
∂S

∂x

) ∣∣∣(x, ζ) ∈ (∂S
∂ζ

)−1

(0)

}
,

where S : M × Rm → R is a smooth function fiberwise quadratic outside a
compact set. Using that result, Viterbo [38] defined symplectic invariants
of L associated to a homology classes of a base M in a following way. For
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a class a ∈ H∗(N) denote by Ta its lift to H∗(S∞N , S
−∞
N ), where SN is the

restriction of S to N × Rm and S±∞N := S−1
N ((−∞, λ]) =: SλN for large λ.

Note that this makes sense since S is quadratic at infinity. Then one sets

c(a, S : N) := inf{λ|Ta ∈ Im(jλ∗ ) ⊂ H∗(S∞, S−∞)},(2)

where jλ∗ : H∗(SλN , S
−∞
N ) → H∗(S∞N , S

−∞
N ) is an obvious inclusion homo-

morphism. Viterbo proved that these invariants essentially depend only on
L, and not on S. Viterbo carried out the construction for N = M (which
generalizes easily to closed N ⊂ M) and for an arbitrary vector bundle
E → M . As Viterbo’s invariants do not change under a stabilization (i.e.,
replacing S : E → R by S ⊕ Q : E ⊕ F → R), it is enough to consider the
case E = M × Rm. We refer the reader to [38] for more details. For an
alternative construction via Morse homology see [25].

The natural question of the equality between the two invariants is raised
in [30]. In [26] we outlined a proof, constructing the invariants which in-
terpolate the above two. The main technical tool, which we omitted in [26]
was the construction of the interpolated Floer-Morse theory on T ∗(M×Rm)
with an arbitrary coefficient ring. The purpose of this paper is to give the
details of this construction. Another way of interpolating Floer and Morse
homologies for generating functions, in the caseM = N was given by Viterbo
in [39, 37].

The dependence of the above invariants on the subset N ⊂ M , in par-
ticular the continuity with respect to the C1-topology of submanifolds is
an interesting question, which was further studied by Kasturirangan and
Oh [18, 19]. Some applications to wave fronts and Hofer’s geometry are
given in [30].

At the end, we give an application of our result to Hofer’s geometry of
Lagrangian submanifolds.

2. Preliminaries and notation.

Let M be a compact smooth manifold and E := M × Rm. The cotangent
bundle T ∗E = T ∗M × Cm carries the natural symplectic structure ω ⊕ ω0.

For a fixed relatively compact open set K ⊂ E and a Riemannian metric
gM on M we denote

GgM⊕g0 := the set of metrics on E
which coincide with gM ⊕ g0 outside K,

where g0 is a standard Euclidean metric on Rm. For a given non-degenerate
fiberwise quadratic form Q on E, we denote by S(E,Q) the set of all smooth
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functions S : E → R such that S = Q outside K and
∞∑
k=0

εk‖S −Q‖Ck <∞(3)

for some sequence εk of positive real numbers.
Similarly, let H(E) denote the set of smooth functions H : T ∗E× [0, 1] →

R such that outside K

H(x, ξ) = H1 ⊕H2(x, ξ) := H1(x) +H2(ξ)

for some compactly supported functions H1 : T ∗M → R and H2 : Cm → R
and

∞∑
k=0

εk‖H‖Ck <∞.(4)

Equipped with norms (3) and (4) the spaces

S(E,Q) −Q := {S −Q | S ∈ S(E,Q)}
and H(E) become separable Banach spaces which are (for suitably chosen
sequence εk) dense in L2(E) and L2(T ∗E) (see [11]).

For a closed submanifold N ⊂M and a function S ∈ S(E,Q) we define the
space of paths

Ω(S;N) := {Γ : [0, 1] → T ∗E | Γ(0) ∈ Graph(dS), Γ(1) ∈ ν∗(N × Rm)},
and

Ppk:loc(S;N) := {U : R → Ω(S;N) | U ∈W k,p
loc (R× [0, 1], T ∗E)}.

After restricting AH to Ω(S;N), for a given path Γ := (γ, z) : [0, 1] → T ∗E
and a pair (H,S) ∈ H(E)× S(E,Q) the first variation formula gives

dAH(Γ)η =
∫ 1

0

[
ω

(
dγ

dt
, η

)
− dH(γ(t), t)η

]
dt− θη(0)

=
∫ 1

0

[
ω

(
dγ

dt
, η

)
− dH(γ(t), t)η

]
dt− dS(π(Γ(0)))Tπ(η(0)),

where π : T ∗E → E is the natural projection. Therefore, to get a good
variational problem, we set

A(H,S)(Γ) = AH(Γ) + S(π(Γ(0)))

(c.f. [30]). Straightforward computation yields:

dA(H,S)(Γ)η

=
∫ 1

0
[(ω ⊕ ω0)(Γ̇, η)− dH(Γ)η]dt

+ 〈Γ(1), Tπ(η(1))〉 − 〈Γ(0), Tπ(η(0))〉+ dS(π(Γ(0)))Tπ(η(0)).
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After restricting to Ω(S;N)

dA(H,S)(Γ)η =
∫ 1

0
[(ω ⊕ ω0)(Γ̇, η)− dH(Γ)η]dt.(5)

Hence, the critical points Γ := (γ, z) : [0, 1] → T ∗E of A(H,S) on Ω(S;N)
are the solutions of 

Γ̇ = XH(Γ)
(γ(0), z(0)) ∈ Graph(dS)
γ(1) ∈ ν∗N, z(1) ∈ oRm .

(6)

Note that Γ 7→ Γ(1) establishes the one-to-one correspondence

Crit(AH) = {Γ : [0, 1] → T ∗E | Γ satisfies (6)}
∼= φH1 (Graph(dS)) ∩ ν∗(N × Rm).

For a given Riemannian metric gM on M , we denote by JgM the almost
complex structure which satisfies the following conditions:

1) JgM is compatible with the canonical symplectic structure ω on T ∗M .
2) JgM maps the vertical tangent vectors to the horizontal vectors with

respect to the Levi-Civita connection of gM .
3) On the zero section oM ⊂ T ∗M JgM assigns to each vector v ∈ TqM

the cotangent vector JgM (v) = gM (v, .) with obvious identifications.

Denote by jcω(M) the set of ω-compatible almost complex structures which
coincide with JgM outside a compact set in T ∗M , and by J c

ω(M) the set of
smooth paths Jt : [0, 1] → jcω(M).

For a path {Jt} ∈ J c
ω(M), the family of product almost complex struc-

tures

J ⊕ i := {Jt ⊕ i}0≤t≤1

is compatible with the product symplectic structure ω⊕ω0 on T ∗E = T ∗M×
Cm. Denote by J c

ω(E) the set of almost complex structures on T ∗E which
coincide with product structure JgM ⊕i outside a compact set. Those almost
complex structures induce the family of metrics

〈η1, η2〉Jt := ω ⊕ ω0(η1, Jtη2)

and hence an L2-type metric

〈〈η1, η2〉〉J :=
∫ 1

0
〈η1(t), η2(t)〉Jtdt

on Ω(S;N).
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In terms of metric 〈〈., .〉〉J the gradient flow U := (u, v) ∈ Ppk:loc(S;N) of
A(H,S) restricted to Ω(S;N) satisfies

∂J,HU := ∂U
∂τ + J

(
∂U
∂t −XH(U)

)
= 0

(u(τ, 0), v(τ, 0)) ∈ Graph(dS)
u(τ, 1) ∈ ν∗N, v(τ, 1) ∈ oRm .

(7)

Denote by CF (H,S : N) the set of critical points of A(H,S)|Ω(S;N). Then

CF (H,S : N) = {Γ = (γ, z) | Γ satisfies (6)}.

The set of critical values of A(H,S) in R

Spec(H,S : N) := A(H,S)(CF (H,S : N))

is called the action spectrum of A(H,S).
In the construction of Floer homology we will impose on the functions in

S(E,Q) the generic transversality condition

Graph(dS) t (φH1 )−1(ν∗N × Rm).(8)

Under assumption (8), the sets CF (H,S : N) and Spec(H,S : N) are finite.
In the general case, we have the following lemma, which describes the size
of set Spec(H,S : N). Similar results were established in [17, 30].

Lemma 1. The action spectrum Spec(H,S : N) is a compact nowhere
dense subset of R.

Proof. For the smooth function

f : ν∗N × oRm → R

f(x) = A(H,S)(φ
H
t ◦ (φH1 )−1(x))

we have, by (5)

df(x) = −θ((φH1 )−1(x))T (φH1 )−1(x) + dS(π(φH1 )−1(x))TπT (φH1 )−1(x)

and thus the set Spec(H,S : N) is contained in the set of critical values of
f . The latter is nowhere dense in R by the classical Sard’s theorem.

Since H = H1 ⊕ H2 and Graph(dS) = oM × Graph(dQ) outside some
compact subset K ⊂ T ∗E and supp(Hi) ⊂ Ki, i ∈ {1, 2} for some compact
subsets K1 ⊂ T ∗M and K2 ⊂ Cm, it follows that for x = (x1, x2) ∈ ν∗N ×
oRm outside K0 :=

⋃
t∈[0,1] φ

H1⊕H2
t ◦ (φH1⊕H2

1 )−1(K)

f(x) = g1(x1) + g2(x2),

where
g1 : ν∗N → R, g1(x1) = AH1(φ

H1
t ◦ (φH1

1 )−1(x1))

g2 : oRm → R, g2(x2) = AH2(φ
H2
t ◦ (φH2

1 )−1(x2)) +Q(πCm((φH2
1 )−1(x2))).
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Here πCm : Cm → Rm denotes the natural projection. Denote K̃0 := K0 ∩
ν∗N × oRm , K̃1 := K1 ∩ ν∗N , K̃2 := K2 ∩ oRm . Since g1 ≡ 0 outside K̃1 and
g2 ≡ 0 outside K̃2, all critical points of g are contained in the compact set

B = g(K̃0) ∪
(
g1(K̃1) + g2(K̃2)

)
∪ {0}.

Hence Spec(H,S : N) is compact as a closed subset of a compact set B. �

Let CF∗(H,S : N) denote the free abelian group generated by CF (H,S :
N) and CF ∗(H,S : N) := Hom(CF∗(H,S : N),Z). Further, denote by
M(J,H,S)(N : E) the set of solutions of (7) with finite energy, i.e., of those
which satisfy the condition:

E(U) :=
∫ +∞

−∞

∫ 1

0

(∣∣∣∣∂U∂τ
∣∣∣∣2
J

+
∣∣∣∣∂U∂t −XH(U)

∣∣∣∣2
J

)
dtdτ <∞.(9)

More generally, consider the τ -dependent families

Sαβ := Sαβτ ∈ S(E,Q), H
αβ := Hαβ

τ ∈ H(E), Jαβ := Jαβτ ∈ J c
ω(E),

such that for some R > 0 and τ < −R
Sαβτ ≡ Sα, Hαβ

τ ≡ Hα, Jαβτ ≡ Jα,

for some fixed Sα, Hα, Jα and, similarly,

Sαβτ ≡ Sβ , Hαβ
τ ≡ Hβ , Jαβτ ≡ Jβ,

for τ > R and Sβ, Hβ , Jβ fixed. Denote the sets of all such homotopies by

H(E), S(E,Q), J
c
ω(E).

We define M(Jαβ ,Hαβ ,Sαβ)(N : E) as the set of solutions of
∂Jαβ ,Hτ

U := ∂U
∂τ + Jαβ

(
∂U
∂t −XHαβ (U)

)
= 0

(u(τ, 0), v(τ, 0)) ∈ Graph(dSαβ)

u(τ, 1) ∈ ν∗N, v(τ, 1) ∈ omR

(10)

which satisfy

E(U) :=
∫ +∞

−∞

∫ 1

0

(∣∣∣∣∂U∂τ
∣∣∣∣2
Jαβ

+
∣∣∣∣∂U∂t −XHαβ (U)

∣∣∣∣2
Jαβ

)
dtdτ <∞.(11)

It is a standard result in elliptic regularity theory that the solutions of (10)
are smooth.

Finally, for two solutions x, y of (6) we denote by M(J,H,S)(x, y) the set
of solutions U of (7) such that

lim
τ→∞

U(τ, t) = x(t),

lim
τ→−∞

U(τ, t) = y(t).
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In an analogous way, we define M(Jαβ ,Hαβ ,Sαβ)(xα, xβ) to be the set of so-
lutions U of Equation (10) such that

lim
τ→−∞

U(τ, t) = xα(t)

lim
τ→∞

U(τ, t) = xβ(t),

where 
ẋα = XHα(xα)
xα(0) ∈ Graph(dSα)
xα ∈ ν∗N × oRm


ẋβ = XHβ (xβ)
xβ(0) ∈ Graph(dSβ)
xβ(1) ∈ ν∗N × oRm .

(12)

3. C0-estimates.

In this section we will prove that the solutions of (7) and (10) remain in a
compact neighborhood of zero-section. The essential ingredient of the proof
is the version of maximum principle which states that a J-holomorphic curve
cannot touch certain kind of hypersurfaces.

3.1. Contact type hypersurfaces.

Definition 2 ([40]). A smooth hypersurface ∆ in a symplectic manifold
(V, ω) is said to be of a contact type if there exists a vector field X defined
in a neighborhood U of ∆ and transversal to ∆ such that d(Xcω) = ω in
U . Such vector field is called conformal.

It is easy to see that % := Xcω defines a contact structure ζ := Ker (%)
on ∆.

Definition 3 ([7]). Let ∆ be an oriented hypersurface in an almost complex
manifold (V, J) and ζq the maximal J-invariant subspace of Tq∆. Then ∆
is called J-convex if for some (and hence any) defining 1-form % for ζq we
have d%(Y, JY ) > 0 for all non-zero vectors Y ∈ ζq.

For a contact type hypersurface ∆ in symplectic manifold (V, ω) there
exist an ω-compatible almost complex structure J such that ∆ is J-convex.

Example 4. The sphere S2n−1 ⊂ Cn is an i-convex hypersurface.

Example 5. Let Jg be an almost complex structure on T ∗M defined in
Section 2 and ‖ · ‖g the fiberwise norm induced by g. Then the hypersurface

∆ := {p ∈ T ∗M | ‖p‖g = 1}
is Jg-convex.

For the sake of completeness we give the proof of the following version of
the maximum principle for subharmonic functions (c.f., [23, 30]).
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Lemma 6. Let u : D → V be a J-holomorphic disc in an almost complex
manifold V and ∆ ⊂ V a J-convex hypersurface. Then u(D) cannot be
tangent to ∆.

Proof. Suppose that Im(D) is tangent to ∆ at the point u(z), for some
z ∈ D. Since u is J-holomorphic, u∗(TzD) ⊂ ζu(z) for ζ as in Definition 3.
Assume that ∆ = f−1(0) for some f : V → R.

We first prove that f ◦ u : D → R is subharmonic near z, or, equivalently
(see [7]) that a two-form di∗d(f ◦ u) is positive definite in a neighborhood
of z. Here i∗ : T ∗D → T ∗D is the operator adjoint to i : TD → TD,
η 7→

√
−1η.

Choose Y ∈ ζu(z). Then, according to Definition 3, JY ∈ ζu(z) and thus
J∗df(Y ) := df(JY ) = 0. Therefore,

J∗df |∆ = µ%|∆ + λdf |∆
for % as in Definition 2 and for some µ : V → (0,+∞) and λ : V → R.
Hence

dJ∗df |ζu(z)
= dµ ∧ %|ζu(z)

+ µd%|ζu(z)
+ dλ ∧ df |ζu(z)

= µd%|ζu(z).

Since u is J-holomorphic, i∗u∗ = u∗J∗ and thus

di∗d(f ◦ u) = u∗dJ∗df

= u∗(µd%) at u(z)
= (µd%)u∗.

Since u∗(TzD) ∈ ζu(z), and since d%|ζu(z) is positive definite (by Definition 3),
two-form di∗d(f ◦u) is positive definite near z. Hence, f ◦u is subharmonic.

Now, we finish the proof arguing indirectly. Suppose that Image (D) is
tangent to ∆. Then f ◦u attains its maximum at z. If z is an interior point
in D it contradicts the maximum principle for subharmonic functions. If
z ∈ ∂D then

d

dt
|t=1((f ◦ u)(tz)) = 0

which contradicts Hopf lemma (see [32]). �

3.2. The structure of the space of trajectories.
In this section we prove the following analogue of well-known Floer’s

theorem (see [11, 15, 35]).

Proposition 7. If U := (u, v) is a solution of Equation (10) which satisfies
the condition (11), then there exist the limits

xα(t) = lim
τ→−∞

U(τ, t)
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and
xβ(t) = lim

τ→∞
U(τ, t).

Moreover, xα and xβ are solutions of Equation (12) and hence

M(Jαβ ,Hαβ ,Sαβ)(N : E) =
⋃
xα,xβ

M(Jαβ ,Hαβ ,Sαβ)(x
α, xβ).

Proof. Choose a sequence τk → −∞, and consider the sequence Uk :=
U(τk, t). We claim that Uk is bounded in W 1,2([0, 1], T ∗E).

By assumption (11) we have∫ 1

0

∣∣∣∣∂U∂t (τk, t)−XHα(U(τk, t))
∣∣∣∣2 dt→ 0, as k →∞.(13)

Therefore, it remains to prove L2-estimate. We will prove that Uk(t) is
contained in a compact subset of T ∗E. We embed T ∗E properly in Rp and
denote by | · | the standard Euclidean norm on Rp. Assume first that

lim
k→∞

|Uk(1)| = ∞.(14)

Recall that Sαβ ≡ Q outside a compact set K ⊂ E. By compactness of K
and (14) we have

lim
k→∞

dist(Uk(1),Graph(dSαβ |K)) = ∞.(15)

Since
Uk(1) := (uk(1), vk(1)) ∈ ν∗N × oRm

and
Graph(dSαβ |E\K) ∼= oM ×Graph(dQ),

(14) implies

lim
k→∞

[dist(Uk(1),Graph(dSαβ |E\K))]2 = lim
k→∞

[dist(uk(1), oM )]2

+ lim
k→∞

[dist(vk(1),Graph(dQ))]2

= ∞.(16)

Therefore, from (15) and (16) we get

lim
k→∞

dist(Uk(1),Graph(dSαβ)) = ∞.(17)

Since Uk(0) ∈ Graph(dSαβ) (17) gives

lim
k→∞

|Uk(1)− Uk(0)| = ∞.(18)
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However

|Uk(1)− Uk(0)| =
∣∣∣∣∫ 1

0

dUk
dt

dt

∣∣∣∣
≤

(∫ 1

0

∣∣∣∣dUkdt
∣∣∣∣2 dt

) 1
2

< C

by (13), which contradicts (18). Therefore, there exists a compact set K1 ⊂
T ∗E such that

Uk(1) ∈ K1 for all k.(19)

Assume now that there exist a sequence tk ∈ [0, 1] such that |Uk(tk)| is
unbounded. By (19) that means

lim
k→∞

|Uk(1)− Uk(tk)| = ∞(20)

for some subsequence (denoted again by) Uk. Then, by the same argument
as above,

|Uk(1)− Uk(0)| ≤

(∫ tk

0

∣∣∣∣dUkdt
∣∣∣∣2 dt

) 1
2

< C

which contradicts (20). Therefore, Uk is C0 (and hence L2) bounded.
Hence we deduce that Uk is bounded in W 1,2([0, 1], T ∗E). Therefore, by

Rellich Theorem,

Uk(t) → xα(t) as k →∞ (in L2).

Moreover, since dUk
dt is L2-bounded (by (13)), the family Uk is equicontinuous

and thus, by Arzelà-Ascoli Theorem

Uk(t) → xα(t) as k →∞ (in C0).

From (13) we conclude that xα is a (weak) solution of Equation (6). Smooth-
ness of xα follows from the smoothness of XHα . Since this is true for every
sequence τk, it is easy to see that

lim
τ→−∞

U(τ, t) = xα(t).

The case τ →∞ is treated analogously. �

Remark 8. The converse of previous proposition also holds: If U is a solu-
tion of Equation (10) which satisfies (13) then U is bounded in sense of (11).
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Indeed, in that case

1
2
E(U) =

1
2

∫ +∞

−∞

∫ 1

0

(∣∣∣∣∂U∂τ
∣∣∣∣2
Jαβ

τ

+
∣∣∣∣∂U∂t −X

Hαβ
τ

(U)
∣∣∣∣2
Jαβ

τ

)
dtdτ

=
∫ +∞

−∞

∫ 1

0

〈
∂U

∂τ
,
∂U

∂t
−X

Hαβ
τ

〉
Jαβ

τ

dtdτ

= A(Hβ ,Sβ)(x
β)−A(Hα,Sα)(x

α)−
∫ +∞

−∞

∫ 1

0

∂Hαβ
τ

∂τ
dtdτ

< +∞.

3.3. The image of the evaluation map.
In this section we prove the C0 estimate necessary for defining Floer ho-

mology on a non-compact manifold (see [8, 15, 30] for similar propositions).
In fact, we will prove that the image of the evaluation map

ev : MJαβ ,Hαβ ,Sαβ (N : E)× [0, 1]× R → T ∗E

defined by
ev(U, τ, t) := U(τ, t)

is bounded.

Proposition 9. Consider a family of parameters (Jαβ ,Hαβ , Sαβ) chosen
as in Section 2, so that there exist a compact set K ⊂ T ∗E such that

Hαβ ≡ Hαβ
1 ⊕Hαβ

2 , Jαβ ≡ Jg ⊕ i outside K

and
Sαβ ≡ Q outside π(K),

where π : T ∗E → E is the natural projection. Then there exists a compact
set K0 ⊃ K, depending on (Jαβ ,Hαβ , Sαβ), such that

ev(MJαβ ,Hαβ ,Sαβ (N : E)) ⊂ K0.

Proof. Let K0 ⊃ K be a compact subset of T ∗E such that

Graph(dSαβ |π(K)) ⊂ K0

and
π1(K0) ⊃ supp(H1), π2(K0) ⊃ supp(H2)

where
π1 : T ∗E ∼= T ∗M × Cm → T ∗M, π2 : T ∗E → Cm

are natural projections. It is clear that outside K0 Equation (10) splits onto
∂Jgu− JgXHαβ

1
(u) = 0

u(τ, 0) ∈ oM
u(τ, 1) ∈ ν∗N


∂v − iX

Hαβ
2

(v) = 0

v(τ, 0) ∈ Graph(dQ)
v(τ, 1) ∈ oRm .

(21)
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Let U := (u, v) be a solution of (21) outside K0. Assume

π1(K0) ⊂ DR0 := {(q, p) ∈ T ∗M | ‖p‖g < R0}.
Let

R1 := sup

{∥∥∥∥∂Sαβ∂q
(e)
∥∥∥∥
g

| e ∈ E

}
.

Note that R1 is finite since Sαβ(q, ξ) = Q(ξ)
(
and hence ∂Sαβ

∂q ≡ 0
)

outside
a compact set. Set

R2 := sup

{
sup
t∈[0,1]

‖y(t)‖g | x := (y, z) solves (12)

}
.

Since Hαβ
1 ≡ 0 outside π1(K0) and Hαβ = Hαβ

1 ⊕ Hαβ
2 , Graph(dSαβ) =

Graph(dQ) outside K0 it follows that

max{R1, R2} ≤ R0.

We will first prove that

R3(u) := sup
(τ,t)∈R×[0,1]

‖u(τ, t)‖g < R0.

Arguing indirectly, assume that

R3(u) > Rk for i ∈ {0, 1, 2}.(22)

Then u component of Equation (21) outside the set {(q, p) ∈ T ∗M | ‖p‖g
≤ R0} becomes

∂Ju = 0,
i.e., u is J-holomorphic. Denote

∆ := {(q, p) ∈ T ∗M | ‖p‖g = R3(u)}.
By Example 5 ∆ is Jg-convex. Choose T ∈ R such that

sup
|τ |>T

sup
0≤t≤1

‖u(τ, t)‖g < R3(u).

Since max ‖u(τ, 0)‖ ≤ R1 it follows from (22) that max ‖u(τ, t)‖ is achieved
at some point (τ0, t0) ∈ [−T, T ]× (0, 1] and there exists a neighborhood Bε
of (τ0, t0) such that u|Bε is a Jg-holomorphic disc.

If (τ0, t0) is an interior point of (0, 1)× (−T, T ), then u(Bε) is tangent to
the Jg-convex hypersurface ∆, which is, by Lemma 6, a contradiction.

Therefore, assume that t0 = 1. Then u(τ, 1) is a curve tangent to ∆
at τ0. But, since u(τ, 1) ∈ ν∗N and ν∗N is Lagrangian, J d

dτ u(τ, 1) must
be perpendicular to ν∗N . In particular, it is perpendicular to the confor-
mal vector field ∂

∂r ∈ Tν
∗N (see Definition 2 and Definition 3). Therefore,

J d
dτ u(τ, 1) ∈ T∆, and hence u(Bε) is tangent to ∆, which is again a contra-

diction by Lemma 6.
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Consider now π2 : T ∗E ∼= T ∗M × Cm → Cm and assume that

π2(K0) ⊂M ×B(0, R4),

where B(0, R4) is the standard Euclidean ball of radius R4 in Rm. If

R5 := sup

{
sup
t∈[0,1]

|z(t)| | x := (y, z) solves (12)

}
,

where | · | is the standard Euclidean norm on Cm then R5 ≤ R4. Now

sup
(τ,t)∈R×[0,1]

|v(τ, t)| < R4.

Indeed, arguing as above, we rule out the interior points easily. For the
boundary points, we use the fact that the radial vector field ∂

∂ρ ∈ TCm

is tangent to both Graph(dQ) and oRm and perpendicular to the standard
Euclidean sphere in Rm. Assume that sup |v| was achieved at some point
(τ0, t0), for t0 = 0 or 1. Then the curve v(τ, t0) is tangent to S2m−1 at τ0 and
perpendicular to the radial vector field ∂

∂ρ ∈ TRm. Since both Graph(dQ)
and oRm are Lagrangian, i ddτ v(τ, t0)|τ0 is also perpendicular to ∂

∂ρ , i.e., tan-
gent to S2m−1. Since S2m−1 is i-convex (see Example 4), this again contra-
dicts Lemma 6. �

Once we have established C0 estimates, the standard compactness result
follows as in [12, 11, 28, 35]:

Proposition 10. For any sequence Uk ∈M(Jαβ ,Hαβ ,Sαβ)(xα, xβ) there exist
a subsequence (denoted by Uk again), sequences τ jk ∈ R (0 ≤ j ≤ l) and an
integer s (0 ≤ s ≤ l) such that

1) for 0 ≤ j ≤ s − 1 Uk(τ + τ jk) and all its derivatives converge uni-
formly on compact sets to U j ∈ M(Jβ ,Hβ ,Sβ)(xj , xj−1), where xj are
the solutions of Equation (12) and x0 = xβ,

2) Uk(τ + τ sk) and all its derivatives converge uniformly on compact sets
to U j ∈ M(Jαβ ,Hαβ ,Sαβ)(xs, xs−1), where xs is the solutions of Equa-
tion (12),

3) for s+1 ≤ j ≤ l Uk(τ+τ
j
k) and all its derivatives converge uniformly on

compact sets to U j ∈M(Jα,Hα,Sα)(xj , xj−1),where xj are the solutions
of Equation (12) and xl = xα.

The complementary concept to the compactness property of Proposi-
tion 10 is the gluing construction. It is now standard (see [12, 22]) and
can be summarized in the following

Proposition 11. For any pair of trajectories

(Uα, Uαβ) ∈M(Jα,Hα,Sα)(x
α, yα)×M(Jαβ ,Hαβ ,Sαβ)(y

α, zβ)
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there exists a sequence Uk ∈ M(Jαβ ,Hαβ ,Sαβ)(xα, zβ) converging to (U1, U2)
in the sense of Proposition 10.

4. Fredholm theory.

Assume that H ∈ H(E) and S ∈ S(E,Q) are chosen as in (8), i.e., assume
that Graph(dS) intersects (φH1 )−1(ν∗N × oRm) transversely. Then, for each
two solutions x, y of Equation (6) there exist a smooth Banach manifold

Ppk(x, y) ⊂ Ppk:loc(x, y) := {U ∈ Ppk:loc(S;N) | lim
τ→−∞

U = x, lim
τ→∞

U = y}

such that (7) defines a smooth Fredholm section

∂J,H : Ppk(x, y) → L,(23)

where L is a smooth Banach bundle over Ppk(x, y) with fibers

LU = W k−1,p(R× [0, 1], U∗T (T ∗E)).

The linearization of ∂J,H at U ∈M(J,H,S)(x, y) is a Fredholm operator

EU := D(∂J,H) : TUPpk(x, y) → LU ,(24)

EUξ = ∇τξ + J(U)∇tξ +∇ξJ(U)
∂U

∂t
+∇ξ∇H(t, U)

where ∇τ , ∇t, ∇ξ denote the covariant derivative with respect to Levi-
Civita connection associated to metric ω(·, J ·) and TUPpk(x, y) is the set of
all ξ ∈ W k,p(R × [0, 1], U∗T (T ∗E)) such that ξ(τ, 0) ∈ T (Graph(dS)) and
ξ(τ, 1) ∈ T (ν∗(N × oRm)). Furthermore, for fixed J and S,

F : (U,H) := (u, v,H) 7→ ∂J,HU

defines a smooth section of the Banach bundle

L → Ppk(x, y)×H(E)

transversal to the zero section. Hence, F−1(0) is a (Banach) manifold. The
projection

Π : F−1(0) → H(E)

(U,H) 7→ H

is a Fredholm map. The point U ∈ M(J,H,S)(x, y) is a regular point of
Section (23) if and only if (U,H) ∈ F−1(0) is a regular point of Π. Hence,
by Sard-Smale Theorem applied to Π, the set of points in H ∈ H(E) for
which Section (23) is regular is dense in H(E). Similarly, one can use J c

ω(E)
or S(E,Q) in place of H(E).

Indeed, Floer’s proof of the above statements in [11] (see also [28, 35])
carries over in our situation with slight modifications. Hence we have the
following
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Proposition 12. Let N and Q be fixed as in Section 2. Then there exists
a dense set

(J c
ω(E)× S(E,Q) ×H(E))reg ⊂ J c

ω(E)× S(E,Q) ×H(E)

such that for every (J, S,H) ∈ (J c
ω(E)×S(E,Q)×H(E))reg the linearization of

Section (23) at U ∈ M(J,H,S)(N : E) is onto. Consequently, for (J, S,H) ∈
(J c

ω(E) × S(E,Q) × H(E))reg M(J,H,S)(x, y) is a smooth finite dimensional
manifold.

Similarly, we have the parameterized version of Proposition 12 (see [9,
11]):

Proposition 13. Let N and Q be fixed as in Proposition 12, and

(Jα, Sα,Hα), (Jβ, Sβ,Hβ) ∈ (J c
ω(E)× S(E,Q) ×H(E))reg.

Then there exists a dense subset (J c
ω(E)×S(E,Q) ×H(E))reg in a set of all

homotopies J c
ω(E)× S(E,Q) ×H(E) defined in Section 2 such that for

(Jαβ , Sαβ ,Hαβ) ∈ (J c
ω(E)× S(E,Q) ×H(E))reg

Equation (10) defines a smooth Fredholm section

(∂J,H , ∂) : Ppk(x
α, xβ) → L,(25)

on a smooth Banach bundle L over Ppk(x
α, xβ) ⊂ Ppk:loc(x

α, xβ), where

Ppk:loc(x
α, xβ) := {U ∈ Ppk:loc(S;N) | lim

τ→−∞
U = xα lim

τ→∞
U = xβ},

which is regular at any U ∈M(Jαβ ,Hαβ ,Sαβ)(xα, xβ)

Example 14. The case S = S1 ⊕ S2, H = H1 ⊕H2, J = J1 ⊕ J2.
Assume that S(q, ξ) = S1(q) + S2(ξ) and H(x, y) = H1(x) + H2(y). Then
Equations (6) and (7) split onto

γ̇ = XH1(γ)
γ(0) ∈ Graph(dS1)
γ(1) ∈ ν∗N


ż = XH2(z)
z(0) ∈ Graph(dS2)
z(1) ∈ oRm

and
∂u
∂τ + J1(∂u∂t −XH1(u)) = 0
u(τ, 0) ∈ Graph(dS1)
u(τ, 1) ∈ ν∗N


∂v
∂τ + J2(∂v∂t −XH2(u)) = 0
v(τ, 0) ∈ Graph(dS2)
v(τ, 1) ∈ oRm ,

and the linearization (24) splits onto

Eu⊕Ev : T(u,v)P
p
k((x1, x2), (y1, y2)) = TuPpk(x1, y1)⊕TvPpk(x2, y2) → Lu⊕Lv.

Hence, if H1 ∈ (H(M))reg and H2 ∈ (H(Rm))reg then H ∈ (H(M ×Rm))reg.
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Example 15. The case H ≡ 0.
In this case we have the Morse complex of S|N , which is regular for a dense
subset (S(E,Q))reg ∈ S(E,Q) (see Proposition 27).

In this section we will compute the Fredholm index of Sections (23)
and (25) in terms of Maslov indices of Hamiltonian paths xα and xβ. Next,
we relate this computation to the Morse index of S and give the groups
CF∗(H,S : N) canonical grading. The existence of such grading is estab-
lished in [10] and similar computations to ours are given for the case S ≡ 0,
m = 0 in [30] and for the periodic orbits problem in [6, 36].

4.1. The Maslov index.
Maslov index for paths of Lagrangian subspaces has been studied by sev-

eral authors (see [1, 3, 34, 33]). We will follow the notation and terminology
of [34] and [33]. Denote by Λ(k) the Lagrangian Grassmanian, i.e., the man-
ifold of Lagrangian subspaces in Ck. The Maslov index assigns to every pair
of paths

L,L′ : [0, 1] → Λ(k)
a half integer µ(L,L′) ∈ 1

2Z characterized by:

Naturality: For any path Ψ : [0, 1] → Sp (2k)

µ(Ψ(t)L(t),Ψ(t)L′(t)) = µ(L(t), L′(t)).

Homotopy: Two paths L, L′ : [0, 1] → Λ(k) with L(0) = L′(0) and
L(1) = L′(1) are homotopic with fixed endpoints if and only if they
have the same Maslov index.

Zero: If L(t) ∩ L′(t) is of constant dimension, then µ(L,L′) = 0.
Direct Sum: µ(L1 ⊕ L′1, L2 ⊕ L′2) = µ(L1, L2) + µ(L′1, L

′
2).

Catenation: For 0 < t0 < 1

µ(L,L′) = µ(L|[0,t0], L
′|[0,t0]) + µ(L|[t0,1], L

′|[t0,1]).

Localization: If L′(t) ≡ Rk × 0 and L(t) = Graph(A(t)) for a path

A : [0, 1] → End (Rk)

of symmetric matrices then

µ(L,L′) =
1
2

sign A(1)− 1
2

sign A(0).

The Maslov index of a symplectic path

Ψ : [0, 1] → Sp (k)

with respect to a fixed Lagrangian submanifold V ⊂ Ck (say V = 0 × Rk)
is defined by

µ(Ψ) := µ(ΨV, V ),
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or, equivalently, (see [33])

µ(Ψ) = µ(Graph(Ψ), V × V ).

Following [34], we consider the perturbed Cauchy-Riemann operator
∂J,T,Lζ := ∂ζ

∂τ + J ∂ζ∂t + Tζ

ζ : Rk × [0, 1] → Ck

(ζ(τ, 0), ζ(τ, 1)) ∈ Rk × L(τ) ⊂ Ck × Ck.

(26)

Here we assume that (c.f., [34, 30]):
1) L : R → Λ(k) is C1 and L(τ) = 0× Rk for large |τ |.
2) The almost complex structure J : R×[0, 1] → End (R2k) is compatible

with symplectic form ω0 = dx1 ∧ dy1 + · · · + dxk ∧ dyk on Ck and
independent of τ for |τ | large enough; J(±∞, t) = J±(t).

3) T : R × [0, 1] → End (R2k) is the continuous family of matrices such
that

lim
τ→±∞

sup
0≤t≤1

‖T (τ, t)− T±(t)‖ = 0(27)

for some paths T± : [0, 1] → End (Rk) of symmetric matrices.
4) If Ψ± : [0, 1] → Sp (2k) is a solution of

∂Ψ±

∂t
− J±(t)T±(t)Ψ± = 0, Ψ±(0) = Id(28)

then Ψ±(Rk) is transverse to 0× Rk.
We will need the following:

Proposition 16 ([34]). The operator

∂J,T,L : W 1,2
L → L2(R× [0, 1],Ck)

where

W 1,2
L := {ζ ∈W 1,2(R× [0, 1],Ck) | (ζ(τ, 0)), ζ(τ, 1) ∈ Rk × L(τ)}

is Fredholm with the index given by

Index(∂J,T,L) = −µ(Ψ−) + µ(Ψ+) + µ(∆,Rk × L(τ))

where ∆ is the diagonal in Ck × Ck.

Remark 17. The Proposition above has been proved in [34] under the
assumption J ≡ −i (i.e., for the operator ∂ instead of ∂). In index formula
in [34] the Maslov indices µ(Ψ±) appear with the opposite sign. Since the
change of variables t 7→ −t transforms the operator ∂ to ∂ and changes
the sign of Maslov index, these two difference give the index formula in
Proposition 16 if J ≡ i. The general case is an easy consequence of the
contractibility of set J c

ω0
of ω0-compatible almost complex structures in Ck

and the continuity of Fredholm index.
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4.2. The dimension of M(J,H,S)(N : E).
Our goal is to to assign the Maslov index to the Hamiltonian path

ż = XH(z)
z(0) ∈ Graph(dS)
z(1) ∈ ν∗(N × Rm).

(29)

However, in a manifold instead of a linear space the Maslov index of a
Hamiltonian path would depend on the choice of a trivialization of a tangent
bundle along that path. Hence, we have to choose some class of admissible
trivializations. In the case S ≡ 0, m = 0 this is done in [30] and we will
adapt that exposition to our situation. Let

ψt := (φH]π
∗S

t ◦ (φH]π
∗S

1 )−1) ◦ (φHt ◦ (φH1 )−1)−1

= φHt ◦ φπ
∗S
t ◦ (φH1 ◦ φπ∗S1 )−1 ◦ (φHt ◦ (φH1 )−1)−1

= φHt ◦ φπ
∗S
t ◦ (φπ

∗S
1 )−1 ◦ (φHt )−1.

The transformation

U(τ, t) 7→ Ũ := ψt(U(τ, t))(30)

transforms Equation (10) to
∂J̃ ,H]π∗SŨ = 0
Ũ(τ, 0) ∈ oM × Rm

Ũ(τ, 1) ∈ ν∗(N × Rm),
(31)

where J̃ = ψ∗t J , and (29) is equivalent to
ż = XH]π∗S(z)
z(0) ∈ oM×Rm

z(1) ∈ ν∗(N × Rm).
(32)

Hence, we will compute the dimension of M(Jαβ ,Hαβ ,Sαβ)(N : E) by com-
puting the dimension of the space of solutions of (31) and give the grading
to CF∗(H,S) by assigning the Maslov index to each solution of (32).

For given z, we choose the class T of trivializations

ϕ : z∗T (T ∗(E)) → [0, 1]× Cn+m

such that
ϕ(Hz(t)) ≡ Rn+m, ϕ(Fz(t)) ≡ iRn+m,

where Hz and Fz are horizontal and vertical subbundles with respect to
Levi-Civita connection on T ∗E. Note that T 6= ∅ since [0, 1] w ∗.

For ϕ ∈ T and a solution z of (32), we define the symplectic path

Ψz
ϕ(t) := ϕTψH]π

∗S
t (z(0))(ϕ)−1 : Cn+m → Cn+m.(33)

Then we have:
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Lemma 18 ([30]). If ϕ1, ϕ2 ∈ T then µ(Ψϕ1) = µ(Ψϕ2).

We give the groups CF∗(H,S : N) the grading by assigning to each
solution of (29) (i.e., the generator of CF∗(H,S : N)) the Maslov index of
the corresponding solution. More precisely, we have the following:

Definition 19. 1) We call the index of the solution of (32) with respect
to some (and thus any) trivialization ϕ ∈ T the Maslov index of a
solution z of (29) and denote it by µ(z).

2) We denote by CFp(H,S : N) the group generated by solutions z
of (29) with p = 1

2dim(N × Rm) − µ(z) and set CF p(H,S : N) :=
Hom(CFp(H,S : N),Z).

According to Theorem 2.4 in [33] p is an integer. We will see later (see
Remark 21) that it depends on the rank of the eigenbundle of Q (= S at
infinity) but not on the rank of E.

Consider the case H ≡ 0. Let SN : N → R be a Morse function and
let S : E → R be an extension of SN such that SN ◦ πN = S in a tubular
neighborhood πN : V → N × Rm of N × Rm ⊂ E. Let x ∈ N × Rm be a
critical point of SN . We identify the neighborhood of x in N ×Rm with Rl

and the neighborhood of x in E with Rl × Rn+m−l. In these coordinates

ψπ
∗S

t (q1, q2, p1, p2) = (q1, q2, p1 + dSN (q1), p2)

and

Tψπ
∗S

t (x) =


I 0 0 0
0 I 0 0

tD2S(x) 0 I 0
0 0 0 I

 .

Since Tψπ
∗S

t (x)(Rn+m × {0}) = Graph(tD2S), applying the localization
property of Maslov index to A(t) := tD2S(x) we get

µ(Tψπ
∗S

t (x)) =
1
2
signA(1)− 1

2
signA(0)(34)

=
1
2
signD2S(x)

=
1
2
signD2SN (q1)

= −mN
S (q1) +

1
2
dim(N × Rm),

where mN
S is the Morse index of SN . Therefore, in that case p is the Morse

index of SN .
Now we have the following analogue of Theorem 5.1 in [30]:

Proposition 20. For the regular choice of parameters,

dimM(Jαβ ,Hαβ ,Sαβ)(x
α, xβ) = −µ(xα) + µ(xβ).
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In particular, for H ≡ 0 and S as above

dimM(J,H,S)(x, y) = mN
S (x)−mN

S (y),

where mN
S is the Morse index of S|N .

Proof. Since

M(Jαβ ,Hαβ ,Sαβ)(x
α, xβ) = (∂Jαβ ,Hαβ )−1(0),

we have
dimM(Jαβ ,Hαβ ,Sαβ)(x

α, xβ) = Index(EU ),

where EU is the linearization of ∂Jαβ ,Hαβ at U ∈ M(Jαβ ,Hαβ ,Sαβ)(xα, xβ).
Since Index(EU ) depends only on the homotopy type of U , we can assume
that

U(−τ, t) = xα(t), and U(τ, t) = xβ(t) for τ ≥ τ0.

Choose a symplectic trivialization

ϕ : U∗T (T ∗E) → R× [0, 1]× Cn+m

such that
ϕ(HU(τ,t)) ≡ Rn+m, ϕ(FU(τ,t)) ≡ iRn+m.

The same computation as in Theorem 5.3 [36] shows that

ϕEUϕ
−1 = ∂J0,T,L + compact perturbation,

where ∂J0,T,L is the operator (26) with J0 = ϕ∗J , L(τ) = ϕ(T (ν∗N × oRm))
and T satisfies (27) and (28) with

Ψ+ := Ψxβ

ϕ , Ψ− := Ψxα

ϕ

(see (33)). Since a compact perturbation does not change Fredholm index,
we have

Index(EU ) = Index(∂J0,T,L)

= −µ(xα) + µ(xβ) + µ(∆,Rn+m × L(τ))

by Proposition 16. Since the trivialization ϕ is chosen so that dim(∆ ∩
Rn+m × L(τ)) is constant, by zero axiom we have

Index(EU ) = −µ(xα) + µ(xβ).

This proves the first statement. The second statement follows from the first
one and (34). �

Remark 21. Let H = H1 ⊕ 0 for some compactly supported Hamiltonian
H1 : T ∗M → R and S(q, ξ) = Q(ξ). Then the grading by p = 1

2dim(N ×
Rm)− µ(z) does not depend on a fiber dimension m but only on the index
of Q. Indeed, consider the stabilization

Q̃ : E × Rm1 → R, Q̃ = Q⊕Q0
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for some quadratic form Q0 : Rm1 → R with zero index. The critical
points of A(H1⊕0,Q̃) are of the form (z, 0) : [0, 1] → T ∗E × Cm1 , where
z : [0, 1] → T ∗E is the critical point of A(H1⊕0,Q). Let ϕ := (ϕ1, ϕ2) ∈ T be
a trivialization of T ∗E × Cm1 . By Direct Sum Axiom

1
2
dim(N × Rm+m1)− µ(z, 0)

=
1
2
(dim(N) +m+m1)− µ(Ψz

ϕ1
⊕Ψ0

ϕ2
)

=
1
2
(dim(N) +m+m1)− µ(Ψz

ϕ1
)− µ(Ψ0

ϕ2
)

=
1
2
(dim(N) +m+m1)− µ(z)

−
(
−Index(Q0) +

1
2
m1

)
(by (34))

=
1
2
dim(N × Rm)− µ(z).

4.3. Orientation.
In order to define Floer homology for arbitrary coefficients we need the

orientation of manifolds M(J,H,S) and M(Jαβ ,Hαβ ,Sαβ). Contrary to the case
of holomorphic spheres or cylinders (see [14], [24]), manifolds of holomorphic
discs with Lagrangian boundary conditions need not to be orientable in
general. However, in case of cotangent bundle such manifold are orientable
under the boundary conditions of a conormal type. More precisely, we have
the following:

Proposition 22 ([30]). For each (Jαβ ,Hαβ , Sαβ) ∈ (J c
ω(E) × H(E) ×

S(E,Q))reg and each xα, xβ the determinant bundle

Det →M(Jαβ ,Hαβ ,Sαβ)(x
α, xβ)

is trivial. Hence, the manifold M(Jαβ ,Hαβ ,Sαβ)(xα, xβ) is oriented. More-
over, there exists a coherent orientation in the sense of Definition 11 in [14]
of all M(J,H,S) and M(Jαβ ,Hαβ ,Sαβ) in each isotopy class of (J,H, S).

Remark 23. In [30] the proof Proposition 22 is carried out for the case
S ≡ 0. The general case follows from the fact that the transformation (30)
defines a diffeomorphism

M(J,H,S)(x, y)
∼=→M(J̃ ,H]π∗S,0)(x̃, ỹ).

Hence the orientation onM(J̃ ,H]π∗S,0)(x̃, ỹ) induces the pull-back orientation
on M(J,H,S)(x, y).



392 DARKO MILINKOVIĆ

Remark 24. In Section 5.2 we will prove that in the case H ≡ 0 for a
suitable choice of a J, S, g there exists a diffeomorphism

MFloer
(J,0,S)(x, y) ∼= MMorse

(S,g) (x, y)

for x, y ∈ Graph(dS) ∩ ν∗(N × Rm) ∼= Crit(S|N×Rm). We will choose the
orientations of M(J,0,S)(x, y) and M(S,g)(x, y) so that this diffeomorphism
is orientation preserving.

The one dimensional components of M(J,H,S) and M(Jαβ ,Hαβ ,Sαβ) carry
two orientations: one given in Proposition 22 and another given by orienting
each trajectory in the direction of ∂U

∂τ . Define

n(U) =

{
1 if these two orientations coincide

−1 otherwise.

Coherent (compatible with gluing) definition of orientation in Proposition 22
has the following consequence:

Lemma 25. If (U1, V1), (U2, V2) ∈ M(J,H,S)(x, y) ×M(J,H,S)(y, z) are two
ends of the component of M(J,H,S)(x, z) (in sense of Propositions 10), then

n(U1)n(V1) + n(U2)n(V2) = 0.

�

Similar statement is true in parameterized version. The proof follows the
same lines as the proof of analogous statements in [12, 14, 15].

5. Floer homology.

5.1. Construction.
For x ∈ CFp(H,S : N) and y ∈ CFp−1(H,S : N) we define n(x, y) to be

the number of points in (zero dimensional) manifold

M̂(J,H,S)(N : E) := M(J,H,S)(N : E)/R
counted by their orientations, i.e.,

n(x, y) =
∑
U

n(U),

where n(U) is defined in Section 4.3. Here R acts on M(J,H,S)(N : E) in a
standard way, by the translation in τ -variable.

According to Propositions 12, 13 and 10 for (J,H, S) in a dense subset

(J c
ω(E)×H(E)× S(E,Q))reg ⊂ J c

ω(E)×H(E)× S(E,Q)

the number n(x, y) is finite.
The following proposition is a reformulation of the result proved in [12]

and [28] for the compact case.
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Theorem 26.
(1) For (J,H, S) ∈ (J c

ω(E)×H(E)× S(E,Q))reg the homomorphisms

∂ : CFp(H,S : N) → CFp−1(H,S : N)

∂x =
∑
y

n(x, y)y

and

δ := Hom(∂) : CF p(H,S : N) → CF p+1(H,S : N)

satisfy
∂ ◦ ∂ = 0, δ ◦ δ = 0.

We define

HFp(J,H, S;N : E) := Ker∂/Im∂

and
HF p(J,H, S;N : E) := Kerδ/Imδ.

(2) For two given parameters

(Jα,Hα, Sα), (Jβ,Hβ, Sβ) ∈ (J c
ω(E)×H(E)× S(E,Q))reg,

there exist canonical isomorphisms

hαβ : HFp(Jα,Hα, Sα;N : E) → HFp(Jβ,Hβ , Sβ ;N : E)

and

hαβ : HF p(Jα,Hα, Sα;N : E) → HF p(Jβ,Hβ , Sβ ;N : E)

which satisfy
(i) hγβ ◦ hβα = hγα
(ii) hαα = id.
The analogous equalities hold for hαβ.

Proof. Once we established the C0 -estimates as in Proposition 9, the proof
follows the same lines as in Theorem 4 in [12] (see also [28]). For the later
purpose, we only recall the main points. By definition of ∂, we have

∂2(x) = ∂

(∑
y

n(x, y)y

)
(35)

=
∑
z

∑
y

n(x, y)n(y, z)z.

According to Propositions 10 and 11, the split trajectories in

M(J,H,S)(x, y)×M(J,H,S)(y, z)

are the boundaries of one dimensional manifolds contained in M(J,H,S)(x, z)
and oriented as in Section 4.3. Hence, they appear in (35) in pairs with
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opposite signs and thus they add to 0. That proves ∂ ◦ ∂ = 0. For the proof
of the second statement, we define

(hαβ)] : CFp(Hα, Sα : N) → CFp(Hβ, Sβ : N)

by

(hαβ)]x =
∑
xβ

n(xα, xβ)xβ ,

where n(xα, xβ) is the number of points in (zero dimensional by Proposi-
tion 20) manifold M(Jαβ ,Hαβ ,Sαβ)(xα, xβ), counted with their orientations.
Set

(hαβ)] := Hom((hβα)]) : CF p(Hα, Sα : N) → CF p(Hβ, Sβ : N).

Note that the grading is preserved by Proposition 20. Homomorphisms
(hαβ)] and (hαβ)] commute with ∂ and δ respectively. The proof is based on
the same gluing arguments as the proof of ∂2 = 0 (see [12, 15]). Therefore,
they define the mappings hαβ and hαβ in homology (resp. cohomology).

If hαβ and hβγ are defined via regular homotopies

(Hαβ , Sαβ , Jαβ) and (Hβγ , Sβγ , Jβγ)

then for large R the regular homotopy (Hαγ , Sαγ , Jαγ), where

Hαγ
τ =

{
Hαβ
τ+R, τ ≤ 0

Hβγ
τ−R, τ ≥ 0,

Sαγτ =

{
Sαβτ+R, τ ≤ 0
Sβγτ−R, τ ≥ 0,

Jαγτ =

{
Jαβτ+R, τ ≤ 0
Jβγτ−R, τ ≥ 0,

(36)

defines the homomorphism hαγ which satisfies property 2 (i). The proof is
again based on the same argument as the proof of ∂2 = 0 [12].

Finally, homomorphisms hαβ and hαβ are independent of the choice of
homotopy Hαβ . We only sketch the proof of this fact, referring the reader
to [12, 15] for the details. Choose two homotopiesHαβ

1 , Sαβ1 , Jαβ1 , Hαβ
2 , Sαβ2 ,

Jαβ2 . Let (hαβ)1] and (hαβ)2] be the corresponding chain homomorphisms.

Consider the one-parameter families of homotopies {Hαβ
ν }ν∈R, {Sαβν }ν∈R,

{Jαβν }ν∈R such that

Hαβ
ν ≡ Hαβ

1 , Sαβν ≡ Sαβ1 , Jαβν ≡ Jαβ1 for ν ≤ 0

and

Hαβ
ν ≡ Hαβ

2 , Sαβν ≡ Sαβ2 , Jαβν ≡ Jαβ2 for ν ≥ 1.
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Let ñ(xα, xβ) denote the algebraic number of the solutions of

∂U
∂τ + Jαβν (∂U∂t −X

Hαβ
ν

(U)) = 0
(u(τ, 0), v(τ, 0)) ∈ Graph(dSαβν )
u(τ, 1) ∈ ν∗N, v(τ, 1) ∈ oRm

limτ→−∞ U(τ, t) = xα(t),
limτ→∞ U(τ, t) = xβ(t).

(37)

Define
Φαβ : CFp(Hα, Sα : N) → CFp+1(Hβ , Sβ : N)

by
Φαβ(xα) =

∑
ñ(xα, xβ)xβ.

Then
∂ ◦ Φαβ − Φαβ ◦ ∂ = (hαβ)1] − (hαβ)2] ,

i.e., Φαβ is a chain homotopy ([12, 15]). Therefore, h1
αβ = h2

αβ .
Statement 2 (ii) now follows by choosing the constant homotopy Hαα ≡

Hα. �

5.2. Computation.
In [13] Floer proved that if

h : M → R

is a C2 Morse function, then

HF∗(J, h ◦ π,M) ∼= HMorse
∗ (h).

We incorporate this result and the generalization [31] in our framework.
Consider the tubular neighborhood W ∼= W0 ×Rm of N ×Rm ⊂ E and the
projection

πN : W → N × Rm

given locally by

πN : (x, y, ξ) 7→ (x, ξ).(38)

Following [31], assume that the metric g in T ∗E is chosen in the following
way. Choose a metric gM on M such that the fibers of πN are orthogonal to
N ×Rm with respect to the metric gE := gM ⊕ g0, where g0 is the standard
metric on Rm. The Levi-Civita connection associated with gE provides the
splitting

Tξ(T ∗E) = Hξ ⊕ Fξ

into horizontal and vertical subbundles. Fξ and Hξ are canonically isomor-
phic to T ∗π(ξ)E and Tπ(ξ)E. Let g be a metric on T ∗E such that Hξ is
orthogonal to Fξ and that the above isomorphisms are isometries.
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Let
SN : N × Rm → R

be a Morse function obtained by restricting S ∈ S(E,Q) to N × Rm. Let
V ⊂ W be another tubular neighborhood of N × Rm and let κ : E → R be
a smooth function such that

κ(e) = 1 for e ∈ V
= 0 for e /∈W.

We denote by
SVN : E → R

an extension of SN defined by

SVN (e) :=

{
κ(e)SN (πN (e)) + (1− κ(e))S(e) for e ∈W
S(e) for e /∈W.

Then SVN : E → R is smooth and

SVN (e) = SN ◦ πN (e) for e ∈ V.

Note that from (38) and the definition of SVN it follows that SVN (x, y, ξ) =
Q(ξ) whenever S(x, y, ξ) = Q(ξ) and hence SVN belongs to the parameter
space S(E,Q). Since we proved in Proposition 9 that images of all solutions
of (7) are contained in some relatively compact open submanifoldK0 ⊂ T ∗E,
we have

sup
K0

∥∥∇dSVN∥∥ <∞,

where ‖∇dSVN‖ is defined with respect to gE and the induced Levi-Civita
connection on T ∗E|π(K0). Hence we can assume, after replacing gE by χgE
with

χ(e) = ε0, for e ∈ K0

= 1, for e /∈ K1 ⊃ K0

if necessary, that

sup
K0

∥∥∇dSVN∥∥ < ε(39)

for small ε > 0. Note that the Levi-Civita connection on T ∗E|π(K0) is
invariant under the rescaling gE  ε0gE and thus remains unchanged. Since
χ ≡ 1 outside K1, χgE remains in parameter space GgM⊕g0 .

Proposition 27 (Compare [31]).

HFp(J, 0, SVN ;N : E) ∼= HMorse
p (SN ).
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Proof. Since H ≡ 0, Equation (6) becomes
Γ̇ = 0
Γ(0) ∈ Graph(dSVN )
Γ(1) ∈ ν∗N × oRm

i.e.,
Γ(t) ≡ p ∈ ν∗(N × Rm) ∩Graph(dSVN ) ∼= Crit(SN ).

Hence, we have one-to-one correspondence

CFp(0, SVN ;N : E) ∼= Crit(SN ).(40)

Since SVN is constant along the fibers of πN and the fibers are orthogonal
to N × Rm, we have, for e ∈ N × Rm

∇gESVN (e) = ∇gN
E SN (e),(41)

where gNE is a restriction of gE to N .
Let γ be a solution of

dγ

dτ
+∇gN

E SN (γ) = 0.(42)

Consider, modifying Lemma 5.1 in [13]

U(τ, t) := ψ1−t(γ(τ))

and
Jt = (ψ1−t)∗Jg

where ψt := ψ
π∗SV

N
t and Jg := JgM ⊕ i for JgM is as in Section 2. Then

∂U

∂τ
+ Jt

∂U

∂t
= Tψ1−t

dγ

dτ
+ (ψ1−t)∗JgTψ1−t[−Xπ∗SV

N
(ψ1−t(γ))]

= Tψ1−t
dγ

dτ
− (ψ1−t)∗JgTψ1−tXπ∗SV

N
(γ)

= Tψ1−t

(
dγ

dτ
− JgXπ∗SV

N
(γ)
)

= Tψ1−t

(
dγ

dτ
+∇gπ∗SVN (γ)

)
.

Since dπ∗SVN vanishes on the vertical subbundle F it follows that ∇gπ∗SVN ⊂
H, and since Tπ|H : H → TE is an isometry by the choice of g, we have

∇gπ∗SVN = ∇gESVN

= ∇gN
E SN (by (41)).
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Therefore, U satisfies
∂U
∂τ + Jt

∂U
∂t = 0

U(τ, 0) = ψ1(γ(τ)) ∈ ψ1(N) ⊂ Graph(dSVN )
U(τ, 1) = γ(τ) ∈ N ⊂ ν∗N,

i.e., U ∈M(Jt,0,SV
N )(N : E).

Conversely, for every solution U of
∂U
∂τ + Jt

∂U
∂t = 0

U(τ, 0) ∈ Graph(dSN )
U(τ, 1) ∈ ν∗N × oRm

we define
γ(τ, t) := (ψ1−t)−1(U(τ, t)).

Note that
∂γ

∂τ
+ Jg

(
∂γ

∂t
−Xπ∗SV

N
(γ)
)

= (Tψ1−t)−1

(
∂U

∂τ
+ (ψ1−t)∗Jg

∂U

∂t

)
= 0,

i.e., γ satisfies 
∂γ
∂τ + Jg

∂γ
∂t +∇gSVN (γ) = 0

γ(τ, 0) = ψ−1
1 (U(τ, 0)) ∈ oE

γ(τ, 1) = U(τ, 1) ∈ ν∗(N × Rm).
(43)

We will prove that ∂γ
∂t ≡ 0. Let us write γ(τ, t) = (x(τ, t), y(τ, t)) with

x(τ, t) ∈ E and y(τ, t) ∈ T ∗x(τ,t)E. Since Jg maps horizontal vectors to
vertical ones, we can write (43) in the form

∂x
∂τ −∇ty +∇gESVN (x) = 0
∇τy + ∂x

∂t = 0
y(τ, 0) = 0, x(τ, 1) ∈ N × Rm, y(τ, 1) ∈ ν∗x(τ,1)(N × Rm).

(44)

Define

f(τ) :=
∫ 1

0
|y(τ, t)|2dt.

Note that, by the construction of SVN ,

Graph(dSVN ) ∩ ν∗(N × Rm) ⊂ N × Rm.

Therefore, we have
lim

τ→±∞
y(τ, t) ≡ 0

and hence
lim

τ→±∞
f(τ) = 0.
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Following the same lines as in [31] we prove that f is convex, and hence
constant. We identify Tξ(T ∗E) ∼= T ∗ξ E ⊕ TξE and compute

1
2
f ′′(τ) =

∫ 1

0

(
|∇τy|2 + 〈∇2

τy, y〉
)
dt

=
∫ 1

0

(
|∇τy|2 −

〈
∇t
∂x

∂τ
, y

〉)
dt

=
∫ 1

0

(
|∇τy|2 − 〈∇2

t y, y〉+ 〈∇ ∂x
∂t
dSVN (x), y〉

)
dt.

Here we used the fact that the Levi-Civita connection is torsion free, and
thus ∇τ

∂x
∂τ = ∇t

∂x
∂t . Since y(τ, 0) = 0, integrating by parts we compute∫ 1

0
〈∇2

t y, y〉dt = 〈∇ty(τ, 1), y(τ, 1)〉 −
∫ 1

0
|∇ty|2dt

=
〈
∂x

∂τ
+∇SVN (x), y(τ, 1)

〉
−
∫ 1

0
|∇ty|2dt

= −
∫ 1

0
|∇y|2dt,

since ∂x
∂τ +∇SVN (x) ∈ T (N × Rm) and y(τ, 1) ∈ ν∗(N × Rm). Hence

1
2
f ′′(τ) =

∫ 1

0

(
|∇τy|2 + |∇ty|2 − 〈∇∇τydS

V
N (x), y〉

)
dt

≥ ‖∇τy‖2
L2 + ‖∇ty‖2

L2 −
∥∥∇dSVN∥∥L∞ ‖∇τy‖L2 ‖y‖L2

≥ ‖∇τy‖2
L2 + ‖∇ty‖2

L2 −
∥∥∇dSVN∥∥L∞ ‖∇ty‖2

L2

by Poincaré inequality, since y(τ, 0) = 0. Hence f ′′(τ) ≥ 0 if ε in (39) is
small enough. Therefore y ≡ 0 and, by (44) ∂x

∂t ≡ 0. Hence ∂γ
∂t ≡ 0. By (43)

this means that γ solves

dγ

dτ
+∇gN

E SVN (γ) = 0.

Therefore, we have one-to-one correspondence

M(J,0,SV
N )
∼= M(SN ,g).

Together with (40) this finishes the proof. �

Theorem 28. For regular parameters

(J̃ , H̃, S) ∈ (J c
ω(E)× H(E) × S(E,Q))reg,
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and (J,H) ∈ (J c
ω(M) × H(M))reg there exist the isomorphisms

HFp+k(J̃ , H̃, S;N : E) ∼= HFp(J,H,N : M) ∼= Hp(N),

where HF∗(J,H,N : M) is the ordinary Floer homology of the pair
(oM , ν∗(N)) of Lagrangian submanifolds in T ∗M and H∗(N) the singular
homology of submanifold N . Analogously, there exist the isomorphisms

HF p+k(J̃ , H̃, S;N : E) ∼= HF p(J,H,N : M) ∼= Hp(N).

Furthermore, the above isomorphisms commute with isomorphisms hαβ
(resp. hαβ) constructed in Theorem 26.

Proof. The second isomorphism

HF∗(J,H,N : M) ∼= H∗(N),

follows from Proposition 27, and we will prove only the first one.
According to Theorem 26 we can assume that

H̃ = H ⊕ 0, J̃ = J ⊕ i and S = Q.

With such choice of parameters, the critical points Γ := (γ, z) of A(H⊕0,Q)

on Ω(Q;N) are the solutions of
γ̇ = XH(γ)
γ(0) ∈ oM , γ(1) ∈ ν∗N
ż = 0
z(0) ∈ oRm , z(1) ∈ Graph(dQ).

Hence z ≡ 0 and thus

CF∗(H ⊕ 0, Q : N) ∼= CF∗(H,N)

where the last group is the usual Floer chain group for the pair (oM , ν∗N)
in T ∗M .

The gradient flow of A(H⊕0,Q) satisfies
∂J,Hu := ∂u

∂τ + J(∂u∂t −XH(u)) = 0
u(τ, 0) ∈ oM , u(τ, 1) ∈ ν∗N
∂v = ∂v

∂τ + i∂v∂t = 0
v(τ, 0) ∈ Graph(dQ), v(τ, 1) ∈ oRm

and therefore M(J⊕i,H⊕0,Q)(N : E) is diffeomorphic to M(J,H)(N : M).
Hence, the above isomorphism between Floer chain groups defines the iso-
morphism between the corresponding Floer homologies, and, consequently,
cohomologies. �
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6. Invariants.

6.1. Definition.
Observe that, since Equation (7) is the negative gradient flow of A(H,S),

the boundary operator ∂ preserves the level sets of A(H,S). More precisely,
we define

CF λ(H,S : N) := {Γ ∈ CF (H,S : N) | A(H,S)(Γ) < λ}
and

CF λ∗ (H,S : N) := the free abelian group generated by CF λ(H,S : N).

Then, the boundary map

∂ : CF∗(H,S : N) → CF∗(H,S : N)

induces the relative boundary map

∂λ : CF λ∗ (H,S : N) → CF λ∗ (H,S : N)

which satisfy the obvious identity

∂λ ◦ ∂λ = 0.

Therefore, we can define the relative Floer homology groups

HF λ∗ := Ker(∂λ)/Im(∂λ).

The natural inclusion

jλ : CF λ(H,S : N) → CF (H,S : N)

induces the group homomorphism

jλ] : CF λ∗ (H,S : N) → CF∗(H,S : N)

which commutes with ∂, i.e.,

∂ ◦ jλ] = jλ] ◦ ∂λ.

Hence, jλ] induces the natural homomorphism

jλ∗ : HF λ∗ (J,H, S : N) → HF∗(J,H, S : N).

Furthermore, we define

CF ∗λ (H,S : N) := Hom(CF λ∗ (H,S : N),Z)

and denote by δλ the restriction of δ to CF ∗λ (H,S : N). Now jλ] induces
dual homomorphism

j]λ : CF ∗(H,S : N) → CF ∗λ (H,S : N)

such that
j]λ ◦ δ = δλ ◦ j]λ.
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Hence, we have the homomorphism

j∗λ : HF ∗(J,H, S : N) → HF ∗λ (J,H, S : N).

Definition 29. (1) For (a, J,H, S) ∈ H∗(N)×(J c
ω(E)×H(E)×S(E,Q))reg

we define

σ(a, J,H, S : N) := inf{λ | a ∈ Image(jλ∗F∗)}.
(2) For (u, J,H, S) ∈ H∗(N)× (J c

ω(E)×H(E)× S(E,Q))reg we define

σ(u, J,H, S : N) := inf{λ | j∗λF ∗u 6= 0}.
Here

F∗ : H∗(N) → HF∗(J,H, S : N)
and

F ∗ : H∗(N) → HF ∗(J,H, S : N)
denote the isomorphisms in Theorem 28.

Next lemma shows that the above definition is correct.

Lemma 30. For a 6= 0, u 6= 0 and generic (J,H, S), the numbers σ(a, J,H,
S : N) and σ(u, J,H, S : N) are the critical values of A(H,S). In particular,
they are finite numbers.

Proof. The set of critical points of A(H,S) is in one-to-one correspondence
with

Graph(dS) ∩ (φH1 )−1(ν∗N × oRm).(45)

Since H = H1 ⊕H2 and S = Q at infinity, the set (45) is

(oM ∩ (φH1
1 )−1(ν∗N))× (Graph(dQ) ∩ (φH2

1 )−1(oRm))

outside a compact set. Since H1 and H2 have compact supports, all points
in (45) are contained in a compact set. From transversality assumption (8)
we conclude that the set (45) is finite. Hence, if λ is not a critical value of
A(H,S), then there exists µ < λ such that there is no critical values of A(H,S)

in closed interval [µ, λ]. In that case,

CF λ∗ (H,S : N) ≡ CFµ∗ (H,S : N), CF ∗λ (H,S : N) ≡ CF ∗µ(H,S : N)

and
jλ] ≡ jµ] , j

]
λ ≡ j]µ.

Hence, z ∈ Im(jλ∗ ) (resp. j∗λ 6= 0) is equivalent to z ∈ Im(jµ∗ ) (resp. j∗µ 6= 0).
It follows that λ cannot be detected by σ.

Finally, since there are only finitely many critical values of A(H,S), we
deduce that both σ(a, J,H, S : N) and σ(u, J,H, S : N) are finite numbers.

�

We next show that the definition of σ does not depend on an almost
complex structure J used in construction of Floer homology.
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Proposition 31. The numbers σ(a, J,H, S : N) and σ(u, J,H, S : N) are
independent of the regular choice of J .

Proof. For Jα, Jβ ∈ J c
ω(E) we chose any path Jτ ∈ J c

ω(E). Recall from
the proof of Theorem 26 that the isomorphism

hαβ : HF∗(Jα,H, S : N) → HF∗(Jβ,H, S : N)

is induced by the group homomorphism

h] : CF∗(H,S : N) → CF∗(H,S : N),(46)

h](xα) =
∑
xβ

n(xα, xβ)xβ,

where n(xα, xβ) is the algebraic number of points in zero dimensional mani-
fold M(Jαβ ,H,S)(xα, xβ). We compute the difference A(H,S)(xβ)−A(H,S)(xα)
for every xβ which appears in sum (46). For such xβ, the set M(Jαβ ,H,S)(xα,
xβ) is nonempty (n(xα, xβ) 6= 0). For any U ∈M(Jαβ ,H,S)

A(H,S)(x
β)−A(H,S)(x

α)

=
∫ +∞

−∞

d

dτ
A(H,S)(U)dτ

=
∫ +∞

−∞
dA(H,S)(U)

∂U

∂τ
dτ

=
∫ +∞

−∞

∫ 1

0

[
(ω ⊕ ω0)

(
∂U

∂t
,
∂U

∂τ

)
− dH(U)

∂U

∂t

]
dtdτ

=
∫ +∞

−∞

∫ 1

0

〈
Jτ

(
∂U

∂t
−XH(U)

)
,
∂U

∂τ

〉
Jτ

dtdτ

= −
∫ +∞

−∞

∫ 1

0

∣∣∣∣∂U∂τ
∣∣∣∣2
Jτ

dtdτ

≤ 0.

Here we used (5) and (10). Hence, A(H,S)(xα) ≥ A(H,S)(xβ) and therefore
hαβ is level preserving, i.e.,

hαβ : HF λ∗ (Jα,H, S : N) → HF λ∗ (Jβ ,H, S : N),(47)

hαβ ◦ jλ∗ = jλ∗ ◦ hαβ
Assume that Fαa ∈ Im(jλ∗ ), where

Fα∗ : H∗(N) → HF∗(Jα,H, S : N)

is the isomorphism in Theorem 26. Then, by (47), hαβFα∗ a ∈ Im(jλ∗ ). Since
hαβF

α
∗ = F β∗ by Theorem 26, we have F β∗ a ∈ Im(jλ∗ ) and hence

σ(a, Jα,H, S : N) ≤ σ(a, Jβ,H, S : N).
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Since the above argument is valid for any Jα, Jβ , the opposite inequality
also holds and therefore

σ(a, Jα,H, S : N) = σ(a, Jβ,H, S : N).

�

As a consequence, we can introduce the following notation.

Definition 32. For regular choice of parameters (J,H, S) we denote the
numbers σ(a, J,H, S : N) and σ(u, J,H, S : N) by σ(a,H, S : N) and
σ(u,H, S : N).

6.2. Continuity.
In order to extend Definition 32 from (J c

ω(E)×H(E)× S(E,Q))reg to the
whole manifold J c

ω(E) × H(E) × S(E,Q) we need the following continuity
result:

Theorem 33. For a ∈ H∗(N) the function

σ : (J c
ω(E)×H(E)× S(E,Q))reg → R,

(H,S) 7→ σ(a,H, S : N)
is continuous in C0 topology. The analogous statement is true for u ∈
H∗(N) and σ(u,H, S : N).

Proof. We fix regular parameters (Hα, Sα) and (Hβ, Sβ) and choose the C∞

function
ρ : R → R

such that
ρ(τ) = 1, for τ ≥ 1

ρ(τ) = 0, for τ ≤ 0.

Denote by (Hτ , Sτ ) a regular homotopy connecting (Hα, Sα) and (Hβ, Sβ)
which is ε-close in C1-topology to (possibly non-regular) homotopy

(ρ(τ)Hβ + (1− ρ(τ))Hα, ρ(τ)Sβ + (1− ρ(τ))Sα).

Then, as in the proof of Proposition 31 we compute A(Hβ ,Sβ)(xβ)−
A(Hα,Sα)(xα) for a pair xα, xβ connected by trajectory U satisfying (10).
Since

d

dτ
A(Hτ ,Sτ )(U(τ)) = dA(Hτ ,Sτ )(U)

∂U

∂τ
−
∫ 1

0

∂Hτ

∂τ
dt+

∂Sτ
∂τ

and since the last two terms are ε-close to

−
∫ 1

0
ρ′(τ)(Hβ −Hα)dt+ ρ′(τ)(Sβ − Sα),
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we have

A(Hβ ,Sβ)(x
β)−A(Hα,Sα)(x

α)

=
∫ +∞

−∞

d

dτ
A(Hτ ,Sτ )(U(τ))dτ

≤
∫ +∞

−∞

{∫ 1

0

[
dA(Hτ ,Sτ )(U)

∂U

∂τ
− ρ′(τ)(Hβ −Hα)

]
dt

+ ρ′(τ)(Sβ − Sα)
}
dτ + ε

≤
∫ +∞

−∞

∣∣∣∣∂U∂τ
∣∣∣∣2
J

dτ −
∫ 1

0
min(Hβ −Hα)dt+ max(Sβ − Sα) + ε.

Here, again, we used (5) and (10). Hence, we have the well defined homo-
morphism

hαβ : HF λ∗ (J,Hα : Sα : N) → HF
λαβ+ε
∗ (J,Hβ ;Sβ : N)

where λαβ := λ−
∫ 1
0 min(Hβ−Hα)dt+max(Sβ−Sα), such that the diagram

HF λ∗ (J,Hα : Sα : N)
jλ
∗−→ HF∗(J,Hα;Sα : N)yhαβ yhαβ

HF
λαβ+ε
∗ (J,Hβ;Sβ : N)

j
λαβ+ε
∗−→ HF∗(J,Hβ;Sβ : N)

commutes. By the same argument as in Proposition 31 we deduce, for
a ∈ H∗(N)

σ(a,Hβ , Sβ : N)− σ(a,Hβ, Sβ : N)

≤ −
∫ 1

0
min(Hβ −Hα)dt+ max(Sβ − Sα) + ε.

Letting ε→ 0 this becomes

σ(a,Hβ, Sβ : N)− σ(a,Hα, Sα : N)

≤ −
∫ 1

0
min(Hβ −Hα)dt+ max(Sβ − Sα).

By changing the role of α and β we get

σ(a,Hβ, Sβ : N)− σ(a,Hα, Sα : N)

≥ −
∫ 1

0
max(Hβ −Hα)dt+ min(Sβ − Sα)
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and therefore

|σ(a,Hβ , Sβ : N)− σ(a,Hα, Sα : N)|

≤ ‖Hβ −Hα‖C0 + ‖Sβ − Sα‖C0 .

�

As a consequence we have the following:

Definition 34. For (a,H, S) ∈ H∗(N)×H(E)× S(E,Q) we define

σ(a,H, S : N) := lim
k→∞

σ(a,Hk, Sk : N)

where the limit is taken over any sequence

(J c
ω(E)×H(E)× S(E,Q))reg 3 (J,Hk, Sk)

such that
C0 − lim

k→∞
(Hk, Sk) = (H,S).

We define σ(u,H, S : N) for u ∈ H∗(N) in the same way.

The following lemma extends Lemma 30:

Lemma 35. For a 6= 0, u 6= 0 and arbitrary (not necessarily generic)
(J,H, S), the numbers σ(a, J,H, S : N) and σ(u, J,H, S : N) are the critical
values of A(H,S).

Proof. For any (H,S) ∈ H(E) × S(E,Q) there exists a sequence (Hk, Sk) ∈
(H(E)× S(E,Q))reg of generic functions such that

C1 − lim
k→∞

(Hk, Sk) = (H,S).(48)

According to Lemma 30 there exists a sequence of points

xk ∈ φHk
1 (Graph(dSk)) ∩ ν∗(N × Rm)

such that

σ(a, J,Hk, Sk : N) = A(Hk,Sk)(φ
Hk
t ◦ (φHk

1 )−1(xk)).

Note that xk is bounded and hence, after taking a subsequence, we can
assume that

lim
k→∞

xk = x0.(49)

Define

f, fk : ν∗(N × Rm) → R,(50)

fk(x) := A(Hk,Sk)(φ
Hk
t ◦ (φHk

1 )−1(x))

f(x) := A(H,S)(φ
H
t ◦ (φH1 )−1(x)).
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From (48) it follows that

lim
k→∞

φHk
t (x) = φHt (x)

for all x ∈ T ∗E and hence

lim
k→∞

fk(x) = f(x).(51)

Since fk are smooth, by Arzelà-Ascoli Theorem the convergence above is
uniform on compact subsets of ν∗(N × Rm). Similarly, by (48)

lim
k→∞

dfk = df(52)

uniformly on compact subsets of ν∗(N × Rm). According to Definition 34
and by (49) and (51)

σ(a, J,H, S : N) = lim
k→∞

σ(a, J,Hk, Sk : N)

= lim
k→∞

fk(xk)

= f(x0)

= A(H,S)(φ
H
t ◦ (φH1 )−1(x0)).

By (49) , (50) and (52) we have

dA(H,S)(φ
H
t ◦ (φH1 )−1(x0)) = df(x0)

= lim
k→∞

dfk(xk)

= 0

and hence φHt ◦ (φH1 )−1(x0) ∈ Crit(A(H,S)). �

6.3. Normalization.
Consider the Hamiltonian

Kt := χ(t)(Ht + c0)

where χ : T ∗M → R is a smooth function with compact support, such that
χ ≡ 1 in a neighborhood of ∪t∈[0,1]φ

H
t (oM ). Then φH1 (oM ) = φK1 (oM ), but

ρ(a,K : N) = ρ(a,H : N) + c0.

More generally, it can be shown that for any two Hamiltonians H and K
such that φH1 (oM ) = φK1 (oM ) we have

ρ(a,K : N) = ρ(a,H : N) + c0

for some c0 ∈ R [30]. Similar considerations apply to the case of invariants c
and σ. Hence, in order to consider the constructed invariants as the invari-
ants of Lagrangian submanifolds, we have to impose certain normalization on
the choice of parameters in (H,S) ∈ H(E)×S(E,Q). Assume thatH = H1⊕0
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for some compactly supported Hamiltonian function H : T ∗M → R. De-
note by LS ⊂ T ∗M the Lagrangian submanifold having S as a generating
function quadratic at infinity. We will need the following result.

Theorem 36. If Hα,Hβ are two compactly supported Hamiltonians defined
on T ∗M and Sα, Sβ two generating functions quadratic at infinity such that

φH
α

1 (LSα) = φH
β

1 (LSβ ),

then there exists a constant c0 ∈ R such that for any N ⊂M

Spec(Hα ⊕ 0, Sα : N) = Spec(Hβ ⊕ 0, Sβ : N) + c0.(53)

In particular, if x∞ ∈M is fixed and

S̃pec(H ⊕ 0, S : N) := Spec(H ⊕ 0, S : N)− Spec(H ⊕ 0, S : x∞)
= {r − s | r ∈ Spec(H ⊕ 0, S : N), s ∈ Spec(H ⊕ 0, S : x∞)}

then

S̃pec(Hα ⊕ 0, Sα : N) = S̃pec(Hβ ⊕ 0, Sβ : N).(54)

Proof. The critical points of A(Hα,Sα) and A(Hβ ,Sβ) are in one-to-one corre-
spondence with points of

ν∗N ∩ φHα

1 (LS) = ν∗N ∩ φHβ

1 (LS).(55)

More precisely, the solutions of
dΓ
dt = XH⊕0(Γ)
Γ(0) ∈ Graph(dS)
Γ(1) ∈ ν∗N × oRm

are of the form Γ = (γ, z) where
dγ
dt = XH(γ)
dz
dt = 0
(γ(0), z) ∈ Graph(dS), γ(1) ∈ ν∗N, z ≡ (ξ, 0) ∈ oRm .

Denote
L := φH

α

1 (LSα) = φH
β

1 (LSβ )
and consider the function f : L→ R defined by

f(x) = A(Hα,Sα)(φ
Hα⊕0
t (dSα(i−1

Sα((φH
α

1 )−1(x)))))

− A(Hβ ,Sβ)(φ
Hβ⊕0
t (dSβ(i−1

Sβ ((φH
β

1 )−1(x))))).

Since (φH
α

1 )−1(L) = LSα and and (φH
β

1 )−1(L) = LSβ , for x ∈ L

i−1
Sα((φH

α

1 )−1(x)) = i−1
Sα

(
qα,

∂Sα

∂q
(qα, ξα)

)
= (qα, ξα),
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i−1
Sβ ((φH

β

1 )−1(x)) = i−1
Sβ

(
qβ,

∂Sβ

∂q
(qβ, ξβ)

)
= (qβ, ξβ),

where

(qα, ξα) ∈ ΣSα , (qβ, ξβ) ∈ ΣSβ(56)

and (
qα,

∂Sα

∂q

)
= (φH

α

1 )−1(x),
(
qβ,

∂Sβ

∂q

)
= (φH

β

1 )−1(x).(57)

Hence

dSα(i−1
Sα((φH

α

1 )−1(x))) = dSα(qα, ξα)

=
(
qα,

∂Sα

∂q
(qα, ξα), ξα,

∂Sα

∂ξ
(qα, ξα)

)
=

(
qα,

∂Sα

∂q
(qα, ξα), ξα, 0

)
(by (56))

= (((φH
α

1 )−1(x)), ξα, 0) (by (57)),

and similarly

dSβ(i−1
Sβ ((φH

β

1 )−1(x))) = (((φH
β

1 )−1(x)), ξβ , 0).

Therefore, the paths

t 7→ φH
α⊕0

t (dSα(i−1
Sα((φH

α

1 )−1(x)))) and(58)

t 7→ φH
β⊕0

t (dSβ(i−1
Sβ ((φH

β

1 )−1(x))))

respectively start at Graph(dSα) (respectively Graph(dSβ)) and end at the
points (in local coordinates)

φH
α⊕0

1 (dSα(i−1
Sα((φH

α

1 )−1(x)))) = (φH
α⊕0

1 ((φH
α

1 )−1(x)), ξα, 0)
= (x, ξα, 0)

and
φH

β⊕0
1 (dSβ(i−1

Sβ ((φH
β

1 )−1(x)))) = (x, ξβ, 0)

respectively. Let

χ : R → φH
α

1 (LS) = φH
β

1 (LS)

be a smooth path connecting two points in (55). Since the paths (58) are
Hamiltonian and start at Graph(dSα) and Graph(dSβ), the same computa-
tion as in (5) shows that

d

ds
f(χ(s)) = θ(ηα(s))− θ(ηβ(s))



410 DARKO MILINKOVIĆ

where

ηα(s) :=
d

ds
φH

α⊕0
1 (dSα(iSα((φH

α

1 )−1(χ(s)))))

=
(
dχ

ds
,
dξα(s)
ds

, 0
)
,

with (dξ
α(s)
ds , 0) ∈ T (oRm). Similarly,

ηβ(s) =
(
dχ

ds
,
dξβ(s)
ds

, 0
)
.

Since θ = θM ⊕ θRm and θRm(ξ, 0) = 0 it follows that

d

ds
f(χ(s)) = 0.

Hence f ≡ c0, for some constant c0 ∈ R independent of N . This proves (53)
and (54). �

Definition 37. Fix x∞ ∈ M . Let S be a generating function quadratic at
infinity for the Lagrangian submanifold LS = φH1 (oM ) ∈ T ∗M . We define
the normalized parameters (H̃, S̃) by

S̃ = S − 1
2
σ(1,H ⊕ 0, S : x∞), H̃ = H +

1
2
σ(1,H ⊕ 0, S : x∞).

Remark 38. Strictly speaking, (H̃, S̃) /∈ H(E) × S(E,Q). However, it is
allowed to add a constant to the parameters in H(E) × S(E,Q) since Floer
theory depends only on the first derivatives (∇H,∇S) which remain un-
changed.

The normalization described above also gives the normalization of invari-
ants ρ and c defined by (1) and (2). Indeed, these invariants are the special
cases of invariant σ, as we show in the following lemma:

Lemma 39. For (H,S) ∈ H(M)× S(E,Q) and a ∈ H∗(N)

σ(a,H ⊕ 0, Q : N) = ρ(a,H : N)

and
σ(a, 0, S : N) = c(a, S : N).

Analogous statements hold for any u ∈ H∗(N).

Proof. The first equality follows from Theorem 28. To prove the second
one, we first observe that, if SVN is as in Proposition 27 and SVN ≡ S outside
U ⊃ V , then

c(a, S : N) = σ(a, 0, SVN : N).
Since ‖SVN − S‖C0 → 0 as U → N , the conclusion follows from Theorem 33.

�
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Definition 40. Fix x∞ ∈ M . Let S be a generating function quadratic
at infinity for the Lagrangian submanifold LS = φH1 (oM ) ∈ T ∗M . For a
submanifold N ⊂M and a ∈ H∗(N), u ∈ H∗(N) we define

c(a, LS : N) := c(a, S̃ : N), c(u, LS : N) := c(u, S̃ : N),

where S̃ = S − c(1, S : x∞). In a similar way, define

ρ(a, LS : N) := ρ(a, H̃ : N), ρ(u, LS : N) := ρ(u, H̃ : N),

with H̃ = H + ρ(1,H : x∞).

By Lemma 39 the definition of the parameters (H̃, S̃) in Definition 37
and Definition 40 agree in a sense that in the cases H ≡ 0 and S ≡ Q both
definitions give the same functionals

A(H̃⊕0,Q̃) = A(H⊕0,Q) − σ(1,H ⊕ 0, Q : x∞)

and
A(0̃,S̃) = A(0,S) − σ(1, 0, S : x∞).

Invariants in Definition 40 are well defined invariants of Lagrangian sub-
manifolds of T ∗M Hamiltonian isotopic to the zero section.

6.4. Equality between the two invariants.
In this section we will show that the invariants ρ and c give the same

invariants of Lagrangian submanifolds of T ∗M . The proof below is sketched
in [26], we present it here for the sake of completeness.

Theorem 41 ([26]). Let LS = φH1 (oM ) ∈ T ∗M be a Lagrangian submani-
fold generated by generating function S quadratic at infinity. Then for any
submanifold N ⊂M and any a ∈ H∗(N)

c(a, LS : N) = ρ(a, LS : N).(59)

The analogous equality holds for any u ∈ H∗(N).

Proof. Denote by St : E → R a generating function of (φHt )−1(LS), such
that S0 = S, S1 = S. Let H(t) denote a Hamiltonian such that φH(t)

1 = φHt .
Note that

φ
H(t)
1 (LSt) = φ

H(t)
1 (φHt )−1(LS)

= φHt (φHt )−1(LS)
= LS

and therefore, by Theorem 36 the action spectrum S̃pec(H(t)⊕ 0, St : N) is
fixed. By Theorem 33 the function

σ̃ : t 7→ σ(a,H(t)⊕ 0, St : N)− σ(a,H(t)⊕ 0, St : x∞)
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is continuous and takes the values in the set S̃pec(H(t)⊕ 0, S : N), which is
nowhere dense in R by Lemma 1. Hence σ̃ ≡ constant. In particular,

σ(a, 0, S̃ : N)(60)

= σ(a,H(0)⊕ 0, S0 : N)− σ(a,H(0)⊕ 0, S0 : x∞)

= σ(a,H(1)⊕ 0, S1 : N)− σ(a,H(1)⊕ 0, S1 : x∞)

= σ(a, H̃ ⊕ 0, Q;N).

According to Lemma 39 and Definition 40

σ(a, 0, S̃ : N) = c(a, LS : N)(61)

and

σ(a, H̃ ⊕ 0, Q : N) = ρ(a, LS : N).(62)

Now, (59) follows from (60), (61) and (62). �

7. A note on Hofer’s geometry.

In [16] Hofer introduced a biinvariant metric on a group Dcω(P ) of compactly
supported Hamiltonian diffeomorphisms of a symplectic manifold P . For
H ∈ C∞c (P × [0, 1]) define the oscillation of Ht by

osc(Ht) := sup
x∈P

Ht(x)− inf
x∈P

Ht(x).

That leads to the definition of the length of the curve φHt in Dcω(P ) as

l({φHt }0≤t≤1) :=
∫ 1

0
osc(Ht)dt.

Definition 42 (Hofer’s energy). The energy of ψ ∈ Dcω(P ) is defined by

E(ψ) := inf{l(φHt ) | φH1 = ψ}.

The non-degeneracy of the energy functional, i.e.,

E(ψ) = 0 iff ψ = id

has been proved by Hofer [16] (see also [17]) in the case P = Cn and by
Lalonde and McDuff [20] in general.

In the case P = Cn Bialy and Polterovich [2] proved that

c(µ,Γψ)− c(1,Γψ) ≤ E(ψ)(63)

where c(µ,Γψ) − c(1,Γψ) is Viterbo’s norm (see [38]). Moreover, they
proved that Viterbo’s and Hofer’s metrics coincide locally in the sense of
C1-Whitney topology.
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More generally, for a symplectic manifold P , let LM (P ) be the space of
Lagrangian submanifolds L ⊂ P Hamiltonian isotopic to the Lagrangian
submanifold M . In other words,

LM (P ) := {φH1 (M) | φH1 ∈ Dcω(P )}.
The group Dcω(P ) acts transitively on LM (P ) by (φ,L) 7→ φ(L). The mani-
fold LM (P ) has a natural Dcω(P )-invariant metric defined in the following:

Definition 43. For L1, L2 ∈ LM (P ) we define

d(L1, L2) := inf{E(φ) | φ ∈ Dcω(P ), φ(L1) = L2}.(64)

The non-degeneracy of d has been proved by Oh [30] for P = T ∗M and
by Chekanov [4, 5] in general case. Moreover, for P = T ∗M

ρ(µ,L)− ρ(1, L) ≤ d(oM , L)(65)

(see [30] or apply Lemma 39 to the inequalities at the end of the proof of
Theorem 33 with Sα = Sβ = Q, Hα = 0, setting first a = 1 and then
a = µ and subtracting; then take the infimum over all Hβ’s such that
φH

β

1 (oM ) = L).
Theorem 41 together with (65) implies

c(µ,L)− c(1, L) ≤ d(oM , L)

which is the generalization of (63) to Hofer’s and Viterbo’s geometries of
Lagrangian submanifolds in a cotangent bundle. As c(µ,L) = c(1, L) if
and only if L = oM , it gives another proof of the nondegeneracy of Hofer’s
metric.
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