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The relationship between stable holomorphic vector bun-
dles on a compact complex surface and the same such objects
on a blowup of the surface is investigated, where “stability”
is with respect to a Gauduchon metric on the surface and
naturally derived such metrics on the blowup.

The main results are: descriptions of holomorphic vector
bundles on a blowup; conditions relating (semi)-stability of
these to that of their direct images on the surface; sheaf-
theoretic constructions for “stabilizing” unstable bundles and
desingularising moduli of stable bundles; an analysis of the
behavior of Hermitian-Einstein connections on bundles over
blowups as the underlying Gauduchon metric degenerates; the
definition of a topology on equivalence classes of stable bun-
dles on blowups over a surface and a proof that this topology
is compact in many cases.

0. Introduction.

The purpose of this paper is to investigate the relationship between between
stable holomorphic vector bundles on a compact complex surface and the
same such objects on a modification (blowup) of the surface. In large part,
the paper is a continuation of the work in [B3] where it was shown that
a holomorphic bundle on a compact complex surface admits an irreducible
Hermitian-Einstein connection if and only if the bundle is stable, the notions
of stability and Hermitian-Einstein both being with respect the same ∂̄∂-
closed positive (1, 1)-form: This is a generalization of Donaldson’s result
[D2] where it is assumed that the form is d-closed and defines an integral
cohomology class (i.e., the algebraic case).

Much of the underlying motivation for this work comes from its potential
applications to topology (though no such applications are considered here).
Donaldson has proved fundamental results on the topology of smooth 4-
manifolds by defining topological invariants of moduli spaces of solutions
of the anti-self-dual Yang-Mills equations on a Riemannian 4-manifold, and
showing that these are differential invariants of the manifold itself. In the
case of an algebraic surface with Hodge metric, the result of [D2] mentioned
above identifies the Yang-Mills moduli spaces with moduli spaces of stable
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vector bundles, and these spaces and/or invariants can be computed using
techniques standard in complex analysis. In this way Donaldson has been
able to prove some of his most remarkable results [D4], [D5], and others
have built upon his work ([FM1], [FM2], [K1], [OV], to cite just a few.
See also [FM3] for a comprehensive account of developments, and [FS] for
a calculation of the Donaldson invariants of a blown-up 4-manifold in terms
of those of the manifold). This interaction between real analysis, complex
analysis and topology provides a rich area for investigation, and parts of this
paper are directly concerned particularly with the interplay between the real
and the complex analysis.

The proof of the main result of [B3] is a modification of that given by
Donaldson [D1] to prove the same theorem in the case of Riemann sur-
faces. The differences in the proofs arise from the appearance of certain
singularities in the two-dimensional case, and a successful way around these
singularities is to blow up the surface and pull back. In so doing, various re-
lationships between bundles and sheaves on the surface and its blowups are
uncovered, and these relationships turn out to be directly related to other
aspects of gauge theory and/or complex analysis which are themselves of
independent interest.

A study of degenerating sequences of stable bundles on the projective
plane leads naturally to conjecture whether blowups can be used to com-
pactify moduli spaces of stable bundles in general. In [B5], it is shown that
sequences of stable bundles, identified with sequences of Hermitian-Einstein
connections have convergent subsequences after pulling back to blowups, at
least when weak limits are stable. This leads to the definition of a natural
topology on moduli spaces of stable bundles over a surface and its blowups,
and the proof of the compactness of the generic such space is presented here.

The paper is organized as follows: §1 introduces notation, definitions
and central background material, and gives some useful lemmas concerning
“invariants” of stable holomorphic bundles. In §2 a local description and
characterization of bundles on the blowup of the ball in C2 at the origin is
given. A holomorphic version of Taubes’ “cut-and-paste” construction for
gauge fields [T] is given, enabling a global description of bundles on the
blowup of an arbitrary complex surface in terms of bundles on the original
surface. Also included in this section is a short discussion of the relationship
to — and between — associated constructions of Serre and Schwarzenberger.

Questions of stability are considered in the third section from a purely
complex-analytic viewpoint, and a detailed description of the conditions re-
quired for bundles on a blowup X̃

π→ X to be stable is given. Of course, the
metric on X̃ with respect to which stability is considered must be specified,
and the fore-mentioned conditions are as much on the metric as on the bun-
dles themselves. From a real analytical view-point, it turns out the correct
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metrics are those formed from the original metric on X together with the
Fubini-Study metric on P2 combined so as to “stretch-out” the neck of the
connected sum X̃ 'diffeo X#P2, and the main result of this section shows
that once the neck is sufficiently long, the moduli spaces effectively become
independent of the metric.

The analysis in the third section encounters pathological sheaves which are
semi-stable but not stable. Using the cut-and-paste method, a mechanism
for “stabilizing” such sheaves is given in §4. A similar method also provides
a simple way to desingularise singular points in moduli spaces.

For a bundle in one of the “stable” moduli spaces of §3, the behavior of
the corresponding sequence of Hermitian-Einstein connections as the metrics
degenerate is investigated in §5.

In the last section, the issue of compactness for moduli spaces of sta-
ble bundles is considered. In [B5] it is shown that after sufficiently many
blowups and pull-backs, sequences of stable bundles of bounded topology
and degree have strongly convergent subsequences, where stable bundles are
identified with irreducible Hermitian-Einstein connections. A natural candi-
date for a compactification of a moduli space of stable bundles as presented
in [B5] is shown, under generic conditions in the arbitrary rank case, and
in general for the rank 2 case, to be a compact space; some other simple
properties of this space are also considered.
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while a member of the Department of Mathematics at Tulane University,
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also grateful to the École Polytechnique, Paris for its hospitality during the
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1. Preliminaries.

The purpose of this section is to re-cap on, and to expand upon the basic
notation, definitions and results of [B3]. Further details can be found in
that reference.

Let X be a compact complex surface and let ω be a ∂̄∂-closed positive
(1,1)-form on X: It is a theorem of Gauduchon [Gau] that every positive
(1, 1)-form has a conformal rescaling such the rescaled form is ∂̄∂-closed.
The conformal factor is unique up to positive constants and is completely
determined by requiring that the new form give the same volume V :=
Vol(X,ω) := 1

2

∫
X ω2. With such a form ω, the degree deg(L) = deg(L, ω) of
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a holomorphic line bundle L on X is unambiguously defined by the formula

deg(L) :=
i

2π

∫
X
fL ∧ ω,

where fL is the curvature of any hermitian connection on L. The degree
depends only on c1(L) if and only if b1(X) is even, and when this is the case
ω is cohomologous modulo the image of ∂ + ∂̄ to a closed form which itself
is unique up to the image of ∂̄∂; ([B3, Proposition 2]).

If E is a holomorphic r-bundle on X, set deg(E) := deg(det E) and
µ(E) := deg(E)/r; the latter is called the normalized degree or slope of
E. A hermitian connection on E is Hermitian-Einstein if the curvature F
satisfies F̂ = iλ1 where F̂ := ∗ (ω ∧ F ) =: ΛF , λ = (−2π/V ) ·µ(E) and
1 is the identity endomorphism of E. The bundle E is (semi-) stable if
µ(S) < (≤) µ(E) for every coherent subsheaf S ⊂ E with 0 < rank(S) <
r. As mentioned in the introduction, the main result of [B3] is that a
bundle admits an irreducible Hermitian-Einstein connection if and only if
it is stable, this generalizing the same result proved by Donaldson [D2] in
the case that (X,ω) is algebraic. A bundle admitting a Hermitian-Einstein
connection is a direct sum of stable bundles all of the same normalized
degree; i.e., is quasi-stable.

If E has a Hermitian-Einstein connection with curvature F , the equation
ω ∧

(
F − 1

r trF 1
)

= 0 and the skew-Hermitian property of F give tr
(
F −

1
r trF 1

)2 = |F − 1
r trF 1|2 dV . Since the former 4-form is a representative

for the characteristic class 8π2
(
c2 − r−1

2r c
2
1

)
(E), this motivates defining the

charge of E, C(E), for an arbitrary r-bundle E by the formula

C(E) :=
(
c2 −

r − 1
2r

c21

)
(E) =

1
8π2

∫
X

tr
(
F − 1

r
tr F 1

)2

.(1.1)

This number is non-negative for any bundle admitting a Hermitian-Einstein
connection, and when this is the case, is identically zero only if the induced
Hermitian-Einstein connection on the adjoint bundle is flat; (cf. [L]). Note
that the charge is invariant under tensoring by line bundles: C(E ⊗ L) =
C(E) for any such L. In general, C(E ⊗ A) = aC(E) + rC(A), where a, r
are the ranks of A,E respectively.

Recall that a coherent analytic sheaf S is torsion-free if and only if the
canonical morphism S → S∗∗ is injective, and S is by definition reflexive
if this map is an isomorphism; recall also that the singularity sets of such
sheaves are of codimension at least 2 and 3 respectively; ([OSS, II.1.1]). For
exact sequences 0 → A → B → C → 0 of locally free sheaves on X it is
easy to check that the charges are related by

C(B) = C(A) + C(C)− b

2ac

[a
b
c1(B)− c1(A)

]2
,(1.2)
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where a, b and c are the ranks of A, B and C respectively. The definition of
charge extends to torsion-free sheaves S of rank r by means of the formula

C(S) := C(S∗∗) + h0(S∗∗/S),(1.3)

which is consistent with a definition of c2(S) extending that of the Chern
character on bundles in such a way that the Hirzebruch-Riemann-Roch for-
mula

h0(S)−h1(S)+h2(S) = χ(S) = −C(S)+
1
2r
c21(S)+

1
2
c1(S)·c1(X)+rχ(OX)

remains valid. If C is only torsion-free, it follows from this definition that
(1.2) remains valid and this in turn implies that the formula (1.2) holds for
arbitrary torsion-free sheaves A, B and C. Note that a torsion-free sheaf is
(semi-)stable iff its double-dual is.

If b1(X) is odd, the intersection form on H2(X,R) restricted to H1,1(X)
is negative definite ([BPV, Theorem IV.2.13]) and the last term on the right
in (1.2) therefore contributes positively to the sum. If b1(X) is even, the
intersection form restricted to H1,1(X) has one positive eigenvalue and the
rest are all negative. In either case, ω defines a positive definite hermitian
form on H1,1(X) by setting ||f ||2 := V −1|(f, ω)|2 − (f, f), where (f, g) :=∫
X f̄ ∧ g; (recall V = (ω, ω)/2 throughout). Equation (1.2) can therefore be

written

C(B) = C(A) + C(C) +
b

2ac

∥∥∥a
b
c1(B)− c1(A)

∥∥∥2
− b

2ac
νB(A)2

V
,(1.4)

where νB(A) := a
[
µ(B)−µ(A)

]
. By induction on rank, it follows the charge

is non-negative for any torsion-free semi-stable sheaf. Note that if b1(X)
is odd it follows by induction from (1.2) (and the existence of Hermitian-
Einstein connections on stable bundles) that the charge is non-negative for
any torsion-free coherent analytic sheaf, semi-stable or otherwise.

The function ν•(∗) plays an important role in the proof of the main result
of [B3]. It has a number of simple but useful properties, three of which are
summarised for convenience in the following lemma.

Lemma 1.5.

(a) If

0 −→ A −→ B −→ C −→ 0

↑ ↑ ↑

0 −→ A′ −→ B′ −→ C′ −→ 0
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is a commutative diagram with exact rows such that the vertical arrows
are inclusions, then

νB(B′) = νA(A′) + νC(C′) +
(
a′

a
− c′

c

)
νB(A);(1.6)

(b) If A and B are locally free and if B is stable and A ⊂ B minimizes
νB over all non-zero subsheaves of B of strictly smaller rank then A is
stable and in addition, the quotient C = B/A is both torsion-free and
stable;

(c) If E is a holomorphic bundle equipped with a Hermitian metric and
A ⊂ E has torsion-free quotient C then off the singular set of C the
second fundamental form β ∈ Λ0,1 ⊗ Hom (C,A) of the induced Her-
mitian connection lies in L2p(X) for any p < 2, and

νE(A) = − 1
2π

∫
X

tr A

(
i F (E) + λE 1ω

)
∧ ω + ‖β‖2

L2(ω).(1.7)

The proof of (c) is given in [B3] (Remark (f) p. 634). Part (b) is the
same as Lemma 2 of the same reference; the proof follows immediately from
(1.6) which itself is a straight-forward calculation. The existence of such
A ⊂ B minimizing νB when the latter is stable is proved in Lemma 4 of
[B3], which provides one of the key steps in the proof of the main result
there by enabling the argument to proceed by induction on rank; it is also
proved in that lemma that there always exists A ⊂ B maximizing µ over
admissible subsheaves regardless of the stability or otherwise of B, admissible
meaning that it is coherent and has positive rank strictly less than that of
B. For a stable bundle E it follows that νE(∗) is positive and bounded
away from 0 on the set of admissible subsheaves of E, from which it follows
immediately that stability is an open condition on the metric.

When b1(X) is even, this bound on the slopes of subsheaves can be made
uniform in E as the next result shows:

Lemma 1.8. Suppose that b1(X) is even. For any r0, C0 > 0 there exists
δ0 = δ0(r0, C0) > 0 with the following property: If E is a semi-stable torsion-
free sheaf of rank r ≤ r0 and charge C(E) ≤ C0 admitting a subsheaf A ⊂ E
with νE(A) < δ0, then νE(A) = 0.

Proof. Since C(E∗∗) ≤ C(E) and νE∗∗(A∗∗) = νE(A) it suffices to prove the
result with “torsion-free” in the hypotheses replaced by “locally free”. For
subsheaves A ⊂ E of the same rank as E the result follows from Corollary 2
of [B3], so it can also be supposed that all such subsheaves have rank strictly
less than that of the ambient bundle.

If there is no stable bundle of rank ≤ r0 and charge ≤ C0 which admits
a proper non-zero reflexive subsheaf, then νE is identically 0 for all such
bundles. Otherwise, there is a sequence {Ei} of bundles admitting such
subsheaves Ai ⊂ Ei with {νEi(Ai)} strictly decreasing. By Lemma 4 of
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[B3], it can be assumed that each Ai minimizes νEi over the proper non-
zero subsheaves of Ei, and by Lemma 1.5(b), both Ai and the quotient
Ci := Ei/Ai are torsion-free and stable. Since C(Ai) and C(Ci) are therefore
non-negative and νEi(Ai) = |νEi(Ai)| is decreasing, (1.4) and the bound on
the rank and charge of Ei give a uniform bound on ‖aic1(Ei)− ric1(Ai)‖, so
there is a subsequence with ri and aic1(Ei)−ric1(Ai) constant. Since b1(X)
is even, the degree is topological so νEi(Ai) is constant on the subsequence,
implying that the original sequence is finite. It follows that there exists
δ > 0 such that νE(A) ≥ δ for any proper non-zero subsheaf A of a stable
torsion-free sheaf E of rank ≤ r0 and charge ≤ C0. Set δ0 := δ.

If now E is semi-stable (of rank≤ r0 and charge≤ C0) andD ⊂ E satisfies
νE(D) < δ0, then E cannot be stable so there exists non-trivial A ⊂ E with
torsion-free quotient C such that µ(A) = µ(E). Since E is semi-stable, so
too are both A and C; and, moreover, they also satisfy the hypotheses of the
lemma by (1.4). If C ′ is the image of the composition D → E → C and A′

is the kernel, the result follows from (1.6) using induction on rank (E). �

Remarks. The result is false if b1(X) is not even: Moduli spaces of stable
2-bundles with trivial determinant on a Hopf surface are explicitly computed
in [BH], and the description there shows that there are stable 2-bundles of
charge 1 possessing subsheaves of degree arbitrarily close to 0.

2. Vector bundles on a blowup.

In this section the nature of holomorphic vector bundles on a neighborhood
of a blown-up point in a complex surface is investigated. Two approaches
are taken: The first starts from the splitting type of such bundles on the
exceptional divisor, whereas the second is more global in nature, identifying
such bundles with a class of bundles on the complex projective plane.

Let Y be a discrete set of points in a complex surface X and let X̃ π→ X

be the blowup of X along Y . The exceptional divisor Ỹ = π−1(Y ) ⊂ X̃ is
defined by a section of a certain holomorphic line bundle, and since this line
bundle restricts to O(−1) on each component of Ỹ the notation O(−1) will
be used to denote (the sheaf of sections of) this line bundle. If IY ⊂ OX

denotes the ideal sheaf of Y and NY = (IY /I2
Y )∗ is the normal bundle of Y

in X, then it is straightforward to show that the direct images of the sheaves
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O(n) under π are canonically given by

π∗O eX(n) =

{
In

Y if n ≥ 0
O if n ≤ 0

π1
∗O eX(n) =


0 if n ≥ −1
det NY if n = −2
Ext1O(I−n−1

Y ,O) if n ≤ −2

(2.1)

(where πq
∗ = Rqπ∗ denotes the q-th direct image under π) with all other

direct images vanishing.

Let U ⊂ X be a small ball in X such that U ∩Y is the singleton {x0}, let
Ũ

π→ U be the blowup of U at x0, and let L0 = π−1(x0) be the exceptional
line. If Ẽ is a holomorphic r-bundle on Ũ , then the restriction of Ẽ to L0

splits as a sum of line bundles, and the nature of this splitting determines
much about the bundle itself, as will be demonstrated in the results which
follow.

Lemma 2.2. Suppose Ẽ|L0 = ⊕r
i=1O(ai).

(a) If ai ≤ 0 for all i then π∗Ẽ is locally free;
(b) If ai ≥ −1 for all i then π1

∗Ẽ = 0;
(c) If ai = 0 for all i then Ẽ is trivial on Ũ and Ẽ = π∗π∗Ẽ;
(d) If π∗Ẽ is locally free then

∑
i ai ≤ 0;

(e) If π1
∗Ẽ = 0 then ai ≥ −1 for all i;

(f) If π∗Ẽ is locally free and π1
∗Ẽ = 0 then Ẽ = ⊕iO(−1) ⊕ ⊕jO(0).

Proof. The space Ũ can be viewed as a closed subspace of U × P1, defined
by a section of the line bundle O(1). The bundle Ẽ on Ũ can be extended
(non-uniquely) to a bundle Ẽ′ on U × P1 simply by extending a transition
function on the intersection of a pair of Stein sets covering Ũ . Thus there
is an exact sequence

0 → Ẽ′(−1) → Ẽ′ → Ẽ → 0(2.3)

on U × P1, (where the notation Ẽ(n) denotes Ẽ ⊗O(n) throughout).
If ai < 0 for all i then H0({x}×P1, Ẽ

′) = 0 for x = x0 and hence for all x
in a neighborhood of x0 by semi-continuity of cohomology. From the base-
change theorem ([BS, Theorem 3.4]) it follows that π∗Ẽ′ = 0 = π∗Ẽ

′(−1)
and the sheaves π1

∗Ẽ
′ and π1

∗Ẽ
′(−1) are locally free on U . From the direct

image of (2.3)

0 → π∗Ẽ → π1
∗Ẽ

′(−1) → π1
∗Ẽ

′ → π1
∗Ẽ → 0
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it therefore follows from Lemma II.1.1.10 of [OSS] that π∗Ẽ is reflexive,
and hence locally free. Moreover, taking direct images of the exact sequence
Ẽ ⊗ (0 → OeU (1) → OeU → OL0 → 0) on Ũ and using the fact that π∗(Ẽ|L0)
vanishes, it follows that π∗Ẽ(1) = π∗Ẽ is also reflexive, which proves (a).

To prove (b), if ai ≥ −1 for all i then H1({x}×P1, Ẽ
′) vanishes at x = x0,

and therefore for all x in a neighborhood of x0, again by semi-continuity of
cohomology. Taking direct images of (2.3) this time shows that π1

∗Ẽ vanishes
near x0.

To prove (c), if Ẽ is trivial on L0, then π∗Ẽ is locally free by (a). The
canonical sheaf homomorphism π∗π∗Ẽ → Ẽ is a bundle isomorphism off the
exceptional divisor, but since the two bundles have the same determinant,
it must be an isomorphism everywhere.

To prove (d), suppose det Ẽ = O(a) for some a > 0. If π∗Ẽ is locally free,
then by (2.1) so too is π∗Ẽ′′ for Ẽ′′ := Ẽ ⊕O(−a), and therefore π∗π∗Ẽ′′ is
a bundle on the blowup. But then as in the last paragraph, the canonical
sheaf homomorphism π∗π∗Ẽ

′′ → E′′ must be an isomorphism everywhere
since the two bundles have the same determinant, contradicting the fact
that the former is trivial on L0 whereas the latter is not.

The proof of (e) follows from the vanishing of π2
∗Ẽ(1), which implies

π1
∗Ẽ → π1

∗Ẽ|L0 is surjective. The proof of (f) will be given later, following
the proof of Proposition 2.8 below. �

With Ẽ as in Lemma 2.2, suppose that a1 ≤ · · · ≤ ar. The obstruction to
extending a section in Γ(L0, Ẽ(−a1)) to Ũ lies in H1(Ũ , Ẽ(1− a1)), a group
which vanishes by part (d) of the lemma. More generally, any finite number
of such sections which are independent over L0 will also be so near L0.
Dualising Ẽ, if λ1, . . . , λk ∈ Γ(L0, Ẽ

∗(ar)) are independent, then they can
be extended to sections of Ẽ∗(ar) over a neighborhood of L0 in Ũ which are
linearly independent at each point in this neighborhood. Rewriting Ẽ |L0 in
the form Ẽ |L0 = ⊕m

i=1Vi(bi) where Vi is a vector space with b1 < b2 < . . . <

bm, the last statement implies that the projection Ẽ |L0→ V (bm) extends to
an epimorphism Ẽ → V (bm) in a neighborhood of L0. Using induction on
rank, this gives the following local description of bundles on the blowup of
a two-dimensional ball at a point:

Proposition 2.4. Suppose Ẽ |L0= ⊕m
i=1Vi(bi) where Vi is a di-dimensional

vector space and b1 < b2 < · · · < bm. Then in a neighborhood of L0 in Ũ
there is a filtration

0 = F0 ⊂ F1 ⊂ . . . ⊂ Fm = Ẽ(2.5)

of Ẽ by vector bundles Fk such that Fk/Fk−1 ' Vk(bk) and such that Fk |L0

=
⊕k

i=1 Vi(bi).
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Corollary 2.6. If Ẽ |L0= ⊕r
i=1O(ai) with |ai − aj | ≤ 2 for all i, j then

Ẽ ' ⊕r
i=1O(ai) in a neighborhood of L0.

Proof. A bundle F on Ũ which is given as an extension 0 → V (a) → F →
W (b) → 0 for some vector spaces V,W is determined by an element of
H1(Ũ ,W ∗⊗V (a− b)). If the extension splits on π−1(x0) then this class lies
in the image of H1(Ũ ,W ∗ ⊗ V (a− b+ 1)) → H1(Ũ ,W ∗ ⊗ V (a− b)), and if
a− b ≥ −2 then the former group vanishes, by (2.1). �

The preceding discussion provides some insight into well-known construc-
tions of Serre [Ser] and of Schwarzenberger [Sch], both described in [OSS].
A bundle Ẽ on X̃ is the pull-back of a bundle E from X if and only
if Ẽ restricts trivially to every component of the exceptional divisor Ỹ ;
if this is the case, then necessarily E = π∗Ẽ. Let L1, L2 be line bun-
dles on X and let Li also denote π∗Li on X̃. Extensions of the form
X̃ : 0 → L1(−1) → Ẽ → L2(1) → 0 are classified by H1(X̃, L1L

∗
2(−2))

which can be computed from the Leray spectral sequence for π using (2.1).
This gives an exact sequence

(2.7) 0 → H1(X,L1L
∗
2) → H1(X̃, L1L

∗
2(−2))

→ H0(Y, L1L
∗
2 ⊗ det NY ) → H2(X,L1L

∗
2)

and the bundle Ẽ corresponding to an element of H1(X̃, L1L
∗
2(−2)) is trivial

on π−1(x0) if and only if the element of L1L
∗
2 ⊗ det NY,x0 obtained from

(2.7) is non-zero. Using (2.1) again, the bundle E is given by an exact
sequence 0 → L1 → E → L2 ⊗ IY → 0, so E ⊗ L∗1 has a section vanishing
precisely at Y and NY has been extended to the bundle E∗ ⊗ L2. If X is
compact, the Chern classes of E are given by c1(E) = c1(L1) − c1(L2) and
c2(E) = c1(L1)c1(L2)+PD([Y ]) where PD[Y ] denotes the Poincaré dual of
[Y ].

More generally, this construction applies when Y is an arbitrary codimen-
sion 2 locally complete intersection in a complex manifold X provided that
det NY can be extended to a line bundle on X. Indeed, with the exception
of Corollary 2.6, all of the results of this section so far presented remain valid
if X has arbitrary dimension and Y is a codimension two locally complete
intersection; modifications to the proofs above are straightforward.

If X is compact the charge on Ẽ can be estimated in terms of its splitting
on L0 = π−1(x0) and the charge on its direct image:

Proposition 2.8. Let X̃
π→ X be the blowup of the compact surface X

at x0, with L0 = π−1(x0). If Ẽ is an r-bundle on X̃ such that Ẽ |L0=
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⊕r
i=1O(ai), then for a :=

∑
i ai and E := (π∗Ẽ)∗∗ it follows

C(Ẽ) ≤ C(E) +
1
2

r∑
i=1

(
ai −

a

r

)2
(2.9)

with equality iff Ẽ ' ⊕O(ai) in a neighborhood of L0. If a = 0 then

C(Ẽ) ≥ C(E) +
1
2

r∑
i=1

|ai|,(2.10)

and if 0 ≤ a < r then

C(Ẽ) ≥ C(E) +
a(r − a)

2r
+

1
2

∑
ai≤0

|ai|+
1
2

∑
ai>0

|ai − 1|+ 1
2
|n+ − a|,

(2.11)

where n+ := #{ai | ai > 0}. Hence for any bundle Ẽ, C(Ẽ) ≥ C(E) with
equality iff Ẽ = (π∗E)(k) for some k ∈ Z.

Remarks. The inequalities (2.9), (2.10) appear in [FM2, Remark 5.4] in
the case of rank 2 bundles with c1 = 0.

Note that an arbitrary bundle Ẽ can always be twisted by some O(k) to
ensure that the resulting a satisfies 0 ≤ a < r. Such a twist has no effect
on either C(Ẽ) or C(E) so (2.10), (2.11) can be used to estimate charges in
all cases. Because the invariant form of the formulas are somewhat opaque,
these are not given here.

Proof of Proposition 2.8. Since χ(Ẽ) = χ(π∗Ẽ) − χ(π1
∗Ẽ) and c1(X̃) =

π∗c1(X) + c1(O(1)) the Riemann-Roch formula gives

C(Ẽ) = C(π∗Ẽ) + χ(π1
∗Ẽ)− a(a+ r)

2r
(2.12)

= C(E) + dimC(E/π∗Ẽ) + χ(π1
∗Ẽ)− a(a+ r)

2r
.

If ai ≤ 0 for all i and Ẽ splits in a neighborhood of L0 as a direct sum
of line bundles then π∗Ẽ is locally free and χ(π1

∗Ẽ) = −
∑
χ(O(ai)) +∑

χ(π∗O(ai)) = (1/2)
∑
ai(ai+1), giving C(Ẽ) = C(E)+(1/2)

∑
(ai−a/r)2

in this case. If Ẽ does not split in a neighborhood of L0 then χ(π1
∗E) is

strictly less than the corresponding number in the split case — this follows
easily by induction on rank using Proposition 2.4. Since (2.9) is invariant
under tensoring Ẽ by O(−k), this proves the upper bound in general.

To prove the lower bounds (2.10) and (2.11), suppose that 0 ≤ a < r and
apply (2.12) to Ẽ(−1) to obtain

C(Ẽ) = C(E) +
a(r − a)

2r
+ dimC(E/π∗Ẽ(−1)) + χ(π1

∗Ẽ(−1)).(2.13)
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Using Lemma 2.2 as in the proof of Proposition 2.4, in a neighborhood
of L0 the bundle Ẽ can be written as an extension 0 → A → Ẽ → B → 0
which splits on L0 and where A |L0= ⊕ai≤0O(ai) and B |L0= ⊕ai>0O(ai).
Since the extension splits on L0, it lies in the image of H1(Ũ , B∗ ⊗ A(1)),
so there is a bundle Ẽ0 on Ũ which is given by a compatible extension
0 → A(1) → Ẽ0 → B → 0. Compatibility of the extension implies that there
is an exact sequence 0 → Ẽ0 → Ẽ → A|L0→ 0 giving π∗Ẽ0(−1) = π∗Ẽ(−1)
and 0 → π1

∗Ẽ0(−1) → π1
∗Ẽ(−1) → π1

∗A(−1)|L0→ 0, so dimC(E/π∗Ẽ(−1)) =
dimC(E/π∗Ẽ0(−1)) and χ(Ẽ(−1)) = χ(Ẽ0(−1)) +

∑
ai≤0 |ai|. [Although it

is not needed in this proof, it is worth pointing out that there is also a map
Ẽ → Ẽ0(−1) such that the composition Ẽ0 → Ẽ → Ẽ0(−1) is multiplication
by a section of O(−1) defining L0.]

It can be assumed without loss of generality that Ẽ0 is a bundle on all
of X̃ with (π∗Ẽ0)∗∗ = E, using the isomorphism Ẽ0 → Ẽ away from L0

to extend the bundle from Ũ to X̃; (see below for more on this type of
construction). Hence (2.13) applied to Ẽ(−1) gives

C(Ẽ) = C(Ẽ0) +
a(r − a)

2r
+

∑
ai≤0

|ai|+
(a− n+)(a+ r − n+)

2r
(2.14)

(since det Ẽ0 |L0= O(a + rank (A)) = O(a + r − n+)). If n+ ≤ a then
0 ≤ c1(Ẽ0(−1))|L0= a− n+ < r so (2.13) applied to Ẽ0(−1) gives C(Ẽ0) =
C(Ẽ0(−1)) ≥ C(E) + (a− n+)(r− a+ n+)/2r; inserting this in (2.14) gives

C(Ẽ) ≥ C(E) +
a(r − a)

2r
+

∑
ai≤0

|ai|+ (a− n+).

On the other hand, if n+ > a then 0 ≤ c1(Ẽ0) |L0= a + r − n+ < r, so
C(Ẽ0) ≥ C(E) + (a+ r − n+)(n+ − a)/2r which implies

C(Ẽ) ≥ C(E) +
a(r − a)

2r
+

∑
ai≤0

|ai|

in this case. Thus in either case,

C(Ẽ) ≥ C(E) +
a(r − a)

2r
+

∑
ai≤0

|ai|+ max{a− n+, 0}.(2.15)

If a = 0 replace Ẽ by Ẽ∗ to obtain the lower bound C(Ẽ) ≥ C(E) +∑
ai≥0 |ai|; averaging the two bounds gives (2.10). If 0 < a < r replace Ẽ

by Ẽ∗(1) to obtain the lower bound C(Ẽ) ≥ C(E) +
∑

ai≥1 |1− ai|+ a(r −
a)/2r + max{n+ − a, 0}; averaging this with (2.15) yields (2.11).

Clearly C(Ẽ) = C(E) implies all ai must be equal to 0, so Ẽ = π∗E by
Lemma 2.2 in this case. �
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The lower bounds in (2.10) and (2.11) are sharp: Given any splitting type
⊕O(ai) for a bundle Ẽ on L0, such that a ≤ n+ there is an extension of the
form 0 → A(1) → Ẽ0 → B → 0 with A and B of the above form and with
Ẽ0 a direct sum of the line bundles O and O(1). If a > n+, replacing ai by
1 − ai for all i (which has the effect of replacing Ẽ by Ẽ∗(1)) ensures that
this criterion is met.

Proof of Lemma 2.2(f). Let Ẽ be an r-bundle on Ũ with π∗Ẽ(−1) locally
free and π1

∗Ẽ(−1) = 0; it will be shown that Ẽ(−1) is a direct sum of the
line bundles O(−1) and O(0).

As in the proof of Proposition 2.8 it can be supposed that Ẽ is a bundle
on P̃2 such that (π∗Ẽ)∗∗ is trivial; (for more details see below). From (2.12)
applied to Ẽ(−1) it follows C(Ẽ) = a(r − a)/2r where c1(Ẽ)|L0= a. Since
C(Ẽ) ≥ 0 it follows that 0 ≤ a ≤ r, and a = r implies Ẽ = ⊕r

i=1O(1).
Assuming therefore without loss of generality that a < r, it follows from
(2.11) that Ẽ splits on L0 as a direct sum of the line bundles O(0) and O(1),
and therefore it splits in this way in a neighborhood of L0, by Corollary 2.6.

�

Remark. If S is a torsion-free sheaf such that π1
∗S = 0, a simple dia-

gram chase yields the exact sequence 0 → π∗(S∗∗/S) → (π∗S)∗∗/π∗S →
(π∗S∗∗)∗∗/π∗S∗∗ → 0. Thus if in addition π∗S is locally free, it follows that
S is in fact locally free and splits as a sum line bundle of the form O and
O(−1) in Ũ .

As before, let X be a complex surface and let X̃ π→ X be the blowup of
X at the point x0 ∈ X. The local description provided by Proposition 2.4
can be combined with a holomorphic version of Taubes’ “cut-and-paste”
construction [T] to provide a global description of bundles on X̃.

Let Ẽ be a holomorphic r-bundle on X̃, and let U ⊂ X be a neighborhood
of x0 isomorphic to a ball. Then Ẽ can be viewed as comprised of two pieces,
namely the bundle (π∗Ẽ)∗∗ on X and the bundle Ẽ |eU on Ũ = π−1(U); the
two pieces are glued together by means of the isomorphism π∗Ẽ ' (π∗Ẽ)∗∗

over U\{x0} ' Ũ\L.
Conversely, given r-bundles E0 on X and E1 on Ũ , the two can be glued

together by means of an isomorphism ρ : π∗E1 → E0 over U\{x0}, extending
uniquely to U as an isomorphism (π∗E1)∗∗ → E0 | U to define a bundle
E0#ρE1 on X̃. If (E′0, E

′
1, ρ

′) is another triple of such objects such that
E0#ρE1 →∼ E′0#ρ′E

′
1, then by Hartogs’ theorem the isomorphism E0 |X\U

→∼ E′0 |X\U extends to an isomorphism φ0 over X, and if φ1 denotes the
induced isomorphism E1 → E′1, it follows that ρ′ = φ0 ρ π∗φ

−1
1 .
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If ρ0 : (π∗E1)∗∗ → E0|U is fixed and ρ is any other such isomorphism, then
ρρ−1

0 is an automorphism of E0 over U . Hence the following description is
obtained:

Proposition 2.16. Let E0 be a bundle on X, E1 be a bundle on a neighbor-
hood π−1(U) of π−1(x0) in the blowup X̃ of X at x0 and ρ0 : (π∗E1)∗∗ →∼ E0|U
be given. Then isomorphism classes of vector bundles Ẽ on X̃ such that
(π∗Ẽ)∗∗ ' E0 and Ẽ ' E1 in a neighborhood of π−1(x0) are parameterised
by the stalk of the skyscraper sheaf Aut(E0)/ρ0π∗Aut(E1)ρ−1

0 at x0, modulo
the left action of Γ(X,Aut(E0)).

Remarks.
1. If E1 =

⊕
O(ai), the space Aut((π∗E1)∗∗)/π∗Aut(E1) is easily iden-

tified with the total space of some homogeneous vector bundle over a flag
manifold. Two simple examples which will be of some relevance subsequently
are the cases E1 = O(1)⊕Or−1 and E1 = O(−1)⊕O(1)⊕Or−2, for which
the corresponding skyscrapers are respectively F1(Cr) and the total space of
the bundle 2O(1, 1) over F1,r−1(Cr); (the zero section corresponds to those
bundles which extend to P̃2 as a direct sum of line bundles).

2. This description provides a simple way to construct bundles on X̃ from
bundles on X, but in contrast with the construction of Serre/Schwarzenber-
ger the bundles produced this way are all non-trivial on the exceptional
divisor. However, if

∑
i ai = 0 the generic deformation of the bundle Ẽ

(or E1) will be trivial on L, and the earlier construction can be seen as a
deformation of a bundle restricting to O(−1)⊕O(1) on L; (the existence of
such deformations is discussed further in §4).

An effective description of the spaces of holomorphic bundles on X̃ re-
quires such a description for the spaces of bundles in a neighborhood of L0,
but that given by Proposition 2.4 has some redundancy: The filtration (2.5)
is not uniquely determined. However, by gluing a bundle on a neighborhood
of L0 to the trivial bundle on P2 the classification problem becomes that of
determining the bundles on P̃2 which are trivial in a neighborhood of the line
L∞ at infinity. A trivialisation of such a bundle in a neighborhood of L∞ is
determined by its restriction to L∞, so isomorphism classes of pairs (E1, ρ)
where ρ is a trivialisation of (π∗E1)∗∗ in a neighborhood of x0 correspond
to isomorphism classes of pairs (Ẽ, ϕ) where Ẽ is a bundle on P̃2 such that
(π∗Ẽ)∗∗ is trivial and ϕ is a trivialisation of Ẽ on L∞.

The space P̃2 is isomorphic to the Hirzebruch surface H1 and bundles
on this space have been studied in [B2]. Using the lemma of §1 of that
reference, a monad description of all holomorphic bundles on H1 trivial
on L∞ is easily given, and the precise condition on such monads for the
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corresponding bundles to be trivial in a neighborhood of L∞ is quite easily
calculated.

3. Structure of moduli spaces I.

The “cut-and-paste” construction of the previous section makes no reference
to questions of stability, an issue which is considered in this section. When
the discussion is not limited to a single bundle but rather to whole moduli
spaces, the results generally apply only in the case that b1(X) is even; the
reason for this can be traced to the failure of Lemma 1.8 when b1(X) is odd.

The definition of stability requires a hermitian metric, and throughout
this section such a metric (positive (1,1)-form) ω is a fixed on X. The
metrics to be used on blowups of X are the same as those used in [B3], the
construction of which will be briefly recalled here for convenience.

Let X̃
π→ X be the blowup of X at x0 ∈ X. Let L := π−1(x0) be

the exceptional divisor so π∗ω is everywhere non-negative and is degenerate
only in directions tangent to L. Let σ be i/2π times the curvature form
of any hermitian connection on the line bundle O(−L) =: O(1) restricting
positively to L, and let ωε := π∗ω+ εσ for ε > 0; (recall O(L) |L' OL(−1)).
It follows that if ε is sufficiently small then ωε defines a positive form in
a neighborhood of L; if σ is compactly supported in X̃ then ωε is every-
where positive for sufficiently small ε. If ω is ∂̄∂-closed and σ is com-
pactly supported, it follows from the fact that L has self-intersection −1
that Vol (X̃, ωε) = Vol (X,ω) − ε2/2 = V − ε2/2, and if ω is d-closed, then
so too is ωε.

A useful model to keep in mind is the following: If x0 corresponds to
the origin in local holomorphic coordinates {za}, the orientation-reversing
map za 7→ za/|z|2 lifts to the blowup to define an isomorphism of a neigh-
borhood of L with a neighborhood of a line in CP2, realising X̃ as the
connected sum X̃ 'diffeo X#CP2. Under this diffeomorphism, the pull-back
of the Riemannian metric corresponding to ω1 = (i/2)∂∂̄(|z|2 + log |z|2)
is conformal to the Fubini-Study metric. The form σ can be taken to be
(i/2)∂∂̄ log(ψ(|z|2)) where ψ(t) is a smooth function which is the identity
near 0 and a positive constant for t ≥ t0. Pulling back under the “dilations”
z 7→ ε−1/2z and rescaling by ε gives the metric ωε, “stretching out” the neck
of the connected sum as in [D3].

Now let X̃
π→ X be a modification of X consisting of n successive

blowups, and let σi be a closed smooth (1,1)-form on X̃ corresponding as
in the last paragraph to the i-th blowup. Let Rn

+ := {α = (α1, . . . , αn) ∈
Rn | αi > 0 , i = 1, . . . , n} and for α ∈ Rn

+ let ρα :=
∑
αiσi, so ρα · ρα =

−
∑
α2

i =: −|α|2; (this definition differs slightly from that in [B3] where ρ
has the opposite sign). If there are no multiple blowups, ωα := π∗ω + ρα



84 N.P. BUCHDAHL

is positive for all α ∈ Rn
+ with |α| sufficiently small; if there are multiple

blowups then not all such α can define a positive form. A vector α ∈ Rn
+ is

called suitable if ωα is a positive form on X̃.

Let X̃
π→ X be a blowup of the compact surface X, equipped with a

metric of the form ωα as above. Let Ẽ be a holomorphic bundle on X̃, and
let Ã ⊂ Ẽ be a bundle of rank a included in Ẽ as a subsheaf. By definition
of ν•(∗),

ν eE(Ã, ωα) = ν
π∗ eE(π∗Ã) + ρα ·

[a
r
c1(Ẽ)− c1(Ã)

]
.(3.1)

If Ã has torsion-free quotient C̃ of rank c > 0 then (1.2) and (1.4) give

(3.2) C(Ẽ) = C(Ã) + C(C̃) +
r

2ac

[ ∥∥∥a
r
c1(π∗Ẽ)− c1(π∗Ã)

∥∥∥2

ω

+
∥∥∥a
r
c1(Ẽ)− c1(Ã)

∥∥∥2

Q
−
ν

π∗ eE(π∗Ã)2

V

]
,

where ‖x‖2
Q := −(x− π∗π∗x)·(x− π∗π∗x) for x ∈ H2(X̃,Q).

Suppose now that Ẽ is semi-stable but not stable with respect to ωα,
and that Ã destabilizes Ẽ. Then from (3.1) it follows that ν

π∗ eE(π∗Ã) =

−ρα ·[(a/r)c1(Ẽ)− c1(Ã)] so (3.2) implies

(3.3) C(Ẽ) ≥ C(Ã) + C(C̃) +
r

2ac

[∥∥∥a
r
c1(π∗Ẽ)− c1(π∗Ã)

∥∥∥2

ω

+
(

1− |α|2

V

) ∥∥∥a
r
c1(Ẽ)− c1(Ã)

∥∥∥2

Q

]
.

Since Ã destabilizes Ẽ for the metric ωα, it follows from the semi-stability
of Ẽ that both Ã and C̃ are also semi-stable (with respect to this metric),
implying C(Ã), C(C̃) are non-negative. Hence (3.3) yields a uniform bound
on

∥∥∥(a/r)c1(Ẽ)− c1(Ã)
∥∥∥ which involves only C(Ẽ) and r (if |α| is suitably

bounded from above).

With these preparations in hand, the following result summarises most
of the important relationships between stability on X and X̃. Parts of it
appear in [FM2, Theorem 5.5] and [Br, Theorem 4] in the case of bundles
of rank 2.

Proposition 3.4. Let Ẽ be an r-bundle on X̃.
(a) If Ẽ is ωεα-stable for all sufficiently small ε > 0 then π∗Ẽ is ω-semi-

stable;
(b) If Ẽ = π∗E for some bundle E on X and Ẽ is ωα-stable, then E is

ω-stable;
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(c) If Ẽ is ωα-(semi-)stable and π∗Ẽ is ω-semi-stable, then Ẽ is ωεα-
(semi-)stable for all ε ∈ (0, 1];

(d) If π∗Ẽ is stable, then Ẽ is ωα-stable for all suitable α ∈ Rn
+ sufficiently

small. In fact, if ν
π∗ eE(A) ≥ δ > 0 for all A ⊂ π∗Ẽ with non-zero

torsion-free quotient, then Ẽ is ωα-stable for all suitable α ∈ Rn
+ such

that |α| < δ

√
2V/(2δ2 + rV C(Ẽ)).

Proof. (a) By Lemma 2.2, after twisting Ẽ with a suitable line bundle
it can be supposed that π∗Ẽ is locally free. If A ⊂ π∗Ẽ has torsion-free
quotient, then π∗A ⊂ π∗π∗Ẽ ⊂ Ẽ. If Ã is the maximal normal extension
of π∗A in Ẽ then µ(π∗A,ωα) ≤ µ(Ã, ωα). Replacing α by εα in (3.1) and
letting ε→ 0 gives ν

π∗ eE(A) ≥ 0.

(b) If A ⊂ E has torsion-free quotient and Ã ⊂ Ẽ is the maximal normal
extension of π∗A in Ẽ = π∗E, then µ(A,ω) = µ(π∗A,ωα) ≤ µ(Ã, ωα) <
µ(Ẽ, ωα) = µ(E,ω).
(c) Suppose Ã ⊂ Ẽ has torsion-free quotient. If ν eE(Ã, ωεα) < 0 for some
ε ∈ (0, 1) then since ν

π∗ eE(π∗Ã) ≥ 0 by hypothesis it would follow that ερα ·
[(a/r)c1(Ẽ)−c1(Ã)] < 0; this would imply ν eE(Ã, ωα) < 0 also, contradicting
the hypotheses. If Ã destabilizes Ẽ for ωεα then both ν

π∗ eE(π∗Ã) and ρα ·
[(a/r)c1(Ẽ)− c1(Ã)] must be zero. Otherwise, one must be strictly positive
and therefore Ẽ must be strictly stable with respect to ωεα for all ε ∈ (0, 1].
(d) If Ã ⊂ Ẽ has torsion-free quotient, the first Chern class of Ã restricted
to any irreducible component of the exceptional divisor is bounded above
by a constant depending on the maximum of the first Chern classes of the
line bundles in the decomposition of Ẽ on that component. The proof of
Lemma 5 of [B3] now applies to show that if Ẽ has at least one non-trivial
subsheaf, then there exists such a subsheaf Ã with torsion-free quotient C̃
which maximizes µ(−, ωεα) for any sufficiently small ε > 0. It then follows
from (3.1) that Ẽ is stable with respect to ωεα for all ε sufficiently small.

If α is suitable and satisfies the inequality of (d) and Ẽ is not ωα-stable,
then since stability is an open condition on the metric there exists ε ∈ (0, 1]
such that Ẽ is ωεα-semi-stable but not stable. Then δ ≤ ν

π∗ eE(Ã) = −ερα ·
((a/r)c1(Ẽ) − c1(Ã)) ≤ |α|

∥∥∥c1(Ẽ)− c1(Ã)
∥∥∥

Q
. Replacing α by εα in (3.3)

gives the bound
∥∥∥c1(Ẽ)− c1(Ã)

∥∥∥2

Q
≤ rV C(Ẽ)/(2V − 2ε2|α|2), which gives

the contradiction δ < δ after a little algebra. �

A simple corollary of the proposition is that if Ẽ = E0#ρE1 is a bundle
on X̃ constructed by the gluing construction of the last section and if E0
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on X is ω-stable, then Ẽ is ωα-stable for all suitable α ∈ Rn
+ sufficiently

small. The gluing construction, combined with the existence of Hermitian-
Einstein connections on stable bundles, can thus be viewed as a holomorphic
interpretation of Donaldson’s “connected sums of connections” theorem [D3]
where one of the summands is (a connected sum of copies of) P2.

By Lemma 1.8, Proposition 2.8 and part (d) of Proposition 3.4, when
b1(X) is even it follows that for any bundle Ẽ on X̃ of rank r and charge
≤ C0 such that π∗Ẽ is stable, Ẽ is ωα-stable for all suitable α ∈ Rn

+ satisfying
a uniform bound independent of Ẽ. In particular, the pull-backs from X of
stable bundles of bounded ranks and charge are all stable with respect to
the same metrics on the blowup. The restriction that b1(X) be even gives
the following strengthening of Proposition 3.4:

Proposition 3.5. Suppose that b1(X) is even. For any r0, C0 > 0 there
exists ε0 = ε0(r0, C0, ω) with the property that any bundle on a blowup X̃
of X of rank ≤ r0 and charge ≤ C0 which is stable with respect to ωα for
some suitable α ∈ Rn

+ satisfying |α0| < ε0 is stable with respect to ωεα for
all ε ∈ (0, ε0/|α|). Moreover, any bundle which is semi-stable with respect
to ωα and has semi-stable direct image is semi-stable with respect to ωεα for
all ε ∈ (0, ε0/|α|).

Proof. Set ε1 := δ0

√
2V/(2δ20 + rV C(Ẽ)) where δ0 is as in Lemma 1.8. Sup-

pose that there exists suitable α1 ∈ Rn
+ with |α1| < ε1 and a bundle Ẽ1 of

rank r1 ≤ r0 on X̃ with C(Ẽ1) ≤ C0 which is ωα1-stable but which is not
ωδ1α1-stable for some δ1 ∈ (0, ε1/|α1|), where δ1α1 is suitable. Since stabil-
ity is an open condition on the metric, by altering δ1 if necessary it can be
supposed that Ẽ1 is semi-stable but not stable with respect to ωδ1α, and
hence that there exists Ã1 ⊂ Ẽ1 destabilizing as in the discussion preceding
Proposition 3.4. Set ε2 := (1/2) min{|α1|, δ1|α1|} and repeat this procedure,
generating a sequence {(εi, αi, Ẽi, Ãi, δ1)} by iteration. By construction,

ν
π∗ eEi

(π∗Ãi) + ραi ·[(ai/ri)c1(Ẽi)− c1(Ãi)] > 0(3.6)(a)

ν
π∗ eEi

(π∗Ãi) + δiραi ·[(ai/ri)c1(Ẽi)− c1(Ãi)] = 0,(3.6)(b)

with δ1|αi| < εi < εi−1/2. Since 1 ≤ ai ≤ ri ≤ r0 and C(Ẽi) ≤ C0

the uniform bound on the norms
∥∥∥(ai/ri)c1(Ẽi)− c1(Ãi)

∥∥∥ provided by (3.3)

implies that there is a subsequence for which (ai/ri)c1(Ẽi) − c1(Ãi) is con-
stant. Since b1(X) is even, ν•(∗) is topological and therefore constant on
this subsequence. If the subsequence is infinite, then εi → 0, so (3.6)(b) im-
plies ν

π∗ eEi
(π∗Ãi) is eventually 0 on this subsequence and therefore so too is
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ραi·[(ai/ri)c1(Ẽi)− c1(Ãi)]; this however contradicts (3.6)(a). Thus the sub-
sequence must be finite, implying the original sequence terminated, which
in turn implies the first statement of the proposition.

To prove the second statement, suppose that Ẽ is ωα-semi-stable for some
suitable α ∈ Rn

+ with |α| < ε0, and that π∗Ẽ is semi-stable. If Ẽ is ωα-
stable then the first part of the proposition applies, so it can be assumed
that Ẽ is not stable. If Ã ⊂ Ẽ has torsion-free quotient and destabilizes
Ẽ with respect to ωα, then ν

π∗ eE(π∗Ã) = −ρα · [(a/r)c1(Ẽ) − c1(Ã)] ≤
|α|

∥∥∥(a/r)c1(Ẽ)− c1(Ã)
∥∥∥

Q
< δ0 by construction of ε0 and by (3.3), so by

Lemma 1.8 it follows ν
π∗ eE(π∗Ã) = 0 = ρα · [(a/r)c1(Ẽ) − c1(Ã)]. Hence

ν eE(Ã, ωεα) = 0 for all ε. �

In general, it is not the case that the moduli spaces of ωα-stable holo-
morphic structures on a given topological bundle over X̃ are independent
of α ∈ Rn

+ once |α| is sufficiently small. If Ẽ is a bundle on X̃ of rank
≤ r0 and charge ≤ C0 which is stable with respect to ωα but not stable
with respect to ωβ for |α|, |β| ≤ ε0, then it follows easily as in the proof of
Proposition 3.5 that there exists c ∈ H2(X,Z)⊥ ⊂ H2(X̃,Z)∩H1,1(X̃) with
‖c‖Q ≤

√
r30V C0/(2V − 2ε20) such that ρα · c > 0 and ρβ · c ≤ 0, namely

c = (ac1(Ẽ) − rc1(Ã)) − (aπ∗c1(π∗Ẽ) − rπ∗c1(π∗Ã)) for some destabilizing
Ã ⊂ Ẽ. The moduli spaces will be independent of suitable α ∈ Rn

+ sat-
isfying |α| < ε0 provided that α remains within one of the finitely many
chambers of Rn

+ cut out by the equations ρα · c = 0 for c ∈ H2(X,Z)⊥ with
‖c‖Q ≤

√
r30V C0/(2V − 2ε20). Such a “chamber structure” for moduli spaces

is quite well-known — see, e.g., [D4], [K2].
Moduli spaces also depend non-trivially on |α| in general: It is not hard to

construct examples of bundles on a blowup X̃ which are stable with respect
to ωα for some suitable α, but which fail to be stable with respect to ωεα

for some ε ∈ (0, 1).

4. Stabilization and desingularisation.

The appearance of sheaves and bundles which are semi-stable but not stable
represents a divergence between the real analytical and the complex analyt-
ical descriptions of moduli: Whereas isomorphism classes of stable bundles
and irreducible Hermitian-Einstein connections are in one-to-one correspon-
dence, this fails to be true as soon as stable is replaced by semi-stable: For
example, if A and B are stable bundles with µ(A) = µ(B), any extension of
the form 0 → A→ E → B → 0 defines a bundle E with µ(E) = µ(B) which
is always semi-stable but not stable. The bundle E admits a Hermitian-
Einstein connection if and only if the extension splits. In this section, the
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gluing construction of §2 is used to provide a mechanism for “stabilizing” a
semi-stable bundle (or torsion-free sheaf). The methods, which are strictly
sheaf-theoretical, can also be used to by-pass some of the technical difficul-
ties encountered in [D5] to show that moduli spaces of stable bundles of
sufficiently large charge on a blowup of a surface have open subsets which
are smooth; this is indicated in the second half of the section. Finally, the
same methods are used to show that bundles on a blowup which are topo-
logically trivial on the exceptional divisor can be approximated (off a finite
set) by bundles which are holomorphically trivial on the divisor.

In general, a semi-stable sheaf S on the compact surface X determines
a semi-stable bundle Σ(S) admitting a Hermitian-Einstein connection as
follows: Σ(S) := Σ(S∗∗) and if A ⊂ S has µ(A) = µ(S), then Σ(S) :=
Σ(A) ⊕ Σ(S/A). It is straightforward to verify by induction on rank that
this prescription is well-defined and uniquely determines the bundle Σ(S).
This bundle has the same rank and determinant as S and never has greater
charge; it is a direct sum of stable bundles all of the same slope (i.e., is quasi-
stable), and there are non-zero holomorphic maps S → Σ(S), Σ(S) → S∗∗.

It is also convenient to introduce the notation B(E) for a semi-stable
bundle E to denote the set of points x ∈ X for which there is a semi-stable
bundle A with µ(A) = µ(E) and a sheaf inclusion A→ E such that Ax → Ex

not of maximal rank; (note that the quotient E/A must be torsion-free else
semi-stability of E will be violated by the maximal normal extension of A
in E). Again, it is easily verified by induction on the rank of E that B(E)
is finite.

Let E be a semi-stable r-bundle on X, and let A be a semi-stable a-
bundle with µ(A) = µ(E) for which there is a map A→ E inducing a sheaf
inclusion. Pick a point x0 ∈ X\B(E) and let X̃

π→ X be the blowup of
X at x0. If E1 is any r-bundle on a neighborhood of L := π−1(x0) and
ρ : E → (π∗E1)∗∗ is an isomorphism over this neighborhood, then if E is in
fact stable it follows from Proposition 3.4 that the bundle Ẽ := E#ρE1 is
stable with respect to ωε for all sufficiently small ε > 0; the more delicate
and interesting case is when E is not stable which is henceforth assumed.

Now take E1 = O(1) ⊕ Or−1. Up to isomorphism, the bundle Ẽ is de-
termined by a non-zero element, ϕ say, of the vector space E∗x0

, with any
non-zero multiple giving an isomorphic bundle: the correspondence is given
explicitly by taking direct images of the sequence 0 → Ẽ → Ẽ(−1) →
Ẽ(−1)|L→ 0 and using the fact that π∗Ẽ(−1) is locally free, hence equal to
E.
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Let Ã ⊂ Ẽ have torsion-free quotient C̃ and satisfy µ(π∗Ã) = µ(E), and
consider the commutative diagram

0 → π∗Ã → π∗Ẽ → π∗C̃ → 0
↓ ↓ ↓

0 → (π∗Ã)∗∗ → (π∗Ẽ)∗∗ → (π∗C̃)∗∗ → 0,

in which the vertical arrows are inclusions and the rows are not assumed to
be exact. By taking direct images of the exact sequence 0 → Ã → Ẽ →
C̃ → 0 and using the fact that π1

∗Ẽ = 0, it follows that the top row is exact
except at π∗C̃ where the cokernel of π∗Ẽ → π∗C̃ is π1

∗Ã. Since x0 /∈ B(E),
(π∗Ã)∗∗ ⊂ (π∗Ẽ)∗∗ = E is a sub-bundle at x0 and the lower row must
be exact near there, implying that (π∗Ã)∗∗/π∗Ã → (π∗Ẽ)∗∗/π∗Ẽ = C is
injective and that (π∗Ẽ)∗∗/π∗Ẽ → (π∗C̃)∗∗/π∗C̃ is surjective.

Replace the top row of the diagram by 0 → π∗Ã(−1) → π∗Ẽ(−1) →
π∗C̃(−1) → 0, which is exact except possibly at π∗C̃(−1), with the cokernel
of π∗Ẽ(−1) → π∗C̃(−1) being π∗Ã(−1). The lower row remains unchanged
since (π∗S(−1))∗∗ = (π∗S)∗∗ for any torsion-free S.

Since Ẽ(−1) = O ⊕O(−1)r−1 near L, it follows π∗Ẽ(−1) is locally free.
Since C̃ is torsion-free, Ã is a subbundle of Ẽ at generic points of L so
if Ã|L= ⊕O(ai), each ai must be at most 1; therefore π∗Ã(−1) is locally
free. Hence the first two vertical arrows are isomorphisms, implying that
π∗C̃(−1) is locally free and π1

∗Ã(−1) = 0. By Lemma 2.2(f), Ã splits as a
sum of the line bundles O and O(1) near L, and by the remark following
the proof of Lemma 2.2(f), C̃ is locally free and also splits in the same
fashion. Since det Ẽ = O(1) near L, the only two possibilities are that
near L, Ã is trivial and C̃ = O(1) ⊕ Oc−1 or Ã = O(1) ⊕ Oa−1 and C̃
is trivial. These two possibilities occur iff the kernel of ϕ : Ex0 → C does
or does not contain the image of (π∗Ã)∗∗x0

respectively. If it does not, then
µ(Ã, ωα) = µ(π∗Ã) − α/a = µ(E) − α/a < µ(E) − α/r = µ(Ẽ, ωα), so Ẽ

would be stable for all α > 0 sufficiently small if every such Ã could be
guaranteed to fall into the second category.

In general, it is not be possible guarantee that (π∗Ã)∗∗x0
should not be

contained in the kernel of ϕ. However, the following somewhat technical
lemma shows that if the construction is repeated at a number of points, a
uniform upper bound on the number of such “bad” points can be given:

Lemma 4.1. Suppose x1, . . . , xn ∈ X\B(E). Then there are linear maps
ϕi : Exi → C, i = 1, . . . , n with the following property: For any stable
bundle A on X of rank a with µ(A) = µ(E) and any non-zero map A→ E,
the number of maps ϕi for which Axi ⊂ ker ϕi is at most m− 1, where the
multiplicity of A in Σ(E) is ma− c , 0 ≤ c < a.
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Proof. By induction on the rank r of E. Without loss of generality, there is
a semi-stable bundle K with µ(K) = µ(E) and a map K → E such that the
quotient B is a torsion-free stable sheaf of rank 0 < b < r. By the inductive
hypotheses, maps ϕK

i with the requisite properties exist for K.
Suppose first that the extension 0 → K → E → B → 0 is non-trivial.

If A is a stable bundle of rank a with µ(A) = µ(E) and there is a non-
zero map A → E, then by stability of A and B the composition A → B is
either 0 or an isomorphism, but the latter is ruled out by the assumption
that the extension does not split. Thus any such A maps into K and since
Σ(E) = Σ(K)⊕B∗∗, any extensions of the maps ϕK

i to Exi will satisfy the
requirements of the lemma.

Suppose now that the extension does split, so B is in fact locally free. Fix
maps ϕK

i as above and choose maps ϕB
i : Bxi →→ C; set ϕi := ϕK

i + ϕB
i . If

Hom (B,K) = 0 then for any A as in the last paragraph, the map A→ B is
either 0 or an isomorphism and A→ K is then an inclusion or 0 respectively,
so the conclusion of the lemma is again satisfied. If, on the other hand,
there does exist a non-zero homomorphism from B into K, let mb − c be
the multiplicity of B in Σ(K) for some integers m, c with 0 ≤ c < b. By
the inductive hypothesis, for any non-zero map B → K the image of B is
contained in the kernels of at most m− 1 of the maps ϕK

i .
Suppose then that for each choice of maps ϕB

i : Bxi →→ C there is a map
(Ψ, ψ) : B → K ⊕B such that more than m− 1 of the maps ϕi = ϕK

i + ϕB
i

restricted to the image of B in K⊕B are identically 0. Since B is stable, the
map ψ is a multiple of the identity, but this multiple cannot be 0 otherwise
more than m− 1 of the maps ϕK

i restricted to the image of B are 0. After
rescaling (Ψ, ψ) it can be supposed that ψ is the identity; then Ψ must be
uniquely determined by ϕB

1 , . . . , ϕ
B
n since the non-zero difference between

any two would give a map B → K whose images in Kxi would be contained
in more than m − 1 of the subspaces ker ϕK

i . Hence Ψ = Ψ(ϕB) where
ϕB := (ϕB

1 , . . . , ϕ
B
n ).

For each ϕB ∈ B := B∗x1
\{0} × · · · ×B∗xn

\{0} the map Ψ satisfies

ϕK
i ·Ψ(ϕB)(xi) = −ϕB

i , i = i1, . . . , im+k(4.2)

where k ≥ 0 depends on ϕB. If {ϕB
α }∞α=1 ⊂ B converges to ϕB ∈ B, the

sequence {Ψ(ϕB
α )}∞α=1 ⊂ H0(X,Hom (B,K)) must be bounded, otherwise

{Ψ(ϕB
α )/||Ψ(ϕB

α )||} has a subsequence converging to Ψ̃∈H0(X,Hom (B,K))
with ||Ψ̃|| = 1 but with ϕK

i Ψ̃ = 0 for more than m − 1 values of i, a
contradiction. If Ψ̂ ∈ H0(X,Hom (B,K)) is the limit of any convergent
subsequence of {Ψ(ϕB

α )} then for i = i1, . . . , im+k (possibly depending on the
subsequence) it follows ϕK

i · Ψ̂ = −ϕB
i , and by uniqueness, that Ψ̂ = Ψ(ϕB);

hence Ψ(ϕB) depends continuously on ϕB ∈ B.
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For each subset of {x1, . . . , xn} consisting of at least m points there is a
corresponding subset of B consisting of those ϕB for which (4.2) holds. Let
B0 denote the union of those non-empty subsets for which (4.2) holds at the
minimum number of points, m + k0 say. If {ϕB

α }∞α=1 ⊂ B\B0 converges to
ϕB ∈ B, then each ϕB

α in some subsequence will satisfy (4.2) at the same
set of points {xi1 , . . . , xim+k

} and therefore Ψ(ϕB) also satisfies the same
set of equations, implying that ϕB 6∈ B0; hence B0 is open. Thus for some
i1, . . . , im+k0 , (4.2) holds for all ϕB in a non-empty open subset of B, which
easily implies that Ψ(ϕB) is a linear function of ϕB

i1
, . . . , ϕB

im+k0
. Moreover,

it must be the case that k0 = 0, else by taking ϕB
i = 0 for i 6= i1 with

ϕB
i1
6= 0, Ψ(ϕB) is a non-zero map B → K whose image is contained in more

than m− 1 of the subspaces ker(ϕK
i ).

Renumbering the points x1, . . . , xn, it can be assumed that ϕK ·Ψ(ϕB) =
−ϕB for ϕK := (ϕK

1 , . . . , ϕ
K
m) and ϕB is now equal to (ϕB

1 , . . . , ϕ
B
m), where it

is understood that Ψ is evaluated at each point xi for each term respectively
in this matrix equation.

The map Ψ can be viewed as a homomorphism B⊗⊕m
i=1B

∗
xi
→ K. Since

B is stable and K is semi-stable of the same slope as B, the kernel of this
homomorphism must be of the the form B ⊗ V for some vector subspace
V ⊂ ⊕m

i=1B
∗
xi

, but the equation ϕK · Ψ(ϕB) = −ϕB implies that V must
have dimension 0. Thus Ψ: B ⊗ ⊕m

i=1B
∗
xi
→ K is a sheaf inclusion, and

indeed since B(K) ⊂ B(E), this map must have maximal rank at each
point xi, i = 1, . . . ,m. It follows that the multiplicity of B in K is at least
mb, and since this multiplicity is by assumption mb−c, it follows that c = 0.
Thus the multiplicity of B in E = K⊕B is mb+1 = (m+1)b− (b−1), and
the preceding argument shows that for generic ϕB

i , the homomorphisms ϕi

have the desired property. �

Suppose that E is as above and that Σ(E) =
⊕

i Vi ⊗ Ai where Vi is a
di-dimensional vector space and Ai is a stable ai-bundle with µ(Ai) = µ(E)
and with Ai 6' Aj for i 6= j. Pick any n points x1, . . . , xn ∈ X\B(E)
and glue in the bundle E1 at each of these points in the generic fashion
described by Lemma 4.1 to obtain a bundle Ẽ on the blowup X̃

π→ X of
X at all x1, . . . , xn. If σi represents −Li let ρ :=

∑
i σi and for ε > 0 take

ωε := π∗ω + ερ.
Let Ã ⊂ Ẽ have rank a, have torsion-free quotient, and maximize µ(∗, ωε)

over the admissible subsheaves of Ẽ by Ã for all ε > 0 sufficiently small.
Since µ(Ã, ωε) = µ(π∗Ã) + ερ·c1(Ã)/a, letting ε → 0 shows that µ(π∗Ã) =
µ(E). By the discussion preceding Lemma 4.1, σi · c1(Ã) is either 0 or −1
according respectively to whether or not (π∗Ã)∗∗ is contained in the kernel
of the linear form defining the gluing of E to E1 at xi. By Lemma 4.1
itself, the former occurs at most κ := maxi{di/ai} (≤ r) times. Since
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µ(Ẽ, ωε) = µ(E) − εn/r, it follows that µ(Ã, ωε) < µ(Ẽ, ωε) if n > rκ, in
which case Ẽ is stable with respect to ωε for all ε > 0 sufficiently small.

To summarise:

Proposition 4.3. Let E be a semi-stable r-bundle with Σ(E) =
⊕

i Vi⊗Ai

where Vi is a di-dimensional vector space and Ai is a stable ai-bundle with
µ(Ai) = µ(E) and with Ai 6' Aj for i 6= j. If n > r[maxi{di/ai}] then
for any choice of n points in X\B(E) there is a bundle Ẽ on the blowup
X̃

π→ X of X at these points such that Ẽ restricts to O(1) ⊕
∑r−1

1 O on
each component of the exceptional divisor, (π∗Ẽ)∗∗ = E, and Ẽ is stable
with respect to ωε := π∗ω + ε

∑n
i=1 σi for all ε > 0 sufficiently small.

Remarks.
1. Since π∗Ẽ(−1) is locally free, there is a map π∗E → Ẽ(−1) obtained by
pulling-back and composing with the canonical map π∗π∗Ẽ(−1) → Ẽ(−1).
Similarly, since π∗(Ẽ∗) is locally free, (after dualising) there is a map Ẽ →
π∗E, and the composition π∗E(1) → Ẽ → π∗E is s1E where s ∈ Γ(O(−1))
defines the exceptional divisor.
2. If r = 2 the entire procedure is considerably simplified. In particular,
if E0 is given by an extension 0 → L1 → E0 → L2 ⊗ J → 0 for some line
bundles L1, L2 with deg(L1) = deg(L2) and some sheaf of ideals J with
O/J supported at a finite set, then if L1 6' L2 or the extension does not split,
it suffices to blow up at one point and take Ẽ to be a non-trivial extension
0 → π∗L1(1) → Ẽ → π∗L2 ⊗ J → 0. If E0 = L1 ⊕ L1 then it suffices to
blow up at 3 points and take a non-zero extension 0 → π∗L1(1,−1, 1) →
Ẽ → π∗L1(0, 0, 0) → 0.

3. Instead of gluing-in the bundle E1 = O(1) ⊕ Or−1 to construct Ẽ,
another natural choice is to glue in the bundle O(1) ⊕ O(−1) ⊕ Or−2 (as-
suming of course that r ≥ 2). The new bundle now has the same first Chern
class (and determinant) as E0, and charge one unit greater (as opposed to
(r−1)/2r units greater). An analysis similar to that which was given above
to prove Proposition 4.3 should be possible in this case, but the calculations
are more involved and as yet have not been carried out.

As mentioned in the introduction to this section, the gluing construction
also yields a simple way to by-pass the technical difficulties of [D5] which
can occur because of singularities in moduli spaces of stable bundles.

For a stable r-bundle E on the compact surface (X,ω) with Hermitian-
Einstein connection ∇, the cokernel of ∇+ : Λ1(End 0E) → Λ2

+(End 0E)
vanishes iff H2(X,End 0E) does, where End 0 denotes trace-free endomor-
phisms. Thus ∇ is a smooth point in the moduli space of irreducible
Hermitian-Einstein connections iff E is a smooth point in the moduli space of
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stable bundles. By Serre duality, H2(X,End 0E) ' H0(X,End 0E ⊗KX)∗

where KX is the canonical bundle of X. If s ∈ H0(X,End 0E ⊗ KX) is
a non-zero section, pick a point x0 at which s is not zero, and blow up
X at x0. Now take E0 = E, E1 = O(−1) ⊕ O(1) ⊕ Or−2 and construct
a bundle Ẽ = E0#ρE1 on X̃ as in §2. Since K eX ' (π∗KX)(−1) ([BPV,
Theorem I.9.1]), Lemma 2.2(a) implies that π∗(End 0 Ẽ⊗K eX(−1)) is locally
free, and therefore it is isomorphic to End 0E⊗KX since it agrees with this
sheaf away from x0. The direct image of the sequence

0 → End 0 Ẽ ⊗K eX → End 0 Ẽ ⊗K eX(−1) → End 0 Ẽ ⊗K eX ⊗OL0(−1) → 0

thus gives 0 → π∗End 0 Ẽ ⊗K eX → End 0E ⊗KX → Cx0 , and it is straight-
forward to check that the under the composition H0(X,End 0E ⊗ KX) '
H0(X̃,End 0 Ẽ ⊗ K eX(−1)) → H0(L0, Ẽ ⊗ K eX(−1)) ' C the section s is
not mapped to zero for generic ρ. For such ρ, it follows that the dimen-
sion of H2(X̃,End 0 Ẽ) is one less than that of H2(X,End 0E) so after
performing this operation at enough points the bundle Ẽ on X̃ will satisfy
H2(X̃,End 0 Ẽ) = 0. By semi-continuity of cohomology the same will be
true for any bundle on X̃ sufficiently near Ẽ, and by Proposition 3.4 the
bundle Ẽ will be stable with respect to ωα for all suitable α sufficiently close
to 0.

More generally, if L is any line bundle on X the same technique shows
that by blowing up at least h2((End 0E)⊗L) generic points inX, the generic
bundle Ẽ = E#ρE1 on the blowup satisfies H2((End 0 Ẽ)⊗ π∗L) = 0.

To summarize:

Proposition 4.4. If E is an r-bundle on X and L is a holomorphic line
bundle, then for any set T of n ≥ h2(X, (End 0E) ⊗ L) points in general
position there is a blowup X̃ of X centered at T together with a bundle Ẽ on
X̃ restricting to O(1)⊕O(−1)⊕Or−2 on each component of the exceptional
divisor satisfying (π∗Ẽ)∗∗ = E and H2(X̃, (End 0 Ẽ)⊗ π∗L) = 0.

If X ′ is a blowup of X with exceptional divisor D′, and E′ is a bundle on
X ′ which is topologically trivial on D′, the cokernel of H1(X ′,End 0E

′) →
H1(D′,End 0E

′) is the kernel of the epimorphism H2(X ′, (End 0E
′)(−D′))

→ H2(X ′,End 0E
′). If the former group vanishes, every small deformation

of E′ onD′ is induced by a small deformation of E′ onX ′. Since every bundle
on P1 with 0 first Chern class has arbitrarily small deformations which are
holomorphically trivial, it follows in this case that E′ has arbitrarily small
deformations which are holomorphic pull-backs from X.

If deg(KX , ω) < 0 and E′ is ωα-stable for sufficiently small suitable α,
End 0E

′ ⊗ KX′(D′) has negative degree with respect to ωα and therefore
H2(X ′, (End 0E

′)(−D′)) = 0 by duality. If deg(KX , ω) ≥ 0, applying
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Proposition 4.4 (blowing up at points of X ′\D′) yields a blowup X̃ ′ of
X ′ with exceptional divisor D together with a bundle Ẽ′ on X̃ ′ such that
H2(X̃ ′, (End 0 Ẽ

′)(−D′)) = 0. From the previous paragraph it follows that
there are arbitrarily small deformations of Ẽ′ which restrict to holomorphi-
cally trivial bundles on D′. The behavior of the deformations on D cannot
be controlled, but for sufficiently small perturbations of Ẽ′, the bundles
must be either trivial or split as O(1)⊕O(−1)⊕Or−2 on each component,
by semi-continuity of cohomology.

5. Structure of moduli spaces II.

Let X be a compact complex surface, equipped with a ∂̄∂-closed positive
(1, 1)-form ω. Consider a sequence {Ei} of stable holomorphic bundles
of fixed topological type and degree, identified with a sequence {Ai} of
Hermitian-Einstein connections on a fixed unitary bundle. For this sequence
of connections, the L2 norms of the curvatures are uniformly bounded, so by
Uhlenbeck’s theorem [Sed], [U1] there is a finite set S ⊂ X and gauge trans-
formations such that the gauge-transformed sequence (also denoted {Ai})
converges weakly in L2

1,loc(X\S) to a connection A defining a finite-action
Hermitian-Einstein connection. Ellipticity of the Hermitian-Einstein equa-
tions combined with Donaldson’s argument in the proof of Corollary 23 of
[D2] shows that a subsequence is converging weakly in Lp

1,loc(X\S) for any
p and by bootstrapping and diagonalisation, that a subsequence converges
strongly in Ck on compact subsets of X\S for any k. Since a Hermitian-
Einstein connection can be twisted locally by a Hermitian-Einstein connec-
tion on a trivial bundle so that the new connection has λ = 0, it follows
from the Removability of Singularities theorem [U2] that the limit extends
across S to define a new Hermitian-Einstein connection on a bundle over X,
and therefore a new semi-stable bundle E with Σ(E) = E. The new holo-
morphic bundle E has the same rank and first Chern class as the bundles in
the sequence, its determinant is the limit of the determinants, but its charge
is at least one less for each point in S where the curvature has “bubbled”.

Following [D5], this type of “convergence” for sequences of connections
is referred to as weak convergence (on X\S), and sequences of stable holo-
morphic bundles of the same degree and topological type converge weakly
(on X\S) (with respect to ω) if the corresponding irreducible Hermitian-
Einstein connections converge weakly.

In dealing with limits of sequences of stable bundles, arguments are greatly
simplified whenever it is known that a weak limit is itself stable, rather than
just semi-stable. The stabilization construction given in the previous section
is designed to meet this type of need, and when combined with Lemma 2.2
of [B5] (semi-continuity of cohomology on H0 for weak limits), the upshot
is Lemma 5.1 below. Recall that the notation ΛF denotes ∗(ω ∧ F ) and if
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A is a connection on a unitary bundle and g is a complex automorphism (an
intertwining operator) on that bundle, g·A is the connection with (0, 1) part
∂̄g·A = g ◦ ∂̄A ◦ g−1 and (1, 0) part ∂g·A = (g∗)−1 ◦ ∂A ◦ g∗.

Lemma 5.1. Let {Ei} be a sequence of stable bundles on X corresponding
to a sequence {Ai} of Hermitian-Einstein connections on a fixed U(r)-bundle
and let S ⊂ X be a finite set such that the sequence converges weakly on X\S
to a Hermitian-Einstein connection A defining a quasi-stable bundle E. If
(X̃, Ẽ) is a stabilization of E with the none of the blown-up points lying
in S, then there is a subsequence with stabilizations Ẽij on X̃ converging
weakly to Ẽ on X̃\π−1(S). Here stability on X̃ is with respect to ωε = ωεα0

for α0 := (1, . . . , 1) and any ε > 0 sufficiently small.

Proof. Let T ⊂ X\B(E) be the finite set used to stabilize E. Since there is
no bubbling of curvature near the points of T , a sequence of integrable con-
nections Ãi corresponding to bundles Ẽi with (π∗Ẽi)∗∗ = Ei can be found
such that Ãi agrees with π∗Ai outside a fixed neighborhood Ũ of the excep-
tional divisor and which converge smoothly inside this neighborhood to a
connection inducing Ẽ there, so the Ãi converge weakly in Lp

1,loc(X̃\π
−1(S))

to a connection inducing Ẽ.
If b1(X) is even then by Proposition 3.5, all of the bundles Ẽi and Ẽ will

be stable with respect to the same metric ωε for sufficiently small ε > 0.
However, by construction of Ẽ and Ẽi, a reflexive subsheaf Ãi minimising
ν eEi

(∗, ωε) for all sufficiently small ε and sufficiently large i will satisfy the
same type of splitting behavior as that described in the discussion preceding
Proposition 4.3, and therefore there exists ε0 > 0 such that Ẽi is ωε-stable
for all i and all ε < ε0, regardless of the parity of b1(X).

By weak compactness on X̃ there is a finite set S̃ ⊂ X̃ such that, after
gauge transformations a subsequence of the corresponding ωε-Hermitian-
Einstein connections Ã′i inducing Ẽi converges weakly in Lp

1,loc(X̃\S̃) to a

Hermitian-Einstein Ã′ connection on X̃ which, after removal of singularities,
defines a semi-stable bundle Ẽ′ there. By Lemma 2.2 of [B5], after rescaling
if necessary, the automorphisms gi intertwining Ã′i with Ãi give rise to a non-
zero holomorphic map Ẽ → Ẽ′, but since the former is stable and the two
bundles have the same degree, it must be an isomorphism. This implies
that the sequences {gi}, {g

−1
i } are both uniformly bounded in C0(X̃), and

by Lemma 2.1 of that same reference it follows that S̃ = π−1(S) and that
the two sequences bubble the same amount of charge at each point of S. �

From the complex analytic viewpoint, Propositions 3.4 and 3.5 indicate
that on a blowup X̃ of X there exist “stable” moduli spaces M(X̃, Etop, ωεα)
of stable bundles as ε tends to 0, at least when b1(X) is even. Given a
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bundle Ẽ in one of these moduli spaces, it is natural to enquire about the
behavior of the corresponding sequences of Hermitian-Einstein connections
and to determine the extent to which the behavior of this sequence reflects
the complex analytic picture of a bundle on X glued to a bundle on a
neighborhood of the exceptional divisor according the prescription of §2.
These questions are at least partially answered by Corollary 5.3 below where
it is shown that the corresponding connections converge off the blown-up set
and B(π∗E) to the Hermitian-Einstein connection on Σ(π∗E); the behavior
of the sequence near the exceptional divisor is described in Theorem 5.4.

Proposition 5.2. Let X̃
π→ X be a modification of X with exceptional

divisor D ⊂ X̃, and let {ωi} be a sequence of ∂̄∂-closed positive (1, 1)-forms
on X̃ converging smoothly to π∗ω. Let Ẽ be a holomorphic r-bundle on X̃

and let {Ai} be a sequence of smooth hermitian connections on Ẽ such that

(i)
∥∥ΛiF (Ai)−

√
−1λi 1

∥∥
L1( eX,ωi)

→ 0, for λi = −2πµ(Ẽ, ωi)/Vol (X̃, ωi),
and

(ii) there is a finite set S ⊂ X, p > 4 and k ≥ 1 such that π∗Ai con-
verges weakly in Lp

k,loc(X\(S ∪ π(D)), ω) to a connection A∞ with
‖F (A∞)‖L2(X) <∞.

Then

(a) π∗Ẽ is semi-stable;
(b) the quasi-stable bundle E∞ on X defined by A∞ (after removal of

singularities) is isomorphic to Σ(π∗Ẽ);
(c) after suitable gauge transformations, a subsequence of {π∗Ai} con-

verges weakly in Lp
k and strongly in Ck−1 on compact subsets of

X\
(
π(D) ∪B((π∗Ẽ)∗∗)

)
.

Proof. If L is an irreducible component of D, the curvature form fi of the
Hermitian-Einstein connection on O(L) corresponding to the metric ωi sat-
isfies ‖fi‖2

L2( eX,ωi)
= 4π2 [1 + deg(O(L), ωi)2/Vi] for Vi := Vol (X̃, ωi), which

converges to 4π2. Ellipticity of the Hermitian-Einstein equations and the
convergence of the sequence {ωi} to π∗ω implies that (a subsequence of) {fi}
converges weakly in L2(X) and smoothly on compact subsets of X\π(L) to
a finite action solution of the Hermitian-Einstein equations which, by remov-
able singularities, extends to X to define a holomorphic line bundle of degree
0 there. By Lemma 2.2 of [B5] and Hartogs’ Theorem, this line bundle has
a non-zero holomorphic section, but since the degree of the bundle is 0, this
section is covariantly constant and therefore defines a global trivialisation
— all of the curvature has concentrated along L. It follows from this that if
Ẽ is twisted by a suitable line bundle trivial off D and the sequence {Ai} is
correspondingly twisted by the sequence of Hermitian-Einstein connections
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on these line bundles, the hypotheses of the proposition remain true for the
new sequence and it can be supposed from now on that π∗Ẽ is locally free.

By Lemma 2.2 of [B5] and Hartogs’ Theorem again there is a non-zero
holomorphic map E∞ → π∗Ẽ, so if either bundle is stable this map is an
isomorphism. In particular, this occurs if Ẽ is a line bundle.

(a) If A ⊂ π∗Ẽ has rank a and torsion-free quotient then ν
π∗ eE(A) =

ν eE(π∗A,ωi) − 1
r (ωi − π∗ω) ·det (Ẽ ⊗ π∗A∗). Since ν eE(π∗A,ωi) ≥ ν eE(Â, ωi)

where Â is the maximal normal extension of π∗A in Ẽ and the latter term
has non-negative limit by hypothesis (i) and (1.7), the convergence of ωi to
π∗ω implies ν

π∗ eE(A) ≥ 0.

(b) If either E∞ or π∗Ẽ is stable, this is proved already by the remarks
above. If π∗Ẽ is not stable, there exists a subsheaf A ⊂ π∗Ẽ with torsion
free quotient C such that ν

π∗ eE(A) = 0. Pulling back to X̃ and taking

the maximal normal extension gives a subsheaf Â ⊂ Ẽ with torsion-free
quotient Ĉ such that π∗Â = A and C ⊂ π∗Ĉ. Desingularize the sequence
0 → Â→ Ẽ → Ĉ → 0 as in §3 of [B3] to obtain a modification X̃ ′ π′→ X̃

π→ X

and a sequence of bundles 0 → Â′ → π′∗Ẽ → Ĉ ′ → 0 on X̃ ′ with π′∗Â
′ = Â

and Ĉ ⊂ π′∗Ĉ
′.

Choose metrics ω′i = π′∗ωi + ραi on X̃ ′ with ραi converging smoothly
to 0, and make this convergence sufficiently fast so that ωi ∧′ F (π′∗Ai) −√
−1λ′i 1ω

′2
i converges to 0 in L1(X̃ ′, ω′i); this is possible since the connec-

tions Ai are smooth (cf. the final remark in §2 of [B3, p. 631]). From (1.7)
and (i) it follows that if βi is the second fundamental form of Â′ in π′∗Ẽ

for the hermitian connection π′∗Ai, then βi is converging to 0 in L2(X̃ ′, ω′i).
This implies that the hypotheses of the proposition are satisfied by the in-
duced connections on Â′ and Ĉ ′. If A∞, C∞ are the holomorphic bundles
on X defined by the limiting (Hermitian-Einstein) connections on Â′, Ĉ ′,
then since βi → 0 it follows from the construction that E∞ = A∞ ⊕ C∞.
By induction on rank, A∞ = Σ

(
(ππ′)∗Â′

)
and C∞ = Σ

(
(ππ′)∗Ĉ ′

)
, giving

E∞ = A∞⊕C∞ = Σ
(
(ππ′)∗Â′

)
⊕Σ

(
(ππ′)∗Ĉ ′

)
= Σ(A)⊕Σ(C) = Σ(π∗Ẽ),

proving (b) in general.

(c) By passing to a subsequence it can be supposed that the sequence {gi}
of intertwining operators from which the holomorphic map π∗Ẽ → E∞ is
constructed is converging strongly in Ck on any compact subset of X\(S ∪
π(D)). If π∗Ẽ is stable then this map is an isomorphism and the sequence
{g−1

i } must also be bounded in Ck on compact subsets of X\(S ∪ π(D)).
Then Lemma 2.1 of [B4] implies that curvature can only concentrate on
π(D) itself, which proves (c) in this case. The general case now follows by
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induction on rank using the proof of (b) when π∗Ẽ is not stable, since any
point of X̃ in the center of the modification X̃ ′ → X̃ is mapped into B(π∗Ẽ)
by π. �

Corollary 5.3. If Ẽ on X̃ is quasi-stable with respect to ωαi for some suit-
able αi ∈ Rn

+ converging to 0, then for any fixed k, after suitable gauge trans-
formations, a subsequence of the corresponding sequence {∇i} of Hermitian-
Einstein connections converges uniformly in Ck on compact subsets of
X\(π(D) ∪ B((π∗Ẽ)∗∗)) to a Hermitian-Einstein connection inducing
Σ(π∗Ẽ).

Proof. On any compact subset ofX\π(D) the L2 norm of F (∇i) with respect
to ω is uniformly bounded. The weak compactness arguments of [Sed], [U1]
still apply in this setting to obtain a subsequence of {∇i} (after gauge trans-
formations) converging weakly in L2

1 on compact subsets of X\(S ∪ π(D))
for some finite set S ⊂ X. Ellipticity of the Hermitian-Einstein equations
together with boot-strapping and diagonalisation then give a subsequence
converging in Ck on compact subsets of this complement, and the conclusion
then follows from the proposition. �

Corollary 5.3 describes the behavior of sequences of Hermitian-Einstein
connections away from the exceptional divisor D. To describe the behavior
near D consider the case that X̃ is the blowup of X at a single point x0

and fix a metric on X̃ of the form ωε = π∗ω + εσ. If Ẽ is a holomorphic r-
bundle on X̃ which is ωε-stable for for every ε > 0 sufficiently small, then as
ε → 0 the corresponding sequence {∇ε} of Hermitian-Einstein connections
converges on compact subsets of X\{x0} to a Hermitian-Einstein connection
on Σ(π∗Ẽ), by Corollary 5.3.

Near L0 = D on the other hand, restrict attention to a small neighbor-
hood of x0 isomorphic to B(x0, r0) such that B̃(x0, r0) := π−1(B(x0, r0)) is
relatively compact in the support of σ, and choose holomorphic coordinates
(z0, z1) in the ball so that ω(x0) is standard in these coordinates. If ω is
the standard flat metric δ := (i/2)∂∂̄|z|2 near x0 and σ = (i/2π)∂∂̄ log |z|2
near L0 then under the dilation pε : z 7→

√
εz the metric δε pulls-back to

εδ1; in general, if ω and σ are arbitrary, the pull-back of ωε differs from
ε(π∗δ + p∗0σ|L0) by a term of order ε3/2 (ε2 if dω = 0, σ = (i/2π)∂∂̄ log |z|2
and the coordinates are appropriately chosen), where p0 : C̃2 → L0 is the
projection. For the purposes of this discussion, assume for simplicity that ω
and σ are standard near x0 and L0 respectively.

As ε→ 0, the pull-backs p∗ε∇ε to B(x0, r0/
√
ε) converge weakly off some

finite set to a finite-action anti-self-dual connection on a bundle over C̃2. As
explained in [B4], after a gauge transformation this connection extends to
a connection on a bundle over P̃2 such that the connection is flat on the line
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L∞ at infinity and is anti-self-dual with respect to the (degenerate) metric
δ1; collapsing L∞ to a point and flipping the orientation then gives a self-
dual connection on a bundle over CP2, where self-duality is with respect to
the Fubini-Study metric — that is, an instanton on CP2 ([B1]). (The ex-
tension to the bundle on P̃2 is obtained by applying Uhlenbeck’s Removable
Singularities theorem [U2] first to the one-point compactification of C̃2.)

If r = 1 and Ẽ = O(−1), there is no bubbling of curvature and the
sequence p∗ε∇ε converges to the basic δ1-anti-self-dual connection on this
line bundle over P̃2. If r > 1 and Ẽ|L0= ⊕r

i=1O(ai), it cannot be expected
that the corresponding sequence {p∗ε∇ε} should converge to the direct sum of
the basic δ1-anti-self-dual connections on the line bundles O(ai) in general,
for if π∗Ẽ is stable the bounds on charge provided by Proposition 2.8 imply a
bound on the charge of the limiting bundle which is strictly less (1/2)

∑
(ai−

a/r)2 if Ẽ does not split as a sum of line bundles in a neighborhood of L0;
(a :=

∑
ai as usual). However, when Ẽ is completely reducible near L0, the

anticipated result does hold:

Theorem 5.4. Let X̃ π→ X be the blowup of X at x0 with L0 := π−1(x0),
and let Ẽ be an r-bundle on X̃ with Ẽ = ⊕iO(ai) in a neighborhood of L0.
If Ẽ admits an ωε-Hermitian-Einstein connection ∇ε for all ε > 0 suffi-
ciently small, then as ε → 0 the pull-back of ∇ε to B̃(x0, r0/

√
ε) converges

smoothly on compact subsets of C̃2 (after suitable gauge transformations) to
the direct sum of the standard anti-self-dual connections on O(ai), where
anti-self-duality is with respect to the metric π∗δ1 + p∗0σ|L0 on C̃2 in suitable
holomorphic coordinates and where p0 : C̃2 → L0 is the projection.

Proof. Suppose first that π∗Ẽ is stable. Then by Lemma 2.2 of [B5] there
is a family of automorphisms gε of the underlying topological bundle with
gε ·∇ε0 = ∇ε such that |gε|+ |g−1

ε | is uniformly bounded on compact subsets
of X\{x0}.

For each i, the bundle Ẽ(−ai) has a nowhere-vanishing section in a neigh-
borhood of L0. Fix i and let s0 be a section of the topological bundle under-
lying Ẽ(−ai) such that s0 is non-vanishing in B̃(x0, r0) and ∂̄0s0 = 0, where
∂̄0 is the ∂̄-operator corresponding to ∇ε0 . Then s := gεs0 satisfies ∂̄εs = 0,
and s is uniformly bounded on ∂B̃(x0, r0).

The curvature form F (∇ε) of the Hermitian-Einstein connection on Ẽ(−ai)
satisfies ωε ∧ iF (∇ε) = cεω

2
ε 1, where cε = (π/(V − ε2))[µ(π∗Ẽ, ω) + ε(ai −

a/r)]. The equation ∂̄s = 0 implies ∂̄∂|s|2 = 〈∂s, ∂s〉+ 〈s, Fs〉, from which
the equations

ωε ∧ i∂̄∂|s|2 + |∂s|2ω2
ε = cε|s|2ω2

ε

and
ωε ∧ i∂̄∂ log |s|2 + |s|2|∂(s/|s|2)|2ω2

ε = cεω
2
ε
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follow, where all derivatives of sections are with respect to∇ε, and the norms
on 1-forms are with respect to ωε.

Under the map pε : B(x0, r0/
√
ε)→B(x0, r0), pull back the data (∇ε, s, ωε)

to (∇, s, εω1) say, abusing notation slightly. Then the above equations re-
spectively become

ω1 ∧ i∂̄∂|s|2 + |∂s|2ω2
1 = εcε|s|2ω2

1(5.5)

and

ω1 ∧ i∂̄∂ log |s|2 + |s|2|∂(s/|s|2)|2ω2
1 = εcεω

2
1(5.6)

(where the norms on 1-forms are now those determined by ω1).
If cε ≤ 0 it follows from (5.6) and the Maximum Principle that log |s|2 ≤

sup
∂ eB log |s|2 ≤ logC0 for some fixed constant C0 independent of ε, where

B̃ := B̃(x0, r0/
√
ε). If cε > 0 a similar bound still holds: For some constant

C1 > 0 independent of ε, ω1 ∧ i∂̄∂|z|2 ≤ −C1ω
2
1, so ω1 ∧ i∂̄∂(log |s|2 +

εcε|z|2/C1) ≤ 0 giving log |s|2 + εcε|z|2/C1 ≤ sup
∂ eB log |s|2 + εcε|z|2/C1 ≤

logC0 + cεr
2
0/C1 in B̃; i.e., a uniform upper bound on log |s|2.

Since Ẽ splits as a direct sum in a neighborhood of L0, it follows that
there is a nowhere vanishing section λ0 of Ẽ∗(ai) in B̃(x0, r0) such that
λ0(s0) ≡ 1. Then λ := g−1

ε λ0 satisfies ∂̄ελ = 0 and is uniformly bounded
on ∂B̃(x0, r0). Pulling back to B̃(x0, r0/

√
ε) gives a section of the pull-back

bundle (also denoted by λ) which is ∂̄-closed with respect to the pulled-back
connection, and which moreover satisfies λ(s) ≡ 1 in B̃. The same argument
as above applies to (λ, p∗ε Ẽ

∗(ai)) so |λ| is uniformly bounded from above by
a constant independent of ε. Since 1 = |λ(s)| ≤ |λ||s|, it follows that |s| and
|λ| are also uniformly bounded above and away from 0.

As ε → 0, the section s = s(ε) converges to a non-vanishing section of
the limiting bundle on C̃2; if there is any bubbling of curvature Hartogs’
Theorem ensures that s extends across the bad points. Moreover, once the
limiting connection has been extended to a bundle Ẽ∞(−ai) on P̃2 so that
it is flat on L∞, the section s must also extend across L∞ by the Riemann
Removable Singularities theorem, since |s| is bounded; since the connection
is flat on L∞, the restriction of s to that line is covariantly constant.

The same argument applies to the limit of the sections λ = λ(ε), converg-
ing to a nowhere-vanishing section λ of Ẽ∗∞(ai) which satisfies λ(s) ≡ 1. Ap-
plying the argument for each i = 1, . . . , r gives r nowhere-vanishing sections
si ∈ H0(P̃2, Ẽ∞(−ai)) and r nowhere-vanishing sections λi ∈ H0(P̃2, Ẽ

∗(ai))
such that λi(si) ≡ 1 for all i. Moreover, since Ẽ | eB(x0,r0)

splits as a di-
rect sum of line bundles, the sections λ0,i can be chosen initially to satisfy
H0(B̃(x0, r0),O(aj − ai)) 3 λ0,j(s0,i) ≡ 0 for i 6= j, so λi(sj) ≡ 0 for i 6= j.
Hence the sections s1, . . . , sr and λ1, . . . , λr are linearly independent on L∞
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and form a basis for Ẽ∞ there (after trivialising O(−1)|L∞ using a covari-
antly constant section of sup norm 1).

From (5.5), the section sj ∈ H0(P̃2, Ẽ∞(−aj)) satisfies

ω1 ∧ ∂̄∂|sj |2 + |∂sj |2ω2
1 = 0(5.7)

(where now ω1 = limε→0 p
∗
εωε/ε), so by the Maximum Principle, the max-

imum of |sj | is attained on L∞, where it is constant, c say. The same
applies to λj , with |λj | = d say on L∞. Since λj(si) = 0 for i 6= j it
follows that on L∞, 1 = |λj(sj)| = |λj ||sj | = cd. Thus on all of P̃2,
1 = |λj(sj)| ≤ |λj ||sj | ≤ cd = 1, implying equality everywhere. Conse-
quently c ≥ |sj | = cd/|λj | ≥ c, so |sj | and |λj | are everywhere constant and
(5.7) therefore implies that sj is covariantly constant. Hence the limiting
connection inducing Ẽ∞ is the direct sum of the standard ω1-anti-self-dual
connections on the line bundles O(ai), i = 1, . . . , r.

Since Ẽ∞ splits as a sum of the line bundles O(ai), it follows C(Ẽ∞) =
(1/2)

∑
i(ai−a/r)2. Since r0 can be chosen so small that

∫ eX\ eB(x0,r0)
tr [F (∇ε)

−(1/r) trF (∇ε)1]2 differs from 8π2C((π∗Ẽ)∗∗) by an arbitrarily small
amount independent of ε, it follows from (2.9) that∫

eB(x0,r0/
√

ε)
tr [F (p∗ε∇ε)− (1/r) trF (p∗ε∇ε1)]2

differs from 8π2 (1/2)
∑

i(ai−a/r)2 by such an amount for arbitrary ε; there-
fore there is no bubbling of charge in the sequence {p∗ε∇ε} as ε→ 0.

Suppose now that π∗Ẽ is not stable; by Proposition 5.2(a) this sheaf is
semi-stable, and as ε → 0 Corollary 5.3 implies ∇ε converges on compact
subsets of the complement of {x0}∪B(π∗Ẽ) to the Hermitian-Einstein con-
nection on Σ(π∗Ẽ).

Choose a finite set of points T disjoint from a 3r0-neighborhood of {x0}∪
B(π∗Ẽ) and blowup X̃ along T to X̃ ′. Fix a metric on X̃ ′ of the form
ωε,α = π′∗ωε + ρα for α = δ0(1, . . . , 1), where supp(ρα ∩ π′−1B̃(x0, 2r0)) =
∅, and fix a stabilization E′0 of Σ(π∗Ẽ). Similarly, for each ε construct a
stabilization Ẽ′ε of Ẽ on X̃ ′. The bundles Ẽ′ε are determined by elements
of ×x∈T P(Ẽ∗x) (where the vector space Ẽx is canonically determined by
the connection ∇ε). Since the connections ∇ε are converging strongly near
T , in a neighborhood of T there are converging sequences of holomorphic
trivialisations, so the elements of ×x∈T P(Ẽ∗x) can be chosen so that the
bundles Ẽ′ε are independent of ε, all isomorphic to a fixed stabilization Ẽ′ of
Ẽ and defined by a sequence of integrable connections ∇′

ε which agree with
∇ε outside a fixed neighborhood of T and which converge smoothly in this
neighborhood to a connection inducing E′0 there.
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Choose δ0 sufficiently small that E′0 is ωα-stable. As in the proof of
Proposition 3.4(d) there exists Ã ⊂ Ẽ′ with torsion-free quotient such that
Ã is ωε,α-stable and maximises µ(•, ωε,α) for all ε > 0 sufficiently small. As
ε→ 0 the sequence {∇′

ε} converges weakly off B(π∗Ẽ)∪{x0} to an integrable
connection inducing Ẽ′0; Lemma 2.2 of [B5] implies that there is a non-
zero homomorphism (π∗Ã)∗∗ → Ẽ′0 and since the latter is stable it follows
µ(π∗Ã, ωα) < µ(Ẽ′0, ωα) = µ(π∗Ẽ′, ωα). Therefore, for ε sufficiently small,
µ(Ã, ωε,α) < µ(Ẽ′, ωε,α), implying Ẽ′ is ωε,α-stable for all ε > 0 sufficiently
small. Moreover, this same argument shows that π∗Ẽ′ must be ωα-stable,
otherwise there will exist stable A ⊂ (π∗Ẽ′)∗∗ violating stability for which
there is a non-zero holomorphic map A→ E′0.

Let gε be a complex automorphism of the topological bundle underlying
Ẽ′ such that gε · ∇′

ε is ωε,α-Hermitian-Einstein. If X ′ is the blowup of X
along T , then by weak compactness on X ′ there is a finite set S′ ⊂ X ′ such
that this sequence of ωε,α-Hermitian-Einstein connections has a subsequence
converging weakly off X ′\(S′ ∪ {x0}) to define an ωα-quasi-stable bundle
E′1 on X ′. After rescaling gε if necessary, Lemma 2.2 of [B5] implies a
subsequence converges in C2 to a non-zero limit on the complement of a
neighborhood of B(π∗Ẽ) ∪ {x0} ∪ S′, which extends to a non-zero map
E′1 → E′0. Since the two bundles have the same degree with respect to
ωα and the latter is stable and the former is semi-stable, this map is an
isomorphism. Hence |gε| + |g−1

ε | is uniformly bounded on compact subsets
of the complement of B(π∗Ẽ) ∪ {x0} ∪ S′; (in fact, S′ = ∅).

If hε := g∗ε gε then in a neighborhood of L0 where ρα ≡ 0 the equations
ωε ∧ i∂̄∂ log trhε ≤ −εcεω2

ε and ωε ∧ i∂̄∂ log trh−1
ε ≤ εcεω

2
ε hold for some

constant cε (converging to πµ(π∗Ẽ, ω)δ0|T |/V 2). Since trhε and trh−1
ε

are uniformly bounded on the boundary of this neighborhood, the same
argument as was used for the sections s in the case that π∗Ẽ is stable shows
that trhε and trh−1

ε are uniformly bounded inside the neighborhood also.
Hence the two sequences of connections {gε · ∇ε} and {∇ε} and their pull-
backs to B̃(x0, r0/

√
ε) have the same weak convergence and weak limits, by

Lemma 2.1 of [B5]. Since π∗Ẽ′ is ωα-stable, the proof of the theorem is
complete. �

If Ẽ does not split as a direct sum of line bundles in a neighborhood
of L0, the sequence {∇ε} still converges strongly on compact subsets of
P̃2\(L0 ∪ L∞) to a finite action connection which is ω1-anti-self-dual and
which extends to P̃2 to define a bundle Ẽ∞ which is trivial in neighborhood
of L∞ — the arguments are essentially the same as those given above, using
the fact that π∗Ẽ(−k) and π∗Ẽ∗(−k) will be locally free for sufficiently large
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k to obtain bounded sections which have uniform lower bounds on norms
away from L0.

6. Compactification of moduli spaces.

Let X be a compact complex surface equipped with a positive ∂̄∂-closed
(1, 1)-form ω, and let {Ei} be a sequence of stable bundles on X converging
weakly off S to a quasi-stable bundle E. Blow up X along S to X̃

π→ X and
pull back the sequence {Ei}. Assume temporarily that every bundle in the
pulled-back sequence is stable with respect to the same metric ωα for some
suitable α sufficiently small — this will be true if either b1(X) is even (by
Proposition 3.5) or if E is stable. (If Ãi ⊂ π∗Ei maximises µ(•, ωεα) for all
ε > 0 sufficiently small, then π∗Ãi is semi-stable. If νπ∗Ei(Ãi, ωεiα) = 0 for
εi → 0, then as in §3, the ranks, first Chern classes, charges, and degrees of
π∗Ãi are all uniformly bounded, and the same holds for any stable A′i ⊂ π∗Ãi

of the same degree. Passing to a subsequence, taking a weak limit and
applying semi-continuity of cohomology then yields a semi-stable bundle A
with rank (A) < rank (E), µ(A) = µ(E) and a non-zero holomorphic map
A→ E, contradicting stability of E.)

By weak compactness on X̃ the new sequence converges weakly off some
finite set S̃ ⊂ X̃ to a semi-stable bundle Ẽ and by semi-continuity of co-
homology there is a non-zero holomorphic map (π∗Ẽ)∗∗ → E. If either is
stable, then this map is an isomorphism and it follows from Lemma 2.1 of
[B5] that S̃ ⊂ π−1S; moreover C(Ẽ) ≥ C(E) by Proposition 2.8.

This argument suggests that there is another compactification of moduli
spaces tied more closely to the complex analysis, distinct from the more
usual ones ([Gie], [M]): If X̃ π→ X is a blowup of X at x0, sequences of
stable bundles Ẽi on X̃ are easily constructed such that each is trivial on the
exceptional line and such that the sequence converges smoothly on X̃ to a
bundle Ẽ which is stable but which is now non-trivial on the exceptional line.
Thus the theorems of Uhlenbeck [U1], [U2] on compactness and removabil-
ity of singularities in the space of Yang-Mills connections are reinterpreted
as the well-known phenomenon of jumping of holomorphic structures. It is
natural to conjecture that this is the only type of catastrophe which can
occur, and that, given a degenerating sequence of Hermitian-Einstein con-
nections on a bundle over X, after a finite number blowups and pull-backs,
a strongly convergent subsequence can be found. Unfortunately, there is
no guarantee that after blowing-up and pulling-back, the new sequence of
Hermitian-Einstein connections will not bubble precisely the same amount
of charge as the original and that iterating the process will eventually lead
to a convergent subsequence. Indeed, by a process of diagonalisation, se-
quences of connections can be constructed for which this blowing-up and
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pulling-back procedure will not terminate after finitely many steps. Despite
this, provided that some flexibility is introduced into the blowing-up pro-
cess, a form of compactness does hold, as is indicated by the following result
proved in [B5]:

Theorem 6.1. Let X be a compact complex surface equipped with a posi-
tive ∂̄∂-closed (1, 1)-form ω. Let {Ai} be a sequence of Hermitian-Einstein
connections on a fixed unitary bundle Etop of rank r over X such that the cor-
responding holomorphic bundles Ei are stable and are of uniformly bounded
degree. Suppose that Ei converges weakly to E off the finite set S ⊂ X
consisting of |S| points. Then for some subsequence {Eij} ⊂ {Ei} :

1. There is a sequence of blowups X̃ij of X consisting of at most 2C(Etop)
−2C(E) − |S| individual blowups converging to a blowup X̃

π→ X of
X with exceptional divisor π−1(S);

2. There are complex automorphisms gij of π∗ijEtop such that |gij
|+ |g−1

ij
|

is uniformly bounded on compact subsets of X̃\π−1(S) and {gij} is
converging uniformly in C3 on such subsets;

3. {gij
· (π∗ijAij

)} converges uniformly in C2 to a smooth connection on

π∗Etop over X̃ which defines a holomorphic bundle Ẽ such that (π∗Ẽ)∗∗

= E;
4. If E is stable then for any suitable α with |α| sufficiently small, the

connections gij
· (π∗ijAij

) can be taken to be (π∗ijω + ρα)-Hermitian-

Einstein, and Ẽ is ωα-stable.

If E is not stable, but b1(X) is even and rank (Etop) = 2 there is sequence of
blowups {Xij} consisting of at most 2C(Etop)−2C(E)−1 individual blowups
converging to a blowup X̃ such that, for some suitable α, π∗iEi is ωεα-stable
for all ε ∈ (0, 1] and the subsequence {π∗ijEij

} converges strongly to a bundle

Ẽ on X̃, stable with respect to ωεα-stable for all ε ∈ (0, 1] (assuming here
that |S| > 0).

The convergence of a sequence of blowups should be interpreted as the
convergence of a sequence of integrable complex structures on the same un-
derlying smooth manifold X#nP2 endowed with a fixed Riemannian metric.
In the current setting, these complex structures are isomorphic on the com-
plement of a fixed open set with strictly pseudoconvex boundary.

A priori, there is no reason why the last statement of the theorem cannot
be extended to bundles of arbitrary rank, but as yet a proof is lacking.
The complications arise, as always, from the presence of bundles which are
semi-stable but not stable.

Theorem 6.1 suggests a variety of different compactifications for moduli of
stable bundles — for example, adding torsion-free semi-stable sheaves which
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are direct images of stable bundles on blowups is an obvious candidate. One
other which has some interesting properties is described below.

Let Etop be a unitary r-bundle over (X,ω) and let M(X,Etop) denote
the space of isomorphism classes of quasi-stable holomorphic structures on
Etop. Consider the set of pairs (X̃, Ẽ) where

1. X̃ is a blowup of X;
2. Ẽ is a holomorphic bundle on X̃ topologically isomorphic to π∗Etop

such that π∗Ẽ is semi-stable;
3. Ẽ is ωα-quasi-stable for all suitable α in an open set of such;
4. If b1(X) is odd, deg(π∗Ẽ, ω) = 0.

Note that the third condition implies that if Ẽ is not stable, then it is a
direct sum of stable bundles each of which is topologically trivial on the
exceptional divisor. Note also that the requirement that π∗Ẽ be semi-stable
implies that Ẽ is ωεα-(quasi-)stable for all ε ∈ (0, 1] if Ẽ is ωα-(quasi-)stable.

If b1(X) is odd, it follows from the proof of Proposition 2 in [B3] that for
any t ∈ R there is a line bundle Lt on X with c1(Lt) = 0 and deg(Lt, ω) = t,
so the fourth condition simply prevents this type of non-compactness.

On the set of pairs (X̃, Ẽ) satisfying the above conditions, define an equiv-
alence relation ∼ by setting (X̃1, Ẽ2) ∼ (X̃2, Ẽ2) if there is a joint blowup
X̃12 such that π∗1Ẽ1 ' π∗2Ẽ2 on X̃12, and let M = M(X,Etop) denote the
set of equivalence classes.

A sequence {[(X̃i, Ẽi)]} ⊂ M is decreed to converge to [(X̃, Ẽ)] if and
only if [(X̃i, Ẽi)] can be represented by a sequence of blowups X̃i converging
to X̃ with ωα-quasi-stable bundles Ẽi on X̃i converging strongly to Ẽ on
X̃. That is, the complex surfaces X̃i are all diffeomorphic to X̃ with the
complex structures isomorphic outside a neighbourhood of the exceptional
divisor and converging in Ck with respect to some fixed metric on X̃, and
the corresponding sequence of ωα-Hermitian-Einstein connections, viewed
as a sequence of unitary connections on the same topological bundle over a
fixed 4-manifold, is converging in Ck to the Hermitian-Einstein connection
inducing Ẽ; here k is some large fixed integer. A topology is defined in the
usual way by deeming sets to be closed if and only if they contain all of their
limit points.

Given [(X̃, Ẽ)] ∈ M with Ẽ quasi-stable with respect to ωα′ for all α′

in a neighborhood of α, let U(A0, ε1, ε2) be the set of unitary connections
on π∗Etop of the form A0 + a where ||a||Ck(ωα) < ε1 and where A0 + a has
curvature of type (1, 1) with respect to an integrable complex structure J on
the smooth manifold underlying X̃, with J within ε2 in Ck of that defining X̃.
The connection A0 + a is moreover required to be Hermitian-Einstein with
respect to the hermitian metric corresponding to ωα, defining a holomorphic
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bundle which is ωα′-quasi-stable for all α′ in a neighborhood of α. It is not
hard to verify that the image in M of a set of this form is open and that
every open neighborhood of [(X̃, Ẽ)] in M contains the image of such a set.
Hence the collection of (the images in M of) such sets forms a base for the
topology on M, from which it follows that this topology is second countable.

Theorem 6.1 implies that at least under certain circumstances, every se-
quence in M has a subsequence converging in M. To attempt to use this to
construct a compactification of M clearly requires a bound on the number
of blowups required to represent classes in M, a bound which is provided
by Proposition 6.3 below.

Lemma 6.2. For any r0, C0 there exists n = n(r0, C0, ω) such that any
semi-stable bundle E of rank ≤ r0 and charge ≤ C0 satisfies h2(X,End 0E)
≤ n.

Proof. If not, there exists a sequence {Ei} of semi-stable bundles of bounded
rank and charge such that h2(X,End 0Ei) → ∞. It can be assumed with-
out loss of generality that each Ei is quasi-stable since it follows easily by
induction on rank that h2(End 0E) ≤ h2(End 0 Σ(E)) for any semi-stable
E. The bundles End 0Ei have uniformly bounded ranks (≤ r20 − 1) and
charges (≤ 2r0C0) with trivial determinants, and each is also quasi-stable.
By passing to a subsequence if necessary, it can be assumed that End 0Ei

is converging weakly to a quasi-stable bundle B off some finite set S ⊂ X.
Passing to another subsequence and using Theorem 6.1, there is a sequence
of blowups {X̃i} converging to a blowup X̃ such that a sequence of smooth
integrable connections representing π∗i End 0Ei converges strongly in C2 to
define a bundle B̃ on X̃ with (π∗B̃)∗∗ = B. Then h2(X̃i, π

∗
i End 0Ei) =

h0(X̃i, (π∗i End 0Ei)⊗K eXi
) = h0(X, (End 0Ei)⊗KX) = h2(X,End 0Ei) →

∞, contradicting the fact that h2(X̃i, π
∗
i End 0Ei) ≤ h2(X̃, B̃) for i suffi-

ciently large, by standard semi-continuity of cohomology. �

Proposition 6.3. There is an integer N = N(X,ω,Etop) such that every
class in M can be represented by a bundle on a blowup consisting of at most
N individual blowups. If deg(KX , ω) < 0 then N ≤ 2C(Etop)− 1.

Proof. Suppose [(X̃, Ẽ)] ∈ M and let S̃ ⊂ X̃ be the exceptional divi-
sor. Assume initially that π∗Ẽ on X is stable and moreover that H2(X̃,
(End 0Ẽ)(−S̃)) = 0. As discussed in §4, the latter assumption implies that
Ẽ has arbitrarily small deformations which are trivial on every irreducible
component of S̃ and the former assumption implies that Ẽ is ωα-stable for
sufficiently small suitable α. It follows that there is a sequence of stable
bundles {Ei} on X such that π∗Ei is converging strongly on X̃ to Ẽ with
respect to ωα for any such α.
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The sequence {Ei} on X converges weakly off some finite set T ⊂ X to
yield a quasi-stable bundle E, and by Lemma 2.2 of [B5] (semi-continuity
of cohomology) there is a non-zero holomorphic map E → (π∗Ẽ)∗∗. By
stability of the latter bundle, this map must be an isomorphism, and by
Lemma 2.1 of [B5] and the discussion following Lemma 2.2 of [B5] it then
follows that T ⊂ π(S̃).

By Theorem 6.1, there is a sequence {X̃i} of blowups of X converging
to a blowup X̃1 of X with each consisting of at most 2C(Ẽ)− 2C(E)− |T |
individual blowups such that π∗iEi is converging strongly to a stable bundle
Ẽ1 on X̃1, with (π1∗Ẽ1)∗∗ = E. Pulling back to a joint blowup of X̃i and
X̃ and picking a subsequence of these blowups which converges to a joint
blowup X̃2 of X̃ and X̃1, the stability of Ẽ and of π∗2Ẽ1 together with semi-
continuity of cohomology shows that (X̃1, Ẽ1) ∼ (X̃, Ẽ). The desired result
is therefore proved in this case.

If π∗Ẽ is still assumed to be stable but it is no longer assumed that
H2(X̃, (End 0Ẽ)(−S̃)) = 0, pick n = h2(Ẽ, (End 0Ẽ)(−S̃)) points disjoint
from S̃ and blowup X̃ to X̃1 at these points. Now apply Proposition 4.4
to construct a modification Ẽ1 of Ẽ on X̃1 which has the property that
H2(X̃1, (End 0Ẽ1)(−S̃)) = 0. Applying the result of the previous paragraph,
Ẽ1 can be represented by a bundle on a blowup of X consisting of a finite
number of blowups, where the number is bounded by a function of C(Ẽ) and
r (using Lemma 6.2). Blowing down the n lines in the blowup of X̃1 used
for the construction of Ẽ1 and taking direct images followed by double-duals
then gives the same result as before; (recall that the n exceptional lines for
the blowup X̃1 → X̃ are disjoint from S̃).

Finally, if it is no longer assumed that π∗Ẽ be stable, first stabilize π∗Ẽ
using a set of r2 + 1 points disjoint from π(S̃) and apply the same method
as in the previous paragraph.

If deg(KX , ω) < 0 then Ẽ has arbitrarily small deformations which are
trivial on every component of the exceptional divisor S̃, so only the second
type of stabilization is required for any Ẽ in this case. Since the new bundle
representing the stabilized bundle Ẽ1 must be non-trivial on each of the
r2 + 1 lines introduced for the stabilization, the count on the number of
blowups required to obtain the new representative for [(X̃, Ẽ)] obtained
from the first statement of Theorem 6.1 is 2C(Ẽ1) − 2C(π∗Ẽ1) − |π(S̃)| ≤
2C(Ẽ)− 2C(π∗Ẽ)− |π(S̃)| ≤ 2C(Ẽ)− 1. �

Theorem 6.4.
1. M⊂M is an open set which is dense if deg(KX , ω) < 0. Moreover the

subspace corresponding to the indecomposable bundles Mstable ⊂M is
smooth in this case.
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2. If b1(X) is even and rank(Etop) = 2 then M is compact.
3. If every semi-stable bundle E on X satisfying rank(E) = rank(Etop),
c1(E) = c1(Etop), and C(E) ≤ C(Etop) (and deg(E,ω) = 0 if b1(X)
is odd) is stable then M is a compact Hausdorff space.

Note that if b1(X) is even and if c1(Etop) has non-zero image in H2(X,R)
and its image in H2(X,Zr) is not a torsion class (where r = rank(Etop)), the
hypothesis in the third statement holds for generic ω. Even if c1(Etop) = 0,
by fixing a base point x0 ∈ X and blowing up at this point, the Pr−1-bundle
over Mstable ⊂ M with fibre P(Ex0) at E ∈ Mstable is isomorphic to the
space of ωε-stable bundles on X̃ restricting to O(−1) ⊕ Or−1 on π−1(x0)
with direct image topologically isomorphic to Etop.

Proof of Theorem 6.4.
1. If {(X̃i, Ẽi)} ⊂ M\M is converging to (X̃, Ẽ) ∈M (abusing notation

in the obvious way), there is an irreducible component of the exceptional
divisor in X̃ij to which Ẽij restricts non-trivially for every ij in some sub-
sequence, and by passing to another subsequence if necessary, it can be
assumed that these components Lij are converging to some irreducible com-
ponent L of the exceptional divisor in X̃. Then H0(Lij , Ẽij (−1)) 6= 0 so
by semi-continuity of cohomology it follows H0(L, Ẽ(−1)) 6= 0, implying
Ẽ ∈M\M and hence that M is an open set.

If deg(KX , ω) < 0 then deg(End 0 Ẽ⊗K eX , ωα) < 0 for any bundle Ẽ on a
blowup X̃ stable with respect to ωα for |α| small enough, so H2(X̃,End 0 Ẽ)
= H0(X̃, (End 0Ẽ)⊗K eX)∗ = 0 for any such bundle, implying that the infin-
itesimal deformations of Ẽ are unobstructed. If, in addition, H0(X̃,End 0Ẽ)
= 0 (i.e., Ẽ is stable given that it is quasi-stable), it is a standard fact that
the space of deformations of Ẽ is smooth near Ẽ.

2, 3. Suppose {[(X̃i, Ẽi)]} ⊂ M. By Proposition 6.3, it can be assumed
that for each i, c2(X̃i) ≤ c2(X) + N and by passing to a subsequence, it
can then be assumed that c2(X̃i) = c2(X) + n is constant. It is easy to see
(by induction on n for example), that there is a subsequence such that X̃ij

converges to a blowup X̃ of X.
There are finitely many classes in c ∈ H2(X,Z)⊥ ⊂ H2(X̃,Z) satisfying

−c · c ≤ r3C(Etop) and therefore only finitely different classes of metrics on
X̃i of the form ωi,α := π∗i ω + ρα with respect to which Ẽi can be quasi-
stable for all α in an open set. By passing to a subsequence, one such class
of metrics can be fixed, and then for some new subsequence a corresponding
sequence of metrics can be found converging to a non-degenerate metric ωα

on X̃.
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The ωi,α-Hermitian-Einstein connection on Ẽi has curvature bounded in
L2(ωi,α), and hence in L2(ωα) since the metrics are converging and hence
compare uniformly. Regarding the sequence of connections as a sequence of
unitary connections on the fixed bundle π∗Etop over the smooth Riemannian
manifold (X#nP2, ωα) with uniformly L2-bounded curvature, Uhlenbeck’s
weak compactness result implies that after passing to another subsequence
there is a finite set of points where the curvature is bubbling, with the
sequence converging (after gauge transformations) weakly in L2

1,loc on the
complement. Convergence of the sequence of metrics {ωi,α} and ellipticity
of the Hermitian-Einstein equations imply that for some subsequence, this
convergence can be bootstrapped to uniform convergence in Ck on compact
subsets of the complement of the bad set, converging weakly to an ωα-quasi-
stable limit Ẽ on X̃.

By the same arguments as in the proof of Theorem 1.3 of [B5], after
passing to another subsequence if necessary, there is a further sequence
of blowups {X̃ ′

i} such that X̃ ′
i is a blowup of X̃i consisting of at most

2(C(Etop) − C(Ẽ)) − 1 blowups, π′∗i Ẽi is ωi,α,β-quasi-stable and some se-
quence of smooth integrable connections inducing π′∗i Ẽi converges strongly
on X̃ ′ to a bundle Ẽ′ satisfying (π′∗Ẽ

′)∗∗ = Ẽ.
Under the hypotheses of the third statement of the theorem, π∗Ẽ must be

stable and therefore so too is Ẽ with respect to ωα for any suitable α with
|α| sufficiently small by Proposition 3.4. Hence so too is Ẽ′ if |β| is small
enough, proving that M is sequentially compact (and hence compact, by
second countability of the topology) in this case. Furthermore, if a sequence
{(X̃1,i, Ẽ1,i)} ⊂ M converges to (X̃1, Ẽ1) and (X̃1,i, Ẽ1,i) ∼ (X̃2,i, Ẽ2,i) with
{(X̃2,i, Ẽ2,i)} converging to (X̃2, Ẽ2), the sequence of joint blowups X̃12,i has
a subsequence converging to a joint blowup X̃12 of X̃1 and X̃2, and π∗1Ẽ1,
π∗2Ẽ2 must both be stable with respect to any metric on X̃12 of the form ωα,β

for |α| + |β| sufficiently small. Since semi-continuity of cohomology gives a
non-zero holomorphic map between these two pull-backs, this map must be
an isomorphism. Thus (X̃1, Ẽ1) ∼ (X̃2, Ẽ2) and therefore the topology on
M is Hausdorff.

If b1(X) is even and rank (Etop) = 2, the same arguments as given in §7
of [B5] to prove Theorem 1.4 of that reference (i.e., the last statement of
Theorem 6.1 above) can be repeated and yield the same conclusion as that
above; i.e., that M is compact in this case. �
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