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CURVATURE FLOW PROBLEM WITH NEUMANN
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YVES DUMONT

This paper deals with the study of the e-regularization of
the mean curvature equation with Neumann boundary condi-
tions in one dimensional space. In particular, we measure the
convergence of the regularized problem’s solution to the vis-
cosity solution of the mean curvature problem in appropriate
topologies.

1. Introduction.

The topic of curve and surface evolution has recently generated great in-
terest in the mathematical community because of its various applications
such as crystal growth, flame propagation and image enhancement. The
computation of such motion and its rigorous justification have proved to be
difficult tasks. In particular, the motion of surface past singularities and
changes of topological type has been the focus of extensive studies, see also
[BSS, ES1, ESS].

1.1. The mean curvature flow problem. Consider the flow defined by

o~ ||V, (%) in Qr = Q x (0,7),
(L.1) Vur = 0 on Sy = 80 x (0,7),
u(.,0) = ¢ in Q,

where €2 is a smooth bounded domain of IR", v is the outer unit normal
to 002 and ¢ is a given data. Equation (1.1) is nonlinear, degenerated and
undefined when Vu (z,t) = 0. Evans and Spruck [ES1] and Chen et al.
[CGG] circumvent these technical problems using the theory of viscosity
solutions introduced by Crandall, Lions and Ishii [CLI]. In particular, they
regularize the singular problem (1.1) for £ in (0, 1) by the partial differential

equation
0 = 2 \Y4 = — 3
ar — /€2 + [Vu:|” V. < 52+1|‘Vu€|2> = 0 in Qr,

Vus,.v = 0 on §T7
ue(.,0) = ¢ in Q.

(1.2)
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Given a smooth function ¢ on €2 and under suitable assumptions on the
boundary of the domain €, the existence of a solution of (1.1) can be ob-
tained using the same type of arguments as in [ES1, ES4]| for Q = IR", and
in [SZ] for every smooth subset §2 of IR", first solving (1.2) and then passing
to the limit as € goes to zero.

It is easy to prove that (1.2) is equivalent to

(1.3)
e t—|6; - —— - _ 77 1) —a¥ - ,
8t ('CE7 ) ( J 52 + |vu€|2 (u )xixj 8t (CE ) a’E (vu ):Biwj

where

0¥ (p) = by — -

e+ [pf*
Evans and Spruck [ES1] interpret (1.2) geometrically as follows. Assume

ue (x,t) to be a smooth solution of (1.2) and write y = (z,7,41) € R
and define

(1.4) Ve (2,1) = ue (2, 1) — eTpy1.
Then |Vyu.| = €% 4 |Vu,|, and thus the PDE (1.2) becomes
Ve (”6)¢(”6)' .
aat (.T,t) - (51 - |va|2 ]> (Us)ylyj (l',t) =0 mn QT
(1.5) Vue(y,t)v = 0 on St
ve(,0) = ¢e(y) in Q

for ¢ (y) = ¢ () — expy1. The PDE (1.5) means that each level set of v
evolves according to its mean curvature. This is, in particular, the case for
the zero level set

I ={yeQx R|v(y,t)=0}.
But according to (1.4), each I'{ is a graph, i.e.,

— 1
Iy = {y =(z,2n4+1) € QX R| Tpy1 = U (x,t)} ,

and Ecker and Huisken [EH] have shown that the evolution of an entire
graph by mean curvature remains a smooth entire graph for all time. There-
fore it seems to be interesting to use this property to compute numerically u.
as an approximation of the viscosity solution u with respect to the parameter
€.

A corresponding finite element discretization of (1.2) with grid size h is
given by

/ Ups-on + Vup.Vop
Q

dx
\/62 + \Vuh\Q

= 0, Yop € Xp, 0 <t <T,
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Up, ('7 0) = ¢h7

where X}, is a suitable finite element space with grid size h. The regular-
ization parameter is choosen according to the grid size h, e.g., € = h%. An
additional time discretization leads to a nonlinear system which is linearized
by a modified Newton’s method. This gives a nonsymmetric linear system.

This algorithm is based on the analogous algorithm for the mean curvature
flow for graphs (¢ = 1) which was treated in [W] and for which asymptotic
convergence has been proved in [DD].

Therefore, it would be interesting to know how fast u. converges to u as
€ goes to zero, i.e., find and prove an estimate of the norm |ju. — ul| < Ce®
with some power o > 0 for a suitable norm ||| .

Numerical computations [Fr] indicate a rate of convergence with respect
to the square of the parameter ¢, i.e., ||us —u| < Ce? with C a positive
constant.

The purpose of this article is to validate the numerical observations. Such
estimates are provided in [D99] for the one dimensional problem with Dirich-
let boundary conditions. We present here the extension of these results to
Neumann boundary conditions.

1.2. The one dimensional problem. We now consider the nonlinear
problem with nonhomogeneous Neumann boundary conditions in dimension
one

881? (:L"t) B s2+(3L€:(z,t))2 %2;26 (l‘,t) =0 V(x,t) €Qr
(1.6) ue(z,0) = o¢(x) Vrelo,l]
' dus(0.) = 9%(0) wtelo,T]
83} ? dg; 9
Qe(l,t) = Z2() vtelo,T],

where Q7=]0,1[x]0,T[.

For Neumann Condition, it is not possible to invoke the same type of
computations used in [D99]. In particular, we will use in (1.6) an arctan-
formulation.

Our goal now is to find an asymptotic expansion of the solution u. of
(1.6) with respect to the regularization parameter € and to prove that this
asymptotic expansion converges to the viscosity solution ¢ of (1.1) in some
appropriate topology.

The paper is organized as follows. In §2; a short proof of the existence and
uniqueness of a local solution u. of (1.6) is given. In §3, a formal asymptotic
expansion of the solution u. in the powers of ¢ is proposed. Then in §4 and
65 some estimates in appropriate topologies where the expansion of u,. is
available are established:

e in L2 (Q7), when % never reaches zero on [0, ],
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e in appropriate weighted L?-Sobolev spaces, when % vanishes at a

finite number of points in [0, [].

2. Local existence in Sobolev spaces.

For every T positive, we introduce the spaces L>(0,T; L*(0,1)) and
L2(0,T; H'(0,1)) (see [LSU)).

The Banach space X = L*(0,T;L?(0,1)) N L2(0,T; H*(0,1)) is endowed
with the norm

l T [ au 2
lul% = sup / &z, t)d + / / () (. t)drdt.
0<t<T Jo o Jo \Ox

The existence and uniqueness result reads as follows:

Theorem 2.1. Assume ¢ belongs to H3(0,1). Then there exist T positive
and a unique solution u of (1.6) which belongs to X . Moreover, u. belongs to
L2(0,T; H3(0,1)) NL>®(0,T; H*(0,1)) and 24 belongs to L*(0,T; H?(0,1))N
L>=(0,T; HY(0,1)).
Sketch of the proof. We use Banach’s fixed point Theorem as in [LSU]. In-
deed, for every positive € and M, we introduce the set
u 0

we X | u(w,0) = d(x), F£(0,t) = 52 (0), J4(,1) =52 (1),

u € L2(0,T; H3(0,1)) N L*(0,T; H?(0,1)),
Vo = 9u ¢ L2(0,T; H(0,1)) N L>®(0,T; H'(0,1)),

\ 2w o1 00 + 158 HLzomzwl)ﬁ

+HuHL2(O,T;H3(07l)) + HUHLao OT:H2(0,1)) = Me2.

Ve is a closed and convex subset of X. We then consider the transfor-
mation T defined on V. ps by: w., = Tu, where w, is the solution of the
following linear parabolic problem:

(2.7)
(1 + 4 (2(a, t))Q) Oz (1. 1) P (2,1) + 29(x) V(x,t) € Qr
we(x,0) = 0 vV € [0,1]
Qu(0,t) = 0 vt € [0,T]
We(l,t) = 0 vt € [0,T7.
For every w in V; ps we notice that
&2

V(z,t) € :0< <1
) QY < T

Hence from [LSUJ, there exists a unique solution w, of (2.7) in X satisfying,
after some straightforward computations
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2 2

ow,
ot

ow,
2.
(2.8) H g

)

Loo(0,T3H(0,1)) L2(0,T;H2(0,1))
2 2
+ Hwa|’%2(o,T;H3(o,z)) + [[wellzoe 0,752 (0,0)) < Cna 19l r30,0) T

where () is a constant independant of € but linearly dependant of M. If T’
is sufficiently small, (2.8) implies that w. belongs to V; »s. Moreover T is a
contraction. Finally, Banach’s fixed point Theorem implies the existence of
a unique solution u. of (1.6). O

We are now looking for an asymptotic expansion in powers of the param-
eter ¢ and estimates concerning u. and its derivatives in order to justify this
asymptotic expansion in adequate Sobolev spaces.

3. The asymptotic expansion.

A variational formulation of (1.6) is
(3.9)
(I3 o (22 + (32)°) Bepdadt—
—e? [T [EPus 09 gt = 0, Y € L? (0,T; HY(0,1))
9us(0,¢) = 52 (0), ¥t >0,
ue (1,t) = 92 (1), vt >0,
ue(x,0) — ¢p(x) =0, Vo € [0,1].

Let us suppose that u. formally admits the following asymptotic expan-
sion in powers of &

ue(x,t) = uo(x, t) + euy(x,t) + 52u2(x,t) + -

We replace u. and its derivatives in (3.9) by their formal asymptotic ex-
pansions. We then deduce, when identifying the coefficients of e-powers,
that:

e The £9-term ug satisfies
2
Iy o (%2) %eedadt = 0, Ve L2 (0,T:H (0,1),
w (2,0) = 6(x), Vaelol,
which implies ug(.,t) = ¢ in L?(Q7).
e Then the e-term uy satisfies
2
I 0o (32) Gededt = 0 Vg e L2 (0,75 HY(0.),
up (z,0) = 0, Vzel0,]],

2
which implies (%) (x)ui(x,t) = 0, almost everywhere in Q7.
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e The 2-term uy satisfies
(3.10)

( 2 9
W (22) Bgdrar = [T f1(52)" Chpdwar

Vo € L (0,T; H(0,1)),

ug (z,0) = 0 Vo € 0,1],
Gu(l,t) = 0 vt >0,
ety = 0 vt >0,

which implies

09\ 0% .
(095) (x)uz(z,t) = 6 2( x), almost everywhere in Qp,

when ‘%(w)‘ > 0, for all z in [0,!], or

4 2 o
<gi (a:)) uz(z,t) = <gi (33)) gg;b(l“)t, almost everywhere in Qr,

when ‘g—i(a:)‘ > 0, for all z in [0,1].
Finally, we have
(3.11) ue(x,t) = d(x) + 2ug(z,t) + O(e3).

We now have to find the appropriate topology in which the asymptotic
expansion (3.11) takes place.

Let us define w.(z,t) = us(x,t) — ¢(x). Then w, satisfies the nonlinear
problem

% - armmy (R = 0 mar
(3.12) we(z,0) = 0 Va €]0,l,
e (0,1) 0 Vtelo,T],
%c(1,t) = 0 Vtelo,T).

A variational formulation of (3.12) is
(3.13)

W, u, 2 W,
fo flafwdazdt+ fo fo (8 5) asgoda;dt

—Jo Jo (55 + 2) pdzdt =0 Vo € L? (0,T; H'(0,1)) .

In §4, we study the case ‘8¢( )‘ positive for all z in [0, ], and in §5 we study

the case ‘a—i’ x ‘ nonnegative for all x in [0, [].
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4. The first case.

Using (3.13) with adequate test functions and after straightforward compu-
tations [D], we obtain:

Lemma 4.2.
1) The sequence (%%“f)s is bounded in L*(Qr) N L>®(0,T; L*(0,1)).
2) The sequence (%%“f)a is bounded in L?(Qr).

is bounded in L*(Qr) N L>(0,T; L*(0,1)).

3) The sequence (

£

From the previous Lemma, we deduce:

Theorem 4.3. If ¢ belongs to H3(0,1) and ‘%‘ is positive in [0,1], the

sequence (E%wg)e converges weakly in L*>(Qr) to the solution uy of (3.10).

4.1. Further estimates and strong convergence. In order to make sure
that the asymptotic expansion (3.11) is available in L?(Qr), we define 9. =
Us — ¢ — 2us. Our purpose is to derive some estimates on ¥, which satisfies
the nonlinear problem

85’;5 + 52% o 52"’(8619;"'%‘*‘5285;2)2 X
(%f;f + g%‘f +82%2$“22> = 0 VY(z,t)eQr
(4.14) D-(z,0) = 0 Vz €0,
9 (0,1) 0 Vtel0,T]
Pe(1,t) = 0 Vtel0,T).

Using (4.14) with adequate test-functions and some straightforward compu-
tations [D], we deduce the following:

Theorem 4.4. Assuming that ¢ belongs to H> (0,1) and ‘%} is positive in
[0,], we have

1) the sequence (E%wa)g converges strongly in L*(Qr) to the solution us
of (3.10),
2) the asymptotic expansion (3.11) is available in L*(Q7).

5. The general case.

We suppose that ¢ at least belongs to H3(0,1) and we allow g—i to vanish at a
finite number of points of [0, ]. We are first going to prove some intermediate
a priori estimates on w. = us — ¢, in order to obtain similar results to the
ones obtained in the first case. The proofs are quite long and for reader’s
convenience we only develop some of them.



138 YVES DUMONT

Lemma 5.5.
1) Assuming that the solution w. of (3.12) is smooth enough, it satisfies
the following inequality
wgagf >0, a.e., in Qr.
2) Assuming that the solution u. of (1.6) is smooth enough, it satisfies
the following inequalities

0¢ Ju, .
—_— > .e. .
or or =0 e Qr
Proof.
1. Define
P ou.  0%¢ ow, g2 0%¢ 0%u,
T 020t T 07 0t 2y (0ue)? 027 D0 V(i) € Qr.

Since u. (x,0) = ¢ (x), we get v (x,0) > 0 for all z in [0,1]. We differentiate
the previous equation with respect to ¢ (assuming that . is smooth enough).

2
After some computations and multiplying by (%) , we obtain

2 2

2 Ou, 2 @ 0v, Y B Oug 2 @ 0%,

Ox ox?) Ot Ox 0x? ) 0Ox?

ou\2\ 826930 [ 9%¢\? Oue O%u. \ v

2 2 2 £ - r= v i (3 (3 €

e ((6 +<6w> ) 8x28:p3+<6x2> dr 0z? | Ox
Au\ 2 PBo\2 0% 8%
_ 2 2 € il _ 77

- c (E * (6w> ) <2 <8x3> drt 922 | *

0.2 03¢ 0%¢ Ou. 0%u.

© 928 022 0x 022 %

Let wey (2,t) = €%tv. (2,t), with o < 0. Then we, is the solution of
2 Oue 2 @ 2 OWeqy 2 0% wey
Ox Ox? ot Ox?
ou\2\ 926 3¢ (026 ? Ou. 0%u. \ Ow
) 2 2 € v Yy v v ¥ 3 € eo
e ((E +<8x> >8x28x3+<8x2> or 0z | Ox
oug\ 2 PBo\: 0% 8%
2 [ 2 €
= o (%) 2P % .
© (6 * (895) ) ( <6x3> 924 922 |

&3¢ 02¢ Au. Ou du\2\ (026>
20 QO Q@ 5 € 2 € e
* <2€ 023 022 0x 02 O\ T <8x> (8x2> Weo:
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Assuming that we, is smooth enough, we choose |o| large enough such

that the right hand side of the last equality is negative, at least at the
2

points where ‘37? # 0. At t = 0, wes (2,0) is nonnegative. Suppose that

wee becomes negative in Qr. Then it reaches a minimum 3 at some point
(Zeo, ter). Due to the boundary conditions, we derive

Weo (0,8) =0 = weo (I,t) and wey (z,0) >0,
which imply that (z.,,t.,) belongs to |0,1[ x ]0,T]. At this point, we have

ow ow
a;U (-Taaa taa) < 0, 6;0 (xaow taa) =0,
82
Weo (xsmtsa) = 5 < 07 & (xeoat€(f> > 0.

Ox?
This contradicts the fact that w,, satisfies the equation above. Then w,, is
nonnegative in ()7, hence v., which implies

0% 0w,  0%¢ Ou.

927 ot oa2 op = @
Since w (x,0) = 0, we deduce
92 2
mw€>0 in QT:><82 wgﬁ, in Qr.

2

Finally, using the fact that (%) vanishes at a finite number of points, we
obtain the desired result. O
2. The proof of this assertion is very similar to the previous one; it suffices
to consider
0o,  Ou

o (@)~ (2, 1),
Ox ot

ve(x,t) = V(x,t) € Q.

5.1. Some estimates. Let us start the proofs of the estimates on (w;), .

Lemma 5.6.
1) (we), is bounded in L*(Qr) N L> (0,T;L?(0,1))
2) (%“:)E is bounded in L*(Qr) and in L™ (0,T; L*(0,1))

3) (%%&5 85’;)6 is bounded in L*(Qr).

Proof.
1.2.3. We set ¢ = 85‘25 in (3.13) and some straightforward computations
imply the results. O
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Lemma 5.7.
1) <\1[giw5) is bounded in L*(Q7)NL*> (0,T; L? (0,1)) and in L*(Q7)N
L (0,T; L (0,1)).

2) (ﬁgﬁ%e) is bounded in L2(Qr) N L (0,T; L2 (0,1)) .

()
s\H
N
VR
CD‘QJ
ISERSY

€
2
) %“;j we) is bounded in L*(Qr) and in L* (0,T; L*(0,1)) .

)

2
83% (%) 852%)5) is bounded in L*(Qr).
3

5) (531/4 881;5 (%) w5> is bounded in L*(Qr) and in L™ (0,T; L? (0,1)) .

3

3

<31/4 (%) w€> is bounded in L*(Qr) N L*> (0,7 L*(0,1)) .
)

Proof. 1. Using the equality

e 82u€ = 52 arctan L 9ue
524_(%)2 or? " Ox cdx))’

a variational formulation of (3.12) can be written as

fo fé 6525 dxdt = sfoT éaa (arctan (1‘9“5)) wdzdt,
Vo € L? (0, T; H (0,1)) .

(5.15)

4
Settin = (22) &3 and integrating b parts with respect to x, we obtain
gy ) e g g by

4 T 4 ¢
:/ € arctan (1 8u5> (8(;5) w3 dt
L4(0,l) 0 (91’ 833 0
10u.\ 020 (96\°
— 45/ / arctan< > 922 (8:5) w2dzdt
1 du, 0¢\ "~ Ow, 2
—35/ / arctan< > (8x> o Y “dxdt.

Since 8“5 0,t) = 87(;5 (0) and %1;6 (I,t) = % (1), we have
l
du\ [0\ 4
[earctan <6 81‘) (81’) wy )
_/1523% <8¢>4w3dx
—Jo €2+<gﬁ)28x2 ox) ¢

! 100\ 0% (09" 3
+45/0 arctan <583§> 922 (8:5) widx

1]9¢
4 || 0z

we (., 1)
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! 106\ [06\" Ows 2
—|—36/0 arctan <68x> <5$> 8;10 cdz.

4

Then

Li[2e
4|0z LA(0,1)

= 46/ / (arctan <18q§> — arctan <1 8u5>)
+ 35/ / <arctan (58?:) — arctan <1 8u€>
2 9% (99" 4
/ /0 ﬁ 7 9p2 (830) w-dxdt.
oz

Since -5 < arctanx <

we (., 1)

. < ) widadt
o\ Owe 2
)(8) Y vt

g , we estimate

P\ 10u.\\ 8%¢ (06)° 3
4e / / <arctan (> arctan <5 890)) 922 \ ap cdxdt
4
< €2 +/ %we dt,
o |0z L4(0,])

104\ 1 du, 9\ dw:
3e / / (arctan( > arctan< 6$>> (833) o widxdt
4
< (e —l—/ %we dt,
o ||0z L4(0,0)

due to Lemma 5.6 1).
Then, using the fact that 529-%2 < 1 for every real x, we compute

4

2
/ / <8¢> ¢ widrdt| < C3e® + / 8—%6 dt.
ox ) dx2 o 110z "Ly
At last, we obtaln
4 4
1 H%we (-T) < Cye? +3/ % dt,
4 || Oz L4(0,0) 0 (9:10 L4(0,0)

from which we deduce, using Gronwall’s Lemma, that <\1[ g¢ wg) is bounded
in L*(Q7) N L* (0,T; L* (0,1)) and then in L*(Q7) N L> (0,T; 12 (0,1)).
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2. Setting ¢ = ( ¢> aé‘f in (3.13), we have

T 2 T 2
(5.16) / 0¢ Owe dt+12/ 0¢ Jue 0w dt
Ob Ow, 2 /T L w, O 02 B,
T ) SEZ VT drdt
‘895 5z 1) oy o Jo 0w 0w 022 a8

[ Q) e

2
2/ 8u58¢8 d)(?wad gt
o Jo

We compute

9 / ! Ow, ¢ 0?¢ Ow.
o Jo

drdt Ox Ox Ox2 Ot

_2/ /( ) aifagfd dt.

We combine the last term of the previous equality with the right hand side
of (5.16) and we estimate these two terms in the following way

/T U Oue 0 9% dw,
0 0

Oz Oz Ox2 Ot

9 kit
Oz Ox 0x? Ot

<1/T 06 Ou: |

— 22 J, ||[0x Ox Ot £2(0,0)
0%¢ 0w,

<8m> dx? ot ddt

0 0?
/(ajﬁ e () dud

since ¢ belongs to H3(0,1) and ( 99 ) is bounded in L* (0,T; L* (0,1)),

d:xdt‘

dt + C1€2,

=3 < Cyv/e,

f@wa
Lemma 5.7 1). Finally, we have

T 2 T 2
/ % Ow, it + 12 / aﬁ Oue Ow, gt
0 a.’l? 815 LQ(OJ) 25 0 (935 8113 8t LQ(O,Z)
1|8¢ Ow, 2
— || = ST <

from which we deduce that (—11/ - %
£ T
L2 (Qr).

%ge) is bounded in L* (0,7 L2 (0,1))



THE e-REGULARIZATION OF THE MEAN CURVATURE FLOW 143

3. 4. Setting ¢ = (‘%) (<,u5)2‘95’tE in (3.13), we have
(5.17)

T r0p\?  ow |
FlGY -,
o] [ () S

o [ () S
2
o [ () S
/ / ( ) g%agfd dt.
We compute the third and fourth terms of (5.17) as
I () o
+2/0 /Owe (%>2<?£>48;5dmt

e (5 2

2
83:' i 8.%') w@('7T)
12(0,0)

L) () ety

Using the fact that we <5 ‘9‘”5 >0, a.e. in Qp, see Lemma 5.5 1), the last term

of the previous equahty is positive. Then, using the equality 8‘*’5 = %Q;E — g—i,

we compute the fifth term of (5.17)

8w5 06\ > 926 dw,
/ / we) (83:) 0x? 0Ot dudt
B Oue 0\ * 9*¢ .
4/ / we) <8x> oa2 or M
4 02
2 ﬁ 0%¢ Ow,
4 /0 /0 (we) < 8:1:) 922 Bt dzxdt.

dt + — dt

520

96\ 2 e O ?
ox ox Ot

L2(0,])

1
2
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The previous terms can be combined with the right hand side of (5.17).
Then, having in mind Lemmas 5.6 3) and 5.7 1), we estimate

T rtou o (00> 820 w
£ s - S < 2
4/0 /0 o (we) <8:c> 922 Ot dxdt] < Cse”,
T oo\ * 0% dw
2 (YY¥ v e e
> /0 /0 () (m«) 922 oy vt
5t s 09\ " 0%¢
=3 /0 (we)” (1, T) (&r) Wdﬂf
§C4€\/g.
Finally, we have
T r06\2 ow.|’ 1T f06\? ou. 0w ||’
/0 (zm) T R <ax> 9z ot dt
L2(0,0) L2(0,1)
1] 706\2 0 ?
We
— —_— . . < .
31(52) Getmec )| <Caeve
L2(0,1)

2
This implies that (531/4 (%) %“fwg) is bounded in L?(Qr) N L*°(0,T;
g
L2(0,1)) and th 1 (22 e is bounded in L2
(0,1)) and then W(ﬁ) 57 we | is bounded in L*(Qr).
€

4
8¢> w29 e now compute

5. 6. Using the same test-function ¢ = <% TR
T 2 2 T ) 2
[yl wed flos @yl
0 Ox © ot e2 Jo || 0z \ Oz ° ot
L2(0,0) L2(0,1)

1
2

Tt (ou\? (09\!  Ow.
T ou. (06N 0%¢ 0w,
‘4/0 /0 8:1:( ) 922" gy Tt

4
Ow: Ows

Oue (1) (%)Z%L,T) 2

ox ox
L2(0,0)
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" /0 ((g¢<>) 2<z,t>8§5<z,t>—(§ﬁ<>) w§<o,t>8§f<o,t>>dt,

since ga%; = gi%ff, %“5 (I,t) = g—ﬁ (), % 8“5 0,t) = (O) Using the fact that

xr
we(z,0) = 0 and assuming that w. is smooth enough we have

(5.18)
2 2
Tl 06\?  Ow. Ou: (09\® 0w,
/0 <8z) “= ot dt+52/0 0z (m) “= ot dt
L2(0,0) L2(0,1)
1| Ou. 99\
L2(0,0)
T rl/ ou, foler Ow,
) <8x) o
T [l 2
4 /E)uE @ 8¢€28waddt
0 0 ox ox 81‘2 ot
T [l
9 Oue @ 8% 8% dedt
0 0 ox ox ox 875
1((0¢ \° » o¢ °
+3<<a$<”> 201~ (520) o).
We estimate the second term of (5.18)
Oue 4 &ug
FACORCORE T
1 (T ou. (06\> 0w
< = e (Y9 e 2
- 452/0 ox (81') T dt + Cie”,
L2(0,])

see Lemma 5.6 2). The third term of the right hand side of (5.18) is estimated

8u€ 0%¢ 28w5
(83:) 922 gy vt
2
<1/T Oug 8(15 w@ws
— 42 ), || 0z \ oz ° ot
12(0,0)

since ¢ belongs to H3(0,L) and due to Lemma 5.7 1). Then we estimate
the fourth term of the right hand side of (5.18)

dt + 0263,
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8ug &ue 8%
<8§c> oz g et

1 /T
< —
_452/0

since (%“; )6 is bounded in L?(Q7), Lemma 5.6 2). Using the equality 8—¢

%‘f — %‘f, we rewrite the last term of the right hand side of (5.18)

((g¢ o) un-(Lo) <o,t>>
/(?ﬁ) 005 (T)da +/l (gjf%;w.,ﬂ%;«,w<.,T>dx

(e )<8> TN

Using Lemma 5.7 1), we estimate

0 (gjﬁ) a;b (2, T) dz

since (i@ ) is bounded in L (O,T; L* (O,Z)) N L™ (O,T; L? (O,l)).

Que 09 duw |’
or dx ° Ot

dt + 0362,

L2(0,1)

< C4€f

Ve Oz We
Then, having in mind Lemma 5.7 3), we deduce

[(2) (2200 - 22m) 22t
%Zs(.,T) <gi>2w5(.,T) 2

Finally, we have

+ 055\/5
L2(0,0)

2 2
TWrap\?  Ow. 1 [T||ou. 00\ 0w,
/0 (m) e 1= /0 9z (ax) ey dt
L2(0,0) L2(0,0)
B 06\ ? ?
Ue
(1) (%) w(D)| < CoevE
L2(0,1)

2
We deduce that <€31/485; (%) w€> is bounded in L*(0,T; L2(0,1)) N
1)

7). Using the previous estimate and Lemma 5.7 3), we deduce that

L*(Q
(1/ (%)3%) is bounded in L*(0, T} LQ(O, )N L2 (Qr). O

£
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Lemma 5.8.

Q= ) s bounded in L*(Qr).

£

is bounded in L*(Qr).

) %

2) <571/46‘1ch (%)6 85;) is bounded in L*(Qr).
>6
)

is bounded in L>(0,T; L*(0,1)) N L*(Q7).

Proof. .
1. Setting@z(%) (%%=)" we in (3.13) we obtain
Tt rae\® (0w:\? e
(5.19) /0 /()(i) ((5‘;) (;)dxdt
o6\® [ du, ow:\?  Ow,
//(&v) () (Ge) oS
Ow, 2
/ / 0z <8$> <8x) wedwdt
926 Ow:\ 2
/ /6302 <6$> <8x> wedzdt.

Using the fact that we % ‘%6 takes nonnegative values on QQr, we observe that
the first two terms of (5. 19) are nonnegative. The fourth term of (5.19) leads

to
Lo%¢ dw \ 2
o 022 <333) < Oz > wedwdt

4
8<Z> Bws
Ox ox

L4(0,1)

< — 12 dt + Ciev/e,

due to Lemma 5.7 6). We compute the third term of (5.19) using an inte-

gration by parts and the equality aws = % — %

0%w, Ow, 2

/ / Ox? (81’) <6w> wedwdt
4

arlere] .

0 X X 4(O7l)

0%¢ Ow: \ ~ Oue
/ / 0x? <8x> < ox ) oz B wedwdt
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029 dw:\
_/ /ax2 (m) (8“;) w.dzdt.

Then we estimate
9% dw. \? du.
/ / 0x? <81:> < oz > oz wedwdt
4
8¢ 8w5
9z ) oz
£4(0,0)
8¢ B\
/ / 922 (8:6) ( 8;) wedzd
0 Owe
<£> 5; dt + Csev/e,
L4(0,0)
3 2
since (531/4 (%) w5> and (531/4%1;5 (%) w5> are bounded in L?(Q7),
Lemma 5.7 5), 6). Finglly we deduce )

1/T 0" .
6 Jo ox ) Ox

2
which implies that <e31/8 (g—i) 85‘;;) is bounded in L*(Qr).

dt + Coev/e,

_24

_24

4
dt < Cyev/e,
LA(0,1)

2. 3. 4. Setting now ¢ = (—i) ‘98“;5 in (3.13), we have, integrating by
parts the third integral of (3.13)

(% * o |
0 [“)x 875

L2(0,0) L2(0,1)
P ow, 926 06\ dw. Ow. [0\ '? 2w,
+12/0 o <8m> da dt+/ / (835) Hioddt
T 920 96\ " Ow,
_/ /8372 <8x> or vt

Using the equality % 8“’5 = %1;5 am, the previous equation can be rewritten

in the following manner
dt + —
2 /0

(5.20)
96\ % dw. ||”
(ax> ot

/T
0 L2(0,])

dt + — dt

520

6 2
Oou, % Ow,
Oox \ Oz ot

oue (09\ 0|
Or \Ox/) Ot
£2(0,0)
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T 2 11 12 49
Ou: 0°¢ (09 Bws / / Owe [ O¢p 0 we
12 — dxdt — dxdt
- /0 / Or Ox? (690 * or) otoz"

T g2 12
0% (09~ Ows
=13 — | = dxdt.
/0 /0 922 (69@) at "
Then we estimate the third term of (5.20)

L Ou 0% <a¢>” Owe

oz ) ot
1 (T
< —
_252/0

6 2
Ou, (97¢> Ow,
Ox \Oz) Ot
since ¢ belongs to H3(0,1) and the fourth term of (5.20) gives

L2(0,])
2
awg 9\ ? 92w, ¢ 6(%)6( 7
ox ) Otz ox) oz
L2(0,0)

dzxdt

dt + Ce?,

1
= dxdt| = 5

The right hand side of (5.20) can be computed as follows

06\ % 02¢ Huw.
21 1
(5.21) 3//( ) o et
926 Oue (9 \ "' dw.
—13/0 /0 922 On (m«) ot dvdt
T L 92 O, Owe (96 \ ™ dw,
_13/0 /0 022 0x Oz (ax> gy Gt
T 926 (0w \2 [0\ " duw.
Then we estimate the different terms in the right hand side of (5.21)

T I 92 11
13 / 0°¢ Oue (‘%5) Owe o at
0

o 0x2 Oxr \ Ox ot
2
1 (T 0u: (0¢\° dwe 2
< — —_— t
- 452/0 Ox <0:U> ot dt+ O1e%,
£2(0,0)

T g2 10
13 / 0°¢ du: Ow: (D¢ Owe dedt
o Jo 0x2 0z Oz \ Oz ot

L (2 * o |
- 452 0 31: 833 8t
L2(0,0)

dt + Coe?,




150 YVES DUMONT

T L 92¢ [ Ju, 06\ 'Y duw.
13/0 /08x2<8x> (m) gy Gt
<1z * o[

£2(0,0)
since ¢ belongs to H3(0, L) and <531/8 <gi) %“f) is bounded in L*(Qr),
Lemma 5.8 1). Finally we have )

dt + Csev/e,

/T o0\ 0w 1 / oue (00\ 0|
0 dr ) Ot 22 Jy || 0z \Oox /) Ot
L2(0,0) L2(0,1)
26\ % 0 ?
We
i (m) | <Gy
L2(0,])

which implies that <E ( > 1; 5;) and (1/ (%) 68025) are bound-
15
7(25
ox

ed in L?(Qr) and <1/
L*(Qr).

Lemma 5.9.

3
1) (631/4 (Bf) %) is bounded in LY(Qr) N L> (0,T; L4 (0,1)) .

‘9“’5> is bounded in L>(0,T;L?(0,1)) N

2) (; (%)4 %w6wa> is bounded in L2(Qr) N L (0, T; L2 (0,1)).
15

3) (i (%)4 85‘25w5> is bounded in L?(Qr).
&g

4) (;%’f (%’)4%) is bounded in L*(Qr) N L*> (0,T; L*(0,1))
15

5) (; (%>5w6> is bounded in L*(Qr) N L*> (0,7 L*(0,1))

&
Proof.

1. Setting ¢ = <—¢> w2 in (5.15) and using the same type of computations

as in Lemma 5.7 1), we obtain
T 3 4
<Ce? +/ <8¢> We dt,
0 8117
L

+(0,0)

a)3%<.,T>

LA(0,0)
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3
from which we deduce, using Gronwall’s Lemma, that <831/4 (%ﬁ) wg> is
3
bounded in L*(Qr) N L> (0,T; L* (0,1)) .

2. 3. Setting ¢ = <8¢> (wg)g% in (3.13), and using the same type of

computations as in Lemma 5.7 3), 4), we obtain

2 2
/T 9¢ 4w Dwe dt+1/T L (99 * Oue Ouwe
0 Ox © ot 2e2 J, “\ox) 0z ot

L2(0,1) L2(0,1)
06\ Ow.
((%) o (D (L T)

dt

2

< Ce2.
£2(0,0)

This implies that <§ (%) e wg) is bounded in L (0,77 L2 (0,1)) N
&€

L*(@r) and also that ( (gﬁ) O wa) is bounded in L?(Qr).

8
4. 5. Using the same test-function ¢ = (%) w

T

2 Owe
€ ot

type of computations as in Lemma 5.7 5), 6), we prove that

2 2
T\ oo\ Ow. 1 (T ouc (09\" = 0w
— | we dt + —5 We
0 Ox ot 4e? Jo || Ox Ox ot

L2(0,0) L2(0,1)
) 06\ ?
Ue
ax (7T) (8:10) we('aT)
L2(0,])

and using the same

dt

< Ce2.

1
4

e Ox

4
Then, we deduce that (18“5 (%) we) is bounded in L>(0,T; L?(0,1)) N
g

5
L2 (Qr). This estimate with that of Lemma 5.9 2) imply that (; (%) w5>
g
is bounded in L>°(0,T; L?(0,1)) N L? (Q7). O
Lemma 5.10.

(()

<<‘7) 858) is bounded in L*(Qr).

)

) is bounded in L*(Qr).

is bounded in L*(Qr).

gﬁ> a“’f) is bounded in L>(0,T; L*(0,1)) N L*(Qr).
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Proof.
. ¢ 12 O\ 2 . .
1. Setting ¢ = (%> (a;) we in (3.13) and using the same type of

computations as in Lemma 5.8 1), we prove the desired result.

2. 3. 4. Setting ¢ = (@> 9w in (3.13) and after some computations, we

ot
obtain
T 8 2 T 8 2
1 / % Owe b+ 1 / Ou, 87¢ Owe it
2 Jo oxr ) Ot 4e? |, || 0z \ Oz ) Ot
L2(0,0) L2(0,1)
1] /706\% 0 ?
We 9
2 <8x> Ox (~T) < Gse,
£2(0,0)

8 8
which implies that % 90" Que Owe | apd (L1 (22) %= ) are bounded in
or Ot e \ Ox ot
13 g

L2(Qr) and< (8@8%‘;&) is bounded in L®(0,T; L2(0,1)) N L%(Qr). O

Lemma 5.11.

1) (1 (%>4wg> is bounded in L*(Qr) N L™ (O,T; L (0,5)) .

2>< !
9 (:
) (2"

8
(1 a—d) w5> is bounded in L*(Qr) N L™ (0,73 L*(0,1)) .

™ |

(%) %‘f“&) is bounded in L*(Qr) and in L™ (0,T; L% (0,1))

x\H s\H

7
<ET¢ agf w5> is bounded in L*(Qr).

T

)
(gﬁ> w5> is bounded in L*(Qr) N L™ (0 T; L* (0, l))
)

Proof.
1. Setting ¢ = (a—¢> w3 in (5.15) and using the same type of computations

<C€4+/T % 4Wa
- 0 0x

4
from which we deduce using Gronwall’s Lemma that <i <%) w5> is bo-
€

unded in L*(Q7) N L*> (0,T; L*(0,1)).

as in Lemma 5.7 1), we have
4

dt
LA(0,0)

H ?)4%(.7@

L4(0,1)
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2. 3. Setting ¢ = (@) (w5)2a§f in (3.13), and using the same type of

computations as in Lemma 5.7 3), 4), we have

T 7 2 T 7 2
/ % . Ow, i+ 12 % Oue Ow, gt
0 3:E 8t 25 0 85{7 BZU 8t
L2(0,0) L2(0,)
1] /06\7 0 ’
We 3
| < )
2 (830) oz T (1) < Cse
L2(0,1)

eve
2(Qr) and also that L (% " ow. w. | is bounded in L?(Q7).
e \az) ot
g

This implies that (1 (%) e w5> is bounded in L (0,T; L2 (0,1)) N
£

4. 5. Using the same test-function ¢ = (ﬁ w? 65’;, and using the same

type of computations as in Lemma 5.7 5), 6), we obtain

/T oY, B dt+i oue (007 oue["
o \oz ) “= o 222 oz \oz) “* o
L2(0,1) L2(0,)
1o 06\ 7 ’
Ue
£2(0,])
9 ok
<C’/ Ue (> We dt + Cge®.
L2(0,0)

7
We deduce that (&lﬁ%f (%) w5> is bounded in L*(0,T;L?(0,1)) N
&€
L? (Qr).

Moreover, using this estimate and Lemma 5.11 2), we deduce that the

8
sequence <E\1@ (%) wa) is bounded in L>(0,7; L%*(0,1)) N L* (Qr). O
3
Lemma 5.12.
1 0
1) <53/4 (ai

)4
5
> (@> w€> is bounded in L>(0,T; L*(0,1)) N L* (Q7).
[
9

a;) is bounded in L*(Qr).
1>

3) (12 (%) %“;€w5> is bounded in L*(Qr) and in L™ (0,T;L?(0,1)) .

9
1 (‘lﬁ) 35’tewg> is bounded in L?(Qr).
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9
5) (;287;5 (gﬁ) wg) is bounded in L*(Qr) N L™ (0,T; L*(0,1)) .

£

d
6 (L (9" s bounded in L? L>(0,T; L* (0,1
) ?(7) we | is bounded in L*(Qr) N (7 ; (a))
€

Proof.
[)o] 6 Owe

1
1.  Setting ¢ = (gf) (ax )2% in (3.13) and using the same type of
computations as in Lemma 5.8 1), we obtain the result.

2. Setting ¢ = <%> w2 in (5.15) and integrating by part with respect to

r, we obtain
9 4
<({‘)¢> We (., T)

L4(0,0)
T 20 t
= / € arctan LOuc) (00 w2 at
0 5 ax 81‘ 0
10u.\ 0%¢ [ 0¢ B
— 208/ / arctan (5 82:) E) (8:6) “dxdt
10u:\ [06\* Ow, 2
—36/ / arctan( > <8w> o Zdxdt.

us (0, ¢) = 22 (0) and 2= (1,t) = 22 (1), we compute

[ (1 O, ( ) ]
€ arctan w;
op\ 0*¢ (09 o
) 02 <8x) ede
2 0% <8¢>20 3
od
+/0 22 (%Y&ﬂ oz v

! 106\ (8¢\*° ow, 2
+35/0 arctan< 8:13) <8:1:> 8:1@ cdz.
Thus, we have

(%) cor
oz ’

1
4

Since 2

= 205 arctan

;)
(1

1
4

L*(0,0)

1 8(25 2 19
— 20e / / arctan A (8(;5) widudt
—arctan ) O \ Ox

T

m
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5 T rl [ arctan % <) — 3¢ 20 . e

— t
8/ / — arctan % Ox

3

/ / ) wZdxdt.

0

Noticing that

" 1 0u, ; 10¢ " 1 1 Owe
arctan (| ——— | —arctan | —-— | = arctan | ————————
e Ox ez €14 L090us g
2 0z Ox

we have

%2

—_

N———

Q’\@

82

1 1 Owe \ Owe
arctan< W 83:) B >0

and since g—i%ﬁf >0 a.e., on Qp, Lemma 5.5 2), we get

1 Ow. \ Ow. (06\®
3 t “e dzdt > 0.
5/ /am a <51+§z§¢%¥ 833) O <8$ weddt =

Thus, we obtain

96\ !
(893) We (7T)
T ol 1 1 Owe \ dwe (06\ 2
+3€/ arctan (51_’_18(1) 8;13) o (8x> wzdxdt
arctan ;84’) 0%¢ (0¢
< 20e / / oz 37 ((99:) widxdt
— arctan (f d:c)
e ()
0 0 52_1_ (%)28552 a.T

Since —g < arctanz < g, we estimate

4

widadt.

Tl 10¢ 19uc\\ 9% (0¢ 3
20e /0 /0 (arctan (5833) — arctan (5 pp >) 922 <8:p) wZdxdt
T 5014
§0155+/ (‘%5) We dt,
0 or
L4(0,1)

1

9]
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due to Lemma 5.11 5), and since 625372:02 < 1 for every real x, we have

99\ * 0°¢
/ / ( 893) Py widxdt
T 8¢ 5 4
<+, <ax> -

dt + Cae",
L4(0,0)
due to Lemma 5.11 5). Finally, we obtain
4
9 T\ 9¢\°
<d)) We (aT) < C(355 +3/ <¢)) We
3 0 &L‘
L4(0,0)
5
and we deduce, using Gronwall’s Lemma, that <€51/4 (%) w5> is bounded
€

in L*(Qr) N L> (0,T; L* (0 ).

4
dt,
LA(0,0)

1
4

3. 4. Setting ¢ = (8¢) (w5)2aa“f in (3.13), and using the same type of

computations as in Lemma 5.7 3), 4), we have

2 2
TWro\°  Ow. 1 /7T 06\ Ou. Ow.
/0 (m) e At o |, <a$) 9z ot dt
L2(0,1) L2(0,1)
26\ ° 0 ?
We 4
— . . < .
<8x) 8$(,T)w€(,T) < Ce
L2(0,0)

This implies that <1 (gi’) 85;? wg) is bounded in L (O,T; L? (O,l)) N
g

L?*(Qr) and also that < L (gﬁ) e w5> is bounded in L?(Qr).
15

18
5. 6. Using the same test-function ¢ = (g—‘ﬁ> w? ‘95’; in (3.13), and using

X
the same type of computations as in Lemma 5.7 3), 4), we obtain

/T 06\’ 0w’ dt—i—l/T duc (99\° B[
o \oz) “=a 2:2 |, |0z \oz) “* o
£2(0,])

dt

L2(0,])

2
1 ||Ou. o6\ ?
156 (52) et
L2(0,)
T 9 2
§C1/ % wa% dt+CoE4.
ox ox
0 £2(0,))
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9
We deduce that (16“5 (%) wa> is bounded in L°(0,T;L*(0,1))N
3

e? Ox
L% (Qr). Using the last estimate with Lemma 5.12 3), we deduce that
< ! (gf) wa) is bounded in L>(0,T; L%(0,1)) N L? (Qr). O

Lemma 5.13. <1 (8¢) ) is bounded in L*(Qr).

e@x
€

Proof. We set ¢ = (8¢> (%“;‘E)Qws in (3.13) and we use the same type of
computations as in Lemma 5.8 1) to obtain the result. (]

Lemma 5.14.
11
1) (1 (%ﬁ) %“; 85‘)’5) is bounded in L*(Qr).
€

2

12
2) (;2 (g%) ‘%‘f) is bounded in LQ(QT)-
€

oxr

dt
%2/0

L2(0 L)

0o\ 2 926 Ow.
or ) 0x2 ot

4 22
o) ) ()"

2 22
d¢ Owe
1:) <8m> ot awat,

2
1. We set ¢ = (@) Oue (%)2 in (3.13) and compute
o)

dt
L2(0,L)

11 2
Oue Ow, (8d)> Ow,

or Or \ Oz ot

dxdt

—
Do
h
~
o —~
Pl
A/~

f L

which implies
(5.22)

/OT

dt

or Or \ Oz ot
L2(0,L)

11 2
Ow, @ Ow,
Ox \ Oz ot

11 2
Ouz Ow, <8¢> Owe

dt
+52/0

L2(0,L)
ow:\> 06\ 926 Ow.

//( )(m) 2 o

Ow. o\ *

—4/0 <8:c> (z,T) <8az> (z)dx
/T /l 926 (Ow:\? [0\ *" Ou. Ow:.

_ il = dzdt,
0 0 85[32 Bl‘ aZC (933 at
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since % = %1;5 a“’g . We estimate the first term in the right hand side

member of (5.22)
3 21 a2
19/ / Ow, qub %6w6d$dt
Ox ox? Ot
2
< Cret + 1 /T (3‘?5>H Owe Owe
< 2 ),

Ox or Ot
due to Lemma 5.13. Then, having in mind Lemma 5.10 4), we estimate the

fifth term of (5. 22)
2 2 21
Lo2¢ <8w5> <3¢> Ou, awgdmdt

dt,

L2(0,L)

8m2 Oz Oz Or Ot
260\ ! A, dw. dw. ||
< - € € £ .
Co' 4 o5 (Gx) oz Oz Ot dt
£2(0,1)

Finally we get

T 11 2 11 2
/ @ Ow, Ow, it + 1 67q§ Oue Owe Ow, it
0 Ox Ox Ot e J, ox dr Ox Ot
L2(0,L) L2(0,L)
2
a¢) 1 (awg ) 2 .
- (., T) dt < 036 s
<8x Ox 20.)

11
which implies that ( ! <gﬁ> %‘f ag’;) is bounded in L?(Qr).
3

11
2. Using the above estimate and the boundedness of < L ( Bi’) %1;5 85‘?)
>
in L?(Qr), through Lemma 5.10 2), since a—i’ belongs to L>°(0,1), we prove
12
that the sequence (1 (%) 85‘;;) is bounded in L?(Qr). O
&€

82
5.2. The weak convergence.

12
Theorem 5.15. The sequence (E%wg)g converges weakly in LQ( (g—ﬁ) ,
QT> to the solution uy of (3.10).

Proof. In Lemmas 5.14 2) and 5.12 6), we proved that the sequences
12 10
(;2 (g—i) %‘f) and (;2 (%) wa> are bounded in L°°(0,T; L*(Q7)) N
g g
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2 It
Thus it is possible to prove the existence of x in this space such that

1 ‘ 96\ 12
E—zwg -0 x weakly in L? <(8i) ,QT>

19 ) 9 . 9 12
87287“; —e—=0 87?[:( Weakly m L2 <<£> 7QT> .

From (3.12) we deduce that for ¢ every in C°(0,T;C(0,1)) we have
(5.23)

LG ot L)) 5
[ L) e

Since 88“25 = d:c2 24 8 ¥ the right hand side term of (5.23) can be computed

12 2
[ ) 5
O\ 2 dw. By 926 [0\ Ow.
//< ) o Gxd dt—12/ /8x2< ) 83: pdxdt
12 42
[ L)
Ox?
Then using the equality
du\> (9N [Ow\? o Owe 00
(81‘) _<8:E> +<0$> 2 dr dx
_ (09", Ow-O0u. 0w 09
-\ Oz Or Ox Oz Ox

L(@Qr). Hence (a%%)s and (iaws)g are bounded in L2 <(g(£)127QT>.

the second term of (5.23) can be computed as
Oug \ ~ Owe
s G > <8x> ar 7
A\ M dw:
62/ /< ) godxdt

Ow. Oue (I \ "2 dw.
52/ / axax( > gt Pvdt
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Ow,

=T

Thus we obtain the following equality
(5.24)

A
+52//ax ax<
52/ /8%<6¢>
A
@)

12
Ow,

12 O
ot

8% Oue (0

3:U>
13 5
ot

2
8(Z)aldt

pasit+ 2 [ [1(52) %

wWe 09 odt — 12

YVES DUMONT

(3)

13
Ow,
odxdt.
ot

14
Ow,

pdxdt

pdxdt

e pdadt

11 Do,
ox

¢
0z2

5 (52) e

Using Lemmas 5.7 2), 5.10 2) and 5.14 2), we estimate

=)
= / /
which implies

[ LG5

//Wf“
//Wf%%%
S5

Ow,

(3)

pdxdt

Ow,

dxdt

dxdt

Ow,

o T pdxdt

//Wf%%w
[ 25 (5)
0

() %

pdxdt

U .
0z? \ 0z 636

12 Ow, Oue Ow,
Oox Ox 8t

1
3 Ow,

pdxdt

S 0151/47

pdadt| < Caet/4,

ot

—¢e—00
[ ) e
—¢e—00
—¢e-00
—e—00

—e—0 0.

Therefore, when ¢ goes to 0 in (5.24), the above convergences imply
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Tt (00" ox 99\ 09
[ (5e) Grenear= [ [ (52) G
Vo € C°0,T;C(0,1)).

Hence, by a density argument, this proves the convergence indicated in the
Theorem. ([

5.3. Further estimates and strong convergence. In order to make sure
P
that the asymptotic expansion (3.11) is available in L? ((%) ,QT>, for

some exponent p, we define 9. = u. — ¢ — e>us, which satisfies the nonlinear
problem

525
a tor T o ot ’

ou ou

20U Juz
+ ( ( 830) > L pdadt

929, 02¢ 5 0%us ) 1
//<8x2+ te a2>@d$dt=0a Vo € L? (0,T; H' (0,1)) .

Lemma 5.16. Suppose that ¢ belongs to H*(0,1). Then

10
1) (512 (%) 195> is bounded in L*(Qr) N L™ (0,T; L*(0,1)).

£

% L) % ) is bounded in L*(Qr).

(x
3 (2 (3
0 (&

8 \

8%) is bounded in L*(Qr) N L*> (0,T; L*(0,1)).

5) is bounded in L*(Qr) N L> (0,T; L* (0,1)) .
3

Proof.
10
1. Using the fact that 9. = w. —c%uy and that (312 (%) w5> is bounded
g
in L*(Qr) N L*> (0,73 L*(0,1)), Lemma 5.12 6), we have

aqb 10 agb 10 a¢ 10
| (@) .., 71 (@)

10
Since (%) uy belongs to L2(Qr) N L™ (0, T; L? (0, l)), the last inequality
proves the result.

+ &2
L2(Qr)

0. <

L2(Qr)

L2(Qr)
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2. Since 8515 = %“;ﬁ g2 85;2 and ( (gi) %“;5> is bounded in L*(Q7),
13

0 % Qus

ox) oz

3. Using a similar argument and the fact that ( (gi) 85;5) is bounded in
€

Lemma 5.13, we have

99\ V-
or ) Ox -
LYQr)

which implies the result.

¢ > Ow,
ox

)

L*(Qr)

L4(Qr)

L2(Qr)NL>® (0,T; L2 (0,1)) , Lemma 5.10 4). and assuming that ( ﬁ) Buz

belongs to L?(Qr) N L> (0,T;L?(0,1)), we prove that (i (%) %793;) is
bounded in L?(Qr) N L™ (O,T; L? (0, l))

5
4.  Noticing that <€51/4 (g—i’) w5> is bounded in L (O,T; LA (O,Z)) N
g
L*(Qr), Lemma 5.12 2) and writing

96 519 06 5 96\ °
(5:) 7, =) - (5:) »

5
we prove the last result, assuming that <g—i) uy belongs to LY (Qr). O

+ 2
L4(Qr)

LY(Qr)

L4(Qr)

Lemma 5.17. Suppose that ¢ belongs to H*(0,1). Then

%”;) is bounded in L*(Qr) N L™ (0,15 L*(0,1)).
&g

85%) is bounded in L*(Qr).
(3

€

)
(%)
3) (1 (%)13 %25659;) is bounded in L*(Qr).
( ) 195> is bounded in L2(Qr) N L> (0, T; L2 (0,1)).

Proof.
26
1. 2. 3. We set p = (6—?) 885 in (5.25)

526
1 0. 8¢ LOuz\?\ [0\ [89.\>

/ / 0*9. a?¢+ 0%y 99\ *° 99,

022 o2 o2 ) \oz) o
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e 06 20w\ duy (09 26 99,
//( ( T Te 8x>>8t (8:1:) ot vt =0

Using the fact that ug satisfies

[ LGy o= [ [ (52) S

for every ¢ in L%(0,T; Hl(O, 1)), we simplify (5.26) as

L (89 06 ,0u 2\ 06\ (00>

//<1+ < 8at+ 895))(836 ot duvdt
ov Oug \ Oug\ Oug [ O
2 YVe 2 VU2 e 2

+/ /<5 +< or ¢ ax> 83:) ot <8x> ot
/ / L 20w Ous (96 %0 90,
83: dox ) ot \ox ot
_ / / Ve | 50%u (06 0V
o Jo \ 0z2 Ox? ox ot

26
We then integrate by parts the integral fOT é %2;925 <g—ﬁ) %dmdt with re-

spect to the x variable
/T /l 0*9- (09> 9.
0x? \ Oz ot
25 02
S () g

8(%

_ /0 <8x >2(. T) (gi)Qde.

Thus we obtain

ue (O 0V,
5.27 = £ dt+ — dt
X 6 xr X
( ) 0 0 ot o |l 0 0 ot
L2(0,]) L2(0,1)
2
13
11(/0 0V,
(e (,T)
2 oz ox
L2(0,0)

__8/ / ot <gi)%8£;
/ / < 28u2> du duy <a¢>26 9.

dr Ot \Ox ot
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N T/l 99\ 0V 20uz\ Ouz 99
o Jo \0x ox ox ot ot
_26/ / 9\ > 9%¢ 00 0.
ox2 0x Ot
26
p [ [ ()" o
61‘2 oz ot

We estimate the different terms in the right-hand side of (5.27). The first

24
term is estimated using (3.10) with ¢ = (g—i) agf, assuming that this

function is smooth enough
A LG %
ot \ox ot

T

0 (00)" 0.
0z2 \ 0z ot

1 [T /0p\ " o0
< Ciet+ = - :
< Cie +4/0 ((%U) En

Since % —1—52%%32 = % gﬁ = %“f, we deduce the following estimate of the

Due Dw. <a¢>)26 99,

dt.
L2(0,])

second term of (5.27) using once more (3.10) with ¢ = =52 5 s

ox

assuming this function is smooth enough
//aug L 20w (90\* w00
o0 00 J\ae) o o

T

" Qe Qw. (99> 929 0V,
ox ) 0x% Ot

dt + Coe?,
L2(0,1)

ou (06" 00,
Ox \ Ox ot

1 (T
<
_252/0

since ¢ belongs to H?(0,l) and ( (gi) %“j;) is bounded in L%(Q7),

Lemma 5.10 4). The third and fourth terms of thfs right hand side member
of (5.27) are computed in the following manner

06\ % 924 09, 09,
(5.28) —26/ /< > 327 5 51

// ap\* 819+2% g DY,
or ' ° 9z ) ot ot
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B _27/ / 9\ > 9%¢ 00 0.
a Ox2 Ox Ot
/ / a¢ % Ouy 026 0.
Ox 0x2 Ot

due to (3.10) with ¢ = <@> (aﬂf + &2 &f) %. We observe that the last
term of the right hand side member of (5.28) is trivially evaluated by

O 258%819
=[5 5
_1 " (o9 13 99_|°
—4/0 (ax> ot

90

since (%> 8“2 belongs to L2 (Q1) . Let us now estimate the first term of
the right hand 51de member of (5.28)

27/ / 9\ > 9%¢ 00 9.
ox2 Ox Ot

T 13 2
_ / 9\ 0.
- 0 (9% 83}

12
since e = Jw= _ ;20U (1 (%) agf) is bounded in L?(Qr), Lemma
€

dt + Coe?,
L£2(0,0)

dt + Cse?,
L2(0,)

2

5.14 2) and assuming that (%) 0“2 belongs to L?(Q7). Then the fifth
term of the right hand side member of (5.27) is evaluated in the following

manner
06\ %% 99,
asz or ot
1 (TN /0s\" o0
< Oyt + = - <
< Cye™ + 4/0 <6w> BN

13
since the hypothesis on ¢ and (3.10) imply that a L+ belongs to L2< < d)) ’

dt,
L2(0,1)

QT). Finally, we obtain

/T % 13 8195
0 aIE 3t

dt
L2(0,1)

9\ " du. 9.
Oz Oz Ot

1 (7
dt+2/
€ Jo

L2(0,1)
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26\ 13 9, ?
@)

L2(0,0)

2

dt.
L2(0,1)

< Cxet — <
< Cse +2/0 <8x> ox

4
2

Using Gronwall’s Lemma, we deduce that the sequence <a

2

p 13
bounded in LX(Qr) N L™ (0,T;L2(0,1)), (1 (%) aé’f) and
€

13
<€13 (g—i) %qj; %%) are bounded in L?(Qr).
€

. 1 (06\ B a0\ o 72
4. This is a consequence of the boundedness of | = <$) 5 | in L2(Qr),

15
through a Cauchy-Schwarz inequality with respect to the time variable. [J

Lemma 5.18.

13
1) (EI;/AL%; (gg) 19€> is bounded in L*(Qr) N L (0,T; L? (0,1)).

)

13
2) (EJM (%) 0€8gf> is bounded in L*(Qr).

26
Proof. Set ¢ = <g—i) V2 887’;5 in (5.25). This leads to

2

dt

L2(0,1)

(5.29)
9 1319 . 2
ox or ° Ot

/T 1 T
. dt + — /
0 8.%' (9t LQ(O,l) & 0
T ol ou\?\ Ouy (0p\*® 09
2 S vuz U@ 2 e
+/0 /()(5 +(8x> 5 (83:) ﬂsatda;dt

T 1 9%u, (0p\*® ,00.
_/0 /0 -~ <8$> 92 E dadt = 0.

<a¢>13 Duz , OV
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We compute the fourth term of (5.29) as
_/T/l 8211/5 87¢ 261926'[95
0x?2 \ Ox ¢ Ot
/ /aug 90\ * 0% 5 00:
ox Ox? ¢ 0Ot
u. (0p\*° 89, . 90
2 / / (m) oz '° ot
Qus (9p\% 0w,
/ / (890) 1958 8td xdt
ous (9p\* 5 0%uy
+6/ / <a$> 1958 atd rdt
l
u. [0\ 00,
—/0 [81‘ <67:):> 2 ey Od:vdt.
The second term of (5.30) is evaluated as

8u5 9\ * 0% 06 500
Oz 0z2 ¢ Ot

(5.30)

S 0159/2a

5
since ((25)1/4 (%ﬁ) 195> is bounded in L* (Qr) N L™ (O,T; L* (0, l)), Lemma

£

2

13
5.16 4), and (1 (%) %1;; ‘9515> is bounded in L?(Q7), Lemma 5.17 3).
3
We now estimate the third term of (5.30)

aug a<z> % 99, a
ox © Ot

< 0289/2

5
since (5)1/4 (g—ﬁ) 195> and < (gi) a;) are bounded in L* (Qr) N
> 15

13
L% (0,T; L4 (0,1)), Lemma 5.16 2), 4), and (513 (%) Bus 35’;) is bounded
I

in L2(Qr), Lemma 5.17 3). We compute the fourth term of (5.30) integrating

by parts and using the equality gi‘gi = gigi

ous (9p\ % 02w,
/ / <8:c> Uz it

Ous (1) (a‘f’f?’ﬁ( T) 2
ox "’ ox e
L2(0,1)

1
2
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LG G

The last term of the previous equality can be estimated as

[ Ge) () o
< [11(5)" 5.

13
since <513 (@> Oue aﬂf) is bounded in L?(Q7), Lemma 5.17 3). The fifth
€

dt + Cyeb,
L2(0,0)

ox oxr Ot

term of (5.30) becomes

Bus P\ ., 0%uy
<8$> 02 5o dadt

T 13
[
~Jo ox ox

5
> 19€> is bounded in L? (Qr), Lemma 5.16 4), and assuming
g

dt + Cseb,
£2(0,0)

M =
1§

since =

© o

(a
that (%) gilgt belongs to L* (Qr).

Using (3.10) with ¢ = (%ﬁ) V2 ad”f in the first part of the fifth term of
(5.29), we have

auQ a¢ % 9200
ot

81‘2 Ozx ¢ ot

9¢
= 2/ <833) e 875

due to Lemma 5.16 1). Using (3.10) with ¢ = (%)2 (%) ﬁgag; and the

xT

Lo <a¢)24192319

dt + C6€6,
£2(0,0)

fact that ¥, = w. — €%us, we have in the second part of the fifth term of

(5.29)
8u5 2 duy (09 192819
ot \ oz ot
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o \ Ox ) 0x% \ Oz ° ot
06\ " ou. , 0.
ox dr ° ot

1

L dt + Cre®

L2(0,])
due to Lemma 5.12 5). The third term of (5.29) can be computed in the
following way
T 26 !
Ous (0¢ 90V,
- — | v dxdt
/0 [81’ ( :):) ° ot . v

15)
N N A
=1 8((%) (9)* (., T)da

72

- 3/01 @i)z? %is (.,T) (9.)* (., T)dz

5=(0,t) = 6—¢(0), S (1,t) = %(l) and 881?; (x,0) = 0. We then estimate
%¢ (9¢\*°
‘ [55(52) 0o (e

since (1/ (—d)) 5> is bounded in L™ (O,T; L4 (O,Z)), Lemma 5.16 4),

e (& ()"

Then

S 0859/27

@

> is bounded in L*° (O,T; L? (O,Z)), Lemma 5.16 1).

3/0l (g‘ﬁ)w (%‘Zj (195)2> (. T)dz

5
since <€51/4 <%) 195> is bounded in L (O,T; L* (O,l)), Lemma 5.16 4),
€

< 0959/27

13
and <512 <@> 8195) is bounded in L (O,T; L? (O,l)), Lemma 5.17 1).

ox ox
1 T
.y
e Jo

2

Finally, we have

0 ox c ot
£2(0,)

%ZE(.,T) (‘;i)lg 9.(.,T)

dt
L2(0,1)

96\ due , 00
Ox o ° ot

L2(0,1)
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Tl ou. fo6\" |
<4 / = < ) Ve
0 833 856

L2(0,])
1 oue (06" :
From Gronwall’s Lemma, we deduce that 77 D (%> Y. | 1is bounded
g

dt + Choe”/2.

in L2(Qr)NL* (0,T; L2 (0,1)). Moreover, (1/ (@) 19585’;) is bounded
I3

in L?(Qr). a

1 (os\M : 72
Lemma 5.19. ( 775 (%> 9 | is bounded in L*(Qr).

Proof. Set p = (g—ﬁ) V2 881};5 in (5.25)
(5.31)

T 06 1319 a0,
/0 <aa;> = ot
L2(0,0)
T 92, (9¢\*° 9209
_/0 / D2 (m) < ot
T o [Ou\?\ Ouy [06\*° ,00.
+ /0< +<6x>> o (52) =0

Using the equality u. = we + ¢, the third term of (5.31) leads to
(5.32)

/ /32% 99\ *° 9200
oz \ oz ° ot
_/ /62% ¢ 26292879 / /0% 192819

0 0x2 \ Oz ° ot dx2 \ Ox ° ot

We estimate the last previous term as follows

l@ % 26192819
o 0x2 \ Ox ° ot

1
dt + =
+€2 ;

dt
L2(0,1)

09\ due , 00
oz ox ° ot

< 0169/2

5
since (551/4 (%) 19€> is bounded in L*(Qr), Lemma 5.16 4) and
3

1 (00\ P a0, ) - 1o ' ;
= (%) 5¢ | is bounded in L*(Qr), Lemma 5.17 2). Using the equality
€

agf = aa“f — 52%, the first term of the right hand side member of (5.32) is

evaluated as
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B /T / Pws (09\* 500
0x? \ Ox ¢ ot
Pw. [06\*® 0w
5.33 e (92 g2
(5.33) //6952( ) ﬁaatdxdt
82(,«)5 28”2
We compute the first term of (5.33)
T 92w, (0p\* 0w,
_/ / 02 (m) Ve dwdt
B dwe (99\*® 2 ,0w.
- / / <ax) a2 o
26
+2/ /<6w5> (a¢> 9.2% dzat
ot
(5.34) / / 96 26 OuQ aw€d$dt
“ox ot
/ / Ow, a¢ 2% 8195
° ot

%“;E(.,T) (gf) 9. (., T) 2

L2(0,0)

)

since %x ‘9“’5 2%“2 We estimate the second term of (5.34)

Ow, 8(;5 % 82(25 Qawa
[ B (20 B

T 11 5 2
SC/ (ZM)) Ow, Ows (g;b) 9.
0

oz ox Ot Lo0)
< 0259/2 ) |

11 5
since (le (%) 86";5 85’;) is bounded in L? (Qr) and (651/4 (%) 195> is
3 3
bounded in L*(Qr), Lemmas 5.14 1), 5.16 4). We estimate the third term
and the fifth term of (5.34)

(5.35) //<8%> ( ) ﬂaa%dxdt

dt

L2(0,0)
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[ L) )
L) @)
c ot
(5 ()

26
since ¥. = w. — 2ug. Then, using (3.10) with ¢ = (%ﬁ) e (%“;)2, the
second term in the right hand side of (5.35) gives

Ow. 06\ *®  Ous
o [ [ (5) (3) o
Ow. o6\ 92¢
o [ () () B

24 a2
o [ () e
ox2
T 5 2 10
con [yl [(2)°.
0 Jx ) Ox Ox
L4(0,])
§C3567

5
since <; (%) %"f) is bounded in L*(Q7), Lemma 5.13, (512 (gi) 195>
e €

is bounded in L? (Qr), Lemma 5.16 1). Using % a“’f = %“; - %, we estimate
the first term in the right hand side of (5 35)

Gwe 0V
= ot

5 5
since <; (%) %“;) is bounded in L* (Q7), Lemma 5.13, (501/4 (g—i 195)

13
is bounded in L* (Q7)NL*> (0,T; L* (0,1)), Lemma 5.16 4), <12 %) 6195>
3
3).

and

dt
L2(0,1)

< e\,

13
and ( ! (gi) %7;5 %) are bounded in L?(Q7), Lemma 5.17 2), 3). Then,
we estimate the fourth term of (5.34)

<a¢> 26 g Quz Owe we

< (L29/2
“ox Or Ot < Cse™,

dxdt
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since <1 (gﬁ) %“;585;5> is bounded in L?(Qr), Lemma 5.14 1),
3

(\1[ (gﬁ) 195) is bounded in L*(Q7) N L*> (0,T;L*(0,1)), Lemma 5.9
€

1) and assuming ((%) 8"2 belongs to L* (Qr). Finally we estimate the

24
third term of (5.33) by setting ¢ = %“’5 (%) 92 in (3.10) and integrating

2

by parts with respect to x

(5.36) / / 52 (83:) ﬁsﬁd xdt
Pw. (0p\* 0%
_ 2 e 2
_5/ / 92 <8x> 75‘88 dzdt
dwe [0\ 03¢
- (// (5e) 2
24 8“’5 00N (0N 2
+ % W AT t
8w€ 09\ * 0% 0.
o[ [ O (00 P 0 )
We estimate the different terms in the right hand side of the previous equality
24 a3
‘—s / / O <8¢> 0 ¢192d dt
Ox3
Tl rag\ " ow. |
g/ <a> 65195 dt + Cgeb,
0 u T ez
8w5 0o\ (92\*
T 13 2
L)
0 v T 200
dwe [0\ 929 . Y.
25// <8m> 82196aldt

T 13 2
JA R
0

ox ox
L2(0,0)

dt + Cre®

dt + Cge¥,
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due to Lemma 5.16 3). Then, we estimate the fourth term of (5.31)
T 26
2y Oue duy (09 92 09,
0 0 ox (925 ox ot
_ |2 /T/ %6 (06\* 529V=
0 0x2 \ Oz ° ot
N /T / du-\* 0% (9¢\* 920
0 0 ox (9:1:2 ox £ ot
T 2

1 09\ due , 9.
~ 4e? ), ox oxr ° ot

dt + 0966,
£2(0,0)

due to Lemma 5.16 1). Finally, we have

1 (T /0o\ " . 09, 1 OO\ du. 9V
4/0 (m) V5 dt*w/ (ax) Eraarl
L2(0,0) L2(0,)
1] 0w, [0\ ’
€
L2(0,0)
13
(‘%’) a“’wa dt + Choet™/4.
Oz L2(0,])

) 1 99 13% ;
From Gronwall’'s Lemma, we deduce that 775 90 Ve is
13
bounded in L*(Qr) N L* (0,T;L*(0,1)). Using the boundedness of
13
<591/4 (%) 85;;195) in L2(Qr) N L= (0,T; L2 (0,1)) , Lemma 5.18 2), we

deduce the result. : O

We thus conclude with the following:

Theorem 5.20. Assume that ¢ belongs to H*(0,1). Then:
14
1) The asymptotic expansion (3.11) is available in L* ((gf) ,QT>.

14
2) (E%wg)s converges strongly to ug in L? ((gi’) ,QT)
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Remark 5.21. The previous results are available for the anisotropic mean
curvature flow [D]. The extension of these results to higher dimension will
be developed in a forthcoming paper.

[BSS]

(elele)

[CLI]
DD
(D]

[D99]
(EH]
[ES1]
[ES2]
[ES3]
[ES4]

[ESS]

References

G. Barles, H.M. Soner and P.E. Souganidis, Front propagation and phase field
theory, STAM J. Control Optim., 31(2) (1993), 439-469.

Y.G. Chen, Y. Giga and S. Goto, Uniqueness and existence of viscosity solutions
of generalized mean curvature flow equation, J. of Diff. Geometry, 33(3) (1991),
749-786.

M.G. Crandall, H. Ishii and P.L. Lions, User’s guide to viscosity solutions of second
order partial differential equations, Bull. AMS, 27(1) (1992), 1-67.

K. Deckelnick and G. Dziuk, Convergence of a finite element method for non-
parametric mean curvtaure flow, Numerische Mathematik, 72(2) (1995), 197-222.

Y. Dumont, Theoretical studies on the anisotropic curve shortening and the e-
regularized Mean Curvature Flow, PhD, 1998, Mulhouse-France.

, The e-regqularized mean curvature flow in one dimension space, Journal of
Computational Analysis and Applications, 2(1) (2000), 11-47.

K. Ecker and G. Huisken, Mean curvature evolution of entire graphs, Annals of
Math., 130(3) (1989), 453-471.

L.C. Evans and J. Spruck, Motion of level sets by mean curvature 1, J. of Diff.
Geometry, 33(3) (1991), 635-681.

, Motion of level sets by mean curvature II, Trans. Amer. Math. Soc.,
330(1) (1992), 321-332.

, Motion of level sets by mean curvature 111, J. Geom. Anal., 2 (1992),
121-150.

, Motion of level sets by mean curvature IV, J. Geom. Anal., 5(1) (1995),

77-114.

L.C. Evans, H.M. Soner and P.E. Souganidis, Phase transitions and generalized
motion by mean curvature, Comm. in Pure and Applied Math., 45(9) (1992),
1097-1123.

M. Fried, Berechnung des Krummungsflusses von Niveauflachen, Diplomarbeit,
Freiburg, 1993.

A. Friedman, Partial Differential Equations of Parabolic type, Prentice-Hall,
(1964), 347 pp.

0O.A. Ladyzenskaya, V.A. Solonnikov and N.N. Ural’ceva, Linear and Quasilinear
Equations of Parabolic-type, Translations of Mathematical Monographs, Vol. 23,
AM.S., (1967), 648 pp.

P. Sternberg and W. Ziemer, Generalized motion by curvature with a Dirichlet
condition, J. of Diff. Equations, 114(2) (1994), 580-600.



176 YVES DUMONT

(W] U. Wandtke, Ein finite element Algorithmus fuer den mittleren Kruemmunsgsfluss,
Diplomarbeit, Bonn, 1991.

Received April 9, 1999. This paper is dedicated to my son Axel.

IREMIA - UNIVERSITE DE LA REUNION

15 AVENUE RENE CASSIN

B.P 7151

97715 SAINT DENIS MESSAG, CEDEX 9

ILE DE LA REUNION

FRANCE

E-mail address: Yves.Dumont@Quniv-reunion.fr



