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Let G be either GL2(R) or GL2(C) with maximal compact
subgroup K. Let g be its complexified Lie algebra. In this pa-
per, we will construct (g, K)-invariant forms on ®?=17ri where
7; is an infinitesimal principal series representation.

1. Introduction

1.1. In this paper we study the invariant linear forms on the tensor prod-
ucts of three principal series representations of GLo(F) where F is an
archimedean field.

When F'is a p-adic field, the existence of invariant trilinear forms is known
through the work of Prasad [Pal]. He shows that the space of invariant
forms is at most one dimensional and that it exists if and only if a certain
epsilon factor is 1. His work was partly motivated by [Re]. He also considers
the case when F' = R and we will describe his result in more detail below.

Let FF =R or C and let G = GLy(F) with maximal compact subgroup
K. Let g be its Lie algebra. Let m; (¢ = 1,2,3) be an irreducible infinite
dimensional Harish-Chandra module of G. Assume that the product of three
central characters of ; is trivial.

If FF = R then 7; is either a principal series or discrete series represen-
tation. Let H be the quaternion division algebra over R and we identify
its subset of non-zero elements H* with Us. If m; is a discrete series, we
denote 7, to be the irreducible finite dimensional representation of H* with
the same infinitesimal character and central character as m;. When F' = C,
m; is always in the principal series.

We recall that m; corresponds to a representation o; of the Weil group
Wg of F. For a non-trivial character ¢ of F' and a representation o of W,
we associate an epsilon factor [JL]

(o) = ¢ <0,1/J,s: ;)

We note some facts about the epsilon factor (See Prop. 8.4, Thm. 9.5 of
[Pal]):

(i) €(01 ® 02 ® 03) = £1.

(ii) e(01®0o2®03) = 1 if at least one of the representations ; is a principal
series representation.
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(iii) €(01 ® 02 ® 03) = —1 if and only if 7, m2 and 73 are discrete series
representations and 7} @ 74 ® 74 has a non-zero H*-invariant form.
The following result is due to Prasad [Pal].

Theorem 1.1. Suppose F' = R and 7 is a discrete series representation
or a limit of discrete series representation. Then m1 ® Ty ® w3 exhibits a
(g, K)-invariant form if and only if e(o1 ® o9 ® 03) = 1. In this case the
invariant form is unique up to scalars.

This paper completes the project by studying the remaining cases when
all the representations m; are principal representations.

Recall that an infinitesimal reducible principal series representation of
GL2(R) either has a unique finite dimensional submodule, or a unique finite
dimensional quotient. We say that the principal series is reducible of type I
or II respectively. The main result of this paper is the following theorem:

Theorem 1.2. Suppose F =R or C and 71, w2 and w3 are (g, K)-modules
belonging to the principal series representations. We make the following
assumptions:

(1) If F =R, then m; is either irreducible or reducible of type I.
(2) If F = C, then m; is irreducible.
(3) The product of central characters of the three representations is trivial.

Under a further mild assumption if F = C (see §4.6), m ® mo ® 73 exhibits
a (g, K)-invariant form and it is unique up to scalars.

The proofs are given in §2.7 for F' = R and §4.7 for F' = C.
Note that our result is consistent with those in the non-archimedean case
(cf. Thm. 1.2 and Thm. 1.4 of [Pal]).

1.2. In arelated paper [Pa2], Prasad considers the invariant linear forms of
GLy(Fy) x GLy(F3) where F} is a quadratic extension of a non-archimedean
local field F5. In §2 of this paper, we investigate the case when F; = C and
F> = R and we obtain the following theorem (cf. Thm. A, Thm. B [Pa2]):

Theorem 1.3. Let m; be an irreducible infinite dimensional Harish-Chan-
dra module of GLo(C). Let my be an infinite dimensional Harish-Chandra
module of GLa(R). Suppose the product of the central characters is trivial
on GLa(R). We assume that o satisfies one of the following conditions.

(1) mo is irreducible.

(2) mo is a reducible principal series representation with a finite dimen-
stonal submodule.

(3) mo is a reducible principal series representation with a finite dimen-
sional quotient of dimension n and w1 contains an irreducible K -type
of dimension n.
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Then the dimension of (gly(C), O2)-invariant forms on 7w ® ma is at most
one. The dimension is zero if and only if wo is in the discrete series and the
restriction of the dual representation of w to SUs is a K-type of m.

The proofs of the above theorems are given in §3.4 and §3.9. Let GLJ (R)
denote the subgroup of GLs(R) with positive determinant. Using a similar

argument we will prove the following proposition in §3.13: (Cf. Thm. 8.4.4
[Pa2], [F].)

Proposition 1.4. Let m; = B(u1, pe) denote the infinitesimal principal se-
ries representation of GLo(C) where i, pe are characters of C* (see §6
[JL]). Suppose w1 is irreducible with trivial infinitesimal character, then it
will exhibit a GL;(R)—invariant form ¢ if and only if one of the following
statement is true.

(1) There exists s € C such that 2s is not an integer and ui(z) = |z|°,
wa(z) = |z|7° for all z € C*. w1 is spherical and ¢ is non-zero on the
spherical vector.

(ii) There exists | € Z such that pu1(z) = |2|'27" and pz(z) = |2|'27%. ¢ is
non-zero on the minimal K -types.

In other words, m is a base change from a representation of GLa(R). The
invariant form is unique up to scalars. In case (i) or (ii) such that l is even,
the invariant form extends to a GLa(R)-invariant form. Otherwise when I
is odd in (ii), the invariant form extends to the sign character of GL2(R).

Theorem 1.3 will enable us to prove the following corollary in §3.12.

Corollary 1.5. Let my be an irreducible infinitesimal principal series rep-
resentation of GLy(C). Let wy be an irreducible finite dimensional represen-
tation of GLy(R) of dimension n. Assume that the product of the central
characters is trivial on GL2(R). Then:

(i) The dimension of (gly(C), O2)-invariant forms on m ® ¢ is at most
one.
(ii) The dimension is one if m contains an n dimensional irreducible K -

type.

The converse statement of Corollary 1.5(ii) is false (see Proposition
1.4(ii)). However we will show in Theorem 3.7(iii) that it is true for ‘generic’
1.

1.3. We will give vectors where the invariant forms in Theorem 1.2 and 1.3
take non-zero values. These are recorded in Corollary 2.2, Propositions 3.3
and 3.5, and Corollary 4.6.
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1.4. The organization of this paper is as follows: §2 and §4 are mainly
devoted to the proofs of Theorem 1.2 for GLy(R) and GL2(C) respectively.
In §3 we investigate invariant forms of representations of GL2(R) x GL2(C)
and we give the proofs of Theorem 1.3, Proposition 1.4 and Corollary 1.5.

The proofs in all the three sections are conceptually straightforward but
rather tedious to achieve. First we ignore the central characters and we
work with representations of SLE(R) or SLs(C). Next we write down a
basis for the representations. An invariant form ¢ on a tensor product
of representations will give rise to a system of equations derived from the
actions of the Lie algebras and the maximal compact subgroups. Using
these equations, we will show that the value of ¢ on a certain distinguish
vector uniquely determines the invariant form. The main difficulty is to show
existence and this is done by finding a non-trivial solution to the system of
equations. The equations in §4 are especially long and we have omitted the
details of the calculations. We have also recruited the help of the computer
and the software Mathematica(c).

1.5. Towards the end of §2, we show that if at most two of the three
principal series representations of GLy(R) are of type II, then the tensor
product the three representations will exhibit an invariant form for ‘most’
of the time. See Theorem 2.3.

In §3.11 we give a counter example to show that the third assumption in
Theorem 1.3 is necessary in order for the theorem to hold. However if 7y is
a reducible principal series of type II which fails to satisfy the assumption,
we will prove Theorem 3.7 in §3.14 which states that Theorem 1.3 remains
true for ‘almost’ all 7.

1.6. Tensor products of unitary representations of SLo(R) and SLs(C)
have been studied in [Re| and [W] respectively.

After the completion of this paper, the author was notified of an un-
published result in Tohru Uzawa’s thesis where he proved Theorem 1.2 for
F =R and 7; irreducible principal series representation using hyperfunction
sections. See §3.5 of [Uz]. The proof given in this paper is comparatively
more elementary.

Finally we recall that Gross and Prasad have a general multiplicity one
statement in the category of smooth, Fréchet representations of moderate
growth [GP], [W]. Our results suggest that perhaps it is enough to work in
the algebraic category of (g, K)-modules.

Acknowledgments. The author would like to thank D. Prasad for suggest-
ing this problem and his many helpful comments. The proof of Proposition
4.2 is due to him.
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2. GLy(R).

2.1. Throughout this paper all representations of GL2(C) or GL2(R) are
infinitesimal representations unless otherwise stated.

In this section we will study (gly(C), O2)-invariant forms on tensor prod-
ucts of three principal series representations i, mo and 73. It is assumed
that the product of the central character is trivial so we will only work with

(s12(C), O2)-modules.

2.2. Let

A:¢%<i_@>,w:<?é>eGh@)

We embed ¢ : GLy(R) — GLo(C) by g — AgA~!. The image has maximal
0

compact subgroup K = Ky X w where Ky = {( 60 egp ) 10 € R}.

For the rest of this paper GL4Y(R) and SL,H(R) will refer to the images

of GLy(R) and SL2(R) under ¢. Let glh(R) and sl5(R) denote their Lie

algebras and b := sl5(R) ® C ~ sl5(C). Let H,X,Y be the standard basis

of sl3(R) C gly(C). Note that iH € Lie(K).

2.3. We recall some facts about principal series representations (see
pp. 164-166 [JL]). A (h, K)-module m = 7(s,€,m) belonging to the prin-
cipal series is parametized by s € C and ¢,m € {0,1}. = is spanned by
{wp :n € Z,n =€ (mod 2)} such that

1
m(H)wy, = nwy,, 7(X)w, = 5(3 +n+ Dwpta,

MYMM:%@—n+Dw%%WWMm:GJWw%.
—1 € Ky acts on 7 by (—1)°. 7 is irreducible if and only if s — € is not an
odd integer.

If s > 1 and s — € is an odd integer, then 7w contains a unique irreducible
submodule dg spanned by {w, : [n| > s+ 1}. It is a self dual representation.
When s > 1 it is called a discrete series representation. The quotient 7/d
is an irreducible finite dimensional representation.

If s < —1 and s — € is an odd integer, then {w, : |n| > —s — 1} is the
unique submodule and the quotient is d_441.

In the two reducible cases above (s > 0 and s < 0) we say that 7 is
reducible of type I and II respectively.

If s=0and e =1, m = dy is called a limit of discrete series.
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2.4. For i = 1,2,3, let m = 7(si,€;,m;) be a principal series with basis
{w!l, : n = ¢ (mod 2)}. We assume that the product of the three central
characters is trivial. Since —1 € K acts trivially,

(1) €1+e2+e3=0 (mod 2).

Suppose ¢ is a (h, K)-invariant form on 7 := 7 ® my ® 3. The action of
H gives

(n1 +na + n3)¢(w7111 ® w7212 ® w?m) =0.

Hence ¢(w;, ® w2, @ wy,) = 0 unless n1 + na + ng = 0 so it suffices to find
the values of

f(nla n2) = QZ)(’U) ® U) ® w—nl ng)
Then the actions of 2X, 2Y and w on ¢(w,, @ w2, @ w?,, _, .,) give

(2) (s3—mn1—m2—1)f(n1,n2) = —(s1+n1+1)f(n1+2,n2)+
—(s2+na+1)f(n1,n2 + 2)

(3) (ss+ni+n2—1)f(n1,m2) = —(s1—ni+1)f(n1—2,n2)+
— (s2 =n2+1)f(n1,n2 — 2)

(4) flni,ng) = (=1)™MTm2EM f(—ny, —ny).

Suppose (4) is satisfied for all (nq,n2), then (2) is true at a point (n1, ng) if
and only if (3) is true at (—nj, —n2).

We will abuse notations and denote the various points in Z? as well as
their values of f by a,b,...,h in the following figure where d denotes the
point (n1,n2) and the sides of the squares have length 2.

¢ 8
a d h
b e
Figure 1.
By (2) and (3),
(5) (s3—mn1—ng+1)a=—(s1+n1—1)c— (s2+n2+1)d
(6) (s3—mn1—no+1)b=—(s1+n1+1)d— (s2+n2—1e

(7) (s3+mn1+ng—1)d=—(s1 —ny + 1)a — (s2 — ng + 1)b.
Putting (5) and (6) into (7) we get
(8) (s3 — 81— 85+ 1 — 2n1ny) f(n1,na)
= (s1—n1+1)(s2+n2+1)f(n1 —2,n2+2)
+ (s2 = mn2 +1)(s1 +n1 + 1) f(n1 +2,n2 — 2).
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We find the same relation about ¢, d, e if we use g, h instead of a,b. Suppose
(4) is satisfied for all (ny,ns), then (8) holds at d = (n1, n2) if and only if it
holds at d = (—n1, —n2).

2.5. Let N € Z such that N = ¢; + €2 (mod 2). Suppose we are given
f(n1,n2) where n; + ng = N and they satisfy (8). In addition suppose
s3+ N + 1+ 2k # 0 for all non-negative integer k. We define f(nj,ns) for
ni +n2 = N + 2k (k > 1) inductively using (3). We state a useful lemma.

Lemma 2.1. f(nj,n2) satisfies (2) for ny +ny > N.

Proof. We will prove the lemma by induction on 1 +ns. We refer to Figure
2 where d is the point (n1,n2).

Figure 2.

By induction we assume that (2) is satisfied for all f(l1,l2) such that I; +1y <
ny + ng — 2. Hence f(n1,n9) satisfies (8).
By (3) we have
9) td = —(s1 —n1+1)c—(s2 —ng—1)d
(10) td = —(s1—n1+1)d—(sg—ng—1)e
where t = (s3 + n1 +na + 1) # 0 by assumption. We put (9) and (10) into
the following expression.
—(s1+n1+1)d — (s2+ng+1)c
= t_l((sl +n1+1)(s1—n1—Dd+(s1+n1+1)(sa—n2+ 1)e+
+ (s2+na+1)(s;1 —n1 +1)c+ (s2 +n2 + 1)(s2 — ng — 1)d)
(Substitute (8))
= t7(sT —(n1 +1)2+ 53— (no+ 1)? + (52 — 57 — 52+ 1 — 2n1ny))
= t7'd(s3 — (n1 +na +1)%)
= (s3—np—ng—1)d.

This proves the lemma. ([
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2.6. Non-Type II representations. We make the following assumptions
about ;.

(1) m; is either irreducible or reducible of type I.

(2) €1 = €2 and e3 =0 (cf. (1)).

Suppose ¢ is an invariant form on 7 ® Te @73 and it gives rise to f(n1,n2)

as above.
If e, = 0, then f(—2,2) = (—1)™+m2tms £(2 —2) and by (8) we have

(11) (s3—si—s5+1)f(0,0)
= (514 1)(s2 4+ 1)(L+ (=1)m™Fmatms) £(2 —2).

Since f(0,0) = (—=1)m™+m2+tms £(0,0), £(0,0) = 0 if my + mg + mg is odd.
If my + mg 4+ ms is even, then (11) shows that f(0,0) determines f(2, —2).

2.7. Proof of Theorem 1.2 for F = R. We will construct f(ni,ns) which
satisfies (2), (3) and (4). Hence the function f(-,-) will give rise to an
invariant form ¢.
First we assign arbitrary values to:
(i) f(—1,1) if e = 1. We define f(1,—1) = (—1)mtm2tms f(_1 1),
(i1) f(0,0) if e, = 0 and my +mg+ms3 is even. We define f(2,—2) by (11).
(iii) f(—2,2) if e, =0 and my + mo + m3 is odd. We set f(0,0) = 0.
Using (8) repeatedly, we determine f(n,—n) for all positive n. Note that
this is possible because the coefficient of f(n1 4+ 2,n2 — 2) in (8) does not

vanish for positive n = n; = —ng. By (4), we determine f(n,—n) for all
n < 0. Note that we could use (8) instead of (4) to get the same values for
f(n7 _n)

Applying (3) inductively gives f(ni,n2) for all ny + ny > 0. This is
possible because s3 > 0. Finally (4) gives f(n1,n2) for n; +ns < 0. Again
we may use (8) instead of (4) and base on the remark after (4) we will get
the same values for f(ni,n2).

We will show that f satisfies (2), (3) and (4). From the construction, f
trivially satisfies (4), (3) if n1 +mng > 0 and (2) if n; + n2 < 0. Lemma 2.1
takes care of (2) when ny 4+ ns > 0. By the remark after (4), f satisfies (3)
for nq1 + no < 0.

Finally we note that conversely an invariant form ¢ will give rise to a
function f. The above construction shows that f is completely determined
by its value at f(0,0), f(—1,1) or f(—2,2). This proves that ¢ is unique up
to scalars. O

Corollary 2.2. (i) The invariant form is non-trivial on the vector wi ®
w?, @ wy if e = 1.
(ii) Ifer = O then the invariant form is non-zero on the vector wi @w3 @wg
if and only if m1 +me + mg3 is even. If mi +mo +ms is odd, then the
invariant form is non-zero on w'y ® w3 ® wg.
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2.8. The proof can be modified to find gly(R)-invariants for m; irreducible.
In this case (1) is not necessary and we can show that the space of such
invariants has dimension two.

2.9. Type II representations. Let m; = m;(s;,€;,m;) (i = 1,2,3) be a
principle series representation. We would like to investigate the situation
when one or two out of the three representations are reducible of type II.
For e = 0,1 define

S(e):={s€Z:s=e—1 (mod 2),s <0}.

Without loss of generality we assume that s; € S(e1) and s3 € S(e3). In
other words, 7 is reducible of type IT and 73 is not. Note that if m; (i = 1, 2)
is of type II, then it has a unique irreducible quotient d,.

Define

max(—s1, —s2) if m and m are of type 11
S = . .
—s1 if only 7 is of type IL.

Theorem 2.3. Given m; (i = 1,2) and e3,m3 as above. Then for all but
finitely many s3 € C — S(e3)

(12) T & o ®7T(537637m3)

exhibits an invariant form unique up to scalars. The invariant form will
filter through the quotient

(13) ds, ® 3 @ (83, €3, M3).

Proof. First we assume that ¢; = e2. We would like to apply the same
method as in the proof of Theorem 1.2 where the three m;’s are not of type
II. If 71 or w9 is of type II, the proof breaks down because the coefficient of
f(n1+2,n2—2) (ng = —ng =5 —1) in (8) is zero. Fortunately Lemma 2.4
below shows that f(n,—n) =01if 0 <n < S — 1. By applying (8) we show
that f(n,—n) (n > S+ 1) are determined by f(—s+ 1,s — 1) and (4) gives
f(=n,n). Moreover f(n,—n) satisfies (8). Hence the conditions of Lemma
2.1 are satisfied and we may proceed to construct an invariant form as in
§2.7.

The case €1 # €3 is similar and we leave the details to the reader.

By Theorem 1.1 there is an invariant form on (13) and it will pull back
to a non-zero invariant form on (12) which is unique. This proves the last
assertion. U

Lemma 2.4. Suppose €1 = ez and f(n,—n) satisfies (4) and (8). Then for
all but finitely many s3 € C, f(n,—n) =0 for |n| < S — 1.

Proof. We will only consider the case € = e = 0. The case e = €2 =1 is
similar and we leave the proof to the reader.
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We will solve v = (f(0,0), f(2,-2),...,f(S —1,=S + 1)). Define a
(S+1)/2 by (S+1)/2 matrix A = (a;;) where i, =0,...,(S —1)/2 and

aj; = S%jLS%*S%*l*SjQ

ajji—1 = (s1—2j+1)(s2—2j+1)

ajjir1 = (s1+2j+1)(s2+2j+1)ifj#0
apt = (s141)(s2+1)(1+ (—1)mtmatms)
a;; = 0 if otherwise.

By (8) and (11), Av = 0. Hence v = 0 if and only if A = (a;;) is invertible,
that is, det A # 0. Note that det A is a polynomial in s3 of degree S + 1. If
s3 is not a root of the polynomial, then v = 0. U

3. GLQ(R) in GLQ(C).

3.1. We retain the notations of §2.2 as well as the embedding SL,(R) C
GL,H(R) C GLy(C). Let m and my be irreducible Harish-Chandra modules
of GLy(C) and GL,H(R) respectively. Suppose the product of the central
characters is trivial on GL)(R). Our goal of this section is to find (gl(R) ®
C, Og)-invariant forms on 7 ® my. Similar to §2.1 the central characters
of m and g are not essential so we may replace GLy(C) and GL,(R) by
SLy(C) xw and SL,H(R) x w respectively.

3.2. We define some elements in sly(C).

Next we define the following elements in sly(C) @ C.

H3=A3®i Hr =41®i— A1 H.=A410i+ A2 ®1
F3:B3®i F+:B1®Z.—B2®1 F_.=Bi®i1+B,®1

so that Ay = $(H_ — Hy). {Aj, As, A3} spans the Lie algebra of the
maximal compact subgroup SU, and {Hs, Hy, H_} spans its split form.
{2H3, —iF}, —iF_} forms the standard basis of h := sl,(R) ®g C.

3.3. It is well-known that all irreducible infinitesimal representations of
SLy(C) are either finite dimensional representations or principal series rep-
resentations. We will follow the notation of §8.3 of [Na] and denote an
irreducible representation by 7(ko,c) where 2ky is a non-negative integer
and ¢ € C. We recall Theorem 1 of §8.3 [Na].
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Theorem 3.1. A basis of w(ko,c) is
{f¥k =koko+1,... koo, v=—k,—k+1,...k}.

If ¢ = (ko +n)? for some positive integer n, then ko = |¢| — 1 and 7 (ko, c)
is a finite dimensional representation. Otherwise koo = oo and m(kg,c) is a
principal series representation.

The actions of the Lie algebra are as follows:

Hoff =V/(k+v+1)(k—v)fr,
H_fy =/(k+v)(k—v+1)fi,

Hsfy =vfy
(14)  Foff =Ry, 1Ckff‘1
_ \/ k + v+ )Akf11f+1 + Rk+v+1ck+1f1]1€i_11

Rﬁ=—qumn;
—V(k+v)(k—v+1D)Apf¥ | — Ry i1 Crpr fH
(15)  Faf) = Vk2 —02Cpf)
— VARfE — /(k+1)2 — 020y AT

where

ikoc i (k2 —K2) (k2 —c2)
=/ (k A Cr=— .
1 Pkt Tk k\/ Ak2 =1
We refer to the definition of the infinitesimal irreducible principal series
representation B(u1, u2) of GL2(C) in §6 [JL] where p1 and p9 are characters
of C*. We write

,Ul(z) — |Z‘281_a1_b12a1§b1
i (Z) — |Z‘282—a2—b2 Za2§b2
iz () = [afPmetens?

where a;, b;, a,b are non-negative integers such that a;b; = ab = 0. Then
m(ko,c) is the restriction of B(ui,us2) to (sla(C) @ C, SUs) such that s =

1y, .
1 o ) iseiven by

(sign(b — a))c and 2kg = |b — a|. The action of w = ( 0
wff = ( (1) (1] ) fk‘ b1+b2—a1—a2—2kffv _ (_1)mo+(k—ko)ffv

where my = min(b; —ay, b2 —az). We will denote the restriction of B(u1, p2)
to (sl2(C) ® C, SUz x w) by 7(ko, c, mp).
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3.4. We recall the definitions of the discrete series representation and its
limit ds in §2.3. We will give an alternative description. Let b be the
Borel subalgebra of h := sl,(R) @ C spanned by Hs and F_. Let o be the
fundamental character of Ky given by

e? 0 ;
X0 : ( 0 i ) e,

dn—1 = Tnd(p) (U(h) 5 X3).

0

Let n > 1, then

We refer to Theorem 3.1 and suppose w1 = 7(ko, ¢) is a principal series
representation and mo = d,_1. Since m ® w9 has trivial central character,
the action of —1 € K gives 2kg = n (mod 2).

Homy (m1 ® 2, C)
= Homy gy(m1,m2) (w2 is self-dual)
Homy ) (m1,U(h) @5 xi)  (Frobenius reciprocity)
= Hompg, ((m1)r, X¢)
where (m1)p, = 71 /{7 (Fy)v: v € m} is the space of F coinvariants. The
next lemma proves Theorem 1.3 when 79 is a discrete series representation.

Lemma 3.2.

dim¢ Homg, ((w(ko, ¢)) . 5 X0)
1 if —2kg+2 <n < 2ky and n = 2ky (mod 2)
=< 2 ifn < —2ky and n = 2ky (mod 2)
0 if otherwise.
Proof. Define
(16) Vi = Spanof {f¥:ky<k<l}
W, = Spanof {f¥:ky <k <l,v=—k —k+1}.
The lemma follows from (14) and the fact
Wien(Fy)Vie =V
U

3.5. Let m = m(ko,c,mgp) and mo = 7(s,€e,m) be infinitesimal principal
series representations of SLy(C) x w and SL5(R) x w respectively (cf. §3.3
and §2.3). We will construct a (h, K)-invariant linear form on m; ® my. Since
—1 € K is assumed to act trivially, we have 2ky = e (mod 2).

Note that the three assumptions in Theorem 1.3 is equivalent to the fol-
lowing statements.
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1) Ife=1, then s+1¢ {—1,-3,-5,—7,..., —2ko + 2}.
2) If e =0, then s + 1 &€ {0, —2, -4, —6,... , —2ko + 2}.

3.6. Let ¢ be an invariant form, then via the action of H = 2H3 we get
T(H)(f) @ wn) = (20 +n)$(f @ wn) =0

s0 ¢ = 0 unless 2v +n = 0. Now set ¢F = ¢(f¥ ® w_5,) and the actions of
F,, —F_ and w give

Ef, Ry Cedlit —V(k—v)(k+o+ 1) Apgl ) +
+ RionnCrndht] + (s — 20— 165 =0

E., ¢ Ripo1Cedf 1+ (k+ v)(k = v+ 1) Agdyy +
+ Rk—v+1ck+1¢vﬂ + = 2 (5 + 20— 1)% =0

By
Note that the action of w sends Ey, to i™Tm2+2kEF" — Therefore if EY,
holds for all k,v then E, = determines E,jfv and vice versa.

Asin Figure 1, let h,a,b. .. denote the points (k,v), (k,v+1), (k—1,v)...
respectively as in the following diagram

¢k — (_1)m0+(k7k0)+m¢liv.

U v

e
Figure 3.
We will abuse notations and use a, b, ... to denote the corresponding values
of ¢ at those points. Let s, = (s —2v + 1) and 7, = §(s+ 2v + 1). E,i

shows that the values of a,b, h determine that of d and the values of b, h, e
determine that of d. We have the following equalities:

(17) Se = Sphde = By y_y (k>v —1)
Ry Cib — /(k — v+ 1)(k 4+ v) Arh
+ Rp4vCrr1d + spe =0
(18) No = Nohda = By (mk<v+1)
: Ry Cib + (kv + 1) (k — v) Axh
+ Ri—yCri1d — 1pa =0
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(19) Wy = Waneb = Ri—vSbhde — RitoNphda (k+1 2> |v])

. —20(2k + 1)Cb — 2(k + 1)Vk2 — 02 Aph
+ Ri—ySpe + Riyproa =0
(20) Eq = Eahed = Rit0Sohde — Rk—oNohaa (K +1 > |v])

1 —2k/ (/{ + 1)2 — U2Akh + 2’1)(2]€ -+ I)Ck+1

+ RitySve + Ri_yrpa =0
S, N, W, E denote South, North, West and East respectively.

3.7. We will deal with 2kg being odd and even separately.

Proposition 3.3. Suppose 2kq is odd, then ¢ is uniquely determined by its
value at flk/o2 QuW_1.

0 .
Proof. Ey, 1 gives

(21) ¢1/2 = ( )mo+m¢ 1/2

Applying W, repeatedly, we determine ¢*0 for 0 < v < kg since the coef-
ficient of e is non-zero by Assumptions 1 in §3.5. Using Ek, v We get pro
for v < 0. We will deduce the rest of ¢¥ inductively in the following way.
Suppose we have determined ¢¥ for k < ki. We define ¢f1 7! for v > 0 by

E,jl ,_1- Note that this is possible because the coefficient of d in (17) is
non-zero. By Elirl , we determine ¢*.F! (v < 0). O

3.8. Suppose 2kg is even, then E,?O o gives qblgo = (—1)m0+m¢§°.

Lemma 3.4. ¢ is zero on fém ® wo if mo +m is odd.

We relax Assumption 2 in §3.5 slightly by allowing s = —1. If kg > 1, W}
for (k,v) = (ko,0) gives

(22) —2(]430 + 1)k0Ak0 ko + Rko (Sod)’iOl + rod)’lﬂo) _
By EJ ko, 17 ¢M, = (=1)motmgho and (22) becomes

(23) Ry (s + 1)(1 + (—=1)motmygho — gfqepho.

We further subdivide into two subcases depending on whether mg + m is
even or odd.
Case 1: kg > 1 and mo + m is even. If s # —1 then d)’fo is determined by
<Z>§°. If s=—1,¢=0, then (23) is trivial. If s = —1,¢ # 0, then qbko =0.
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Case 2: my + m is odd. Then Lemma 3.4 says that qbgo = 0 and (23) is
trivially satisfied. If kg = 0, then ESL:O implies that ¢ = ¢1; = 0. W, for
(k,v) = (1,0) always holds for all values of ¢.

Proposition 3.5. Suppose 2kq is even, then ¢ is uniquely determined by
its value at the following vectors.

(i) fo ®wg if ko =0, mg +m is even.

(ii) fO R wq if kg =0, mg + m is odd.
(iii) fOO ® wq if kg > 1, mg+ m is even, s # —1.
(iv) f00®w0 andflo ®w_g if ko > 1, mg+m is even, s = —1, ¢ = 0.
(v) f ®w22fk:0>1 mgo +m is even, s = —1, ¢ # 0.
(vi) ffo®w 2 if ko > 1, mg +m is odd.

Proof. By the discussions above, the values of ¢ on these vectors determine
(bgo and gb’fo which satisfy Lemma 3.4 and (23). Applying W, repeatedly,
we determine ¢f0 for 0 < v < kg since the coefficient of e is non-zero by
Assumptions 2 in §3.5. We proceed as in the proof of Proposition 3.3 to
determine the rest of the values of ¢F. (]

3.9. Proof of Theorem 1.3. Suppose we are given the value of ¢ at f1/2
w_1 or any of the vectors in Proposition 3.5, then the proofs of Propositions
3.3 and 3.5 give a construction of qbﬁ . We will show that gbﬁ satisfies Effv and
E? and hence it gives rise to a (h, K)-invariant form. Note that (iv) and
(v) of Proposition 3.5 do not satisfy Assumption 2 of §3.5 and they will not
be considered.

By induction, suppose ¢!, (I < k) satisfies (17) to (20) and E{. By
definition E,;} holds for v > 0. Since w sends E,jv to Ekf _y» By, 1s satisfied
for v < 0. By induction and W}, at b = (k — 1,v) imply that E;%l holds
if and only if Ek_ v41 Dolds. We have thus shown that E,j;} holds for all
lv| < k. By definition EY 41,0 1S true for all except possibly at v = 0. For
v =0, E,g 1w follows from the fact that E,:rv and E,  are compatible with
the action of w. Eg at d = (k+ 1,v) holds because it is consequence of E,‘:v
and E,_, . It remains to show that W}, holds at h = (k,v) and this is proven
in Lemma 3.6 below. The induction process is therefore completed and this
proves the theorem. O
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3.10. Consider the following diagram where h represents the point (k,v)
as before.

a a a
b h d
e e e
Figure 4.

Lemma 3.6. W;, = 0.

Proof. Note that w sends W), at h = (k + 1,v) to Wy, at h = (k + 1, —v).
Therefore it is enough to check for v < 0. Put Nj, and S}, into W}, to get rid
of €’ and d’ respectively and we get

Wi, = —2v(2k + 3)Cra1h — 2(k + 2)y/(k + 1)2 — v2 A 1d
+ SUC',;_&I(TU 1h — Ry 1C0ke” — \/(k +v)(k — v + 1) Age)
+ TUC,;}I( Sp+1h — Rp_y_ 1Cka + \/ k +v+ I)Aka)

Similarly N, will get rid of d
Wy = —27)(2]<5 + 3)C}C+1h

2(k+2)/(k 1 —v2A
i * Y k“ (rva — Rp4,Cib

Ri—yCria
—(k4+v+1)(k—v)ALh)
+ 50C; 1 (ro—1h — Rigo—1Cre” — \/(k + ) (k — v + 1) Age)
+10Cp t (=Sps1h — Ri—yo1Cra” + /(k — v)(k + v + 1) Aga).

Substituting E}, to get rid of s,e” we have
Cro1 Wi = —20(2k + 3)CP 1 h

2(k+2)/(k+1)2—0v2A
R AVAGI R ek 22 W SOA

Rk v
—V(k+v+1)(k —0)Aph) — (Sy1170 — SuTv_1)h
+ 20(2k — 1)C2h — 2(k — 1)\V/k2 — v2Cy Ap_1b
—so\/(k+0)(k—v+ 1D Age + 1o/ (k — v)(k + v + 1) Aza.
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Notice that a” does not appear in the last equation. Substituting W to get
rid of s,e we have
Ci+1Wh
= —20(2k + 3)Ci1h

[k+1+wv
— 2(]{? + 2)Ak+1 ﬁ(’rva - Rk+UCkb

—(k4+v+1)(k—v)Azh)

+ Cr(=2(k — 1)Vk2 — v2Ap_1b + 20(2k — 1)Cih)

z
: i % Ak(=20(2k + 1)Cyb — 200k + DVEZ = 02 Aph + Ricyyra)

+ m,\/(k —v)(k+v+1)Ara+ (syry—1 — Sp170)h
= —2v(2k + 3)CE b+

lk+1+wv
— 2(]{7 + 2)Ak+1 ﬁ(rva - Rk+UCkb)

+ Q(k + 2)Ak+1Ak(k‘ +1+ U)h
+ Ck(—2(k7 — 1)\/ k2 — UQAkflb + 2U(2k — 1)Ckh)

+ Z i_ ZAk(—2v(2k +1)Crb — 2(k + 1)V k2 — v2Agh + Ry yyrya)
+ 1\ (k — v)(k + v+ 1)Aga — 2vc
=0.
O
3.11. Suppose my = w(s = —1,¢e,m), kg > 1 and kg + m is even. If we

apply the proof in §3.9 to (iv) and (v) of Proposition 3.5, then we can show
that the dimension of invariant forms on 7 ® 73 is one if ¢ # 0 and two if
¢ = 0. This shows that Assumption 3 of Theorem 1.3 is necessary.

3.12. Proof of Corollary 1.5. Let mo be the principal series representa-
tion with finite quotient 7y of dimension n. 7o contains the discrete series
representation d,,:

(i) An invariant form on m; ® 7y will pull back to an invariant form on m; @
which is unique.

(ii) If 7, contains a n dimensional K-type, then by Theorem 1.3 m ®d,, does
not have an invariant form. The invariant form on the tensor product m ®mo
must vanish on m ® d,, and so it filters through the quotient m @ 7p. U
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3.13. Proof of Proposition 1.4. Note that Proposition 1.4(i) (resp. (ii)) is
equivalent to the condition that kg = 0 (resp. ¢ = 0, 2kg even). If kg = 0,
then the invariant form exists by Corollary 1.5(ii).

Suppose ¢ is an infinitesimal G L3 (R)-invariant form and we denote ¢% :=
#(fF). The action of —1 € K implies that 2kg is even. The action of Hj
shows that ¢ = 0 unless v = 0. The actions of Fy and F_ give (k > 1)

Croi=! — Aol + ckm’““
Crdb ™ + Apdl + Ot

Solving the two equations gives
(24) Crty ' = ~Cradf s Arefy = 0.

If ¢ # 0 and ko # 0, then Ay # 0 and ¢f = 0 for all k > k.

If c =0 or kg = 0, then Ay = 0. The first equation in (24) inductively
implies that qblgo determines ¢>00+2n Similarly ¢k0+2n+1 = 0 because C, = 0.
This gives rise to a non-trivial invariant form which is uniquely determined
by ¢

Finally the action of w gives ¢]g°+2n = (—1)m0+m¢5§°+2n. Here we set
m = 0 (resp. m = 1) if we are considering G Ly(R)-invariant form (resp. the
sign character of GLa(R)). Clearly ¢& has a non-trivial solution if and only
if my+m =1+ m =0 (mod 2). Hence the invariant form will extend to
a GLo(R)-invariant form if and only if [ is even. Otherwise we get the sign
character. (]

3.14. Generic statements. Given mg € Z and kg a non-negative half
integer, define

C={ceC:c®# (ko+n)? for all positive integer n}.

Let mo = mw(s,€e,m) (s # 1) be a reducible principal series representation of
(h, K). We will denote the finite dimensional quotient or submodule of 7y
by m¢. Note that 7; has dimension |s| — 1. We assume that:

1) s+1=e=2ky (mod 2).
2) |s| +1 < 2ko.

Theorem 3.7. Suppose mg, kg and m as above. Then for all but finitely
many c € C, the following statements are true.

(i) m(ko,c, mp) @ exhibits a (h, K)-invariant form ¢ and it is unique up
to scalars.

(ii) The invariant form ¢ is non-zero on the vector f o1 @ W_2y,—2 where

_ Isl=1
UO - T
(ili) m(ko,c,mo) @ m¢ does not exhibit a (b, K)-invariant form.
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Note that (i) complements Theorem 1.3 for reducible principal series rep-
resentation of type II and (iii) is a generic converse statement of Corollary
1.5(ii).

Before proving the theorem we need a lemma.

Lemma 3.8. Let vy = |5|2_1. Then for all but finitely many ¢, (s + 1 +

2U0)¢58+1 = 0 implies that ¢ =0 for all |v| < vy.

Proof. We will only prove the case when s + 1 is negative even. The other
cases are similar and we will leave them to the reader.
Let w = ((b’go, }fo, ceey ﬁg) and we want to show that w = 0. First we

define a (vg + 1) by (vo + 1) matrix A = (a;;) where 4, j =0,... ,vp and

a1 = 4koc, arg = —Rpy(s+ 1)(1 4 (=1)mo+™),
Att—1 = Rko—t, att+1 = Rk0+t,

ag = —QiC\/k%j,

a;; = 0 otherwise

and t # 0. Then W} and (23) implies that Aw = 0. Since det A is a
polynomial in ¢ of degree vy + 1, w = 0 for all but finitely many c € C. [

Proof of Theorem 3.7. (i) We only have to deal with s < 0. Lemma 3.8
implies that given an arbitrary value of ¢58 41 ¢k =0 forall 0 < v < vy. We
can deduce ¢*0 using W}, and E,go,v.
of Propositions 3.3 and 3.5 give rise to an invariant form on 7 (ko, ¢, mg) @ms.

The same constructions as in the proofs

(ii) This follows from Lemma 3.8.

(ili) Let 75 be the principal series with finite quotient 7s. If w(ko,c) ® 7y
exhibits an invariant form, then the form will pull back to an invariant form
¢ on m ® mh. The form ¢ vanishes on the subspace m ® ds by Theorem
1.3. In particular it is zero on the vector f,f(? 11 @ w_2y5—2. This contradicts
(ii). O

4. GLy(C).

4.1. In this section we investigate the invariants on the tensor products
of three infinitesimal representations of GLy(C). Similar to the last two
sections, it suffices to restrict our attention to infinitesimal representations
of SLy(C). Let K = SU,(C) be the maximal compact subgroup of SLs(C)
and let j be the complexified Lie algebra of SL2(C). Note that since K
is connected, its action is completely determined by its Lie algebra ¢ :=

Lie(K) ® C.
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4.2. Let V; (i = 1, 2, 3) be the standard representation of SUs(C) with
standard basis {z;,vy;}. Let V;* be its dual space with dual basis {z},y}}.
We will denote Sym™V by S™V. Then the SU3(C) equivariant pairing of
S™M(V*) x S™V; is given by
®\a(, x\n—a b, n—b\ __ n!

Theorem 4.1. 5" (V1) ® 5™ (Va) ® S™3(V3) has a SU(C)-invariant linear
form if and only if there exists non-negative integers o, e, ag such that
ny = as + az, Nno = az+ a1 and ng = a1 + ag. In this case, the invariant
form is a scalar multiple of

« « QU
(25) R T B R e e
Y1 Yo Y2 Y3 Ys W
Proof. This is a consequence of the Clebsch-Gordan formula. O

We will denote the function in (25) by ¢(ki, k2, k3) where k; = n;/2 so
that o; = kip1 + ki—1 — k; for ¢ € Z/37Z.

4.3. We start with three representations m; = m(ko;, ;) (i = 1, 2, 3) as
in Theorem 3.1 with basis f{f,l Without loss of generality, we assume that
k01 > kJQQ > ]4503. We define

(26) 2 Oyt = (—1)R (R — o) (R + va) L

so that H, = yia%i and H_ = mia%i. Note that

(27) S%%(Vi) = Span of {z%y? : a + b= 2k}

is an irreducible K-type of ;.
By Theorem 4.1, II = m; ® m ® w3 will exhibit an invariant form of
K = SU,(C) if and only if ko1 + ko2 + ko3 is an integer.

4.4. Suppose ¢ is a (j, K)-invariant form on II. Then by Theorem 4.1
(28) b= dlky ks ks)p(kn, ko, ks)

k1,k2,k3
where d(k1, k2, k3) € C. Define
G(v1,v2, 033 k1, ko, ig) v= G(fI1 @ fi2, ® f125)

ki—v k ko—vo kot ks—vs K
®(v1, v, v3; k1, ko, k3) i= (2" Ty T @ 2522 T2 @ oyt T B ygt )

3
— (_1)k1+k2+k3—v1—v2—v3 H \/(k‘j + Uj)!(kj — ’Uj)!qb(vl,UQ,U;;; k‘l, k‘Q, kg).
j=1

It is relatively easy to show uniqueness of ¢ in some cases.



TRILINEAR FORMS OF gl, 139

Proposition 4.2. Suppose ko1 < koo + kos and let ¢ be an invariant form
on T ® w2 @ w3 as given in (28). Then:

(i) ¢ is unique up to scalars.

(ii) It is non-zero if and only if it is non-zero on (cf. (27))

(29) S (1) @ §2R02 (V) @ S2Ros (V).

Proof. By Theorem 4.1 (ii) implies (i). Consider the Cartan decomposition
of j = € + p where p is spanned by {F,, F_, F3}. The action of p on the
K-types of m; defines the following maps of SUs representations.

@ S"(V;) = S2(Vi) ® §™(Vi) =5 S"H(V)
where ¢; denotes the multiplication of polynomials of degree 2 and n.

To prove (ii), we suppose ¢ is zero on (29). We will now prove that ¢ = 0
by induction. Suppose ¢ is zero on

S(a,b,c) = S*(V1) ® S*(Va) @ S(V3)
for all ko1 + koo + ko3 < a+ b+ ¢ < n. The action of p defines an action
p®S(a,b,c)

~ 52 ® S(a,b,c) = S(a+2,b,¢) & S(a,b+2,¢) & S(a,b,c+2)

where ? = 01 ®1®1+10¢p2®14+1®1® 3. The kernel of P lies in
> S(a,b,c) where the sum is taken over all a + b + ¢ < n. By induction, ¢
is zero on the kernel of @. Since ¢ is j-invariant, it is zero on the image of
®. On the other hand, the restriction of ¢ on the codomain of @ is a linear
combination L of functions ¢(§ + 1, g, $), o(5, g +1,5) and &(3, %, S+1).
The following lemma completes the induction by showing that ¢ = 0 on the
codomain of @.

Lemma 4.3. Let L be a linear combination of ¢(5 + 1, g, $), o(3, % +1,%)

and ¢(5, g, § +1). Suppose L is zero on the image of B, then L is zero.
Proof. We assume that a <b<candc<a+b. Let a; = %(b +c¢—a) and
g = %(a + ¢ —b). Clearly a; > a3 and we further assume that a3 > 1.

If e is a non-negative integer, we denote o(e) = 3e(e + 1). Suppose

21 a b ¢ 29 a b c
L=—" (=41, )+ —-2 (=, -+1,=
Q(a+1)¢<2+ ’2’2>+g(b+1)¢’<2’2+ ’2)

23 a b c
— B s(z,2,2+1
+Q(c—l—l)qb<2’2’2+>
where z; € C. If ap =0, then a =0, b=c and ¢(%,5 +1,5) = ¢(4,5, £ +
1) = 0. In this case we set zo = 23 = 0.

Consider

2 a,a1—1, a3+l c 2 a, b, a1—1 as+1
V=TT QT Yoo Y3, U2 =TT @ T1YaT3 Y3
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in S? ® S(a,b,c). By (25), L(®(v1)) = L(p(v9)) = 0 shows that the coeffi-
cients z; must satisfy

(30) ola+1)" 21+ o(an) 22+ o(an)zs = 0

(31) o(a+ 1)1z + o(ar)ze + 0(ar)tzs = 0.

If ag = 0, then 29 = z3 = 0 and (30) implies that z; = 0.

From now on we suppose that as > 1. Solving (30) and (31) we get
z9 = z3. By symmetry we have z; = z3. Putting these back into (30) gives
(o(a+1)7t + o(a1)™t + o(a1))z1 = 0. Since the coefficients are strictly
positive, z; = 0. Hence z; = 29 = 23 = 0. This proves the lemma and the
proposition. O

4.5. Considering the action of F3 (see (15)) on ¢ we have

0 = / k2 — viCk, (v1,v2,v35 k1 — 1, ko, k3) +
\/ k3 — v3Ch,d(v1,v2,v3; k1, ko — 1,k3) +
\/ k% - U§Ck3¢(vlav2av3; k17k27k3 - ]-) +

— (V1 Ag, + v2Ap, + v3Ag, ) P(v1, v2,v3; k1, ko, k3) +
(kl + 1)2 - U%Ck1+1¢('l)1, V2, U3; kl + ]—7 k25 k;3) +

(k2 +1)2 — v3C),410(v1, va, v3; k1, ko + 1, k3) +

(ks +1)2 — v3Ck,110(v1, v2, v3; k1, ko, ks + 1).
If we perform a change of coordinates using (26), we get
(32) 0 = —(k%— vl)Ck1®(v1,v2,v3; k1 —1, ko, ks3) +
— (k5 — v3)Cry®(v1, v2, vg; k1, by — 1,k3) +
— (k3 — v3)Cry ®(v1,v2, 35 k1, ko, kg — 1) +
— (V1 A, + v2Ap, + v3Ak,)P(v1,v2,v3; k1, ka, k3) +
+ Cry 119 (v1, v2,v35 k1 + 1, ko, k3) +
+ Cry11P(v1, v2,v35 k1, ko + 1, k3) +
+ Cry11®(v1, v, v3; k1, ko, k3 + 1).
Define the polynomial

P(a;1,af2,l’3 Y1, Y2, Y3)

ch kj1,k;j—1 kj+1)$jy]¢( j—1, k5 — 1 kj+1)
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1 0 0
Ay d(kj1,ky — 1,k N
9 ki (kj—1,k; skjt1) (yjayj xj(?xj
o 0
——¢(kj—1,kj +1,kjq1).
oz; 8yj¢( j—1, K5 + 1 J+1)
Let p = H§:1(ki + v;)!(k; — v;)!, then the left hand side of (32) is p times

the coefficient of z¥~"iyF*¥i " (jy;] < k;) in P. Hence (32) is equivalent to
the following polynomial being zero.

(33) (k1 — 1, ko — 1, ks — 1) ' P(a1, 2,73, 51,Y2,3)
= 21y1D7d1 + 22y2D3ds + 23y3D3ds +
+ (Ap, Di(krzoasy; + (k3 — k2)z1y1 D1 — kiatyays) +
+ A, Do(kowsw1ys + (k1 — k3)zaya Do — kax3ysy1) +
+ Agy Da(ksz123 + (ko — k1)xsysDs — ksa3yiys))d +
+ (D3aafamsys + DiasPsmays — DsDafBaB3(wy2 + ways))l +
+ (DiagBsz1y1 + DiarBrasys — DiDsBsfBr(z1ys + x3y1))le +
+ (D3an Braays + DiasBaryr — DaDi i Ba(wayr + 2132))l3

) d(k1, k2, k3) +

= Cy1d(kj—1, kj + 1, kj41)

where

Tit1 Tit2
Yi+1  Yi+2
Bi=a;+1, di=Cld(ki—1,ki —1,kit1), d=d(ki,k,k3).

There are seven non-zero coefficients in the polynomial (33) and three of
them are

li = Cr,p1d(ki—1, ki + 1, kiya), D;=

(34) dy — B203l1 + B3(1 + 2ka)l2 + Ba(1 + 2k3)l3 +
+ ((Agy — Ak o2 + (Aky — Agy)ks)d =0

(35) do + B3(1 4 2k1)ly — 16302 + B1(1 + 2k3)l3 +
+ ((Ake, - Ak2)k3 + (Akz - Ak1)k1)d =0

(36) d3 + B2 (1 4 2k1)ly + B1(1 + 2k2)l2 — B152l3 +

+ ((Agy — Agg )1 + (Agy — Apy)k2)d = 0.

The rest of the coefficients are linear combinations of the above three equa-
tions. Solving for l1, 19,3 gives

(37) Rily = —aqfrdy + Bo(1 + 2ke)da + Ba(1 + 2k3)ds +

+ (1 + k) (—Ap, + Agy + Ap ko — Agyko — Ap ks + Ag ks)d
(38) Rala = B1(1 + 2k1)dy — agfady + (3(1 + 2k3)d3 +

+ (14 k)(Ap, — Apy + Ap k1 — Apy k1 + Apy ks — Apyk3)d
(39) Rsls = B1(1 + 2k1)dy + Ba(1 + 2ka)da — a3fsds +
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+ 053(1 + k)(—Akl + Akg — Aklkl -+ Ak‘gkl + Akgkg — AkSkz)d
where k = k; + ko + ks and R; = —(1+ k)(2 + k) H#i Bj.

Lemma 4.4. The linear form ¢ in (26) is j-invariant if and only if its
coefficients d(ki, ke, k3) satisfy (37), (38) and (39).

Proof. ¢ is K-invariant. Since ¢ = Lie(K) ® C and F3 generates j, ¢ is j-
invariant if and only if F3¢ = 0. The latter is true if and only if (33) is zero
if and only if (37), (38) and (39) are satisfied. O

4.6. For technical reasons which will be clear later, we assume that in
addition to kg1 > koo > kos, m; satisfy the following condition:

If kg := ko1 — ko2 — kos > 0, then there does NOT exist non-negative
integers r, s and r + s = k, — 1 satisfying

Ca cs

40 c = + .
(40) ! koo +1r  kog+ s
Proposition 4.5. Assuming §4.6, then the dimension of (j, K)-invariant
trilinear form on m ® mo @ Wy 4s at most 1.

Proof. Suppose kg1 < koo + ko3. Note that the leading coefficients of R; of [;
in (37), (38) and (39) do not vanish. By induction d(k1, k2, k3) is determined
by d(ko1, koz, ko3)-

Next if ko1 > ko2 + kos, then by (37), (38) and (39) we deduce that
d(k1, ko, k3) is determined by d(ko1, ko2 + 77, ko3 + s) where 1’ + s = ko1 —
ko2 — kos. We will show that d(ko1, ko2 + 1/, kos + s) determines one another.
Suppose ' = r+ 1 > 1, then (38) (resp. (39)) gives a linear relation
between d(ko1, ko2 + r + 1, ko3 + s) (vesp. d(ko1, ko2 + 7, kos + s+ 1)) and
d = d(k()l, koo + 1+ 1,koz + s+ 1). Hence Cl(]{?()l, koo + 1+ 1, ko + 8) and
d(ko1, koz + 7, kos + s + 1) are linearly related provide d’ # 0. By (37) and
(38) d’ = 0 if and only if (40) holds. O

Corollary 4.6. The invariant ¢ is nonzero on the subspace:
(i) S(2ko1,2k02,2ko3) if ko1 < ko2 + kos.
(ii) S(?k()l, a, b) if ko1 > koo +kosz, a = koo (mod Z), b= ks (mod Z) and
a+b=ko1. (Under the assumption in §4.6.)

If (40) holds, then there are at most 2 solutions of (r,s). It follows from
the last proof that the dimension of the trilinear form is at most 3. We
conjecture that Proposition 4.5 is still true without the assumptions in §4.6.

4.7. Proof of Theorem 1.2 for F = C. The proof of Proposition 4.5
provides a way of constructing ¢. We will inductively construct d(k1, ko, k3)
in the following way. Suppose we have already determined d(ky, k2, k3) for
k1+ko+ks < nand (37), (38) and (39) are satisfied whenever the d(k1, k2, k3)
in the equations have been defined.
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We define d(ky, k2, k3) for ki + ko + k3 = n + 1 using either (37), (38) or
(39). It remains to show that d(ki, ko, k3) is independent of the equations
used.

Consider Figure 5 below where the integral points (k1, k2, k3) are labeled
1 to 14.

ks
9 8 7
6 5 4
14
3 ks
2 1
13 12 i
10
ki
Figure 5.

We will denote the values of d(k1, ko, k3) at point s simply by ds. Suppose d
are defined except d;. d; can be determined by da, ds, d5 and dyp using (38).
ds is a linear combination of dg, dg, ds and dq3. do is a linear combination
of ds, dg, dg and dy2. dig is a linear combination of dio, di3, di4 and ds.
Hence d; = Lo(ds, dg, ds, dy, d12,d13,d14) where Lo is a linear combination
of its entries.

Alternatively d; can be determined by dy, ds, d7 and dq; using (37). Sub-
stituting d4, d7 and di; in a similar manner as in the last paragraph indicates
that d1 = Ll(d5, d6, dg, dg, d12, d13, d14) where L1 is a linear combination of
its entries. The following lemma completes the proof of Theorem 1.2.

Lemma 4.7. L1 = Lo.

Proof. The proof is simply achieved by writing out L; and Lo in full, simplify
and compare. However the equations are long and tedious and we omit the
details. ([

4.8. Question. We conjecture that Theorems 1.2 and 1.3 can be extended
to include reducible infinitesimal principal representations of G Lao(C).
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