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We extend the work done by Bolker and Roth in calculat-
ing the dimensions of the stress spaces of complete bipartite
frameworks. We will present results which are analogous to
those known for complete bipartite frameworks, yet hold for
a much wider class of bipartite frameworks. The main results
give the dimensions of the stress spaces for certain classes of
frameworks, which are easily calculated using only the number
of bars, the number of joints, and knowledge of the geometry
of the specific realization of the framework.

1. Introduction.

A bar and joint framework in d-space is a pair (J, F), where J is an indexed
set of points {a1,as,as,...,a,} from P? (projective d-space), called the
joints, and E is a set of unordered pairs {{a;,a;},...} called the bars. This
also defines an obvious graph associated with the bar and joint framework
called the underlying graph.

Definition 1.1. A bipartite framework is a framework whose underlying
graph is bipartite.

For the remainder of this paper we use K,,, to denote both the complete
bipartite framework and the underlying complete bipartite graph K.

One reason the rigidity of bipartite frameworks is of such interest is be-
cause they are examples of frameworks that contain no triangles. In fact,
around the turn of the century it was known that the framework K33 in the
plane was stress-free if the joints were in generic position; yet if the 6 joints
of the framework fell on a conic, there would be a stress and the framework
would become nonrigid or flexible [1]. Moreover, in 1978 Whiteley made
a similar conjecture for Kyg in 3-space. In 1980, Bolker and Roth wrote
the paper “When is a bipartite graph a rigid framework?” [1] which gives a
formula for the dimension of the stress space of any realization of a complete
bipartite framework in d-space. The result of Bolker and Roth will be stated
after some notation is presented. The purpose of this paper is to generalize
the results of Bolker and Roth to some classes of bipartite frameworks which
are not complete.
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We study the dimension of the stress space because the existence of a
stress implies that some bars are redundant. Identifying the number of re-
dundant bars is crucial to determining the infinitesimal rigidity of a frame-
work. For more on combinatorial rigidity one should see [5, 4, 2, 6, 7].

For a bipartite framework G with independent vertex sets A and B, a
stress is a real valued function A, on the bars such that

L > gcaraab=0 forallbec B
2. > peprapab=0 forallac A

where A\sp = 0 when {a,b} ¢ G and ab denotes the Pliicker coordinates of
the wedge product of the points a and b from P9,

We denote the stress space of a bipartite framework G by . Hence Q¢
is the space of real |A| x |B| matrices satisfying Equations 1 and 2, given
above, and having zeros in the prescribed positions.

2. Notations.

We have had to generalize the notation of Bolker and Roth to make sense
in this more general setting. For simplicity most of the needed notation is
stated here.

Let G be a bipartite framework and A € Qg. Denote p, = ) ;e g Aap for
every a € A and v, = ) 4 Aap for every b € B, respectively called the row
sums and column sums of a stress.

For each b € B define Ay(G) = {a € Al{a,b} € G} and for each a € A
define B, (G) = {b € B|{a,b} € G}.

Given a bipartite framework on the vertex sets A = {aj,a2,as,... ,an}
and B = {b1,ba, b3, ... ,b,} define the linear map 75 : Qg — R™™" by

TG()\) = (palapa27pa37 o 7pa77L77b177b277b37 o 77bn)'

Much of our work will be done in projective d—space. To simplify matters,
unless otherwise stated, we will use the standard homogeneous coordinates
for points from P%. The standard homogeneous coordinates for a nonzero
point x € P4 with 2 = (z1,22,... ,2441) is the coordinates of %x where z;
is the value of latest nonzero entry of x.

Let S = {s1,59,53,...,5} C P4 fix the homogeneous coordinates of the
points of S; and define

t
D(S) = {(061,062,053, cee ,Oét)‘ Zaisi = O} C Rt.
=1

Note that the t-tuple of zeros is in D(.S). Furthermore, D(.S) is closed under
addition and scalar multiplication and is therefore a vector space over R.
We call D(S) the vector space of dependencies of S.
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We also will make use of the Kronecker product of an [-tuple with a
k-tuple which is defined as follows: Given two points

a = (a1,as,as,...,a;) € Pt

and

b= (by,bo,bs, ... b) e PF L,
using the standard homogeneous coordinates, define a ® b to be the | x k
matrix M with M;; = a; - bj. Moreover, given two sets £ C P! and F C
P*=1 we use E @ F to denote the vector space of finite linear combinations

of elements of the form e ® f with e € F and f € F.
Finally, we will use the following notations:

D(CE) =D({c@cle € Ca}),
where Cg is given by
Co={a € Ala € (By(G))} U{be Blbe (A4,(G))}.

Now we may state the Bolker and Roth result for bipartite frameworks.

Let K., be a complete bipartite framework on the vertex sets A and B
such that |A| = m and |B| = n. Define C = (AN (B)) U ((A) N B). Note
that ¢ =C Kon -

Theorem 2.1. dim(Qg,, ) = dim(D(A)) dim(D(B)) + dim(D(C?)).

In order to apply these results on the stress spaces of general bipartite
frameworks we must determine dim(D(C%)). For points in P? Crapo has a
nice geometric interpretation of dim(D(C%)) [3]. The table below summa-
rizes these results for C' C P?

| dimD(C?) | Realization and cardinality of the set C ‘
|C|—6 | |C]> 6 in general position

|C| =5 | |C]>5 points fall on a conic

|C| —4 | |C] > 4 points fall on four distinct points, no three
collinear or all fall on a line and a point off the line
|C| —3 | |C] > 3 fall on three non-collinear points or on a line
|C| —2 | |C] > 2 fall on two points

|C|—1 ||C]>1 fall on one point

Table 1.

In general, it is complicated to calculate dim(ID(C%)) when the points of
Ce lie in P? with d > 2.
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3. Some Introductory Results.

For the remainder of this paper we will use the sets A and B to indicate the
vertex sets of a given bipartite framework.

As in the Bolker and Roth paper we find the dimension of the stress space
Q¢ by calculating both the dim(ker(7)g) and dim(Im(7)¢q).

With this end in mind, we state the following three lemmas. They are
stated separately from the main results because they hold for all bipartite
frameworks G.

Lemma 3.1. If G is a bipartite framework, then ker(7)c C D(A) @ D(B).

Proof. Let A € Q¢ and assume A € ker(7)g. Hence A satisfies the following:

1. For every b € B we have ) Aga = 0 and,
2. For every a € A we have ), A\gpb = 0.

The above shows that every row of A is an element of D(B) and every
column of A is an element of D(A). We now prove A € D(A) ® D(B).

Define an ordering of the entries M;; of an m X n matrix M, according
to the following ordering on the indices: M;; is earlier than My, if

1.1 < kor

2.i=kandj<lI.

Let X;; be the earliest nonzero entry of A and construct the following
element of D(A) @ D(B): Let up = (A1, Ai2y - -« , Ain) € D(B) and let py =
(Mg, A2y Amj) € D(A). Hence, w = 5-pa ® pup € D(A) ® D(B) and
therefore N = XA — w is a matrix whose rows and columns are still elements
of D(A) and D(B) respectively. Now we show Ny = 0 if Ny is earlier in the
ordering than IV;;. Assume first Ny; # 0 with Ny; < N;;. This implies that

il Ak
» # 0.

Therefore both A\;; # 0 and Ax; # 0. Now, if & < 4, then A\g; # 0, which
contradicts the fact that \;; was the earliest nonzero entry. On the other
hand, if £ = ¢ and [ < j then A\; # 0 brings us to the same contradiction.
Therefore, the earliest nonzero position of N appears later than N;;. Con-
tinuing in this manner we write A as a linear combination of elements from
D(A)®D(B). Consequently we see ker (1) C D(A)®D(B), as required. [

Wkl =

This gives us an upper bound on dim(ker(7)q).
The following lemma is proved in Chapter 11 of Crapo’s book [2]. It is
independent of the framework G.

Lemma 3.2. Assume that A is a matriz A\ : Ax B — R, p and 7y are maps
p:A—Rand~y:B — R, and By C B such that By is a basis for the span
of B. If

(1) Y, Aapa=wb  forallbe B— By, and
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(2) Doy Aawb = paa  foralla € A,
then the following are equivalent:

(i) 3o, Aapa =b  for allb € By,

(il) >, paa®a =3, Wb ®b.

This lemma is used later when showing that D(CZ) C Im(7)g.
The following lemma will give an upper bound for dim(Im(7)q).

Lemma 3.3. Let G be a bipartite framework. Then Im(7)g C D(CZ).

Proof. Let A € Q¢g. Hence, we have

L. >, Aava = b,

2. > Aavb = paa
where A\gp = 0 if {a,b} ¢ G. Hence 7(A\) = (pa;--- ,Vp,...). Clearly A
satisfies conditions 1, 2, and ¢ of Lemma 3.2. Therefore we may conclude

pr@azz%l)@b
a b

and

Im(7)e C D((AU B)?).
We conclude from 1, above, that if b ¢ C¢ then , = 0. Similarly, 2 yields,
if a ¢ C¢ then p, = 0. Hence 7(\) € D(C%)and therefore Im (1) C D(CZ).
We note that zeros can always be added in the appropriate positions so that
D(C%) c D((AU B)?). a

4. Frameworks With Complete Bipartite Spanning
Subframeworks.

We will be interested in realizations of bipartite frameworks on the vertex
sets A and B which have the following property:

Definition 4.1. We say a bipartite framework G has a complete bipartite
spanning subframework if there exists a complete bipartite subframework of
G on the vertex sets A and By C B, such that Bj is a basis for (B).

Theorem 4.2. Let G be a bipartite graph with a complete bipartite spanning
subframework. Order the elements of the set B so that

Bl = {bp+17 bp+27 bp+3a e >bn},
then dim(ker(7))q = 1;:1 dim(D(Ap, (G)))-
Proof. Take the following elements as a basis for D(B):
w; = (0707 717"’ 7076p+17/8p+27"’ 7ﬂn)

where the 1 is in the j* position. For each j = 1,2,3,...,p choose {fij, f25.
-y Jr;5)s a basis for D(4y,(G)) where k; = dim(D(Ap,(G))) . Here we
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mention that we can make each f;; an m-tuple by adding the zeros in the
appropriate positions. Thus, we will have f;; € D(A).
Let D = {D;;} be the set of elements from D(A) ® D(B) given by

Dij = fij X wj.

We claim D is a basis for ker(r)g. It will be convenient to define the
following: For any matrix M let Col (M) denote the k™ column of M.
Note, by construction, Coly(D;;) = 0 for h < p except when h = j, in which
case Col;(D;j) = fij.

Clearly |D| = >0_, dim(D(A,,(G))). We first show that D is indepen-

dent. Assume
> D vaDa=0.
l i

Since Col;(>>; >, viDy) = Y, vijfij, we can conclude for each j = 1,2, 3,

.,p that we have ), v;;fi; = 0. Therefore v;; = 0 for every ¢ and j
because, for each j, {fi;, f2j, f3j, - - - ,fkjj} is independent. Hence, D itself
is independent.

Now we show (D) = ker(7)g. By construction, every element of D has
zeros in the positions i, j where {a;,b;} ¢ G, hence for any coefficients v;;
we have

Z l/ijDij € kel“(T)G.
]
Therefore, (D) C ker(7)g.

Conversely, let A € ker(7)g. We will show that there are coefficients v;;
such that A = > . v;;D;;. For any j with 1 < j < p we have Col;(\) €
D(Ap, (G)). Therefore, there are coefficients v;; such that

k;
COIJ(A) = Z uijColj (DZJ)
=1

Hence, Col; (A — Zfil vijDij) = 0. Therefore, Colj(A— >, M vy Dy) = 0
for j=1,2,3,...,p.

Let E=X=), Zf‘zl vy Dy, We see E is a linear combination of m x n
matrices each having the property that their rows are elements of ID(B).
Therefore E itself has this property. But Col;(E) =0 for j =1,2,3,...,p.
Since each row of E is an element of D(B), which can be nonzero only on a
basis of (B), we may conclude that £ = 0. We have shown ker(7)g = (D).
Thus, dim(ker(7)¢) = >, dim(D (4, (G))). O

Theorem 4.2 gives the dim(ker(7)q) for any realization of a framework
containing a complete bipartite spanning subframework. Next we find the
dim(Im(7)¢) for these frameworks.
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Theorem 4.3. A pair of vectors (ps,a € A) and (y,b € B) are row and
column sums of a stress of a bipartite framework G with a complete spanning
subframework if and only if

i) Dypea®@a=>,wb®b and
(ii) pa =0 if a @ (Ba(G)), mw=0 if b (A(Q)).
Proof. Let A € Q. Then its row and column sums p, and -y, satisfy
(1) >_qAaba = b and
(2) Zb Aapb = paa.

Using Lemma 3.2 we see that property (i) holds for a stress of any bipartite
framework.
Furthermore, since A is a stress, it is clear from (2) that if a ¢ (B,(G))
then p, = 0. Similarly, using (1) we find v, = 0 whenever b ¢ (Ay(G)).
Conversely, assume (i) and (ii), and let By C B be the basis of (B) so that
the subframework on the sets A and Bj is a complete bipartite framework.
Note, for every s € B — By, we know 7,8 € (As(G)). Hence, for each
s € B — B, there exist scalars A,s such that

Z Aas@ = YsS
a

where \ys = 0 if {a,s} ¢ G.
Furthermore, since p,a € (Bg) C (B) we have
Pal — Z Aass € (B) for all a € A.
s€EB—B;
Hence, for every a € A, there exist scalars A\, with z € Bj such that
Z Az = Paa — Z AasS-
TE€EBy seB—By

Therefore,

Z Aapb = pga  for all a € A.
beB
Again, using Lemma 3.2, we conclude that for all z € By,

Z Aaz@ = Vg T.
a

Therefore A is a stress with the required row and column sums. [l

Corollary 4.4. Let G be a bipartite framework with a complete bipartite
spanning subframework. Order the elements of the set B so that

By = {bp+1,bp+2,bp13, .-+ ;bn}.
Then

p
dim(Qg) = Y dimD(Ay, (G)) + dim D(CF).
j=1
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Notice that in the case where G is a complete bipartite framework
Ap;(G) = A for every b; € By and p = dimD(B). Hence,

p
> dimD(4,,(G)) = dim(D(A) @ D(B))
j=1

and Cqg = (AN (B)) U ((A) N B). Therefore if G is a complete bipartite
framework this theorem gives the same result as the theorem of Bolker and
Roth.

Obviously, not every bipartite framework has a complete bipartite span-
ning subframework. In fact, one should note that having a complete bipartite
spanning subframework is dependent upon the particular realization of the
framework. For example, let G be the framework obtained by removing the
two bars, {a1, b1} and {ag, ba} from K4y realized in the plane. Furthermore,
assume that the set A has no three points collinear and the set B has no
three points collinear. One can easily check that, for this realization, G has
no complete bipartite spanning subframework. On the other hand, if G is
realized so that B is collinear, then there is a complete bipartite spanning
subframework. Simply choose By = {bs3,b4}.

Now, we answer the question: Does the formula from Corollary 4.4 yield
the proper dimension of the stress space for frameworks not satisfying its
conditions? The next two examples give both a case when a framework G
has no complete bipartite spanning subframework and Corollary 4.4 does
not yield the proper dimension and a case when a different realization of G,
still having no complete bipartite spanning subframework, has Corollary 4.4
yielding the proper dimension.

As above, let G be a framework obtained by removing the two bars {a1, b1 }
and {ag,be} from Ky realized in the plane. Furthermore let the joints of
G be in generic position. In this case dim(D(CZ)) = 2 from Table 1. From
this we would hope dim(Im(7)g) = 2. However, one can check that this
realization has dim(Im(7)g) = 1.

Now, assume that G is realized, as seen in Figure 1, where we have no
three points of the set A being collinear, no three points of the set B being
collinear, the points {ai,as,a4,bs,bs, by} are on one conic, and the points
{ag,as,a4,b1,b3,bs} are on a different conic. Here we have Cq = A U B,
dim(D(CZ)) = 2 and we can show, in this case, we do have dim(Im(7)g) = 2.

Alternatively, there are some frameworks for which Corollary 4.4 applies
to all but a few very special realizations. For example, if we let G = Kyy
in the plane with only the bar {aj, b1} removed, then every realization of G
with distinct points, such that b; is in the span of B — {b;}, has a complete
bipartite spanning subframework. Therefore, we can calculate the dimension
of the stress space for G in any of these realizations. In fact we can use Corol-
lary 4.4 to predict the realizations for which Q¢ would change. For instance,
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Figure 1. Special Realization of Ky4.

if all the points of Cg fall on a circle, then we still have dimD(Ap,) = 0 but
now dim(D(C%)) = 3.

5. Conclusion.

As one can see, the dimension of (¢ may change dramatically for each
realization of the framework G. Furthermore, the examples of the previous
section show that the dim ]D)(C’é) is not capable of predicting these changes
in frameworks with no complete bipartite spanning framework. Although
there are techniques which allow us to calculate the dimension of the stress
space of any bar and joint framework, there are still no results which yield
the geometric insight that the Bolker and Roth’s result and this result give
for general bipartite frameworks.
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