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EXISTENCE AND UNIQUENESS OF SOLUTIONS ON
BOUNDED DOMAINS TO A FITZHUGH-NAGUMO TYPE
ELLIPTIC SYSTEM

CAROLUS REINECKE AND GUIDO SWEERS

In this paper we prove the existence and uniqueness of
the boundary layer solution to a semilinear eigenvalue prob-
lem consisting of a coupled system of two elliptic partial dif-
ferential equations. Although the system is not quasimono-
tone, there exists a transformation to a quasimonotone sys-
tem. For the transformed system we may and will use max-
imum (sweeping) principle arguments to derive pointwise es-
timates. A degree argument completes the uniqueness proof.

1. Introduction.

We consider the following nonlinear eigenvalue problem:
—Au = Af(u) —v) in Q,
(Py) —Av = Aou—yv) in Q,
u = v =0 on I' = 99,

with A, 6,7 > 0 and where Q C RY is a smooth bounded domain. As usual,
a domain is an open connected set. The nonlinearity f is assumed to be
smooth and like a third order polynomial. We prove the existence of a curve
of positive solutions (uy,vy) to (Py) for A large enough. These solutions
are shown to be, except for a boundary layer of width O(A~/2), close to

(p, (6/7)p) where p a positive zero of f(s) — (§/7)s and f'(p) < 0. The
stability of these solutions as equilibria of the parabolic system

u = Au+ Af(u) —v) in RT x Q,
(1) vy = Av+ ANdu —v) in Rt x Q,

u = v =0 on RT x T,
with appropriate initial conditions is also proven. Finally it is shown that
these solutions are unique in an appropriate order interval.

The question of existence of solutions to (Py) with A = 1 and with differ-
ent kinds of nonlinearities was studied by Klaasen and Mitidieri [9] and De
Figueiredo and Mitidieri [7], see also Rothe [21] and Lazer and McKenna
[12]. The fact that the second equation can be inverted to solve v in terms
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of u and that the problem can then be written as a single equation in u
was used extensively. In particular this single equation can be treated by
variational techniques. Using this approach it was shown for example in [9]
with f(u) =u(u—1)(a—u),0 < a<1/2 and in [7] for more general f of
the same type, that there exist at least two nontrivial solutions, under the
assumptions that §/v is small enough and  contains a large enough ball.
By rescaling, this implies that there exist nontrivial solutions to (Py) if A is
large and ¢/~ small.

Our treatment of the problem differs from the variational approach men-
tioned above. By imposing some natural restrictions on the parameters,
which are satisfied if § /7 is small, it is possible to make a transformation of
(P») and a modification of f to obtain a quasimonotone system. Solutions
to the quasimonotone system in a certain range correspond to solutions to
the original problem. This approach was also used in [19] as well as in [14]
for other systems of equations. The advantage of working with a quasimono-
tone system is that for such systems a comparison principle holds. From this
follows the existence of solutions between an ordered pair of sub- and super-
solutions. For such systems one also has an analogue of McNabb’s sweeping
principle, see [15], [2], [4] and [22]. This will be a main tool in many of the
proofs.

Using this quasimonotone approach we are able to give a complete quali-
tative description of a specific solution to (Py). This qualitative description
allows us to prove uniqueness and stability results. Results in this direction
were obtained by Lazer and McKenna [12] for a system with § = v and f
such that f (s) /s is decreasing on RT. Existence and positivity of solutions
were considered in [9] and [7].

If we set 0 = 0 in (P)) then the problem reduces to the well studied scalar
problem

(Sy) { —Au - ())\f(u) in Q,

U on I

There is an extensive literature on such kind of problems. We just mention
[2], [4], [13] and more recently [5]. We note that our treatment of the
quasimonotone system is similar to the treatment of problem (S)) as was
done in [2] and [4]. The results of the present paper were announced in [20].

The structure of the paper is as follows. In the next section the precise
assumptions on the nonlinearity f are stated, as well as the conditions which
we impose on the parameters v and 0. It is then shown how (P)) can be
transformed to a quasimonotone system. The main results are also stated
in this section. In Section 3 we prove several auxiliary results. The proofs
of the main theorems are given in Section 4. In Appendix A we define our
notion of sub- and supersolutions for quasimonotone systems and give some
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related results. In particular we state a version of the sweeping principle for
quasimonotone systems. This principle is used repeatedly in the proofs.

2. Assumptions and main results.

The assumptions on f are the following.

Condition A. The function f € C'(R), f(0) > 0 and there exists og > 0
such that for every 0 < o < g there exist p;, < pt with p} > 0 such that

(1) F(p2) = op* and f (3) > o5 for py <5 < pi
(2) f'(s) <0 forall s € (p},. Py );
(3) Jy(p) >0 on (0,pF) for all0 < o < o9 where

(2) Jop) = [ ()=o) ds

See Figure 1.

== S i
/pO L pa;, p'+ p+

% ‘Tp+

0

Figure 1.

Example 1. The function f (u) = au — u® with a > 0, see [12] and [7],
satisfies Condition A above with oo = 2a/3.

Example 2. Consider the function f(u) = u(a —u)(u—1) with a > 0.
Condition A holds if @ < 1/2. In this case oo = (2a® — 5a + 2) /9. With
this nonlinearity problem (P)) is an extension of the FitzHugh-Nagumo
equations, see [9] and [10].

As was said in the introduction, an important step in our analysis is to
transform (P,) and to modify f in order to obtain a quasimonotone system.
For the definition of a quasimonotone system and some results for such
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systems we refer to Appendix A. In order to transform system (P,) we need
the following assumption on the parameters § and ~:

Condition B1. Let M := max {—f’ (s);0<s< pg} and suppose that

v =28 > M.
We define § and « by
(3) Bi=5(y = M) =3/ (7 — M) - 45,
(4) a=7y-p.

If Condition B1 holds then 8 € R and «, 3 > 0. Note that —3(8 + M) =
d — vf and that
)

Pi=1—— .
(5) 1 7ﬂ>0

One may verify that (u,w) is a solution to
—Au = A(f(u) — fu+ pw) in €,
(Qy) —Aw = Mf(u)+ Mu—aw) in Q,
u = w = 0 on F,
if and only if (u, Bu — Bw) is a solution to (Py).

Let f € CY (R) be a function satisfying f (s) = f (s) for all s € [0, p]
with f, f bounded on R and with f"(s)+ M > 0 for all s € R. If we replace
fin (Qx) by f the system becomes quasimonotone. Since we are interested
in solutions (u,v) to (P)) with u positive and maxu < pgr/v < pg we can
assume without loss of generality the following:

Condition A*. The function f satisfies Condition A with f and f' bounded
and f'(s)+ M >0 for all s € R and f(s) <0 for s > pg.

Another condition which we impose is:
Condition B2. The constant 3 defined in (3) satisfies § < o0y.

Under this condition one has for A large enough a positive nontrivial
solution to the scalar problem

{ —Au = Af(u) — fu) in €,

u = 0 on I,

which has its maximum in the interval (pg, pg), see [4]. This solution will
be used to obtain a nontrivial subsolution to (Qy) for A large enough. The
definition of sub- and supersolutions is given in Appendix A.
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We make some remarks on Conditions B1 and B2. Both conditions are
satisfied if 6/~ is small enough. More precisely, for fixed § > 0, Bl and B2
are satisfied if

- M + 2V if 0<d<o?;
M+ o9+ 6/og if &> 02

In the first theorem we prove the existence of a curve of positive solutions
to (P)\)

Theorem 2.1 (Existence of a curve of solutions). Let f satisfy Condition
A, let v, 68 be such that Conditions B1 and B2 hold and assume that T is C3.
Then there exist \* > 0 and a function A € C1([\*, +0),C?(Q) x C%(Q))
such that (uy,vy) := A (N) is a positive solution, i.e., uy,vy > 0, to (Py) for
all A\ > X*. Furthermore

_ o, _
(1) maxuy € (pé/v,pj{/w) and max vy € ;(pé/v’pj{/v);
(2) imy— oo A(N) = <p}'/7, jp;M) uniformly on compact subsets of 2.

The stability of the solutions obtained in the theorem above will be con-
sidered in the space X := C (Q) x C (Q) For A > \* we define the linear
operator Ay : D (Ay) C X — X by

(6) D (A)) = {(u,v) € X; (Au,Av) € X}

and

o ()3 L)) ()

for (u,v) € D (A)). Here uy is the first component of A (A). In the definition
of D (A,), Au and Aw are to be understood in distributional sense.

Theorem 2.2 (Stability). Assume that the conditions of Theorem 2.1 hold
and let \* and A be as in that theorem. For every A > X\* the solution
A(X) = (ux,vy) to (Py) is an exponentially stable equilibrium solution to
the initial value problem (1) i.e., for every X > \* there exists vy > 0 such
that the spectrum o (Ay) is contained in {v € C; Rev > v)}.

Our last theorem is a result on the uniqueness, in a restricted sense, of
solutions to (Py).

Theorem 2.3 (Uniqueness in order interval). Assume that the conditions
of Theorem 2.1 hold and let \* and A be as in that theorem. For every
function z € Co (Q) with 2 > 0 and maxz € (pg, p5+/7) there exists Ay > \*
such that if (u,v) is a solution to (Py) with A > X\, and u € [z,pg'/v] then
(u,v) = A (N).
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In general one cannot expect uniqueness of solutions. Indeed it may for
example be the case that the trivial solution is a stable solution to the
problem. Then there will exist a third, unstable solution in [0, A (X)]. This
is the case when f is as in Example 2 and Conditions B1 and B2 hold, see
[19].

We end this section with a summary of the notation that will be used.

Notation:
o Let uj,up € C(Q). We write
uy > ug if uy (z) > ug (x) for all z €
uy = ug if up > ug and uy # ug;
uy > ug if uy (x) > ug (x) for all z € Q.

e For (u,w) € C(Q2) x C(£2) we shall use (u,w) (z) = (u(z), w(x)).

o Let (uj,w;) € C(Q) x C(R2), i =1,2. We write
(u1,w1) > (u2,wsy) if uy > ug and wy > wo;
(ur,w1) = (ug,wa) if (w1, w1) > (ug, w2) and (u1, wr) # (u2, w2);
(ur,w1) > (ug,ws) if uy > ug and wy > we.

o If (u1,wy) > (ug,ws2) we denote by [(u1,w1), (u2, ws)] the order inter-
val

{(u,w) € C(Q) x C(Q); (ur,w1) < (u,w) < (ug, w3)}.

e By D' (Q) we denote the set of z € C§° () with z > 0 and D'(Q)
denotes the usual space of distributions.

e For uj,us € C(Q) we say —Au; < ug in D'(Q2)-sense if

/ul(—Az)dxg/ugzdx
Q Q

for all z € DT(Q).
e For a Banach space X we denote the bounded linear operators from
X into X by £ (X).

3. Preliminary results.
3.1. Estimates for positive solutions.

Proposition 3.1. Let B be the unit ball in RY. Suppose that f satisfies
Condition A*. Then there exists A\g > 0 such that the problem

—Au = Ag(f(u)— Pu+ fw) in B,
(8) —Aw = Ap(f(u)+ Mu— aw) in B,
u = w =20 on 0B,
has a solution (Ug, Wpg) with the following properties:
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(1) 0 < (Up,Wp) < (p;/v,'ﬁp;r/v), with 9 =1—0/(y0).
(2) Up and Wy are radially symmetric with
Uz (0)=Wg(0)=0 and Ug(r),Wg(r)<0 on(0,1].
(3) (Up(0),Wg(0)) > (p5,0Ps,,) and W (0) > 97 where 7 := Ug (0).

Proof. Since Condition B2 holds, Jg(p) > 0 for all 0 < p < ,0;. This implies
that for X\ large enough, say A = Ap, there exists a positive solution u to

—Au = Mf(u)—pu) in B,
u = 0 on 0B,

with maxu € (pE,pE), see [4]. Then (u,0) is a subsolution to (8). Since
(p;/w,ﬁp:{/v) is a supersolution with (u,0) < (p;/v,ﬁpgr/v) there exists a
solution (Up, Wp) with u < Up < p;r/7 and 0 < Wp < 19p§r/7 to (8), see
Proposition A.3. Using an extension due to Troy, [24], of results of Gidas,
Ni and Nirenberg, [8], to quasimonotone systems, we have that Ug and Wp
are radially symmetric with Uy (0) = W5 (0) = 0 and Uy (r), W5’ (r) < 0
on the interval (0,1). Also (A + Apa)Wp = Ap(f(Up) + MUg) > 0
and by the strong maximum principle W (1) < 0. Let 7 := Ug (0). With
Ve = 8 (Up — Wp) it also follows from the maximum principle that

9) max Vg < (6/7)T.

Indeed, (A + Apvy) (Vg —07/7) = Ap(Up—7) <0 in B, with Vg =0
on OB and (9) follows. Since Vp is also radially symmetric and decreasing,
Ve (0) =06 (r—Wpg(0)) < (§/7)r and hence

Wp (0) > (1=6/(v8))r =97 > Jpg),..
Also VL (1) = (U (1) = W5 (1)) < 0 and hence Uy (1) < Wg' (1) < 0. O

Next we construct a family of subsolutions to (Q,) using the functions
Up and Wpg. These subsolutions will be used to determine by sweeping the
shape of the solutions to (Q)) in a certain order interval. We fix z* € Q and
let

(10) A= A dist (2%, T) 2.

Lemma 3.2. For all A > \* we set

2 () = { (U, We) (VAR) (@ = 2)) for |z == < (hp/N)"?
0 for |z — 2z > (Ap/N)Y2,

with (Up, Wg) as in Proposition 3.1. Then Zy is a subsolution to (Qy) and

(11) Y = (o}, 907,.)

is a supersolution to (Qy) with Z) <Y.
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Proof. Tt follows directly that Y is a supersolution. The function Z is
continuous and Zy (z) = 0 for « € I'. Denote by Zy;, i = 1,2, the two

components of Zy. Let z € DT (). Then, with By = B(z*, (Ag/A)"?) and
n denoting the outward normal, we obtain by the Green identity:

/Z,\,l(—Az)d:c: / Zx1(—Az) dx
Q B

82’ 82)\1
= - AZ zdm—/ (Z — -z ’)dS
/BA( /\,1) 0B, A,lan an

< A /Q (F(Zas) — BZas + BZ2) 2 do.

A similar result holds for Z 5. Finally max Zy 1 = Zy1 (") =7 < pg—” and
max Z)\,Q = Z)\’Q (Z*) = WB (O) < ﬂp;—/'y -

Since Z) is a subsolution to (Q,) and Y is a supersolution to (Q,) with
Zy <Y there exists at least one solution in the order interval [Z),Y]. For
every fixed A > \* we define for all y € Q satisfying dist(y,I') > (Ag/\) /2
the functions

(12) ZY(x) =2\ (z+ 2" —y).
Repeating the proof of Lemma 3.2 one sees that for A > \*,
Sy = {ZZA’; y € Q such that dist(y,I') > ()\B/)\)l/Q}

is a family of subsolutions. We shall use the sweeping principle with func-
tions in Sy to obtain, at least for A large enough, estimates of solutions to
(Q)) in the order interval [Z),Y]. In order to estimate a solution in [Z), Y]
in all of 2 as well as on the boundary we make the following assumption on
I' which holds if T € C3:

e () satisfies a uniform interior sphere condition, that is, there exists
eq > 0 such that Q@ = U{B(y,¢); y € Q and dist(y,I') > eq}.

We may suppose that Q. := {y € Q; dist(y,I') > e} is connected for all
e <eq.

Lemma 3.3. There exists A* > A* and b > 0 such that for all A > \* we
have the following estimate for every solution (u,w) € [Zx,Y] to (Qi):

(13) (u(z),w(z)) > min{bA/? dist(z,T), 7} (1,9),
with 9 =1 —0/(7yB) and 7 as in Proposition 3.1.

Proof. Let €y := ()\B/)\)l/2 and A\* = max {)\*,)\3552}. Suppose that
(u,w) € [Z),Y] is a solution to (Qy) with A > A*. As in [4] there exists
for every y € €., a curve in )., connecting y with z*. Using the sweeping
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principle, Proposition A.6, it follows that (u, w) > Z3 for all y € €, . Using
(u(z),w(x)) > SUPyeq, | Z3(x) one finds (13). O

The next lemma improves the estimate we found in the previous one.

Lemma 3.4. For everye >0 and A\ > X\* there exists a constant b(g) > 0,
independent of X\, such that for every solution (u,w) € [Z),Y] to (Qx) it
holds that

(14) (u(z),w(z)) > min {b (e) A2 dist (z,T) ,pg/w - 5} (1,9),
with ¢ =1 —406/(y0). In particular there exists by > 0 such that
(15) (u(z),w(z)) > min {bo)\m dist (z,T) ,pjo} (1,9).

Proof. Let A > X\* be fixed and suppose (u,w) € [Z), Y] is solution to (Q)).
If ,0;/7 —¢e < 7 then (13) holds with b (¢) = b and b as in the previous lemma.

Suppose p(‘{m —¢& > 7. Since f(s) — (6/7)s > 0 for all s € (p(g_/ﬁ/,pj{/,y)
there exists £, > 0 such that

f(s)—(6/v)s >l (s—T) for all s € [T,pg/,y—e].

From Lemma 3.3 it follows that (u (z),w (z)) > (7,97) for all x € Q such
that dist(z,T') > A~'/27/b. For subsolutions we need the function e > 0
satisfying

—Ae = pue in By
(16) { e = 0 on 0B;

where p is the principal eigenvalue and By the unit ball in RY. We normalize
e such that e(0) = 1. Let p. = p/l- and

Q= {y € Q; dist(y,I') > (Ve + T/b))\*l/z}.

We fix y € @ and let B := B(y, (u:/\)'/?). For every t € [0,1] we define
the functions (U, W;) on B by

Ui(a) = 1+tpg, —e—1)e((Mu)?(y—x)),
Wi (z) = 99U (x).
Then 7 := {(U;, Wy); t € [0,1]} is a family of subsolutions to the problem
—Ap = Af(p)—Pp+Bq)  inB,
A(f

—Aq = + Mp —« in B,
an q (p) + Mp — aq)
p = u on 0B,
q = w on 0B.

Using the sweeping principle it follows that
(u(y), w(y)) > ULy), Wi(y)) = (o5, — &,9(p3,., —€))-
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Since y € ) was arbitrary we have that
(18) (ue),w(x)) > (o), — &, 0(pf,, — ) i dist(2,T) > (e +7/B)AY2

Define b(e) = 7 (7/b+ \//Tg)fl, and note that min{bA'/2 dist(z,T),7} >
b(e) A2 dist(z, T) if dist (2,T) < (/fte + 7/b)A"1/2. Hence by Lemma 3.3

(u(z),w(z)) > b(e) A2 dist(z,T) (1,9)

for all # with dist (z,T) < (/fte + 7/b)A~1/2. This proves (14) while (15)
follows by choosing by = b (&) with ¢ = pj{/7 — pa. O

The next lemma will be used in the proof of Theorem 2.3.

Lemma 3.5. Let zyp € Cy(2) be nonnegative with maxzy € (pg,p;/,y).

There exists Ay, > 0 such that if (u,w) is a solution to (Qy) with u €
[2’0,,0;/7] and X > X, then (u,w) € [Z),Y].

Proof. First note that if u € [zo,pg/v] then (u,w) € [(20,0),Y]. Let zg €
Q be such that 2o (z9) = maxzg. Choose p € (py,T), where 7 is as in

Proposition 3.1, and 79 > 0 such that p < zo (x) < u (z) for all z € B(zo, ro).
Since f (s) — s >0 for all s € (pg,ng) there exists ¢ > 0 such that

f(s)—pBs>Ll(s—p) for all s € [p, 7].
Let e and p be as (16) with e(0) = 1. Suppose that
(19) A > (u/0)ry?.

Then ry := 19 — \/pu/ (M) > 0. Let y € B (xg,7)) be fixed and define on
B = B(ya N/(f)\)) cB (anTO) )

Ur (&) = p+ (7 = pe (VN uly — ).

It holds that 7 := {(U,0); t € [0, 1]} is a family of subsolutions to (17) with
uy, wy, instead of u, w. By a sweeping argument, starting with (Up,0) one
concludes that (u(y),w(y)) > (Ui(y), Wi(y)) = (7,0). Since y € B (xo, 7))
was arbitrary we have that (u,w) > (7,0) on B (z,7)).

Let Zf\cg., i = 1,2, denote the two components of Z\° defined in (12).
The function Zf?l has support B(zo, /As/)). Hence, if (19) is replaced
by the stronger condition A\ > (v Ag + v/1/€)%ry?, then ry > \/Ap/) and
(u,w) (x) > (2y5,0) forall =z €.

From this it follows that (u,w) € [Z}°,Y]. Indeed, using the fact that
Zy° is a subsolution one has that —A(w — Z3%) +a(w — Z3%) > 0 in D'(Q)-
sense.

As in the proof of Lemma 3.3 it now follows that (u,w) € [Z),Y]. O
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3.2. The semilinear problem on the half space. In this section we
consider the following problem

-AU = f{U)-pU+pwW ian,
(20) AW = fU)+ MU — oW in Rf,
U = W =0 on 8Rﬁ.

The main result which we prove is that there exists a positive solution (U, W)
o (20) such that

(21) x}linoo (UW) (z1,2") = (p;/,y, ﬁp(;r/y) uniformly in 2’ € RV ™1

with ¥ = 1 — 6/(v83). Moreover there exists only one such solution and
(U, W) (z1,2") = (u,w) (1) where (u,w) a solution to the problem

-’ = f(u) = Bu+ pw in RT,
—w” = f(u)+ Mu—aw  inRT,
w(0) = 0, w(0) =0,
' (0) = K, w(0)=v,

(22)

for some appropriate initial data x and v. It is standard that we have for
every pair (k,v) € R? at least locally a unique solution to (22) which can
be continued to some maximum interval. We denote such a solution by
(u, )k = (g, Wy). First we show that there exists a unique pair (x,v)
such that the corresponding solution exists for all » € R, is positive and
tends to (p;/v,ﬂp;r/v) at infinity. Some properties of this solution that are

needed later, are also proven.

Proposition 3.6. Assume that f satisfies Condition A*. Then there exists
a unique pair (R,7) such that the solution (u,w)zy to (22) is positive and
satisfies

(23) lim (u, w)s,p (1) = (93,2 95 1)s

r—00

with 0 =1 —6/(Bv). Moreover & > v > 0 and (u,w)zp has the following
properties:

(1) 0 < (u,w)zp (1) < (pg/w,ﬁp;/,y) for allr > 0;
(2) ugp (r) > wgp (r) for allr > 0;

(3) (v ,w)zp (r) > (0,0) for all r € RT and (v, w')zp(r) — (0,0) as
r — 00.
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The proof of this proposition consists of a number of lemmas. We also
need to consider the following system

—u" = f(u)—v in RT,
/i _ _ . +

(24) v ou — yv in R™,
w(0) = 0, wv(0) =0,

u(0) = K, 0 (0) =n.

Again we denote solutions to (24) by (u,v),,, with the understanding that
the solutions are defined on a maximum interval. We point out the fact
that for s, € R it holds that the solution (u,v), g(.—) to (24) is given by
(U, B (Ugy — Wy ) Where (u,w),, is the solution to (22).
For a solution (u,v) = (u,v)x,y, to (24) we have the following identity for
all » > 0:
1

@) (W) =) = (0P =) = =2 [ fs)ds 200 = T,

Indeed, differentiating

TR S u(r) Y2
H(r):=u(r) — 30 (r) —|—2/0 f(s)ds—2u(7“)v(7")—|—gv(7") )
(24) implies that H' (r) =0 for all » > 0. Hence H(r) = H(0) for all r > 0,

which gives (25).
We shall often use the following one dimensional maximum principle, see
e.g., [11, Theorem 2.9.2].

Lemma 3.7. If g € C?[0,+o0) is bounded, g (0) > 0 and —g" +cg = 0 with
¢ >0, then g (r) >0 for all v > 0. Moreover, if g (0) =0 then ¢’ (0) > 0.

Our first lemma is on the derivatives of solutions to (22).

Lemma 3.8. Suppose that (u,w)x, is a solution to (22) with k,v > 0 and
(u, W) (r) > (0,0) for all 7 > 0. Then (v, w'),,(r) > (0,0) for all v > 0.

Proof. Since the system is quasimonotone this follows from a moving plane
argument, similar to the method used by Gidas, Ni and Nirenberg [8]. See
also [2] where a similar argument is used for a scalar equation. O

Lemma 3.9. For a bounded solution (u,w),, to (22) with u,, = 0 it holds
that 0 < v < k and 0 < Wy, (r) < Uk (r) for all v > 0.

Proof. Denote by (u,w) the solution (u,w),. Since w is bounded and
satisfies —w” + aw = f(u) + Mu = 0 with w(0) = 0 we have by Lemma
3.7 that ¥ > 0 and w(r) > 0 for all r > 0. Let n = §(k —v). As observed
earlier, the solution (u,v) = (u, v)x,, to (24) is given by (u, 3(u—w)). Since
v is bounded with v(0) = 0 and —v” +~v = du = 0 it holds again by Lemma
3.7 that n > 0 and v(r) > 0 for » > 0. Hence £ > v and w(r) < u(r) for
r>0. U
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Lemma 3.10. If (u,w)y, is a positive solution to (22) such that (23) holds
then

lim (v, w"),, (r) = 0.

r—00
Proof. Define ug (r) := pgr/v—um,(r—}—K) and wi (r) = ﬁp(?/v—wﬁ’l,(r—i—K).
It holds that ux and wg converge uniformly to zero on [0, 1] as K — oo.
From (22) we have that they remain bounded in C?[0,1]. By interpo-
lation ug ,wg converge to zero in C'[0,1]. Therefore (v, w')y,(K) =
(U, W) (0) — (0,0), as K — oo. O

Let (u,w),,, be a solution to (22) for which (23) holds. Then (u,v), with
n = B (k—v) is a solution to (24) and v, = B(uky — wey) — (6/7)p;r/,y
as r — 00. Using Lemma 3.10 and letting » — oo in (25) we obtain the
following relationship between k and v:

(26) /@2—5;(;;—@2:2/00;” (f(s)—is) ds.

This will be used to prove the uniqueness of such solutions. Next we show
that there exists initial data (&, 7) for which the corresponding solution to
(22) is positive and satisfies (23).

Lemma 3.11. There ezists k,v € R such that the solution (u,w)z s to (22)
satisfies (23). Moreover this solution is positive and 0 < U < K.

Proof. We shall use super- and subsolutions and Lemma A.4 to find a posi-
tive solution to

—u" = f(u)—Bu+ pw in RT,
(27) —w" = f(u)+Mu—aw  inRT
u(0) = w(0) =0,

satisfying (23). As a supersolution we take (pj{/w,ﬁp;/,y). We have to con-
struct a nonzero subsolution. From a phaseplane analysis one sees that the
initial value problem

—u" = f(u)—Bu in R,
u(0) = 0,
W' (0) = (275 (0)"7,

with Jg (0) > 0 defined in (2), has a solution % with lim, o @ (1) = pg and
@' (r) > 0 for all > 0. Then (,0) is a subsolution. By Lemma A.4 there
exists a solution (u,w) to (27) such that (0,u) < (u,w) < (pg/w,ﬁpgr/w). At
this stage we may choose either the maximal or minimal solution. In the
next lemma we shall prove that they are equal. Let (&, ) := (u/ (0),w’ (0)).
Then (u,w) is the solution to (22) with (k,v) = (&, D).
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It holds that w (r),w (r) > 0 for all » > 0. Indeed, u (r) >
since w is bounded with —w” + aw = f(u) + Mu = 0 a
have by Lemma 3.7 that w (r) > 0 for » > 0 and that w’
Lemma 3.9, & > 7 > 0.

Lemma 3.8 shows that u' (r),w’ (r ) > 0 for all » > 0. In particular
lim, oo (r) = p and lim, oo w (r) = p exist. From the equations we find
that

(r) > 0 and
(0) = 0 we

=
Q.
||g:z

—

0)

—f(p)+Bp—0Bp=—f(p) —Mp+ap=0.
From this one gets that p = Jp and that f(p) = (6/v)p. Since p > pg we
have that (p,p) = (p;/,y, 19p3“/7). O
Our last lemma concerns the uniqueness part of Proposition 3.6.

Lemma 3.12. Let (u,w)., be a positive solution to (22) such that (23)
holds. Then (k,v) = (k,v) with (R,7) as in Lemma 3.11.

Proof. Let (4,0) be the subsolution of the previous lemma. First we show
that the minimum and maximum solutions to (27) in the order interval

(,0), (07,993,

are equal.
Let (u,w),,, be the minimal solution and (u,w)z» the maximal solution.
It must hold that x < K and v < . If the solutions are not equal at least
one of these inequalities must be strict. Suppose v < v. By Lemma 3.9 we
also have that x > v and £ > 7 and by (26) that
5 — 32 2 2 2 2 2
Bl 2P B e 0B, 2 B
J ) ) J ) )
The function = +— (1—(8%/8))x2+2(8%/8)xv—(3?/8)v? is strictly increasing
on [k, K] because it has derivative 2 (6 — %) x/é + 23%v/§ which is strictly
positive for x € [k, K] since § > 32. Hence
0 — 52 252 B, _ 0=, 28 B
o [ A oY e,
5 s 5 sV S5 + 5T 2
The function = +— (1 — (8%2/9))&k + 2(8%/8)kx — (82/6)z? has derivative
232R6 — 23%x /5. Since the derivative is strictly positive on [v, 7] it follows
that

(28)

2 2 2 2 2 2
i 55 +%ﬁ ﬂ&y < 5ﬁ RQ—i—%fﬂ?—%ﬁQ,
contradicting (28). If kK < & we find a contradiction by the same argument.
We conclude that k = & and v = 7 and that (u,w)x, = (u, W)z

It remains to show that any positive solution (u, w), , for which (23) holds

is in the order interval [(4,0), (pgr/v, 19p5+/7)]. First we show that w., > 4.
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Suppose that w,,(r) > ng for all » > R. We define uj for 0 <t < R on
[0, R] by
ul () = a(r —t) fort <r <R;

A () for 0 <r <t,
with @ as in Lemma 3.11. Applying the sweeping principle with the subsolu-
tions {(uy,0); 0 <t < R} one finds that (u, w),,(r) > (4(r),0) = (uj(r),0)
for » € (0,R). Hence uy,(r) > 4(r) for r > 0 and (u,w)x, > (4,0).
On the other hand, since u ., w,, are increasing by Lemma 3.8, it holds
that (u,w)s, < (p(}%, ﬁp(g'/v). Since there is only one solution in the order

interval [(4, 0), (pj{/w, 19p;/,y)] the uniqueness is proved. O

Our main result concerning system (20) is the following.
Proposition 3.13. Assume that [ satisfies Condition A*. Then there ex-
ists a unique positive solution (U, W) to (20) satisfying (21). This solution
s given by
(29) (UW)(z1,2') = (u,w)g5(x1) for (z1,2') € RV7L
with (u, w)zp as in Lemma 3.11.

Proof. Clearly (29) defines a positive solution to (20) satisfying (21). Sup-
pose that (U, W) is any positive solution satisfying (21). Define the functions
(w,w) (x1) = (supyern-1U(z1,2"),supycpn-1 Wiz, 2'));

(@, w) (x1) = (nfyepnv-1U(z1,2),infycpyv—1 W(z1,2")).

By Lemma A.5 (u,w) is a subsolution and (w,w) is a supersolution to (27).
Moreover (u,w) < (pj{/v, 79/);/7)' This follows by sweeping using the family

of supersolutions {(¢,9t) : t > p5+/7}'
Since (u,w) is a subsolution there exists a positive solution (u,w), to
(27) with (v, w) < (u,w), < (p;”/wﬁp;/v). By Lemma 3.12 we have that

(u,w)s = (u, W) p.

Using a sweeping argument as in the proof of Lemma 3.12 it follows that
(w,w) > (@,0) with @ as in the proof of Lemma 3.11. Hence there exists
a positive solution (u,w), to (27) with (%,0) < (u,w), < (u,w) and by
Lemma 3.12, (u,w)o = (u,w)zp. Hence (u,w) = (u, w) which proves the
uniqueness claim in the proposition. O

3.3. The linearized problem on the halfspace. Let (u,w)z s be as in
Proposition 3.6. In this paragraph we consider the following linear system:

—TA® = (f'(urp) —B+w)®+ U — Fwd in RY,
(30) —FAY = (f(uzp) + M)®+ (w—)¥ — 7wl in RY,
d = U = on ORY.

(=3
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Here o, 3, M are as in (4), (3) and BI respectively, w > max{a, M} and
7 € R. For this problem we have the following result of Liouville type.

Proposition 3.14. Suppose that 7 > 1 and that (P, V) is a bounded positive
solution to (30). Then (®,¥) = (0,0).

This proposition will be a consequence of the following lemma.

Lemma 3.15. Suppose ¢, € C[0,+00) are bounded with ¢, > 0, ¢ (0) =
¥ (0) =0 and it holds that

(31) —¢" (urp)p — By + B,
(32) —y” (urp)p + Mo — ay,
in D'(0,00)-sense. Then ¢ (z1) =1 (x1) =0 for all z1 > 0.

Proof. We set (p,q) := (u/,w’)z 5 and recall that p, ¢ > 0 on [0, c0). Without
loss of generality we assume that p,1 < 1. We argue by contradiction and
suppose that (¢,1) # (0,0). First we observe that if there exists K > 0
such that ¢(x1) = ¢(x1) = 0 for all 1 > K then by a sweeping argument
on [0, K] with the family {(¢p,tq); t > 0} of supersolutions it follows that
o(x1) = Y(z1) = 0 for all x; € [0, K]. This is in contradiction with our
assumption.
Now let K > 0 and € > 0 be such that that

[ (ugp(x1)) < —e for all 21 > K,

VANPVAY

f/
f/

and note that also

' (ug (1)) + M —a < — forall 1 > K.
By our first observation we may assume that

R(K) := max {(K)/p(K), 6(K) /a(K)} > 0.
We define the following functions on [K, 00):

Si(z1) = p(a1) — eV,

Ti(z1) = (a) — eV,
Ri(r1) = max{Si(x1)/p(x1), Tt(x1)/q(w1)}
for t > K. It holds that
-9 < (fl(Ur-e,z?) — B)S; + BT,
and
=T < (f'(urp) + M)S; — Ty,
in D'(K, 00)-sense. Fort > K let m = sup,, ¢(x 4 Lt(71). By the maximum

principle one has that m; = R;(K) for t large enough. Indeed, since for w
large enough, it holds in D'(K, t)-sense that

—(S; — mup)" + w(Sy — myp) <0,
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and
—(Ty — meq)” + (T — myq) <0,

we see that m; must be attained in K or in ¢. Since R:(t) < 0 and R;(K) > 0,
if ¢ is large enough, we conclude that m; = R;(K). Now let x; € [K, 00) be
fixed. Then for all ¢t > z; large we have

R(x1) = max{p(x1)/p(z1), ¥(x1)/q(z1)}
< Ro(K) + max {eV50 ) fp(ay), V30 fq(a) |
Letting ¢ — oo we deduce that R(z1) < R(K) and hence R attains its
maximum on K, 00) in z1 = K. Consequently sup,, cjo o0y R2(1) is attained
in some point 79 € (0, K]. But this is in contradiction to the maximum

principle. Indeed, in a similar way as above, one sees that R(x;) must
attain its maximum on [0, K + 1] either in 0 or in K + 1 and not in K. O

To see how Proposition 3.14 follows from this lemma, we define
o(o1) == sup{Dlas,a’); o’ € RV},
Y (z1) = sup{¥(xy,2'); 2’ e RV},
Then by Lemma A.5, ¢,¢ € C[0,+0c0) with ¢ (0) = ¥ (0) = 0 and in
D'(RY)-sense

_‘P” <

_w// S

—¢" < (f'(urp) — B+ w)p+ BY —wp

and
=" < (f(urp) + M)+ (W — ) —wip
= (f'(usp) + M)p — ayp.
0

By the lemma (¢, %)(x1) = 0 for 21 > 0 and hence also (®,¥)(x) = (0,0)
on R .

4. Proofs of the main results.

4.1. Proof of Theorem 2.1. From now on we assume that I is 03._ We
begin by defining some operators. Recall that X denotes the space C (Q) X
C(Q) and let Cj (2) = {uecC*(Q) ;u(z)=0for z €T}. For k,A > 0
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define (~ATA+E); O (Q) = CY(Q) by u = (-ATTA+ k) g with
ueC) (Q) the unique function satisfying

A 1Au+ku = g  in D'(Q)-sense,
u = 0 onI'.

Let j be the embedding of C& (Q) X C’é (Q) in X and define the operator
Kpy: X — X by

K’“A(g):jo< (—A—IAO+/<:)51 (_)\—1A0+k:)51 ) ( i).

Since j is compact and (—)\_IA + k)gl is continuous, Kj ) is a compact
linear map on X. We shall also use the fact that || K} \|| £(x) is uniformly
bounded in A. This follows from the fact that

(33) [xta+ )yt < ol

for every g € C (Q) We fix w > max {«, M }. For a function u € C (Q) and
A > 0 the we define the operators My, T, » € L(X) by

()= ()

and
(35) Ty = Ky x(My +wI).

Operators of this kind were studied extensively in [23]. If u € [0, p:{/v] then

Ty, is a positive irreducible compact operator on X, see [23, Lemma 1.3].
Moreover, T), » has a positive spectral radius (see e.g., [18]) which we denote
by 7(Tyx). By the Krein-Rutman Theorem (see e.g., [1, Theorem 3.1]),
r(Ty ) is an eigenvalue of T;, y to which a positive eigenfunction pertains.
In the next lemma we prove that for A large enough it holds for every solution
(u,w) € [Zy,Y] that r(T, ) < 1.

Lemma 4.1. There exists \* > \* such that for all X\ > \* and every
solution (u,w) € [Z),Y] to (Qx) the corresponding operator T,, \ has spectral
radius r(T, x) < 1.

Proof. We prove the lemma by a contradiction argument. Assume that it
does not hold. Then there exist a sequence {\,} -, with \* < A, — o0
and solutions (un,wy) := (ux,,wy,) € [Z,,Y] to (Qx) with A = )\, such
that r, > 1, with 7, denoting the spectral radius of T}, := T, »,. Let
(¢n,¥n) € X be the positive eigenfunction pertaining to r,. We normalize
the eigenfunction such that maxy, = 1. This can be done since ¢, = 0
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implies that ¢, = 0, a contradiction because (@, 1, ) is an eigenfunction.
It holds that

—TnA, 1A90n = (f' (un) +w = B)on + Bibn — rawen in Q,
—TpA lAzpn = (f (up) + M)pn + (w — @)y, — rpwidy, in €,
Pn = wn =0 on 0f).

Because operator norms |7,y are uniformly bounded it follows from
k

1/k
n = li T < ||'T},
r kl_{go< n E(X)> < | Tallgex)

that the sequence {r,},- ; is bounded. By going over to a subsequence, still
denoted by {r, }o=_;, we can assume that r,, — 7 > 1. With 6,, := B(¢o, —1n)
one has that

{ —ra A A, = Spp — YO, 4+ (1 — 1) wh, in Q,

n=1>

6, = 0 on 0f).

This shows that ¢, > 1, and hence —r, A\, 'Ap, < f' (un) pn. Using esti-
mate (15) in Lemma 3.4 we have for all z € Q with dist (x,T) > by '\, 1/2 Pt
that f/ (u, (z)) < 0 and consequently

(36) ~Ag, <0 in {x € Q; dist (z,T) > by '\, 1/2ij} .

Hence ¢, attains its maximum in a point Z,, with dist(z,,T") < by '\, Y ijo.
Let Zr, € I' be such that |z, — zr,| = dist(Zr,,I"). By going over to a
subsequence we can assume that zr, — z € I.

By a blow-up argument around Z, similar to the argument in [4], one

constructs U, W, ®, ¥ € C? (Rf) nc (@) such that (U, W) satisfies

—AU = f(U)-BU+BW  inRY,
~AW = f(U)+MU—aoW  inRY,

U = W =0 on ORY,
and (P, V) satisfies
—rAD = (f'(U)+w—p6)P+pY¥ — rwd in RY,
—FAV = (f/(U)+M)®+ (w—a)¥ —7w¥  inRY,
® = U=0 on ORY.

The normalization max ¢, = 1 leads to sup ® = 1. Furthermore, using the
uniform estimate (14) it follows that

(37) m}iinoo(U, W) (x1,2") = (pgr/v,ﬂpgr/v) uniformly in 2’ € RV~
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Hence, by Proposition 3.13, (U, W)(z1,2') = (u,w)zz(x1). Then (@, V)
is a bounded positive solution to (30) with 7 > 1. By Proposition 3.14,
(®,¥) = (0,0), in contradiction with sup ® = 1. O

We shall use this lemma to prove that there can be at most one solution to
(Qy) in the order interval [Z),Y]. First we define the operator Hy : X — X
H) = K%)\(F + wI)7

where F': X — X is defined by
)= f(u) — pu+ pw
w fu)+Mu—aw )’
We shall show that Hy has at most one fixed point in [Z),Y]. In order to
use the Leray-Schauder degree we have to consider the fixed point problem
H) (ua w) - (uv w)

in an appropriate space. B
Let u be the principal eigenvalue and e € C* (Q) NC? () the correspond-
ing eigenfunction to the problem

—Ae = pe in §,
e = 0 on I

We normalize e such that maxe = 1. Following Amann [1] we define
(38) Ce () :={ueC(Q);3¢t>0such that |u| <te},

equipped with the norm ||ul| = inf{t > 0; —te < u < te}. It holds that
Ce (Q) is a Banach space, in fact a Banach lattice, with closed unit ball
{u eC (Q) i—e<u< e}. Let X, = C, (Q) x Cy (Q) Order intervals in
X, will be denoted by [-,-].. Let ji,j2 be the embeddings of X, in X and
C'é (Q) X C’é (Q) in X, respectively and define H : X, — X, by

. AA W)t 0 .
HS .= ( 0 F I .
A ]20< 0 (—AilA—Fw)al O( +Ld )O]].

We recall that (—)\_1A + w)al was defined as an operator from C (Q) into
G} (©). We note that (u,w) is a fixed point of Hf if and only if ji (u,w) is
a fixed point of H). Hence it suffices to show that Hf has a unique fixed
point in [Z),Y] N X..

It also holds for (u;,w;) € X with (u1,w1) < (ug2,w2) that

(39) H)y (uy,w1) < Hy (ug, ws).

In fact H) (ug,w2) — Hy (u1,w;) is an element of the interior of the positive
cone of X,, or equivalently, there exists ¢ > 0 such that

(40) H)y (ug,we) — Hy (ug,wy) > (te,te).
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Since neither Zy) nor Y are fixed points of H) we find, using (39), that
any fixed point (u,w) € [Z),Y] satisfies

75 = Hy\Z\ < (u,w) < H\Y = Y*.

From (40) we even have the stronger result that (u,w) € int[Z3, Y] , the
interior of [Z},Y™] with respect to the [|-||.-topology. The uniqueness of a
fixed point of Hy in [Z),Y] for A > A\* then follows from the next lemma.

Lemma 4.2. For every A > \* there exists a unique fized point of HY in
int [Z3, Y],

Proof. We have for every A > A\* that there exists at least one solution to
(Qx) in the order interval [Z), Y] which, as we observed, is a fixed point of
Hf and (u,w) € int[Z},Y*] . To show that this is the only solution, we
shall use a degree argument.

Suppose (u,w) € int [Z},Y™] , with A > \*, is a fixed point of H§. The
operator HY is differentiable and T , := dH{ (u, w) € L(X,) given by

. R NRAY —l—w)_l 0 .
Te, = ( 0 M, + wl) o ji,
U\ J2© < 0 (—)\71A+w)51 O( +w )Oj].

with M, as defined in (34). From Lemma 4.1 we have that the spectral
radius T(Ti y) < 1. Indeed p is an eigenvalue of 7, o if and only if p is an
eigenvalue of T, ». Since r(T;,») > 0 it holds that r(T{jA) >0. But 777, is a
positive compact operator and hence r(Te ) is an eigenvalue of T¢ +» to which
a positive eigenfunction pertains. This implies that r(Ts ) = r(Tu a) < 1.

In particular 1 is not an eigenvalue of T , and consequently the index of
the fixed point (u,w)is well defined with

index (u,w) = 1,

see [17, p. 66]. Using the homotopy invariance of the degree and the fact
that int [Z},Y™]_ is convex, it follows that

degree (I — Hy \,int [Z3, Y], ,O) =1.
Indeed, let z € int [Z, Y*]_ be arbitrary and define the homotopy
Gi=01—-t)(I—-z)+tI—Hy,).

It holds that Gz = 0 if and only if 2 = (1 — )z + tH ,z and hence z €
int [Z5,Y™],. Since Gy has no zeros on the boundary int [Z3, Y] we have
that

degree (G1,int [Z},Y™],,0) = degree (Go, int [Z},Y "], ,0) = 1.

By the additivity property of the degree we see that Hf can have at most
one fixed point in int [Z}, Y] . O
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The proof of Theorem 2.1 can now be completed. For all A > A\* we have
a unique solution A (\) = (uy,w)) € int (Z3,Y*], C[Z),Y] to (Q)).

Using the Implicit Function Theorem we have that A € C* (X, +00), X,).
Indeed the operator (X, (u,w)) — (u,w) — H® (X, (u,w)) is C* and the de-
rivative with respect to (u,w) is given by I — Ty . For fixed Ag > A* it holds
that I — T, € Isom(Xc). By the Implicit Function Theorem the solution

set of H® (), (u,w)) = 0 consists in a neighbourhood of A\ of a C!-curve,
parameterized by A. By uniqueness of solutions in int [Z}, Y] we have that
this curve is in a neighbourhood of (Ag, u,, w),) given by A. Since this can
be done for every A > A* we have that A in C* ((\*, +o0), X.). Using a
bootstrap argument one proves that A € C* (X, 400),C? () x C%(Q)).

Finally we define A (A) := (uy, 5 (uy — wy)). Then A (X) is a solution to
(Py) for all A > X* and A € C ((A*,00),C? (Q) x C? (Q2)).

4.2. Proof of Theorems 2.2 and 2.3. In this section we assume that the
conditions of Theorem 2.1 hold. We define the operator By : D (B)) — X
by

D (B)) = {(u,w) € X; (Au,Aw) € X},
with Au and Aw in distributional sense,

B)\ = L)\ — Mup

SAlA o
Lxi= ( 0 —xlA )

and M, as defined in (34).

with

Lemma 4.3. For all A > \*, with A* as in Lemma 4.1, the operator By is
invertible and B;l € L(X) is a positive compact operator with a positive
spectral radius v\ = r(B;l). Moreover ry is an eigenvalue of B;l with a
corresponding positive eigenfunction.

Proof. Denote by Ty and M, the operators T}, and M, respectively. Since
A > X* the spectral radius r (T)) of T satisfies

(41) 0<r(Ty) < 1.

Hence By = Ly+wl — (M)+wl) = ()FlLl + wI) (I —T)) is invertible with
B/\_1 = (I — T\)" 'K, It holds that B/\_1 is positive and compact since
(I —Ty)~! is a positive bounded operator and K, ) is a positive compact
operator. Moreover, since 7 (Ty) < 1 it follows from [23, Lemma 1.4] that
B/\_1 is irreducible, and hence the spectral radius r\ = r(B;l) is positive. By
the Krein-Rutman Theorem r) corresponds to a positive eigenfunction. [
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Lemma 4.4. For all v > 0 the operator By + vI is invertible. The inverse
(Bx+vI)"t € L(X) is positive and compact and its spectral radius is given
by r(By+vI)™Y) = (ryt +v)7 L

Proof. Let k = w + v. Then

Byx+vl = Ly+klI—(My+wl)
= (La+KI) (I = Kpa(My +wl)).
The operator Kj \ (My +wl) is also positive, compact and irreducible.
Again using the Krein-Rutman Theorem we find that r (K (M) 4+ wl))
is an eigenvalue of the adjoint operator (Kj » (M + wl))" pertaining to a

positive functional, say Ty x. Let hy be the positive eigenfunction of B;l
corresponding to the eigenvalue r) as in Lemma 4.3. It holds that

(42) hy = (’I”;l—l-k—w) Kk,)\hA—FKk’)\ (M,\+wI)h,\.
Using (42) it follows that
(has Ty = (ry' 4k —w) (Kgaha, Tea) + (Kix (My + wl) by, T
> (K (My+wl)hy, Tin)

= 7 (Kpx(My+wl)) (hy, i) -
Hence 7 (K (M) +wI)) < 1 and the operator By + vI is invertible with
(By+vI)™" = (I = Kpa(My +wI)) N (Ly+ kD)7
Moreover (By + vI)~! is compact and positive and irreducible. Since
(Bx+vI) "t hy = (ryt +v) " hy

we see that (r;l +v)~! is an eigenvalue to which a positive eigenfunction
pertains. It then follows from the irreducibility of (By +vI)~' that the
spectral radius of this operator must be (T;l +v)~ L (]

Lemma 4.5. If p € C is such that Rep < 7’;1 then p is in the resolvent
set of Bjy.

Proof. Let h € X be arbitrary and consider the equation

(43) Brg — g = h,

where Re u < 7“;1. Choose v € R large enough such that
(Rep)® +2v (Rep —ry ) + (Imp)® < 7y

and g+ v # 0. Then

lw+v)> = (Rep)® +2vRep+ 12 + (Imp)?
< r;2+21/r;1+u2,
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and hence 0 < |u + v| < 7y + v. Equation (43) is equivalent with
(Bx+vl)g— (u+v)g=h.

Using Lemma 4.4 we can rewrite this as

(40)  ((Br+vD)' = (ut ) ) g = —(u+ )" (By +vD) 0.

Since |(u+ 1/)_1’ >yt + )t =r((By+ vI)™1) we have that (p + v)~?
is in the resolvent set (B + vI)~! and hence (44) has a unique solution.

It follows from the closed graph theorem that p is in the resolvent set of
B. O

Proof of Theorem 2.2. Consider the operator A, defined in (7). It holds
that p is in the resolvent set of Ay if and only if x/\ is in the resolvent set
of By. Indeed if /) is in the resolvent set of B) the operator defined by

(u,v) = (@, B — )
where (p, 1) == AN By —p/N) " (u, u— %U) is directly seen to be (Ay —pu)~L.
Conversely, for p in the resolvent set of Ay the operator defined by
(w,w) = (2,0 — (1/0)6)

where (@, 0) := MAy — uI) " (u, Bu — pw) is (By — p/A)~L. Hence, using
the last lemma we have that all p € C with Reu < vy = )\7"/(1 that p is in

the resolvent set of Aj. O

Proof of Theorem 2.3. The theorem follows directly from Lemma 3.5 and

the fact that A (\) is the unique solution in [Z),Y]. O
A. Appendix.

We recall some facts about quasimonotone systems. We remark that in this
section ¢} may be an unbounded domain.

Definition A.1. A system of elliptic equations

(45) —Au = F(r,u,w) inQ,
—Aw = F(r,u,w) inQ,

with F; € C* (Q x R x R) is called quasimonotone if

OF OF: _
a—ul(x,u,w)ZO and Tj(z,u,w)ZOferall (r,u,w) € QA xR xR.
This definition suffices for our purposes. For a more general definition we

refer to [16].
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Definition A.2. A pair (u,w) € C (Q) x C () is called a subsolution to
the problem

—Au = 1 ("L’7 7 ) 111 Q,
(46) —Aw = F(z,u,w) in Q,
(u,w) = (p,0) on I' = 99,

with ¢, 9 € C (') if
(1) it holds in D'(€)-sense that
—Au
—Aw
(2) (u,w) < (p,¥) onT.

Supersolutions are defined by reversing the inequality signs. If (u,w) is
both a subsolution and a supersolution then it is called a C-solution.

We note that if ) is a boynded sm(_)oth domain and Fy, F, are C! then a
C-solution (u,w) is in C? (€2) x C? (). We often use the following results
from [16, Theorem 1.3].

Fl(.T,U,W),

IN A

FQ(ZE,U,U});

Proposition A.3. LetQ be a bounded smooth domain and assume that (46)
1S quasimonotone.

(1) If (uj,w;), i = 1,2, are subsolutions to this system then (u,w) defined
by

(ua) 100 = (e s (o)} e s ()

is again a subsolution to (46).
(2) If (u,w) is a subsolution and (u,w) a supersolution to (46) then there
exists a C-solution (u,w) to (46) with
(u,w) < (u,w) < (u,w).

We give some results for Q = RY := {(z1,2/) ; 1 € R, 2/ e RV}, The
first is that one has also for quasimonotone systems the existence of a min-
imal and maximal solutions between an ordered pair of sub- and supersolu-
tions.

Lemma A.4. Consider the following halfspace problem.:
—Au = Fj(u,w) in RY,
(47) —Aw = F;(u,w) in RY,
v = w =0 on GRf,
with F; € CH* (R x R), 0 < a < 1, and suppose this system is quasimono-
tone. If there exists a bounded subsolution (u,w) and bounded supersolution

(u,w) to this system with (u,w) < (u,w), then there exist a mazximal and a
minimal C*%-solution in the order interval [(u,w), (W, w)] to this problem.
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The proof of this lemma is almost the same as for bounded domains. We
only observe that if w > 0 is such that a%Fl (u,w)4+w > 0and B%FQ (u, w)+
w >0 for (u,w) < (u,w) < (u,w) then one can define inductively

(Uo,wo) = (Q7M)a (un+17wn+1) :T(unawn)a n=0,1,2,...

with (u,w) =T (up, wy) the unique solution to the linear problem

(—A+w)u = Fi(up,wp)+wuy in R_]X,
(A4 w)w = Fy(up,wy)+ wwy in RY,
u = w =0 on 8Rf.

That this system has a unique solution follows from the fact that if £ > 0
and g € L™ (Rf ) then there exists a unique u € L™ (Rﬂ\rf ) nc (Rf ) such
that —Au + ku = f in D’ (Rf)—sense and u = 0 on 8Rf, see see e.g., [6,
Proposition 27, p. 635]. Since the system is quasimonotone we have, see
also [16], that

(u,w) < (Up,wn) < (Unt1, Wnt1) < (W,w) forn=0,1,2,....

Letting n — oo one obtains a solution.
The next lemma is used to reduce the study of equations on Rﬂ\_f to the
study of inequalities on R™.

Lemma A.5. Suppose that (U, W) € C?*(RY)nC (@) is a bounded solu-
tion of
~AU = F(2,UW) in RY,
(48) —AW = Fy(x1,U, W) in RY,
U = W =20 on 8Rﬂ\r],

with F; (z1,s,t) € CL° (@) and 0 < o < 1. Assume (48) is quasimonotone
and that |F; (z1, s,t)| < h(s,t) with h a continuous function on R?. Define
(u, w) by

(u,w) (x1) := (sSupgern-1 U (21, 2) ,supycprn-—1 W (21, 2)) .
It holds that u,w € C[0,00) with u(0) = w(0) = 0 and in D'(RT)-sense
that
(49) —u" < Fy(21,u,w)
(50) —w" < B (1’1, u, w) :
Proof. Since U and W are bounded, AU and AW are also bounded. From
this and the fact that U = W = 0 on GRf one obtains by standard regularity
results that U, W € C%© (@) In particular we have uniform bounds on
the first order derivatives of U and W.
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Let {gj; j=1,2,...} be a numbering of QV~! and define the functions
U; and W; on ]Rf by
(Uj, Wil (@) = (U, W)(z + (0, 5))-
For k =1,2,..., we define (Sg,Tx) on ]Rf by

(St The) () = (sup1<j<p, Uj (%) supi<j<p Wj()),
and let (S,7T) () := limg—oco (Sk, Tk) (x). It follows from the uniform conti-
nuity of U and W that (S (z),T (z)) = (u(x1),w (x1)).

Since the system is quasimonotone it follows from Proposition A.3 and in-
duction that in D’(Rf)—sense —ASy < Fi(x1, Sk, T)z forevery k = 1,2, . ...
By dominated convergence it then follows that —Au < Fj (z1,u,w) in
D'(RY)-sense In particular if z; € DT (Ry) we set z 1= 2129 with 2o €
D+ (RV71), 25 # 0 one sees that this implies (49).

Since Fi (x1,u,w) is bounded there exists M > 0 such that F} (z1,u, w)—
2M < 0 on RT. Then — (u+ M:):%)” < 0 in D'(R4)-sense. Hence x; —
u (z1) + Ma? is convex and consequently continuous on (0,c0). Since a%lU
is uniformly bounded and U (0,2') = 0 for all 2/ € RY~1, it follows that
u is continuous in 0 with « (0) = 0. The result for w is obtained mutatis
mutandis. g

Finally we prove a direct analogue for a quasimonotone system of the
sweeping principle for scalar equations in [15]. Suppose that I' = I'; UT'y
with T';,Ts € C? and I'y N Ty = (). Here I'; may be empty. Let e € C*(Q)
be such that e (z) > 0 for x € QUT; and e (x) = 0, g—Z(x) < 0 for z € Ty

where n is the outward normal and let C(£2) be as in (38), see also [1].

Proposition A.6. Suppose that (46) is quasimonotone. If (u,w) is a su-

persolution, and {(u,w;) ; t € [0,1]} is a family of subsolutions such that
(1) (ug,we) < (g1,92) on 'y and (ug, wy) = (g1,g2) on I'y for all t € [0,1];
(2) t = ug —up and t — wy —wo is continuous from [0, 1] into Ce(§2);
(3) (up,wp) < (u,w) in
(4) ur # u and wy # w for all t € [0,1];

then there exists r > 0 such that (u,w) — (ug, we) > (re,re) for allt € [0, 1].
Proof. Let S = {t € [0,1] ; (ut, wy) < (u,w) in Q}. By assumption 0 € S.

Since convergence in C.(€2) implies pointwise convergence it follows that S
is closed. Let ¢ty € S. It holds with w large enough in D’'(2)-sense that

—Alu—ugy) +w(u—u) > Fi(u,w) +wu — Fi(ug, we,) + wug,
= Fi(u,w)+wu— Fi(uy,w) + wuy,
+F1(ut07w) - Fl(utotho) Z 0

Since u # uy, there exists s’ > 0 such that u — uy, > s’eg with eg a C*(Q)
function with e (z) > 0 for z € Q, ey (z) = 0 and % (x) <0 for z € T,
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see [3, Corollary p. 581]. Since u () — uy, (x) > 0 for x € T'y and Ty is
compact, there exists s; > 0 such u — uy, > sje. In the same way there
exists sy such that w — wy, > sge. By hypothesis 2 there exists § > 0 such
that ||u; — u, He, |lwg — wy, ||, < s/2 for all ¢ € [0, 1] for which |t —to| < 0.
This implies that for all such ¢ we have that u; — us, < Se and hence
U—up = U=, = (ugy —u¢) > Se and in the same way w —w; > 5e. Hence
S is open and we have that S = [0,1]. By the compactness of [0,1] and by
hypotheses (2) it follows that there exists » > 0 such that v — u; > re and
w — we > TeE. |
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