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‘We consider the effect of a magnetic field for the asymptotic
behavior of the trace of the heat kernel for the Schrédinger
operator. We discuss the case where the operator has compact
resolvents in spite of the fact that the electric potential is
degenerate on some submanifold. According to the degree
of the degenaracy, we obtain the classical and non-classical
asymptotics.

1. Introduction.

In this paper, we consider the Schrodinger operator on R? with the magnetic
vector potential A(z) and the electric scalar potential V' (z):

(1.1) H(A,V) = %(N+A(z))2 +V(2).

We will assume that H(A,V) and H(0,V) are essentially self-adjoint in
L%(R?) starting from C§°(R?) and we denote the self-adjoint extensions by
H and Hj, respectively. It is well known that if
(1.2) lim V(z) = 400,

2| =00
Hj has compact resolvents (c.f. for example, Reed and Simon [8]). Oden-
crantz [7] studied the asymptotic behavior of Trlexp(—tH) — exp(—tHy)]| as
t | 0 in the case where V(2) ~ |2|? (p > 0) and the curl of A(z) is a uniform
magnetic field. Matsumoto [5] extended the result to the case with more
general magnetic field.

However, (1.2) is not a necessary condition in order that Hy has compact
resolvents. In spite of the lack of (1.2), there are some cases where Hy has
compact resolvents.

The motivation of this paper originates in the works of Simon [11], Robert
[9] and Aramaki [3]. In order to explain this, we put

Za(t) = (2m) ¢ // e tICE/ 24V () g ¢

It is well known that Tr{exp(—tHp)] < Zq(t) for t > 0. In [11], he considered
the degenerate potential V' (z) of the form V (z,y) = |z|*|y|*? (p,q > 0) on
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R2. Then it holds that Hy has compact resolvents. In this case, Z(t) = o
while Trlexp(—tHy)] < oo for all t > 0. He succeeded to get the asymptotics
of Trlexp(—tHp)] as t | 0 by using the sliced Golden-Thompson inequality
and the sliced bread inequality according to the cases p # ¢ and p = q. [9]
and [3] considered a slightly modified potential V'(z) of the form

(1.3)
V(z) = (1+ |z]))Ply/** (p,q > 0 integers), z = (z,y) € R = R" x R™.

Then Hj also has compact resolvents (cf. [9]). In this case, it is easy to
see that Z(t) is finite for ¢ > 0 in the case pm > gn, however, Z.(t) is
infinite for ¢ > 0 in the case pm < gn. In the present paper, we consider
the magnetic Schrédinger operator H with an electric potential V(z) of
the type (1.3). We want to show that if the magnetic potential A(z) is
relatively benign, the difference between Trlexp(—tH )] and Tr[exp(—tHy)]
can be controlled by using the representation of the heat kernels in terms of
Wiener integrals. From this, we can see the asymptotics of Trlexp(—tH)| as
t | 0, if we combined the estimate with our previous results as follows.

We denote the numbers of the eigenvalues counting multiplicities of H
and Hy equal to or less than A by N(A) and Ny(\), respectively. Then
Aramaki [3] obtained the following.

Proposition 1.1. Under (1.3), there exists § > 0 such that:
(i) If pm > qn, No(\) = ey A Hmatna)/a) (1 1 O(A9)) as A — oc.

(ii) If pm = qn, No(\) = co A FTmatn0)/(20) Jog X 4 ez \(m+matna)/(20) (1 4
O(A7%) as A — oco.

(iil) If pm < qn, No(A) = ea\"1HP+0/2P)(1 4 O(A7%)) as A — oo
where ¢; (i = 1,2,3,4) are some positive constants which can be calculated
concretely.

Here we note that in only the case where pm > gn, the problem is classical
in the sense of

(1.4) vol{(z,C) € R? x R% %|C!2 +V(z) < /\} < 00.

On the other hand, in the case where pm < gn, the problem is non-classical
in the sense that the left hand side of (1.4) is the infinity. It easily follows
from the well known equation

Tr [exp(—tHo)| = /exp(—t)\)dNo()\)

that we also have the asymptotic behavior of Tr[exp(—tHy)| as ¢ | 0.
Proposition 1.2. Under (1.3), we have:
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(i) If pm > qn, Tr[e to] = gyt~ (mtmatna)/Ca) (1 + O(19)) as t — 0.
(i) If pm = qn,
Tr[e~tHo] = dot—(mAmatna)/(20) |og =1 4 gt = (m+matna)/(29) (1 4 O(4%))
ast — 0.
(iil) If pm < qn, Trle=tHo] = dy¢=n(+P+0)/CP)(1 4 O(t9)) ast — 0
where d; (i =1,2,3,4) are positive constants which can easily be given by c;
(also given in Section 4) and 0 is as in Proposition 1.1.

For the precise, see Aramaki [1], [2], [3], [9] and [11].

In this paper, we shall treat the case where V(z) is of the type of (1.3).
Under some hypotheses on the magnetic vector potential A(z), we shall
obtain the asymptotic behavior of Trlexp(—tH) — exp(—tHp)] as t | 0 is
better than that in Proposition 1.2 in each case. Therefore, we see that
the magnetic field does not give any influence to the leading terms of the
asymptotics. One of the features of this paper is that the argument is based
on the probabilistic representations of the heat kernels. As we do not use
any pseudodifferential calculus in the proof of the main theorem, it suffices
to assume less smoothness of V' and A.

The plan of this paper is as follows. In § 2, we give the main theorem.
Section 3 is devoted to the proof of the main theorem. In § 4, we give an
example so that the electric potential V(z,y) is of the form (1.3).

2. Hypotheses and Statements.

Let R = R"” x R™ and we write a variable z in R? by z = (z,y) € R x RJ".
We consider the operator:

(2.1) H(AV) = 5V (o) + Aw,9)) + V()

where ¢ = y/—1 and V(. ,) denotes the gradient operator. First of all, we
state the assumptions on the scalar potential V' (z,y).
(V.1) V(z,y) € C*(R™ x R™) is a real valued function.
(V.2) There exist positive constants p,q and C' > 0 such that
Viz,y) > C+ |z[*)P|yl*? for all (z,y) € R™ x R™,
Moreover, we give the assumptions for the vector potential A(z,y):
(A1) A(z,y) = (a1(z,y),. .. ,aq(z,y)) € C*(REGRY).
(A.2) There exist constants a, b satisfying 0 < a <p, 0<b<gq, (¢+ 1)a <
p(b+ 1) and C; > 0 such that for every j =1,2,...d and |o| < 2,

(2.2) 102 yaj(z,y)] < C1(L+ [al?)° |yl

By the assumptions (V.1) and (A.1), H(A,V) is essentially self-adjoint in
L%(RY) starting from C§°(RY) (c.f. Schechter [10]) and we denote the unique
self-adjoint extensions of H(A,V) and H(0,V) by H and Hy, respectively
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as in introduction. Under (V.1), (V.2), Hy has compact resolvents and
exp(—tHy) is of trace class, i.e., Tr[exp(—tHy)] is finite (c.f. [1]). Since V

is bounded from below, we have the diamagnetic inequality:
e tHAV) < o=tHOV)  for every t > 0,

that is to say, for all u € L?(RY),
‘(e—tH(A,V)u)(z)) < (7O (2) awe. z for t > 0.
Then it follows from Simon [13, p. 164] that
Tr [eftH] <Tr [e*tHO] for t > 0,

so we see that exp(—tH) is also of trace class.
Then we have the main theorem.

Theorem 2.1. Under the conditions (V.1), (V.2), (A.1) and (A.2), we
have the following.

(i) The case where pm > qn. If q(4a +n) — p(4b+ m) # 0, we have
Tr [e*tH — e*tHO] = O(t*(m+mq+”q)/(2q)+%) ast ] 0
and if ¢(4a +n) — p(4b+m) = 0, we have
Tr[e T —e7tHo] = O(t_(”””'””‘H”q)/(2‘1)'Ml logt™") ast]0

where

20¢=b) A+gpm=—gn)  2p1+b)-alg+1)) }
q 2pq p
(ii) The case where pm < qn. If q(4a + n) — p(4b+ m) # 0, we have

Te[e 4 — e~tH0] = O(t—n(1+p+q)/(2p)+w) ast ] 0

Y1 = min{

and if ¢(4a +n) — p(4b+m) = 0, we have
Tr [e_tH — e_tHO] = O(1,‘_"(1+p+q)/(27’”72 log t_l) ast ] 0

where

Y2 = min

{2(q —b) A+ g)lgn—pm) 2(p(A+b) —alg+1)) }
2pq ’ p
Remark 2.2. Since 1 and =9 are positive numbers in any cases according

to (A.2), the hypothesis (A.2) on the magnetic potential certainly gives an
effect to the asymptotics in each case.

Using the Karamata Tauberian theorem and [3], we have also asymptotics
of distrubution function N(\) of eigenvalues of H.
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Corollary 2.3. Addition to the hypotheses of Theorem 2.1, we assume that
there exists Cy > 0 such that

V(z,y) < Co(L+ |zf*)P[y[*.
Then we have
N(A) = No(A)(1+0(1)) as A — oo.

Here No(X) is of the form:

(i) If pm > gqn, we have

No(A) = ey AmHmatna)/2a) (1 4 o(1))  as A — oc.
(i) If pm = gn, we have
No(A) = epAm+matna)/(20) 165 \(1 4 0(1))  as A — .
(iii) If pm < gn, we have
No(A) = e \"IFa+P)/(2P) (1 4 (1)) as A — .

Here c1,co,cq are positive constants as in Proposition 1.1. For the precise
values of the constants, see [3].

3. Proof of the main theorem.

In this section, we give the proof of Theorem 2.1. Let po(t; 2, 2') and p(¢; 2, 2/)
be the distribution kernels of exp(—tH) and exp(—tH ), respectively. Then,
by the Feynman-Kac-It6 formula, we can write these heat kernels using
probabilistic representations as follows.

po(t; 2, 2') = (2mt)~H2e 1217120 Epo

Nexp <_t/01 Viz+s(z—2) + \ftZs)ds)] ,

plt;z,2") = (2mt) =2 =17/ g0

- |exp (iFt(z, 2 — t/ol V(z+s(z—2)+ \/%Zs)dsﬂ

where F'(z,2') = ﬁfol Az + s(z — 2') + VtZs) o dZs. Here Eg:g is the
expectation with respect to the d (= n + m) - dimensional pinned Brown-
ian motion {Zs}0§s§1 = {X87 }/s}Oﬁsﬁl = {Xs}v s 7X;Z? }/517 s 7Ysm}0§5§1
such that Zyp = 0 = (0,0) and Z; = 0 = (0,0) and odZs denotes the
Stratonovich integral. For the theory of these probabilistic facts, see [13]
and [5]. Throughout this paper, we denote Eg:g simply by E. We note
that under (V.1) and (A.1), po(t; 2, 2") and p(t; z,2’) are continuous with
respect to t > 0 and 2,2’ € R?. Since we study the traces of exp(—tHp) and
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exp(—tH), it suffices to consider the heat kernels on the diagonal set only.
Le.,

(31)  polti2,2) = (270) 92 [exp (—t /0 Vit \ftzs)ds)] ,
(3.2)  p(t;z,2) = 2nt)"¥?E [exp (iFt(z) — t/01 V(z+ \/izs)ds>]

where F'(z2) = \/Zfol Az +tZ) o dZ,
Let {Zs}o<s<1 ={Xs, Ys fo<s<1 be defined on a probability space (2, F, P)
and define

(3.3) &= sup |Xq|

0<s<1
Then it follows from Lévy’s work that:

Lemma 3.1. For every R > 0,

P(¢ > R) < 2ne 2R/,

For the proof, see Simon [12], It6 and Mckean [4] and [5, Lemma 1].
From now, we denote various constants independent of ¢ > 0 and (z,y) €
R™ x R™ by the same notations C,C; (j = 1,2,...) etc..

Lemma 3.2. Under the assumptions (A.1) and (A.2), there exists a con-
stant C > 0 such that

(3-4) E[|F'(z,y)['] < CtY(1+ [af?) |y*

for all (z,y) € R" x R™ and t € (0,1).

Proof. Since the proof is essentially the same as [5, Lemma 2], we give only
an outline of the proof.

Let {ws }o<s<1 be the standard d-dimensional Brownian motion defined on
a probability space (Q, F, P). Then, the pinned Brownian motion {Zs}o<s<1
such that Zy = Z; = 0 is the solution of the stochastic differential equation:

) ) YA )
dZé:dw;—l —ds (0<s<1), Z;j=0 (i=1,2,...,d).
— S
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Thus, by the It6 formula, we have

d 1 s )
Fi'(z) = tZ/O dw;/U djai(z + VtZ,)dwd,

2,j=1

d 1 ) s szL
_tZ/O dwi,/o djai(z +VtZ,) du

1—u

,j=1

d 1 s
1 .
+§t3/2 Z/ dwz,/ szai(z—&—\/iZu)du
0 0

i.j=1

d 1 i s
Z} -
_ s 1 j
t E /0 1_3(15/0 djai(z + VtZy,)dw?

1,j=1

d L i s Zijj,
+ti2/0 1_Sds/0 8jai(z+\/ZZu)1_udu

d 1 Z s
1 3/2 / s / 2
-5 P i Qg u
2t g 1 Sds ; dja (z+\/EZ )du

2,j=1

d 1
1
—I—Qt;/o ia;(z + \/%Zu)ds.

Since Z! is the Gaussian random variable of mean 0 and variance s(1 — s),
we have

E|Z ™ = (2m — 1)I(s(1 —s))™ for m=1,2,....

Using this equality, the Holder inequality and (A.2), we can prove the lemma.
O

Lemma 3.3. For every x € R", put A, = —3Ay + clz*|y[* on L*(R™)
where ¢ is a positive constant and let e_tAlm\(y,y’) be the kernel of e Al
and J(t; |z|,y) = e =l (y,y). Then, we have following:

(i) There exist constants C; (j = 1,2,3) such that
(3.5) J(t;1,y)] < Oyt /2 (e CotluP? 4 o= CuluP/ty,

(ii) For every A > 0,
(3.6)
J(t; |z],y) = AT (A2 (ANIFO/Pe) ATYy) for all ¢ > 0, (z,y) € R x R™.

Proof. For (i), see Matsumoto [6, Lemma 3.1]. For (ii), it follows from the
Feynman-Kac formula that

J(t; 2], y) = (2mt)"™/2E et o eIy VEvs[rds]
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Thus we have
J(t |z], \y) = )\—m(%)\—zt)—m/zE[e—,\*?t s c\A<1+4>/Pz\2P\y+\/ﬁYS\2%13]
AT I (A2t (AIFD /Py ).
O
Now, we give the proof of Theorem 2.1.

Proof of Theorem 2.1.
Since p(t; x,y, x,y) is a real valued function, using (3.1) and (3.2), we can
write

I(t,$7y) = |p(t)x7y7xay)_pﬂ(taxayax)y)’
= (27Tt)_d/2}E[(cos F'(z,y) — 1)€_tf01 V(m““/iXs’y*'\/EYS)ds] ‘

Since 0 < 1 —cosf < 62/2 for 6 € R, I(t;z,y) is estimated by
1 _ Ve .
5(2mt) V2B [P (2, y)2e o VEtViXoyVivads]

By the Schwartz inequality, Lemma 3.2 and hypothesis (A.2) and (V.2), we
have

I(t;2,y) < Crt2BIF! (,y) ] 2B o VX w Ve 12
< O 2(1 + |[2) 20|y |4 B [e~Cat o (ot VEXSPPly+viYa Pods] 1/2

Define the function £ by (3.3) and let y be the characteristic function of the

sets {& > |z|/2V/t}.

Now we decompose

(3.7) K (t;3,y) = B[e 0ot Jo (ot VXS PP ly- Vi [21ds)
into the form K (t;x,y) = 25:1 K;(t;z,y) where

Ki(tiz,y) = E[eCotloQHotvVix.Pyrly+Vavipods, |

Ks(tz,y) = E[e*CStfol(HlﬁﬂXs|2)p‘y+‘/m|2qu(1 - x)]-
Then we note that K (t;z,y)"/? < 25:1 K;(t;z,y)'/2. At first, we consider
Ki(t;,y). Since (1 + |z + VtXs|?)? > 1, we see that

Ki(tz,y) < Ele Ol Vi) gl

E[e—Cgtfol ‘y—i-\/fYSPq)ds]P({g Z |x’/2\/i})

By Lemma 3.1 and Lemma 3.3 (i), we have

K (t; x, y) < 04(6—C5t|y|2q + e—Cg\y|2/t)€—C’7\x|2/t_
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Therefore,
Ka(t) = 702 [ (14 o P2l K (6, 9) dndy
< Oy /(1 n |$’2)2aeC7|x2/tdx/ | (e~ Cotlu®t | o~Colul?/t) gy
Since a simple computation leads to
/(1 + |z[?)20e Ol gy = O(t"2) ast — 0
and
/ |1 (e~ Gty o= Colul/ty gy — O (ab+m)/(20))

we have an estimate of K (t):

(38) K, (t) < CSthm/27(4b+m)/(2q) _ O(tf(m+mq+nq)/(2q)+2(17b/q)+n/2)‘

Secondly, we consider Ks(t;z,y). Since we have |z + vtX| > |z|/2 on
supp(1 — x),

(3.9) Ko(t; 2,y) < E[e=C1tJo (+laP)Ply+Vivi2ds]
Now, we decompose
Ky(t) = 2—d/2 //(1 4 |x\2)2a|yl4bK2(t;x,y)1/2dxdy
= Koi(t) + Kaa(t)

where

Kaalt) = 27 [[ (1 P oty Kot . ey,
lz|<1
Kaalt) = &7 [[ (1 PPty Kot .9 ey,
lz[>1
For the estimate of Ko1(t), we use (1 + |z[?)? > 1 in (3.9). Thus we have
K271(t) < $2-d/2 // (1+ ’x‘2)2a|y‘4bE [esztfol |y+\/st|2qu]1/2dxdy.
lz[<1

Here, by Lemma 3.3 (i),
E[e*CQt Jo \y+\/iys\24ds] 2 _ {(%t)mme,t(,%Ay+g4\y|2q)(y) y)}1/2

Cyt™/ A e~ CatlyP*? | o= Cslyl?/t)

IN

Therefore, we have

(3.10) Koq(t) < Ot~ (mna+ma)/(29)+2(1-b/q)+m/4,
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For the estimate of Ko 2(t), we use (1 + |z[?)P > |z|?P in (3.9). Since
(311) Kg(t, T, y) < E[e—CQtfol |$|2P|y+\/ﬂfs|2<IdS:|7

we have

Kyp(t) < #2797 / / . (1 + |z2) 2|y E[eCot Jo [Pyt viYs 2ds 12 o, g,
z|>1

=t2_d/2/ (1+ |ﬂf|2)2“df6/!yl4b(27ft)m/4<](t;|9«“!,y)1/2dy
|| >1
where J(¢;|z],y) is as in Lemma 3.3 (ii) with ¢ = Cy. If we define

F(tio) = 2t/ [ (8 ol )2
it follows from Lemma 3.3 (ii) with A = ¢'/2 and the change of variable
t~Y2y — y that

F(t; ) = £ F9mAp (1507 0/Cr)g),

Thus we have

Koalt) = £ [ RCRERRCRTE
z|>1
< C7t2—d/2+2b+m/2/ lz[* F(1; 1040/ CP) 1) dy.
2| >1

A change of variable t1+9/(P) g — 2 in the last integral leads to

K272(t) < C7t2—d/2+2b+m/2—(1+q)(4a+n)/(2p)/ |£C|4QF(1; l‘)dl’
|g;|2t(1+q)/(2p>

Here we need the following lemma:

Lemma 3.4. Under the above notations, there exist constants C;j (j = 1,2,
3) such that

Cy|z|~Wotmp/a for |z| < 1
F(lLz) <
Coe=CalzlPP/HD  gor 2] > 1.
Proof. Since J(t;|z|, || 7P/ 04D y) = |g[pm/(1+0) j(|2|2P/(H0 ¢ 1, ), we have
F(tia) = (2n)™" [ i3 el )y

= (27T)m/4/ |y|4b|x‘pm/2(q+1)J(|x’2p/(q+1); 1, |x’p/(q+1)y)1/2dy'
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The change of variable \xyp/(qﬂ)y — y leads to
(3.12)
F(1,2) = (2m)™/ 4|~ (tmp/lat )y tpm/(lar1) / |47 (|22 (@40 1, ) 2 gy,
Since by Lemma 3.3 (i),
J(’$|2p/(Q+1); 1, y)1/2
< 03|33|—Pm/2(q+1)(6—01|$|2p/(q+1)|y|2q n 6_02‘y|2|x|72p/(q+1))7
we have

F(1,2) <Cslz] —(4b+m)p/(q+1)/|y|4b (e—(z‘llﬂcl2”/(‘1+1> Y20 o= Caly[?|al 2P/ (aFD) )dy.

By a change of variable |z[?/2(¢+1)y — y in the first term and |z|2/(¢+Dy —
y in the second term in the last integral, we have

Cala|~(rmv/a / e e

< C(||~@WtmIp/a 4 7)),

When |z| > 1, we write

F(1,x)

IN

F(1,) = (2m)/Ala] S/ [y a0 foleh; 1)1 20y,

Since —3A, + 2c|y|?? is positive definite, there exists ¢; > 0 such that
—3Ay + 2¢c|y|*? > 2¢;. Since |z| > 1, using Lemma 3.3 (i),

J(|jz|2P/@HD); 1, y) < Cge—ealel/ @+ (e=Calvl** 4 g=Calul?),
Therefore, for |z| > 1, we have

[l ;1,1 2y < CreereF

This completes the proof. O

End of the proof of Theorem 2.1.
By Lemma 3.4, we have

Ko o(t) < Cyt2=d/2+2+m/2=(14+q)(4a+n) /(2p) lz[**F (1, x)dx
|| >t(1+a)/ (2p)
< C8t2—d/2+2b+m/2—(1+q)(4a+n)/(2p)

. / ’$‘4a(4b+m)p/qu+/ ’x\A‘ae*Cl'xPp/(qH)dx )
t(1+a)/(2p) <|z|<1 |z|>1
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Therefore, we see that

(3.13)
Clgt2—/2+2b+m/2 {t—(1+Q)(4a+n) /(2p) 4 ¢—(1+q)(4b+m)/(2q) }7
if (4a+n)g— (4b+m)p # 0,
Koo(t) <
Cgt2—d/2+2b+m/2—(1+q)(4a+n)/(2p) log t_l,

if (4a+n)q— (4b+m)p =0.

Taking (3.8), (3.10) and (3.13) into consideration, we see that the proof
follows.

4. An Example.

In this section, we treat the case where the electric potential is of the form
(1.3) and the magnetic potential A(x,y) satisfies (A.1) and (A.2).
Let V(z,y) = (14 [z]*)Ply]** (p,q > 0 integers).

Corollary 4.1. There exists 61 > 0 such that:

(i) If pm > qn, Trle 1] = dyt=(m+ma+na)/2a9) (1 1 O(t%)) as t — 0.
(i) If pm = qn,
Tr[e~tH] = dot = (mtmatna)/(29) |og 41 4 Gy (mtmatna)/(2q) (1+0(t%))
ast — 0.
(iii) If pm < qn, Trle=tH] = dyt—"(+p+0/2P)(1 + O(%1)) ast — 0

where d; (i = 1,2,3,4) are given as below.
For the proof, it suffices to note

eftH — e*tHO 4 (eftH o e*tHO)

and apply Theorem 2.1 and Proposition 1.2.

In order to get the values of the constants d;, let A = —%A + |y[** on
L*(R™). According to [3], the complex powers A~* (s € C) of A are defined
for large Res > 0, the trace Tr[A™*] has a meromorphic extension Z4(s) in
C whose singularities are all simple poles {s; = (m(1+¢q) —j)/(2q) }j=o.1.....
Therefore, we can write

_ Res(so)

ZA(S) S — S0

+ Cimyg) + O(|s — s0]) as s — so.
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Here Res(sp) denotes the residue of Z4(s) at so and C(;, q) is a constant.
Then we have

gy = ot-a2__ L T(m/Qa)T((pm — qn)/(29))
q(1+q)  T(m/2)L'(pm/(29))
dy = 21—d/2i I'(m/(2q))
paT(m/2)0(n/2)’
gy —ot-d2_ 1 {F(M/@q))w«m +mq +nq)/(2q))
I'(n/2) pal’(m/2)
(1+ql((m+mq)/(2q))  T'(m/(29))

+ Cm -
(m.a) P q(1+q)I'(m/2)

ot 1) e () e () )
dy = 27/ (1 +¢)T((m +mq)/(2q)L(n(1 +p +9)/(2p)) , (n(l + q)>
pl'(n/2)T((m + mq + nq)/(2q) 2p

where ¢ (z) = I'(2)/T'(2) is the digamma function and + is the Euler con-
stant.

In the particular case where ¢ = m = 1, we have so = 1, Res(sg) = 271/2
and C(yq) = 271/2(~ 4 log 2). Moreover, for Res > 1, we see that Z4(s) =
(28/2 — 27%/2) R(s) where R(s) is the Riemann zeta function. Thus we have

gy — o~ =n)/2)

9

L(p/2)
1
_ o(1-n)/2
2 pl'(n/2)’
1 2 —p+23/2 n 91/2
_ 9(1-n)/2 b _b (n s
ds =2 F(n/2)[ w 2¢(2)+ g2

_ ol-n/2 F(n(2+p)/(2p)) n/(2p) _ o—n/(2p) n
o= 2 S 2T+ n/2) 2 2 B <p> '

For a more precise argument, see [3].
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