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We discuss the problem of finding a p-adic L-function at-
tached to an elliptic curve with complex multiplication over an
imaginary quadratic field K, for the case of a prime where the
curve has supersingular reduction. While the case of primes of
ordinary reduction has been extensively studied and is essen-
tially understood, yielding many deep and interesting results,
basic questions remain unanswered in the case of supersingu-
lar reduction. We will discuss a conjecture, related to another
in Rubin, 1987, and some ideas related to the problem in gen-
eral. The basic tools originate with the work of J. Coates and
A. Wiles in 1977 and 1978, and are developed in the work of
K. Rubin.

1. Set-up.

The analytic theory of L-functions and arithmetic properties of their special
values goes back to the 19th-century work of Kummer on the arithmetic of
cyclotomic fields. His congruences for Bernoulli numbers were re-cast more
than a century later as the p-adic interpolation of Riemann’s Zeta Function
and Dirichlet L-series, whose known special values are basically Bernoulli
numbers. Kummer himself introduced logarithmic differentiation modulo
a prime p and the use of cyclotomic units as a method of uncovering the
rich arithmetic structure of cyclotomic fields. In the modern theory, these
classical p-adic L-functions arise as a relation between the Z,][[t]]-module
of cyclotomic units and that of local p-adic units. The element relating
them is essentially the interpolating L-function, and the precise interpolation
result is obtained by a suitable logarithmic differentiation homomorphism.
The theory generalizes to the arithmetic of abelian extensions of imaginary
quadratic fields via the consideration of an elliptic curve as the arithmetic
object. Technical complications arise at primes p which do not split in the
quadratic extension, and relatively few results are known compared to the
ordinary split case. The main objective of this paper is to suggest a way
(82) by which interesting two-variable p-adic L-functions may arise from an
elliptic curve with CM, at primes of supersingular reduction.

The relative complexity of the method hinges on the relation between the
arithmetic “elliptic” units and p-adic local units in the supersingular case,
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to the author’s knowledge as yet unclarified, and perhaps worthy of separate
interest in itself. Propositions 2.1 and 2.2 contain preliminary suggestions on
this problem. Theorem 5.5 expresses the L-values which we believe should
be interpolated by a “supersingular” p-adic L-function, in terms of p-adic
logarithmic derivatives on elliptic units. These are values twisted by a char-
acter of p-power order. §6 generalizes this to higher-order derivations of a
two-variable formal power series, showing how the p-character and the local
grossencharacter act together. Finally, Theorems 7.4 and 7.6 are local com-
putations with logarithmic derivatives analogous to those done by Coates
and Wiles in [1, 2] for primes of ordinary reduction, hopefully of use to those
who may wish to obtain explicit results on the p-adic growth properties of
L-values, for example. We prove the relevant properties of the logarith-
mic differentiation homomorphisms used for these computations. The form
of these results given supersingular reduction is similar to, but rather less
transparent than in the ordinary case, as far as taking p-adic valuations is
concerned.

Let E be an elliptic curve over an imaginary quadratic field K, with
complex multiplication by the ring of integers Ok . The following notation
is standard. Let ¢ be the Hecke grossencharacter attached to F, and f its
conductor. Pick a prime p of K not dividing 6f, and let p # 2,3 be the
prime of Z below p. Assume that p remains prime in K. This implies that
E has good supersingular reduction at p. Let m = #(p). This is the unique
generator of p that reduces to Frobenius modulo p. Note that p and = differ
only by a unit of Of.

Consider for n > 0 the abelian extensions K (E .+1)/K obtained by ad-
joining the coordinates of the p™*!-division points on E. Define Ere =
Un>o Exn+1 and consider the Galois groups G, = G(K(En+1)/K) Goo =
G(K(Ez=)/K). Denote by K, the completion of K at p and by O, its
local ring of integers. We use the same symbol p for the prime ideal of
Op. Let K, be a fixed algebraic closure of K. Let K, = Ky(Em+1) and
Ko = Uy g Kn = Ky(Ere). One has canonically G,, = G(K,/K,) and
G = G(Ks/Kp). The structure of these extensions is described by the
theory of Lubin-Tate formal groups. This is a very useful fact, since all
Lubin-Tate formal groups over Oy, are isomorphic and one can choose among
them one well suited for computations. This idea is illustrated in [1, 2].

In our case, the hypothesis of supersingular reduction is equivalent to this
formal group having height 2 and not 1 as in the case of ordinary reduction.

The p-part of the grossencharacter corresponds to the character k : G, —
O, which gives the action of G, on p-power division points of any of the
Lubin-Tate formal groups associated to m over Oy. If £ is such a group, then

(1) w7 =[k(0)|(w) Yw € &, 0 € Gu,
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where [a] is the Op-endomorphism of £ corresponding to a € Op. k estab-
lishes isomorphisms Gy, = O} /(149" 1 0p) 2 g1 % (14pOy) /(14p" 11Oy,
and Goo = Of = 141 X (1 +pOy) where ¢ = p? in the supersingular case.
These correspond to the decompositions G, = A xI', Goo =2 A x I'yo where
A=Gy=G(Ky(Ep)/Kp),T'n = G(Kn/Kp),I'nc = G(Kx/Kp). In the case
of supersingular reduction we have x : I'no = 1 + pO, = Zf,. These are
therefore Iwasawa, Zg extensions, not Z, extensions as in the ordinary case,
which complicates matters. We let kg be the restriction of kK to A = Gg. It
establishes an isomorphism A = 1,_1.

Let A = Zp[[G]] = lim Zp[G] be the Iwasawa algebra. Let p be, as in [5],
the Z,-representation of A that reduces modulo p to the IF,-representation of
A giving the action on Ej. Lemma 11.5 of [5] shows that this is an irreducible
representation, and in the supersingular case, its degree is 2. In particular,
AP = Oy[[Loo]] 2 O[S, T]] since T'oe = Z2, although the isomorphism is
not canonical, depending on a choice of topological generators for I'y,. For
this reason p-adic L-functions in the supersingular case will be 2-variable
L-functions.

We need the following facts. If * denotes the action of the non-trivial
automorphism of K, /Q,, then p = ko @ ko* over Ky, and ko* = ko” because
* gives the Frobenius element of K, /Q,, and p is inert.

2. Iwasawa Structure of Local Units.

Let U, be the group of units of K,, congruent to 1 modulo the unique prime
ideal above p, and C,, the closure in K, of the group of Robert elliptic units
of Ky. One has €y, C U,. Let U = limU,, and Cs = lim C,, where the
limits are with respect to the norm maps. In [5], Lemma 11.9, it is shown
that U% = (A?)? and C% = A?. Furthermore, one can decompose U%, into
a direct sum

(2) Uopo =U; ® U,

such that 6(U1) = O, and 6(Uz) = 0, where 6 is the “reciprocity law map”
§: UL — Oyp. 4 is a “k-homomorphism,” meaning 6(u”) = k(0)d(u) Vo €
G oo, and 6 maps AP-submodules of UL, to ideals of Op. (See [5], Prop. 11.7.)
We come now to a problem of central interest. In [8] it was stated that
one could choose a decomposition as in (2) in which C%, would be contained
in one of the two free components Uy, Us. The truth of this statement seems
still not to be known at this time. We will refer to this conjecture as (C).
If (C) is true, then a generator ¢ of C% and a generator u of the free
component that C5& would lie in are related by ¢ = f - u, where f is an
element of A?; now f can be viewed as a power series in two variables with
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coefficients in Op. This would be a natural candidate for a two-variable p-
adic L-function, since this procedure is completely analogous to the way one-
variable p-adic L-functions arise in the ordinary case and in the “classical”
case over Q.

The question (see [8]) would then also be to find a generator u of suffi-
ciently explicit form that the Coates-Wiles logarithmic differentiation map
and its generalizations, which yield L-values when applied to elliptic units,
yield a sufficiently explicit factor when applied to u. This is what Coates
and Wiles do in the ordinary case [1, 2], using the basic Lubin-Tate formal
group. This in turn leads to an understanding of the p-adic interpolation
properties of those L-values. Over Q this theory gives the classical congru-
ences of Kummer, Clausen and Von Staudt.

We study to what extent a decomposition of U4, as in (2) can be “per-
turbed.”

Proposition 2.1. If u € U, then:
(i) 6(APu) = Oy if and only if 6(u) # 0 mod 7.
(ii) If ui,us € UL with APus C APuy, and 6(uy),5(uz) # 0, then APus =
APuy if and only if ord,(6(ug)) = ord,(d(uy)).

Proof. (i) is straightforward from the properties of 0. In general, 6(APu) =
Opd(u). For (ii), write ug = f -y and apply 6. Since d(uz) = f(k(y1) —
1, k(y2) —1)d(u1), (see [1]), APug = APu; if and only if f is a unit in A”, and
this is so if and only if f(0,0) is a unit at p. Since f(k(y1) —1,k(72) —1) =
f£(0,0) mod m, we see that this is the case if and only if the quotient of
d(u1),d(ug) is a unit at p. O

Proposition 2.2. Suppose we have Uk, = Uy & Uy with §(Usz) = 0, and
hence §(Ur) = Op. Letu € U, such that §(u) € O}. Using additive notation,
let u = uy +ug, with uy € Up,us € Uy. Then Uy = APuy and UL, = ANPud Us.

Proof. For the first part, note that §(u1) = 6(u) € Oy and, since APu; C Uy,
by the remarks above, equality must hold. As for the second, clearly u; =
u — uy € APu + Us, therefore U; C APu + Us, and hence UL, = APu + Us.
The sum is direct: If v € APu N Us then v = f - u = vy for some f € AP
and v9 € Us. Thus f-uy =vo— f-uo € UyNU; =0, and so f = 0 and
vg = 0. O

Hence if we find an element v in U%, such that 6(u) is a unit, and we start
with a given decomposition Uk, = U; @ Us, where §(Us) = 0, then we can
replace our Uy with APu (i.e., assume that U is generated by u) without
changing U;. There is then a relation ¢ = f-u + f v, where ¢ generates
C%, 8(v) =0 and f, f are two-variable power series with coefficients in O,.

A natural v having a particularly “simple” form was already used by
Wiles in [2] for the ordinary case, and works also in the supersingular case.
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The more explicit the evaluation of the Coates-Wiles derivations on u, v is,
the more explicit the relation becomes. .

If (C) holds, then the second term with f and v disappears. If (C) is
false, then one must also study the “extra factor” v. We know that d(v) = 0,
but the generalized J-maps need not vanish at v. The nature of these is
connected with explicit reciprocity laws. If (C) is true, this would raise
the further question (C’) of whether the elliptic units C% lie in the free
component U; having as generator the “special” sequence of local units u
discovered by Coates and Wiles, in which case we would get an explicit
relation of the form f(x,*) = (L — value) - (explicit factors) , but this may
be too good to be true. Nevertheless, see [9] for a different approach to this
problem and evidence that in any case makes investigation of the problem
interesting.

3. The Basic Lubin-Tate Formal Group.

See [3] for details or proofs of the following facts. The basic Lubin-Tate
formal group associated to 7 is the formal group £ in which multiplication
by 7 is given by the polynomial [7](X) = 7#X + X% It is the simplest
series over O, satisfying the Lubin-Tate conditions f(X) = X mod X? and
f(X) =xX mod p, and is simpler to work with computationally. In general
we let [a] denote the power series representing the Op-endomorphism of £
given by the action of a.

Let Ny, Thnn, Ny, Ty, represent the norm and trace maps from K, to
K, and from K, to K, respectively. Let + denote addition in £ and X the
logarithm (normalized isomorphism with the additive formal group G,).

We fix a generator (wy) of the Tate module, that is, a sequence with
wy, in the ring of integers of K,, such that [7](wn+1) = wy, for all n > 0.
Then K, = Kp(w,) and in fact this sequence is also norm compatible:
Nn+1,n(wn+1) = Wn.

If u = (un)n>0 € Uso, denote by g, the Coleman power series associated
to w, that is, the unique series g, € Op[[T]]* such that g,(w,) = u, for
all n > 0. For o in G, given the definition of x, we have the relation

Gue = gu © [K(0)].
4. L-values.

Over the complex numbers C, special values of Hecke L-functions at the
integers may be expressed as logarithmic derivatives of theta functions. One
may obtain an analogous p-adic relationship. Details of these facts may be
found in [6], which draws from [1, 2]. To get L-values, one uses the Robert
elliptic units, which are defined by picking a suitable theta function ©. One
can find a sequence ¢ = (¢,) of elliptic units whose projection onto the p-
eigenspace generates C%, over the Iwasawa algebra A. ([6] Theorem 12.11.)
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Let @ be the Coleman power series corresponding to c. Let 2 be an Og-
generator for the period lattice of a suitable Weierstrass model of E//C. The
central relation is contained in the following result of Rubin [6], §12.

Theorem 4.1. Let Q € E(K) be of exact order fp"t*. Then for k > 1, and
X a character of Gy, of p-power order,

k
> Mot g0, . = 3 x(o) (5 ) g0 o

c€Gnp oc€Gp

=B 7L, (zb_kx, k)

where Df = %fT/ is the Coates-Wiles logarithmic derivation ([9], §2) and
B = By, may be chosen to be a unit over p, at least for 1 < k < gq— 1.

5. Formal logarithmic derivatives.

Definition 5.1. Let £ denote the “formal logarithmic derivative” on O[[T7],

given by Lf = st Dlog(f) = xiizy & for f in O[[T]].

It is easily seen to satisfy Lfifo = Lf1 + Lfs for fi, fo € O[[T]] and
L(fola])=a-(Lfola]) for f e O[T]] and a € Oy.

Definition 5.2. Let v = (up)p>0 € U, and define dp(u) =
7T LGy (wm). Then 6, (u) = d,(u) for all m,n > 0. Let §(u) be the
common value.

Lemma 5.3. We have 6(u) = (1 —1)Lgy(0) for alln > 0. Thus 6(u) € Oy.
Proof. See [3], §8. O

Definition 5.4. For a character x of Gy, taking values in K_'p*, define a
map 0,y : Usw — Ky by the formula 6,y (u) = >, cq X(0)Lgu(wy)-

We list the basic properties of the maps 6, , from [9], §2, and some others.

1) Ony(ut - u2) = 0y (u1) + Oy (u2) for ug, up € Us.

2) By continuity, 0p  (u®) = adp . (u) if a € Oy.

3) If x =1, then 6, , = 7"4.

4) If x is a character of G, and 7 is any element of G, then lifting x
t0 Goo, one has 8,1 (u™) = kX1 (7)ny (u).

5) Let 41,72 be Zpy-generators of I's. Then for all x of p-power order,
we UL and f € AP, 0, (f-u) = £(rx 1 (n) = L, kx~(32) = 1) (1)
(this is slightly different from [9] but is proved similarly using that the
character values are congruent to 1 modulo the prime above p in K, p)-

In light of this definition and 4.1 we have the following:

Theorem 5.5. Forn > 0, 6,,(c) = B - 7"t . Q7 Ly, (4x, 1), where B is
a p-unit.
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We determine the action of §, , on an element in the p-eigenspace U5, and
prove some additional properties of these maps. If u is any element in Uy,
let u” denote the p-component of u in Uf,. Note Tr(p) = ko+ ko™ = Ko+ K]g.

Proposition 5.6. If x € G, and x =1 on A, then O (UP) = Oy (w).
Proof.
B (1) = B (wT Zoca 1))

= LS oy ) (k0 0) + 0 (0) B

- 1 ogeA
1 _ _ _
= <Z GRS IR p(a)) B (1)
q gEA gEA
From the above we see that
Snr(u) if x=1o0rry?onA
(3) 6”’X<up) - {0" " otherwise

0

Note that the condition ¥ = 1 on A is equivalent to y having p-power
order, and in fact to really being a character on I';,,. This is clear from the
decomposition G,, =2 A x I',, and #A = p? — 1, #I', = p**. From now on,
let us assume that the characters y have p-power order.

Proposition 5.7. Let Iy, , = G(K,/Ky) for m > n. If x € I‘Tlmn (i.e.,
x=1onTp, CTIy), then 0pm, = 7" "0y y

Proof. Using the basic properties of £ and g, as in [3],

(4) O (u) = Z Z (o7)Lgu(wy,)

O’EFm/Fm n TEFm n

= > x@) Y Lgulwp)”

G'Erm/rm,n TEFm,n

= > xX(O)(TmnLgu(wn))’

UEFm/Fm,n

=7y X(0) Lgulwy)

oel’y,

=70 (w).

Corollary 5.8. For y € F,;H, Ong1,xp = T xp-
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Proof. From the structure of the local extensions K, one sees immediately
that Fn 41,5, 18 the subgroup of p-th powers. It follows that for any y € I‘n+1,

we have xP € I'+,, . and so we can view x? as a character of T',,. g

Thus in calculations we can assume that the character x has maximum
order.

6. Higher Derivatives.

We may easily generalize the maps 4, , so that we obtain information con-
cerning the values Lsp (¢, k).

Definition 6.1. For u € Uy,n > 0,k > 1, define
ok (W) =Y x(0)D" ' Lgu(w]),
OeGn

d

where D is the derivation /\,( XY dz-

By Theorem 4.1, we have 8} (c) = «" - B- Q™! Ly, (¢*x, k), where B is
a unit, if 1 < k < ¢ — 1. In his paper [4], Katz has shown that a family of
derivations D,, may be defined by the formula f(X+Y) =3 > D, f(X)Y"
and in addition, if 0 < m < ¢g — 1, then D,, = #Dm. Since g, = 1
mod (, X),log g, converges formally, and we may write D*~1£ = D¥log.
Substituting f = log g, above gives log g,(t + s) = > 7, Di log gu(t)s*. We
may then define a power series, given a character x of G, and a sequence of
units v € Uy, by

g(u,x: t,8) = D x(0)log gu([k(a)](t) + 5)

ceGp

= ( S x(0)(Dylog gu) o [m(an(w) .

k=0 O'EGTL
It is readily seen from the above remarks that

ds

In particular, g(c, x, wn, s) yields L-values.

d k
O (u) = () 9(u, X, wn, 8)|_o if 1 <k <qg—1

7. Special Local Units.

As was done in [2] for the ordinary case, we now describe a sequence of local
units which will give elements of Uy, with simple Coleman power series. As
usual, ¢ = p?. Let B in Oy be such that B9~ =1—mand B =1mod 7. Such a
(3 exists by Hensel’s Lemma applied to the polynomial f(X) = X971 —(1—mx).
If ¢ is any one of the ¢ — 1 roots of unity in K, then f(() =7 =0 mod p



SUPERSINGULAR PRIMES AND p-ADIC L-FUNCTIONS 497

and f'(¢) = (¢ —1)¢"! £ 0 mod p, so that there is a lifting of ¢ to a root
in Oy.

Lemma 7.1. Ng, /g, (8 —wni1) = (8 —wy) for alln > 0.

Proof. The minimal polynomial of w41 over K, is P(X) = X9+ 71X — wy,
and hence the minimal polynomial of 8 — wy41 over K,, is —P(8 — X). It

follows that Nyp11,(8 —wpt1) = —(=1)9P(B) = P(B) = 1+ 708 —w, =
B — wn. O

Theorem 7.2. For each d dividing ¢ — 1, we have Nyi1.,(3% — wgﬂ) =
(8% = wi).

Proof. The lemma is valid for any 8 such that 89! = 7, in particular with
(3 changed to ¢ where (9~ = 1. Taking the product over (¢ = 1 gives the
result. (]

We obtain a sequence of units u(®) = (u,(ld)) € Us for djg — 1 whose
Coleman power series is f¢ — X¢.

Corollary 7.3. §(u¥) =0 ifd #1. §(uM) = (1 —7)5~" % 0 mod 7.
Proof. Explicit calculation, using Lemma 5.3. U
Theorem 7.4. u(D? =1 unless d = 1.

Proof. We calculate the Coleman power series of the projections. First we

compute the p-part of the unit u(® = (u%d)):

u® = T[ @™ D7 _ T (59 - s (o))t ™),

n
ocEA ocEA

We have used the fact that [ko(0)](X) = ko(c)X in the basic Lubin-Tate
formal group. The Coleman power series for u(¥? must then be

G(X) = T] (8 wo)x 71 "7,
ocEA
Note that (F%Tr(p(afl)) is an element of Z, and that 3¢ — kd(0)X? =
1 mod (m, X), so this expression indeed defines a power series in O, [[X]]
satisfying G(wp) = 1, for all n > 0. Furthermore, G(X) = 1 mod (7, X)
Writing (37 — k(o)X %) = 5% (1 — (ko(0)X/B)%) we compute

Y

logG(X) = 3= = Trp(o™") o, (3)

gEA

+> : Trp(o ") log (1 - ’ig(U)Xd>

oeAq_l
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where log,, is the p-adic logarithm, and the logarithm of a power series which
is congruent to 1 modulo (7, X) is given by the usual series expansion for

log(1 + X). Then

o dk dk
65)  logG(X)=— 3 —Trp(e )3 D XD
STAN q—1 k=1 ﬁ k
X dk
= Z Z Trp(o e (o) T
GEA k3

We have Trp(o™1)-k@* (o) = (ko(o™) + k§(0™")) k¥ (o) and, since k§ = K5,
when we sum over A the result is > A ( (k=1 (o) + mdk (7)), which is 0
unless dk — 1 = 0modqg—1 or dk — p = Omod g — 1 in which cases it
is equal to ¢ — 1. However, since d|q — 1, we see that unless d = 1 these

congruences are impossible, and hence log G(X) = 0, so that G(X) = 1 and

thus u¢ projects trivially. O
For d = 1, we have logG(X) = —Zk517pmodq_1Xk/kﬁk. It is easy to
compute
1 d 1 Xkt
Q g b\ )dl‘ Ogg( ) )\/(X) k;p ﬁk
1 X+
— ﬁ_l
N(X) ,E%_l B

Compare this to the result in the ordinary case in [1, 2]. We may sum the

series,
1 x77! 1
0= (1 [5]) e

1—m
We could further modify this by employing the definition of # and the
formula (1 — X2m@)(1 4+ X®)~! = 322" 1(—1)" X This gives

1 31
N(X) 1 <%)P*1 N <%>2(p*1) T <%)p(p*1)'

Note that 0\ (u”) = >, cq. X(0)Q(wy), although this does not simplify the
expression 0y, y (u”) = 0y (u) = = cq. X(O’)m : ﬂ_%ng We compute
N (wp).

O(X) = -
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n
Lemma 7.5. For all n > 0, we have X' (w,) = H (1 + kaq—1> :
T
k=0

Proof. By differentiating the relation A o [r"*1](X) = a1 \(X) we obtain
[T (XN o [7F1] = a7 FIN(X). Substitute X = w, and X (0) = 1 to
get [7") (wp) = 7N (wyp). If f is a function and f, = fo 8" then
(X)) = Hnm;01 I (fn(X)) for every m > 1. Applying this to f = [r] gives
[ (wn) = [T (7 wn)) = TT) (wa) = TT ) (w)-
k=0 k=0 k=0
Since [7](X) = 7 + ¢X9! we conclude

n n

—(n+1)[, n+1 —(n+1 -1 q -1
k=0 k=0
U
We finish by mentioning a connection to sums Sy, (x, k)= _,cr., x(o)(W3)*.

A straightforward calculation gives:

Theorem 7.6. Let N (X) ™" = 302, ;X @D with b; € Op. Then 8, (u”)
= (1 - q)ﬂ_l Z;.;:O cmSn (Xa (q - 1)m) , where ¢y = Zi+j=m Ufbizﬂ)J
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