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BOUNDEDNESS OF THE RIESZ PROJECTION ON
SPACES WITH WEIGHTS

STEPHEN D. ABBOTT AND IRINA MARINOV

Given a bounded, non-negative operator W and a projec-
tion P on a Hilbert space, we find necessary and sufficient
conditions for the existence of a non-trivial, non-negative op-
erator V such that P is bounded from L?(W) to L?(V). This
leads to a vector-valued version of a theorem of Koosis and
Treil’ concerning the boundedness of the Riesz projection in
spaces with weights.

1. Introduction.

Let 0D be the unit circle in the complex plane, define the function y on 9D
by x(e?) = €, and set P = {p:p = Zi\f: ~ X"}, Let o be normalized

Lebesgue measure on dD. The Riesz projection Py is defined on P by the

formula P+(Z£[:_N cxxX®) = Zé\fzo crx.
In [4], Paul Koosis proved:

Theorem 1 (Koosis). Given a non-negative function w € L', there exists
a non-negative, non-trivial function v € L' such that

/ |Py f|*vdo g/ \fPwdo  YfeP
oD oD
if and only if % e L.

The w™! € L' requirement may look familiar to readers acquainted with
the theorems of prediction theory, and indeed, in his proof of Theorem 1,
Koosis observes that the necessity of the w™! € L' condition is a consequence
of:

Theorem 2 (Kolmogorov’s infimum). Given w >0 in L!,

1 -1
inf{/ ll—p\dea:pGP,/ pda:()}:[/ da] )
oD oD oD W

where the infimum is understood to be zero if w=! ¢ L'.

Koosis’ proof that w=! € L' is sufficient in Theorem 1 is short and ele-
gant, but it uses techniques from analytic function theory that tie it to the
scalar-valued setting. A version of Theorem 1 for vector-valued functions
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and operator-valued weights was proved in a very different way by S.R. Treil’
in [6]. Treil’ takes an interesting geometric approach, and it is this view-
point that prompted us to study more deeply the nature of the relationship
between the weights w, v, and the projection Pj.

Starting with an extremely general formulation of the Koosis result in
Section 2, we prove a version of Theorem 1 for a projection P and a non-
negative, bounded operator W on an arbitrary Hilbert space £. The re-
sulting theorem (Theorem 4) has some interesting implications when we
specialize to L? of the unit circle. We cannot, however, use it to recover the
Koosis result (for bounded weight functions) since the positive operator V'
that appears in the theorem need not be a multiplication operator. This
issue is addressed in Section 3, where we introduce a bilateral shift U on £
and require that our weights W and V' commute with U. The main result
of this section (Theorem 7) is a strengthening of Treil’s vector-valued result
referenced above.

This research owes a great debt to Treil’ in that the proof of Theorem 7
uses the same line of attack discovered by him, albeit with two notable dif-
ferences. One substantial simplification comes from the use of Theorem 4
below which is essentially a corollary to the main result in [1]. A second,
more significant, improvement is achieved by replacing Treil’s geometric con-
struction with an algebraic argument that enables us to drop the hypothesis
of invertibility assumed in Treil’s work. (See Corollary 8.) The result is a
stronger theorem with, what is in our opinion, a more elegant proof.

2. Koosis’ Theorem for an Arbitrary Projection.

Let £ be a Hilbert space with inner product (-,-), and let B(L) be the
algebra of bounded linear operators on £. Given a projection P € B(L)
onto a subspace C C L and a non-negative operator W € B(L), we ask
when there exists a non-trivial, non-negative operator V' € B(C) satisfying

(VPf,PfY < (W[, f) VYfecL.

It may seem surprising that one could say anything interesting at all without
the addition of some more hypotheses, but we get hope from the fact that
Kolmogorov’s infimum has a useful analogue in this very general setting.
The result appears in [1], and is stated here as:

Theorem 3. Let W € B(L) be non-negative, and let P € B(L) be the
projection onto a subspace C C L. If k € C, then

(1) WLV (k4 f),k+ ) Pf =0} = T ([PWc] k),
where W, =W +¢€l, and I is the identity operator on L.

The two inverses in Equation (1) refer to different spaces. For each € > 0,
the operator W, is invertible in B(£). Letting A, = PW.!|c € B(C), we
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have that A¢ is bounded below and thus is invertible in B(C). The limit in
Equation (1) is monotone decreasing with decreasing €, and a polarization
argument ensures that lim,_o+ ((PW.|c] 71 f, g) exists for all f,g € C. Thus
it makes sense to define V' € B(C) to be the weak limit of [PW_1|c]™! as €
tends to zero from the right.

Combining these observations with Treil’s geometric insight into Koosis’
theorem gives us:

Theorem 4. Let W € B(L) be non-negative, and let P € B(L) be a projec-
tion onto C C L. Then V = wk- lim+ [PW Y]t satisfies
e—0

(2) (VPf,Pf)<{Wf.f) VfeL,

and is maximal in the sense that V > B for any B that also satisfies (2).

Proof. For f € L, write f = k + g where k € C and ¢g € C*+. By Theorem 3,
(VPLPf) = (VEE) = inf (W(k-+g).k+g) < (WE.1).

If B satisfies (2), then for any ¢’ € C* it must be that (Bk, k) < (W (k +
g),k+¢'). Thus

(Bk, k) < Pigf W(k+g),k+4d)=(Vk,k).

O

Corollary 5. Given W and P in B(L) as in Theorem 4, there exists
a non-negative, non-trivial V. € B(C) satisfying (2) if and only if
1im+([PWE_1|C]_1k,k> > 0 for some k € C.

e—0

Corollary 5 is just a slightly weaker reformulation of Theorem 4 that
more accurately parallels the statement of Koosis’ result (Theorem 1). The
next proposition gives a condition sufficient for proving the existence of a
non-trivial weight V. Although it is no longer necessary, this condition is
somewhat easier to verify than the one given in Corollary 5.

Corollary 6. Given W and P in B(L) as in Theorem 4, there exists
a non-trivial, non-negative operator V. € B(C) satisfying (2) provided
1ir(1)1+(We_1k:, k) < oo for some non-trivial k € C.

e

Proof. Let Py be the projection onto the one dimensional subspace spanned
by the vector k. A straightforward calculation shows that the operator
P.W | p  is just multiplication by the constant <W_1ﬁ’ ﬁ) Since k €

€
ranP,

Jnf (W(k+ ).k + ) > it (W(k+ ).k + f).
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Now using Theorem 3 we can write

. —1 —1 . —1 —1 I T ||k||4
EE%LQPWV; k] k7k>zeggiq}%ﬂc |Hﬁ] k%k>_€EgLZﬁZ:q;25’

and the result follows from Corollary 5. (]

3. Laurent Operators.

The generality of Theorem 4 has a strong appeal; however, the original
Koosis result deals with multiplication operators, and this quality is ignored
in Theorem 4. Consider this example on L? of the unit circle.

Let w > 0 be a bounded function satisfying (i) logw € L' and (ii) 1 ¢ L',
and define W to be multiplication by w on £ = L?. The Hardy space H? =
{felL?: f(n) = 0,Vn < 0} is a closed subspace of L? and the orthogonal
projection Py onto H? agrees with the Riesz projection P, on polynomials.
Now condition (i) implies that there exists an h € H? such that |h|?> = w a.e.
on the unit circle, which means that lim (W, 'h,h) = 1. By Corollary 6,

e—0F
then, there exists a non-trivial, non-negative operator V € B(H?) satisfying

(VPuf,Paf) < / |f|?w do for all f € L?. However, using Theorem 1, we
oD

see that condition (ii) above implies that there is no way to extend V to be
multiplication by some non-negative function v on L?.

This example illustrates that to fully recover Koosis’ theorem from the
abstract setting, we must introduce a bilateral shift U € B(L£) and consider
operators that commute with U.

Definition. A unitary operator U € B(L) is a bilateral shift if there exists
a projection Py € B(L) satisfying
(i) P()UjP() = (Sj,opo, V] € Z; and,
n

(ii) as n — oo, Z U7 PyU* converges strongly to the identity on L.
j=-—n
o0

Letting Py = PyL, we can write £ = Z ®U’Py. Theorem 7 will deal
Jj=—00

specifically with the projection

o
Py = Z U PyU*
j=0

onto the half-space H = Z aU’Py.

=0
Definition. An operator A € B(L) is Laurent (with respect to U) if AU =
UA.
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In the case of the umit circle, if U € B(L?) is given by Uf = xf, then
A € B(L?) is Laurent if and only if Af = ¢f for some ¢ € L. An analogous
fact holds in the vector-valued case ([5, p. 110]).

We are now ready to prove:

Theorem 7. Let W € B(L) be non-negative and Laurent. Then there exists
a non-trivial, non-negative Laurent operator V. € B(L) satisfying

(3) (VPuf, Prf) < (W[ f) VfeL
if and only if Vp :wk—lir%[PoW;HpO]*l is non-trivial.
Moreover, if Vi is non-trivial, then V' can be constructed to satisfy
1
(4) (Veye) > Z(Voc, c) Ve e Po.
Proof. Assume V exists. Then for any f € L,
1 1 1 *
(VPof, Pof)2 = |IV2Rf| = |V2(Pr—UPU")f|

< IVEPHf| 4+ [VEUPHU"f|
1 1 %

< |VEPRf| +|[VEPU*f]|

< (WF, )7+ (WU f,U*f)?

1
2Wf, f)z.
Thus, i(VPof, Pof) < (W, f)forall f € L, and so by Theorem 4, %P0V|7;O
< Vp. Since V is non-trivial and Laurent, its kernel cannot contain Py and
it follows that Vj is non-trivial as well.
Conversely, assume Vp =wk- lilrn+ [PoW. Y p,] 7" is non-trivial. For n > 1,
e—0

n
define P, = Z U7 PyU* to be the projection onto the subspace Py, = P,L,
j=0
and let V;, =wk- lim+ [P,W. Y p,]~!. By Theorem 4,
e—0

(VaPof, Puf) < (Wf, f) VfeL,
and the sequence V;, is monotone in the sense that if 0 < m < n and p,, € P,
then
mPmsPm) = inf m s Pm
(VinPms Pm) o0 oW P+ f) o+ f)

mJ=

< Pirflf:0<w(pm + f)>pm + f> = <Vnpm’pm>'

Roughly speaking, we intend to define V' via the limit of the monotone
sequence V. The dilemma is that the argument will require each successive
operator to be a dilation of the previous one (i.e., P,V,411|p, = V,,) which is
not true of the sequence V,,. Thus, we first need to move to a new sequence
A, satisfying 0 < A,, <V, which does have this property.
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To this end set Ay = Vp, and define A, 11 inductively as follows. Write
Pri1 = Pn ® U 1Py, and denote V,, 11 € B(P,41) by the 2 x 2 matrix

B D
V”+1:<D* C’)

where B, C, and D are acting on the appropriate spaces. Now V,,;1 > 0 is
equivalent to B > 0, C' > 0 and the existence of a contraction W : ranC —
ranB satisfying D = B:W('z [3, p. 547]. Letting X = WC? leads to the
LU-factorization

1 1
B D B2 0 B> X
5 VTL = % =

where Y = C— X*X = O (I— W*W)C% > 0. By the induction hypothesis,
0 < A, < B which implies that A,, = B %Z B 3 for a positive contraction Z
[2, p. 413]. Now it is straightforward to verify that

o B: 0 Z 0 B: X
n+1 — X Y% 0o I 0 v
satisfies 0 < A 41 < Viy1, and P, A, 41]p, = Aj.

By construction, (A, P f, Pof) < (Vo Pof, Puf) < (Wf, f) for alln >0
and f € L, and the sesquilinear form a(p,q) = lim (A,p, q) is well defined

N

[N

for p,q € Py = U;—yPn- The operators A, are uniformly bounded on

the diagonal by ||W||, so a is as well, and hence there exists an operator

A € B(H) such that (Ap,q) = a(p,q) for all p,q € P;. The operator A

satisfies (AP, f, P, f) < (Wf, f) for all f € £ from which we can conclude

We now use A to construct a Laurent operator V' € B(L) with the re-

quired properties. For k > 0, let Fj be the operator on L defined by
k

F, = %4-1 ZU*”APHU”. Forn>1and f € L,

n=0
1 1 1
(AU" Py f,U"Pyf)2 = |[A2U"Pyf| = [|A2(Py — Po1)U" f|
1 1
< JJARPRU" || + 1| An 1 Paa U™ £
< 2AWF, f)2.

This implies (Fp Py f, Prf) < (AW f, f) for all kK > 0. Letting V' be a weak
limit point of the set {$F; : k > 0}, it follows that V satisfies (3) and is
Laurent as desired.

It remains to show that V satisfies (4), which will follow if we can demon-
strate that (AU"c,U™c) > (Vhe,c) for all n > 0 and ¢ € Py. If n = 0,
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Ay = Vi and the result is clear. For a fixed n > 0, the inductive construc-
tion of A,y yields

(AU e, U™ e) = (A, U™ e, U™ e)
_ <X* ZXUn—HC, Un+lc> + <YUn+1C, Un+lc>
> (YU e, U e).

Thus it is sufficient to prove (YU lc, U™ c) > (Vie, c) for all ¢ € Py.
Let z € P, so that z + U"tlc € P, ® U"t'Py = P,1. Using the
LU-factorization for V;,41 given in (5), we have

Vieq(z + U o), 2 + U He
(Vs ( ,
= (Bz,2) + 2Re(B22, XU '¢) 4+ (CU™ e, U™ ¢).

Recall that the operator V11 was generated via Theorem 4. This, together
with the assumption that W is Laurent allows us to write

(Vi1 (z + U e), 2 + U e)
=inf {(W(z+U" e+ f),z+ U e+ f) : Py f =0}
> inf (WU e+ ), U et f) s U RUHH | = 0}
=inf {(W(c+ f),c+ f): Pof =0}
= (Voe, ey).
Combining these observations we have
(6) (Bz,z)+2Re(B2z, XU™ ) + (CU e, UM e) — (Voe, ¢) > 0

for all z € P, and ¢ € Py. Let r be an arbitrary real number. Since

ranX C ranB = ranB %, there exists a sequence z,, in P,, such that B %zm —
rXU™ e, Substituting into (6) and taking limits we get

r2| XU e||? 4 27| XU |2 + ((CU™ e, U™ e) — (Vie, c)) > 0.

Evidently, this quadratic equation in 7 has at most one real root which means
that its discriminant is not positive. Translating this into a statement about
the coefficients yields || XU"*c||? < (CU™ e, U te) — (Voe,e), which is
equivalent to

(Voe,¢) < (CU™ e, UmHe) — (XX U™ e, UML) = (YU e, UML),
Altogether then, if ¢ € Py, we have
o) < (FUMe, U] < (400,07,
and the lower estimate in (4) follows. 0

In the algebraic language of this paper, Treil’s result in [6] essentially
takes the form of:
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Corollary 8 (Treil’). Let W € B(L) be non-negative and Laurent. Then
there exists a non-trivial, non-negative Laurent operator V. € B(L) with
PyV|p, invertible in B(Py) and satisfying

(VPuf, Puf) < (W[ f) Vfel
if and only if Vp :wk—liné[PoW;HpO]*l is invertible.

Proof. If V' exists, then as before, we can show that Vy > %P()V‘PO. It
follows that Vj is bounded below and consequently invertible. Conversely,
the construction in Theorem 7 yields an operator V satisfying (4). Thus, if
Vo is invertible then PyV|p, is invertible as well. O
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APPLICATION OF RESTRICTION OF FOURIER
TRANSFORMS TO AN EXAMPLE FROM
REPRESENTATION THEORY

L. BARCHINI AND MARK R. SEPANSKI

This paper uses restriction of Fourier transforms to con-
struct explicit realizations of certain irreducible unitary rep-
resentations of SU(n,n). The realizations begin with general-
izations of the classical Szeg6 map. Boundary values of these
Szeg6 maps naturally lead to certain restrictions of Fourier
transforms. The image of these restrictions provide concrete
constructions of unitary representations as L? spaces on cer-
tain orbits. The SU(n,n) invariance of the L? spaces and
inner products follows immediately from the restriction maps
and the natural pairing between certain degenerate principal
series.

1. Introduction.

Calculating explicit and natural constructions of unitary representations—
especially singular ones—has been a very fruitful field of study in represen-
tation theory. Consider, for instance, the Metaplectic representation and
its many applications. One of the reasons explicit realizations are so useful
is because detailed knowledge of a representation frequently comes through
use of a good realization. This paper studies and constructs a number of
explicit realizations for certain unitary representations of SU(n,n). The
central technique employs certain restrictions of Fourier transforms ([15])
that arise naturally in the study of the representation theory of SU(n,n).
Our approach is different than the one usually adopted in such studies of
this kind (e.g., [8], [12], [13], [14]) where “extensions” of Fourier transforms
are mainly used.

In our approach, the representations naturally arise from an examination
of various Szeg6 maps and their boundary values which immediately lead to
certain restrictions of Fourier transforms. There are several advantages to
this line of study. The first is that the invariance of our spaces and inner
products are very natural from this point of view. The second is that precise
knowledge of the K-types is not needed. The third is that the techniques
employed are independent of a multiplicity one assumption on K-types.
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To be more specific about the results of this study, write G = SU(n,n),
K = S(U(n) x U(n)), and G/P for the closed G-orbit in the boundary of
G/K. The unbounded realization of G/K may be identified with DT =
H +iH* where H and H" are the set of n x n Hermitian matrices and
n X n positive definite Hermitian matrices, respectively. More generally,
the semi-definite G-orbits of G¢/Pc may be described on an open dense set
as H 4 10, where

O, = {X € H | signature of X is (p,0)}.

O), is an orbit under the action of the Levi part of P and comes equipped with
a uniquely defined equivariant measure, du,. Then the main application of
our study of the restriction of the Fourier transform shows that

LQ(Opa dﬂp)

is an irreducible unitary representation of SU (n,n) (Theorem 10.4). Though
this statement is already known ([12]), we believe the techniques in our
new approach yield a more complete understanding of this representation.
We also expect the same techniques to be applicable to a wider family of
representations—at least including the representations associated to certain
orbits in real semisimple Jordan algebras ([13]).

In more detail, we begin with certain pairs of degenerate principal se-
ries on G/P. For certain parameters, depending on each choice of O,
the appropriate principal series may be realized in the noncompact pic-
ture as L2(H, det(I + X2)*(»P) dX) and is denoted by L?(H)*, respec-
tively.  Using techniques similar to [11] and [1], we write down a Szegd
map, S : L?(H)T — C>(D%). It turns out that S acts on a function
f € L?>(H)* by the particularly easy formula

(L1) Sfn) = /H det(X — )P f(X) dX

for each n € D (Theorem 5.3). Writing B for the boundary value map
taking DT to H, it is possible to form a commutative diagram defining an
intertwining map, A : L?(H)* — L?(H)~, of the form

A
LXH)Y — L2(H).
(1.2) g | g

O (D)

For functions ¢ € S(H), the Schwartz functions on H, it is possible to see
that the action of A may be rewritten as

(1.3) AB(X) = i / /X (6 dpuy ()

Op
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where ¢ is the inverse Fourier transform of ¢ on H (Theorem 7.2). Equa-
tion (1.3) suggests a second splitting of the singular integral defining A.
Namely, consider the two maps Fr : L*(H)" — L*(O,, du,) and Fg :
L*(Oy, du,) — L*(H)™ given by

Fro = ¢lo,
when ¢ € S(H), where ¢3|@p denotes restriction of ¢ to Op, and
Fob(X) =i [ e (6) a0
p

for p € Im(Fg). The first is a restriction of the Fourier transform and
the second is the more usual “extension” of the Fourier transform. These
maps are proved to be continuous (Theorem 9.1) and yield the commutative
diagram

A
L>(H)t — L*(H)~
1.4 N
(1.4) N R

L2(0p7 dﬂp)

This diagram is used to make L?(O,, du,) into a representation of G by
requiring all maps to be G-maps (Theorem 10.2).

The point of working with L?(O,, du,) is that it comes equipped with its
own inner product denoted by

(1. fado, = / 1O T®) dpiyl€)

Op

for f,g € L*(0,, duy). In fact, it is proved that this structure makes
L%(Oy, du,) into a irreducible unitary representation (Theorem 10.4) of G.
The key to seeing the invariance of the inner product is to relate it to an
invariant form on L?(H)*. Indeed, consider the natural G-invariant pairing
of L?(H)T and L?(H)~ given by

(f,gha = /H F(X)Ag(X) dX

for f,g € L>(H)*. The central identity fitting everything together is
(f,9)a = (Frf,Frg)o,

(Theorem 10.3). Thus the G-invariance of the L? inner product follows
directly and immediately.

Finally, denoting the kernel of Rp as K (which is the same as the kernel
of (-,-)a), Rp therefore induces a bijective intertwining isometry between
the completion of L?(H)" /K and L*(Op, dpu,).
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The authors thank A. Koranyi, R. Kunze, A. Noell, D. Ullrich, and R.
Zierau for many insightful conversations on this project.

2. Preliminaries.

Let G = SU(n,n). Breaking up the 2n x 2n matrices into four n x n blocks,

write:
_ 0 —u,
7= ")
Unless noted otherwise, we will use the following realization throughout the
paper:
G={g€SL(2n,C)|g*Jg=J}.

It is useful to gather a few simple facts about G for later use.

Lemma 2.1. Write the 2n X 2n matriz g = ( c D

4 B > as four nxn blocks.

1) G consists of the matrices g € SL(2n,C) satisfying
(2.1) A*C =C*A, D*B=B*D, A*D—C*B=1.
2) G consists of the matrices g € SL(2n,C) satisfying
(2.2) AB* = BA*, CD* = DC*, AD* — BC* = 1I.
3) For g€ G,
(2.3) g = ( oo )

4) K ={9€ G| A=D, B=—-CY} is a mazimally compact subgroup of
G. K may also be described as

K= {( 0 ) | (A+iB,A~iB) € SWUn) x U(n))}.

5) P={9g€ G| C=0}and P={g € G| B = 0} are parabolic
subgroups of G. P can also be described as

(24) P= { < g‘ o > | A€GL™,C), det(4) € R,

B € gl(n,C), A™'B = (A—lB)*}.
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6) P admits a Langlands decomposition P = LN with L = M A where

M:{(A 0 >’A€GL(n,<C),det(A):i1},

0 A*—l
A:{(%f 01[) ‘aER>O},

a
_ I X *
{5 1) 1)
Likewise, P = LN where

{4 ) )

The the representations of G to be studied will be induced from the
following characters.
Definition 2.1. Let pe Z, 0 < p < n.

1) The character x, : K — S! acts by

Xp( _AB ﬁ > = det(A +iB)P.

2) The character §, : M — {£1} acts by

s (20 ) =aniar

3) Write ap = Lie(A). Let €: a9 — R by
al 0 _
‘Lo —ar )T

vp =n(n —p)e
(the differential of the character det(A)"~P).
4) Write the Cartan decomposition for Lie(G) as Lie(G) = Lie(K) + p,
write a, for the maximal Abelian subalgebra of p consisting of diagonal
matrices, and p : a, — R for the half sum of restricted weights. An

easy calculation shows plq, = n’e.

and v, : ap — R by

Explicitly, we will study the degenerate principal series induced from the
characters d, ® +v, of the maximal parabolic P.

Definition 2.2. Let
I;t = Ind%(6, + 1)

(smooth, normalized induction).
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In other words,

(2.5) I = {f: G — C, smooth | f(zman) = 3§, ' (m) e~ e leal@) f(z)}
with a G action of
g9f(z) = f(g~ " x).

Beginning in Section 5, we will also make use of the noncompact picture
of these induced representations ([9], §7.1). To that purpose, decompose G
as KM AN and write the A part of g as e(9). Then the associated Hilbert
space for I;[ is
(26) LZ(N, eiQ RevpH(W) dﬁ)
where dn is Haar measure.

Definition 2.3. Let X,Y € gl(n,C).
1) Given a fixed presentation Z = X + 1Y, define
Z =X —1iY,
Z*=X"+iY"
so that Z" is the normal transpose complex conjugation.

2) Given g = ( é 15) ) € gl(2n,C), let

ng = (C +iD)(A+iB)™!
which is well defined for almost all g and let
ag=A+1iB.
3) Write H = H(n) for the set of n x n Hermitian matrices,
H={X €gl(n,C)| X* =X},
and H™ for the positive, respectively negative, definite ones,
H*={XecH| +X >0}
4) Write
D={X+iY | X,Y € H},
DT ={X+iY|X€H YeH"}
D ={X+i |XeH YeH }.
It is easy to check the following.
Lemma 2.2. The mapping
g — 1y

implements an isomorphism between G/K and DT. In particular, My =g
and oy is invertible.
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3. The Szeg6 Map to Sections on G/K.

Definition 3.1. Write C*°(G/K, x,) for the smooth sections on G/K of
the line bundle induced by x;,. We will view this as

{f:G — C, smooth | f(gk) :Xgl(k)f(g) Vg€ G, ke K}.

The central tool used to analyze the representations in this paper is the
following Szego map.

Definition 3.2. Define the Szegd map,
S : I;_ — C*(G/K, xp),
to be the G-intertwining operator mapping f — Sf given by

S19) = oI L TN

In the following, we show that the map S is a kernel operator. This
will permit us to switch to the noncompact picture for I;r and identify
C>(G/K,xp) as the set of smooth functions on the tube domain D*.

The first step is to rewrite S as an integral over N. As usual, given
g € G, decompose g according to

G =K exp(mgNp) AN

where my = Lie(M). Therefore write ¢ = K(g) M(g) A(g) N(g), A(g)
ef9) and L(g) = M(g) A(g). For future reference, observe & plexp(mo) =
since 9, is trivial on the connected component of M.

1
Theorem 3.1. For f € I

Si(g) = [T o (1 () () i

N

Proof.  This is a standard change of variables. For instance, see [11].

Lemma3.2.Letg:<A B)GG,TL=<I 0>€N,andl:

C D X I
(%1 A9_1>€L' Let n =ng and o = ay.
1
1) Then

2l (97T — det(A*Ay) det(oa) det(X — n) det(X — 7).

2) Both det(a*@) and det(X —n)det(X —7) are in RZY.
3) As a special case,

" H (M) — det(I + X2)2.
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4) Finally,
Y1(K(g7'7Al)) = i~ det(A;) det(@*) det(X — 7) e e o™ 7l)
Proof.

Set z = g~'ml and write z = K(z)M(z)A(z)N(z). Let g = < é g )’
Ly O

Alz) = ( f 122 > and L(z) = M(2)A(z) = ( oy ) Then

eQneH(x) — det(R1)2 = ‘det(L1)’2-

On the other hand, if we write z = il ? ) and calculate z*z and
3 T4
compare the K(z)L(x)N(z) expansion to straightforward multiplication,

the upper left hand corner yields the equality
LiL; = zix) + z3xs.

But now Equation (2.3) allows us to calculate + = ¢~ 'nl and so compute
that ©1 = (D* — B*X)A; and 23 = (—C* + A*X)A;. A simple calculation
using Equation (2.1) and the fact that G/K is fixed by * verifies that

xixy + zhxs = A (X —n)aa™ (X —n)A;.

Taking determinants finishes the first part.

The second claim follows by observing both terms are complex numbers
times their conjugates. The third is a special case of (1) since (2) allows
square roots. For the fourth claim, set x = g~'nl. Using Equation (2.3)
to calculate g~! and then expressing the result in the form K (x)L(z)N(z),
it is easy to see that if we write K(x) = _ab 2 >, then (a + )L, =
21 — 13 by looking at the upper left and lower left entries in the equality

x = K(x)L(x)N(z). A simple calculation then shows that
(a+ib)L; = —ia* (X —7)A;.

Taking determinants, noting that det(L) = |det(L)|, and using Equation
(2.3) finishes the job. O

We are now in a position to rewrite Theorem 3.1.

Definition 3.3. Let f € I;r and X € H. Define f a function on H by the

restriction to N:
w=r((4 1)

Write dX for Haar measure on H.
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Theorem 3.3. Let f € If, g€ G, X € H, n =1y, and o = oy.  Then
SfeC>®(G/K,xp) can be calculated by

Sf(g) = i det(a)” /H det(X — ) PF(X) dX

Proof. From Theorem 3.1, Lemma 3.2 (with [ = I), and Definitions 2.1
and 2.3, it is easy to check that

SF(g) = i~ det(@a”) P det (@) /H det(X — 1) PF(X) dX

But Equation (2.2) can be used to check that aa* = (AA* + BB*) = ao*
which finishes the proof.

D

4. The Szegé Map to Functions on D.

Taking our cue from Lemma 2.2 and Theorem 3.3, it is reasonable to rewrite
the Szegd map, S, and C°(G/K, x,) in terms of the tube domain DY,

A B
C D

I 0
Z—><Z I>.

This implements an embedding D — G¢/Pc whose image is open and dense.
For almost all Z € D, left multiplication by g in G¢/Pc may be pulled back
to D by the linear fractional transformation action defined as

gZ =(DZ+ C)(BZ + A)~*

Definition 4.1. Let g = < ) € Gc. Identify H = N and D = N¢

by the map

Note that H and DT are G orbits under this action and that 1y from
Lemma 2.2 is simply g acting on 1.
If o € C*(G/K, xp) does not vanish, there is an isomorphism

(4.1) C*®(G/K,xp) = C*(G/K)
established by mapping f € C*(G/K) to of € C*(G/K, xp). If we let

o(glx
(12) o) = 70 )

for g € G and x € G/K and define a G action on C*°(G/K) b
(4.3) 9f(z) = o(z.9) f(g™ " x),

then the map f — fo is a G map as well. Below we choose a section ¢ and
use it to push the Szegé map down to functions on G/K. Finally, identify
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G/K = D7 as in Lemma 2.2 by identifying x € G/K with n = n, € DT.
Thus
(4.4) C*®(G/K) = C>®(D™).
Definition 4.2. Write n =1n,. Let 0 € C*°(G/K, x;) be defined by
o(g) = =MD (K (g71)) det ().
To make sure the above definition is valid, we check that
o(gk) = xp(k) "o (g)

for g € G and k € K. But this follows immediately by observing that
Hk g7y =H(g™"), K(k7'g7') = k'K (97") and that ng, = n,.

Lemma 4.1. For g € G, write a = ay. Then
o(g) =i " det(a)”?.
Proof. This calculation follows from Lemma 3.2 with m =1 = 1. O

Since C*(G/K, xp) = C®(DV), we may view C>®°(D") as a G space and
view S as the G-map taking [,- — C°°(D*). We continue to denote the
resulting map as S as the range will remove ambiguity. We now apply

Equations (4.1) and (4.4) and Lemma 4.1 to rewrite Theorem 3.3 in terms
of C>®(DT).

Theorem 4.2. The G intertwining map S : LT — C*(D") acts by
S5 = [ det(X — )7 (X)ax.
It is useful to write the G action on C*°(D™) explicitly.

Lemma 4.3. Identifying G/K = D% and writing g = < é g ) €G,

o(n,g) = det(D* — B*n)~P.
Proof. Tt is enough to compute o(-,g) on NL. Writing
I 0 L 0
$:<X I><O L*—1>’
it is easy to compute
a(g 'z)a(z)™! = D* — B*n,.
Applying Lemma 4.1 to Equation (4.2) finishes the proof. O

Thus using Lemma 3.2 and Equation (4.3), we can write the G action on
C> (D).
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Theorem 4.4. For f € C*®°(D"), ne D", and g = ( é’ g > €G,

9f(n) = det(D* = B*n)™" f(g~"n).
5. Igt as Functions on H.
This section looks at an explicit form of the closure of Ipi.

Lemma 5.1. Restriction to N = H establishes an isomorphism of G spaces
between the closure of

+
Ip
and
L2(H, det(I + X%)*"P) gX)
where dX 1s Haar measure on H.

Proof. Apply Lemma 3.2 (with ¢ =1 = I) to Equation (2.6) and make the
identification of H with N as in Definition 4.1. O

In this section we explicitly compute the action of G on L?(H, det(I +
X 2)i(”*p) dX) and extend the Szegd map accordingly.

Definition 5.1. Write
L2(H)* = L*(H, det(I + X?)*=P) X))
and
L*(H) = L*(H, dX).
Lemma 5.2. L?(H)" C L?(H) C L*(H)".
Proof. Since 0 < p < n and det( + X?) > 1,
0 < det(I + X?)~("P) < 1 < det(I 4+ X2)+(P),

Thus the Lemma follows immediately from the definition of L2(H)T in Def-
inition 5.1. O

For functions f € Ipi, this Lemma can also be proved directly. Since
two formulas arising from this approach will be needed later, we sketch the
idea. For instance, by starting with f € IJ, applying Equation (2.5) to the
KMAN decomposition, and using Lemma 3.2 (with g =1 = I) it is easy to
show

(5.1) F(X)2 < Cdet(I + X2)P—2n
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where C is a constant bounding |f|?> on K. This is enough to finish the
first inclusion since it is known ([7], §2.1, p. 38) that

(5.2) / det(I + X*)™dX < oo
H

whenever m < —n + % Though not needed immediately, we will also have
recourse to make use of a formula for the Jacobian of the change of variables
on H given by X — ¢gX. It is

(5.3) det(BX + A)~".

It is now apparent that Theorem 4.2 may be completed to the following
(remember everything can be written as an integral over K).

Theorem 5.3. The G intertwining map S : L*(H)* — C°°(DT) acts by
S5 = [ det(X — )5 (X)ax.

We finish this section by writing the G action on L?(H)* explicitly.

A B

Lemma 5.4. If g = c D

det(D — XB) € R.

) € G and X € H, then det(A + BX),

Proof. Recall gX € H by Definition 4.1. Thus
;o I 0 I 0
/(7)o (5 1) <0

. A+ BX *
r_
In fact it is easy to calculate that ¢ = < 0 —(¢X)B+D ) and so

g € P. Equation (2.4) finishes the theorem. As an additional point we see
that

(A+BX)™! = D* - B*(gX)

whenever it is invertible. To prove the second assertion, apply the first to
g~ ! and then apply (-)*. O

A B

Theorem 5.5. Let g = < C D

) €G. If fr € L2(H)*, then

9f+(X) = det(D — XB)*"*? f, (g7 X)
and

9f-(X) = det(D — XB) ™ f_(g7'X).
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Proof. If we write g~! < )I( ? ) in the form
I 0 L 0 1Y’
(Y 1)(0 L*—1)<0 I )
we can solve
Y =g7'X,
L=D"-B*X,

and Y/ = (=C* + A*X)"Y(I — L*71). For f € L, this says that gf(X) =
sgn(det(D* — B*X))P|det(D* — B*X)|~2"*? f(¢'X). Equation (2.4) ap-
plied to g~! shows that det(D* — B*X) € R.  We can therefore change
the —p in the previous formula to —2n + p since the parity does not change
modulo 2. Hence we get that gf(X) = det(D* — B*X)~2"*P f(g~! X) which
is equal to det(D — XB)~ 2" f(g~1X). The work for I, is done similarly
by replacing the —2n + p by —p. O

6. The Orbits O,.

A 0
l:<0 A*_1>€L.

When convenient, we make use of the identification

(6.1) L>={A€eGl(n,C)|det(A) € R*}

implemented by [ — A above. Definition 4.1 calculates the action of L on
N which pulls down to an action of L on H as

(6.2) - X=A1Xx4"1

for X € H. Hence the L-orbits on H are parameterized by signature. The
study of these orbits will be of fundamental importance.

Let

Definition 6.1. Let O, be the L-orbit in H consisting of Hermitian matri-
ces of signature p, 0.

For general reasons, there exist L-equivariant measures on O, ([13]), but

they are also easy to write explicitly. We briefly outline their construction.
In this paragraph only, write Opy(n) for the matrices in H(n) of signature

p,0. Then there is a smooth emedding CP("P) x O, (p) —O,(n) with dense

open image given by

zo-(2 7. )8 o) (v 7. )
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Using this embedding, the desired L-equivariant measure on O, (up to a
scalar multiple) pulls back to

(6.3) det(X)" P dZ,dX,

where dZ,, is Haar measure on CP(»=P) and dX, is Haar measure on H(p)
restricted to the open orbit Op(p). We omit the details.

Definition 6.2. Write 7 for the character on L acting by 7(I) = det(A).
1) Let

dpp

be the unique (up to scalar multiplication) L-equivariant measure on
O, that transforms by the character 727 (so the change of variables
[- X — X multiplies the measure by det(A)??). The measure dy, will
be normalized below.

2) Write
LQ(OP) = LQ(OP, dﬂp)-

Normalize du, so that fop e ") du,(Y) = 1. This allows us to verify
the following well known identity.

Lemma 6.1. Let Z € DY. Then

i"P det(Z)7P :/ e (28 gy, (€).

Op

Proof. We first show

det(V) 7 = [ "0 a0

P

for any Y € H*. Using the L action from (6.2), write Y = A™*A~! with
det(A) € R*. Then, making use of the L-equivariance and normalization,
we calculate:

/O e~ tr(Y'€) d,U«p(f) — / eftr(A—l*A—lé-) dup(g)
p

P

_/@ o tr(AT1eAT) dpp(€)

p
= det(A) [ e (6
Op
= det(Y)P.
To finish the Lemma, write Z = X +iY with X € Hand Y € HT. We

see —1Z =Y —iX. The statement of the Lemma then follows by analytic
continuation. O
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To apply this Lemma in the setting of our Szegd map, we need the Fourier
transform.

Definition 6.3. Write S(H) for the set of all Schwartz functions on H. As
this space is not G invariant, write S(H)™ for the smallest G invariant space
containing S(H):

S(H)* =span{g¢|g € G, ¢ € S(H) C L*(H)"}.
For ¢ € S(H), define its Fourier transform, ¢ € S(H), by

36 = [ 0 o(x) ax
H
and, up to a scalar multiple, the inverse Fourier transform, ¢ € S (H), by
36) = [ e o(x) ax.
H

Since we will eventually be looking at boundary values of the map S, the
following Lemma will be needed.

Lemma 6.2. Let p € S(H), Z € D", andY € H. Then
lim / det(X + Z)Pp(X)dX =i "P / '8 g(6) de.
Z—)Y H Op

Proof. We begin by using Lemma 6.1 and compute
/ det(X + Z) Pp(X)dX =i~ / / T XHDE 6(X) dpy (€)dX .
H HJO,

To apply Fubini’s theorem, we need to check the L' condition. Write
Z =X'+iY with X' € H and Y € HT and use Lemma 6.1:

/Apm“mwnw £)dxX = //—“W¢nwm

= det(Y)p/ 6(X)| dX < .

P

Hence

/ / el TXH2)E 3 X) i, (€)dX = / e tr(Z€) / e! X8 (X)) dX dpup(€)
HJO, Op H

- /O e/ 7Z0) 3(€) dp(£).

Since ¢ is still Schwartz and the measure (sce Equation (6.3)) is only of
polynomial growth, the above integrand is an L' function. Hence, when we
take the limit as Z — Y, we may move the limit past the integral to finish
the Lemma. U
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7. Boundary Values of the Szegdé Map.
Definition 7.1. For f € C*°(D™") and X € H, define
Bf(X)= 1l 7z
f(X) = lim f(Z)
where Z € DT.

In general, Bf may not be well defined. However, we see below that it
is at least well behaved on Im(S5).

Theorem 7.1. Let ¢ € S(H) and n € D*. Then

So(n) Zi”p/ o' G(€) dE.

Op
Moreover, B is well defined on S(S(H)) and BS¢ is alternately written as
the smooth function

BS¢(Y) =i / e (Y8 §(¢) de.
Op
Proof. Lemma 6.2 computes that

lim [ det(X + Z)P¢(X)dX
Z—Y H

=i lim [ "W H(W) dpy(W)
7Y Oy

=i " /O "W W) dpr (W),

P
Multiplying both sides by (—1)™ and making the change of variables X —
—X finishes the identity.  Regarding smoothness, recall that <$ is still
Schwartz and the measure (see Equation (6.3)) is only of polynomial growth
so that the integrand is an L' function. O

Definition 7.2. If f € S(H)™, define Af by
Af = BSY.
So far this map is well defined on S(H) by Theorem 7.1.

Theorem 7.2. Let f € S(H)" and ¢ = Sf. Then (1) Af and By are
well defined almost everywhere; (2) Af = By € L*(H)™; and (3) A and B
are G-maps on S(H)* and S(S(H)™"), respectively. Finally, for ¢ € S(H),
neD,andY € H,

Sé(n) = i / & () de
Op
and

AB(Y) = i / 500 () de.

Op
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Proof. Begin with any function ¢ € C°°(D%) for which B is well defined.
First we check B commutes with the group actions given in Theorems 5.5

and 4.4. Write g = ( é g € G. Then using Theorems 5.5 and 4.4 for

the group action and making use of Lemma 5.4 in the second set of equations
below, we calculate:

(7.1) gBY(X) = det(D — XB)PBy(g7 ' X)
=det(D — XB)™? [ i W(2).
g

On the other hand, we have
(7.2) Bgy (X) = lim gu(C)

— Clijn)l(det (D* = B*()? (g '¢)

—det(D—XxB) " Jim $(g7')

— det(D — XB)™? i Z
et ) ZH;@IXw)

so that gBvy = Bgy which proves part (3) since S is a G-map (Theorem 5.3).
Coupled with Theorem 7.1, Equations (7.2) show Bg1 is well defined almost
everywhere. Since S is a G-map, this finishes part (1). That the range of B
restricted to S(H)™ is contained in L?(H)~ follows from the G action. The
argument is completely analogous to the one around Equation (5.1) (since
each f € S(H)" comes from the smooth principal series) except that the
final bound will be

(7.3) IBf(X)|* < Cdet(I + X?)7P.

The final equations come from Theorem 7.1. U

Note that though B f is well defined almost everywhere for ¢ € S(S(H)™),
it need not be given by the formula in Theorem 7.1 for ¢ ¢ S(S(H)). A
similar cautionary remark applies to A on S(H) versus S(H)™".

Theorem 7.2 establishes the following commutative diagram of G maps:

A
S(HYY — IL2(H).
(7.4) 5 | g
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8. Functions on O, and an Inner Product.

Definition 8.1. For ¢ € S(H), define Fre € L*(Op, du,) (F for Fourier
transform and R for restriction) by

FR¢(§;D) = ¢(£p)
For ¢ € Im(Fg), define Fgy € L2(H)~ (E for extension) by

Fitp (X) = i / &/ HEX) (€) dpay (€.

Op

First note that ¢ is still Schwartz and the measure dpy, (see Equation (6.3))
is only of polynomial growth so that Fge is well defined. Second, note that
Theorem 7.2 immediately implies that on S(H),

(8.1) FgpoFr= Alsi) = BoS|sm)

where Als(gy denotes the map A restricted to S(H). In other words, there
is a commutative diagram of maps (compare to diagram 7.4)

A
S(H) — Lz(H)f
(8.2) N
Py 7 Fp.

L(Oy)

Also note that L? (O,) comes equipped with its own inner product denoted
by

<.7 '>(9p-
This pairing can be related to A as follows.

Definition 8.2. If ¢1,¢o € S(H)™, let

(¢1,¢2>A:i"p/Hdn(X)AqﬁQ(X)dX.

Equations (5.1), (7.3), and (5.2) can be used to show that (-, -) 4 is well de-
fined for functions coming from the principal series I;r which includes S(H)™*

(see the proof of Lemma 10.1 or a more general result under Definition 10.2
below).

Theorem 8.1. If ¢1,¢2 € S(H), then
(¢1, P2) 4 = (Fr1, Fr2)0, -

Moreover, the form (-,-) 4 is G-invariant on S(H)™".
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Proof. We make use of Theorem 7.2 to calculate:

(61, 62)a = i /H 61(X)Ad(X) dX

- / 61(X) e~ X0 J(6) ded X
/ /¢1 o1 XO) J(¢) ded X

G1(8)P2(€) dpp ().

Op

A B
C D
tions, make use of the actions given in Theorem 5.5, Equation (5.3) for the

change of variables, Lemma 5.4 for conjugation issues, and Equation (2.1)
and Definition 4.1 to check that (D* — B* gX) = (BX + A)~!

(961, g} = ™ / 961(X) Agda(X) dX

To check G-invariance, write g = < > € G. In the following equa-

det(D — XB) "¢ (71 X )gAds(X) dX
det(D — XB)™2"¢1 (g7 X)Ago(g~1X) dX

det(D* — B*X)™2"¢1 (g7 1 X)Ago(g—1X) dX

=" [ det(D* — B* gX) ?"det(BX + A) " *"¢1(X)Apa(X) dX
= i”p/ $1(X)Ag2(X) dX

H
= (¢1, P2).

O

The equality of the two pairings in the above Theorem will be extended
to a larger domain as soon as the map Fr is extended.
9. Continuity of A, Fr, and Fpg.

As it stands, most operators are only defined on dense sets such as S(H) C
L?*(H)T. To complete the picture, we need to prove the operators are
continuous.

Theorem 9.1. The maps
A:SH)CL*H)" — L*(H)",
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Fr:S(H) C L*(H)" — L*(0,),
and
Fg : Im(Fg|s(m)) € L*(Op) — L*(H)~

are continuous maps. The notation Im(Fg|s(m)) denotes the image of Fr
restricted to S(H).

This section is devoted to the proof of Theorem 9.1. The first step is the
following Lemma.

Lemma 9.2. If the operator
Fip : Tm(Frls(n) C LX(O) — L2(H)~
18 continuous, then
A:S(H)C L*(H)" — L*(H)~
and
Fr:S(H) C L*(H)" — L*(0,)
are bounded operators as well.

Proof. Suppose the hypothesis of this Lemma is in effect and let f € S(H).
Consider the map A first. Then for some constant C,

VA2~ = IFeFRAZ20)- < ClIFRSI72(0,)
On the other hand, ||FRfHL2(o = (Frf, Frf)o, = (f, f)a by Theorem 8.1.
But Definition 8.2 says

(o F)a = |(F ) a ‘/f YAF(X) dX

/y X)det(I + X2)"2°) [Af(X) det(I + X2) "% "]|dX

< Al L2ce+ I[AF L2y~
Putting these equations together gives
HAfH2L2(H)— < Cl ey IAS L2 ey -
Division finishes the proof for the continuity of A.
Now consider Fr. Using the relations above, HFRfHQLQ(Op) =(f,fHa <
2y + A 2y~ < C’||f]|%2(H)+. Division again finishes the proof for
continuity of Fp. O

Thus we devote the rest of the section to proving that F : Im(Fr|s#)) C
L?(0,) — L?(H)~ is a bounded map. This amounts to showing that
P

9.1) /H AFCOP det(I + X2 7dX < C|[f]| oo
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for some constant, C, and all f € S(H). In the special case of p = n, this
statement is trivial to verify using the Plancherel theorem as O,, is open in
H, du, = dX|o,, and det(I + X?)*(=P) = 1. In the case of p < n, much
more work is required.

Let S, be the stabilizer of

— Ip
(")

in L so that O, = L/S, and let gn,p be the stabilizer of
~ B Op
Eup= (" p )

Lemma 9.3. Given a smooth function of compact support, f, on OpxOp_p,
pull and push it to a function f* on O, using the double fibration:

so that O,,_, = L/gn,p.

FUB) = [ 09 By (19) By ds
Sn/SpNSn—_p
for l € L where ds is an S,-invariant measure. The function f* satisfies

/ £ (En) dpin(£n) = / FEprEncy) ditn(Ep)dpin—p(Eny):
On OpxOn_y

In particular, if f, and f,—p are functions on O, and On_,, respectively,
then fp X fn—p 1s a function on O, X Op_p. Define

fp * fnfp
to be the function on Oy giwen by (fp X frn—p)*.

Proof. Easy calculations show that S,/S, N §n_p = U(n)/U(p) x U(n —p)
so that ds exists since have a quotient of reductive groups. Then it is easy
to see that it suffices to prove the injection

L/Sy N Spp — Op x On_y
induced by the diagonal action, | — (- E), l-E’n_p), has a dense open image.

Using the transitivity of the L-action on O, it suffices to show that S}, can
be used to conjugate almost all elements in O,,_, to En_p. But for this,
it suffices to show that almost all A € Gl(n,C), with det(A) € R*, can be
written as the product of elements from S, and §n_,,. But this is an easy
calculation we omit. (]



286 L. BARCHINI AND MARK R. SEPANSKI

By previous remarks, the following Lemma will finish the proof of Theo-
rem 9.1.

Theorem 9.4. For some constant, C, and all f € S(H),
| IAFEO R den(r+ X377 dX < C | g

Proof. By Theorem 7.2, we know [, |Af(X)|*det(I + X?)~"*? dX is equal

to
/ / & X F(€) dpuy ()
al|Jo,

On the other hand, Lemma 6.1 shows that

Lm0 g, o).

n—p

2
det(I + X?)™"PdXx.

det(i] + X)| 7"t =

Since det(I + X?) = det(il + X)det(—il + X) and |det(il + X)| =
|det(—il + X)|, we therefore know

Lm0 a6

n—p

2
det(I + X)) =

Thus [, |Af(X)|* det(I + X2)~"tP dX is equal to

J,

But Lemma 9.3 allows this to be rewritten as

LI (000 £ w007 (&) dpn(n)

H |JO,

However, it is easy to check that the definition of * in Lemma 9.3 implies
(eitr(X-) JE() *eitr[(i1+X)-]> (fn) — eitr(Xﬁn) (f() e tr ) (fn)

Thus [, |[Af(X)[* det(I + X2)~"+P dX is equal to

/H / (£ ) (60) dpan(60)

= [ ][] e n0,) (O xe ) (1) ay
HI|JH

where x0,, is the characteristic function for the open set O, inside H. The
next step uses the Plancherel Theorem on the above integral to rewrite it as

/ X0 (X) (F() x e ) (30 dX—/ [(F() xe ) (X)|? ax.
H On

2
dX.

/(’) et r(Xép0) f(&p) dpp(Ep) / e I+ X)En—p] dptn—p(En—p)

n—p

2
dX.

2
dX

2
dX




RESTRICTION OF FOURIER TRANSFORMS AND REPRESENTATIONS 287

To justify this step, we verify that f(-)xe~ %" € L1(0,) N L*(O0,). By the
definition of *, we have

GO*€“HLEJ=L/mﬁ F((is) - By) = 1091 Fus] g,

So

[ 1G] ax
On

:/ /  f(Us) - By) e 0 Fuss] g
L/Sn S’ﬂ/SpmSn »

/ / f((ls) - Ep) = tr(1s)-Eny]
L/Sn JSn/SpNSn_p
B / ’f(fp) e rénr dpp(&p) dpin—p(§n—p) < 00
OpxOn_p
and so the L' condition follows. For the L? condition, the key observation

is that S, /S, N S, _p is compact. In fact, recall S, /S, N Sy _p is isomorphic

to U(n)/U(p ) x U(n —p). Thus Holder s mequahty can be made use of
below to check

/'uﬂ> e ) (X)|? dX
On

- / / ~ .f((ls) : Ep) ei tr[(ls)'En—p] dS
L/Sn |/ Sn/SpNSn—p
/ / ZS) p) e~ tr[(Ls)-En_p] 2
L/Sn  J8n/SpNSn—

2
k[ \f@p) s
OpxOn_p

where k£ = Vol(S,,/S, N §n_p). Thus the use of the Plancherel Theorem is
valid and we may write

dl

2
dl

ds

dip (§p> dptn—p (én—p) <0

/H|Af(X)|2det(I+X2)_"+de: (F()xe ™) (X2 dX.

On

However, the above calculation that checks the L? condition now implies

/H JAF(X) 2 det(I + X2)™™PdX < O/@p &) (&) = C ||l 20,

as desired where C' =k [, e 2Wen—r du, ) (€,—p) < 0. O

n—p
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10. The Main Theorem.
Theorem 9.1 allows the completion of the maps A, Fg, and Fg.

Definition 10.1. Let
A:L*(H)" = L*(H)~
be the continuous extension of A : S(H) — L?(H)~ where we view S(H) C
L*(H)*,
Fr:L*(H)" — L*(O))
be the continuous extension of Fg : S(H) — L*(0,), and
Fg :Im(Fgr) — L*(H)~

be the continuous extension of Fg : Im(Fr|s(s)) — L*(H)" where Im(Fg)
denotes the image of Fr on L?(H)*.

Two notes are in order. The first is that Definition 7.2 already gives a def-
inition of A = BS on all of S(H)" which Theorem 7.2 shows is well defined.
However, it is apriori possible (though not true) that Definition 10.1 defines
A differently on S(H)T\S(H). This ambiguity is removed in Lemma 10.1
below.

The second note is that the closure of Im(Fg) is in fact all of L*(O,).
This is shown in Theorem 10.4 below.

Lemma 10.1. When restricted to A : S(H)* — L*(H)", both Defini-
tions 7.2 and 10.1 coincide.

Proof. We break the proof of this Lemma up into steps. In this proof only,
write A for the operator defined in Definition 10.1 by extending continu-
ously from S(H) to S(H)™* with respect to the L*(H)" and L?*(O,) norms,
respectively. Likewise for this proof only, write A for the operator defined
in Definition 7.2 as Bo S on S(H)" (Theorem 7.2 shows it is well defined).

(1).  The first step is found in [14], Lemma 1. Since the proof is
straightforward and identical to the one in [14], we simply state the result.
Namely, f € C°°(H) has a (unique) smooth extension via the open dense
embedding H = N < G/P to a function in the smooth principal series Ipi
if and only if the function

X = (9£)(X),
initially defined for X € H with det(D — X B) # 0 by Theorem 5.5, extends

to a smooth function on H for each g = < A )

(2). Suppose Xy € H and det(A + BXp) = 0. Choose X;, t € R, a
smooth path in H with det(D — X (¢)B) not identically zero as a functlon of
t. Let | - | be anorm on H. Then lim; g || g¢X; |= co. This follows by



RESTRICTION OF FOURIER TRANSFORMS AND REPRESENTATIONS 289

the definition of the linear fractional action in Definition 4.1 combined with
expressing the inverse of a matrix in terms of cofactors and its determinant.

(3). Steps (1) and (2) may now be combined with Theorem 5.5 (see also
Definition 4.1 and Equation (2.3)) to show that each ¢ € S(H) has a smooth
extension to [7. In particular, the smooth extension of X — (g¢)(X) is
the map sending X to

det(D* — B*X) " ?"*P¢((—C* + A*X)/(D* — B*X)™ 1)

if det(D* — B*X) # 0 and sending X to 0 if det(D* — B*X) = 0. By G
invariance of I}, we also conclude that each function in S(H)" has a smooth
extension to IS, Moreover using (1), it is easy to check that if ¢» € L} is the
extension of an element in S(H)™, then ¢ is identically zero on all points of
G/P in the compliment of P.

(4). Each ¢ € L is bounded and when restricted to H satisfies the
growth condition [¢(X)| < C|| X||72"*P for some constant C. This follows
easily from Equation (5.1) and unitary diagonalization of X.

(5). Fix ¢ € S(H)*. Also denote by ¢ its smooth extension to G/P.
For r > 0 choose cut-off functions ¢, € C§°(H) with range in [0, 1] so that
¢, is identically 1 on the ball of radius r about the origin and identically 0
outside the ball of radius 7 + 1. Then the fact that ¢» € L2(H)™ and points
(3) and (4) show that as r — oo that ¢4 — % in the L?-norm and that
¢r1p — 1 uniformly as functions on either H or G/P.

(6). S: I — C*®(G/K)is continuous in the smooth topology of uniform
convergence on compact sets. This follows since S is an integral of smooth
functions over a compact set (Definition 3.2).

(7). Suppose that f,f; € S(H)" so that f; — f uniformly. Then
Af; — Af pointwise. To see this, use the definition of A in the first step
below, uniform convergence in the second, and point (6) in the third to
calculate

lim Af;(X)=lim lim Sfi(X)

i—00 i—ooneDt, n—X

=  lim lim Sfi(X)

nEDT, n—X i—oo

- i SF(X
epim f(X)

= Af(X).

(8). We now prove the Lemma. Let v € S(H)' and pick ¢, as in point
(5). Note that ¢, € S(H). Thus, by definition,

Ay = lim A¢,y

in the L%-sense. We may therefore choose a subsequence so that Ay =
lim, . A1) pointwise almost everywhere. But points (5) and (7) imply
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that lim, ., A¢,Y) = A7 pointwise everywhere. In particular, we see Ay =
Aty almost everywhere so that A = A in the L%-sense on S(H)*. O

We now show that A remains a G map.
Theorem 10.2. The map
A:L*(H)" — L*(H)”
s a G map and A = Fro Fg.
Proof. 1t follows from Lemma 10.1 and Theorem 7.2 that A is a G-map
on S(H)*. Theorem 7.2 also shows that A = Fro Fg on S(H). The

denseness of S(H) and a continuity argument suffice to finish the proof of
this Theorem. (]

We are able to complete Definition 8.2 and Theorem 8.1 as follows.

Definition 10.2. If fi, fo € L?>(H)™, let

(f1, f2)a :i””/Hfl(X)Afg(X)dX.

By Holder’s inequality (multiply by the det and its inverse), the form
(f1, f2)a is well defined and bounded by the product of the norm of f; €
L?(H)" and the norm of Afs € L?(H)~. Theorem 8.1 and continuity imply
the following.

Theorem 10.3. If f1, fo € L?(H)™, then
(f1, fo)a = (Frf1, Frf2)0,-

Moreover, the form (-,-) 4 is G-invariant.

This suggests that we try to make L?(O,) into a G-space in such a way
that Fr is a G-map. In turn, this Theorem 10.3 ought to induce a G-
invariant structure on a quotient of the principal series. First observe that
F is injective (for instance, by the Stone-Weierstrass theorem and the fact
that the characters e!t*(€) separate points). This implies that

(10.1) ker(A) = ker(FR)
and in particular that ker(Fr) is G-invariant. Thus there is a G-action on
L2(H)* /ker(Fr)

for which (-, -) 4 descends to a G-invariant, positive (by Theorem 10.3), Her-
mitian two-form. Moreover, the following is well defined.

Definition 10.3. For g € G, f € L*(H)", and h = Fpf € L*(O,), define
g (h) = Fr(gf)
or equivalently
gh = Fp (gFgh).
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This equivalence is trivial to check using Theorem 10.2. This definition
makes Im(Fr) C L?(0,) into a representation of G so that both Fg and
Fg are now G-maps. In general, we have to take closures to complete the
picture.

Definition 10.4. Let K = {f € L*(H)* | (f,f)a = 0} = ker(Fgr) =
ker(A) = {f € L(H)* | (f,g)a =0, ¥g € I2(H)*). Lt

T2(H)T /K
be the completion of L?(H)" /K with respect to (-, ) 4.

We use continuity to extend the G-action to all of L2(H)* /K, continuity
to extend the map

Fr - TR — 12(0)),
and the fact that A = Fg o Fg to extend the map

A L2(H)* /K — L*(H)™.
Then we have the following.

Theorem 10.4. Im(Fgr) = L*(O,). Moreover, L*(O,) is an irreducible
unitary representation of G that, in fact, remains irreducible under restric-
tion to P.

Proof. Unitarity follows immediately from Theorem 10.3. The rest of the
argument is entirely classical. Let I = Im(Fg). Recall that Fr is an
isometry mapping the closure of L?(H)* /K into L?(0,). I is therefore a
closed, non-trivial subspace of L2((’)p) since, in particular, <Zv>| o, € I for each

¢ € S(H). It is easy to check (Definitions 10.3 and 8.1, Theorem 5.5, and
Equation (5.3)) that

(% 7)ro=cmane.

< 64 ?4**1 > f(g) = det (A)—P f(A—lfA*fl)

for each f € I. We can use the same formulas above to extend the action
of P on I to an action on all of L?(O,). It is a fact that this action
is irreducible. ~ We sketch the idea (see [16] §1.2, Theorem 2.1 or [13]
§3.1). It suffices to show that any bounded intertwining operator, T, is
a constant. However, it can be shown that commuting with N implies
that T is multiplication by a bounded function. The transitivity of the L
action then implies that T is a constant. Thus L?(0,) is irreducible under
P. Since I is P-invariant, this implies that I = L?(0,) which finishes the
proof. O
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This Theorem induces a unitary structure on a quotient of the principal
series.

Corollary 10.5. (-,-)4 induces a G-invariant unitary structure on the quo-
tient space L2(H)* /K that is unitarily isomorphic to L*(Op) by Fr. In
particular,

(f1, f2)a = (Frf1, Frf2)0,-
for all f1, fo € L>(H)*.

Proof. This is contained in Theorem 10.3, 10.4, and Equation (10.1). O

This completes diagram 8.2 to the following diagram of unitary G-maps
where Fp is an isomorphism and A (viewed as a map on the quotient space)
and Fp are injective:

A
L*H)Y/K  — L*H)~
(10.2) N\
P 1 Fg.

L(Oy)

This Diagram then fits into a larger diagram that incorporates Diagram 7.4.
Namely, define Fi : L?(0,) — C>(D™") by

Fef(n) = i /O N (6) de

which is well defined by Holder’s inequality. It is immediate that we obtain
a commuting diagram of G-maps,

A
L*(H)*/K — L*(H)~
B Iy
(10.3) S ! RN 1 Fg
Im(S) — L*(Op)
Iy

Also note that the injectivity of F is enough to strengthen Corollary 10.5
so that B is injective and

(10.4) K =ker(A) = ker(S) = ker(Fr) = ker({-,-)a).
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ON KRONECKER PRODUCTS OF SPIN CHARACTERS
OF THE DOUBLE COVERS OF THE SYMMETRIC
GROUPS

CHRISTINE BESSENRODT AND ALEXANDER S. KLESHCHEV

In this article, restrictions on the constituents of Kronecker
products of spin characters of the double covers of the sym-
metric groups are derived. This is then used to classify homo-
geneous and irreducible products of spin characters; as an ap-
plication of this, certain homogeneous 2-modular tensor prod-
ucts for the symmetric groups are described.

1. Introduction.

In recent years, a number of results on Kronecker products of complex S,,-
characters have been obtained. In particular, the rectangular hull for the
constituents in such products was found, and this was used for the clas-
sification of products with few homogeneous components; see [1] for this
classification result and references to related work.

Here, we provide similar results for products of spin characters for the
double covers S, of the symmetric groups. The rectangular hull for spin
products is determined in Theorem 3.2; this result serves as a crucial tool
for the classification of homogeneous spin products in Theorem 4.2. (A
module is called homogeneous if all of its composition factors are isomorphic
to each other.) Finally, Theorem 4.2 is applied to prove a recent conjecture
of Gow and Kleshchev describing certain homogeneous 2-modular tensor
products for the symmetric groups (see Theorem 5.1).

2. Preliminaries.

We denote by P(n) the set of partitions of n. For a partition A € P(n),
[(\) denotes its length, i.e., the number of (non-zero) parts of A\. The set
of partitions of n into odd parts only is denoted by O(n), and the set of
partitions of n into distinct parts is denoted by D(n). We write DT (n)
(resp. D~ (n)) for the sets of partitions A in D(n) with n — I(\) even (resp.
odd); the partition A is then also called even (resp. odd).

We write Sy, for the symmetric group on n letters, and S, for one of its
double covers; so S, is a non-split extension of S,, by a central subgroup
(z) of order 2. It is well-known that the representation theory of these
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double covers is ‘the same’ for all representation theoretical purposes. The
spin characters of S;, are those that do not have z in their kernel. For an
introduction to the properties of spin characters (resp. for some results we
will need in the sequel) we refer to [6], [10], [11], [13]. Below we collect
some of the necessary notation and some results from [13] that are crucial
in later sections.

For A € P(n), we write [A] for the corresponding irreducible character of
Sp; this is identified with the corresponding character of §n The associate
classes of spin characters of S, are labelled canonically by the partitions in
D(n). For each A € Dt (n) there is a self-associate spin character (\) =
sgn (A), and to each A € D™ (n) there is a pair of associate spin characters
(), (A = sgn (\). We write

—w if A € D*(n)
W= {(AH—()\)’ if A\ € D~ (n)

(1 ifreDt(n)
- {\@ if A € D~(n)

In [13], Stembridge introduces a projective analogue of the outer tensor
product, called the reduced Clifford product, and proves a shifted analogue
of the LR rule which we will need in the sequel. To state this, we first have
to define some further combinatorial notions.

Let A’ be the ordered alphabet {1’ < 1 < 2’ < 2 < ...}. The letters
1/,2',... are said to be marked, the others are unmarked. The notation |al
refers to the unmarked version of a letter a in A’. To a partition A € D(n)
we associate a shifted diagram

YN ={(,j) eN? |1 <i<I(N),i<j<N+i—1}

A shifted tableau T of shape A is a map T : Y'(A) — A’ such that T'(4,j) <
TG+ 1,j5), T(i,j) < T(i,j + 1) for all i,5 and the following additional
property holds. Every k € {1,2,...} appears at most once in each column
of T, and every k' € {1',2/,...} appears at most once in each row of T.
For k € {1,2,...}, let ¢ be the number of boxes (i,7) in Y’()) such that
|T(i,7)] = k. Then we say that the tableau T' has content (ci,ca,...).
Analogously, we define skew shifted diagrams and skew shifted tableaux of
skew shape \/pu if p is a partition with Y/(u) C Y’()). For a (possibly skew)
shifted tableau S we define its associated word w(S) = wiws - -+ by reading
the rows of S from left to right and from bottom to top. By erasing the
marks of w, we obtain the word |w|.
Given a word w = wyws ..., we define

EX

m;(j) = multiplicity of ¢ among wy—j41,... ,wp (for 0 < j < n),

m;(n + j) = m;(n) + multiplicity of i among wy,... ,w; (for 0 < j < n).
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This function m; corresponds to reading the rows of the tableau first from
right to left and from top to bottom, counting the letter ¢ on the way, and
then reading from bottom to top and left to right, counting the letter i’ on
this way.

The word w satisfies the lattice property if, whenever m;(j) = m;—1(j), then

wnj # i, if0<j<n,
Wjm # i—1,i, ifn<j<2n

For two partitions p and v we denote by U v the partition which has as
its parts all the parts of u and v together.

Theorem 2.1 ([13, 8.1 and 8.3]). Let p € D(k), v € D(n—k), A € D(n),
and form the reduced Clifford product (u) x. (v). Then we have

((G1) e ) 150, 0) = ——— 20O/
EXEpUY
unless X is odd and A = pUv. In that latter case, the multiplicity of (\) is
0 or 1, according to the choice of associates.
The coefficient fﬁ\l, is the number of shifted tableaux S of shape \/p and
content v such that the tableau word w = w(S) satisfies the lattice property
and the leftmost i of |w| is unmarked in w for 1 <i <I(v).

We will also use the following result from [13] on inner tensor products
with the basic spin character (n):

Theorem 2.2 ([13, 9.3]). Let A € D(n), u a partition of n. We have

1
()], (A)) = ——2UN=D2g,
EAE(n)
unless X = (n), n is even, and p is a hook partition. In that case, the

multiplicity of (\) is 0 or 1 according to choice of associates.

The coefficient gy, is the number of “shifted tableauz” S of unshifted shape
w and content A such that the tableau word w = w(S) satisfies the lattice
property and the leftmost i of |w| is unmarked in w for 1 <i <I(A).

3. On bounds for the constituents of spin products.

First we prove a spin version of a result of Dvir [4] (resp. Clausen and Meier
[3]), describing the rectangular hull of the constituents in the Kronecker
product of two spin characters.

Definition 3.1. Let u, v € D(n). Define the coefficients d}),, A € P(n), by

pv
(- () = _dn, [\

AFn
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Then define the width w and the height h of the product by
w((p) - (v)) = max{A |IA=(A1,...): d;\“, # 0}

h({p) - (v)) = max{l|3IA=(A1,... , N\ >0): dﬁy # 0}.

The rectangular partition (w") is then called the rectangular hull R({)- (v))
of the product (u) - (v).

Remark. Since (1)’ = sgn - (i), we can easily obtain all products of spin
characters if we know the coefficients df;,j above.

Theorem 3.2. Let p, v € D(n).
Then the rectangular hull of the product () - (v) is given by

R((n) - () = (lunwF0¥),
except in the case when p=v € D™ (n).
In the case @ = v € D™ (n), but p not a staircase partition (k,k —
1,...,2,1), we have

R - gy ={ (G2 = il
More precisely,

. ((u) - (u),[n—1,1]) if n—1(p) =1 mod 4
1> e+ 1= {005 ) i) Zameds

Finally, if n = (kgl) 1 a triangular number with k = 2 or 3 mod 4, and
w=v=(kk—-1,...,2,1) € D™ (n), then we have
_J (n—=2)") ifk=2 or7mod8
R({m <,u>)_{ (n"=2) ifk=3 or6mod8 °
More precisely,

1:{<www»m—zﬂ>#kzaw7mﬂs
() - (), [3,1"73]))  ifk=3 or6mod8 -

Remark. The number |{j | 1 > pj41 + 1}| is almost the number of boxes
A that can be removed such that the resulting partition p\ A is in D(n —1);
the only exception is that a final part 1 is not counted. This is the reason
for the further exception in the case of staircase partitions.

Proof. Let A = (A1, A2, ...) be a partition of n with ((u) - (v),[A]) # 0. Put
k = A1. Then ([k], [A] lgk) # 0, and hence

0# () s, () Ls, 16D = () Lg,. ) L5, )

_ {(<V> l§k7 <:“>, l[g”k), if n—1(u) =1 mod 4
() g, () igk), else.
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Indeed, the last equation follows since clearly (p) = (p) for each p € Dt (n),
and for p € D™ (n) the only possibly non-real values can occur at classes of
cycle type p, where (p) takes value (1 P)+1)/24/ % (see [6], [10]). Hence

{p) = {p) if n —1(p) = 3 mod 4, and {p) = (p)’ if n —I(p) = 1 mod 4. In any
case, there exists & € D(k) such that o C pNv, so k < |uNvl.
Multiplying with the sign character, the same argument also gives the
inequality [(A) < |pNwv|.
Put m := |gNv|. The character (uNwv) or its associate is a common
constituent of (u) |z and (v) |5 (and their associates), unless p = v €

D~ (n), when ((i), {u)) = 0. Hence, if we are not in the exceptional case,
then by the argument above

0#((wlg, W) lg .[ml).

Hence there must be a constituent [A] in the product with first part Ay > m,
and by what we have already proved, we have in fact equality \; = m.
This argument is independent of the choice of associates so we also obtain
h({u) - (¥)) = m unless we are in the exceptional case.

We now have to deal with the case that y = v € D™ (n). If n —I(p) =

1 mod 4, then (1) = (1), as we have already noted above, so ({1)-{u), [n])
0. Hence

() - (), [n — 1] 157)
(W lg, ) lg In—1])
(1) 1z

!
| oz )
{7 | 1y > g1 + 1},

(<:u> ’ <M>7 [n -1, 1]) i E
(
|

where the last equality follows from the spin branching rule. In particular,
if p is not the staircase (k,k —1,...,1), then w({u) - (1)) =n — 1. Since

() = (), [17]) = (s () = 1,

the assertion on the height follows immediately.

If n — () = 3mod 4, then (1) = (u). By a similar reasoning as above
we obtain the assertion in this case except for the height statement in the
case of a staircase partition.

Finally, we have to deal with the case where u = (k,k—1,...,1) € D™ (n).
Here,

() = lmod4 if k=2or 7modS8
n H) = 3mod4 ifk=3or6modS8 "

We consider the case where £ = 2 or 7 mod 8; the other case is dual. As
n —Il(p) = 1 mod 4, we already know from the previous arguments that
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w((p) - (p)) <n —2. Hence
(

( M) : <:U’>7 [n - 272])

=) 1z, ,, ) 15, ,,)

= ((kk—1,...,3,1) xc (2), (k,k —1,...,3,1) x. (2))
=0,

where the restriction to gn—2,2 follows from Theorem 2.1. Thus, using the
spin branching rule we obtain

() - () n=2,12) = (I lg - lg )

72,12’ n—2,12
= ((kk—1,...,31),(kk—1,...,31)
— 1
Hence R({u) - (1)) = ((n —2)™) in this case, as claimed. O

For making the previous result slightly more precise, we need spin versions
of some results in [1]:

Lemma 3.3. Let aq, az, by, bo € Ny with a1 > as, by > b, aj+as > b1+bo.
Then

by + by = min(ay + ag, b1 + b2) < 2(min(ay, b1) + min(ag, b2)) — 1,
and equality holds if and only if (a1, az, b1, b2) is of the form (a1,0,b1,b1 —1)
or (a1,a2,1,0) or (ar,a; — 1,2a; — 1,0).
Proof. First we consider the case when by < a;. Then the right hand side is
2(by + min(ag, b2)) — 1 > 2by — 1 > by + be,

and equality holds if and only if min(ag, b2) = 0 and by = by + 1. These are
the cases where (a1, a2,by, b2) is of the form (a1,0,b1,b1 — 1) or (ay, az, 1,0).
In the case when a; < by, we have by < as < a; < b;. Hence the right
hand side is
2(a1+b2)—1 = (2&1—1)+2b2 > a1 + as + 2by > by + 3by > by + bo,

and equality holds if and only if ag = a1 —1, b1 +by = a1+ao and by = 0. This
is exactly the third situation described in the statement of the lemma. [

We denote by b;;(i) the (i,j)-bar length of p; in particular, byi(p) =
p1 + po for g = (w1, p2,...). The partition p has an ¢-bar if b;;(p) = £ for
some (i, 7). For details on the combinatorics of bars we refer to [12].

Lemma 3.4. Let p, v € D(n). Then
min(b11(p), b1 (v)) < 2[pNv|—1,

and equality holds if and only if one of p, v is (n) and the other one has
first two parts k, k — 1.
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Proof. Let p = (p1,p2,...), v = (v1,v2,...). Then we have byi(u)
p1 + p2 and bii(v) = v1 + ve. Furthermore, |p Ny = >, min(u;, vj)
min (g1, v1) +min(pe, v2). By the previous Lemma, applied to (a1, a2, b1, b2)

= (u1, g2, v1,v2), we immediately obtain the assertion.

We denote by h;;(A) the (7,7)-hook length of A = (A1,...,\;); in partic-
ular, hn()\) =M +1-1.
Theorem 3.5. Letn >4, u, v € D(n), and assume we are not in the case

that one of u, v is (n) and the other one has first two parts k,k — 1. Let A
be a partition such that [A] is a constituent of (u) - (v). Then

hn()\) < 2|,uﬂ I/| — 1.

Proof. Set | = 2|pNv|—1. Take 7 € S, of type (I,1"1) € O(n), © the
corresponding element in S,. By Morris’ recursion formula [11] we have:

() - () (7) =0,
since either p or v does not have an [-bar, by Lemma 3.4. By Theorem 3.2,
for any constituent [A] of (i) - (v) we have A\; < |pNv|and I(A) < |uNv|, so
h11(A) < 2|pNv|—1. Thus A has an [-hook if and only if \y = |pNv| = 1(N),
which is then the hook Hiy = Hii(A) of leg length |uNv| — 1. So assume
now that [A] is a constituent which has an I-hook; then by the Murnaghan-
Nakayama formula [8]:

A7) = N](m) = (=1)FOIT AN Hu(1) # 0.
So all such constituents [A] contribute a summand of the same sign to (u) -

(v)(). Since this latter value is zero, there can be no such constituent, and
hence h11(\) < 2|pNv| —1 for all constituents of (u) - (V). O

AVANI

O

Corollary 3.6. Let n > 4, pu, v € D(n), and assume we are not in the
situation that one of p, v is (n) and the other one has first two parts k,k—1.
Then () - (V) has at least two different constituents.

Proof. Clearly, if u € D™ (n), then (u) - (1) contains one of [n] or [1"] and at
least one further constituent different from these. So we may assume now
that we are not in the exceptional case of Theorem 3.2. Then the assertion
follows from the inequality in Theorem 3.5 as the (1, 1)-hook of the rectangle
(| N v|[#]) has length 2| N v| — 1. O

4. Homogeneous spin character products.

We start by proving the following combinatorial lemma.

Lemma 4.1. Let k € N, n = k(k+1)/2, and let A = (k,k —1,...,2,1)
be the staircase partition of height k. Let H(k) be the product of the hook
lengths in X\, and let B(k) be the product of the bar lengths in \. Then

2" *H(k) = B(k).
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Proof. We prove the claim by induction on k. For k = 1 the assertion is
clear. Now assume that & > 2 and that the assertion holds for k£ — 1, i.e.,

o=k ==V —1) =Bk —1) .

When the staircase diagram of (k—1,k—2,...,2,1) is extended by the first
row k, it is clear how the products of hook (resp. bar) lengths change:

k k—1
H(k)y=H(k—-1)-[J2i-1), Blk) =Bk -1)- [[(k+).
i=1 j=0
As
k—1
L @k-1)!  (1-3---(2k—1))(2-4---2(k—1))
jljo(k“)_ k-1 & —1)!
=1-3---(2k—1)-2F1!
the result now follows immediately. (]

Theorem 4.2. Let n > 4, p, v € D(n). Then (u) - (v) is homogeneous if
and only if n is a triangular number, say n = (k—gl), one of u, v is (n) and
the other one is (k,k —1,...,2,1). In this case, we have

) - (kk—1,...,2,1) =2°® [k k—1,...,2,1]

where
k—gz if k is even
a(k) = k—gl ifk=1mod4 .
k=3 if k=3 mod 4

In particular, {u) - (v) is irreducible if and only if n = 6 and the product
is (6) - (3,2,1) = [3,2,1].

Proof. By Corollary 3.6 we only have to deal with the case p = (n) and
v = (k,k—1,...) for some k, where we have to show that the product is
homogeneous if and only if v is a staircase partition (k,k—1,k—2,...,2,1).

First, we assume that the product (n) - (v), with v = (k,k —1,...), is
homogeneous. In this case, we use the information given by Stembridge
on products with the basic spin representation (n), i.e., Theorem 2.2. By
this result, clearly [v] is a constituent of (n) - (v). On the other hand, by
Theorem 3.2 we know that there is a constituent [A] in the product with
I(A) = k =|(n) Nv|. Since the product is assumed to be homogeneous, we
must have v = A, but as v; = k and v € D(n), we can only have I(v) = k if
v=(kk—1,...,21).

Finally, we have to prove the assertion on the products of the special form
(ny - (k,k—1,...,2,1). As we have remarked above, by Theorem 2.2 we
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know that [v] appears in the product (n)-(v), and for v = (k,k—1,...,2,1)
the multiplicity is

L guwmne, o L gw-nrz

EvE(m) EvEm)

One easily checks that this equals 2°(%), with a(k) as given in the statement
of the theorem.

To show that no other constituent occurs, we just check dimensions on
both sides. Let B(k) be the product of the bar lengths in v = (k,k —
1,...,2,1), and let H(k) be the product of the hook lengths in . Then by
the hook formula (resp. the bar formula) for the character degrees we have
to show that

B(k) "~ H(k)
with a(k) as in the statement of the theorem. Considering the different cases
depending on k mod 4, this is easily seen to be equivalent to

2" FH(k) = B(k).

ol252] . o[m52] ™ _ gate) _M!

Hence the assertion follows from Lemma 4.1. O

Remark 4.3. A completely different proof of Theorem 4.2 is based on the
observation that the product of two non-associate spin characters gives an
ordinary character of .S,, which vanishes on all 2-elements, and is thus the
character of a projective module at characteristic 2. Hence, if the product
is homogeneous, this character is a multiple of an irreducible projective
character of S,; these irreducible characters are exactly the ones labelled
by 2-cores, i.e., staircase partitions. So the right hand side in Theorem 4.2
comes as no surprise.

5. Application to 2-modular tensor products.

In this section we want to apply the result about spin products for a proof
of a recent conjecture by Gow and Kleshchev [5] describing certain homoge-
neous 2-modular tensor products for the symmetric groups. The argument
for this proof was developed jointly with R. Gow.

Let F be a field of characteristic 2. We denote the irreducible F'S,,-module
labelled by the partition A € D(n) by D*. We define the spin module S to
be the irreducible F'S,,-module labelled by (m+1,m — 1) if n = 2m, and by
(m,m—1) if n=2m — 1.

Theorem 5.1. Let n = (kgl) be a triangular number, and set p = (k,k —
1,...,2,1) and N = (2k — 1,2k — 5,2k —9,...) € D(n). Then

S @ DN ~ ol(k=1)/4 pu.
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Proof. By Theorem 4.2 we have
) - (kk—1,...,2,1) =2°® [k k—1,...,21]

with a(k) described explicitly in Theorem 4.2. We know that the Brauer
character ¢ of the reduction modulo 2 of the basic spin character (n) is irre-
ducible, and it is the Brauer character for the spin module S. Furthermore,
w= (k;k—1,...,2,1) is a 2-core, so the corresponding Brauer character
x of [u] mod 2 is also irreducible. Let ¢ be the Brauer character of the
reduction mod 2 of (u).

By the formula above we have

¢ 1p = 20W)y.
Suppose that ¢ contains two different irreducible Brauer characters o and
B. Then ¢a = sy and ¢F = ty for certain positive integers s and ¢. But

the basic spin character (n) and hence also ¢ is non-zero on every 2-regular
element and therefore a(g) = sx(g)/¢(g) and B(g) = tx(g)/¢(g) holds for all

2-regular elements g € S,,. This implies that o and (§ are linearly dependent,
contradicting the assumption that they are two different irreducible Brauer
characters.

Hence 1 is a multiple of an irreducible Brauer character. For obtaining
the precise decomposition of 1) we use some results on the 2-decomposition
matrix for S, in [2]. First we have to introduce some notation. For a
partition o € D(n) let dbl?(a) be the 2-regular partition obtained as follows.
First “double” a by breaking each part into two halves, i.e., an odd part
2t — 1 is replaced by t,t — 1, and an even part 2t is replaced by ¢,t. Let
be the resulting partition. Then we regularize § into the 2-regular partition
pE = dblz(a) by pushing up nodes along the diagonal ladders of the 2-
residue diagram (we refer the reader to [8], p. 282 for more details on this
process). Now by [2], Theorem (5.2) we know that the final 2-decomposition
number for each spin character () occurs in the column labelled by dbl?(«),
and this entry is precisely 2[m(2)/2] where m(a) is the number of even parts
of a.

We apply this to u = (k,k—1,...,2,1). It is easy to check that dbl*(u) =
A. Keeping in mind that the Brauer character ¢ corresponding to u is a
multiple of an irreducible Brauer character, we thus obtain

W = alm(/2g

where 6 is the irreducible Brauer character labelled by A.
As m(u) = [k/2] we have thus shown that

ollk/2/2] . g = ga(k)y
Using the explicit description of a(k), we then obtain
¢ -0 =2/
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This is equivalent to the assertion on the tensor product. U
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INNER QUASIDIAGONALITY AND STRONG NF
ALGEBRAS

BRUCE BLACKADAR AND EBERHARD KIRCHBERG

Continuing the study of generalized inductive limits of finite-
dimensional C*-algebras, we define a refined notion of quasidi-
agonality for C*-algebras, called inner quasidiagonality, and
show that a separable C*-algebra is a strong NF algebra if and
only if it is nuclear and inner quasidiagonal. Many natural
classes of NF algebras are strong NF, including all simple NF
algebras, all residually finite-dimensional nuclear C*-algebras,
and all approximately subhomogeneous C*-algebras. Exam-
ples are given of NF algebras which are not strong NF.

1. Introduction.

This paper is a sequel to Blackadar & Kirchberg [BKb], to which we will
frequently refer. In Blackadar & Kirchberg, we studied a generalized induc-
tive limit construction for C*-algebras and gave various characterizations of
C*-algebras which can be written as generalized inductive limits of finite-
dimensional C*-algebras. We recall the definitions for the convenience of
the reader:

Definition 1.1. A separable C*-algebra A is an M F' algebra if it can be
written as li_n)l(An,QSmm) for a generalized inductive system with the A,
finite-dimensional. If the connecting maps ¢, , can be chosen to be com-
pletely positive contractions, then A is an NF algebra, and A is a strong
NF algebra if the ¢, , can be chosen to be complete order embeddings.

There is a close relation between these notions and quasidiagonality and
nuclearity: a (separable) C*-algebra A is an MF algebra if and only if it has
an essential quasidiagonal extension by the compact operators K [BKb,
3.2.2], and A is an NF algebra if and only if it is nuclear and quasidiagonal
[BKb, 5.2.2]. A number of other characterizations of MF, NF, and strong
NF algebras are given in [BKb].

One major problem left unresolved in [BKb] is whether every NF algebra
is a strong NF algebra. The purpose of this paper is to answer this question.
We will characterize strong NF algebras in terms of a sharpened version of
quasidiagonality we call inner quasidiagonality. The exact definition of inner
quasidiagonality will be given in Section 2; roughly (and possibly not quite
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correctly), a C*-algebra is inner quasidiagonal if it has a separating family
of quasidiagonal irreducible representations.

As a consequence, we show that “most”, but not all, NF algebras are
strong NF. In particular, we show that the following C*-algebras are strong
NF:

All (separable) strongly quasidiagonal nuclear C*-algebras.

All (separable) residually finite-dimensional nuclear C*-algebras.
All (separable) approximately subhomogeneous C*-algebras.

All prime antiminimal NF algebras.

All simple NF algebras.

We actually show that a prime strong NF algebra has a strong NF system
(An, ¢m.n) in which each A, is a single matrix algebra.

On the other hand, there are NF algebras which are not strong NF: if
A is a (separable) prime nuclear C*-algebra containing an ideal isomorphic
to K, then A is strong NF if and only if its (unique) faithful irreducible
representation is quasidiagonal. Thus the examples of [Bn| and [BnD] are
not strong NF. We also show that if A is a separable nuclear C*-algebra
which is not strong NF, then C'A and SA (which are NF by [BKb, 5.3.3])
are not strong NF, answering [BKb, 6.2.3(c)].

2. Inner quasidiagonality.

We begin by noting the following characterization of quasidiagonality from
[Vo2, Theorem 1]:

Proposition 2.1. A C*-algebra A is quasidiagonal if and only if, for every
T1,..-,Tm € A and € > 0, there is a representation w of A on a Hilbert
space H and a finite-rank projection p € B(H) with ||pm(x;)pll > ||z;|| — e
and ||[p, 7(x;)]|| < e for all j.

Definition 2.2. A C*-algebra A is inner quasidiagonal if, for every xq, ... ,
Tm € A and € > 0, there is a representation m of A on a Hilbert space H
and a finite-rank projection p € 7(A)”" € B(H) with |pr(z;)p|l > |lz;]| — ¢
and ||[p, m(x;)]|| < e for all j.

It obviously suffices in this definition to assume that the x; have norm 1.

The term “inner quasidiagonal” should really be “weakly inner quasidi-
agonal,” but we have rejected this terminology on pedantic grounds.

An inner quasidiagonal C*-algebra is obviously quasidiagonal. The con-
verse is false (2.7).

Proposition 2.3. In the definition of inner quasidiagonality (2.2), the rep-
resentation m may be taken to be a direct sum of a finite number of mutually
mequivalent irreducible representations.
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Proof. Suppose A is inner quasidiagonal, and let z1,... 2, € A and € > 0.
Choose m and p as in 2.2. Let z be the central support projection for
p in 7(A)”; then 7(A)”z and hence also w(A)'z are type I von Neumann
algebras with finite-dimensional centers. If ¢ is an abelian projection in
7(A)" with central support z, then 7|4 and pq are the desired representation
and projection. O

This will be generalized later (3.7).
The following is an immediate consequence of the definition.

Proposition 2.4. If A has a separating family of quasidiagonal irreducible
representations, then A is inner quasidiagonal. In particular, every residu-
ally finite-dimensional C*-algebra is inner quasidiagonal.

We do not know whether the converse of 2.4 is true. (See note added
in proof.) But an important special case of the converse is true, even in
stronger form:

Proposition 2.5. If A is separable and prime, then A is inner quasidiag-
onal if and only if some (hence every) faithful irreducible representation of
A is quasidiagonal.

Proof. A C*-algebra with a quasidiagonal faithful irreducible representa-
tion is obviously inner quasidiagonal. For the converse, consider the cases
A antiliminal (NGCR) and A not antiliminal separately. If A is antilim-
inal, separable, prime, and inner quasidiagonal, then A is quasidiagonal,
so by Voiculescu’s Weyl-von Neumann Theorem [Vo1l] every faithful repre-
sentation not hitting the compacts (in particular, every faithful irreducible
representation) of A is quasidiagonal.

Now suppose A is separable, prime, inner quasidiagonal, and not antil-
iminal. Then A has an essential ideal isomorphic to K, and has a unique
faithful irreducible representation 7y on a Hilbert space Hy. Let {z;} be a
dense sequence in A, and let {e;;} be a set of matrix units in K C A. For
each n let m, and p,, be as in 2.3 for the set {z1,...,zp,€11,... ,€nn} and for
e = 1/n. Then mp must be one of the irreducible subrepresentations of m,, for
each n since ||, (e11)] > |le11]] —1/n > 0. Let g, be the component of p,, in
mo. Then, for any j, lim,, . ||gnmo(ejj)gn || = 1 and lim,, o0 [gn, mo(xj)] = 0,
so g, — 1u, strongly and 7y is quasidiagonal. O

2.5 will be generalized in 3.18.

Corollary 2.6. FEvery separable antiliminal quasidiagonal prime C*-algebra
is inner quasidiagonal. Every separable simple quasidiagonal C*-algebra is
mner quasidiagonal.

Example 2.7. (a) The examples of [Bn| and [BnD)] are quasidiagonal, but
not inner quasidiagonal by 2.5.
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We recall for the reader that the example of [Bn] is an essential exten-
sion of the continuous functions on the real projective plane RP? by the
compacts:

0—K—A—CRP?*) —0.

The examples of [BnD] are slight variations of this, and have the additional
feature that the extension has real rank zero.

(b) A similar example is the C*-algebra generated by the direct sum of
the unilateral shift s and its adjoint. The C*-algebra is not prime; we have
the extension

0—-KaeK—-C'(sds")— C(T) — 0.

C*(s @ s) is quasidiagonal, but has only two irreducible representations
nonzero on the K @ K, neither of which is quasidiagonal; hence it is easily
seen not to be inner quasidiagonal.

Proposition 2.8. Let A be a separable C*-algebra. The following are equiv-
alent:

(i) Every quotient of A is inner quasidiagonal.
(ii) Every primitive quotient of A is inner quasidiagonal.
(iii) Ewvery irreducible representation of A is quasidiagonal.
(iv) A is strongly quasidiagonal, i.e., every representation of A is quasidi-
agonal.

Proof. (iv) = (iii) = (i) = (ii) is trivial, and (ii) = (iii) is 2.5. To show (iii)
= (iv), let m be a representation, which we may assume is nondegenerate, of
A on a Hilbert space H, which we may assume is separable. Let J = 7~ !(K).
Then m = m @ 7, where 71| is nondegenerate and ma(J) = 0. Then m is
a direct sum of irreducible representations, hence quasidiagonal, and o is
quasidiagonal by Voiculescu’s Weyl-von Neumann Theorem since mo(A) is a
quasidiagonal C*-algebra by (i). O

Proposition 2.9. Let A be a C*-algebra, and Jy, Jo ideals of A. Set J =
JiNJa. If AJJy and A/ J2 are inner quasidiagonal, then A/J is inner qua-
stdiagonal.

Proof. We may clearly assume J = 0. Let z1,... ,2,, € A and ¢ > 0. Let
pr (k= 1,2) be the quotient map from A to A/Ji. Then, for each j, ||z;|| =
max (|| p1(z;)|l, ||p2(x;)]]). By reordering we may assume ||p1(z;)|| = ||z;| for
1< j <7 and |pa(oy)l = 5]l > lpa(ay)l for 7+ 1< j < m. We may also
assume ¢ is small enough that |[p1(x;)|| < ||zj|| —e forr+1 < j < m.

Let o (k = 1,2) be representations of A/Jy as in 2.3 for {pg(z1),...,
pr(xm)} and the given e, with projections pg. Let o be the subrepresen-
tation of o9 consisting of those irreducible subrepresentations o such that
lpo(p2(x;))pl| > ||| — € for at least one j, r+1 < j < m (where p denotes
the o-component of py), and py the component of ps in . Then all of the
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irreducible subrepresentations of gy, regarded as representations of A, are
disjoint from oy o p; since each such o satisfies ||o(p2(z;))|| > ||p1(z;)| for
at least one j. Thus m = 01 0 p1 @ gg 0 p2 and p = p; ® pp have the desired
properties from 2.2. O

Corollary 2.10. A C*-algebra A is inner quasidiagonal if A contains a
collection {J;} of ideals with A/J; inner quasidiagonal for alli and NJ; = 0.

Proof. A direct proof can be given along the lines of the proof of 2.9. Al-
ternatively, note that the result is immediate from the definition of in-
ner quasidiagonality if the J; are directed by inclusion. In general, let
Jirvoin = Jiy N ...N J;,, and use 2.9 to conclude that A/J;, ;. is inner
quasidiagonal. O
Remark 2.11. It is obvious from the definition that if {A;, ¢;;} is an (ordi-
nary) inductive system (indexed by any directed set) of inner quasidiagonal
C*-algebras with injective connecting maps ¢;;, then the inductive limit is
inner quasidiagonal. It is not true that the inductive limit of an inductive
system with noninjective connecting maps is necessarily inner quasidiago-
nal, as the the following example shows. (It is an inductive system with
surjective connecting maps.) The same question can be asked about qua-
sidiagonality, where it appears to have a positive answer; the closely related
classes of MF and NF algebras are closed under (ordinary) inductive limits

with noninjective connecting maps, as well as certain generalized inductive
limits [BKb, 3.4.4 and 5.3.5].

Example 2.12. Let B be a (separable) quasidiagonal C*-algebra which
is not inner quasidiagonal, e.g., the example of [Bn] (2.7). Let 7 be a
faithful representation of B of infinite multiplicity on a separable Hilbert
space Ho; then 7 is quasidiagonal. Let (H,,),>1 be a sequence of separable
infinite-dimensional Hilbert spaces, with distinguished unit vectors &,,, and
set HW = Qk>n(Hy, &) FH = Hy ® HW, define C*-subalgebras of
B(H) by C, = K(Ho) & g, @ -+ ® lar,_, © K(H®) [Cy = K(H)], J, =
Ci+ -+ Ch Ay = Jy + p(B), J = [UJn]77 A= J—i—p(B) = [UAn]ia
where p = 7 ® 1. Then (J,) is an increasing sequence of ideals of A.
Each A, is inner quasidiagonal by repeated applications of 2.5; thus A is
inner quasidiagonal by 2.11. A/.J,, is isomorphic to A for any n, hence inner
quasidiagonal; but A/J = B is not inner quasidiagonal.

3. Variations and technicalities.

A somewhat cleaner alternative definition of inner quasidiagonality can be
given using the socle of the bidual. See [BoD] for the general theory of
socles of Banach algebras.

Definition 3.1. If B is a C*-algebra, then a projection p € B is in the socle
of B if pBp is finite-dimensional.
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Proposition 3.2. A C*-algebra A is inner quasidiagonal if and only if, for
any xi,...,Tm € A and € > 0, there is a projection p in the socle of A**
with [pz;pll > ;| - = and |p. ;)| < < for all j.

Proposition 3.3. Let B be a C*-algebra, x € B, and p a projection in B.
Then
[z, pll| = max([|(1 = p)apl, [pz(1—p))

V2 || pza*p — prpz*p|H/?).

= max(||pz*zp — pa*pap||
Proof. Set a = (1 — p)ap, b = px(l — p). Then calculation shows that
[z,p]*[2,p] = a*a + %D, so ||[z,p]|]> = [[a*a + b*b|| = max(|la*all, [[b*b])
since a*a and b*b are orthogonal. Also, ||[z,p]||> = max(||a*al|, ||bb*|), and
a*a = pxr*xp — pr*prp and bb* = prx*p — pxpx*p. O
The following fact, which is a slight sharpening of the Kadison Transitivity
Theorem, follows immediately from [Pd, 2.7.5 and 3.11.9].
Proposition 3.4. Let A be a C*-algebra, and p a projection in the socle of
A Set Ny ={zx e A:[p,z] =0} ={p} NA. Then

(a) pNp = pNpp = pA™p (= pAp).

(b) The weak closure of N, in A** is pA**p+ (1 — p)A™*(1 —p).
Corollary 3.5. Let A,p, N, be as in 3.4, and let x € A. Then d(z, N)) =
[, ]I
Proof. d(x, Np) = d(x, N;*) by the Hahn-Banach Theorem. We have y =
prp+ (1 —p)x(l —p) € Ny* by 3.4, and

|z —yll = I(1 — p)zp + pz(1 — p)||
= max([|(1 = p)apl|, [pz(1 —p)) = |z, p]ll-
So d(z, Np) < ||[z,p]||. Conversely, if y € Np, then

Iz, Pl = [z =y, p]ll
= max([[(1 = p)(z —y)pl, lp(z —y)(1 =p)l) <z -yl
O

We now show that in many instances, the study of inner quasidiagonality
can be reduced to the separable case.

Proposition 3.6. Let A be an inner quasidiagonal C*-algebra, and B a
separable C*-subalgebra of A. Then there is a separable inner quasidiagonal
C*-subalgebra E of A containing B.

Proof. We show that if z1,... ,z, € B and € > 0, then there is a separable
C*-subalgebra D of A containing B, and a projection ¢ in the socle of D**
with ||[g, z;]|| < € and ||qz;q|| > ||x;]| —¢ for 1 < j < m. Choose a projection
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p in the socle of A** with ||[p,z;]|| < €/2 and ||pz;p| > ||z;|| — /2 for all
j. Let C be a separable C*-subalgebra of N, with d(z;,C) = d(xj, Np)
for all j and pC = pN, = pAp, and let D be the C*-subalgebra of A
generated by B and C. Then D is separable. Regard the homomorphism
m:C — pC = pAp as a representation of C' on a finite-dimensional Hilbert
space H, and extend 7 to a representation p of D on a larger Hilbert space H
such that p is a direct sum of finitely many mutually inequivalent irreducible
representations (by extending each irreducible subrepresentation of 7 to an
irreducible representation of D and identifying together equivalent ones if
necessary). If @ is the projection from H onto H, then ) may be regarded
as a projection ¢ in the socle of D**, and C' C N,. We have by 3.5, for each
j?
g, z5]ll = d(zj, Ng) < d(z;,C) = ||[p, zj]l| <e.
Also, there is an isometry ¢ from ¢Dg to pAp induced by p, and ¥ (qaq) =
pap for a € C. Since d(z;,C) < €/2, we have, for each j,
laz;qll > [lpz;pll — /2 > ||z — €.

As a consequence, if B = Bj is a separable C*-subalgebra of A, then there
is a larger separable C*-subalgebra By of A such that, if z1,... ,2, € B
and € > 0, there is a projection ¢ in the socle of B3* with ||[g, z;]|| < € and

llgzjq|l > ||zj|| — e for 1 < j < m. Iterating this construction, obtain an
increasing sequence (B,), and set £ = [UB,]”. Then F is separable and
inner quasidiagonal. U

Separability is nice because of the following characterizations of inner
quasidiagonality. By a slight extension of usual terminology, we will say an
irreducible representation m of a C*-algebra A is a GCR representation if
m(A) contains the compact operators.

Proposition 3.7. Let A be a separable C*-algebra. The following are equiv-
alent:

(i) A is inner quasidiagonal.

(ii) Given xy,... ,xm € A and e > 0, there is an irreducible representation
m of A on a Hilbert space H and a finite-rank projection p € B(H) such
that |[p, m(z;)]l| < & for 1 < j <m and [pr(z0)pl| > lo1]| — .

(iii) There is a sequence of irreducible representations (my,) of A on Hilbert
spaces Hy,, and finite-rank projections p, € B(H,), such that
|[on, 7 (2)]|| = 0 and limsup ||ppm,(z)py|| = ||z|| for all z € A.

(iv) There is a sequence of irreducible representations (m,) of A on Hilbert
spaces H,,, and finite-rank projections p, € B(H,), such that
[Dr, Tn(2)]|| — O and limsup ||p,7n(z)pn|| = ||z|| for all x € A, such
that any representation occuring more than once (up to equivalence)
in the sequence is quasidiagonal and GCR.
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Proof. (i) = (ii) < (iii) are obvious. To prove (iv) = (i), let z1,... ,zy, € A
and £ > 0, and let ((m,, pn)) be as in (iv). Choose (Tn,,Pny);- -« » (Tnp,s Pr)
with ||pn, Tn, (€k)Dn, || > ||zk|| — € and ||[7n, (), pn,]|] < € for all j and k.
If there is a subset F' of {1,...,m} with |[F| > 1 such that m, = m for
n € F, then my is quasidiagonal, so there is a finite-rank projection ¢ in
mo(A)” with ||gmo(xr)q|| > |||l — € for all k € F. Replace &} (7n,, Py )
by (m0,q) ® ®rer(mn,,Pn, ). Repeating the process finitely many times if
necessary, we obtain a representation as in 2.3.

So we need only prove (ii) = (iv). Let (x;) be a dense sequence in A,
and choose a doubly indexed sequence (p;;) (1 < k < j) of irreducible

representations of A on Hjj, and finite-rank projections g;;, € B(Hjy), such

that ||[gjk, pjr(2:)]|| < 7" for 1 < < j and |gjrpin(z:)giell > ||zl — 57

(Note that this sequence satisfies the conditions of (iii).) The rest of the
proof will consist of two parts.

(1) We first show that if infinitely many p;; are equivalent to a single p,
then either p is quasidiagonal and GCR or the sequence can be modified
to a new sequence in which no pj; is equivalent to p. If p(A) N K = {0},
then there are infinitely (in fact, uncountably) many mutually inequivalent
irreducible representations of A with the same kernel as p (see Appendix),
and if 7 is any such representation, on a Hilbert space ﬁ, and € > 0, then
for any j, k with pj; ~ p, by [Vol, Lemma 1] there is a unitary v from Hj;

to H and a finite-rank projection p € B(H) such that

llug;rpin(xi)gjpu” — pr(x:)p|| < e

for 1 < i < j. For sufficiently small €, (pji,q;x) can be replaced by (m,p),
and a different 7 can be used for each p;; equivalent to p.

Now suppose that p is GCR. If J = ker p, then there is an ideal K of
A with K/J essential in A/J and isomorphic to K. By identifying Hj
with H (the Hilbert space on which p acts) for each pjj, equivalent to p, the
projections ¢;, become a sequence (ry) of finite-rank projections in B(H)
which asymptotically commute in norm with p(A), and in particular with
K; thus the only possible weak operator limit points of the sequence are
0 and 1 [any limit point must be a scalar by irreducibility, and if Al is a
limit point and p a finite-rank projection, then (pr,p) has a subsequence
converging in norm to Ap; but pr,p is approximately a projection for large
n, so any norm limit point must be a projection]. If 1 is a limit point, then
there is a subsequence of (r,,) converging weakly, hence strongly, to 1, so p
is quasidiagonal.

If 1 is not a limit point, then 7, — 0 weakly, hence strongly, and so
rpar, — 0 in norm for all a € K, ie., ||rpp(x)ry] — 0 for all z € K.
Fix 29 € K of norm 1. We can then find a subsequence (p,) of {p;i}, with
associated Hilbert spaces H,, and projections g¢,, such that ||[gn, pn(2)]|| — O
for all x € A, ||gnpn(0)gn|| — 1, and such that p, is not equivalent to p
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for any n. Define ¢ : A — [[¢.B(Hy)gn by ¢(x) = []gnpn(2)gn. ¢ then
drops to a *-homomorphism o from A to ([]¢.B(Hy)¢n)/(©¢.B(H,)qy).
Set I = kero. Then I N K C J since g ¢ I, so (I + J)/J is an ideal of
A/J orthogonal to K/J. But K/J is essential in A/J, so (I + J)/J = 0,
I C J,andso ||o(x)| > [|p(x)] for all z € A. Thus the subsequence of {p;1}
consisting of those which are not equivalent to p still satisfies the conditions
of (iii), and a smaller subsequence will have the same specific properties as
the full double sequence {p;;} if suitably reindexed.

(2) We now construct a doubly indexed sequence ((mjx,pjx)) satisfying
the conditions of (iv). Suppose {(7ji,p;r)} have been chosen from among
the (ppr, gnr) for 1 < k < j < m, satisfying the following properties:

() Npjw, mjw(za)]ll < j~ for 1< < j.
(b) Ilpsermsn(zi)pjell > Izl — 57"

(c) No irreducible representation occurs more than once among the 7

chosen so far unless it is quasidiagonal and GCR.

If m = 1, choose (711, p11) to satisfy (a) and (b). If m > 1, the 7j;, already
chosen come from the py,, for n < ng for some ng. The tail {p,, : n > ng} can
be modified as in (1), and further truncated by increasing ng if necessary,
so that none of the {ﬂ'jk : 1 < k < j < m} occurs in the tail unless it
is quasidiagonal and GCR. Then a suitable element of the modified tail
satisfies (a) and (b) and can be chosen as 7,,1. After again modifying and
truncating the tail to eliminate subsequent appearances of m,,; if necessary,
Tme can be chosen. The process can be continued inductively to get the
desired representations and projections.

This completes the proof. O

Lemma 3.8. Let A be a C*-algebra. Then, for any k, A is inner quasidiag-
onal if and only if Mp(A) = A® My, is inner quasidiagonal. The projections
for AQ My, may be chosen of the form p® 1y, where p is in the socle of A**.

Proof. Suppose A is inner quasidiagonal. It follows from 3.6 that we may
assume A is separable (or the following argument may be easily modified to
apply to the nonseparable case). Let ((m,,pn)) be a sequence as in 3.7(iii).

The map ¢ : A — [[ pnB(H,,)py given by ¢(z) = [[ pnmn(z)py drops to an
injective *-homomorphism o from A to (][ p.B(H,)prn)/ ©pnB(Hy)pn, and
hence o ® 1j is an injective *-homomorphism from A ® M}, to

[(HpnB(Hn)pn) / @pnB(Hn)pn] ® M;,

~ (H(pn © 1) [B(H,) @ My (pn @ 1k)> /@ (o ® 1)
- [B(Hy) @ Mi](pn ® 1g).

The converse is trivial. O
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Proposition 3.9. Let A and B be C*-algebras, with A inner quasidiagonal
and B residually finite-dimensional (e.g., commutative). Then A ® B =
A Q@min B is inner quasidiagonal.

Proof. Let {J} be a collection of ideals of B with intersection 0, with B/.J;
finite-dimensional for all 7. Then {A ® J;} is a collection of ideals of A® B,
with intersection 0, and (A ® B)/(A® J;) = A® (B/J;) is a finite direct
sum of matrix algebras over A, hence inner quasidiagonal. (]

We will prove a partial converse to 3.9 in 3.10 below. We believe that
a tensor product of any two inner quasidiagonal C*-algebras is inner qua-
sidiagonal, at least if one of the factors is nuclear. This would follow if
the converse to 2.4 is true. (See note added in proof.) Note that a tensor
product of strong NF algebras is strong NF (5.17).

Proposition 3.10. Let A and C be C*-algebras, with C' commutative. If
A ® C is inner quasidiagonal, then A is also inner quasidiagonal.

Proof. We reduce to the case where A is separable. If A ® C' is inner qua-
sidiagonal, and S is a countable subset of A, then by 3.6 and an obvious
additional construction we may construct an increasing sequence (B,,) of
separable C*-subalgebras of A ® C such that B, is inner quasidiagonal for
n odd and B,, = D, ® E, for n even, for separable C*-subalgebras D,, of A
containing S and E,, of C. Then B = [UB,]~ is separable, inner quasidi-
agonal, and equal to D ® F for D = [UD,]~ C A, which contains S, and
E=[UE,]” CC.

Now suppose A is separable. Write C' = Cy(X) for a locally compact
Hausdorff space X; then A®C = Cy(X, A). Suppose A® C'is inner quasidi-
agonal; let z1,... 2, € A, all of norm 1, and 0 < £ < 1. Choose § > 0 such
that 155 < e. Let U be an open set in X with compact closure, g € Cp(X)
of norm 1 supported in U, and f € Cyp(X) of norm 1 and identically 1 on
U, with f and ¢ taking values in [0,1]. Let V = {z : g(z) > 1 -4} C U.
Let m be an irreducible representation of A ® C' = Cy(X, A) and p a finite-
rank projection such that |[pr(z1 ® g)p|| > 1 — 0 and [p,7(z; ® g)] < 6
for all j. Then 7 is supported on a point xg of V, so m may be regarded
as a representation p of A by p(z) = n(z ® f). For each j, m(z; ® f)
is a scalar multiple of 7(z; ® g), with a scalar A\ = g(x)~! satisfying
1< A< (1-8)Y thus |lgm(z; @ NI < (1= 8) g, n(z; @ gl < e,
and ||pm(z1 @ f)p|| > ||pr(z; ® g)p|| > 1 —6 > 1 —e. Thus p and p satisfy
condition (ii) of 3.7, so A is inner quasidiagonal. O

Corollary 3.11. SA is inner quasidiagonal if and only if A is inner qua-
sidiagonal, and similarly for CA.

Proof. Combine 3.10 with 3.9. O



INNER QUASIDIAGONALITY 317

Remark 3.12. 3.11 shows that unlike quasidiagonality [Vo2]|, inner qua-
sidiagonality is not a homotopy invariant for C*-algebras.

We have the following refinement of the notion of inner quasidiagonality:

Definition 3.13. Let A be a C*-algebra, and z a central projection in A**.
Then A is z-inner quasidiagonal if, for any x1,... ,x,,, € A and € > 0, there
is a projection p in the socle of zA** with ||pz;p|| > ||z;||—¢ and ||[p, z;]|| < €
for all j. If II is a subset of A\, A is Il-inner quasidiagonal if A is z-inner
quasidiagonal, where z is the support projection of II in the center of A**.

A is inner quasidiagonal if and only if A is 1 4+«-inner quasidiagonal. A is
z-inner quasidiagonal if and only if A is Il -inner quasidiagonal, where II,
is the set of irreducible representations of A with central support < z.

Example 3.14. Let A be a C*-algebra with a quasidiagonal faithful irre-
ducible representation 7, and let z be the support projection of 7 in A**.
Then A is z-inner quasidiagonal, and zA** is a type I factor. More generally,
if {m;} is a separating family of quasidiagonal irreducible representations of
A, and z is the support projection of ©7;, then A is z-inner quasidiagonal.

There are versions of 3.6-3.8 for z-inner or Il-inner quasidiagonality, al-
though 3.7(iv) must be weakened (but see 3.18). If A is a C*-algebra, B a
C*-algebra, and II a subset of X, let IT| 5 be the subset of B consisting of all
irreducible representations (actually, not just weakly) contained in 7|p for
some 7 € II.

Proposition 3.15. Let A be a C*-algebra and 11 a subset of A. If A is
Il-inner quasidiagonal and B is separable C*-subalgebra of A, then there is
a separable C*-subalgebra E of A, containing B, which is Il|g-inner qua-
stdiagonal.

Proposition 3.16. Let A be a separable C*-algebra, and II a subset of A.

The following are equivalent:

(i) A is II-inner quasidiagonal.

(ii) Given x1,... ,xm € A and e > 0, there is an irreducible representation
m € II on a Hilbert space H and a finite-rank projection p € B(H) such
that |[p, m(z;)]l| < € for 1< j <m and |[pr(z;)pll| > llo1l] — .

(iii) There is a sequence of irreducible representations (mwy,) in II on Hilbert
spaces H,,, and finite-rank projections p, € B(H,), such that
s 7 ()] — 0 and limsup [puma(@)pa | = 2l| for all z € A.

(iv) There is a sequence of irreducible representations (my,) in II on Hilbert
spaces Hy,,, and finite-rank projections p, € B(H,), such that
1P 7 ()] — O and limsup [puma(@)pal| = |lz]| for all x € A, such
that any GCR representation occuring more than once (up to equiva-
lence) in the sequence is quasidiagonal.
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Proposition 3.17. Let A be a C*-algebra, z a central projection in A**.
Then, for any k, A is z-inner quasidiagonal if and only if My(A) = AQ My,
is (z ® 1)-inner quasidiagonal. The projections for A ® My may be chosen
of the form p ® 1, where p is in the socle of zA**.

Actually, z-inner or Il-inner quasidiagonality is not really a stronger con-
dition than inner quasidiagonality for separable C*-algebras, as the next
result shows. This is a generalization of 2.5, and is closely related to 3.7.

Theorem 3.18. Let A be a separable inner quasidiagonal C*-algebra, and
II a separating set of mutually inequivalent irreducible representations of A.
Then A is Il-inner quasidiagonal.

Lemma 3.19. Let A be a C*-algebra, 11 a faithful family of irreducible rep-
resentations of A, w1, ... ,m, € II, px a finite-rank projection in m(A)" for
1 <k <n, X a finite subset of A, and n > 0. If p is an representation of
A not equivalent to any m € 11, and q a finite-rank projection on H,, then
there is a w € Il and finite-rank projection p on H,, with p L pi if m ~ mp,
and an isometry z from ¢H, onto pHy, such that ||qp(x)q— z*pr(x)pz|| < n
forallx € X.

Proof. First suppose my € Il is GCR, with kernel J, and let K = 7r0_1(K). If
I'=n{kerm:mell, w4 m}, we have INJ =0, so if L € Prim (A), L # J,
then either I/ C L or K C L. Thus if p is any finite-rank projection on H,,
and p is an irreducible representation of A not equivalent to mg, then for any
r € A we have

()] < max{[|(1 — p)mo(a) (L - p)ll, max{|x(a)] : 7 € IL, 7 o 70} }.

This formula also holds if 7y is not GCR, for any p and p, since then the
right-hand side is equal to [|z]|.

Now let p and ¢ be as in the statement of the lemma, with » = rank g. By
replacing A by M, (A) and using the standard identifications of [Pa, §5] (cf.
[BKb, 4.3]), we may assume r = 1. If py,... ,p, are given, let S be the set
of vector states coming from representations in II, where only vector states
from 7 coming from vectors orthogonal to pg are included. Then by the
first part of the proof, for any = * in A we have ||p(7)|| < supseg |f(7)].
So by the bipolar theorem, the weak-* closure of S contains all pure states
of p(A), proving the lemma. O

Proof of Theorem 3.18. Let x1,... 2, € A, of norm 1, and 0 < € < 1.
Choose mutually inequivalent irreducible representations p1, . .. , p, of A and
finite-rank projections gqi, ..., ¢, such that ||[qx, pr(z;)]|| < €/2m for all j
and k and such that, for each j, there is at least one k with ||gxpr(z;)qx| >
|lz;|| —e/2 (2.3). Define new pairs (m,pi) for 1 < k < n inductively as
follows, with each 7 in II. Suppose (m1,p1),...,(Tk—1,pr—1) have been
defined. If py is in II, set (mk,px) = (pk,qx). Otherwise, choose m,p, 2z as
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in 3.19 for n = (¢/2m)?, X = {zj, @jzj,zjoy + 1 < j < m}, and p = py,
q = q, such that p L p; for all i < k for which 7 = m;. Then ||pr(z;)p|| >
llgkpr(z;)ar|| —€/2m for all j. Also, for each j,

[pm () 7 (2)p — pr(a;) pr(a;)pl|
< |[g"pr(xjz))pz — qp(afz;)q||
+ llgp(xFa)q — qp(x;) qp(z;)ql|
+ llap(x;) qp(x;)q — 2" pr(x;) pzap(z;)q|
+ [|2"pr () p2ap(xj)q — 2" pr () pr(z;)pz||

£ \2 € \2 € \2 £ \2 £\2
<(=— — — —) =(=
<2m) + (2m) + <2m) + (2m> (m)
(see 3.3 for the second term). Similarly, |[pr(z;z})p — pr(x;)pm(z;)*pll <
(g/m)?, so ||[p, m(z)]|| < e/m by 3.3. Set (mg, px) = (7, p).

We have now obtained a set {(m,px) : 1 < k < n} of representations in
IT and finite-rank projections such that ||[px, mx(x;)]|| < e/m for all j and k
and such that, for each j, there is at least one k for which ||[pg, 74 (z;)ps]| >
||z||—€. The 7, are, however, not necessarily distinct. Suppose, for some set
F, each 7, for k € F is equal to a representation 7y in II. Then {py : k € F'}
are mutually orthogonal, and if pg = >, Pk, then

e|F|
0. oMl < 3 e el < ) < &
keF

llpoo (z5)poll = max [[prme(z;)pw

for all j, so @(m, px) may be replaced by (mg,po) ® Srep(mr, pr). After
finitely many such procedures, a direct sum of mutually inequivalent irre-
ducible representations in II is obtained, satisfying the definition of Il-inner
quasidiagonality for x1,... ,Zmy,E. O

4. The Main Theorem.

We first show that strong NF algebras are inner quasidiagonal. We begin by
recalling one of the characterizations of strong NF algebras from [BKb]; we
state a slightly refined form for later use. The proof is essentially identical
to the proof of [BKb, 6.1.1] (note that that proof works throughout if the
finite-dimensional algebras are restricted to be in a given class B).

Proposition 4.1. Let B be a set of finite-dimensional C*-algebras, and A
a separable C*-algebra. Then the following are equivalent:
(i) A can be written as lim(A,, pmn) for a generalized inductive system

(An, ¢m.n) with each A, isomorphic to an algebra in B and each ¢pm p
a complete order embedding (completely positive complete isometry).
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(ii) For every xi,...,xm € A and € > 0, there is a B € B, elements
bi,... by € B, and a complete order embedding ¢ : B — A with
25 — ¢ (by)l| < e for all j.

The strong NF algebras are exactly the A for which these conditions hold
for B the set of all finite-dimensional C*-algebras. We may take condition
(ii) (with B the set of all finite-dimensional C*-algebras) to be the definition
of a strong NF algebra even in the nonseparable case.

Proposition 4.2. FEvery strong NF algebra is inner quasidiagonal.

Proof. Let A be a strong NF algebra, x1,... ,z,, € A, and € > 0. Choose a
finite-dimensional C*-algebra B, elements by,... ,b, € B, and a complete
order embedding ¢ : B — A such that if y; = ¢(b;), then ||z; — y;| < &/2
for all j. Let D be the C*-subalgebra of A generated by ¢(B). By [CE1,
4.1] (cf. [BKb, 4.2.2]), there is a *-homomorphism 7 from D onto B with
m(y;) = bj for all j. If B = By & --- & B,, with each B; a full matrix
algebra, and m = 7 @ - - - @ m,, then m; can be regarded as an irreducible
representation of D on a finite-dimensional Hilbert space H;. Extend 7; to
an irreducible representation m; of A on a larger Hilbert space fIZ-, and let p;
be the projection of H; onto H;. The 7; are not in general inequivalent; we
may assume that 7, ... ,%r are a set of representatives for the equivalence
classes. Set H=H; @ --- @ H, and # =m & - @ 7. Fori>r, choose
k < r with 7; = 7 and 1dent1fy H with Hk, and p; with the corresponding
projection on Hk Let p € B(H) be the sum of the p; (note that for a fixed
k the p; on H,, are orthogonal since the m; are disjoint). Then p € 7(A)";
and for each j, [p,7(y;)] = 0. so ||[p,7(z;)]|| < 2|lz; — y;|| < e. For each j
we have [[p7(y;)pl = [l (since [l7(y;)l| = lly; ); so

o7 (zi)pll = lysll = llzg = yill > llyill — /2 > Nl — e
U

The next proposition gives an important technical characterization of in-
ner quasidiagonality.

Proposition 4.3. Let A be a C*-algebra, and z a central projection in A**.
Then A is z-inner quasidiagonal if and only if, for any x1,... , 2, € A,
completely positive contraction ¢ : A — M, and € > 0, there is a projection
p in the socle of zA™ with ||[p, z;]|| < € for all j, and a completely positive
contraction ¢ : pA**p — M, with ||¢p(z;) — Y (px;p)|| < € for all j.

Proof. The “if” part is obvious (consider the case n = 1). Conversely, sup-
pose A is z-inner quasidiagonal; we may assume A is unital. Fix x1,... ,x, €
A and € > 0. By 3.15 we may assume A is separable. Then we may assume
there is a set IT of irreducible representations as in 3.16(iv) such that z is the
support projection of II. Because of 3.17 and the identifications described
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in [Pa, §5] (cf. [BKb, 4.3]), we may assume n = 1. For each § > 0 let S5 be
the weak-* closure of the set of all states w of A of the form w(x) = ¥ (pzp),
where p is in the socle of zA**, ||[p, z;]|| < d for all j, and ® is a state on
pA**p. We want to show that S, is the entire state space of A. For any 9, S5
is norming for A, i.e., for v = 2* € A, sup{|¢(z)| : ¢ € S5} = ||z|| by II-inner
quasidiagonality. Therefore, if ||z|| < 1 and ¢(z) > 0 for all ¢ € S5, then
p(1—z) <1forall p € Ss5,s0||1—z| <1, x> 0. Thus S5 contains all pure
states of A by [Dx, 3.4.1], so it suffices to show that a convex combination
of two elements of S5 is in S5. So let p1, p2 be projections in the socle of
2A* ||pis 4|l < 0/2 for i = 1,2, 1 < j < n, and w; states on A of the
form w;(x) = 1;(p;xp;) for states ¥; on p; A**p;. As in 2.3, there are repre-
sentations m; of A, each of which is a direct sum of mutually inequivalent
irreducible representations in II, such that m;(p;)m; (A)m;i(pi) = piAp;, and w;
is a linear combination of vector states from vectors in the range of 7(p;). If
0 < A < 1is fixed, we must show that w = Awj + (1 — A)ws is approximately
of the same form.

The difficulty comes when one or more of the irreducible subrepresen-
tations of 7 is equivalent to a subrepresentation of ms. By the choice of
II, any such representation p is either quasidiagonal or not GCR. We will
separately work within each such p, so fix p, on a Hilbert space H.

If p is quasidiagonal, identify the components of 7(p;) (i = 1,2) in p with
¢i € B(H). Then, for any n > 0, there is a finite-rank projection r such that
g —rqill <n (i =1,2) and ||[r, p(z;)]|| < e for 1 < j < m; the component
of w corresponding to p can thus be approximated within 7 in norm by a
convex combination of vector states in the range of r, and such states are in
Se.

Now suppose p is not GCR, i.e., p(4) N K = {0}. Identify the subrep-
resentation p; of m equivalent to p with p, giving a projection ¢;; then
the component of w; corresponding to p is a convex combination of vec-
tor states in the range of ¢q;. Let po on Hs be the subrepresentation of mo
equivalent to p, and ry the corresponding projection. By [Vol, Lemma 1],
for any y1,...,y, € A and n > 0, there is a unitary u from Hs to H and
a finite-rank projection go € B(H) orthogonal to ¢; with g2 = wreu™ and
lg2p(25)q2 — urapa(zj)rau*|| < n, llg2p(yr)ge — urapa(yr)rau™|| < n for all
Jj, k. Thus every weak-* neighborhood of the component of ws in po contains
a state wo which is a convex combination of vector states in the range of
some such ga, and ws is in S;/ for sufficiently small . Then the component
of w corresponding to p is approximated by a convex combination of vector
states in the range of g + g2, and ||lgr + 2, ;11| < lllgr, 23]l + gz, 3] < 6
for all j, so w € Sy. O

Theorem 4.4. Let A be a nuclear C*-algebra, and z a central projection in
A**. If A is z-inner quasidiagonal, then A satisfies condition (ii) of 4.1 with
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B = {pAp : p is in the socle of zA**}. So if A is separable, then A can be
written as lii>n(An, Gm.n) for a generalized inductive system (Ay,, ¢m n) where
each A, is isomorphic to p, A**p, for some p, in the socle of zA**, and each
Omn 15 a complete order embedding.

Putting together 4.4 with 4.2 we obtain:

Theorem 4.5. Let A be a separable C*-algebra. Then A is a strong NF
algebra if and only if A is nuclear and inner quasidiagonal.

Proof of Theorem 4.4. Suppose A is nuclear and z-inner quasidiagonal. Let
T1,...,Tm € A and € > 0. Choose a matrix algebra M, and completely
positive contractive maps o« : A — M,, and 8 : M,, — A such that
|8 oa(xj) —zj|| <e/T7for 1 <j < m. Then by 4.3 choose p in the so-
cle of zA™ with ||[p,z;]|| < /7 and o : pAp — M,, a completely positive
contraction such that ||o(pz;p) — a(z;)|| < /7 for 1 < j < m. Set B = pAp
and w = fFoo: B — A. Then |w(pz;p) — x;| <e/7 for all j.

We have d(xzj, N,) = ||[p,z;]| for each j by 3.5; let y; € N, with
|lzj—y;ll < e/7. Then ||w(py;)—y;|| < 4¢/7 for all j. The map  — pxr = pIp
is a *-homomorphism from N, onto B; let J be the kernel, ¢ : B — N, a
completely positive contractive cross section for the quotient map, and {e; } a
quasicentral approximate identity for J in IV,,. For each ¢, define ¢; : B — A
by

9i(b) = (1= ) o (B)(1 = )/ + ¢ " (b)e; ™.
For each i, ¢; is a complete order embedding since pg;(b)p = b for all b € B.
For i sufficiently large, |y; — (1 — e;)"/2y;(1 — €)'/ + 61/2 1/2)H <e/7
for all j since {e;} is quasicentral. We also have

11— e0) 2 (s — w(py)) (1 = en)* Il < /7

for each j, for i large, since y; — ¥ (py;) € J. Thus, for i sufficiently large,
we have, for all 1 < j <m,

5 = ¢ (py;) |
<l = will + Hy] - < (1—e) %y, (1 — e)'/? + 611/23/],621/2) H

+ H(l - ei)1/2(yj — o)1 — e 1/2’ 20, opu))e /2H
<5 - - +Z -+ 4775 e,

so A satisfies condition (ii) of 4.1. If A is separable, the last statement of
4.4 follows from 4.1.
The following diagram summarizes the maps used in the proof.
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5. Corollaries.

Corollary 5.1. A separable nuclear C*-algebra with a separating family of
quasidiagonal irreducible representations is a strong NF algebra. In partic-
ular, every separable nuclear residually finite-dimensional C*-algebra is a
strong NF algebra, and every separable nuclear strongly quasidiagonal C*-
algebra is a strong NF algebra.

Corollary 5.2. Let A be a separable subhomogeneous C*-algebra, and sup-
pose each irreducible representation of A is of dimension < k. Then A is a
strong NF' algebra, and has a strong NF system (Ap, ¢m.n) where each Ay,
is a (finite) direct sum of matriz algebras of size not more than k x k.

Since the class of strong NF algebras is closed under inductive limits
[BKb, 6.1.3], we obtain:

Corollary 5.3. FEvery (separable) approzimately subhomogeneous C*-alge-
bra is a strong NF algebra.

Corollary 5.4. If A is separable, nuclear, and prime, then A is a strong NF
algebra if and only if some (hence every) faithful irreducible representation
of A is quasidiagonal.

Corollary 5.5. Fvery antiliminal prime NF algebra is a strong NF algebra.
Every simple NF algebra is a strong NF algebra.

Example 5.6. The examples of 2.7 are NF but not strong NF.

Corollary 5.7. Let A be a separable nuclear C*-algebra. The following are
equivalent:

(i) Every quotient of A is a strong NF' algebra.

(ii) Every primitive quotient of A is a strong NF' algebra.
(iii) Ewvery irreducible representation of A is quasidiagonal.
(iv) A is strongly quasidiagonal.

Corollary 5.8. Let A be any NF algebra, and let B be a split essential
extension of A by K. Then B is a strong NF algebra. So A can be embedded
as a C*-subalgebra of a strong NF algebra B with a retraction (homomorphic
conditional expectation) from B onto A. In particular, A is a quotient of a
strong NF algebra. So every separable nuclear C*-algebra is a quotient of a
strong NF algebra [BKb, 6.1.8].
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We can obtain a refinement of 5.4-5.5.

Definition 5.9. A strong NF algebra is of monomial type if it can be writ-
ten as liig(An, ®m.n), with each A,, a single matrix algebra and each ¢, ,, a
complete order embedding.

We have used the terminology “monomial type” instead of “UHF type”
or “matroid type” since the class of AF algebras which are strong NF of
monomial type is considerably larger than the class of UHF or matroid C*-
algebras. (In fact, an AF algebra is strong NF of monomial type if and only
if it is prime.)

Proposition 5.10 (cf. [Dx, 1.9.13]). A C*-algebra B is prime if and only
if, for every nonzero x,y € B, there is an irreducible representation w of B
with w(x) and 7(y) both nonzero.

Proof. If I and J are nonzero ideals of B with I N J = 0, then every irre-
ducible representation of A must annihilate either I or J, so if x € I and
y € J are nonzero, then no irreducible representation of B can be nonzero
on both z and y. Conversely, if B is prime, and x, y are nonzero elements of
B, then there is a z € B with zzy # 0 (otherwise the two-sided ideals gener-
ated by x and y annihilate each other); if 7 is an irreducible representation
of B with w(xzy) # 0, then w(z) and 7(y) are both nonzero. O

Remark 5.11. The second half of the proof can be simplified if B is primi-
tive (e.g., if B is separable). It is still an open question whether every prime
C*-algebra is primitive.

Proposition 5.12. A strong NF algebra of monomial type is prime.

Proof. If A is strong NF of monomial type and x1, 22 are nonzero elements
of A, then by 4.1 there is a complete order embedding ¢ of a full matrix
algebra B into A such that ||z; — ¢(b;)]| < ||z;||/2 for j = 1,2, for some
b; € B. ¢! extends to an irreducible representation 7 of A as in proof of
4.2, and 7(xj) # 0 for j =1,2. O

Theorem 5.13. Let A be a prime separable nuclear C*-algebra. Then the
following are equivalent:

(i) A is a strong NF algebra.
(ii) A is a strong NF algebra of monomial type.
(iii) For some faithful irreducible representation w, w(A) is a quasidiagonal
C*-algebra of operators.
(iv) For every faithful irreducible representation m, w(A) is a quasidiagonal
C*-algebra of operators.

In particular, every antiliminal prime NF algebra and every simple NF al-
gebra is a strong NF algebra of monomial type.
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Proof. (ii) = (i) and (iv) = (iii) are trivial; (i) = (iv) by 2.5 and 4.2, and
(iii) = (ii) by 4.4, letting z be the support of m in A** (cf. 3.14). O

We have the following versions of 2.9-2.10:

Proposition 5.14. Let A be a (separable) C*-algebra, and Ji,Jy ideals of
A. Set J=JNJy. If A/Jy and A/Jy are strong NF algebras, then A/J is
strong NF.

Proof. In light of 2.9 it suffices to note that if A/J; and A/Jy are nuclear,
then A/J is nuclear. This can be seen in several ways. Perhaps the easiest
is to use the fact that a separable C*-algebra B is nuclear if and only if
every factor representation of B generates an injective factor, and note that
every factor representation of A/J factors though either A/J; or A/Js.
Alternatively, A/J is an extension of A/Jy by Ji1/J, and J1/J = (J1+J2)/ 2,
which is nuclear since it is an ideal in A/Js. O

Corollary 5.15. A separable nuclear C*-algebra A is a strong NF algebra
if (and only if) A contains a sequence (Jy,) of ideals with A/J, strong NF
for alln and NJ, = 0.

Note that neither of the assumptions that A be separable and nuclear
follow from the other hypotheses of 5.15 (e.g., A = [[,, M, J,, the sequences
vanishing in the n’th coordinate).

The situation with an increasing sequence of ideals, and hence with in-
ductive limits with noninjective connecting maps, is quite different. Recall
that an (ordinary) inductive limit, with injective connecting maps, of strong
NF algebras is strong NF ([BKDb, 6.1.3]; this is an immediate corollary of
4.1, or of 2.1 and 4.5).

Proposition 5.16. An (ordinary) inductive limit of an inductive system
of strong NF algebras with noninjective connecting maps is not necessarily
strong NF.

Proof. Example 2.12 is a counterexample. ]

For completeness, we note the following fact, which should have been

included in [BKDb]:

Proposition 5.17. The class of strong NF algebras is closed under tensor
products.

Proof. By 4.1 it suffices to show that, if Ay, Ao, By, By are C*-algebras, with
By, Bs finite-dimensional, and ¢; : B; — A; are complete order embeddings,
then the finite-dimensional subspace ¢1(B1)®@¢2(Ba) of A1®As is completely
order isomorphic to a C*-algebra. This follows immediately from [CE2,
3.1] (cf. [BKb, 4.2.1]), since if w; is an idempotent completely positive
contraction from A; onto ¢;(B;), then w; ® we is an idempotent completely
positive contraction from Ay ® Ay onto ¢1(B1) @ ¢2(B2). O
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Finally, the next proposition is an immediate consequence of 3.11 and
[BKDb, 5.3.3].

Proposition 5.18. Let A be a separable C*-algebra. Then A is a strong
NF algebra if and only if SA is strong NF, and similarly for CA. Thus, if
A is a separable nuclear C*-algebra which is not strong NF (e.g., if A is not
NF), then SA and CA are NF but not strong NF.

Using 5.18, we get examples of NF algebras which are not strong NF
which are very different from those of 5.6:

Example 5.19. SOs is an antiliminal NF algebra which is not strong NF.

Appendix A.

This appendix contains a “folklore” result that we have been unable to find
in the literature. The arguments are slight variations of those of Glimm
[G]], as presented in [Dx]|. The word “ideal” will mean “closed two-sided
ideal”.

If J is a primitive ideal in a C*-algebra A, we will call J a GCR ideal if J
is the kernel of a GCR irreducible representation (one whose image contains
the compact operators). The next proposition is well known and easy to
prove (cf. [Dx, 4.1.10]).

Proposition A.1. Let J be a primitive ideal in a separable C*-algebra A.
Then the following are equivalent:

(i) J is a GCR ideal.
(ii) There is an ideal K of A, containing J, such that K/J is an essential
ideal of A/J isomorphic to K.
(iii) A/J is not antiliminal.

Theorem A.2. Let J be a primitive ideal in a separable C*-algebra A.
Then the following are equivalent:

(i) J is not GCR ideal.

(i1) A/J is antiliminal.

(iii) J is the kernel of a non-type I factor representation of A.

(iv) There are two inequivalent irreducible representations of A with kernel
J.

(v) There are uncountably many mutually inequivalent irreducible repre-
sentations of A with kernel J.

Proof. (i) & (ii) is A.1, (v) = (iv) is trivial, and (iv) = (i) follows from
[Dx, 4.1.10].

By replacing A by A/J, we may and will assume that J = 0 in the rest
of the proof, to simplify notation.

(ili) = (v) by a slight modification of the argument in [Dx, 9.1]: if =
is a faithful non-type-I factor representation of A on a separable Hilbert
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space and C' is a masa in w(A)’, the direct integral decomposition of 7 as
i @ medp(z) with respect to C' has almost all 7, faithful and irreducible by
the argument of [Dx, 9.1]. If, for a set E of nonzero measure, each 7,
for z € E is equivalent to a fixed representation mg, then by [Dx, 8.1.7]
I ? medp(z) is a subrepresentation of 7 equivalent to a multiple of 7, a
contradiction. Thus, for each z, the set E, = {y : my ~ 7} has measure 0,
so there must be uncountably many such sets.

It remains to prove (ii) = (iii). This follows from the results of Glimm if
A has a minimal nonzero ideal, but not directly otherwise. However, using
the next three lemmas, Glimm’s argument essentially works in our case.

Lemma A.3. Let A be a separable primitive C*-algebra. Then A contains
a decreasing sequence (J,) of nonzero (not necessarily proper) ideals, such
that every nonzero ideal of A contains J, for some n.

Proof. This is an immediate consequence of the fact that Prim (A) is a sec-
ond countable T space and 0 is a dense point. O

Lemma A.4 (cf. [Dx, 9.3.5]). Let B be an antiliminal C*-algebra and I an
essential ideal in B. If d € By of norm 1 and 0 < 7 < 1, then there exist
w,w',d" in I satisfying the conclusions of [Dx, 9.3.5].

Proof. The proof is identical to the proof of [Dx, 9.3.5] except that 7 is
chosen to be an irreducible representation of B which is nonzero on I (this
is possible since I is essential and is itself an antiliminal C*-algebra), so 7|r
is irreducible, and ¢ is chosen in I. Then dy and hence v are in I, so d’, w,
and w’ are also in 1. O

Lemma A.5 (cf. [Dx, 9.3.7]). Let B be a unital antiliminal C*-algebra,
(Jn) a decreasing sequence of essential ideals of B, and let (so,s1,...)
be a sequence of self-adjoint elements of B. Then there exist elements
v(ai,... a;) (k=1,2,...) of B satisfying all the conditions of [Dx, 9.3.7],
and in addition v(ay,... ,ax) € Ji for all k and all (ay,... ,ax).

Proof. The proof is identical to the proof of [Dx, 9.3.7], with A.4 used (with
I = Jp+1) in place of [Dx, 9.3.5]. O

Proof of A.2 (ii) = (iii). Let (J,) be a sequence of ideals of A as in A.3.
Choose elements v(ai,...,a;) as in A.5 (if A is nonunital, work in A).
Choose the states f and g as in [Dx, 9.4]; then the representation 7, is
a type II factor representation of A. If I = kerm, is nonzero, then 7, is

zero on J, for some n; but this is impossible since v(ay,... ,ax) € J, and
mg(v(a1,... ,a;)) #0. Thus I =0 and 7y is faithful. O

The same technique can be used to give the following version of Maréchal’s
refinement [Ma, §2] of Glimm’s result:
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Lemma A.6. Let A be a separable unital primitive antiliminal C*-algebra.
Then there is a unital sub-C*-algebra B of A and ideal J of B, such that:

(a) B/J is isomorphic to the CAR algebra D (write ¢ : B — D for the
quotient map).

(b) For any cyclic representation w of D, there is a faithful cyclic represen-
tation p of A, and a projection F € p(B)" N p(B)', of central support
1 in p(A)”, such that the subrepresentation p1 of p|p defined by F is
equivalent to o ¢ and p1(B)" = Fp(A)"F.

Corollary A.7. Let A be a separable C*-algebra and J a non-GCR primi-
tive ideal of A. If M is any properly infinite injective von Neumann algebra
(in particular, any infinite injective factor) with separable predual, then there
is a representation m of A with kernel J, such that w(A)" = M.

Note added in proof. The authors have recently shown that the converse
of 2.4 is true: an inner quasidiagonal C*-algebra has a separating family
of quasidiagonal irreducible representations. As a consequence, if A and B
are inner quasidiagonal and one of them is nuclear, then A ® B is inner
quasidiagonal (see the comment after 3.9). Some of the other arguments in
this paper can be simplified using this result.
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APPROXIMATION ENTROPIES IN CROSSED PRODUCTS
WITH AN APPLICATION TO FREE SHIFTS

NATHANIAL P. BROWN AND MARIE CHODA

It is shown that for two dynamical approximation entropies
(one C* and one W*) the implementing inner automorphism
in a crossed product A %, Z has the same entropy value as the
automorphism «.

Using the techniques in the proof, an example of a highly
ergodic non-asymptotically abelian automorphism with topo-
logical entropy zero is also given. More specifically, it is shown
that the free shifts on the Cuntz algebra O, and the reduced
free group C*-algebra C}(F.,) have topological entropy zero.

1. Introduction.

In this paper we show that for two definitions of dynamical entropy (both
based on Voiculescu’s approzimation approach; [Vo2]) getting calculations
for general automorphisms is equivalent to getting calculations for inner
automorphisms. More precisely, we show that if a € Aut(A), n € S(A4) is
an a-invariant state and n o E denotes the Adu-invariant state on A x, Z
induced by 7 (u € A x4 Z is the implementing unitary) then the entropies
of & and Adu agree with respect to n and 7o E, respectively, for the entropy
quantities defined in [Ch3] and [Vo2, Section 3]. (See [St2, Problem 4.2].)

One may regard A x4 Z as the closure of the “fibers” Ay, = {au* : a € A}.
Then each Ap is globally invariant under Adu and, moreover, the action
of Adu on Ay is precisely that of «. Thus it seems natural to expect the
same entropy value for o and Adu, which we show by constructing explicit
completely positive maps on A X, Z using the techniques of [SS] as in [Br].

The maps constructed on A x, Z can also be used to estimate entropy
for some outer automorphisms of A X, Z. Since many operator algebras
can be realized as crossed products we get a large class of examples where
these techniques are relevant. Indeed, similar ideas were used in [Ch2, Ch3|
to obtain various entropy values for Cuntz’s canonical endomorphism of the
Cuntz algebra O,,, 2 < n < oo [Cu], and Longo’s canonical endomorphism of
type III factors. In this paper we exploit the isomorphism O, QK = F x¢ Z,
where IC denotes the algebra of compact operators and F is an AF algebra,
to obtain the following result.
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Theorem. The free shift on the Cuntz algebra Oy has topological entropy
zero in the sense of [Vo2, Br].

The free shift is the automorphism of On, = C*({S; : ¢ € Z}) such that
S; — Sit1. This is a highly ergodic non-asymptotically abelian automor-
phism.

There is a natural embedding C(Fy) — O of the reduced group C*-
algebra of the free group in infinitely many generators and hence the above
theorem also holds for the free shift on C)(F) since topological entropy
decreases in subalgebras (cf. [Br, Prop. 2.1]). In fact, we will obtain the
same results for automorphisms arising from any bijective function Z — Z.
(See also [St1, St3], [Dy] for related results.)

In Section 2 we observe several consequences of the construction of Sinclair
and Smith [SS]. The reader is encouraged to first go through [SS] as we
will be rather sketchy. In Section 3 we prove that the entropy of o and Adu
agree for the entropies defined in [Ch3] and [Vo2, Section 3|. In Section 4
the topological entropy (in the sense of [Br]) of the free shift is shown to be
zZero.

2. Maps on Crossed Products.

We first observe that the techniques of [SS] allow one to construct maps on
A X G out of maps on A in such a way that the map constructed on A x, G
inherits many nice properties that the map on A may have (e.g., normality,
positivity, invariance with respect to an a-invariant state, approximation
properties). For future reference it will be convenient to separate each of
these observations into individual propositions. However, all of the results
in this section are easy consequences of [SS| and we refer the reader to that
paper for all of the details and notation which appears below.

In this section A will denote a C*-algebra which is faithfully nondegen-
erately represented in B(H), where H is a separable Hilbert space. We
assume that an action o : G — Aut(A) is given with G a countable discrete
amenable group. As in [SS], we further assume (without loss of generality)
that « is spatially implemented; i.e., that there exists a unitary represen-
tation G — B(H), g — Uy such that ag(a) = UgaUy for all a € A and
g € G. We will regard A x4 G, the reduced (or full, since G is amenable)
crossed product, as faithfully represented (via the regular representation) in
B(I*’(G)® H) and let 7 : A — A x, G denote the natural inclusion. Since
« is spatially implemented, the map 7 makes perfectly good sense on all of
B(H). An easy calculation shows that 7 : B(H) — B(I*(G) ® H) is both
ultraweak-ultraweak and ultrastrong-ultrastrong continuous. Recall that
there is a natural unitary representation g — A, of G into B(I*(G) ® H)
such that A\gm(z)\; = m(ay(x)) for all # € A and such that the span of
{m(x)\g : g € G,z € A} is norm dense in A x, G.
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If F C G is a finite set, we will let pr denote the orthogonal projection
onto the span of {{, : g € F} (where {{;}4ec is the natural orthonormal
basis of I?(G)) and Pr : B(I*(G) ® H) — (pr @ I)B(I*(G) ® H)(pr @ I)
be the compression map. If f € [*°(G) has finite support then we let T :
B(I*(G) ® H) — B(I*(G) ® H) be the map constructed in [SS, Lem. 3.3].

Definition 2.1. If A : A — B(H) is a linear map, f € [°°(G) has finite
support, and F' C G is a finite set we define @ : AxoG — B(*(G)® H)
by

(I)A7f7p = Tf o (’LdF & A) o Pr,
where idp : pp(B(I*(G)))pr — pr(B(12(Q)))pr is the identity map.

It follows from [SS, Lem. 2.1] that Pr(A x4 G) C pr(B(12(G)))pr @ A
and hence ®, 7 r is well defined. Since Pp is weakly continuous, this also
shows that when A is a von Neumann algebra, the weak closure of A x, G
(i.e., the W*-crossed product) also gets mapped into pr(B(I1%(G)))pr ® A
and hence ®p ¢ is well defined for W*-algebras and W*-crossed products
as well.

In the following proposition, I will denote the identity operator on both
I>(G) and H and hence I ® I denotes the unit of B(1*(G) ® H). For each
finite set F' C G we also let {ep 4}pqcr denote the canonical matrix units of

prB(I*(G))pr.
Proposition 2.2. The following assertions hold.

1) Ty is a completely positive map (cf. [Pa]) with Te(I® 1) = || f|3I @ 1.
Hence | Tt|lew = | Tl = || fI|3. Also, if F contains the support of f
then Tf(pF & I) = Tf([ & [)

2) Ty(epg©a) = F(B) F(@)m(p(@)) Apgor for ey @a € prB(2(G))pr @ A.

3) If v € prB(1%(G))pr ® A and {z;} C prB(1*(G))pr ® A is a net con-
verging to x in the ultraweak (resp. ultrastrong) topology then Tt(x;) —
Ty(x) in the ultraweak (resp. ultrastrong) topology.

4) If A is completely bounded (cf. [Pa]) then ®y ¢ r is also completely
bounded with | P ¢l < |fI3I|Alle- If A is completely positive then
@y p r is completely positive.

5) If A is a von Neumann algebra, A(A) C A and A is ultraweakly (resp.
ultrastrongly) continuous then ® 4 ¢ p is ultraweakly (resp. ultrastrongly)
continuous as a map (A x, G)" — B(I*(G) ® H).

6) If A is unital, A is unital, F O supp (f) and ||f||3 = 1 then ®p s p is
unital.

Proof. The first assertion is essentially [SS, Lem. 3.3] and it’s proof. (The
last statement follows easily from the definition of T%.)

The second assertion follows from Lemmas 2.2 and 3.1 in [SS], together
with the definition of T7.
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The third assertion follows from the second since we noted that 7 is
continuous in both the ultraweak and ultrastrong topologies.

The fourth is immediate from the first since Pr is a completely positive
contraction and ||idr @ Allep < ||Allcp-

The fifth follows from the third since ®, r =Ty o (idp ® A) o Pp.

The final assertion follows from the first since

Papr(I @) =Tp(idp @ AMpr @ 1)) =Ty(pr @ 1) =Ty(IR 1) =T & I.
U
Proposition 2.3. If A(A) C A then

Crpr(m(@Ag) = Y FOf (g T)m(ar(Alap-1(a)))Ag
teFN(gF)
foralla € A and g € G. In particular, if A(A) C A then ®p 5 r(A %y G) C
A X, G.

Proof. See Lemma 3.2 in [SS]. O

Let 1 denote the unit of G. Then Pgy(A %o G) = py1y ® A. Identifying
Py @Awith I® A= Awelet E: Ax,G — A denote the resulting faithful
normal projection such that E(m(a)\g) = 0 for all g # 1 and E(w(a)) = a
for all a € A (cf. [Pe, Lem. 7.11.3]). When A is a von Neumann algebra
then we regard E as a map (4 x, G)" — A.

Proposition 2.4. If ||f||3 = 1, F D supp(f), n € S(A) is an a-invariant
state (i.e., noag =mn for all g € G) and A : A — A is a completely positive
map such that no A =n thenno Eo®y sy p=mno0kE (as states on A x4 G).

If A is a von Neumann algebra, n is normal and A is ultraweakly contin-
uous thenno Eo®y yp=mnoFE (as states on (A xo G)").

Proof.  Evidently Proposition 2.3 implies 1 o E o ®p sp(n(a))y) =
no E(m(a))g) for all a € A, g € G. Thus the proposition follows from
parts 4 and 5 of Proposition 2.2. O

The next proposition is immediate from the definitions and part 1 of
Proposition 2.2.

Proposition 2.5. Assume A =1pop where p: A — B, ¢: B— B(H) are
linear maps. Letting ® = (idp ® @) o Pp and ¥ =Ty o (idp ® 1) we have:
1) The diagram

Pyop, f,F
_—

B(I*(G)® H)

el b

Mip ® B,
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is commutative, where Mg = ppB(I*(G))pr is isomorphic to the ma-
triz algebra of dimension |F|? = cardinality (F)2.
2) ® (resp. W) is completely positive whenever ¢ (resp. 1) is completely

positive.

Let {epq}pqer be the canonical matrix units of Mg = prB(I*(G))pr.
When ¢(B) C A we can give an explicit formula for the map W. (There is
always an explicit formula for ®.)

Proposition 2.6. With the assumptions and notation of Proposition 2.5
we have:
L. @(W(a))\g) = Z €tg—1¢ ® QO(OZt—l(CL)),
teFN(gF)
1. If ¢ is unital then ® is unital,
2. W(epq ®b) = f(p)f(@)m(ap((b)))Apg-1.
2. If F D supp (f), || fll2 =1 and 1 is unital then ¥ is unital.

Proof. The first assertion follows from [SS, Lem. 2.1] while 2 follows from
the definition of T}, [SS, Lem. 3.1] and [SS, Lem. 2.2]. 1’ (resp. 2') is an
easy calculation using 1 (resp. 2). O

We will need the following proposition to compute [Ch3] entropy.

Proposition 2.7. If ¢ and ¢ in Proposition 2.5 are unital and completely
positive, || f||3 =1, F D supp (f) and n € S(A) is an a-invariant state then

noBow (Y e @b | =nouw),
qeF
for all b € B (i.e., under the natural identifications of B and 1 ® B C
Mp| ® B, the states n o and no E oW agree).

Proof. This is an easy calculation using the previous proposition. U

Finally we observe that ®, ¢ r has good approximation properties when-
ever A does. If K C G is a finite set and f € [°°(G) has finite support F

then we let
Fr;=FU ( U g—1F>.

geK

Proposition 2.8. For each finite set K C G and § > 0 there exists f €
[°(G) of finite support with || f|l2 = 1 and the following property: Let w C A
be a finite set with ||| < 1 for all x € w. If ||A(y) — y|| < §/2 for all y €
UgeFy ;0g—1(w) then ||®p 1 rye (T(2) M) =7 (@) k|| <6 for allz € w, k € K.

Proof. If A(A) C A then this is essentially contained in the proof of [SS,
Thm. 3.4]. However, a slightly different series of estimates handles the gen-
eral case (see the proof of [Br, Lem. 3.4]). O
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Assume that n € S(A) is an a-invariant state and consider the seminorm
x|, = n(z*z)}/? for all 2 € A. Then 5o E is a state on A x, G which is
AdM\g-invariant for all g € G. An easy calculation shows ||w(a)||nor = |la|l,
for all « € A and g € G. Similarly one shows ||a¢(a)||, = ||al|, for all a € A
and t € G. From this it follows that if A(A) C A then

[A(ag-1(a)) — y-1(a)[ly = [[m(er 0 Ao ay-1(a))Ag — m(a)Aglpor,

for all « € A and g,t € G. However, with this observation the estimates in
the proof of [SS, Thm. 3.4] go through essentially without change. Hence
we get the following analogue of the previous proposition.

Proposition 2.9. For each finite set K C G and § > 0 there exists f €
[°(G) of finite support with ||f|l2 = 1 and the following property: Let
n € S(A) be an a-invariant state and w C A be a finite set with ||z||, < 1
for all z € w. If |A(y) — ylly < /2 for all y € Ugery jaq-1(w) then
[PA, s, (T(2)Ak) — T(2) Mg |lorz < 0 for all x € w, k € K.

3. Entropy and Inner Automorphisms.

We will now establish the analogue of [Br, Thm. 3.5] for the dynamical
entropies defined in [Ch3| and [Vo2, Section 3]. In this section, o will
always denote an action of a countable discrete abelian group G on a given
operator algebra. Crossed products (both C* and W*) will be regarded as
subalgebras of B(I2(G) ® H) (as in the previous section), 7 : A — A x4 G
is the natural inclusion and F : A X, G — A is the natural faithful normal
conditional expectation.

We begin with the analogues of [Br, Lem. 3.4]. The next lemma is used
to compute [Ch3] entropy in crossed products. We refer the reader to [Ch3|
and [Vo2, Section 3| for the definitions and notation which appears below.

Lemma 3.1. Let A be a unital nuclear C*-algebra (cf. [Wa]) and n € S(A)
be an a-invariant state (i.e., noay =1 for all g € G). For each finite set
K C G and § > 0 there exists a finite set F = F(K,d) C G such that if
w C A is a finite set with ||x|| <1 for all x € w then

ScpnoE(va 5) < SCPnp U a—g(w)v 5/2 + 10g(|FD?
geF
where wi = {m(x)\; 1 x € w,k € K} and |F| = cardinality (F').
Proof. Apply Proposition 2.8 with K, § to get a function f € I2(G) with
finite support, ||f|l2 = 1 and the property stated in that proposition. We
will show that F' = F ¢ is the desired finite set.
To prove the inequality we let € > 0 be arbitrary and choose unital com-
pletely positive maps ¢ : A — B, ¥ : B — A such that B is finite di-
mensional, |[¢) o p(y) —y|| < §/2 for all y € Ugepa_g4(w) and S(n o)) <
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scpn(UgeF a_g(w),0/2) + e. Letting A = 1 o ¢ we can factor ®p ¢ r (as
W o @) through M|p ® B by Proposition 2.5. Note also that ® and ¥
are unital completely positive maps by Propositions 2.5 and 2.6. Proposi-
tion 2.8 says that || ®x f p(2) —x|| < d for all # € wi and thus (by definition)
scppor(wi,0) < S(no EoW¥). By [OP, Prop. 1.9] we have

S(noEoW) < S(noFEoVligg)+ log(|F)|).

Finally, from Proposition 2.7, we have S(no E o Uligp) = S(novy) <
scpn(UgeF a_g(w),6/2) + ¢, by our choice of 1, which proves the lemma
since € was arbitrary. O

The next lemma allows one to compute the entropy of [Vo2, Section 3]
in crossed products. The proof is similar to the previous one and will be
omitted (see also [Br, Lem. 3.4]). Due to the definitions involved, one uses
Proposition 2.9 instead of Proposition 2.8. The replacement of the inequality

S(moEoW) < S(noEoV|igp)+ log(|F|)

is the remark that if rank (C') denotes the dimension of a maximal abelian
subalgebra of C' then rank (M, (C) ® B) < n - rank(B). We also note that
one must appeal to Proposition 2.4 to ensure that the maps used in the
previous proof (i.e., @4 f ) remain 1 o E-invariant. (Though not explicitly
stated in [Vo2, Section 3], it follows from the assumptions that the state is
faithful and the approximating maps in CPA(M,n) are n-invariant that the
maps in CPA(M,n) are ultraweakly continuous and hence the hypotheses
of Proposition 2.4 are indeed satisfied.)

Lemma 3.2. Let M be a hyperfinite von Neumann algebra with a-invariant
faithful normal state n. For each finite set K C G and § > 0 there exists a
finite set F' = F(K,6) C G such that if w C M is a finite set with ||z|, <1
for all x € w then

rcppor (Wi, 8) < |Flrepy, U a_g(w),6/2 ],
geF

where wi = {m(x)\r : x € w,k € K} and |F| = cardinality (F').

As in the previous section, we let A; € Ax,G be the unitary implementing
agy € Aut(A). We also remind the reader that G is now assumed to be a
discrete abelian group.

Theorem 3.3. If A is a unital nuclear C*-algebra with a-invariant state n,
then for all g € G we have ht,(og) = htyop(AdNy), where ht,(-) is defined
in [Ch3].

Proof. We only sketch the argument as it is similar to the proof of [Br,
Thm. 3.5]. The inequality ht,(ay) < htpop(Ad)g) for all g € G follows from
[Ch3, Prop. 2.2].
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Let 6 > 0, w C A a finite set with ||z|| <1 for all z € w, and a finite set
K C G be given. Choose a finite set F' = F(K,¢) according to Lemma 3.1
and define Q = Ugepa_g4(w). Since G is abelian, from Lemma 3.1 one may
deduce the inequality

5CPpor (WK U. .. UAd)\Z_l(wK), 5) < sepy(QU. .. Ua;‘_l(Q),5/2) + log(|F),

as in the proof of [Br, Thm. 3.5]. Since this inequality holds for all n € N,
the desired inequality follows from [Ch3, Prop. 2.3]. O

The proof of the following theorem is similar where one uses Lemma 3.2
instead of Lemma 3.1. The analogues of [Ch3, Prop. 2.2] and [Ch3, Prop.
2.3] are [Vo2, Prop. 3.5] and [Vo2, Prop. 3.4], respectively. Of course, Ad),
should now be regarded as an automorphism of the W*-crossed product.

Theorem 3.4. Let M be a hyperfinite von Neumann algebra and 1 be an
a-invariant faithful normal state. For all g € G, we have hcpay(ay) =
hepanop(AdAy), where hepay(-) is defined in [Vo2, Section 3].

In particular, this theorem generalizes the results of [Vo2, Appendix].

4. Entropy for Automorphisms of O.

In this section we will show that ht(a) = 0 (cf. [Br]) for the free shifts on
Os and Cf(Fy). This will follow from a more general result concerning
automorphisms of Oy induced by bijective mappings « : Z — Z. These
results have also been obtained by K. Dykema (cf. [Dy, Thm. 1 and Example
7]) using directly the free product construction as opposed to the crossed
product construction used here. As mentioned in the introduction, we use
the isomorphism Oy ® K = F X¢ Z and the techniques of the previous two
sections to achieve our calculations.

Recall that the Cuntz algebra O is defined as the universal C*-algebra
generated by isometries {S;};cz which satisfy the relation

isisgkg

t=—T

for all r € N. If o : Z — Z is any bijective function, then from the uni-
versality of Oy we get a well defined automorphism Oy, — O defined by
Si — Sa(i)- We will also use a to denote the automorphism of O induced
by o :Z — Z. If o is the mapping i — ¢ + 1 then « is called the free shift.

We begin with a technical lemma which should have appeared in [Br| and
will be necessary for our calculations. If A C B(H) we will let ¢4 denote
the inclusion A < B(H). See [Br, Def. 1.1] for the notation which appears
below.
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Lemma 4.1. Let C, D C B(H) be exact C*-algebras (cf. [Wa]) and 7 :
C — D be a *monomorphism. For each finite set w C C and 6 > 0,
rcp(b(;,w, (5) = TCp(LD, W(W),d).

Proof. From the proofs of [Br, Prop. 1.3 and 2.14] we have rep(to,w,d) =
rep(m,w, ) and rep(up, m(w),d) = rep(iqrc), T(w),d). Hence it is sufficient
to show rep(m, w, §) = rep(iy ey, (W), 0).

We only show rcp(m,w,8) > 7ep(iq(c), T(w),d) as the other inequality is
similar. So choose (¢,v, B) € CPA(w,C) such that || o p(z) — w(x)] <
§ for all * € w and rank (B) = rcp(m,w,8). Then (¢ o 71,4, B) €
CPA(ir(cy,m(C)) and || o p o 7~ H(m(z)) — w(x)|] < 4 for all z € w. But
this implies rep(m, w, 6) > rep(iy ey, T(w), 6) as desired. O

Remark 4.2. In particular, this lemma improves [Br, Lem. 2.4] and hence
the proofs of Propositions 2.5, 2.6 and 2.8 in [Br] are slightly more technical
than they need to be.

Given n € N and a subset I C Z we let W(n,I) = {p = (g1, ..., ptn) :
pj €I forl <j<n}and W(0,I) ={0}. If p € W(n,I) we define the
operator S, € Oy by S, = S, --- Sy, and S, = 1if n = 0. For m < n
we let [m,n] be the integer interval and F([m,n],I) be the C*-subalgebra
of O generated by

U 5085 s v € WG, D)},
j=m

It is known that if I is a finite subset of Z then F(n,I) = F([n,n],I) is
isomorphic to the matrix algebra M= (C), where |I| denotes the cardinality
of I, and is isomorphic to the compact operators on an infinite dimensional
separable Hilbert space when [ is infinite (cf. [Cu]). If I C Z is a finite set,
we define for each j € N the projection

Pi= Y S8
REW (4,1)

Note that P; > Pjy1.
Lemma 4.3. If I C Z is a finite set then
F(o,n],I)=Ce® M;(C)® ... Mjn(C)
with a complete set of pairwise orthogonal minimal projections given by
{Su(1 = P1)S;, S80S, 1 € Ujejon—yyW (34, 1) and v € W(n,I)}.
In particular, rank (F([0,n],I)) =14+ 1| +--- + |I|™
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Proof. For each j, the set {5,555 : u,v € W(4j,1)} is a complete set of matrix
units for F(j,1) and the unit of F(j,1) is P;. For each 0 < j <n —1 we
define
Ej(p,v) = Su(1 = P1)Sy,
where pu, v € W(j,1I). For j =n we let
En(,u7 1/) = SMS;ka

where p, v € W(n,I). For each 0 < j <nlet Aj = C*({E;(p,v) : p, v €
W(j,1)}). (Note that A, = F(n,I).) Evidently we have A; C F([0,n],I)
for 0 < j < n and hence C*({4; : 0 < j < n}) C F([0,n],I). Note
also that for u, v € W(n —1,1), S,S; = En—1(p,v) + S, P1S); and hence
SuS, € Anp_1 + Ap. Similarly one argues that S,S5), € A; +--- + A, for
p, v € W(j,1) and hence C*({4; : 0 < j <n})=F([0,n],I).

For 0 < j < n — 1 a simple calculation shows E;(u,v)E;(i/,v') =
Op Ej(p,v') and 37, Ej(p, 1) = Pj — Pj+1. One also verifies that for 0 <
j<n—Tland p,v e W(j,I), S;Pj11 = P1S},. Hence P;115,5; = 5.5, Pj 11
and

(Py = Pr)SuS3(P; = Prn) = Sull = ST = By

for 0 < j <n-—1and p,ve W(jI). Thus {E;(p,v) - p, v e W(5,1)}
is a complete set of matrix units for A; = (Pj — Pj41)F(4,1)(Pj — Pj41) =
M5 (C). This also shows that the A; are pairwise orthogonal and hence

However, this clearly implies the lemma. U

Since F([0,n], [-n,n]) C F([0,n + 1],[-n — 1,n + 1]) C O, the closure
Foo of UpF([0,n],[—n,n]) is an AF subalgebra containing the unit of Ox.

For each i € Z let B; = Foo and define *-monomorphisms (3;;—1 : B; —
B;_1 by x — SpzS;. Let B denote the inductive limit of the sequence

So-S& S-S S0-S

By =" By ' B_j < e,

and p; : B; — B be the induced embeddings. As in [Cu], there is an
automorphism ® of B which shifts the above sequence one space to the left
and satisfies the relation

0 pi = pitj,
for all 4, € Z (under the natural identifications B; = Foo = Byt ). Another
important relation that follows immediately from the construction is

pilw) = pij(S§aSy’),
forallz € B; = Foo £ B;_j,% € Zand j € N.



APPROXIMATION ENTROPIES 341

Let u be the implementing unitary in the multiplier algebra M (B xg Z).
One readily verifies that the elements S; = po(5;S3)u € B X¢ Z are partial
isometries with support projection pg(1) and satisfying

T
Z SiS; < po(1)
1=—T
for all » € N. Hence there is an induced *-monomorphism 7 : Oy — B X Z
such that 7(S;) = S; for all i € Z. In [Cu], it is shown that 7(Ou) =
po(1)(B Xg Z)po(1). However, for our calculations, it will only be necessary
to observe that for every « € Foo we have 7(z) = po(z).

We will use this map 7 (and Lemma 4.1) to estimate the completely
positive d-rank of certain finite sets in Oy. To compute §-ranks in crossed
products (i.e., B X¢ Z) we recall [Br, Lem. 3.4] (in a slightly different, but
equivalent, form than the original).

Lemma 4.4 ([Br, Lem. 3.4]). Let A C B(H) be an exact C*-algebra (cf.
[Wal) and o : G — Aut(A) be an action of a discrete abelian group. For
each finite set K C G and § > 0 there exists a finite set F = F(K,0) C G
such that if w C A is a finite set with ||z|| <1 for all x € w then

rep(idas, ¢, wrk,9) < |F|rep | ida, U a_g(w),6/2 ],
geF

where wi = {m(x)\; : x € w,k € K} and |F| = cardinality (F').

Considering the case G = Z, what this lemma roughly says is that to
approximate polynomials in A x,Z it suffices to approximate a finite number
of iterates of the coefficients.

For convenience, we assume both Oy and B x4 Z to be faithfully repre-
sented on the same Hilbert space H and use 1o, and tpy,z to denote the
inclusions. It will also be convenient to define

k l
onr = (ULS518,55, 8,508 0 € WGDY ),
i=0 \j=0

Lemma 4.5. For each k,l € N with k <[ and 6 > 0 there is a constant
C = C(k,1,68) such that rep(to,,,wii1,6) < C|I|° for all finite subsets
I C Z containing 0.

Proof. Note that 7(S8) = po(S5Sgt)u’. Hence for alli < k and pu,v € W (34, 1)
we have

7(8,55S8) = po(S,S:SESs Ut = p_1(SES,.SESESE SgF)u!
and A ' o
(55" SuS,) = u* po(SpS"SuSy).



342 N.P. BROWN AND M. CHODA

Since u*po(x) = p_1(z)u* we have
T(S55.,5%) = p—i(ShSe SuSiyut = p_p(SE585515,5555 " yu
Thus we see that the “coefficients” of m(wks) (i.e., p—r(SES,.S;SES, (kﬂ))

and p_1(S§S;1S,.95S, “(k= ))) all come from the finite dimensional algebra
_k(F(0,1 + K], I)) by reducing the terms S;Sj and S;'S,,.

By virtue of Lemmas 4.1 and 4.4, to estimate rep(to., wi,.1,6) it suffices
to understand a finite number of the iterates (under ®) of the coefficients
of m(wg,r). But since there is always a conditional expectation onto finite
dimensional subalgebras, we only need to understand a finite number of
iterates of the finite dimensional subalgebra p_i(F([0,1 + k], I)) (since this
contains the coefficients of m(wy . 1)).

So let m € N be arbitrary and consider

O™ (p—(F([0,1 + k], 1)) U... U@ ™ (p_(F([0,1 + k], 1))).

By the relations ®/ o p_j, = p_g4;, and p(z) = pi—(S{xSET) (r > 0) we
have

O™ (p_p(F(0,1+ k], 1)) U...US™™(p_r(F([0,1+ K], T)))

= pttm (]—"([O,l + k],I)) U Uptom <]—“([0, I+ k], I)>

= pkem (S 0,1+ k], DS UL U F(0,1+ k:],I))

C potom(F([0,1 + k +2m], T)).

Hence, by Lemmas 4.1, 4.4 and our observations above, there exists m =
m(k,d) € N such that

rep(Lo s Wi i1,0) < (2m + 1)rank (p_g—pm (F([0,1 + k + 2m], I)))
= (2m + 1)rank (F([0,! + k + 2m], I))
= @2m+ 1)1+ [I| + - - -+ |1]0FF+2m)
< ole,
where C' =14+ k+2m + 1. O

Since Oy is nuclear, the following theorem holds for the entropy defined
in [Vo2, Section 4] although we will be using the definition in [Br] (cf. [Br
Prop. 1.4]).

Theorem 4.6. Ifa € Aut(Oy) is induced by a bijective function o : Z — 7
then ht(a) = 0.
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Proof. If I C Z contains 0, u € W(j,I) and v € W (j',I), where j < j/, then
S8k = S;1S., Sk with v € W(j',I) and i = j' — j. From this observation
and a similar remark when j > j’, one deduces that the span of the finite
sets wy; 7 with £ < and 0 € I are norm dense in Oy. Hence it suffices, by
[Br, Prop. 2.6], to show that ht(to., o, wg.1,0) = 0 for all such sets.

If 4,v € W(j,I) then an easy calculation shows a(S,S;S5) = S,55S§ for
some v, A € W(j5,{0}Ua(l))if j >iory,A\e W(i,{0} Ua(l))if j <i. In
any case, one deduces that a(wy 1) C Wk,1,{0}ua(r) Whenever k < [. Similarly
one shows

-1
WU U™ (k1) C Wiy 1o, .uan—1(1)s

for all n € N, whenever k <l and 0 € I C Z.
Hence

rep(Los ,wrir Y. .. U a"_l(wkyl,l), ) < 7ep(LOm Wi i 10...uan—1(1)5 0)5

for all n and all § > 0. However, the previous lemma shows that

TCP(LOne s Wi, TU...Uan—1(1)5 0) < C(n|I))¢
for some constant C' depending only on k,[ and §. This implies

ht(to.., 0, Wk 1,0) < limsup nfl(log(C(nM)C)) =0.

n—oo

O

Remark 4.7. Note that we have never used the fact that o : Z — Z is
surjective. Thus the previous theorem also holds for any endomorphism of
Oso which is induced by an injective function « : Z — Z.

The following recovers a special case of [St3, Thm. 2] in the case of CNT
entropy.

Corollary 4.8. Let a € Aut(O) be induced by a bijective function « :
Z — 7 and ¢ be an a-invariant state. Then hy(a) = hty(a) = 0, where
hy () and ht,(-) are defined in [CN'T] and [Ch3], respectively.

Proof. Since Oy is nuclear we appeal to [Ch3, Thm. 2.6.1] to get the in-
equalities ht(a) > ht, (o) > hy(). O

If Foo is the free group on generators {g;}icz then C}(Fs) is the C*-
algebra generated by the left regular representation \ : Foo — B(I3(Fy)).
If a : Z — 7Z is any bijective function then there is a natural automorphism
of Gy (Fuo), also denoted by a, such that A(g;) = A(ga(i))- The free shift on
C}(Fy) is induced by the mapping i — i + 1.

T
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Corollary 4.9. Let o € Aut(C)(Fs)) be induced by a bijective function
a:7Z — 7. Then ht(a) = 0.

Proof. By monotonicity of ht(-) (i.e., the fact that topological entropy de-
creases in invariant subalgebras; cf. [Br, Prop. 2.1]) it suffices to provide an
embedding of C}(F) into Oy such that « lifts to an automorphism of O
of the type considered in Theorem 4.6. That such an embedding exists is
known to the experts so we only sketch the proof. (See also [BD].)

Let {S; }iez generate O and ¢ € S(O) be the vacuum state (cf. [VDN,
Ex. 1.5.8]). The restriction of ¢ to 4; = C*(S;) is denoted by ;. Let
B; C A; be the subalgebra generated by the identity and b; = (S} + 5;)/2.
Then the distribution of b; with respect to ¢; is the semicircular law, o1
(cf. [VDN, Def. 2.6.1]). Thus each B; is isomorphic to C'([—1,1]) and

1
2
ei(b) = = [ t"V1 —t3dt,
T

-1
for all n € N. The unitary v € C([—1, 1]) defined by v(t) = exp(2i(arcsint +

V1 —t2)) satisfies

1

2
— /v"(t)\/ 1 —t2dt =0,
7r

-1
for all nonzero n € Z. Hence each B; contains a unitary u; with ¢;(u}) =0
for all nonzero n € Z. Then C*({u; : i € Z}) is isomorphic to C;(Fs) and
a lifts to an automorphism of Oy, under this identification. (]
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GEOMETRIC PROPERTIES OF JULIA SETS OF THE
COMPOSITION OF POLYNOMIALS OF THE FORM 22 + ¢,

RAINER BRUCK

For a sequence (c,) of complex numbers we consider the
quadratic polynomials f. (z) := 22 + ¢, and the sequence
(Fy) of iterates Fy, := f., 0---0 fc,. The Fatou set F(,,,) is by
definition the set of all z € C such that (Fy) is normal in some
neighbourhood of z, while the complement of F ) is called
the Julia set J(,,). The aim of this article is to study geometric
properties, Lebesgue measure and Hausdorff dimension of the
Julia set J(.,) provided that the sequence (c,) is bounded.

1. Introduction.

For a sequence (cy,) of complex numbers we consider the quadratic polyno-
mials f., (2) := 22 +c, and the sequence (F,) of iterates F, := f. 0---0 fe,.
(Note that F;, depends on ¢y, ..., ¢, which we do not indicate explicitly in
the notation.) If ¢, = ¢ for all n, we write f instead of F,. The Fatou
set F(c,) is by definition the set of all 2 € C := CU {oo} such that (F,)
is normal (in the sense of Montel) in some neighbourhood of z, while the
complement of F,,) (in @) is called the Julia set J(.,). A component of the
Fatou set is called a stable domain. For iteration theory of a fixed function
we refer the reader to the books of Beardon [Be], Carleson and Gamelin
[CG], Milnor [M] or Steinmetz [St]. We also mention the survey articles of
Blanchard [Bl], Lyubich [L2] or Eremenko and Lyubich [EL].

We always assume that |c,| < § for some 6 > 0. Then from [Bii2] it is
known that to some extent the sequence (F),) behaves similar to the sequence
(f2). There exists a stable domain A, )(c0) which contains the point oo
and wherein F,, — oo as n — oo locally uniformly. This domain need not be
invariant (i.e., fe,(A(c,)(00)) C A(c,)(00) for all k) or backward invariant
(ie., fo'(Ag,(00)) C Ae,)(o0) for all k), but there exists an invariant
domain M = Ms C A(c,)(oc) which contains the point oo and which satisfies

Aey(0) = {2z € C : Fp(z) € M for some k € N}. Therefore, the filled

Julia set K.,y 1= @\A(cn)(oo) and the Julia set J,) are compact in C, and
K(c,) is the set of all z € C such that (F(2))72; is bounded. Furthermore,
we have J(,) = OA(c,)(00) = 0K,y Also J,) and K., are perfect sets.
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Finally, d(.,) and F(.,,) are invariant in the sense that F N (Fy (Jen))) = d(en)
and F,;l(Fk(i?(cn))) = J(,) for all k € N. For further results we also refer
to [Brii], [BBR], [Biil] and [FS].

The Mandelbrot set M is defined as the set of all ¢ € C such that
(f2(0))2e, is bounded, and M is compact in C. It plays an important role
in iteration of a fixed quadratic polynomial f.. We recall that the largest
disk with center 0 which is contained in M has radius %.

The plan of this article is as follows. After introducing some notations
and known auxiliary results (Section 2) we show that the Julia set J,) is
always uniformly perfect (Section 3).

Our main result (Section 4) states that the Julia set J(.,) is a quasicircle
provided that |c,| < 6 for some 6 < %. This is done by proving that .,
consists of two simply connected John domains A.,,)(0) and A, (c0) which
have J (cn) 88 their common boundaries.

Concerning the two-dimensional Lebesgue measure ma(d.,)) of Julia sets
(Section 5) we show that it is almost surely zero provided that the ¢, are
randomly chosen in {z € C: |z| < §} for some § > 1. For § < 1 we always
have ma(J(,)) = 0.

Section 6 deals with Hausdorff dimension dimyd(,) of Julia sets. We
give a lower estimate for dimy J(.,) depending only on § which implies that
dimyg J(,) is always positive. For that purpose we prove that the Green
function of A, )(c0) (which is known to exist) is Hélder continuous. Fur-
thermore, for § < i it follows that dimg J (en) < 2.

A point ¢ € C is called a repelling fixpoint of the sequence of iterates
(Fp) if Fi(¢) = ¢ for some k € N and |F}(¢)| > 1. The set of all those
points is denoted by R(.,). In this general setting it is not necessarily true
that R,y C d(c,)- But we prove (Section 7) that if |c,| < § < 1. then the
derived set of R, coincides with J(.,). In the last section we investigate
the asymptotic distribution of certain predecessors.

2. Notations and auxiliary results.

We introduce a few further notations and collect some known auxiliary re-
sults that are frequently used in the sequel. If £ C C, then E’ denotes
the derived set (that is the set of points z € C such that every neigh-
bourhood of z contains a point w € E \ {z}), E the closure and E° the
set of interior points of . Furthermore, the diameter of E is defined by
diam E :=sup{ |z —w| : z,w € E'}, and the distance of a point z € C from
E by dist (z,E) := inf{|z—w|:we E}. Fora € Cand r > 0 we set
D.(a) :={z€C:|z—a| <r}, D, := D.(0), D := Dy and K, := D,.
Finally, for R > 0 let Ap:={z € C: |z| > R}.
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If (¢;;) € K}, then the invariant domain M C A(c,)(00) may be chosen
as M = Apg for any

R>Rs:=3(1+V1+46).

2
More precisely, if R > Rs, then f.(Ag,) C Ag; and f.(Ag) C Ag for all
¢ € K. This implies that K.y C Kg,. If 6 < i, we set

= (L4 VI-B) e [51],  ss=4(1-vI-48)e[0.3] .

Then we have f.(Ds;) C Ds;, fo(Drs) C Dy and fo(D,) C D, for all
¢ € K5 and all r € (ss,75). This implies that there exists a stable domain
A,y (0) D Dy, and there holds J(.,) C Kry; N A,

From [F'S, Theorem 2.1] it follows that A, (c0) is regular for logarithmic
potential theory which means that the Green function of A, )(c0) with pole
at infinity exists. More precisely, the function g, ) defined by

1
(2.1) Gew)(2) 1= lim Zplog™ [Fr(2)|

is continuous in C, g(,)(z) = 0 for z € K(,), and it is the Green function
of A(c,,)(00) with pole at infinity.
Furthermore, we introduce the critical set (or set of critical points)

Cle,) =12 € C: Fj(z) =0 for some j € N }
of (F},), where Fy(z) := z. This is motivated by the fact that

k—1
Fi(z) =2" [ F(2)
j=0

so that F/(z) = 0 if and only if Fj(z) = 0 for some j € {0,1,...,k—1}. We
call a point w € C a critical value of (F},), if w = Fj(z) and F|(z) = 0 for
some k € N and some z € C. If w € C is not a critical value of Fj, then
in some sufficiently small disk D.(w) there exist 2* analytic branches of the
inverse function of Fj.

Finally, we recall a result of Biiger [Biil] that the Julia set J,) is self-
similar. This means that for any open set D meeting J ., there exists kg € N
such that Fk(g(cn) N D) = Fk(H(Cn)) for all k& > k‘(].

3. Uniform perfectness of Julia sets.

An open set A C C is called a conformal annulus, if it can be mapped
conformally onto an annulus { z € C : 1 < |z| < p } for some p > 1. Then the
number g is uniquely determined and mod A := % log o is called the modulus

of A. Now, let E C Chea compact set. A conformal annulus A seperates E,

if both components of C \ A meet E. The set E is called uniformly perfect,
if it is not a single point and if there is a constant « > 0 such that for any
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conformal annulus A which seperates E there holds mod A < «. Obviously,
a uniformly perfect set is also perfect (that is E' = F), and every connected
compact set with at least two points is uniformly perfect. Uniformly perfect
sets were introduced by Beardon and Pommerenke [BeP] (see also [P1]). It
is known that the Julia set of a fixed rational function is always uniformly
perfect [MR] (see also [CG, p. 64]). We show that this result extends to
our situation.

Theorem 3.1. Let § > 0 and (¢,) € K}S\I. Then the Julia set () s
uniformly perfect.

Proof. We assume that J.,) is not uniformly perfect. Then there exists a
sequence of conformal annuli Ay C F(.,,) which seperate J(,,) and mod A, —

oo as k — oo. Let E} be the component of C \ Ax with the smaller chordal
diameter (which we denote by diam, Ej). Then we have diam, Ej — 0 as
k — oo. If \p: D — A U E} is a conformal map of D onto A U Ej, with
M (0) € Ey, and if My, := )\I;I(Ek) C D, then M;, is compact and connected,
0 € Mj, and diam, M}, — 0 as k — oo.

It is elementary to see that (f., ) satisfies a uniform Lipschitz condition
with respect to the chordal metric x, that means that there exists a constant
L > 0 (which depends only on § but not on n) such that x(f., (2), fe, (w)) <
Lx(z,w) for all z, w € C and all n € N. From Lemma 4.1 in [BBR] we
know that diam Fy(d(.,)) > 1 for all k£ € Ny so that diam, F}(d(.,)) > C =

2(1+ R%)~L.
We choose € > 0 with ¢ < C' and
(3.1) £ > Le.

Let ko € N such that diam, Ej, < ¢ for all k > ko. Since (AxUEL)NI(c,) # D
and since J(,) is self-similar (cf. [Biil]), for every k > ko there exists a
smallest index m(k) € N such that diam, I}, (Ey) > e. Setting Gy :=
Fok) © Ak we obtain

(3.2) diam, Gp(My) > ¢

for all k > ko. By the choice of m(k) we have diam, F},,)—1(E)) < € and
thus diam F, ) (Ey) = diamy fe,, o) (Fnw)-1(Ex)) < Le for all k > ko.
Because of (3.1) there exist at least three different points a; i, ag k, asx €
Frn(k)(d(c,)) whose chordal distance is greater than Le. We have Gy(D \
Mk) = Fm(k)()\k(D\Mk)) = Fm(k) (Ak) C Fm(k)(SF(cn)) and diamx Gk(Mk) =
diam, Fm(k)(Ek) < Le for all k¥ > kg. This implies that Gy, omits at least
two of the values ajk, as g, asz in D and hence (G}) is normal in D by a
generalized version of Montel’s theorem (cf. [Be, p. 57]). Since diam, M}, —
0as k — oo and 0 € M we get diam, Gx(My) — 0 as k — oo which
contradicts (3.2). O
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4. Julia sets and quasicircles.

From iteration theory of a fixed function it is known that J( f.) is a quasicircle
if ¢ is in the interior of the main cardioid of the Mandelbrot set (cf. Yakobson
[Y], see also [CG, p. 103]). The goal of this section is to show that this
result remains valid in our general situation provided that § < %. We do
this in several steps, and we first recall some facts on quasicircles and John
domains.

A quasicircle I' C C is the image of the unit circle 0D under a quasicon-
formal homeomorphism of C onto itself. An equivalent geometric definition
is the three-point property, i.e., there exists a constant a > 0 such that if 2,
29, z3 € I and z5 is on the arc between z; and z3 with the smaller diameter,
then |21 — z9|+]|22 — 23| < a|z1 —23|. A quasicircle may be non-rectifiable but
it has no cusps. For details we refer, for example, to the books of Ahlfors
[A] or Lehto and Virtanen [LV].

A domain G C C with G C C is called a John domain, if there exists a
constant b > 0 and a point wg € G such that for any zg € G, there is an arc
v = 7(20) C G joining 2y and wy and satisfying dist (z, 0G) > b|z — zg| for all
z € . A simply connected John domain G has locally connected boundary
O0G so that by Carathéodory’s theorem (cf. [P2, p. 20]) the Riemann map
from D onto G extends continuously to D. The image of a John domain
under a quasiconformal homeomorphism of C onto itself is again a John
domain. Thus, the two complementary domains of a quasicircle are John
domains. Conversely, if the two complementary components of a Jordan
curve (a homeomorphic image of the unit circle) I' are John domains, then
I" is a quasicircle. For this and further background material we refer to
[NV].

For § < % we know that g,y is connected [BBR], and since den) =
OA(c,)(00), the stable domain A, (00) is simply connected. Furthermore,
there exists a stable domain A, )(0) containing D,;. We now show:

Theorem 4.1. Let § < i, (cn) € Kg\l and s < r < rg. Then there holds
Ale)(0) = Uil Fi 1 (Dy) and 0A(,)(0) = 3(c,)- In particular, A.,(0) is
simply connected and F .,y = A(,)(0) U A, (00).

Proof. We set A = |32, Uy, with Uy := F,'(D,). It is elementary to
see that each Uy is a domain containing D,, and since D, is invariant, we
get Uy C F(,). Thus, A is a domain with D, C A C F,) which gives
AC .A(cn)((]).

We show that J(.,) C dA. For that purpose, let zo € J(,) and D :=
D.(z0) for ¢ > 0. By Montel’s theorem the set C \ Ureo Fx(D) contains
at most two points so that there exists w € D, such that w € F,(D) for
some m € Ny. Therefore, D, N F,,(D) is a non-empty open set, and this
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implies that there exists ¢ € D\ J(.,) with F};,(¢) € D,. That means ¢ € A,
and since € > 0 was arbitrary we arrive at zyp € JA. Summarizing, we have
A C A,)(0) and 0A(,)(0) C d(,) C OA which gives the assertion. O

For § < 111 and % 5 <1 <rsweset V:=A.DJe,). Then V is backward
invariant, and V/ does not contain any critical value of (F},) so that in every
disk D C V there exist 2" analytic branches F,, ! of the inverse function of
F,,. We prove:

Lemma 4.2. Let § < i, (cn) € K}? and% < r < rs. Furthermore, let
v:[0,1] — V be a rectifiable curve in V := A,, z:=v(0), w:= (1) and let
L be an analytic branch of the inverse function of F,, in some disk D C 'V

with center z. Finally, we denote the analytic continuation of F; ' along v
also by F;'. Then there holds

’ (£, 1) (2)
(Fa ) (w)
where o := 4r(2r —1)~% and £(v) denotes the length of v. In particular, for
any disk D C 'V and any analytic branch F; ' in D there holds

‘ (£ D) (2)
(Fa ') (w)

for all z, w € D and n € N, where d := diam D.

<1+ al(y)e ),

<1+ ez — w|

Proof. Forn € Nand k=0,1,...,n—1weset I, := fc, 0 -0 f,,. Since
_ 1 1 1
(F, ) (2) = =— =—
2 [[EER) 28 [ F.jz)
=0 =0
and V is backward invariant we have

() <q" (zeV),

(F) I <™ (zeV),

where ¢ := % < 1. This implies

41)  [Fw) = Fi(2)] <

w
[ ) < e
z
where we integrate over the curve . Furthermore, we have

<F><>:HF<F<w>> "Han,m

(Fn )/ (w) U E )

o Fr(Fn ' (2)
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Writing
Foiw) | Ftw) - )
F(2) Foilz)
we obtain from (4.1)
F, 1 (w)
| < 120" ().
F(2)
This implies
_ n—1 n+1
(FY)'(2) k41 K
| S 1A +2¢"F () = [ | (1 +2¢7¢(y))
‘ (Fa ) (w) kl;IO kl;IQ
H 14 2¢°0(7)) = exp (Z log (1 + 2qk£(fy))>
k=0 k=0

[o¢]
< exp (Z 2qk€(7)> = ),

k=0

where a := 2(1 — ¢)~!. Finally, this gives the assertion since e* < 1 + xe®
for x > 0. O

Theorem 4.3. Let § < 1 and (c,) € KY. Then A(e,y(00) is a John do-
main.

Proof. We first introduce a few notations. For z1, zo € C let [21, 22| denote
the line segment joining 21 and zo. If { € C, ( # 0, and if ' is the ray from
0 to oo passing through ¢, then let I'c denote that part of I' from ( to oco.

Let R > R; such that R2+5—R < i, e:= R—Rs < land Uy := F '(AR)
for k € N. Then we have Uy, C Ugy1 C A(c,y(00) and A, )(00) = UpZ; Uk
Furthermore, Uy, is a simply connected domain (in @) bounded by an analytic
Jordan curve. For z € A(.,)(o0) let d(2) := dist (z,d,)). We prove a lower
estimate for d(z), if z € Uy, for some k € N. We set w := Fj(z). If U denotes
the component of F},'(D.(w)) containing z, there holds U C Ae,)(00). Let
0> 0 such that D,(z) C U. If 2/ € D,y(z) and w’ := Fy (%), then

!

W w= R - B = [ EQ o= i w)) [ pF' ¢

e [ @)
_&Ul(g”( da,
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where we integrate over the line segment [z, 2’]. By Lemma 4.2 we obtain

(£ ) (w)
(F ) (Fr(€))
and thus

<14 ae®|w — Fip(Q)| <14 ae®e <1+ ae”

' —w| < [FE(2)[]2" = 2|(1 + ae®) < [Fj(2)o(1 + ae®).

Setting

£
*T RGN0+ ae)
we obtain D,(z) C U and thus

e aq

(4.2) d(z) > |F(2)](1 + ae®) - [F7.(2)]

(Z € Uk)

In order to prove the John property, let wgy := oo and zy € /l(cn)(oo). We
may assume that zg € Uy \Ug_1 for some k € N. Then R < |Fj(20)| < R*+9.
We construct an arc in Uy joining zp and wg as follows. First, we join zg
with QUy_1 by an arc 7, C Uy \ Ug_q such that Fj(vx) C ['Fy(z), and
we denote the endpoint of vy on OUg_1 by (x_1. Then we join (x_1 with
OUy_o by an arc yg—1 C U1 \ Ug_2 such that Fy_1(m-1) C T'r_ (¢ 1)
and we denote the endpoint of v;_1 on OUg_o by (r_o. Proceeding in this
way we get an arc in U, N Dg with endpoint (3 on ODg. Finally, we set
v =(20) = wU--- Uy UT'g. We note that the line segments Fj(v;)
(j=1,...,k) all lie in Ag N Dye,s and thus have lengths at most 3.

We now show that the arc « has the John property. For that purpose, let
z € 7. We may assume that z € Dg. First, let z € Uy \ Ug—1. We deduce
an upper estimate for |z — zg|. There holds

Fr(2)

2 — 2= T (Fu(2)) = Fr (Flz0)) = / (F1 () d¢

F(20)

— —1y/ z Fi) M
= (F7 Y (Fi( )>/Fk(zo) (F. DY (Fi(2))

where we integrate over the line segment [F(29), Fi(2)]. By Lemma 4.2 we
obtain

(FD'(©)
(Fe V) (Fi(2))
and thus
(43)  lz—z0l < 1(F Y (Fr(2)I(1 + ae®)| F(z) — Fi(z0)

dg,

<14 ae®|Fi(z) = (| <14 ae®|Fi(z) — Fi(20)] < 1+ ae®
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(S8

14+ ae® a9
< / = v
Putting (4.2) and (4.3) together we arrive at

(z € v\ Ug-1).

a
d(z) > OT;|Z — 20l =a3lz—2  (zey\Ui).

Now, let z € Ug—m \ Uk—m—1 for some m € {1,...,k — 1}. By (4.2) we
have
]

d(z) > .
[Fr—m (2)]
From the construction of v and (4.3) we obtain

|z — 20| < J20 — Ch—1] + |Co1 — Ch—2| + -+ + [Ch—mt1 — Comml| + [Chem — 2

1 1
2 (F,;«k_m M

1 1
A G |F,gm<z>r>

and thus
|2 = 20l s Fl_ (2)
j=1 ]é—m—i—j (Ck—m—l—j—l)

In order to estimate the denominator of the right hand side we consider a
single term

Fy_m(2) B 1

F i Chmmtg—1) 27 Fimmt 1 (Chmmetj—1) - - Frmm (Ch—maj—1)

L)

Fy (Gt j—1)

Because of |Fi_pm+j—1(Ck—m+j—1)| = R and the invariance of D, we obtain
Fm(?) B (2)

F]; m+j (Ck—m-i—j—l) Flgfm(gk’—m—i-j—l)

J

(4.5)

)

where q := % < 1.
Now, we deduce an estimate of the right hand side of (4.5). For abbrevi-
ation we set p := k — m and write

Fpz) () (Bp(Gprj1)
Fy(Gpri—1) (B ) (Fp(2)
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From Lemma 4.2 we get

‘ Fy(2)
F;(Cerj,l)
where 0 = 0y, ; is the curve Fj, (7, Uyp+1U- - -U7pyj—1), and where ,, is that

part of ~, joining (, with z. Hence, there holds ¢(c) < £(Fp(vp)) + -+ +

C(Fp(Vp+j—1)). We have £(F,(vp)) < % and Fp(yptr) = qu-lu,p(sp,u)a where

(4.6) <1+ al(o)e*),

Spy = Fpyu(Yp4v) is a line segment on L'r0(¢prn) Of length at most % for
v > 1. Furthermore, we know that F,(vp+,) C A,. Therefore, we obtain
\dw\ E(Sp 1) 1
(F ) = | <o) o
P spa 24/ |w — cpt1] 2r 4r
By induction we get £(F,(p+v)) < 2(21”” = 1¢” and thus
1 , 1
(o) < =(1 T < —— =y
@) <50 +ate 407 € g = ay
Setting a5 := 1 + acge®** we obtain together with (4.4), (4.5) and (4.6)
‘ d(z) ‘ > agm > az(1—q)
Z— 20 : a5
LrasY o
j=1
which finally shows that v has the John property. U

Theorem 4.4. Let § < § and (cn) € Kj'. Then A(.,)(0) is a John domain.

Proof. The proof is very similar to the proof of Theorem 4.3. The only
difficulty that arises is that A(.,)(0) contains critical values which all lie in
Dy,. Therefore, we only give a sketch and omit the details.

Let % <r<r <rsg,e:=r'—r<1land U := F,;l(D,,/) for k € N. Then
we have Uy C Upy1 C A(e,)(0) and A, (0) = U2, Ur. For z € A,(0)
let d(z) := dist(2,d(,))- If 2 € U\ Uy for some k € N, k > 2 and
w := Fy_1(2), then |w| > 7" and thus D.(w)N D, = &. Therefore, we obtain

a1
(4.2&) d(z) > m (Z e U \ kal)-

In order to prove the John property, let wg := 0 and zg € A(Cn)(O). We
may assume that zg € Uy \Uy_1 for some k € N, k > 2. Then |Fy_1(20)| > .
We construct an arc in Uy joining zp and wg as follows. First, we join zg
with OUy_1 by an arc vy, C Uy \ Ug_1 such that Fy_1(vx) C [0, Fr—1(20)],
and we denote the endpoint of v on dU,_1 by (x_1. Then we join (;_1 with
OUy_2 by an arc 1 C Up_1 \ Up—z such that Fj,_o(vk—1) C [0, Fr—2(Ck—1)],
and we denote the endpoint of v5_1 on OUg_o by (x_o. Proceeding in this
way we get an arc in Uy N (C\ Uy) with endpoint ¢; on 9U;. Finally, we set
v =7(20) ==y U--- Uy U[0,(1]. We mention that [0,(;] C Uy, since Uy
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is a starlike domain with respect to 0 bounded by an analytic Jordan curve.
Furthermore, we note that the line segments F;_i(vy;) (j = 2,...,k) all lie
in AN ER(; and thus have lengths at most one.

We now show that the arc v has the John property. For that purpose,
let z € 4. We may assume that z ¢ U;. First, let z € Uy \ Ux—1. Then we
obtain the upper estimate for |z — 2|

9
[Fr—1(2)]
Putting (4.2a) and (4.3a) together we arrive at

d(z) > aslz — 20| (2 € v\ Up-1).

(4.3a) |z — 20| < (z € v\ Ug-1).

Finally, the case that z € Ug_, \ Ug—m—1 for some m € {1,... k —2} is
handled as in the proof of Theorem 4.3. U

Corollary 4.5. Let § < i and (¢,) € Ky Then J(c, is a quasicircle.

Proof. From Theorem 4.1 we know that F.,) = A, )(c0) UA(,)(0). Then
the assertion follows from Theorems 4.3 and 4.4 and the known results men-
tioned at the beginning of this section. O

If (¢,) € KFM, then J(.,) need not be a quasicircle. For example, if ¢, = %
for all n, then it is known that J(f;,4) is still a Jordan curve (see for example
[CG, p. 97] or [St, p. 124]) but it has cusps. Furthermore, Corollary 4.5 does
not hold true in general when all ¢,, are contained in the interior of the main
cardioid of the Mandelbrot set. This can be seen by the simple example
cl:—%—nandcn:i—sfornEZwith0<n<%and0<5<n2. In
this case we have F},(0) — oo as n — oo so that by Theorem 1.1 in [BBR|]
the Julia set J(.,,) is even disconnected. It would be of interest whether g

is also a Jordan curve in our more general setting provided that (¢,,) € K i\l/ A

or what holds when (¢,) € DII\]/ 4

Furthermore, we consider the dynamics of (F},) in the stable domain
A(c,)(0) provided that (cn) € Ki\l/zl. We will show that A, )(0) is a con-
tracting domain, that is a stable domain U such that all limit functions of
(Fy,) in U are constant. This property is equivalent to diam F,,(K) — 0 as

n — oo for every compact set K C U.

Theorem 4.6. Let (c,) € K$/4' Then A,)(0) is a contracting domain.

Proof. Let K C A,,)(0) be a compact set. We first assume that (c,) € Kj
for some § < %, and we choose r € (55, %) Then by Theorem 4.1 there
exists N € N such that Fy(K) C D,. If 21, z9 € K, then w; := Fy(21),
wy = Fn(22) € D, and thus |f;, (w1) — fe, (w2)| = w1 + wa||w; — wa| <
2r|w1 —ws| which implies | Fn 41 (21)—Fn1k(22)| < (2r)F|w;—ws|. Therefore,
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we obtain diam Fy,x(K) < (2r)"diam Fy(K) — 0 as k — oo, and the
assertion follows.

Now, let |¢,| < % for all n € N. Again, by Theorem 4.1 there exists
N € N such that Fiy(K) C Ko, and we obtain as above diam Fiy(K) <
diam Fy1x—1(K) so that the sequence (diam Fyy;(K)) is monotonically
decreasing and thus convergent. In order to deduce diam Fy,x(K) — 0 as
k — oo we need a better estimate. If wq, we € F(K), we obtain

wa
/ 12| |d2]
w1

For the estimate of the right hand side we consider the worst case which
can happen, that is |wi| = |wg| = % For simplicity, we may assume that
wy = w1, and we set o := Rew; = Rews € [0, %) Then with d := %]wl—w2|

we get 0% + d? = i and thus

wo d d
/ 12] 1d2] 34/ \g+it|dt:4/ Ve T 2t
w1 0 0

|f0k(w1) - fck(w2)| <2

2

2d+1
=d+20%log +

1 1 1 -

4 1-— |w1 — wg‘ '
This implies with d,, := diam F,(K)
1 1 1+ dnir—
dnik < Sdnpro1 + 51— diygy) log L
2 4 1 —dnjr—1

Setting « := limy_, o, diam Fy1x(K) we see that

1 1 1+a
< Za+-(1-a?)1
a_2a+4( a)ogl_a,
and an elementary argument shows that this is possible only for a = 0 which
gives the assertion. O

If (¢,) € K} for some § < 1, we denote by L(c,) the set of (constant) limit
functions of (F,) in A, )(0), that is the set of all € C such that for some
subsequence (Fy, ) of (F},) there holds F,, — ¢ as k — oo locally uniformly
in A(Cn)(()). It is easy to see that L., is a compact set, and from the proof
of Theorem 4.6 it follows that L) C Ks; C Kjj. From Theorem 1.6
in [BBR] we know that the case L) = Ks; may occur. Moreover, this
phenomenon happens almost surely, that means that the product measure
(cf. Section 5) of the set of these sequences () in K} is one. In a similar
way it is possible to construct sequences (¢,) € K ? such that L) = 0Kj,.
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On the other hand, if L, consists of a single point ¢, then F,, — ( as
n — oo locally uniformly in A, (0), and since Fy,41(2) = (Fu(2))? + ¢, we
obtain ¢, — ¢ € K5 as n — 0o, where ¢ = ¢ — (2. Therefore, the set Cj of
all these points ¢ is the component of the preimage of Ks under the map
z +— z — 2% which is contained in K. Therefore, Cs is a proper subset of
K, and C5s N 0K, = {ss}. It would be of interest to characterize those
compact sets K C Kj; such that K = L., for some sequence (c,) € K?I.

The stable domain A(Cn)(oo) may be viewed as a Bottcher domain. If it
is simply connected, then there exists a conformal map ¢ of A(cn)(oo) onto
A1 normalized at infinity by

al a9
(4.7) o) =z+a+ L+ 24

Note that the capacity of X(.,) (cf. Section 8) is equal to one. Like in the
iteration of a fixed polynomial we show that ¢ may be described dynamically.

Theorem 4.7. Let 6 > 0 and (¢,) € K} such that A(e,)(00) is simply
connected. Then the conformal map ¢ of A(.,)(o0) onto Ay with the nor-
malization (4.7) is given by

k[ F
¢(z) = lim 2\ Fi(z) = z lim 2\/ k(f)
k—oo k—oo z2

with locally uniform convergence in A, )(c0), and where the branch of the

k
root is determined by V1=1.

Proof. Let R > Rj such that R? > 2§ and U,, := F,,}(Ag) for m € N. Then
we have Uy, C Upg1 C Age,)(00) and A, y(00) = U=y Um- For k € N we
define

k [F(
\/7 2 §2k)

k
Then ¢ maps Uy conformally onto Apg,, where Ry, := *VR. For z € Un
and k£ > m we have

_ % < i < 1
(Fr(2))?| — R* — 2
and the elementary inequality
Vitu—-1<3  (ueKyp)
yields
Prt1(2) 1‘ _ [ [ B (2) ] e [ L% 1’ <1
O (2) (Fr(2))? (Fi(2))? 2+l
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Therefore, the limit

6(=) = lim gy (2 H ¢’““ 2)

k—o0 )

exists uniformly in U,,, and ¢ is the desired conformal map. U

5. Lebesgue measure of Julia sets.

From a result of Lyubich [L2] (see also [CG, p. 90] or [St, p. 144]) it follows
that the Julia set of a hyperbolic rational function has two-dimensional
Lebesgue measure (which we denote by mg) zero. In particular, this is true
for J(f.) provided that ¢ is contained in a hyperbolic component of the
interior of the Mandelbrot set M or ¢ ¢ M. In this section we show that
this is true to a certain extent in our situation.

We begin with § < i. Then by Section 4 we know that if (c,,) € K}, then
d(cn) 18 a quasicircle, and from the differentiability properties of quasiconfor-
mal maps it follows that quasicircles always have two-dimensional Lebesgue
measure zero (see for example [LV, p. 165]).

Corollary 5.1. Let § < 1 and (c,) € K}. Then ma(J(c,)) = 0.

Now, we will show that ma2(d(.,)) is almost surely zero provided that

the ¢, are randomly chosen in K5 for some ¢ > %. To be more precise,

let \s denote the two-dimensional Lebesgue measure on K normalized by
As(Ks) = 1. Then the product space K ? carries the usual product measure

Ns = Qe q As. We set
(5.1) Ns = { (cn) € K m2(d(c,)) =0}
Then the goal is to show that As(9s) = 1. In order to do this we recall:

Theorem 5.2 ([BBR]). Let § > 1 and R > 0. Then for every z € C there
exists an open set U, C K};\] with the following properties:

(a) As(th:) = 1,
(b) for every (cy,) € U, there holds |Fy(z)| > R for all sufficiently large k.

Theorem 5.3. Let § > I, and let N5 C K)' be defined by (5.1). Then
As(Ms) = 1.

Proof. Let M = AR be an invariant domain and
¢ .= {((cn), 2) € KY x C: Fj,(z) € M for some k € N}.
By Theorem 5.2 we have As(€,) =1 for z € C, where
&, = {(cn) €KY : ((cn),2) € €.
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If o denotes the two-dimensional Lebesgue measure on C normalized by
o(C) =1, it follows

(Z\g@(f)((’f)—/@jxg(éz)da(z) Y

Now, let

€= {(cn) € K§' 1 0(€,)) = 1},
where

€y ={2€C:((cn),2) € E}
Since

1= (:\5 & U)(é) = / U(E(cn)) d5\6((cn))

K3
we obtain As(€) = 1. If (c,) € €, then
(A (e)(00)) = o({z € C: Fi(2) € M for some k € N}) = 0(€&,,)) = 1
which implies o(J,)) = 0. O

It would be of interest whether Theorem 5.3 remains valid for § = %.

Concerning the question whether there exists a sequence (¢,) € K ? for some
6> % such that ma (g (Cn)) > 0, the referee mentioned that, recently, a group
of mathematicians around P.W. Jones at Yale University have constructed
such an example. More precisely, there exists a sequence (c,) with ¢, €
{0,+1 1} such that m2(d(c,)) > 0. This result was communicated to the
author by P.W. Jones. The author is grateful to both for bringing this
information to his attention.

Finally, we prove:

Theorem 5.4. Let § > 2 (which is equivalent to 6 > Rs), and let € > 0
such that Rs +¢ < |cy| <& for alln € N. Then mQ(H(Cn)) =0.

Proof. We choose R such that Rs < R< Rs+cand n:= Rs+e¢— R > 0.
Then we have J(,,) C ﬁm C D := Dpg, and D is backward invariant, that
is f-1(D) C D for all n € N. Furthermore, there holds |f, (0)| = |cn| >
Rs+e = R+nand thus [(f., o -0 fe.,)(0)] > R+nfork=0,1,...,m—1
and all m € N. Therefore, D does not contain any critical value of (F},)
so that in D there exist 2* analytic branches of the inverse function of
Fj, which we denote by G, for j = 1,...,2% and k € N. Furthermore,
we set Dj,k = Gj}k(D) C D and Dk = U?il Dj,k- Then Dl,Im v ,D2k7k
are mutually disjoint simply connected domains, and J(.,) C Dgy1 C Dy.
Finally, we set Uk = Dk\EkJrl and Ung = Dj’k\ﬁkJrl so that Ul,ka ey U2k7k.

are mutually disjoint multiply connected domains, and U = szil Ujk-
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Now, we prove that there exists a constant ¢ > 0 such that

ma (Uy)
5.2 >
for all k € N. For that purpose it is enough to show that
m2(Uj k)
5.3 — >
53) ma(Djk) —

for j=1,...,2" and all k € N.
Let Vi and V3, denote the two components of fc_k}_l(D), and let W}, :=

D\ (Vl,k: UVQ’]C). Then Ujr = Gj,k(Wk)7 and we obtain
maUsa) _ i G2 dma() 1G5 () Pma (W)
m2(Djk)  [p |G (2)Pdma(z) — |G (Gw)Pma(D)

where z;; € Wy, C D and (j; € D such that |G} (2;)| = min.ew, |G, (2)]

and |G ()| = max.ep |G} 1. (2)]. By the Koebe distortion theorem (see
for example [P2, p. 9]) applied to the disk Dp4,, there holds

" k(2) >< n >4
G;Jg(g) T \n+2R

for all z, ( € D. Therefore, it remains to show that there exists a constant
~v > 0 such that

ma(Wk)
7m2(D) >y

for all k£ € N.
For simplicity we write ¢ = ¢j41, and let V € {Vi 5, Vo1 }. Then

de 21
_ 2 dtd
m2(V) 4A)k—d / s

By the Cauchy-Schwarz inequality we get

27 dt < dt 1/2
< Vor / _dt ) ,
/0 |oe — ] o loett —c|?

and the Poisson integral formula yields

/2“ a2«
o leem —c el =

Therefore, we arrive at

R
T 0 T 1
Vi< | —%  do="(l¢| - | = R?) < ~7R.
)_2/0 i 5 el = Vel )= g7
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This implies mo (V1 U Vo) < 7R and thus

ma (W) S 1 1

ma(D) = RZ

1
2
which proves (5.3).

Finally, (5.2) gives mg(g(cn)) S m2(Dk+1) = mg(Dk) — TTLQ(Uk> S (1 —
q)ma(Dy) so that m2(d(c,)) < (1—q)*mz(D) — 0 as k — oo which completes
the proof. U

6. Hausdorff dimension of Julia sets.

We first recall the notion of Hausdorff dimension. Let £ C C be a non-
empty compact set, and denote by (D;). any covering of E by finitely many
open sets D; with d1amD <e. Then for t € (0,2]

my(E) :=sup inf (diam Dj)
e>0 D] e Z

is called the t-dimensional Hausdorff measure of E. Obviously, m;(E) < oo
implies ms(E) = 0 for s > t, and conversely, m;(E) > 0 implies ms(E) = oo
for s < t. Hence, there exists a unique 7 € [0, 2] such that ms(E) = 0 and
my(F) = oo for 0 < t < 7 < s < 2. This number 7 is called the Hausdorff
dimension of E and is denoted by dimy E.

It is well-known (cf. [G], see also [Be, p. 251] or [St, p. 169]) that
the Hausdorff dimension of the Julia set of any fixed rational function f is
positive. More precisely, if co ¢ J(f) and if d denotes the degree of f, then

logd
log max.eq(p) [ /(2)]

We show that this estimate holds true in a certain sense in our situation.

Theorem 6.1. Let § > 0 and (c,) € K}. Then dimg d(cn) > 0. More
precisely, there holds

dimy J(f) >

log2 log 2
(cn) = log (2Rs)  log (1+ 1+ 46)

Proof. We show that the Green function g of A(.,(00) is Holder continuous
with exponent

dimg J

B log 2
~ log2+1log (2R — Rs)

for any R > R;. Then a result of Carleson [C] gives dimy J,) > a. For
that purpose, it suffices to show that there exists a constant v > 0 such
that g(2) < v(d(2))* for all z € A,)(00), where d(z) := dist (z,d,)). Of
course, we may assume that d(z) is small.
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Let R > Rs and Uy := F, *(Ag) for k € N. Then we have Uy, C Ugy; C
A(en)(00) and A,y (00) = UpZ; Ug. The Green function gi of U, with pole
at infinity is given by
1o 1Fe(2)]

27 log T (Z S Uk)
There holds gx(2) < gr+1(2) < g(2) for z € Uy, and g, — g as k — oo locally
uniformly in A, (c0).

We will show that there exists some constant C' > 0 such that g(z) <
gk(Z)+2% for z € Ug. There holds |Fyy1(2)| = |(Fp(2))?+cpy1| < |[Fr(2)?+0
and this gives

gr(2) =

1 ‘Fk(2)|2 +5
grt1(2) < o%T1 108 7 :

If a, b > 0, then logt (a +b) <log™ a + log™ b + log 2, and thus

1 | Fi(2)? + 9
grt1(2) < TES <log R + log §+10g2

|k (2)]
R

1 )
— +
= St (2 log + log + log (2R)>

C
= gk(z) + BYEsE

where C' := log™ % + log (2R). From this we obtain by induction

1 1 C
Ie+m(2) < gi(z) +C <2k+1 +F 2k+m> < gk(2) + oF

for all m € N. Letting m — oo we get

9(2) < gr(z) + (2 € Ug).

2k
Now, let z € Uy \ Ug—1 for some k € N. Then |Fj_1(z)| < R which implies
|Fi(2)| < R% + 6. Hence, we have g;(z) < 2% log (R + %) and thus

(61) o)< g (2 €U\ Ti),

where I' := C + log (R+ %).

Finally, we prove a lower estimate for d(z), if z € Uy, for some k € N. We
set w := F}(2) and 7 := |w|—Rs. If U denotes the component of F}_ ! (D, (w))
containing z, there holds U C A, )(c0). Let ¢ > 0 such that D,(z) C U.
Then Fj(Dy(2)) C Dy(w) C Dyy|4yy, which implies F;(Dy(2)) C Djy4y for
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j=0,1,...,kand thus |F}(t)| < 28(Jw|+n)* for all t € Dy(2). If 2’ € D,(z)

and w' := Fy(2'), then

w —w= / Fi(t)dt,

where we integrate over the line segment joining z and z’. This yields

0" —w| < 2 (jw| +0)*|2" — 2| < 28 (jw| + )"0

Setting

0=
2k (Jwl| +n)

we obtain D,(z) C U and thus

n |lw| — Rs - R — Rs

M) 2 Sl T ) ~ @]~ Ry) © PR~ Ry)

We choose ¢ := R — Rs and

log 2
=
log2 +log (R + q)

and arrive at

a~ 4
(6.2) @ =T ev
Finally, putting (6.1) and (6.2) together we get
r
9(2) < F ()" (2 €Uk \ Vi)

which completes the proof.

(Z S Uk)

O

Gehring and Viiséla [GV] have shown that quasicircles always have Haus-
dorff dimension less than two and thus by Corollary 4.5 we obtain:

Corollary 6.2. Let § < § and (cn) € Kj'. Then dimy J.,)

< 2.

Ifo<d< i and (cy) € K};\], then the Julia set J,) is connected so that
its Hausdorff dimension is at least one. Moreover, Sullivan [Su] has shown,
that if ¢ # 0 is in the interior of the main cardioid of the Mandelbrot set,
then dimy J(f.) > 1. Furthermore, it follows by a result of Shishikura [Sh]
that dimy J(f1/4) = 2. It would be of interest whether dimy J(.,,) is almost

surely (in the sense of Section 5) greater than one if (c,) € K} for some

0 < %. In our general setting, it is clear that we can only expect such an

almost surely statement.
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7. Density of repelling fixpoints.

From iteration theory of a fixed rational function it is well-known that the
repelling periodic points are dense in the Julia set (cf. [Be, p. 148], [CG,
p. 63] or [St, p. 35]). In our setting we consider the set R,y of repelling
fizpoints of the sequence of iterates (F,), i.e.,

Rien) = {¢ € C: Fi(¢) = ¢ for some k € N and |Fj,(¢)| > 1}.

It is not necessarily true that R, ) C J(.,). But from a result of Forneess
and Sibony [F'S, Theorem 2.3] it follows that if 6 > 0 is sufficiently small
and (cn) € Kj', then (R(.,)) = (). More precisely, we show:

Theorem 7.1. Let § < % and (c,) € KY. Then (Rie)) = (cn)-

Proof. Since § < % we have f.(D,) C D, for all ¢ € K5 and s5 < r <
rs. This implies that Fj(z) # z for all k € N and s5 < |z] < rs. Since
Fl(z) = 2k H?;é Fj(z) and fo.(Kyj2) C Ky, we have R, ) N Ky = @.
Setting K := K, for some r € (%,7“5), we also have R,y N K = . We set
U:=C\K.Ifz€UandFj(z) €Uforallj=1,...,k—1, then |F}(2)| > ¢*
with ¢ := 2r > 1.

We first show that (R(c,))" C d(,)- For that purpose let F,(z) = 2,
|, (20)] > 1 and 2 — Cas £ — oo. If ¢ € C\ K, then Fj, — oo as
¢ — oo uniformly in some neighbourhood of . This gives F,(z)) — oo
as { — oo which is a contradiction. Now, assume that ¢ € (X,))°. If
Fj(¢) € U for all j € Ny, then |F}(¢)] > ¢ — oo as k — oo. But this
is impossible since (F) is normal and bounded in (X,))°. Therefore, we
have Fj,(¢) € K for some ky € Ny, and thus Fj(¢) € K for all k > ky. By
passing to a subsequence we may assume that Fj, — ¢ as £ — oo uniformly
in some neighbourhood U of ¢, where ¢ is holomorphic in Ue. This implies
zp = Fy,(z0) — ¢(¢) as £ — oo and thus z, € K for all £ large enough which
is again a contradiction.

Now, we show that J(.,) C (R(,))’. Suppose that there exists ¢ € J,)
and a neighbourhood V of ¢ such that Fy(z) # z for all z € V and k > ko =
ko(V). We set

1
hi(2) = o log | Fiu(2) — 2.

Then Ay is harmonic and uniformly bounded above in V. By Eq. (2.1) we
have hy — g(,) as k — oo in V \ K(cn)s and thus hy — h as k — oo for
some harmonic function h in V. Furthermore, there holds hy — 0 as k — oo
in VNXe,) so that h =0 in VNX,). But this is a contradiction to the
minimum principle for harmonic functions.

Therefore, for every ¢ € J(.,) there exists a strictly increasing sequence
(k¢) in N and 2 € U such that z; — ( as £ — oo and F,(z¢) = z¢. Then we
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have Fj(2) € U for j = 1,..., k¢ — 1 which gives |F} (2¢)] > ¢" > 1 so that
2y € R(cn) U

It would be of interest whether Theorem 7.1 holds for all § > 0. However,
the proof shows that we always have (R(.,))" C X(c,)-

8. Asymptotic distribution of predecessors.

If (c,) € K} and if @ € Ag,, then the predecessors Fk_l(a) of a are all
contained in A(.,)(00), and they only accumulate on the Julia set J(,). In
fact, this follows from the invariance of Ap for R > Rs and F), — oo as
k — oo locally uniformly in A(.,)(c0). We want to study the asymptotic

distribution of Fj Y(a) as k — oo. For iteration of a fixed polynomial this
was done by Brolin [Bro|.

We first recall some facts from potential theory which are needed in the
sequel and which can be found, for example, in the book of Tsuji [T]. Let
E C C be an infinite compact set, and let D be its outer domain, that is
the component of C \ E containing the point oco. Furthermore, we denote by
cap E > 0 the logarithmic capacity (or transfinite diameter) of E. (We do
not recall the definition of cap F because it will not be needed.) We suppose
that the Green function gp of D with pole at infinity exists. Then

gp(z) =log|z| +V +0(1) asz— o0

and cap E = =¥ > 0. Note that by Eq. (2.1) this is true for E = J(.,) with
cap E = 1. Now, let u be any probability measure on E. Then the energy
integral

1
=[] g o Q) )

is finite, and the logarithmic potential

pu(2) = [ tog 7 du()

is harmonic in D. Furthermore, there exists a unique probability measure
w* on E which minimizes the energy integral I[u], and there holds

gp(2) =V = —pu=(2)  (2€ D).

This measure p* is called the equilibrium measure on E. In the following p*
always denotes the equilibrium measure on the Julia set J(c,), and supp u*
denotes its support, that is the set of points 2 € J(,,,) such that pu*(D:(z) N
d(c,)) > 0 for every € > 0. Note that supp p* is a closed set.

In order to study the asymptotic distribution of F} Y(a) for a € A Rs as
k — oo we consider the following sequence (uf) of probability measures.
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If 4, denotes the Dirac measure concentrated at the point z € C (that is
0:(F)=1if z € Eand 6,(E) =0if z ¢ E), then let

a 1

Fr(z)=a

We will show that (uf) is weakly convergent to p*, that is pf(E£) — pu*(F)

as k — oo for every Borel set E' C C with p*(E°) = p*(F). For that purpose
we first collect some auxiliary results.

Lemma 8.1 ([Bro, Lemma 15.4]). Let E C C be a compact set, and let
f be a function defined on E such that for some constant L there holds
|f(z1) = f(22)| < L|z1 — 22| for all z1, z2 € E. Ifcap E =0, then cap f(F) =
0.

Lemma 8.2. Let § >0 and (c,) € K. Then cap (d(c,) \ supp p*) = 0.

Proof. Since Jc,,) = OA(c,)(o0) and cap d(.,) > 0, the assertion immediately
follows from Theorem II1.31 in [T, p. 79]. O

Lemma 8.3. Let § > 0 and (c,) € KY. Then supp u* = dien)-

Proof. We assume that J* := J.,) \ supp u* # &. By Lemma 8.2 we have
capd* = 0. Since J* is an open set in H(Cn) we may choose zg € J* and
e > 0 such that J. := J* N D.(z9) C J*. We also have capd. = 0. But
by the self-similarity of J.,) (cf. [Biil]) there exists m € N such that
Fin(de) = Fin(d(c,))- Since | fo, (21)— fe, (22)] = [21+22]|21—22] < 2Rs[21— 2]
for all k € N and 21, 22 € J(.,), we obtain cap F;;,(d:) = 0 by Lemma 8.1. On
the other hand there holds Fy,(d(c,)) = d(c,.,) and thus cap Fin(dc,)) =1
which gives a contradiction. O

Lemma 8.4 ([Bro, Lemma 15.5]). Let E, H C C be compact sets with E C
H and cap E = e~V > 0. Furthermore, let (11,,) be a sequence of probability
measures on H which converges weakly to a probability measure p on E. If
uy, denotes the logarithmic potential with respect to pu, and p* denotes the
equilibrium measure on E, then suppose iminf, o uy(z) >V for z € E
and supp u* = E. Then there holds p = p*.

Theorem 8.5. Let § > 0 and (c,) € KY. Then for any a € Ap, the
sequence (ug) of probability measures defined by (8.1) converges weakly to
the equilibrium measure p* on J(,)-

Proof. For k € Nlet z1 g, ..., 29x ;, be the solutions of the equation Fj, (2) = a.
Then we have z; ) € A(c,)(00) and 2z € H := K, for j =1,. .. ,2F so that
supp pj C H. Since |F(2)| < Rs for 2 € J.,) and
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we obtain for z € J,,)

2k
S log |z — 24| = log |Fi(2) — al < log (Rs +a]) = C
j=1

and thus

This can be written as

1 C
= [ a >
w(z) = [ log =2 dut€) =~z
so that
(8.2) lim inf ug(2) > 0 = logcapd,) (2 €dicn))-

k—o0

By the Selection Theorem (cf. [T, p. 34]) every sequence of probability
measures on H contains a weakly convergent subsequence. Therefore, we
only have to show that for every subsequence of (uf) which converges weakly
to some probability measure v there holds v = p*. In fact, since the prede-
cessors F}, *(a) of a do not accumulate in A(c,)(00) we obtain supp v C J(c,),
and because of (8.2) the assertion follows from Lemma 8.3 and 8.4. O

Remark 8.6. If § < % and (c,) € K}, then the assertion of Theorem 8.5
also holds for any a € D,;. This requires only a few simple modifications in
the proof.

Like in the iteration of a fixed function there holds that for any a € J,,)
the set | ;o F, ' (Fi(a)) is dense in d(c,) (cf. [Biil]). We also want to study

the asymptotic distribution of F} '(F}j(a)) as k — oco. For that purpose, we
consider the following sequence (vf) of probability measures defined by

(8.3) v = o Z J,.

Fi(2)=F}(a)

Then suppvy C J(,), and from iteration theory of a fixed polynomial f.
it is known (cf. [Bro], see also [St, p. 148]) that (v}') converges weakly to
the equilibrium measure p* on J(f.). We show that this holds true in our
situation.
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Theorem 8.7. Let § > 0 and (c,) € KY. Then for any a € d(cn) the
sequence (V) of probability measures defined by (8.3) converges weakly to
the equilibrium measure pu* on J(,)-

Proof. For k € N let 2, ..., 2k ) be the solutions of the equation Fj(z) =
Fy(a). Then we have for z € A(,)(00)

ok

1 1

3 08 (<) = Fu(a)] = o Y loglz — 50 = | loglz — clabvg(0)
7j=1 (en)

Again, we only have to show that every weakly convergent subsequence
(A¢) of () has the limit p*. If Ay — X as £ — oo weakly, then for z €

tim [ loglz = (an(o) = [ logls— ¢[dAQ).

=0 G ) I(en)
On the other hand we have
Fi(2) — Fy(a)
F(2)

1 1
ok log | Fy(2) — Fi(a)| = 2710g

1
+ ?log [Fk(2)] = g(ea)(2)  as k — oo.
This implies

gmxa—é Toglz = NG (€ A0
(en

and since p* is unique the assertion follows. O
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SPECIAL VALUES OF KOECHER-MAASS SERIES OF
SIEGEL CUSP FORMS

YouNGJu CHOIE AND WINFRIED KOHNEN

A certain finiteness result for special values of character
twists of Koecher-Maass series attached to Siegel cusp of genus
g is proved.

1. Introduction.

Let f be an elliptic cusp form of even integral weight k on I'y := SLo(Z). Let
x be a primitive Dirichlet character modulo a positive integer N and denote
by L(f,x,s) (s € C) the Hecke L-function of f twisted with y, defined by
analytic continuation of the series

Z x(n)a(n)n=* (Re (s) > 0; a(n) = n-th Fourier coefficient of f).
n>1
Let g(x) be the Gauss sum attached to x. As is well-known, there exists a

Z-module M; C C (depending only on f) of finite rank such that all the
special values

T 2m) P g()L(f, X, )

(seN,1<s<k-—1;
X a primitive Dirichlet character modulo N, N € N)

lie in My ®z Z[x], where Z[X] is the Z-module obtained from Z by adjoining
the values of . In fact, if f is a Hecke eigenform, one has rkz My < 2
1,7, 8, 10].

The purpose of this paper is to give a generalization of the above result
to the case of a Siegel cusp form f, where now L(f,,s) is replaced by an
appropriate x-twist of the Koecher-Maass series attached to f.

More precisely, let f be a cusp form of even integral weight £ > g + 1
w.r.t. the Siegel modular group I'y := Sp,(Z) of genus g and write a(T") (T
a positive definite half-integral matrix of size g) for its Fourier coefficients.
For y as above we set

g om ATy
(1) L(f7X7 ) : {T>O}/GZL%N(Z) eN(T)(detT)S (R ( )>> O)a
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where the summation extends over all positive definite half-integral (g, g)-
matrices T modulo the action T' — T[U] := U'TU of the group GL, n(Z) :=
{U € GLy(Z)|U = E; (mod N)} and en(T) := #{U € GLynN(Z)|T[U] =
T} is the order of the corresponding unit group of 7' (note that ex (7)) = 1
whenever N > 2 by a classical result of Minkowski). Furthermore, tr7T’
denotes the trace of T'. Note that x(tr7") depends only on the GL, n(Z)-
class of T'.

In §2 (Thm. 1) we shall prove that the series L(f, x, s) have holomorphic
continuations to C and satisfy functional equations under s — k — s. The
proof is fairly standard and follows the same pattern as in [6] for the case
N =1 (compare also [5]) and [9, §3.6] for g = 1.

The main result of the paper (Thm. 2) which will be proved in §3, states
that all the special values

(g+1) g(g—1)
igs—l—%ﬂ-%"‘[%] (27‘()_95 g(X) L(f)X’ S)

x a primitive Dirichlet character modulo N, N € N)

are contained in My ®z Z[x] where My C C is a finite Z-module depending
only on f. Its rank is bounded by the rank of a certain singular relative
homology group of a toroidal compactification of a quotient space of H, x
C9", where H, is the Siegel upper half-space of genus g and w := k—(g+1).
See §3 for details.

For the proof one represents the functions L(f, x, s) (similar as in the case
g = 1) as finite linear combinations of integrals of certain differential forms
attached to f along certain g(gTJrl)—dimensional real subcycles of I'j\H,. Our
assertion then can be deduced if we use results of Hatada given in [2, 3].
More precisely, in [2] it is shown that the space of cusp forms of weight
k> g+ 1 wr.t. a torsion-free congruence subgroup I' C I'y is canonically
isomorphic to the space of holomorphic differential forms of highest degree
on a compactification of I' oc Z2¥\H, x C9%, and in [3] using [2] a certain
finiteness statement for a certain family of integrals of Siegel cusp forms is
derived. (Actually, as we think, some of the assertions of [3] have to be
slightly modified, for complete correctness’ purposes; cf. §3.)

Inspecting the proof of Thm. 2, it is quite suggestive or even more or less
clear that a similar finiteness statement as given there can be proved for
special values of Dirichlet series of a much more general type. In fact, such
a result essentially seems to be true for finite linear combinations of all the
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partial series
e2mitr (TS) CL(T)

Z eO)(T)(det T)s

{1>0}/GLSY ()

(Re(s) > 0),

where S is any rational symmetric matrix of size g, GLE,S) (Z) is the subgroup

(U € GL,(Z)|S[UY = S (mod Z)} and €S)(T) := #£{U € GL{(Z) | T[U]
= T'}. However, we do not want to pursue this point further.

We finally remark that in [4] the Koecher-Maass series of a Siegel-Eisen-
stein series of genus ¢ is explicitly expressed in terms of “elementary” zeta
functions. In particular, if ¢ is odd it is shown to be a sum of products of
Riemann zeta functions. It would be interesting to investigate if a similar
statement as given in Thm. 2 would also hold in this case. In fact, it is
suggestive that such an assertion can be derived directly from the explicit
formulas given in [4].

One can also ask similar questions in the case of a Klingen-Siegel-Eisen-
stein series.

Notations. If A and B are complex matrices of appropriate sizes, we put
A[B] := B'AB. We simply write E = E, resp. 0 = 0, for the unit resp.
zero matrix of size g if there is no confusion.

We often write elements of the group GSp} (R) C G'Lay(R) consisting of

real symplectic similitudes of size 2g with positive scale in the form <é g) ,

understanding that A, B, C' and D are real (g, g)-matrices.

If Y € R99, we write Y > 0 if Y is symmetric and positive definite.
The group GL4(R) operates on Py :={Y € R99) | Y > 0} in the usual way
from the right by Y — Y[U].

If f(Z) is a complex-valued function on H,, k a positive integer and

A B
v = <C D> € GSp}(R), we set

(flx7)(Z) :=det (CZ+ D) *f((AZ+ B)(CZ+D)™")  (Z €H,).
We often write f|vy instead of f|g if there is no misunderstanding.

If k is a positive integer, I' is a subgroup of I'; and ¥ is a character of I' of
finite order, we denote by Si(T", x) the space of Siegel cusp forms of weight
k and character y w.r.t. I'. If x = 1 we simply write Si(T).
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2. Character twists of Koecher-Maass series.

For N a natural number we define

* A B
g,O(N2) ::{(C D) €T,|C=0 (mod N?),

D =)E (mod N) for some\ € Z}

(note that A must necessarily satisfy (A, N) = 1).

It is easy to see that FZ}O(NQ) is a subgroup of I'y. If x is a Dirichlet
character modulo N, we extend x to a character of I'y (N %) by putting

X =W ity = () (mod V)

Lemma 1. Let f € Si(I'y) with Fourier coefficients a(T) (T > 0 half-
integral). Let x be a primitive Dirichlet character modulo N. Then the
function

F(Z) = S X T)a(T)e2 T2 (7 ¢ 1)
>0
belongs to Sk(I‘;,O(NQ),XQ).
Proof. Let
9= Y X
v (mod N)
be the Gauss sum attached to . Since

Y X OR = x(tr T)g (%),

v (mod N)
we obtain
1
@ o= X() flow.
g(X) v (mod N)
where

Let v = (é g) € I‘;O(NQ) and put

A=At —

++C.

B =B+ —(E— AD")D — V optp
o N N?2 ’

D :=D— %CDtD.
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Then A’, B’ and D’ are integral matrices, one has D’ = D (mod N) and

A B\ (E tD'D
ayy = c' D 0 B ;
/ !

in particular (é, g,) € I' 4(N?), and it follows that

1 _ E %D'D
rh=— 3 xon(y 2P

v (mod N)

=X\ == Y X0 fla (D=AE (mod N))

=X’/

This proves the claim.

Lemma 2. Let the notations be as in Lemma 1 and put
0 -FE
WN2 . — <N2E O ) .

Wiz = g(x0)> N~ fx.
Proof. For (v, N) =1 determine A, u € Z with AN — pv = 1. Then

(0 —E\(NE —uE
oWz _N<E 0 ) (—VE AE > G

9(X) - fx[Wy2 = N~ > X() flay
v (mod N),(v,N)=1

= x(~1)N~ > X (1) fle

g (mod N),(u,N)=1
= x(-1)g(x)N"% fz.

Since g(x)g9(X) = x(—1)N, we obtain our claim.

Then

Hence

Theorem 1. Let k be even and let f € Si(I'y). Let x be a primitive Dirich-
let character modulo N and define L(f,x,s) (Re(s) > 0) by (1). Let

Yg(s) :== (2m)79° H xr=D/2p (8 Y ; 1> (seC)

v=1

and set
L*(f,x, s) = N"y4(s)L(f,x,s)  (Re(s) > 0).
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Then L*(f,x, s) extends to a holomorphic function on C, and the functional
equation

L (k= 9) = (~1) F g L (/% 9)

holds, where g(x) is the Gauss sum attached to x.

Proof. Since

(6 o) e ot} ey

and k is even, the function f, (1Y) (Y > 0) is invariant under Y — Y[U] (U €
GLyN(Z)). Hence it follows in the usual way that

B L =58 [ @)@ Yy (Re()>0),

where F, y is any fundamental domain for the action of GLy n(Z) on Py
and dv = (det Y)~(0+1)/2qY is the GL4(R)-invariant volume element on P,.

We fix a set of representatives Uy, ... ,U, for GL4(Z)/GLgy n(Z) and now
take

(4) FgN = U Ry[U],

v=1
where R, is Minkowski’s fundamental domain for the action of GL4(Z).

Since GLg n(Z) is closed under transposition, also .7-";]1\, is a fundamental
domain for GLg n(Z).

We let
P+ ={Y € Py|detY > N9}, Py_:={Y € Py|detY < N9},
write
Fon = (Fgn NPy 1) U (Fgn NPy—)

and observe that F, y NP, _ under the map Y — (N2Y)~! is transformed
bijectively onto .7:9_’]1\, N Py+. We also observe that both F, y NPy 4+ and
v v NP, 4 are fundamental domains for the induced action of GL, x(Z)

on Py 4, the integral in (3) is absolutely convergent and the integrand is
invariant under GLg n(Z).

Therefore, since by Lemma 2

gk

FAWN?Y) ™) = (1) 2 g(0)* N (det V)P 7 (iY),
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we conclude that

O T

9, NPy, +

( FGY)(N9det Y)*

+ (1% g() 2N~V f(iY ) (N¥det Y)’H)dv.

Standard arguments and estimates taking into account (4) and properties
of Ry (compare e.g., [5, Chap. VI]) now show that the integral on the right
of (5) is (absolutely) convergent for all s € C and represents a holomorphic
function of s.

Since
9(x)9(X) = x(=1)N,
we also easily see the claimed functional equation. This concludes the proof
of the Theorem.

3. Special values.
In this section we shall prove:

Theorem 2. Let k be even, k > g+1 and let f € Sp('y). If x is a primitive
Dirichlet character modulo N, define L(f,x,s) (s € C) by holomorphic
continuation of the series (1) (Theorem 1). Let g(X) be the Gauss sum
attached to Y and let Z[x| be the Z-module obtained from Z by adjoining the
values of X.

Then there exists a Z-module My C C depending only on f of finite rank
such that all the special values

o ] 2m) 7 () LS v o)

where s € N, % <s< k- %1 and x runs over all primitive Dirichlet
characters modulo all positive integers N, are contained in My @z Z[X].

Proof. From (2) and (3) and the proof of Theorem 1 we find that
(6)
1 . 1% PRYESY
0L =5 Y xw) [ F (i 4 FE) @ery)Hay
f
v (mod N) 9N
for all s € C.

Note that the individual integrands on the right of (6) are GLg n(Z)-

invariant since f(Z) is invariant under {(g (U?)1> |U € GLg,N(Z)}

and under translations. Let w € Z, w > 0 and Spy(R) o« R?9" be the

semi-direct product of Spy(R) and R?9* 2 (R?9)" with multiplication given
by
(1N, X) = (W, 2 T+ X)
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where by v +— ~! we denote the diagonal embedding of Sp,(R) into
GLagw(R).

The group Spy(R) o R%Y acts on ‘Hy x C9% (with C9% = (C9)Y) from
the left by

(77 >‘) © (Zv (Ch <. 7Cw))
= ((AZ+ B)(CZ + D)™, <<1 + (p1, 1) (é) (CZ+ D),

- Cw + (s o) (Ei) (CZ+D)—1)>

where v = (él, g) and \ = ((,ul,yl),... ,(,uw,yw)) with pj,v; € RY for
all j. The discrete subgroup I'y Z29% acts properly discontinuously.

Let I' C I'y be any congruence subgroup acting without fixed points on
H, (e.g., the principal congruence subgroup I'y(¢) with ¢ > 3) and view f
as an element of Si(I).

Put w:=k — (g +1). It was shown in [2] that the map

WZ) — h(Z)dZd¢

gives an isomorphism between Si(I') and the space of holomorphic differ-

ential forms of degree @ + gw of (any) non-singular compactification of

the quotient space I' oc Z2%\H, x CI%.

Using toroidal compactifications, in [3] from this a certain finiteness state-
ment for certain cycle integrals attached to h was derived which we now want
to describe in the special case we need.

Let S be a given rational symmetric matrix of size g and let n be an
integer with 0 < n < w. Define

Ty(Sin) = | J {S+iV}
YEP,

X <(R9)“’_" $ {(113Y, o pniY) | iy pn € Rg})
C Hg x C9%.
Then T,(S;n) is a real submanifold of H, x C9* of dimension 9(97;1) + gw.

(In the notation of [3, §6] we have taken a1 = as = ... = ay_pn €
{9+1,...,2¢} and ay—nt1 = ...ay € {1,...,9}. Also note that in the
definition of Ty(a1,... ,ay; X) in [3, p. 401] we have replaced the “Z” in
Wi(ai,...,aw)[Z] by “Y”. We think that this is the correct definition,
since otherwise the corresponding integrals in [3, Lemma 6.2 and Thm. 5]
in general would not be convergent.)
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" U, = {(g (U?)_1> U e GLg(R)} C Sp,(R),

Vg7n = {()\17 7Aw—n’(ﬂl,0)u-‘- ,(Mn,O))|)\1, )
)\w—n € Ran Hiyeee s n € Rg}

and
Hgyp =Uy x Vg C Spg(R) oc R¥Y.

(S) ._ E S
o ._<0 E)

Then one easily checks that the conjugate subgroup

HS) = (a!9),0) - Hy, - (a9,0)7!

Let

leaves T(S;n) stable.

Note that Hé‘i) consists of all pairs

(5 ) At o)

with A1,..., Aw_n € R% and Wi, ..., un € RY.

Let

S) . g(s
HS) = HE) 0T oz,

Write M = T' o« Z?9*\'Hy x C9% and denote by M a fixed toroidal com-
pactification of M. Let &M = M \ M. Then according to [3, Lemma 6.1]
the closure of the image of H;STL)F\TQ(S ;n) in M w.r.t. the usual complex

topology is the support of a singular relative % +

coefficients w.r.t. (M,IOM).

gw-cycle with integral

Since H g(g+1 gw (M,0M,Z) is of finite rank, one concludes that for any
2
given h € Si(I") all the numbers

/ WZz)dzd¢ (S e QY9 § =g
G

g,n,I‘\Tg(S;n)

are contained in a finite Z-module (depending only on h) whose rank is
bounded by the rank of the above cohomology group ([3, Thm. 5], compare
our above remark).
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On the other hand (compare [3, Lemma 6.2]) one has the equality

(7) h(Z)dZd¢

/H;YSTBYF\Tg(S;n)

/ W(Z)det (Z — S)"dZ.
al®) Uy ()~ 1AT\{S+iY | Y €P,}

In particular, now take I' = I'j(¢) with some fixed £ > 3. Then the
integral on the right of (7) is equal to

jont 25 / h(S +4Y) (det Y)"dY,
Py/GL) (Z)

where

GL)(2Z) == {U € GLyy(Z)|S[U'] = S (mod (Z)}.

Let S = £E with v € Z (so a!¥) = a, in the notation of §2). Then we

see that GLgn(Z) is contained in GL;?(Z). Since the index of GLg /N (Z)

in GLy n(Z) is bounded by a number depending only on ¢, the assertion of

Thm. 2 now follows taking into account (6) and the fact that I'(3+v) € Qy/7
forv=0,1,2....
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AN ABSTRACT
VOICULESCU-BROWN-DOUGLAS-FILLMORE
ABSORPTION THEOREM

GEORGE A. ELLIOTT AND DAN KUCEROVSKY

A common generalization is given of what are often re-
ferred to as the Weyl-von Neumann theorems of Voiculescu,
Kasparov, Kirchberg, and, more recently, Lin. (These in turn
extend a result of Brown, Douglas, and Fillmore.)

More precisely, an intrinsic characterization is obtained of
those extensions of one separable C*-algebra by another—the
first, i.e., the ideal, assumed to be stable, so that Brown-
Douglas-Fillmore addition of extensions can be carried out—
which are absorbing in a certain natural sense related to this
addition, a sense which reduces to that considered by earlier
authors if either the ideal or the quotient is nuclear. The
specific absorption theorems referred to above can be deduced
from this characterization.

1. Let B be a C*-algebra, and let C' be a C*-algebra containing B as
a closed two-sided ideal. Let us say that C is purely large with respect
to B if for every element ¢ of C' which is not in B, the C*-algebra cBc*
(the intersection with B of the hereditary sub-C*-algebra of C' generated
by cc*) contains a sub-C*-algebra which is stable (i.e., isomorphic to its
tensor product with the C*-algebra K of compact operators on an infinite-
dimensional separable Hilbert space) and is full in B (i.e., not contained in
any proper closed two-sided ideal of B).

2. Let A and B be C*-algebras, and let
0 - B —-C—A—->0

be an extension of B by A (i.e., a short exact sequence of C*-algebras). Let
us say that the extension is purely large if the C*-algebra of the extension,
C, is purely large with respect to the image of B in it, in the sense described
above.

Note that, if B is non-zero, a purely large extension of B by A is essential
(that is, the image of B in the C*-algebra of the extension is an essential
closed two-sided ideal-—every non-zero closed two-sided ideal has non-zero
intersection with it).
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3. Let A and B be C*-algebras, with A unital. An extension0) — B —
C — A — 0 will be said to be unital if C' is unital.

In this paper we shall consider primarily the context of unital extensions
(although we shall indicate how to modify our main result, Theorem 6, to
be valid in the non-unital setting).

4.  Recall that an extension of B by A is determined by its Busby map—
the naturally associated map from A to the quotient multiplier algebra, or
corona, of B, M(B)/B. (The C*-algebra of the extension is the pullback of
the Busby map and the canonical quotient map M(B) — M(B)/B.)

Recall (see e.g., [6]) that, if B is stable, so that the Cuntz algebra Oy may
be embedded unitally in M(B), then the Brown-Douglas-Fillmore addition
of extensions, defined by

T B To = S17T18] + S2T2S5,

where 71 and 79 are (the Busby maps of) two extensions of B by A, and s;
and sg are (the images in M(B)/B of) the canonical generators of Oy (which
are isometries with range projections summing to 1), is compatible with
Brown-Douglas-Fillmore equivalence (defined as unitary equivalence with
respect to the unitary group of M(B)—or, rather, the image of this group
in M(B)/B), and the resulting binary operation on equivalence classes is
independent of the embedding of Os.

With respect to this operation, the equivalence classes of extensions of
the stable C*-algebra B by the C*-algebra A form an abelian semigroup.

Recall that an extension of B by A is said to be trivial if, considered as
a short exact sequence of C*-algebra maps, it splits. In other words, the
map C — A in the sequence 0 - B — C — A — 0 should have a left
inverse, C < A. (Equivalently, the Busby map A — M(B)/B should lift to
a C*-algebra homomorphism A — M(B).)

In the setting of unital extensions, we shall understand triviality of an
extension to mean that the splitting can be chosen to be unital.

Recall, furthermore, that, in [8], Kasparov called an extension absorbing
if, in the Brown-Douglas-Fillmore semigroup, it is equal to its sum with any
trivial extension. (Briefly, if it absorbs every trivial extension.) Of course,
a unital extension cannot be absorbing in this sense (unless the quotient
algebra is zero); let us say that a unital extension is absorbing if—in the
subsemigroup of unital extensions—it is equal to its sum with any trivial
unital extension. (Trivial in the sense of admitting a unital splitting.)

5.  Inorder to be able to formulate our main result (Theorem 6, below) for
arbitrary (separable) C*-algebras A and B (with B stable and A unital)—
i.e., without assuming A or B to be nuclear—we must restrict the notion of
trivial extension as follows.
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Let us say that an extension of C*-algebras 0 - B — C — A — 0 is
trivial in the nuclear sense if the splitting homomorphism A — C may be
chosen to be weakly nuclear as defined by Kirchberg in [9]: The splitting
homomorphism 7: A — C will be said to be weakly nuclear if, for every
be B C(C, the map

A>a — br(a)b®*€e BCC

is nuclear. (Recall that a C*-algebra map is said to be nuclear if it factors ap-
proximately through finite-dimensional C*-algebras, by means of completely
positive contractions, in the sense of convergence in norm.)

Let us say, correspondingly, that an extension is absorbing in the nuclear
sense if it absorbs every extension which is trivial in the nuclear sense.
Again, let us say that a unital extension is absorbing in the nuclear sense to
mean that this holds within the semigroup of (equivalence classes of) unital
extensions. (With triviality in the nuclear sense the existence of a unital
weakly nuclear splitting.)

6.

Theorem. Let A and B be separable C*-algebras, with B stable and A
unital. A unital extension of B by A is absorbing, in the nuclear sense, if,
and only if, it is purely large.

7.  Purely large algebras have an approximation property similar to that
of purely infinite algebras. (This is the fundamental ingredient in the proof
of our main result, that an extension that is purely large is absorbing—either
in the unital setting, as in Theorem 6, or, if the extension is non-unital, as
in Corollary 16.)

Lemma. Let C be a C*-algebra that is purely large with respect to a closed
two-sided ideal B, in the sense of Section 1. Then, for any positive element
¢ of C which is not in B, any € > 0, and any positive element b of B, there
exists by € B with

||b — bocbgl| < e.
If b is of norm one, and if the image of ¢ in C/B is of norm one, then by
may be chosen to have norm one.

Proof. Let c€ CT\ B, b € BT, and € > 0 be given. Multiplying ¢ by a
positive element of the sub-C*-algebra it generates, and changing notation,
we may suppose that the hereditary sub-C*-algebra C. of C on which c acts
as a unit is not contained in B.

By hypothesis, there exists a full, stable sub-C*-algebra D of B contained
in C,.

Since D is full in B, there exist d € DT and by,...,b, in B such that

Hb — 3" b

< €.
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(The set S of such elements ) b;db! is closed under the map x — yxy* for
any y € B, and therefore the closure of S is a hereditary subset of BT—
recall that if 0 < s < t in B then s2 = limy,t2 with y, = s%(t—k %)*% € B,
so that s = limy,ty’. In particular, the closure of S is a subcone of BT, as
the sum of two elements of S, associated with d; and do, say, is majorized
by an element associated with the single element di + d2, and therefore is a
limit of elements associated with di + da. The closure of S is thus a closed
subcone of BT closed under the map x — yxy* for any y € B. Such a
subset is known to be the positive part of a closed two-sided ideal: as above
it must be a hereditary subset, and it is then the positive part of an ideal
by Theorem 2.7(ii) of [4].)

(Alternatively, to obtain the assertion of the preceding paragraph, ap-
proximate bz by Y biidob},; for some dy € D™ and by;,by; € B. Replacing
> biidobs; by its self-adjoint part (which has a similar form), and changing
notation, we may suppose that ) by;dob; is self-adjoint. (In any case, this
element is almost self-adjoint, which is sufficient.) Write

Zblid0b§¢ = b1(do)b3

where b and by denote the row vectors (by;) and (by;), and (dpy) denotes the
square matrix of appropriate size with dy repeated down the diagonal and
0 elsewhere. Note that bi(dp)bs = ba(dp)bj. We then have

b — b1 (do)bisba(do )bl
= ||b — b2 b1 (do)bj + b2 ba(do)bF — b (do)bisba(do)bi|
< (|02 ]| 162 — b (do)b3 || + 162 — by (do)b5 | [|b2(do)bill,
and the right side is arbitrarily small. Finally, noting t}iat (dp)b3ba(dp)

belongs to the hereditary sub-C*-algebra generated by (dZ), we may ap-
proximate this element by the element

1 1 1 1 1 1
((dg)e(dg))((dg )e(dg))™ = (dg)e(do)e™(dg)
1
for some matrix ¢ over B, and then with b} = b1(dj )c, the element
b — b (do)by"

is small, i.e., b — ) b},;dob’; is small, as desired.)

Since D is stable, we may suppose, changing d by a small amount, that
there exists a multiplier projection e of D such that ed = d and such that
for multipliers w1, ... , Uy,

*

uiuj = 5ij€'

Hence with d; = d%ui,
did; = d;;d.
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Set

> bidi = bo.
Then, on the one hand,
boby = > bididibs = > bidb;,

and, on the other hand, as d;c = d; and so bgc = by,
bobé = bocbé.
We now have

b= bockill = Ib—bobgll = [[p— > budbi]| < .

Now suppose that
1ol = lle+ Bl = 1,
and let us show that by may be chosen with norm one. The modification
of ¢ in the above construction may then be arbitrarily small, and so, as b
will be chosen with norm one (see below), we may again suppose that the
hereditary sub-C*-algebra C, of C' on which ¢ acts as a unit is not contained
in B. Repeating the construction above with €/2 in place of €, we have
16— bobj |l < €/2, and so (as [|b]| = 1),

€ * * * €
1= < bl =11 = boboll < [lboboll < [1bl + [|bobG — bl < 1 + 5.

Hence,
bb*(l— L >H—|be*H—1|<€
PO Totl Ty
and so ; " -
h— 9 0 ’:Hb— 0°0 ‘_E—l-e:e.
H [1Boll [[oll lbobgll 1| — 2 2
8.  Let us recall the generalization of Glimm’s Lemma due to Akemann,

Anderson, and Pedersen (Proposition 2.2 of [1]). Because we shall only need
the unital case, and that case is much easier, let us give a proof in that case.

Lemma. Let C be a separable unital C*-algebra and let p be a pure state of
C'. There exists co € C with ||co|| = 1 such that p(cy) = 1 and

lim (e~ p(e))f]| = 0. cec.

Proof. With N, = {c € C; p(c*c) = 0}, recall that, as p is pure, Kerp =
Ny, + N;. Hence,

C = Cl+N,+N,.
Choose a strictly positive element h of N, N N7 of norm at most one, and
set 1 —h = ¢g. The desired convergence—which is additive—holds obviously
for ¢ € C, and it holds for ¢ € N, or N because hcy = h(1 — h)" — 0 (as
t(1 —t)™ — 0 uniformly for ¢ € [0, 1]).
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9.  The following consequence of Lemmas 7 and 8 is the main step in the
proof of Theorem 6.

Corollary. Let C be a separable unital C*-algebra that is purely large with
respect to the closed two-sided ideal B. Let p be a pure state of C that
is zero on B, let ¢y = (c11,...,¢1n) be a row vector over C and let by =
(b11, ... ,bp1) be a row vector over B. Denote the tensor product of p with
the identity on M, (C),

id® p: M,(C) =M,(C)® C — M,(C),
by pn. The map
C — B
¢ — bipp(cicer)b]
can be approrimated on finite sets by the maps

¢ — beb*, beB.

Proof. Tt is immediate to reduce to the case n = 1. (Considering b, and ¢;
as elements of M,,(C'), and C' as the subalgebra of upper left corner matrices,
extend p to a pure state of M,,(C)—necessarily unique, and concentrated in
the upper left corner—and denote this again by p. If (b;j;) € M, (B) gives
an approximating map for the map

Mn(C) — Mn(B)
¢ +— bip(cjeer)by,

which fulfils the hypotheses of the Corollary with n = 1 and with C' and B
replaced by M,,(C) and M,,(B) (note that in this case py = p), then by; € B
gives an approximating map for the given map.)

Let a finite subset ' C C be given. By Lemma 8, there exists ¢y €
C™T such that [|co]] = 1, p(co) = 1, and cocfecicp is arbitrarily close to
cop(cicer)cg for each ¢ € F. Namely, ¢p may be taken to be a power of the
co of Lemma 8; note that 0 < cg < 1 and p(cg) = 1 imply that p(cf) = 1 for
any k.

Since p(c2) = 1 and p(B) = 0, the element ¢ does not belong to B and so
by Lemma 7 there exists by € B such that bocgb(’j is arbitrarily close to any
given positive element of B. In particular, approximating an approximate
unit for B, we may choose by € B such that by (bocab) is arbitrarily close
to by. Since the image of ¢y in C'/B is of norm one, by Lemma 7 we may
suppose that ||bg|| = 1. Then, with b = bybycocy, for each ¢ € F, the element

beb* = bybg(cocicerco)byby
is (by choice of ¢), arbitrarily close to

bibocop(cicer)cobpb] = blboc(%b(’;bfp(c’{ccl),
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which in turn (by choice of by) is arbitrarily close to
bibip(cicer) = bip(cicer)by.

In other words, the desired approximation holds.

10.  The following lemma, incorporating techniques of Kirchberg, brings
Corollary 9 to bear in the nuclear setting.

Lemma. Let C be a separable unital C*-algebra and let B be a closed two-
sided ideal of C'. Suppose that C is purely large with respect to B. Let i) be
a completely positive map from C to B which is zero on B. If the map from
the quotient C/B to B determined by 1 is nuclear, and if B is stable, then
1 can be approximated on finite sets by the maps

¢ — b'ch, beB.

Proof. First, without assuming that C is purely large, let us show, using
ideas of Kirchberg presented in [9], that if the map C/B — B determined by
1) is nuclear then ¢ can be approximated on finite sets by sums of maps of
the kind considered in Corollary 9 (each one corresponding to a row vector
over C, a pure state of C zero on B, and a column vector over B).

By the nuclearity hypothesis, which implies that 1) is the limit of a se-
quence of products of two completely positive maps, the first from C to My
for some k, and zero on B, and the second from M, to B, we may suppose
that ¢ itself is the product of two such maps—i.e., a completely positive
map C' — Mg, zero on B, and a completely positive map My — B.

As B is stable, so that O is unitally contained in M(B)—unless B = 0
in which case the assertion is vacuous—, by Lemma 1.1 of [9] a completely
positive map My — B is necessarily of the form z — RxR* where R is a
row vector over B. (As shown in [9] this holds with R the transpose of the

matrix (e1,...,ex)"—i.e., for R = (e},... ,€}), where
1
(61,. .. ,6k) = (81,... ,Sk)GZ

with s1,..., sk the canonical generating isometries of O and G the image

in My ® B of the positive element (e;;) of My(Mjy) corresponding to the
canonical system of matrix units for My.)

It remains to show—in order to verify the assertion above—that a com-
pletely positive map C' — My, zero on B, can be approximated on finite sets
by sums of maps of the form

c— p(F*cF)

where F' is a row vector over C' of length k and p is a pure state of C' zero
on B. Replacing C by C/B, we see that it is enough to establish this in the
case B = 0. In this case, we may proceed as follows (in a way somewhat
similar to the proof of Lemma 1.2 of [9]—which concerns the special case
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that C is simple and not elementary). By the Krein-Milman theorem, we
may suppose (since we are allowing sums) that the given completely positive
map C' — M belongs to an extremal ray within the cone of all such maps.
(Consider a compact base for this cone.) By Stinespring’s theorem, the
given map may be expressed as a representation of C' on a Hilbert space,
followed by cutting down to a generating subspace of dimension k—with a
specified orthonormal basis identifying the operators on this subspace with
the elements of Mg. By extremality of the ray containing the given map
(just as in the case of a positive linear functional), this representation must
be irreducible. By the Kadison transitivity theorem the specified basis then
has the form F'n where 7 is an arbitrary nonzero vector in the space of the
representation and F' is a row vector over C'. With p the pure state of C
determined by 7, the given completely positive map is now equal to the map
c— p(F*cF).

This completes the proof that i can be approximated on finite sets by
sums of maps of the kind considered in Corollary 9, say in particular, on the
given finite subset S of C', by the sum

Y1+ 1

where each 9; is as in Corollary 9 (and in particular is zero on B, which
of course is no longer necessarily zero). Then—as C is purely large—by
Corollary 9, on a given finite family of elements of C, say .5, the map 1) can
be approximated by the map ¢ +— bicb] for some by € B. By Corollary 9
again, the map o can be approximated by the map c +— bacb3 for some
bs € B, not only on S but on any larger finite subset of C', and in particular
on the set

Sy = SU{cbibic*; ce SUS}.
Since 1) is zero on cbibic*, ¢ € S U S*, it follows that bocb]bic*b5 is small
for ¢ € S U S*, ie., the norms ||bach}| = ||bgcb’{blc*b§|]% and ||bicbl]| =
||bgc*b>{blcb§]|% are small for each C' € S. Hence, for each ¢ € S,

(b1 + b2)c(br + b2)”

is close to bicb} + bachs, and so to (Y1 + 12)(c). Proceeding in this way (as,
for instance, in [2]), we obtain by, --- , b, € B such that ¢; + -+ + ¢,—and
hence ¢—is approximated (arbitrarily closely) on S by the map

¢ = (b4 -+ bp)e(by + -+ by)*.

11.  The following technique is basic in some form to all earlier absorption
results. It was formulated more or less explicitly in special cases in [2], [8],
and [9], and expressed in the following abstract form in a later version of
the preprint [9].
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Lemma (Kirchberg). Let C' be a unital separable C*-algebra and let B be
an essential closed two-sided ideal of C, so that we may view C as a unital
subalgebra of M(B):

B C CCM(B); lecC.

Let ¢ : C — M(B) be a completely positive map which is zero on B, and
suppose that, for every by € B, the map

boobo : C — B
¢ — byd(c)bo
can be approzimated (on finite sets) by the maps
c — b*ch, beB.
It follows that there exists v € M(B) such that
¢(c) —v'ecve B, ceC.

The element v may be chosen so that the map ¢ — v*cv also approrimates
¢ on a given finite subset of C.

Proof. Let us recall, for the convenience of the reader, the argument of (the
extended version of) [9].

First, by a slight reformulation of Theorem 2 of [2] (and its proof), there
exist positive elements wi,wo,... of B of norm one such that the series
> wjiz;w; converges strictly in M(B) for any bounded sequence (z;) in M(B),
and such that the sum > w?¢(c)w? € M(B) is equal to ¢(c) modulo B for
every ¢, and approximately equal to ¢(c) in M(B) (in norm) for each ¢ in a
given finite subset of C'. The sequence w1, w2, ... may be chosen furthermore
such that the sequence (3"} w}) is an approximate unit for B, and such that
w; , is orthogonal to > 1 w for each n.

One now proceeds very much as in the proof of Lemma 10 above (which
dealt with a finite sum of maps from C' to B) to show that the infinite sum
wipw? + wigw3 + - -+ of maps from C to B (convergent pointwise in the
strict topology of M(B) to a map from C to M(B)—equal to ¢ modulo B
and equal to ¢ approximately on the given finite set), each of which is zero
on B and is determined approximately by an element of B, is determined
approximately on the given finite set by a strictly converging sum of elements
of B, and determined by this multiplier exactly modulo B.

More explicitly, one chooses by € B such that bjcb; is close to wi¢(c)w;
for ¢ in a finite set S1, to be specified, one then chooses by € B such that
bicbg is close to wap(c)ws for ¢ in a finite set Sa, also to be specified—and
depending in addition on the choice of by, as in the proof of Lemma 10—and
one continues in this way. As we shall show, with suitable choices of the
finite sets S1, .99, - and of the approximations at each stage, the series

bywy + bawg + - -
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converges strictly in M(B) to an element v with the desired properties (it
determines the sum of maps w?¢w? + w3¢w3 + - - - , and hence also the map
¢, to within a specified approximation on a given finite set, and exactly,
modulo B, on all of C).

The sets 51,52, ... should of course all contain the given finite set, say
S, and their union should be dense in C. They should also all contain the
unit of C' (1 € M(B)); then for each i the element b}b; (= b}1b;) is close to

w;¢(1)w; and in particular the sequence by, bo, ... is bounded. In order for
the series bywi + bowe + - - - to be strictly convergent, it would be sufficient
in view of the properties of the sequence w1, ws, ... and the boundedness of
the sequence b1, bs, ... to ensure that
> b — wibil| < oo,

as then convergence of the series bjw; + bywy + - -+ (in the strict topology)
follows from convergence of the series wibjwy + w3bsws + - - -, which holds
as the sequence w$by, w3bs, ... is bounded.

It would also be sufficient to arrange that, instead of convergence of
> 1|bi — wibi||, one has convergence of the series

> lIbi = =bil

where z1, z2,... is some other sequence of positive elements of B with the
last property mentioned for (w;) (namely, that Y 7 z# is an approximate unit
for B, and z1,, > 1 2z} = 0 for each n). Indeed, this property (for both (w;)
and (z;)) is enough for the series

E 2 TiWy

to converge strictly in M(B) for any bounded sequence z; in M(B). While
4

z; may be taken to be the sum of a consecutive group of elements w?, it
would not appear to be possible to choose z; = w;.

Let us now elaborate on the choice of the finite sets Sy,.52,..., and on
the choice of a partition of N into consecutive subsets Ji, Jo, ... such that,
with

St = o,
Jjedi

the necessary approximations can be made. (Namely, for > bw; to exist
and have the desired properties; note that the introduction of z; is purely
to ensure convergence of the sum.)

The finite set .S; should contain, as well as the given finite set S and the
unit, 1 € C' C M(B), the first ¢ elements of a fixed dense sequence (cy, ca, .. .)
in C. Let us choose

S| = SU{Cl}U{l}.



AN ABSTRACT WEYL-VON NEUMANN THEOREM 395

In order to ensure convergence of v = Y b;w;, and negligibility of the cross
terms in the product v*cv, for ¢ € S or, when working modulo B, for ¢ € C
(it is enough to consider ¢ € {c1,c2,...}), we must choose

ni 2
Sy = (S1U{e}) U (Zwé) U {cbibic’; ce S1UST},
1

where by is such that bjcb; is close to wi¢(c)w; for ¢ € Si, and ny is such

that the difference
ni
(Z w;{) by — by
1

is small; proceeding in this way, for each ¢ > 2 we must choose

Siv1 = (SiU{ci}) U (Z wﬁ) U {ebbic*; ce S;US},
1

where b; is such that b} cb; is close to w;¢(c)w; for ¢ € S;, and n; is such that

the difference _
(Z wé) bi — bl
1

is small. By “close”, and “small”, we mean that the sum of all the tolerances
in question should be finite, and smaller than a certain single number (small
enough that the desired approximation of ¢ occurs on the set 5).

Note that, as ¢(B) = 0, the element

4
bit Zwk bit1,
1

is small, i.e., (37 wi)biy1 is small. As (37" wi)biy1 — biy1 is small (by
the choice of n;11), also

Mi+1
(Z w,%) bi+1 — bi—i—l is small.

n;+1
In other words, with

{ni+ 1. nint = Jiga,
i=1,2,..., and with, say, J1 = {1,...,n;}, setting ZjeJi w? = 2z} (with
zi > 0), we have a sequence (z;) with the desired properties (including that
szz- — b; is small, in the sense of being summable).

For each i, (bjw;)*c(bw;) is close to w?¢(c)w? for c € SU{1,¢c1,... ,¢;}—in

the summable sense described above. The cross terms in the expression

viev = (Z biwi)* c (Z biwi>
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are negligible in the sense described above by the choice of the sequence
S, S9,... (to correlate with the choice of by, ba, . .. ; cf. proof of Lemma 10).

12.  In order to prove that an arbitrary extension (of a stable separable
C*-algebra by a separable C*-algebra) which is absorbing in the nuclear
sense is purely large, we must first establish the existence of some purely
large extension, and in fact one which is trivial in the nuclear sense—so that
we can use the absorbing hypothesis. (It follows from the other implication
of Theorem 6 that, in the unital setting, such an extension is necessarily
unique—up to equivalence.)

An extension with these properties (purely large, and trivial in the nu-
clear sense) was constructed by Kasparov in [8]—although Kasparov did not
establish these properties. (What Kasparov proved, in terms of our termi-
nology, was that his extension was absorbing in the nuclear sense.) Let us
now verify the asserted properties.

Lemma. Let A and B be separable C*-algebras, with B stable and A unital.
There exists a purely large unital extension of B by A which is trivial in the
nuclear sense (as a unital extension).

Proof. We may suppose that both A and B are non-zero. Kasparov in [8]
considered the extension of B ® K(H) by A with splitting

A — 1®B(H) — M(B®K(H)),

where A — B(H) is a faithful unital representation of A on the separable
infinite-dimensional Hilbert space H. Choosing such a representation w of A,
and choosing an isomorphism of B ® IC(H) with B, we obtain an extension
of B by A—obviously trivial (but a priori depending on the choices made).
Let us denote this extension by 7y.

To show that 7 is trivial in the nuclear sense, it is sufficient to show that
the given splitting,

A 1@ B(H) — M(B®K(H)) = M(B),
is weakly nuclear. In other words, given d € B® K(H ), it is enough to show
that the map
drd*: A>a — dr(a)d" € BQK(H)

is nuclear, i.e., factorizes approximately through a finite-dimensional C*-
algebra by means of completely positive maps. With (e,) an approximate

unit for IC(H) consisting of projections of finite rank, note that for each n
the completely positive map

(enden)m(enden)™,

where we write e,, again for 1®e, € M(B®K(H)), factors through the finite-
dimensional C*-algebra e,/K(H)e, (as the composition of the completely
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positive maps e +— epm(a)e, € e ) C(H)e, and = — (e,dey)z(ende,)* €
B®K(H)). Since e, = 1 ® e, converges to 1 in M(B ® K(H)) in the strict
topology, in the topology of pointwise convergence

(endepn)(endey)* — dmd”.

We shall prove below, in Theorem 17(iii), that a considerably more gen-
eral construction than Kasparov’s also gives rise to a purely large extension
(trivial, but not necessarily in the nuclear sense). Therefore, rather than du-
plicating this proof—or omitting it in the more general case, which includes
the interesting class of extensions considered by Lin in [10]—, we shall omit
it in the present case.

13.

Lemma. The sum of any two C*-algebra extensions one of which is purely
large is again purely large.

Proof. Recall that, by definition, an extension is purely large when the
associated C*-algebra is purely large, with respect to the canonical closed
two-sided ideal. Recall also, that, in this case, the canonical closed two-sided
ideal is essential—so that the C*-algebra of the extension may be considered
as a subalgebra of the multiplier algebra of the ideal. It is sufficient to show,
then, that if B is a C*-algebra, if C is a sub-C*-algebra of M(B) containing
B, and if there exists a projection e in M(B) commuting with C' modulo B,
such that the C*-algebra eCe is purely large with respect to the ideal eBe,
such that if ¢ € C and ece € B then ¢ € B, and such that eBe is full in B,
then the C*-algebra C' is purely large with respect to the ideal B.

With B and C (and e) as above, let ¢ be an element of C' not contained
in B, and let us show that cBc¢* contains a stable sub-C*-algebra which is
full in B.

Since ¢ ¢ B, by hypothesis ece ¢ eBe, and so (eceBec*e)” contains a
stable sub-C*-algebra which is full in eBe, and hence also full in B. Hence,
as

eceBec*e C ecBc'e,

the sub-C*-algebra (ecBc*e)™ of B contains a stable sub-C*-algebra which
is full in B.

While (ecBc*e)™ may not be contained in (cBc*)™, there is a natural iso-
morphism of the C*-algebra (ecBc*e)™ with (c¢*eBec)™, which is contained
in the algebra (¢*Bc)~. Furthermore, as this isomorphism consists of the
restriction to (ecBc*e)™ of the map

B*™>b — w'bw € B™,
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where w denotes the partially isometric part of ec € C C B**, and its inverse
is the restriction to (c*eBec)™ of the map

B*™ 5b — wbw* € B*,

the subalgebras (ecBc*e)™ and (c*eBec)™ of B generate the same closed
two-sided ideal. This shows that (¢*Bc)™ contains a stable sub-C*-algebra
which is full in B. It follows by a similar argument (or just by replacing ¢
by ¢*) that (¢Bc*)™ does, too.

14.

Lemma. Any C*-algebra extension equivalent to a purely large one is purely
large.

Proof. The property in question is, by definition, a property of the C*-
algebra of the extension, together with the distinguished ideal, not of the
extension itself. Equivalence of extensions preserves the isomorphism class
of the associated C*-algebra, with its canonical ideal.

15.  Proof of Theorem 6. Let T be a unital extension of B by A. (We
shall identify 7 with its Busby map A — M(B)/B.)

Suppose that 7 is purely large, and let us show that 7 is absorbing in the
nuclear sense.

Given a unital extension 7/ of B by A which is trivial in the nuclear sense,
i.e., which has a unital weakly nuclear splitting, we must show that

/
T ~ TDT,

i.e., that 7 and 7 & 7/, considered as maps from A to M(B)/B, are unitarily
equivalent, by means of the image in M(B)/B of a unitary element of M(B).

As in the case of earlier absorption theorems, it is sufficient to prove (for
arbitrary 7’ as above) that

/
T ~0DT

for some unital extension o, not necessarily equal to 7. Indeed, as in [2]
(which systematizes [13], and is the model for later absorption proofs, in-
cluding the present one)—see also below—one may construct a trivial ex-
tension 7—trivial also in the nuclear sense, and as a unital extension—such
that

or ~ 1.
Hence, with ¢ such that

1
T~O0DT,
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it follows that
T®T ~(cot)oTr
~od (e
~odT!
~ T.

A unital extension 7" such that 77/ @ 7/ ~ 7", which is trivial in the
nuclear sense—as a unital extension—, is obtained by forming the infinite
multiplicity sum (7')* of a unital weakly nuclear splitting 7’ of 7" (cf. [2]).
This is defined first as just the map

7®l: A — M(B®K)
a — 7r’(a) ® 1.
This map then is transformed into a (unital) map
7' A — M(B)

by identifying B with B®ej; C B® K, and then transforming B ® e;; onto
B ® K by means of an isometry in M(B ® K), which we shall denote by sa,
such that sosj = 1®ej;1. (Such an isometry exists because B is stable; more
explicitly, with B = By ® K, we may choose s3 = 1 ®t3 € M(By ® (K ® K))
where t3 is an isometry in M(X®K) with range 1®ej7.) Choose an isometry
t1 in M(K) with range 1 —eq1, and set 1®t; = s1. The (desired) equivalence

" / "
TenT ~ T

(unitary equivalence of maps from A to M(B)) then reduces (by transfor-
mation by s3) to the equivalence

(" @1)@ss(n @err)se ~ @1

(unitary equivalence of maps from A to M(B ® K)), which may be seen by
using the Cuntz isometries s; and ss to compute the left-hand side:

s1(' @ 1)s] + sa(s5(n7' @eq1)s2)sh =7 @ (1—enn) +7 Qe
=17 ®l.

With 7” the unital extension with splitting 7", we then have 7 & 7/ ~ 7";
it remains only to note that 7” is trivial in the nuclear sense, as 7’ ® 1 and
hence 7" are weakly nuclear.

To show that 7 ~ o @ 7/, for some unital extension o, with 7’ as given—a
unital extension with a weakly nuclear unital splitting—we shall in fact not
use that this splitting is a C*-algebra homomorphism, but only that it is
completely positive (and unital, and weakly nuclear, in the sense described
for a homomorphism).
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Since the C*-algebra, C', of the extension 7 is purely large with respect to
the closed two-sided ideal B (canonically contained in it), in particular B is
essential, and so we may write

B C C C M(B),

and aim to apply Lemma 11 to the completely positive map ¢ : C — M(B)
obtained by composing the canonical quotient map from C' to A with a
weakly nuclear, unital, completely positive map from A to M(B) lifting 7'.
(Note that the existence of such a map is clearly equivalent to the existence
of a splitting map with these properties from A to the C*-algebra of the
extension 7', namely, the pullback of A and its preimage in M(B).)

In order to apply Lemma 11, we must verify that for every by € B, the
map

bodby :  C 3¢ — byp(c)by € B
can be approximated by the maps
¢ — b*cb, be B.

Fix by € B, and set bypby = 1. Since, by construction, the map ¢ from C

to B is zero on B, and the associated map from C'/B to B is nuclear, the

approximibility of ¢ by maps ¢ +— b*cb with b € B is ensured by Lemma 10.
By Lemma 11, there exists v € M(B) such that

¢(c) —v*ecve B, ceC,

and such that also v*cv is close to ¢(c) for ¢ belonging to any given finite

set, and in particular for ¢ = 1. As ¢ is unital, v*v is close to 1, and equal to

1 modulo B. Hence, replacing v by v(v*v)_%, we may suppose that v*v = 1.
The first property of v may be rewritten as

/
T =v"Tv

(i.e., 7'(a) = v*7(a)v, a € A, where v denotes the image of v € M(B) in
M(B)/B).

Since 7’ is multiplicative this in particular implies that the projection
vo* € M(B)/B commutes with 7(A). (As v is an isometry, also v7'v* is
multiplicative, and therefore also (vv*)7(vv*); with vvo* = e we then have
er(a*)T(a)e = er(a*a)e = er(a*)er(a)e, whence er(a*)(1 — e)7(a)e = 0,
ie, (1 —e)T(a)e = 0; since a is arbitrary, also (1 — e)7(a*)e = 0, and so
T(a)e = er(a).)

Since Brown-Douglas-Fillmore addition of (equivalence classes of) exten-
sions is independent of the choice of the unital copy of Oy in M(B) (cf.
above), to show that

T ~o®T
it would be sufficient to know that the projection 1 — vv* is Murray-von
Neumann equivalent to 1 in M(B). Indeed, with s; an isometry with range
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1 —ov*, and s = v,
T =1 —-v")T+ 07
= (1 —v0*)7(1 — vv*) + vv*TVv*
= $18]1TS18] + S28578285
= 5108} + 827’53
=0T

where o = si7s1 (recall that 7/ = v*7v).

Instead of showing directly that it is possible to choose v above with
1 — vv* equivalent to 1, let us choose v with respect to 7/ @ 7’ instead of
7/—and call this w. (Note that 7’@&7’ has a unital weakly nuclear completely
positive splitting if 7/ does.) Then

7 = (1 —ww") T +ww*r
= (1 —ww")T 4+ e17 + ea7,

where e; and ey are projections equivalent to 1 with e; + es = ww®*, com-
muting with 7(A) modulo B, and es7 is equivalent (by means of an isometry
with range e3) to 7/. Provided we show that also (1 —ww*)+ e is equivalent
to 1, this says that 7 = o @ 7.

Let us show, then, using that B is stable, that if e is a projection in
M(B) equivalent to 1, and f is any projection orthogonal to e, then e + f
is equivalent to 1. We shall deduce this from the well known fact that
M(K), and hence M(B), contains an infinite sequence of mutually orthogonal
projections, say ej,es,..., equivalent to 1 and with sum 1 (in the strict
topology). It follows that any sequence of projections (f;) in M(B) with
fi < e; also has convergent sum. Clearly, the projection ey 4+ e3 + --- is
equivalent to e; + ey +--- = 1. If f; is any subprojection of e;, choose
a subprojection f; of e; for ¢ > 2 equivalent to f;, and note that, also,
fi + fa 4+ --- is equivalent to fo + f3 + ---. Therefore, by additivity of
equivalence, on adding the single projection (es — f2) + (e3 — f3) + -+ to
both of these projections we obtain that fi; 4+ ey + es + --- is equivalent to
ey + eg+ -+, as desired.

(The preceding considerations are superfluous in the case B = K, consid-
ered in [13] and [2].)

Now assume that 7 is absorbing, in the nuclear sense, and let us show
that 7 is purely large.

By Lemma 12, there exists a purely large unital extension 79 of B by A
which is trivial in the nuclear sense. By hypothesis,

T ~ T®T0-

By Lemma 13, 7 & 79 is purely large. Hence by Lemma 14, 7 is purely large,
as desired.
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16. It follows immediately from Theorem 6 that, if one considers the
non-unital setting (i.e., extensions which are not necessarily unital, or with
a non-unital quotient), then one has the following criterion for an extension
7 of a stable separable C*-algebra B by a separable C*-algebra A to be
absorbing in the nuclear sense:

The unital extension 7 of B by A, the C*-algebra A with unit adjoined
(i.e., a new unit if A is already unital), naturally corresponding to 7 (with
Busby map extending that of 7), should be purely large.

(To see this, note that by Theorem 6, the preceding condition is equiva-
lent to the condition that 7 be absorbing in the nuclear sense, as a unital
extension. This, on the other hand, is equivalent to the condition that 7 be
absorbing in the nuclear sense (in the non-unital setting): the extensions of
B by A which are trivial in the nuclear sense are in bijective correspondence
with the unital extensions of B by A which are trivial in the nuclear sense,
in the unital setting, by the map ¢ — &. Finally it is clear that 7+ o ~ 7
if, and only if, T+ & ~ T.)

Let us note that, for the extension 7 of B by A to be purely large, it is
necessary and sufficient for 7 itself to be purely large, and non-unital. (If C
is purely large with respect to B, and non-unital, we must show that also
C is purely large with respect to B. (Clearly, if C is purely large then C
is purely large and non-unital.) In other words, we must show that for any
ce O, ((14+¢)B(1+¢)*)” contains a full stable sub-C*-algebra of B. If
(14 ¢)C C B, then the image of —¢ in M(B)/B is a unit for the image of
C' in M(B)/B; hence, the image of C' in M(B) contains 1 € M(B); as 7 is
essential the map C' — M(B) is injective, and hence C' is unital, contrary
to hypothesis. This shows that there exists ¢ € C' with (1 4 ¢)¢’ not in B.
Hence, the subalgebra

(A+)dB((L+0)))” S (A +)B(1+¢)7)"

contains a stable sub-C*-algebra which is full in B.) (As a consequence,
Corollary 9 and Lemma 10 hold also in the non-unital case—but we will not
use this.)

Let us summarize:

Corollary. Let B be a stable separable C*-algebra, and let A be a separable
C*-algebra. Let T be an extension of B by A.

The extension T is absorbing, in the nuclear semse, if and only if T is
purely large and non-unital.

In particular, if A is non-unital (i.e., does not have a unit element), then
T 48 absorbing if and only if T is purely large.

17. Let us now show directly that those extensions previously known
to be absorbing (in the nuclear sense) are purely large. (We refer to the
absorption theorems of [3], [13], [11], [8], [9], and [10].)
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On the one hand, this yields a new proof—via Theorem 6—of the ab-
sorption property. On the other hand, as pointed out in Section 12, the
proof that an arbitrary extension which is absorbing in the nuclear sense is
purely large depends on first knowing the existence of at least one purely
large extension—which is also trivial in the nuclear sense. This is proved in
Lemma 12, using Theorem 17(iii) below.

Concerning the notion of absorbing extension, note that if an extension is
absorbing in the sense that it absorbs every trivial extension (in the class of
unital extensions, say), then it is certainly absorbing in the nuclear sense; on
the other hand, so far the only known examples of true absorbing extensions
are in the case that either the ideal or the quotient is nuclear, so that the
true sense and the nuclear sense coincide (every trivial extension is trivial
in the nuclear sense).

Theorem. Let A and B be separable C*-algebras, with B stable. Let T be
a C*-algebra extension of B by A. Suppose that T is essential (i.e., that
the Busby map A — M(B)/B is injective; see Section 2). In each of the
following cases, T is purely large (in the sense of Section 2).

() B = K. (¢ (3], [13])

(i) B = Co(X)®K where X is a finite-dimensional locally compact Haus-
dorff space, and the map from A to the canonical quotient M (K)/K of
M(B)/B corresponding to each point of X is injective (in other words,
T is homogeneous in the sense introduced for such a B in [11]). (Cf.
[11].) (In [11], X is restricted to be compact.)

(ii) B is simple and purely infinite. (Cf. [9].)

(iii) 7 s trivial, with a splitting

for some tensor product decomposition B = By ® By, with By stable,
such that, for any non-zero a € A, the closed two-sided ideal of B
generated by m(a)By is equal to By. (This last property is automatic
if By is simple—for instance, as in [10], or as in the case By = K
considered in [8] and in Lemma 12 above. It is also automatic if A is
simple and w(A)By is dense in By—as considered also in [10].)

Proof. As in the proof of Theorem 6, since the map A — M(B)/B is injec-

tive, we may suppose that the C*-algebra of the extension is a subalgebra
of M(B).

Ad (i). For any ¢ € M(K) which is not in K, the hereditary sub-C*-
algebra (cKc*)™ of K is infinite-dimensional and hence, as it is equal to
eKe for some projection e € M(K) (M(K) being the bidual of K), it is
isomorphic to K and in particular is stable and full.
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Ad (i)’. By hypothesis, for any ¢ € M(B) belonging to the C*-algebra of
the extension, but not to B, the hereditary sub-C*-algebra (cBc*)™ of B is
full. (This is a simple reformulation of the hypothesis of homogeneity.)

Let us show, that for any such ¢ the C*-algebra (cBc*)~ is stable. By
hypothesis, for each point of X, not only is the image of (cBc*)~ in the
quotient K of B at this point non-zero, but (since the C*-algebra of the
extension contains B, and this property holds with ¢ replaced by ¢ + b for
any b € B) also this image is stable.

Let us show that, more generally, any hereditary sub-C*-algebra of B the
image of which in each primitive quotient of B is stable (possibly equal to
zero) is itself stable. Here, B is still as above. Let D be such a hereditary
sub-C*-algebra of B. Note that D is a C*-algebra with continuous trace—as
B has continuous trace, and this property is preserved (as is easily seen)
under passage to a hereditary sub-C*-algebra. By Theorem 10.9.5 of [5],
D is determined up to isomorphism, among the class of all separable C*-
algebras with continuous trace, with all primitive quotients equal to K and
with the same spectrum as D (note that this space has finite dimension),
by its Dixmier-Douady invariant. By inspection of the construction of this
invariant (see 10.7.14 of [5]), one sees that it is unchanged by tensoring by
IC. Tt follows that D is isomorphic to D ® I, as desired.

Ad (ii). For any ¢ € M(B) which is not in B, the hereditary sub-C*-
algebra (cBc*)™ of B is non-zero and therefore (by the definition of purely
infinite simple C*-algebra that we shall use) contains an infinite projection.
In other words, (¢Bc*)~ contains a partial isometry v such that vv* < v*v.
The partial isometries v"(v*v — vv*), n = 1,2,..., generate a sub-C*-
algebra of (¢Bc¢*)™ isomorphic to K, full in B as B is simple.

(In fact, in the present case, as (cBc*)™ cannot be unital, by [14] this
algebra itself is stable.)

Ad (iii). Recall that, as shown by Hjelmborg and Rgrdam in [7], using
the criterion for stability that they established, as B is separable and stable
the hereditary sub-C*-algebra ((1 4 b)B(1 + b)*)~ is stable for any b € B.

Let us begin by noting that a similar, but rather simpler, argument shows
that, also, the hereditary sub-C*-algebra ((1+b)B(1+b)*)~ is full in B for
each b € B. (We are indebted to M. Rgrdam for this argument.) With (u,)
a sequence of unitary elements of M(B) such that

b1unb2 — 0 for all bl,bQEB,

as exists by [7] if B is stable (u, may be chosen to be 1 ® v, with (v,) such
a sequence in M(K), in particular a sequence of unitaries corresponding to
finite permutations of an orthonormal basis), one has for each fixed b € B,

un(14+b)u;, — 1 strictly in  M(B).
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Hence, for each b’ € B,
(un(1 + b)up)b' (un (1 + b)uy,)* — b

This shows in particular that the closed two-sided ideal generated by (1 +
b)B(1 + b)* is dense in B, i.e., ((1 +b)B(1+b)*)~ is full in B, as asserted.

Now let us show that for any element ¢ of C, the C*-algebra of the exten-
sion, not contained in B, the C*-algebra (cBc*)~ contains a stable sub-C*-
algebra which is full in B. We shall base our argument on the case ¢ = 1+ b,
considered above.

The special nature of the present setting may be expressed as follows:

In a certain decomposition of B as B; ® K, with B; stable (and hence
isomorphic to B), the given element ¢ € M(B) is decomposed as ¢; +b where
S 1®M(’C) andbGBl®IC.

This may then be exploited as follows:

Write By as By ® K, so that ¢ = ¢; + b with

a€el®leoMK) € M(B:K®K)

and b € Bo@K®K. Asin [7] (see also above), choose a sequence of unitaries
(up) in M(B2 ® K ® K) with

biupby — 0 forall b1,bs € B K ® K,
such that, in addition,
U, = 1®v,®1 with v, € M(K).
Then, as ¢; € 1 ® 1 ® M(K),
UpCru;, = cq.
Hence (cf. above),
upcuy — ¢ strictly in M(B2 @ K® K) = M(B).

(This holds as ¢ = ¢1 + b with up,c1u), = ¢1 and upbu), — 0 strictly.)

Note also that (c1bej)™ is stable, and full in B, as ¢; € 1 ®@ M(K) C
M(B; ® K) = M(B) and ¢; ¢ B. (See proof of Case (i).)

Let us first show that (cBc*)~ is full in B—this is the simpler step. Since

*

(upcuf )b (upcul)* — cb'c; forall b € B,

the closed two-sided ideal of B generated by c¢Bc¢* contains (¢;Bcj)™, and
hence is equal to B, as desired.

We are unable to prove that (cBc*)™ is stable, for arbitrary ¢ as above,
i.e., for ¢ equal to ¢; + b, with ¢; fixed as above, and b arbitrary in B.
Nevertheless, we shall show that, for arbitrary such ¢, the algebra (cBc*)~
contains a stable sub-C*-algebra which is full in B, which is all that is
required. (The subalgebra will be constructed to be (¢/Bc™*)~ for some
¢ € C'\ B; such a subalgebra is full in B by the preceding paragraph.)
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Note that for any z € M(B) the sub-C*-algebra (xBx*)~ is equal to
(xa*Bzx*)~, so that the problem reduces to considering the case that c is
positive—and dividing by B we see that ¢; is then positive, too. Of course,
we may also suppose that ¢ arlld c1 have norm at most one.

1 1 = L
Now, set c2cie2 = ¢ and ¢ cc = ¢”, and note that, first,
0<d <e, 0<" <a,

so that
(dBd)” C(cBe)™, ('Bd")™ C(e1Bcy)™,

and, second, the hereditary sub-C*-algebras (¢’B¢’)~ and (¢"Bc”)~ are iso-

morphic. (As shown in the proof of Lemma 13, (zBz*)~ is isomorphic to
1

(xz*Bx)~ for any € M(B), and applying this with z = ¢{c2 yields
(¢Bd)™ = (zBx*)” = (2*Bx)” = ('Bd)7,

as asserted.)

It now suffices, to complete the proof, to show that (¢’bc”)~ is stable—as
then (¢/Bc’)™ is a stable sub-C*-algebra of (¢Be¢) ™, full in B by the first part
of the proof.

To simplify notation, let us assume that already ¢ < ¢1, and let us show
that, at least in this case, (cBc¢)~ is stable. We shall essentially repeat the
proof of Corollary 4.3 of [7].

Recall that byu,bs — 0 for all by,be € B. Let us verify the criterion (b)
of Proposition 2.2 of [7], shown in Proposition 2.2 and Theorem 2.1 of [7]
to be equivalent to stability for a C*-algebra with countable approximate
unit (in particular, for a separable C*-algebra), with (cBc)™ in place of A.
Fix 0 < a € (¢Be)™. Since (¢Bc)™ C (e1Bey)™, there exists a continuous
function (a root) d; of ¢; such that dja is arbitrarily close to a. Since
¢ =c +b,also d—dy € B where d is the corresponding function of c.
Therefore, for large n, duna% is arbitrarily close to dluna% = undla% and
hence also to una%. Since

(una% )*(una%) = a,

with a, = dupa? € (cBc)™ we have that, if n is sufficiently large, the element
ayan is close to a, and the product of equivalent elements

(ayan)(anay,) = afl(duna% dupa? )an,

is close to zero (as azdupa — 0), as required in the criterion 2.2(b) of
Hjelmborg and Rgrdam.

18. Questions. A number of questions arise naturally in connection
with the notion of purely large extension.
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For instance, is the obvious stronger form of the property that an exten-
sion is purely large in fact the same thing? In other words, if the C*-algebra
C'is purely large with respect to the closed two-sided ideal B, i.e., if (¢cBc*)~
always contains a stable sub-C*-algebra which is full in B for any ¢ € C not
in B, must the subalgebra (cBc*)~ always be stable itself (for such ¢)?

Again, is it possible to characterize when an extension is purely large
in terms of the image of the Busby map in the corona of B, the quotient
M(B)/B? (Remembering also that the extension is essential—equivalently,
that the Busby map is injective.) Of course, this must mean by some intrin-
sic property of the image, which makes sense more generally—perhaps in
an arbitrary C*-algebra. (As the image of the Busby map in the corona—if
this is given as the corona—is already enough to reconstruct the C*-algebra
associated with an essential extension—which by definition contains suffi-
cient information to determine whether the extension is purely large.) For
instance, is it sufficient that every non-zero element of the image be full (i.e.,
not contained in any proper closed two-sided ideal)? This condition is at
least necessary—at least in the separable case—as can be seen by Theorem 6,
together with the (obvious) fact that Kasparov’s extension (17(iii) above)
satisfies this condition—and, as shown in Lemma 12, is trivial in the nuclear
sense (and so, by Theorem 6, is absorbed by a purely large extension).

Note that as (by Theorem 17(iii)) Kasparov’s extension is also absorbing
in the nuclear sense, an extension of one separable C*-algebra by another is
purely large—equivalently, absorbing in the nuclear sense—precisely when it
absorbs Kasparov’s extension. One might ask whether this characterization
of purely large extensions can be extended to the non-separable case. The
difficulty with this is that Kasparov’s extension, being based on an extension
of KC, does not exist if the quotient has too large a cardinality. On the other
hand, the characterization of purely large extensions simply as those which
are absorbing in the nuclear sense (either among unital extensions, if the
extension is unital, or among all extensions if it is not unital—Theorem 6
and Corollary 16), although it is proved using Kasparov’s extension, makes
sense and could conceivably still hold in the non-separable case.

One thing the notion of purely large extension—or, more precisely, the no-
tion of extension which is absorbing in the nuclear sense (cf. Theorem 6 and
Corollary 16)—makes possible is a generalization of Kasparov’s semigroup
description of Ext(A, B) in the setting of nuclear (separable) C*-algebras.
Namely, for arbitrary (separable) C*-algebras A and B, with B stable, the
extensions of B by A which are absorbing in the nuclear sense form, as we
have shown, a semigroup with zero element. The invertible elements of this
semigroup are seen—on using Kasparov’s Stinespring Theorem, [8]—to be
precisely the weakly nuclear extensions which are absorbing in the nuclear
sense.
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Here, by a weakly nuclear extension of B by A we mean an extension for
which the Busby map A — M(B)/B lifts to a completely positive contraction
A — M(B) which is weakly nuclear, in the sense described in Section 5 for
homomorphisms. (Recall that if A is exact, then by Corollary 5.11 of [9], any
weakly nuclear map with domain A is nuclear.) One should note that the
proof of Kasparov’s Stinespring theorem preserves weak nuclearity: a weakly
nuclear completely positive map dilates to a weakly nuclear homomorphism.
The group of invertible elements of this semigroup with zero (the semigroup
of absorbing extensions in the nuclear sense, i.e., those extensions absorbing
every trivial extension with a weakly nuclear splitting) therefore maps into
the group, which we shall denote by Extpu.(A, B), of all Brown-Douglas-
Fillmore equivalence classes of weakly nuclear extensions of B by A, modulo
extensions trivial in the nuclear sense. Since Kasparov’s extension is weakly
nuclear, and, what is more, trivial in the nuclear sense, and so zero in
Extnuc(A, B), and since the sum of this with any extension is absorbing
in the nuclear sense, this mapping is onto Extp..(A, B). Since any two
extensions which are both absorbing and trivial in the nuclear sense are
equivalent, this map is injective, and therefore an isomorphism.

It is interesting to consider whether the group Extp,.(A, B) defined above
—and realized as a subset of the Brown-Douglas-Fillmore semigroup—is iso-
morphic in the natural way to the group KKy,c(A, B) defined by Skandalis
in [12]. (With the appropriate dimension shift.) This amounts to the fol-
lowing, perhaps surprising, question:

As pointed out above, any extension which is trivial in the nuclear sense—
i.e., has a weakly nuclear splitting—is weakly nuclear. Is every weakly nu-
clear trivial extension trivial in the nuclear sense?
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ON THE DEFORMATION QUANTIZATION OF
COADJOINT ORBITS OF SEMISIMPLE GROUPS

R. F1orRESI AND M.A. LLEDO

To the memory of Moshe Flato

In this paper we consider the problem of deformation quan-
tization of the algebra of polynomial functions on coadjoint
orbits of semisimple Lie groups. The deformation of an orbit
is realized by taking the quotient of the universal enveloping
algebra of the Lie algebra of the given Lie group, by a suitable
ideal. A comparison with geometric quantization in the case
of SU(2) is done, where both methods agree.

1. Introduction.

A system in classical mechanics is given by a symplectic manifold X which
we call phase space and a function on X, H, which we call Hamiltonian.
The points in X represent possible states of the system, the commutative
algebra C'°(X) is the set of classical observables, corresponding to possible
measurements on the system, and the integral curves of the Hamiltonian
vector field X g represent the time evolution of the classical system.

A quantization of the classical system X has three ingredients [Be]:
1. A family of noncommutative complex algebras A depending on a real
parameter h, which we will identify with Planck’s constant, satisfying

Ap— A=C(X)® when h 0,

or a suitable subalgebra of C*°(X)€ determined by physical requirements,
but enough to separate the points of X. C*°(X)® denotes the complexifi-
cation of C*°(X).
2. A family of linear maps @y : A — Ay, called the quantization maps
satisfying

Qn(F) *n Qn(G) — Qn(G) *n Qn(F)

h

where {, } is the Poisson bracket in A (extended by linearity).
3. A representation of A, on a Hilbert space Hx, R : A, — End(Hx).

The real functions in Ay, (belonging to C*°(X)) are mapped into hermitian
operators.

— {F,G} when h~— D0,
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The elements of Ay are the quantum observables and the rays in Hyx are
the states of the quantum system. Not every possible realization of Ay, on a
Hilbert space H x satisfies the physical requirements for the quantum system,
since the set of rays of H x should be in one to one correspondence with the
quantum physical states. So further requirements should be imposed on
Hx.

A first step to find a quantization of a physical system is the construc-
tion of a formal deformation of the Poisson algebra classical observables
[BFFLS]. In general, formal deformations do not present a closed solution
to the quantization problem. One needs to see if it is possible to specialize
the deformation to an interval of values of the formal parameter h (includ-
ing 0, so the limit A — 0 is smooth), besides constructing the Hilbert space
where this algebra is represented. Nevertheless having a formal deformation
is a powerful technical tool in the process of quantization.

A first approach to this problem appears in [Be|. Berezin explicitly com-
putes *-products for Kéahler manifolds that are homogeneous spaces. His
approach provides an explicit integral formula for a x-product where h is a
real number. In [RCG] a geometric construction of Berezin’s quantization
is performed.

Later De Wilde and Lecomte [DL] and Fedosov [Fe| separately, con-
structed and classified formal *-products on generic symplectic manifolds.
Etingof and Kazhdan [EK] proved the existence of a formal deformation for
another class of Poisson manifolds, the Poisson-Lie groups. Finally, Kont-
sevich [Ko] proved the existence of an essentially unique formal *-product
on general Poisson manifolds.

More recently Reshetekhin and Taktajan [RT], starting from Berezin’s
construction, were able to give an explicit integral formula for the formal
x-product on Kéahler manifolds.

It is our purpose to study the deformation quantization of coadjoint orbits
of semisimple Lie groups. In [ALM] it has been proven that a covariant *-
product exists on the orbits of the coadjoint orbit that admit a polarization.
We will consider the algebra of polynomials on coadjoint orbits. In the above
mentioned works *-products are given on C'°*° functions, however there is no
guarantee that there is a subalgebra of functions that is closed under it.
Instead, we will obtain both a formal deformation and a deformation for
any real value of h for the subalgebra of polynomial functions.

In [Ko] Kontsevich briefly describes the algebra of polynomials over the
dual of the Lie algebra (a Poisson manifold) as a special case of his general
formula for *-product on Poisson manifolds (this special case was known
long before [Gu]). He does not however consider the restriction of those
polynomials to a coadjoint orbit submanifold and, as he points out later, the
knowledge of #-product on a certain domain is far from giving knowledge
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of x-product on subdomains of it. The formulation of a star product on
some coadjoint orbits using this deformation of the polynomial algebra was
investigated in the series of works [CG], [ACG] and [Ho| (and references
inside).

Our approach starts also from the fact that the universal enveloping al-
gebra of a complex semisimple Lie algebra is the deformation quantization
of the polynomial algebra on the dual Lie algebra. By quotienting by a
suitable ideal we get a deformation quantization of the polynomial algebra
on a regular coadjoint orbit. Using some known facts on real and complex
orbits this gives us a deformation quantization on the regular orbits of com-
pact semisimple Lie groups. No selection of ordering rule is needed for the
proof, which means that we obtain a whole class of star products on the
orbit. A proof of the analiticity of the deformation in the deformation pa-
rameter is provided here, and the convergence of the deformed product for
polynomials on the orbit is obtained. More general cases, as regular orbits of
non-compact Lie groups, involve some subtleties that are partially explored
in Section 2. Further developments will be given in a subsequent paper.
Also, the extension of the proof to non-regular (although still semisimple)
orbits is non-trivial.

Our construction has the advantage that it is given in a coordinate in-
dependent way. Also the symmetries and its possible representations are
better studied in this framework. The formal deformation is realized using
a true deformation of the polynomials on the complex orbit. We obtain
the deformation quantization as a non-commutative algebra depending on
a formal parameter h containing a subalgebra in which h can be specialized
to any real value.

Geometric quantization is another approach to the problem. The ele-
ments of the quantum system are constructed using the geometric elements
of the classical system. (For an introduction to geometric quantization, see
for example [Pu] and references inside.) In the case when the phase space
is R?", a comparison between both procedures, deformation and geometric
quantization has been established [GV]. Less trivial systems, as coadjoint
orbits, have been the subject of geometric quantization. The guiding prin-
ciple is the preservation of the symmetries of the classical system after the
quantization. The idea of finding a unitary representation of the symmetry
group naturally attached to the coadjoint orbit is known as the Kirillov-
Kostant orbit principle. The action of the group on the Hilbert space of the
representation should be induced by the action of the group on the phase
space as symplectomorphisms. The algebra of classical observables should
be substituted by a non-commutative algebra and the group should act also
naturally by conjugation on this algebra.
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The procedure we used in constructing the formal deformation, that is
assigning an ideal in the enveloping algebra to the coadjoint orbit, makes the
comparison with geometric quantization easier. In Section 4 we show that in
the special case of SU(2) there is an isomorphism between our deformation
quantization and the algebra of twisted differential operators that appears
in geometric quantization.

The organization of the paper is as follows. In Section 2 we make a review
of the algebraic properties of the coadjoint orbits on which our method of
deformation is based. In Section 3 we prove the existence of the deformation
and describe it explicitly in terms of a quotient of the enveloping algebra by
an ideal. In Section 4 we make a comparison of our results with the results
of geometric quantization for a particularly simple case, the coadjoint orbits
of SU(2).

2. Algebraic Structure of Coadjoint Orbits of Semisimple Lie
Groups.

Let Gr be a real Lie group and Gp its Lie algebra. The coadjoint action of
GRr on Ggr* is given by

(Ad*(9)M\Y) = (M, Ad(g"")Y) VgeGr, A€Gr", Y €Grp.

We will denote by Cg, () (or simply Cy if Gr can be suppressed without
confusion) the orbit of the point A € Gr* under the coadjoint action of Gg.

Consider now the algebra of C* functions on Gr*, C*°(Gr*). We can
turn it into a Poisson algebra with the so called Lie-Poisson structure

{f1, f23(N) = ([(df1)x, (df2)r], A), fi. fo € C(Gr"), A€ Gr".

If f e C®(Gr"), (df), is a map from Gr* to R, so it can be regarded as
an element of G and [, ] is the Lie bracket in Gr. By writing the Poisson
bracket in linear coordinates, it is clear that R[Gr*], the ring of polynomials
on Ggr*, is closed under the Poisson bracket.

The Hamiltonian vector fields define an integrable distribution on Gg*
whose integral manifolds (the symplectic leaves) are precisely the orbits of
the coadjoint action. So all the coadjoint orbits are symplectic manifolds
with the symplectic structure inherited from the Poisson structure on Ggr*.

Let G be a connected complex, semisimple Lie group and G its Lie algebra.
We wish to describe the coadjoint orbits of different real forms of G. We
can identify G and G* by means of the Cartan-Killing form, so we will work
with the adjoint action instead. We denote by G an arbitrary real form of
G, and Gp its Lie algebra.

We start with the adjoint orbits of the complex group G itself. Let
Zs € Gr C G be a semisimple element. The orbit of Z; in G under G
will be denoted by Cg(Zs). It is well known that this orbit is a smooth
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complex algebraic variety defined over R [Bo|. That means that the real
form of Cq(Zs), Ca(Zs)(R) = Ca(Zs)NGr is a real algebraic variety. If Gg
is compact, C¢(Zs)(R) coincides with the real orbit Cg,(Zs). In general
Cc(Zs)(R) is the union of several real orbits Cq,(X;),7 € I for some finite
set of indices I [Va2]. Hence the real orbits are not always algebraic vari-
eties. We will give one of such examples later. Still, the algebraic structure
of the closely related manifold C(Z5)(R) will be useful for the quantization.

The algebra that we want to deform is the polynomial ring on the complex
orbit. When Cg(Z5)(R) consists of one real orbit, the complex polynomial
ring is the complexification of the polynomial ring on the real orbit. In this
case, giving a formal deformation defined over R of the polynomial ring of
the complex orbit is completely equivalent to give a formal deformation of
the polynomial ring of the real orbit.

In general I will have many elements. One can always consider the alge-
bra of polynomials on Cg(Zs)(R) and restrict it to each of the connected
components. The x-product we obtain can also be defined on the algebra
of restricted polynomials without ambiguity, so we have a deformation of
certain algebra of functions on the real orbit. Interesting subalgebras of the
restricted polynomials that still separate the points of the real orbit could
be found, being also closed under the x-product. We will see such kind of
construction in an example.

We summarize now the classification of real coadjoint orbits [Va2], [Vo].
The easiest situation is when G is a compact group. In this case the orbits
are real algebraic varieties defined by the polynomials on G, invariant with
respect to the coadjoint action. These invariant polynomials (or Casimir
polynomials) are in one to one correspondence with polynomials on the
Cartan subalgebra that are invariant under the Weyl group. So every point
in a Weyl chamber determines a value of the invariant polynomials, and
hence, an adjoint orbit.

The general case is a refinement of this particular one. We will consider
only orbits that contain a semisimple element Z; € Gg. There are two special
cases: The elliptic orbits, when the minimal polynomial of the element Z,
has only purely imaginary eigenvalues, and the hyperbolic orbits, when the
minimal polynomial of Z; has only real eigenvalues. The general case Z, =
Zp, + Z. can be understood in terms of the special cases.

Let us denote by U a compact real form of G and U its Lie algebra, while
G and Gy denote a non-compact form and its Lie algebra. The involution 6 :
Go — Gp induces the Cartan decomposition Gg = Lo+ Py, and U = Ly+iPy.
K is a maximal compact subgroup of Gg with Lie algebra L£y. We denote
by Hp, the maximal abelian subalgebra of Py and by H,, a CSA of L.
W(Go, He,) and W (G, Hp,) will denote the Weyl groups corresponding to
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the root systems of K (W(Go, Hr,)) and the restricted root system of Go
(W(G()v HPO))'

The set of hyperbolic orbits is in one to one correspondence with the set
of orbits of W(Gy, Hp,) on Hp,, while the set of elliptic orbits is in one
to one correspondence with the set of orbits of W(Go, Hg,) on He,. In
summary, each point in the Weyl chamber of the corresponding root system
determines a unique semisimple orbit and vice versa.

Example 2.1 (Orbits of SO(2,1)). We want to show explicitly an example
where the real form of the complex orbit is the union of two real orbits. The
value of the invariant polynomials in this case doesn’t completely determine
a real orbit.

Consider the connected component containing the identity of the non-
compact orthogonal group SO(2,1)= {3 x 3 real matrices A/ATnA = 7},
where

1 0 0
n=10 1 o
0 0 —1
The Lie algebra so(2,1) is given by so(2,1)= span{G, E, F'}, where
010y  f000y _ (001
G=[-1 00| E=[0o0 1], F=[0 0 o],
0 0 O 010 1 0 0

with commutation relations
G,E|=F, [G,F|=-E, [E F]=-G.

The involutive automorphism associated to this non-compact form of so(3)
is 0(X) = nXn so the Cartan decomposition is given by £y = span{G} and
Py = span{E, F}. L is the Lie algebra of SO(2), the maximal compact
subgroup, which in this case is abelian.

The only Casimir polynomial is given in the coordinates X = xE+yF+2G
by P(X) = 2% + y? — 22. The elliptic orbits are classified by the elements
{tG,t € R — {0}}, so the equation describing this orbit is

R R

Notice that ¢t and —t define the same equation (the same value for the
Casimir), but they define different orbits. In fact, the solution of the equa-
tion above is a double sheeted hyperboloid, each of the sheets being a dif-
ferent orbit (inside the past and future cone respectively).

Consider now the following automorphism of so(2,1) (in the ordered basis
we gave before)
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A can in fact be written as A =Ad(g) with g an element in the complexifi-
cation of SO(2,1). In fact,

belongs to SO(3), the compact real form. Acting on the CSA, span{G}, it
gives the only Weyl reflection (the Weyl group of SO(3) is {Id, —Id}), so ¢
is a representative of the non-trivial element in the Weyl group of SO(3).

Notice that the CSA of the maximal compact subgroup SO(2) and of
SO(3) have the same dimension, but the automorphism A is just the Weyl
reflection of SO(3) that is “missing” in SO(2). A takes a point in one sheet
of the hyperboloid and sends it to the other sheet, so A is a diffeomorphism
between the two real orbits.

Consider now the subalgebra of polynomials on G that are invariant under
A (since A% =1d, {Id, A} is a subgroup of automorphisms of so(2,1)). It is
easy to see that it is also a Poisson subalgebra. Moreover, since the Casimir
polynomial is invariant under A, it is also possible to define a subalgebra of
the polynomial algebra of the complex orbit. It is defined over R, since A
leaves the real form so(2,1) invariant. This algebra is contained as subalgebra
in the algebra of polynomial functions over the real orbit (by polynomial
functions we mean polynomials in the ambient space restricted to the orbit).

The implementation of such kind of procedure for more general cases is
still under study and will be written elsewhere.

Hyperbolic orbits are classified by the Weyl chamber of the restricted root
system. One can take Hp, = span{E}, then Hy = span{E} so the only root
is the restricted root. The Weyl chamber is {tE ,t € R1}, so the hyperbolic
orbits are given by

oyt -2 =1
This is a single sheeted hyperboloid, so in this case the orbit is an algebraic
manifold.

Finally we have the orbits in the light cone (nilpotent orbits) satisfying

x2+y2—z2:0.

There are three of them, one for z=0, others for z > 0 and z < 0, but we
are not studying nilpotent orbits here.

3. Deformation of the polynomial algebra of regular coadjoint
orbits of semisimple groups.

Definition 3.1. Given a real Poisson algebra P, a formal deformation of P
is an associative algebra Py, over R[h], where h is a formal parameter, with
the following properties:
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a. Pj, is isomorphic to P[[h]] as a R[[h]]-module.

b. The multiplication *;, in P, reduces mod(h) to the one in P.

c. Fx, G —G*, F = h{F,G} mod (h?), where F,G € P} reduce to
F,G € P mod(h) and {, } is the Poisson bracket in P.

If X is a Poisson manifold and P = C*°(X) we call Py, a formal defor-
mation of X. Some authors also use the term deformation quantization of

X.

We can also speak of the formal deformation of the complexification A
of a real Poisson algebra. The formal deformation of A will be an asso-
ciative algebra Aj with the same properties (a), (b) and (c) where R has
been replaced by C. We want to note here that this doesn’t convert the
complexification of the symplectic manifold X in a real Poisson manifold of
twice the dimension.

We are going to describe first the formal deformation of the polynomial
algebra on the complex orbit.

In the first place we will consider C[h]-modules, that is, we will restrict
the modules appearing on Definition 3.1 to be modules over C|[h], the alge-
bra of the polynomials in the indeterminate h. This will give us immediately
the formal deformation by extending to CJ[[h]]. Notice that our formal de-
formation will contain a subalgebra that can be specialized to any value of
h e R.

Let G be a complex semisimple Lie group of dimension n, G its Lie algebra
and U the enveloping algebra of G. Let’s denote by T4(V') the full tensor
algebra of a complex vector space V over a C-algebra A. Consider the
proper two sided ideal in T, (G)

Lh= Y Top(@) @ XY -Y®X-h[X,Y])®Ty(G)
X, Yeg

We define Uy, =gef Tcjn)(G)/Ln- Un can be interpreted in the following
way:

Let Gy, be the Lie algebra over C[h] G, = C[h| ®c G with Lie bracket

[p(h)X, q(h)Y ], = p(h)q(h)[X, Y]

where [, | and [, |, denote the brackets in G and Gy, respectively. Then, U},
is the universal enveloping algebra of the algebra Gy,.

We will denote with capital letters elements of the tensor algebras and of
U, while we will use lower case letters for the elements of the polynomial
algebra over G*, C[G*]. The product of two elements A, B € U, will be
written AB.
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Proposition 3.2 (Poincaré-Birkhoff-Witt theorem for Uy). Let {Xi,...,
Xn} be a basis for G. Then

17Xi1 sz

I<u<---<iy<n
form a basis for Uy, as C[h]-module.

Uy, is a free C[h)-module. In particular, Uy is torsion free.
Definition 3.3. Let S(G) = Tc(G)/L, with

L= ) Tc@® XY -YoX)aTlc(l),
X, Yeg

be the symmetric algebra of G. The natural homomorphism from T¢(G) to
S(G) is an isomorphism if restricted to the symmetric tensors. Let A be the
inverse of such isomorphism.

The canonical isomorphism G** = G, can be extended to an algebra iso-
morphism C[G*] = S[G] where C[G*| denotes the polynomial algebra over
G*. The composition of such isomorphism with A will be called the sym-
meltrizer map.

Let {X1,...,X,} be a basis for G and {z1,...,z,} the corresponding
basis for G** C C[G*]. Then the symmetrizer map Sym : C[G*] — Tc(9)
is given by

Sym(xl T :En) = l' Z Xs(l) Q- ® Xs(p)
P s€Sp
where S), is the group of permutations of order p.

Let I C C[G*] be the set of polynomials on G* invariant under the coad-
joint action,

I'={peC[G"]|p(Ad*(9)¢) =p(§) YE€G", ge G}

By Chevalley theorem we have that I = C[p1,...,pnm|, where p1,...,p,, are
algebraically independent homogeneous polynomials and m is the rank of G.

Definition 3.4. We define a Casimir element in Tc(G) as the image of an
invariant polynomial under the symmetrizer map. Since T'(G) C Tgyy(9)
Casimirs are also elements of Ty, (G). We call Casimir element in U (re-
spectively Up,) an element which is the image of a Casimir element in T'(G)
(respectively in Ty, (G)) under the natural projection.

It is well known that the Casimir elements lie in the center of U. We want
now to prove that they also lie in the center of U,.
Let’s denote by Uy, the algebra Uy /((h — ho)1), where hg € C, and by

evy, the natural projection U, — Up,.

Lemma 3.5. Let P be a Casimir in Up. Then evp,(P) is in the center of
U
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Proof. This is because ﬁho is the universal enveloping algebra of Gy, where
Gh, is the complex Lie algebra coinciding with G as vector space and with
bracket [X,Y]n, = ho[X,Y] where [, ] is the bracket in G.

Theorem 3.6. The Casimir elements lie in the center of Up,.

Proof. Let P be a Casimir element and let X1,..., X,, be generators for G
hence for G;,. We need to show: PX; = X;P forall 1 <i<n.

PX;—=X;P= > wy i (W)Xi X,

1<ig <--<ig<n

Let us apply the evy, map.

evp | PXi = XiP— > wiy (WX X

ik
1< <-<ig<n

== Y wyi(ho)Xy - X, =0

1<i <<ip<n

because by Lemma 3.5 evg(PX; — X;P) = 0. Since there are no relations
among the standard monomials Xj, --- X;, (Proposition 3.2) we have that
Ui, ...i, (ho) = 0. Since this is true for infinitely many hy and since w;, ., (h)
is a polynomial we have that u;, _;, (h) =0.

We now restrict our attention to the regular coadjoint orbits, that is the
orbits of regular elements. We recall here the definition of a regular element
in G*. Consider the characteristic polynomial of ad*(¢), & € G*,

det(T -1 —ad*(§)) = Y ai(&)T"
i>m

where m = rankG*. The ¢;’s are invariant polynomials. An element &£ € G*
is regular if ¢,,,(§) # 0. The regular elements are dense in G* and they are
semisimple. In particular the regular elements in a Cartan subalgebra form
the interior of the Weyl chambers.

The orbits of regular elements are orbits of maximal dimension n — m.
Observe also that the 0-eigenspace coincides with the centralizer of &, Z.
A semisimple element § is regular if and only if dim(Z¢) = m.

Let us fix the coadjoint orbit C¢ of a regular element § € G*. The ideal
of polynomials vanishing on C¢ is given by
IOZ(pi_Ci()aZ‘:lr"?m)u Cz‘OGCa
where the p; have been defined above (see after Definition 3.3). Iy is a
prime ideal or equivalently the orbit C¢ is an irreducible algebraic variety.

(In fact, the orbit of any semisimple element, regular or not, is an irreducible
algebraic variety [KsJ).
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Let’s consider the Casimirs P; = Sym(p;), where the py,... ,py, are gen-
erators for I that satisfy Chevalley theorem. Let P; be the image of P; in Up,.
Define the two sided ideal generated by the relations P;—c¢;(h), i = 1,... ,m:

Ih:(Pi—Ci(h), izl,...,m)CUh

for ¢;(h) = 3, cijh?, cij € C (¢;(0) = cio, the constants appearing in the
definition of Ij).

It is our goal to give a basis of the algebra Uy, /I as C[h]-module. We
need first a couple of lemmas.

Lemma 3.7. Let £ € G* be a regular element of G* (or equivalently a point
in which the centralizer has dimension equal to the rank of G*). Then (dp1)e,
oo, (dpm)¢ are linearly independent.

Proof. See [Va3].

Lemma 3.8. Let r be a fized positive integer and let all the notation be as
above. Let

E: @iy .., (Din — ki) - (i, — ki) =0
1< << <my

with iy 4, € C[Q*], kzj . ki,« € C. Then Asy..5, € (p1 —ki,...,pm — km) C
clg.

Proof. By Lemma 3.7 we can choose local coordinates (zi,...,2,) in a
neighborhood of ¢ so that z; = p; — k;, i = 1,...,m. Since a;,. ;. (21, .., 2n)
are analytic functions, we can represent them as power series in 21, ..., zy:
tiyoip(21, 0 2) =Y Qiy.oiip fiongs 2 " Zja
1<j1 < s <n
0<s

This can be rewritten as:

Qiyip (2155 2n) = ) Qi .oviprr o Gs 21 * " Zis
m+1<j1 < js<n
0<s

+ E: Qi il e Py " Ry

1<l < ly<n
l1<m, 1<t

By substituting into the given equation we get:

Z Z ail"'iﬁjlmjszjl T zjszil BRI

1< < <m mA1<j1 < js<n
0<s

+ E E ai1‘..ir,l1...ltzll C R Ry Ry = 0.

1<y <o < 1< <Ly <n
l1<m,1<t
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Notice that, by the way the sums are defined, and being r fixed, both terms
in the above equations have no monomials in common. This implies that

Z Z Qi .ipjrnjsZg1 - ZjsZin o+ Zip = 0
1< < i <m mA-1<51...js<n
from which
iy oipgigs =0 V1<idp...ip, <m, m+1<jg7---Js.
This implies
@iy i (21 2m) € (21...20).
That is, locally

Wirip = Y bivinj(pj = ).
So we have obtained that for all  in a neighbourhood of &:
@iyi, () = YU () (pj(m) = ky) = 0.

But since this function is algebraic and Cg is irreducible this means that this
function is identically 0 on C¢. Hence the Lemma is proven.

Let’s consider the projection 7 : U, — U /(h1) = S(G) = C[G*]. We
have that m(A) = n(B) if and only if A = B modh. To simplify the notation
we will denote the element of C[G*] corresponding to 7(A) by a (same letter,
but lower case), as we did for the Casimirs P; before.

Lemma 3.9. Let k be a fized integer and let
Z Aiy i (P —ciy(R)) -+ (P, — ¢ (b)) =0 mod h

1< <m

where A, ..i, € Uy, and the P;’s and c;(h)’s have been defined above. Then
Z Ai1.~-ik (P —ciy(R)) - (Plk — Ciy, (h))

1< Sm

=h Z Bjy. i .in (Pjy = ¢ji(h)) -+

- (P — iy (W) (P — iy () <+ (Pyy — i ().

Proof. By induction on N =max;, ; dega;, . ;. , where, using the the con-
vention above, a;, ;, = m(Ai; . i,). Let N =0. We have:

Z a/ilu.ik (pll - Cilo) e (plk - Ciko) — O

with a;, 4, € C. By Lemma (3.8) a;,..i, € Ip hence a;, ; = 0. This implies
that A“lk = h,B“zk
Let’s now consider a generic NV,

Z @iy ..y (Piy — €iy0) -+ (D, — Cipo) = 0.
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By Lemma (3.8)
Wiy = ) Giing (D) = ¢jo)
J
with max;, . ;, dega;,. i, j < N. Again we have that

Aiy i, = Z A i (Pj—cj(h)) + hCiy i,
J

Let’s substitute A4;, i,

> Ay i (P — ¢ (W)(Pyy — ciy(B) -+ (Py, — ¢i () =0 modh.
By induction we have our result.
Lemma 3.10. If hF € I}, then F € I,.

Proof. Since hF € I;, and since the P; are central elements:

hEF =Y AP — ci(h).

We have > A;(P; — ¢;(h)) = 0 modh. Hence, by Lemma 3.9 and also by the
fact that Uj, is torsion free we have our result.

We have shown that U, /I, is a C[h]-module without torsion. We are
ready now to show that it is a free module by explicitly constructing a
basis. Let’s fix a basis {X1,...,X,} of G and let x1,...,x, be the corre-
sponding elements in C[G*]. With this choice C[G*] = Clz1,...,x,]|. Let
{%iy, -5 iy i,....in)cA be a basis in of C[G*]/Ip as C-module, where A is a
set of multiindices appropriate to describe the basis. In particular, we can
take them such that i1 < --- <1y.

Proposition 3.11. The monomials { Xy, -+ Xi, }iy,...ip)eA are linearly in-
dependent in Uy /I,

9y

Proof. Suppose that there exists a linear relation among the X;,,--- X;,’s,
(i1,...,ix) € A and let G € I;, be such relation,

G=Go+Gh+- -, G; € spanC{Xil .- Xlk}(zlzk)EA
Assume G; =0, i < k, G, # 0. We can write G = h*F, with
F:Fo—l-Flh,—i--", F()#O

Since h*F € I}, by hypothesis, using Lemma (3.10) we have that F € Iy,
that is

F=> AP, —c(h),
and reducing mod h,

F = ailpi — cio)-
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This would mean that f represents a non-trivial relation among the monomi-
als {@, -+~ @i, }i,..ip)ea i C[G*]/ 1o, which is a contradiction, so the linear
independence is proven.

We want to give a procedure to construct a basis on C[G*]/Iy starting
from a set of generators of C[G*], S = {z;, ---x;,} V1 < i3 <-4 < n.
As a linear space Iy =spanc{z;, ---x;, (p; — ¢;)}. Every element of the set
that spans Iy will provide one relation that will allow us to eliminate at
most one element of the set S. We can choose to eliminate successively the
greatest element with respect to lexicographic ordering. This means that
any monomial in S will be expressed in terms of monomials of degree less
or equal to its degree.

Remarks 3.12. We want to make two remarks that will be used later.
1. An arbitrary monomial z;, ---z;, in C[G*] can be written as:

B § J1..-J E A —
w]l x]r - aml...;nkxml wmk + b’b(pl C’L)
k<r Z7dz+glgr

where b; is polynomial of degree g;, d;=degp; and a%i‘,’?ﬁnk e C.
2. Let A€ Uy, A#0, A € spanc{ Xy, --- Xj, }p<r, J1 - - - Jp NOt necessarily
ordered. If A =0 modh, then A= hB, B € spanc{X;, --- Xi,} »<r

i1 <-<ip
Next proposition will show the generation, so we will have a basis.

Proposition 3.13. The standard monomials {X;, - -- X;, } with (i1, ..., i)
€ A generate Uy /I, as C[h]-module.

Proof. By Proposition 3.2 (PBW theorem in Up) it is sufficient to prove
that

Xj - Xj, € spangp{Xi, - Xy by, ipea
where 1 < j; < ---j, <n and Xj, --- X denotes also the projection onto
Up/ I, of the standard monomial.

We proceed by induction on r. For r = 0 it is clear. For generic r we
write (see Remark 3.12)

Cops — E J1--J E A —
Lj1 L = am1.,.;nk$m1 Ty, + bz(pz Cz)~
k<r Z7dz+ng7‘

Lifting this equation from the symmetric algebra to the enveloping algebra
we have

Xj, - Xj, — Z all I Xy o Xy — ZBZ(PZ —ci(h)) = hB
7

E<r

where, by the Remark 2 in 3.12, B € span{Xj, --- X;, }p<,. Applying the
induction hypothesis, we have our result.
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Let Cp[G*] = C[h] ® C[G*], I, = C[h] @ Iy. We are now ready to prove
the following theorem:

Theorem 3.14. Let the notation be as above. We have that Uy /I, has the
following properties:
1. Up /Iy, is isomorphic to Cp[G*]/1}) as a C[h]-module.
2. The multiplication in Uy, /I}, reduces mod(h) to the one in C[G*|/I}.
3. If FG—GF =hP, F,G,P € Uy/I, then p = {f, g}, where {,} is the
Poisson bracket on the orbit defined by Iy. (We are using the same
convention, f = m(F).)

Proof.

1. It is a consequence of Propositions 3.11 and 3.13.

2. It is trivial.

3. This property is satisfied by the multiplication in U; and the Poisson
bracket in C[G*| (see [Ko], [CP], [Ki]). The Poisson bracket in the C[G*]/I
is induced from the one in C[G*], it is enough to see that p will not depend
on the representative chosen in Uy /Ij,, which is trivial.

It is now immediate to obtain the properties of Definition 3.1 when we
consider the extension of Clh| to C[[h]]. We define

Clg] = C[[M][g"] I;g C Cpylg7]

U = Towy(9)/ L I © Uy
being Ijo) and I} the ideals obtained by extending Iy and I}, to Cp[G*] and
Upp) respectively.

Theorem 3.15. Uy, /Iy is a formal deformation (or a deformation quanti-

zation) of Cp,[G*]/1jo)-

We want to note here that whatever is the real form chosen, the deformed
algebra is defined over R, provided ¢;; € R. Care should be taken, never-
theless, in choosing the appropriate generators of Iy with real coefficients
and this is always possible ([Bo]).

Finally we want to come back to Example 2.1 and exhibit the deformed
algebra.

Example 3.16. Let G = SLy(C). The standard basis for G = sl3(C) is
{H, X,Y} with commutation relations

[H,X]=2X [HY]=-2Y [X,Y]=H.

We identify G and G* via the Cartan Killing form. The only independent
invariant polynomial is:

1
p:ZhQ—i—xy
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or, in terms of the compact generators
1
E = i(X_Y) F=i/2(X+Y) G=i/2H

p=—(+ "+ 4.

The orbit C¢ of the regular semisimple element § = (zao/ 2 _2.2 /2> (see

the fundamental representation in the next section) has coordinate ring
Clh,z,y]/(€® + f? + g* — a®). So we have that

is a formal deformation of C¢. If one chooses a,ci,...,¢ to be real, then
it becomes the complexification of a formal deformation of the real orbit
Ce N su(2).

To go to the non-compact form it is enough to take the basis {E —iE,F =
iF,G}. The deformed algebra is

U[[h]}/(_EZ - FQ + G2 — a2 +ch+---+ clhl).
A basis for U/ is
{gménfu}m,nzo,l,zm .

pn=0,1

The subalgebra invariant under the automorphism A of Example 2.1, has
instead a basis

{gméQn—mfu} m,n=0,1,2... .
pn=0,1

We can also express this algebra in terms of the set of commutative gener-
ators
v=g¢° v=@8, v=gé wu=[
with relations
’1)32) = V102, V1 — V2 — ’UZ = a2.

It is clear that this algebra separates the points of the real orbit. Since the
Casimir element is invariant under the automorphism A (extended to Up),
it restricts to an automorphism of Uy /Ij,. Analogously to the commutative
case, the subalgebra of Uy /I, invariant under A can be given in terms of
the generators

Vi=G’, Vw=E? V=GE, V,=F
and relations

Vi =ViVh — hVVy — h*Vi, Vi — Vo — Vi = c(h),



ON THE DEFORMATION QUANTIZATION OF COADJOINT ORBITS 427

in addition to the commutation relations
VaVi = ViVy = h(2V3) — h*Vy,  VaVa — VoV = h(2V3) — h*Vi,
ViV — V3V = h(Vi + Vi), VaVi — ViV = —h(21V}) — K2 V3,
VaVa — VoV = h(VaVa + Vo Vi) + hVs — W3V,
VoV — ViVe = —h(2V3Vy) + h2(VE — Vo — T4).

4. Geometric quantization of S2.

The subject of geometric quantization is a very vast one and we do not
intend to make a review here. Many excellent reviews exist in the literature
(see for example [Pu], [Vo]). We will try to explain only what is needed
to understand the geometric quantization of our particular case, S?. Some
of the results we exhibit here date back to [So]. We will follow closely the
scheme of [Vo], because there the importance of constructing the algebra of
observables is emphasized.

Consider a classical system with phase space X and a group G of symme-
tries. This means that G is a group of symplectomorphisms of the symplectic
manifold X,

geG, ¢g:Xw— X satisfying ¢'w=w,

where w is the symplectic form on X. The Hamiltonian is a G-invariant
function, that is, gH = H, so G is a group of symmetries of the equations
of motion.

We want to find a quantization of the classical system that preserves the
symmetry under the group G. The goal of geometric quantization is to
construct the Hilbert space Hx and the algebra of quantum observables Ay,
acting on Hx using only the geometrical elements of the classical system.
This construction should be “natural”, that is, the action of G on X as
symplectomorphisms should induce a unitary representation of G on Hx
and an action of G on Aj. This action should reduce to the conjugation by
the unitary representation on the operators on H x representing the elements
of Ah.

Integral orbit data.

Let £ € Go™ and let G¢ the isotropy group of £ and Go¢ the corresponding
Lie algebra. It is clear that for Z € Go¢, ad7¢§ = 0, which implies

(4.1) £([Z2,Y])=0, VY €.
Suppose that we have a character 7 of G¢ satisfying

r(eX) =X Ze Goe-
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Such character is called an integral orbit datum. Notice that property (4.1)
is essential. Also, & must be such that {(Z) = 2mm, m € Z whenever
e =1d.

From an integral orbit datum we can construct a unitary representation
of G by induction. We consider the induced vector bundle E(G/G¢,C,) =
(G x C) /7, where the equivalence relation is given by

(g,v) =~ (gh™',7(h)v), he€Ge.
We can describe the sections on this bundle by functions f : G — C satis-
fying
(4.2) f(gh) =7(h)"' f(9)-
By considering the compactly supported sections, and from the fact that

there is a a G-invariant measure on G//G¢ the construction of the Hilbert
space is straightforward, with bilinear form

(f1, f2) :/G/G f1fa.
3

The problem is that this representation is not necessarily irreducible. Nev-
ertheless, in many cases (like for elliptic orbits), it is possible to restrict
naturally the space of sections (4.2) to an irreducible component. We are
then interested in computing the integral orbit data for SU(2).

The Lie algebra of SU(2) is spanned by the matrices

G:%O'gl,, E:%UQ, F:%Oj

2=(0) == 0) (D)
10 i 0 0 -1
and commutation relations!
[E,F|=G, [F,G]=E, |[G,E]=F.
Consider &, € Go* such that &, (xE + yF + 2G) = az. The isotropy group is

iz/2
GEa:{GZszGR}:{<eo e_?z/2>7z€R}

with Lie algebra Goe, = span{G}. If z = 47mn, n € Z, then e*¢ =1d, so in
order to have an integral orbit datum,

&o(4mnG) = 4mna € 2rZ YV n,
which is possible if and only if a € Z/2.

with

!The spin operators which are used in physics are given by G' = —ihG, E =
—ihE, F' = —ihF. We can reintroduce i = h/2m in the analysis with this rescaling,
the multiplication by —i changing a representation by antihermitian operators of SU(2)
to hermitian operators.
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The Cartan-Killing form allows the identification of Gy and Gy*, also in-
tertwining the adjoint and coadjoint representations. It is given by

1
(X.Y) = =3 Tr(adXadY), X,Y €Go

that is,
(E,E) = (F,F)=(G,G) =
and the rest 0. So &, =~ aG, and the orbit is given by the Casimir polynomial

C=x2+y2+z2:a2.

We conclude that only orbits with half integer radius have integral or-
bit data. We will denote by 7, the corresponding integral orbit datum,
Tm(ezG) — (eiz/Q)m

It is easy to convince oneself that the representation in the space of func-
tions (4.2) is far too large to be irreducible. To overcome this problem we
need to further restrict the space of sections. We will do that with the help
of a complex polarization.

Complex polarization and Hilbert space.

Elliptic orbits have a G-invariant complex structure. We define this com-
plex structure following [Vo]. From now on we use the identification between
Go and Gp* given by the Cartan-Killing form, so we will use alternatively

£ =&x € Gyt with X € G.

Theorem 4.1. Let X € Gy be such that adx has only imaginary eigenval-
ues. Let G be the complexified Lie algebra of Gy and let Gt (t € R) be the
t-eigenspace of ad;x. Then

G=> 6" (Gox)e=6x=¢"
teR
is a gradation of G. We define
PX:th7 NX:th-
t>0 t>0

The following properties are satisfied

a. G% and G! are orthogonal unless s = —t.
b. G5 = G™*°. (Bar means complex conjugation with respect to the real
form Gy.)

c. The adjoint action of Gx preserves G'.

G/Gx ~ T, (G- €x)c is the complexified tangent space at the identity
coset. The G-invariant complex structure can be characterized by requiring
that Px /Gx is the antiholomorphic tangent space at the identity coset.
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Let us write down the standard complex structure on S? to relate it with
this formalism. Let V = 2FE + yF' + 2G = x0, + y0, + 20, € Go. We take a
representative aG for the orbit of radius a,

x2+y2—|—22:a2.

Stereographic coordinates are given in terms of the embedding coordinates
by

2 _ __aw _ay

V1 = S {(0,0, a)}, (75} z—i—a’ V1 +a
ax ay

Vo =52 -1(0,0 = = .

2 {(0,0,0)}, up o 2T ..

The action of SU(2) is the one induced by the adjoint representation of
SU(2).
Let 1 : Uy — C, x5 : Uy — C be the projective coordinates for the
complex projective space P! = U; U Us. If we identify
T = —v] +iuy, T2 = —v2 — iUg,

we obtain a diffeomorphism S? ~ P'. This gives to S? the complex structure
mentioned above. For this particular choice, the action of SU(2) obtained
from the three dimensional representation restricted to S? coincides with
the one obtained from the fundamental representation with the projective
structure.

We write now the complexification of su(2), sl(2,C), in the standard basis
H=-i2G, X=FE—-iF, Y =—-FE—iF.
The eigenvalues of iaG are —a, 0, +a and the corresponding eigenspaces are
G° = span{G}, G*=span{Y}, G *=span{X}.

The tangent space at the North pole (x = y = 0,z = a) is spanned by
Oz, 0y € Go/Goa and in terms of the stereographic coordinates,

1 1
Op = 50us Oy = 500

In the complexified tangent space,
X =0, —i0y = 5(—81,1 —10y,), Y =—0, —i0, = 5(—81)1 + 10y, ),
and since the complex coordinate is x1 = —v1 + uy,
G® = span{Y'} = span{0;z, }.

Definition 4.2. A G-invariant complex polarization is a lagrangian sub-
space of the complexified tangent bundle at &, T¢(G - &), = G/Ge.
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We remind that a subspace is a lagrangian subspace if the symplectic
form is 0 on that subspace and its dimension is half the dimension of the
symplectic manifold. Because of property a in Theorem 4.1, Px/Gx is a
lagrangian subspace and then a complex polarization.

Consider now an integral orbit datum, 7. One can prove that dr extends
to a representation ¢ of Px .This extension satisfies ¢|n, = 0. The induced
bundle associated to the character 7, E(G/Gx,C;) has also a complex
structure and the holomorphic sections are characterized by

(4.3) Z.f=-¢(2)f ZePx

where f : G +— C satisfies f(gh) = 7(h)"1f(g9), g € G, h € Gx. We will
see that in our case this construction gives directly the Hilbert space. For
other groups, further corrections are needed.

It is easy to see that for SU(2) the principal bundle E(SU(2)/U(1),U(1))
is only a reduction of the principal bundle given by the natural projection

:C*—{0}— S?’x P,
that we call ©(S2, C*). The corresponding associated bundles by the repre-
sentation 7, (extended to C*), will be denoted by E(m), ©(m). ©(m) is an
holomorphic vector bundle, whose sections satisfy (4.3), which in this case
is simply
a:hf =0.
Line bundles over S? are well studied. A holomorphic section on ©(m)
s:P;1—0O(m)/ mos=idp,,
can be given in terms of a function
5:C2—{0} — C,,

(A, p) € C? —{0}) satisfying 5(\-, X-p) = A™3(~, p) where 3 is a homoge-
neous polynomial in two variables of degree m. The group SU(2) naturally
acts on this space of sections, constituting the (m+1)-dimensional (unitary)
irreducible representation of SU(2).

We see that geometric quantization associates quite naturally to the orbit
a Hilbert space where the group G acts. The last step now is to find the
algebra of quantum observables.

Quantum observables.

Following [Vo], the algebra of observables is the algebra of “twisted dif-
ferential operators” [Vo] on sections of the bundle given by the polarization
(real or complex). These operators are endomorphisms of the space of sec-
tions of the bundle satisfying certain conditions (which make plausible the
name of “differential operators”). We will not give here the general defini-
tion, but we will work with the SU(2)-bundles using the description given
above.
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Consider the space of functions f : C? — {0} — C, and (v, p) global
coordinates on C? — {0}. Consider the algebra of differential operators
generated by the elements

7877 'Yam pan/, pap-
We denote this algebra by D. It is a filtered algebra (each of the elements
above has degree 1).
The algebra of twisted differential operators on O(m) is
Dy, = D/(D —mld)

where D = v0y + pd, is an element in the center of D.
We want to give a presentation for D,, and compare it to the algebra
Uy, /I, obtained in Section 3.

Consider now U the universal enveloping algebra of the Lie algebra su(2)€

~sl(2,C). Let {X,Y, H} be the standard basis of sl(2,C) (Example 3.16).

Lemma 4.3. The filtered algebra homomorphism p : U — D, given by
p(X) =0y, p(Y)=—pdy, p(H)=-—0y+p0,

18 injective.

Proof. Notice that D acts on the space P,, = {homogeneous polynomials of

degree m}. We denote by R,, : D — End(P,,) this representation. Notice

that R,, = Ry, o p is the m + 1-dimensional irreducible representation of

su(2). Since we have that R,,(Z) =0 Z €U ¥V m = Z =0 [HC], it follows
that p is an injective map.

Lemma 4.4.
D (D
D=U®@span{D}/ <C— 5 <2 + 1))
where C' = %(XY +YX+ %HQ) is the Casimir element in U.
Proof. Define the Lie algebra homomorphism

U @ span{D} - D

as S(W ® D) = p(W)D. Since {p(X),p(Y),p(H),D} generate D, S is
surjective. We want to show that kerS=I, where I = (C — D/2(D/2+ 1)).
One can check directly that I C kerS. We prove ker S C I by contradiction.
Observe first that any element P € U ® span{D}/(C — %(% +1)) can be
written as AD + B. In fact, let P = Zivzo Ay Dy. By induction on N. The
cases of N = 0,1 are obvious. Let N > 1.
N-1
P = ANDN72(4C - 2D) + Z A Dy
k=0
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By induction we have our result.

Let Py_1 = B1D + By be a non zero element in kerS that is not in I.
Let us construct the combination

1 1 1
P],Vfl =BiP + ZPN_I = <4BO — 231) D+ BC

it is clear that P),_; doesn’t belong to I unless it is identically 0, that is,
By = By = 0. In this case Py_; is also 0, against the hypothesis. So P\,_,
is in ker S and not in I. Let us construct now the combination

1

1
433 —5B1Bo - BiC.

1 1
Py = (430 - 231) Py_1— Py By =

Since Py € kerS and Py does not contain D, by the injectivity of p we must
have Py = 0, that is

1 1
ZBg — B = 513130.
Similarly if we construct

1

1 1 1
P\ = Py_y (430 — 231> — P\_1B1 = ZB% — 5 BB - BiC.

P}, must also be 0, so we have that
1
4

It follows that B and By commute. Lets us rewrite any of these two relations
as

1
B} — B2C = 5 BoBu.

(4.4) (B — B1)? = (4C +1)B}.

We show that this relation cannot be satisfied unless By = By = 0 and
this will be a contradiction. Consider the homomorphism from the (filtered)
enveloping algebra to the (graded) symmetric algebra, given by the natural
projections

T U™ — 7 =1y "D
and project (4.4) to the symmetric algebra (isomorphic to the polynomial
algebra). It is obvious that the polynomial 7, (4C + 1) is not the square of

another polynomial. It follows that (4.4) cannot be satisfied unless By =
B, =0.

Theorem 4.5.
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Proof. Immediate from the definition of D and the Lemma 4.4.

We now want to make an explicit comparison with the result of deforma-
tion quantization, let us make the rescaling

(4.5) X—hX, Y—hY, H—hH, D=HhD.

In what follows, & is a number, not an indeterminate; so we are comparing
the geometric quantization with the specialization for a value of & of the
deformation of the polynomial algebra obtained in Section 3. Notice that
with this rescaling we obtain a family of isomorphic Lie algebras

7, %] = h2X, [[,V]=—h2¥, [X,V]=hil

(and D in the center) except for i — 0 (while keeping the generators con-
stant) in which the algebra becomes abelian. Uy is the enveloping algebra
of the Lie algebra for each value of A.

The Casimir operator is

- 1/ ~~ - 1 ~
C’:2<XY+YX+2H2>.

Using (4.4), the corresponding ideal in Uy, is
(C—1Ul+h), 1=hm/2
It is enough to take c¢(h) = (I + h) to obtain the result of Section 3.

Since [ is the eigenvalue of the central element D/2 in the corresponding
representation, taking the limit A — 0 and keeping the generators constant
(abelian Lie algebra) is equivalent to take m — oo. In the physical picture
one says that the classical limit corresponds to large quantum numbers.

We want to make the following observations. By choosing different poly-
nomials ¢(h) and different values of h we obtain that the specialized C-
algebras in general are not isomorphic. In fact, it is a known result (see
[Val]) that U/(C — p1) has no finite dimensional representations when g
is not rational, hence different values of p (that is of ¢(h)) may give non-
isomorphic algebras.

We also want to remark that our deformation quantization not only gives a
subalgebra that can be specialized for any value of h (namely the subalgebra
of elements that have coefficients that are polynomials in k), but in the
special case of SU(2), SL(2,C), when h is taking certain values, realizes
the subalgebra as a concrete algebra of differential operators on the space
of sections described above.

Finally, comparing with the approach of [ BBEW], it is easy to see that
the subalgebra of observables with converging star product is the same as the
one we obtain, that is, the algebra of polynomials on the algebraic manifold.
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NONEXISTENCE OF LOCAL MINIMA OF
SUPERSOLUTIONS FOR THE CIRCULAR CLAMPED
PLATE

HANS-CHRISTOPH GRUNAU AND GUIDO SWEERS

In general, superbiharmonic functions do not satisfy a mini-
mum principle like superharmonic functions do, i.e., functions
u with 0 2 A%y > 0 may have a strict local minimum in an
interior point. We will prove, however, that when a superbi-
harmonic function is defined on a disk and additionally subject
to Dirichlet boundary conditions, it cannot have interior local
minima. For the linear model of the clamped plate this means
that a circular plate, which is pushed from below, cannot bend
downwards even locally.

The simple biharmonic function u(z) := |z|> shows that there are no
classical local maximum/minimum principles for the biharmonic operator
A? (and for higher order elliptic operators at all). On the other hand it is
known that boundary value problems like the clamped plate equation

A%u= fin Q,

(1)
a0 = 2400 — o,
ov

enjoy some positivity properties. Here ) C R? is a bounded smooth domain
with exterior unit normal v at 9€2. This boundary value problem has an
obvious physical interpretation. The solution u gives the deflection of a plate
of shape  from the equilibrium v = 0, which is clamped horizontically and
which is subject to the vertical force f. In this context there exist some
positivity results: If the domain Q is the unit disk B = {z € R?: |z] < 1}
(see [Bo]) or if © is close to the disk B in a suitable sense (see [GS1]),
then it is known that 0 £ f > 0 implies v > 0, i.e., upwards pushing yields
(globally) upwards bending. So, at least in these domains, nonconstant
supersolutions of the clamped plate equation (1) are strictly positive. Here
we call a function u € C*(Q) N CY(Q) a supersolution of (1), if it solves
(1) with some f > 0. It should be stressed that, in spite of the seemingly
quadratic structure of (1), the so called Dirichlet boundary conditions (1.b)
prevent us from iterating second order methods.
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Although existence/nonexistence of local minima is of no use for proving
positivity of solutions, it would be interesting to have a more precise infor-
mation about the shape of supersolutions to (1). So an interesting question
to ask in this context would be:

May a solution u to the clamped plate boundary value problem
(1) have a local minimum in €, although the right hand side is
nonnegative: f >0 and f # 07

There are (highly nontrivial) examples even for arbitrarily smooth convex
domains ) where the answer is affirmative, the first of which is due to Duffin
[Du]. Subsequently Garabedian could prove a striking result (see [Ga]): In
a long thin ellipse € there exists a right hand side 0 # f > 0 such that the
corresponding solution of (1) also has negative values and hence a (global
and local) negative minimum in €. For a more extensive survey on positivity
results /nonpositivity examples we refer to [GS1].

In contrast to the examples above, we shall show that it is actually possible
to exclude the existence of local minima, when 2 is a disk:

Theorem 1. Let Q = B C R? be the unit disk. Assume that u € C*(B) N
CY(B) is a solution of the clamped plate equation (1) with some 0 % f > 0.
Then u has no local minimum in B.

We remark that this is not a one dimensional result, as neither v nor f
are assumed to be radially symmetric. The radial analogue of Theorem 1
can be found in [So, Proposition 1], cf. also [Da, Theorem 2.4].

To prove the result we reduce our nonsymmetric problem to a radial one:
A possible minimum will be moved to the origin by means of a suitable Moe-
bius transform. After radialization one would obtain a radial nonconstant
supersolution, which has an interior local minimum at the origin. Due to
Soranzo’s result just mentioned this is impossible.

We feel that positivity and absence of local minima should be related.
Could one perhaps show that in those domains €2, where the Green function
for the clamped plate equation (1) is positive, solutions with 0 #Z f > 0 are
not only strictly positive, but don’t have any local minimum in 2, too?

However, here we are restricted to the disk. Neither the proof of Theo-
rem 1 below nor the proof of our positivity result for domains close to the
disk in [GS1] seems to give any indication on how to treat such a conjecture.

We finish the introduction with a brief description of a further physical
interpretation of Theorem 1. Let the velocity field (v1, v2) and the pressure p
be a solution of the linear Stokes system in B C R? subject to zero boundary
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conditions and an exterior force field (F, F»):

—Avj +py; =F; in B, j=1,2,

(2) Vi + Vo2, =0 in B,
vj|0B =0 ji=1,2.
Then for the stream funtion v : B — R, g, = —v2, Uz, = v1, normalized

by the condition u|0B = 0, Theorem 1 yields: If the vorticity F5 gz, — Fi 4,
of the force field is nonnegative (and not identically zero), then the stream
function cannot have a local minimum in B. That means that around an
interior rest point of the velocity field the fluid cannot rotate clockwise
provided the vorticity of the force field is nonnegative. According to the
above mentioned example of Garabedian [Ga] this could actually happen
e.g., in a long thin ellipse.

Moebius transforms. In what follows we will identify R? and C and use
real and complex notation simultaneously: = = (x1,x2) = x1 +ix2. The dot
“.” denotes the multiplication in C: a-x = ajz1 — agwe + i(a1z2 + agwy),
while we use brackets for the scalar product in R?: (a,z) = ajz1 + asze. In
case of holomorphic mappings h we denote the complex derivative by h'.
For a € B we consider the biholomorphic Moebius transform
_ _ a—x
(3) h:B — B, h(x)_l—a-:c
and its inverse h~' = h. We have h(B) = B, h(0B) = 0B, h(0) = a,
h(a) = 0. We know from Loewner [Loe] that Moebius transforms as in
(3) and suitable simultaneous transformations of the dependent variable u
leave the biharmonic equation invariant. As we are interested in biharmonic
inequalities we need a slightly more precise information:

Lemma 1. Let u € C*(B,R). For some a € B we consider the Moebius
transform h from (3). For the C*-function v defined by

1
W O e
we have

(5) A%u(z) = [I'(2)]* (A%u) (h(z)), =€ B.

u(h(z)), =€ B,

Proof. Instead of the real variables z1, z2, we use the complex variables x, T

and also z = h(z), z = h(z) = £=%.

One has 1 () = 0, A {a) =01 = foh (o) = =L and

2 _
—1 2
o % = —" p(z).

h,/(x):(l—d‘a})?) l—a -z
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In complex notation we have

(1—]af?) v(z,7)=(1—a-2)(1—a-7) u(h(a:),h(x)).

Then
(1 — ]a|2) Vgy (2, T)
= 2a(l—a-D)WNu+(1—a-2)(1—a-7) ((h’)2 Uss -I—h”uZ)
—(1-a-2)(1-a-2) () ..

and similarly

(1—1al?) vewzz (2,2) = (1—a-2)(1—a-z) (1) (W) vszs
= (1 — |CL|2> ‘h/‘3uzzgg
and the relation (5) follows by A%u = 16u,.z5. O

Proof of Theorem 1.

Let u € C*(B) N C'(B) be a solution of the clamped plate equation (1)
with = B and 0 # f > 0. We assume by contradiction that u has a local
minimum at a € B.

From u we want to construct a radial superbiharmonic function with
homogeneous Dirichlet boundary conditions, which would also have a local
minimum. According to [So] that will be impossible.

Before we may radialize the solution, we will move the point a, where

u has a local minimum, into the origin. For this purpose we consider the
Moebius transform (3) and define v € C*(B) N C1(B) according to (4):
1 _
v(x) = u(h(z)), =€ B.
W/ ()]

By means of (5) from Lemma 1 we see that v solves a related clamped plate
equation

A?v = |W?(foh)in B,

ov

Now we radialize. As radialization and the Laplace operator commute, we
see that the radially symmetric function

1
= — v (|z|€) dw
= IRICOREG

is also in C*(B) N C*(B) and solves the Dirichlet problem
A’w =g in B,

(6) w(x) :

(7)
wloB = 2% o8 = 0.
ov
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Here we have set

,_i 13 o T B
9@) = g [ (1 (7 o) (elE) o).

Obviously we have 0 # g > 0.

Due to the dilation factor ﬁ in the definition (4) of v it is not clear
whether or not v has a local minimum in 0. But for the radialization w this
is indeed the case. Using that u has a local minimum in a, we conclude for
|z| small enough:

1 1

w(r) = o m:lmu(h(mf)) dw(§)

R I e R a,€) dw
(>{ R R Jga 0 (@}

021/'2
1?U#wazlfmﬂmﬁwabmwmnzmm

v

Here we used that u(a) > 0, which follows from f > 0 and from the positivity
of the corresponding Green’s function in B, see [Bo].

Let us sum up what we have shown. From our assumption that v has a
local minimum in some point a € B we could conclude that there is a radial
supersolution w of the clamped plate equation (7) with 0 # ¢g > 0, which
has a local minimum in 0. (If @ # 0, this minimum would be even strict.)
We obtain a contradiction by a result of Soranzo [So, Proposition 1] (cf.
also [Da, Theorem 2.4]), according to which w is strictly radially decreasing
in |z| € (0,1). O

Remark. The same method applies to solutions of the clamped plate equa-
tion
A%y = f in B C R?,

u|8B = 0, <y> ‘aB =¥,

where the boundary datum ¢, as well as the right hand side f, is assumed
to be nonnegative (and one of these two not identically zero). It may seem
unsatisfactory that the solution itself has to be prescribed homogeneously
on 0B, but also in [GS2] this boundary datum played a special role. There
we were concerned with a perturbation theory for positivity in generalized
clamped plate equations under inhomogeneous Dirichlet boundary condi-
tions.

(8)
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ments on a first draft of this paper.
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THE SPECTRUM OF AN INTEGRAL OPERATOR IN
WEIGHTED L, SPACES

MouraD E.H. IsmMAIL AND PLAMEN C. SIMEONOV

We find the spectrum of the inverse operator of the g-
difference operator D, . f(x) = (f(z) — f(gx))/(x(1 — q)) on
a family of weighted L, spaces. We show that the spectrum
is discrete and the eigenvalues are the reciprocals of the ze-
ros of an entire function. We also derive an expansion of the
eigenfunctions of the g-difference operator and its inverse in
terms of big g-Jacobi polynomials. This provides a g-analogue
of the expansion of a plane wave in Jacobi polynomials. The
coefficients are related to little g-Jacobi polynomials, which
are described and proved to be orthogonal on the spectrum
of the inverse operator. Explicit representations for the little
g-Jacobi polynomials are given.

1. Introduction.

The g-difference operator D, is defined by

fx) — flgz
(1.1) Dyof(z) = M
We shall use the following notations for finite and infinite products:
n—1
(z;9)0:=1, (2:qQ)n:= H(l —¢’2), n>0 or n=oo,
j=0

S

(21,22, -+ y 253 Q) = H(zk;q)n, n>0 or n=oo.
k=1

The infinite product is defined for |¢| < 1.
A basic hypergeometric series is defined by

A1y ., Qp
7‘¢S
( bi,... b

_ Z al, RN C])n o ((_1)nqn(n71)/2> 1+s—r '

Qablv'-- Saq)n

4, Z) =r¢s(ar, ... ,arib1, ... bsiq, 2)
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Let t = (t1,t2) € R?. The big g-Jacobi polynomials of Andrews and
Askey, [2], are defined by

(1.3)

1 atitaq™ !, ta
pn(aj,t) :pn(x, t17t2) = 3¢2 < q ’ 129 1

tla atq

q,q>, 0<g<1

and are orthogonal with respect to the measure u(x,t), [3, p. 594], [6],
defined by

) ()

1.4 r,t) = —7"—
4 wle ) (t17, 275 @)oo
where for a < 0, (@ is the discrete probability measure
- q" q"
15) pl) = [ Sqn + Saqn
(15) 2 (4,9/a:)n(a; 000 (4,005 @)n(1/a; )00

n=0

In (1.5), 0, denotes the unit measure supported on {z}. The orthogonality
relation is, [3], [6],

(1.6) /Rpm(a:,t)pn(a:,t) dp(z,t) = omnén(t),

where

(L7 &n(t) = (g t2, ata, atitaq" " @)n(atit2g®"; q)oo (—at2)ngn=1/2,
(t1, at1, ta, ate; @)oo (1, ati; @)n

Furthermore, (1.3), (1.6), (1.7), and the symmetry of x in ¢; and ¢y imply

the symmetry relation

_ t?(t% ata; Q)n

 ty(t, at1; @)n

We shall use the following g-analogue of the Chu-Vandermonde sum, [4,
(I1.6)],

(1‘8) pn(x§ t17t2) pn(x;tg,tl).

(1.9) 201(¢ ", b;¢¢,q) = mb",

and its special case (b = tox, ¢ = taq' ™" /t1)
(1.10) (1123 9)n = (t1/t2; Q261 (a7 " tas t2q" " /1154, 9).-
Letting t; — oo in (1.10) with t3 =t we obtain
n .
(1.11) g =" m (=1)7q®) 0D a3 9);,
q

j=o V7

5, Tt 0

where
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are the so called g-binomial coefficients.
We shall use Euler’s identities, [6],

(1.12) eql2) = — =Y T, <,

q
(1.13) Ey(2) = (i) = 3 )
and the terminating version of the g-binomial theorem, [6],
“n] ;
1.14 Q) = ) =2y
(114 G =2 [1] (@
j=0 q
We shall also use the following identity
(A;9)n
(A5 @Ok

The following theorem of H. Schwartz, [13], plays an important role in the
spectral analysis in Section 2.

(1.15) (¢ A: @), = (—1/A)kq(3)+r(-m)

Theorem 1.1. Let {py . (z)} be a family of monic polynomials generated by

(1.16) poy(z) =1, pi(z) =2+ By,
(117) pn-{—l,u(x) = (.%' + Bn—f—u)pn,y(fb) + Cn—i—l/pn—l,u(x), n > 1.
If both
(1.18) Z |Bptv — | <00 and Z |Crp| < 00
n=0 n=0

hold, then x"py,(—f + 1/x) converges uniformly on compact subsets of the
complex plane to an entire function of x.

The paper is organized in six sections. In Section 2, we study the eigen-
functions of the right inverse operator of D, , on the space La(u(-,qt)).
This right inverse operator will be denoted by 7¢. The operator 7¢ is de-
fined first on the big g-Jacobi polynomials and then extended by linearity
to La(p(+, qt)), in which the big ¢-Jacobi polynomials are complete. The
operator 7¢ is also a discrete integral operator. The rest of the paper is de-
voted to the study of the properties of 7¢ and its eigenfunctions. It turns out
that the matrix representation of 7¢ in the basis formed by the big ¢-Jacobi
polynomials is tridiagonal. This gives a three-term recurrence relation for
the coefficients in the expansion of the eigenfunctions of 7¢ in big ¢-Jacobi
polynomials.

In Section 3, we find the polynomial solution of the recurrence relation
for the coefficients in the expansion of the eigenfunctions of the operator 7y
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from Section 2. The recurrence relation is identified with that of the little
g-Jacobi polynomials.

In Section 4, we find the expansion of the formal eigenfunctions of the
operator Dy, on the space La(p(-,t)) in terms of {p,(x,t)}. The first co-
efficient of the expansion is used to determine the spectrum of the inverse
operator 7¢. This eigenfunction expansion gives a discrete g-analogue (on
a g-linear lattice) of the well-known expansion of a plane wave exp(iAz) in
Jacobi polynomials.

Section 5 contains asymptotic properties of the orthogonal polynomials
found in Section 3 and a formula for the Stieltjes transform of the measure of
orthogonality. We prove that the measure of orthogonality is purely discrete
and we identify the location of its masses with the discrete zero-set of an
entire function and show how it is related to the spectrum of the operator
;.

The paper concludes with Section 6, where we find the connection coeffi-
cients between families of big g-Jacobi polynomials corresponding to differ-
ent values of the parameter t.

2. The Spectral Analysis.

Let t = (t1,t2). By gt we shall denote the pair (gt1, gt2). The Hilbert space
Lo(u(-,t)) is defined through the standard dot-product

(f,g) = /f o(&) du(z, ¥),

1/2
La(pu(-,t)) = {f A LaGuce)) = (A\f(@?@(%ﬂ) < 00}-

Let 7¢ denote the right inverse operator of Dy, on Lo(u(x,t)), that is, 7
is a linear operator from La(u(z, gt)) to La(p(z,t)) such that D, .7 is the
identity operator on the range of Dy, acting on Lo(u(z,t)). From (1.3) and
(1.1) we find

and

1-n _n —a n—1
1) Dyl = M e

=: op(t)pn—1(z, qt).

Thus we require 7¢ to satisfy

oo

(2.2) Teg(z) ~ D (9n/on+1(t)) Puta (2, t)

n=0



AN INTEGRAL OPERATOR 447
if
oo
(L‘) ~ Z gnpn(xa qt)'
n=0

The operator 7¢ can be expressed as an integral operator as well. From the
orthogonality relation (1.6) we get

én (1qt) /R g(u)pn(u7 qt) dﬂ(u, qt).

Substituting in (2.2) and formally interchanging the order of integration and
summation we get

gn qt UnJrl(

gn =

The sum in (2.3) is the kernel of the integral operator 7.
We now consider the eigenvalue problem for the operator 7¢, namely

(2:4) Teg = Ag,  g(x Zan t)pn(, t),

with g € La(p(-,t)) N La(u(+, qt)). The function g can be expanded in terms
of the polynomials {p,(z,t)} since they are dense in Lo(u(-,t)). Further-
more, (2.2) implies ag(\, t) = 0 since g is in the range of T¢.

We will need a connection coefficient formula of the form

t) =D cny(t)ps(, qt).
j=0

Such formula we can get using a simple duality theorem, [15, Theorem
2.5]. Let p be a measure, w and p, weight functions, and {p,} and {g¢,},
polynomials orthogonal with respect to wu and pu, respectively. Let a,, =

[ |pn|?wdp and B, = [ |gn|?pdp. If

w(@)pa(@) ~ p(x) Y cngaj(x), then go(z) =D (Bn/ar)crnpr(z).
j=n k=0

n
Indeed, if ¢, = Y dpipr, then dpp = (/o) [ guprwdp = (Bn/ak)chn.
k=0
Moreover, if w/p is a polynomial of degree s, then ¢, ; = 0 for j > n + s.
In our case with w(x) = 1/(zqt1,xqte;q)eo, p(x) = 1/(xt1,xt2; )00, and

1= '@ we have w(zx)/p(x) = (1 — tyz)(1 — tox). Thus

(2'5) pn(xat) = Z Cm,n(t) (’Sn(t)/fm(qt))pm('xa qt)a n >0,

m=n—2
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where the coefficients {cp, ,(t)} satisfy the equation

n—+2

(2.6) (1= t12)(1 — tax)pn(z, qt) = Y cnp(t)pr(z,t), 1 >0.
k=n

The coefficients in (2.6) can be computed explicitly. Comparing the coeffi-

cients of "2 in (2.6) we get
2.7)

(g atiteq" T q)n (b1, att, ¢ q)nao qn(—qtﬂnq( )
Cnmt2(t) = t1te

(q"2, at1taq™ L Q)nss (qt1, aqty, ¢, Q)n g2 (— tl)n—l—Qq( %)

_ (-t —at))(1 — t1g"")(1 — atag"™"?) (ta/t1)q"
(1 — atitaq® 1)1 — at1taq®™+2) 2

From (1.3) and (1.8) we have p,,(1/t1;t1,t2) = 1 and

Pm(1/t2;t1,t2) = t1"(t2, ata; @)m /(5" (L1, at1; Q) m)-

Substituting in (2.6) = first by 1/¢; and then by 1/t we obtain

(2.8) Cn,n(t) + Cn,n+1(t) + Cn,n+2(t) =0,
29) Cn,n(t) + ancn,n+1(t) + anan+1cn,n+2(t) =0,
where

tl(l - tzqn)(l — atgq”)
tg(l — thn)(l — ath”) '
From (2.8) and (2.9) we obtain

Qy =

an(an+1_1)
2.1 nn(t) = ——MM8M=
@10) en(t) = 2

_ (L =t)(1 —atr)(1 — tag")(1 — atog")
(1 — at1t2¢®™)(1 — atytag®™ 1)

Cn,n+2 (t)

Applying D, . to both sides of (2.4) and using (2.1) and (2.5) we obtain

D(I,m()‘g(x)) =A Z an(>‘a t)an(t)pnfl(xa qt) = g(IL‘)

n=1

Z am(>‘v t)pm($, t)

3
I

[
(]2
S
s

t) Y (Em(t)/&(at) cjm(t)p;(z, qt).

-2

3
I

J
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The above identity implies that the coefficients {a, (), t)} are generated by

(2.11)
n+1

Aan (A, t)o,(t) = Z (Em(t)/En—1(qt)) cn—1m(t)am(A, t), n>1,

m=n—1

ap(A,t) = 0 and aj(A, t) # 0 is arbitrary. Formula (2.11) and the initial
conditions show that an(A,t)/ai(A, t) is a polynomial of degree n — 1. We
set

am-1(A, 1) 1= Em(t)am (A, )/ (E1(t)ar (A t)), m =1,
a—1(A,t) :=0 and ¢y m(t) := (1 —t1)(1 — at1)épm(t). Since

on(t)én—1(gt) _ (1 —t1)(1 — at1)

&n(t) - —ati(l-q)

formula (2.11) can be written in the form

n+2
(2.12) Ain (A1) = —ati(1 = q) Y énm(t)am-1(At), n>0.

In terms of the variable n and the functions by, (n,t) defined by

ni=-M(ati(1—q)) and bu(1,t) = am(—ati(l - q)n,t),
formula (2.12) can be written in the form

(2.13) M5a(1.8) = 3 Gum(O)Bma (1,), n >0

with the initial conditions

bfl(nat) =0, b0(777t) =1
From (2.10), (2.7) and (2.8) for the coefficients we obtain

_ _ (1 —t2q™)(1 — at2q™)
2.14 = t) = "
( ) Cn,n C”JL( ) (1 _ at1t2q2”)(1 _ at1t2q2n+1)q ’
(1—t1g") (1 — at1g™ )ty 7
1-— at1t2q2"+1)(1 - at1t2q2”+2)t1 ’

(2-16) 5n,n+1 = 6n,nJrl(t) = _(5n,n(t) + én,n+2 (t))

(215) én7n+2 — én7n+2(t) == (

It is convenient to have (2.13) written in monic form. Let

bm(77> t) = Gm(t)bm(na t)'
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From (2.13) we have

Cn nan t ~
Mo 6) = A 0,0) 4 2t
En n+2Gn+1(t)
A B e B >
+ Gn(t) bn+1(77:t>a n - 07

which is a monic equation if the coefficient of b,41(n,t) is 1, that is, if
Gn41(t) = G (t)/énnto. In this case

n—1
Gn(t) = Go(t)/ [] &2 n =1, Golt) #0,
j=0

and (2.13) takes the form

(2.17)
nbn(n’ t) = bn+1 (773 t) + én,n—i—lbn(ny t) + én,nén—l,n+1bn—l(na t)a n > 0.

We set by(n,t) = Go(t) = 1 and b_1(n,t) = 0. When the coefficients in
(2.17) are written explicitly in terms of ¢, t2, and n, we obtain

(1 —t2¢™)(1 — ataq™)
2.18) b t) = "
( ) 7L+1(777 ) (77 + (1 _ at1t2q2n)(1 _ at1t2q2n+1)q

(1 — thn+1)(1 — ath”Jrl)tg nYp ( t)
(1 — at1t2q2”+1)(1 — at1t2q2”+2)t1 1 n ATl
(1 —t1¢™) (1 — at1g™)(1 — t2q™)(1 — ataq™)ts

2n—1
- bu-1(1,).
(1- at1t2q2n71)(1 — at1t2q2”)2(1 — at1t2q2n+l)t1 q n-1(n,t)

We now apply Schwartz’s theorem (Theorem 1.1). With B,(t) =

—t1Enni1(t), Cu(t) = =130 (t)En_1n11(t), and bu(n,t) = t7b,(n/t1,t),
(2.18) takes the form

bus1(n,8) = (0 + Ba(t))bu(n, ) + Cu(t)by—1 (1. t), 1 20.

Furthermore, by (2.14)-(2.16) we have B,(¢"t) = Bpt,(t), Cp(¢"t) =
CTL+1/(t)7

D IBu(t)] < oo, and > [Cu(t)] < oo
n=0 n=0

Then by Theorem 1.1, 1b,(1/n,t) = (t17)"bn(1/(t1n),t), or equivalently,
n"b,(1/n,t) converges locally uniformly in the complex plane to an entire
function of 7.
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3. The Polynomial Solution of the Recurrence Equation for the
Coefficients.

In this section we solve recurrence equation (2.18):

(31 bai(n,t) = 0+ Bna")bn (0 t) = g™ ba(n,t), 0 >0,
with b_1(n,t) =0, by(n,t) =1, and

(3.2)
On =
(3.3)

(1= t26")(1 — ataq") (1= tag™ (1L — atsg" )ty
(1 — atitag®")(1 — atitaq®+1) (1 — atiteg®™+1)(1 — atitag®*+2)t,’

(1 —t1g™) (1 — at1¢™)(1 — taq™)(1 — atag™)ta
(1 — at1t2q2”—1)(1 — at1t2q2”)2(1 — at1t2q2”+1)t1 '

The coefficients 3, can be simplified. We have

t1(at1t2q™"; q)3B = t1(1 — taq™)(1 — ataq™) (1 — atrtag®*?)

+ta(1 — t1g" ™) (1 — at1g™) (1 — atitaq®™)

=1 (1 — (1 + a)taq™ + at3g®™ — attag®™ 2
va(l+ a)tltqu”H . a2t1t§q4n+2)
+ta (1= (1+a)t1g"™ + atig® " — atitag™
+a(l 4 a)t?tog® 1 — azt?t2q4n+2)

= (t; + t2)(1 — a®t32¢"2) — (1 + a)tit2¢"(1 + q)
+a(1 + a)B3t3¢°" (1 4 ¢)

= (1 — at1tg® ) ((tl +t2) (1 + atitag® 1)
—(1+a)(1+ q)trtzq") .

Therefore,

(t1 + t2) (1 + at1t2¢® ) — (1 + a)(1 + q)t1taq™

3.4 =
( ) Bn (1 — at1t2q2”)(1 — at1t2q2”+2)t1

Recurrence relation (3.1) can be identified with the recurrence relation of
the associated little g-Jacobi polynomials, [5]. The latter work gets the
little g-Jacobi polynomials as limiting cases of the associated big g-Jacobi
polynomials and does not give an explicit representation for the polynomials.
Theorem 4.1 below provides an explicit representation for the little g-Jacobi
polynomials.

We shall use (3.1)—(3.4) to find the coefficient 3,1 of "~ in by,(n,t)
and to guess the structure of the polynomials b,(n,t). From (3.1) we get
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n—1 .
Brn+1,n = Pnq" + Bn,n—1 which implies 38, ,—1 = > £;¢’. From (3.4) we have
§=0

1-— at1t2q2j - 1-— at1t2q2j+2
1 1
1-— atltngj 1-— at1t2q2j+2

a(l — q)hﬁjqj =a(t; + tz)qj ( ! g )

~a+a( ) = Rla') - Rl
where
_alti+ta)z— (1+ a).

R
(Z) 1— at1t2z2

Then (3, ,—1 becomes a telescoping sum and we find

a(l = q)t1Bpn—1
= (R(1)+1) = (R(¢") + 1)
a(l —tl)(l —tg) a(l —thn)(l —tgq”)
(1 — atltg) (1 — atltqu")
_a(l—t1g")(1 — t2q") < (U =t) (1 = ) (1 — atitag®™) )
(1 — atit2g®") (1 —atitz)(1 —t1q")(1 —taq") )

The coefficient 3,,,-1 can be written in a form that resembles similar for-
mulas for the Wimp polynomials from [16] and their g-analogue from [8]:

(=g )= "/t) (o
1 —q)(1—q 2 /(atits)) "

o < (g1, 1, to, atrtag®; Q)1Q>
(atito, t1q™, t2q", q; q)1

(35) Bn,nfl - -

The analogue of these polynomials that solves (3.1) is defined below.

Theorem 3.1. The polynomials b, (n,t) defined by

n

(3.6)  ba(n,t) = JZO EZ_:/;/C(];;ZZ;Z;Z (—aty) Iy

I tq, to, atqt
X4¢3<q 1, U2 1l29q

2n+1—j

t1q" I tag" T atyty

q,q>, n=>0

are the solutions of the recurrence relation (3.1)-(3.4).

Proof. The proof is similar to the proof of Theorem 4.1 in [9]. Let b, (7, t)
denote the polynomial on the right-hand side of (3.6). We shall demonstrate
that b,(n,t) satisfies (3.1).
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The polynomials by, (n,t) can be written in the form

6 Bt =Y ”]ﬁé Dtk
' U 2077 — (at1)) (g, atita; q)
(g7 "/t1,q " /tasq);  (atitag® 195 q)k (a7 @)rd”
(t1g" 177 gt 05 q) (g7 (atit2); ) (459);
! I (t1,t2; @)k g a)

n—j (_1)
e kz (at1)? (g, atite; Qr (g,q47%"/(atata); @)k

<.

I
NE

<
- 1
o

J
=: AkB§71)k( 1/t ak=Ingn=i,
§=0 k=0

3

where we applied formula (1.15) with A = 1/(t1¢"), 1/(t2q"), 1/(at1t2¢*"),

and ¢, and we defined

_ (it

(g, atita; @)k’
g . ("t a7" b a)s
s —2n . :
(Q7q /(at1t2)aQ)s

We separate the leading term 5"t and write by, 1(7,t) in the form

n J
(3.8)  bupa(n.t) =7 | bl S ARBY G I (<1 /)
7j=1k=0
n+l J
+ 3N 4B b (<1t )y
7j=1 k=0

= (n+ Bnq") En(n’ t) — (), t),
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where
n J
(3.9) : ZZA (=1/t;)Ignti=d
7j=1k=0
n+l j
> B aF I (1 )
j=1 k=0
+6nqn ZA 1/t )
=0 k=0
n—13j

+1
=3 ST B, (1 )y
0 k=0

j+1

R o

=S ABU I (1 )y
=0 k=

Jj=

0

n
+ 6nq"

0

J
3" ARBY I (<1 /)T
7=0 k=0

The coefficient of n™ in 7, (1, t) equals
1
> A (B = BV ) T = 1/0) + Bug”
=0

=~ {B{" = BI""} J(at) + Bua”

since Ag = 1 and B(()") = 1. Furthermore,

g _ g+l _ a (1 —t1¢™)(1 — taq") B (1 —t1g"tH) (1 — tag™)
! ! 1—¢q 1 — atytaq® 1 — atytaqg®nt2
and then

— (atitaq®; ¢P)a((1 - g)/a) { B — B}
= (1= t1¢")(1 — t2¢™)(1 — atitaqg” )
— (1 = t1¢" (A = taq™ (1 — atiteq®)
=—¢"((t1+t2)1—q)(1+ atitag® ™) — (1 +a)(1 — q2)t1t2q") .
Hence in view of (3.4) we get
(3.10) —{B" = B{"V} /(at)) = —Bug",

which shows that the coefficient of n™ in 7, (n,t) is zero. Then in (3.9) we
can replace the lower bound of the range of j by 1 and then replace j by
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7+ 1. We obtain
n—1j+1 ' . ‘
(B11)  Falpt) = Bag" > > ARBY, b I (<1t
§=0 k=0
n—2j+2 ‘ . .
30T ARBYY, a1 )
j=0 k=0
n—1j+2
+1) k—j— j —j—
SR IR i G VOV AT
7=0 k=0
Note that in (3.11) we can first separate the two constant terms, and then
in the last two double sums we can replace the upper bound j + 2 of the
range of k by j + 1 using that B(Jr)2 A B](:Sl)k =0if k = j + 2. Then we
can write

n—2 j+1

12 ) = Fot 3 A
7=0 k=0

where

(3.13) Ag") = Bg") — B§”+1) — atlﬁnq”Bi )1, s=1,...,n,

and K, is the constant term of 7, (n,t).
From (3.10) we get Agn) =0
For s € {2,...,n} we have
(3.14)
A _ @ ia)s (@ g )
(g0 (atta)iq)s (g0 22/ (atita); q)s
g " (4 t2) (1 + ¢ (atitz)) = (1 + a) (1 +q)g "' /a)
tits (1 =g 2/(at1t2))(1 — ¢~2"~2/(at1t2))
(q‘"/tbq‘”/tz;q)m
(¢, 472" /(at1t2); q)s—1
(@ "/t1,q7 " [to;q)s—1
(450)s(q72"2 /(at1t2); q)s+2(1 — g~/ (at1ts))
X {[ TS ) (1= ¢ Jt) (7R  (atate); q)e
(1—-q¢ " 1/t1)(1 — ¢ " t2) (7P (atata); q)z]
(1- 2”/(at1t2)) (¢ /(t1t2))(1 — ¢°)
X ((t1+t2)(1+ ¢ " /(atrtz)) — (1 +a)(1 +q)g "' /a)
(1— g7 /(atita)) (1 — 2" /(at1ta)) } .

X

X
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We set # = ¢ " 1/t1, y = ¢ " Lte, a = ¢, B = 1/a, S = = +y, and
P = zy. Let E; and E» denote the expressions inside { } and [ ] in (3.14),
respectively. Then

Ey = Ex(1 — ¢*BP)
—(1—a)(S(1+4¢BP)— (14 6)(1+q)P) (1 —gBP)(1 — qafP)

and

By = (1 - az)(1 — ay)(1 — BP)(1 — qBP)
— (1= 2)(1 - y)(1 — aBP)(1 — qaBP).

We now simplify Fy. We have

3.15
(E2 :) 1 —aS+a?P — (14 ¢)BP(1 —aS + o?P) + ¢6°P3(1 — aS + o*P)
— 148 —-P+(1+qapP(1—S+P)—q?3P*(1-5+P)
=(1-a)[S—(1+a)P—(1+q)BP
+(1 4+ q)aBP? + q(1 + a)*P? — qaB*P*S]
= (1-a) [S(1 - gaf?P?)=(1+ a)(1 — ¢8°P)P—(1 + q)3(1 — aP)P] .

From (3.15) and the definition of E; and Fy we obtain

(3.16)

Ei/(1-a)=8[(1-qaf*P?)(1—¢°BP) — (1 - ¢*6°P*)(1 ~ qafP)]
— P[((1+a)(1 - qBP) + (1+q)8(1 — aP)) (1 - ¢*4P)
—(1+¢)(1+B)(1 = ¢BP)(1 — qafP)]

= BlS - BQP,

where By and By denote the expressions inside the brackets. We factor B
and Bs:

(3.17)
B =1-qaf*P? — ¢*BP + ¢*aB*P? — 1 + ¢*8°P? + qaBP — ¢*a3°P?
= qBP(a+ qBP — q—afP) = qB(a — q)(1 — BP)P,
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(3.18)
By =(1+a+ (14498 -8(gB(1+a)+ (1 +q)a) P) (1 - ¢°BP)
(1491 +8) (1—g¢B(1+a)P+ ¢*ap’P?)
=a—q+8(1+a)ql+q)(1+p) —a8—¢*) — (1 +q)(a+*8) P
+@°8% (a1 + )8+ (14 g)a — (1 + g)a(1 + f)) P?
=a—q+B(1+a)g+ 8¢ — 1+ (a+8¢) P+¢*(q—a)3’P?
= —(¢g—a)+B(¢—a)1 - B¢*)P+¢* (¢ — )3’ P?
—(q—a)(1 - BP)(1+¢B*P).
From (3.16)-(3.18) we obtain

(1-a)(q iE:Jz)(l —BP) (—aBS + (1 +¢*6*P)) P

= (—gB(z +y) + 1+ ¢*B°zy) zy = (1 — qBz)(1 — qBy)zy
We recall that a = ¢°, 8 = 1/a, x = ¢ " '/t1, y = ¢ " /ta, and s €

(3.19)

{2,...,n}.

From (3.14)-(3.19) we get
(3.20)
A

_ (¢"/t1,q7 " /t2;q)s1q
(1—a)(g— a)(g;q)s—2(g72"2/(at1t2); q)s+2(1 — ¢=2"/(at1t2))
x (1 =a)(q—a)(1 = Bry)(1 - qBz)(1 — qBy)zy
(gt s q)s—0
(g, a7/ (at1ta); @) s—2
A= /t)(A —q7"/t2)(L — ¢7"/(at))(L — q~"/(atg))g "/ (t1t)
(g2 /(at1t2); q)3(1 — g~/ (at1t2))
B

= GQt%’an

At the end we used formula (3.3) for .
From (3.12) and (3.20) we obtain

n—2 Jj

(321)  Fu(n,t) = g™ 1> > B, (=1/t) "7 + Koy,
7=0 k=0

where by (3.8), K, is the constant term of
(3.22) Pa(,8) = (14 Bnd™)bn (1, t) = bus1 (1, t).

We recall that Bn(n,t) denotes the polynomial on the right-hand side of
(3.6).
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To complete the proof it remains to show that K, equals ’yan"il times
the constant term of b,_1(n,t). Let f,, denotes the constant term of by, (7, t).
From (3.22) we have K,, = 6,¢" fn, — fn+1. Therefore, it is enough to verify
that

(3.23) fn1 = Bnq" fr — ’an2n71fn—1-
From (3.6) and (1.15) we have

(@t g "/t a)(Z1)"  _ (h1, ta; 0)ng?)

3.24)  f,— .
(3:24) " (g, g7/ (atite); @)na™t} (g, atitag™ 1 q)nth "
with

_ q ", atitag™ Lt to

We shall use a recurrence formula for the Askey-Wilson polynomials (see [8]
or [12]). The Askey-Wilson polynomials p,(z; A, B,C, D | q) are defined by

(3.26)

] L ¢ ", ABCDq" 1, Ae? Ae"
pn(l‘,A,B,C,D‘Q) = 4¢3< AB, AC, AD q, 4|,
where & = cos = (¢¢ 4+ e ) /2. They satisfy the recurrence equation
A
(3.27) xpn(z; A, B,C, D|q) = 7”]7”_’_]_([1:;A,B,C,D|q)

B C
+7npn($,A,B,C,D’q)+7npn_1<$7A,B,C,D IQ)u 71207

with p_1(z; A, B,C,D | q) =0, po(x; A, B,C,D | q) = 1, and coefficients
1 - ABq¢")(1 — ACq™)(1 — ADg")(1 — ABCDg" 1)
A(l — ABCDg?*1)(1 — ABCD¢*") ’
A(l—¢")(1 = BCq" (1 — BDg"™H)(1 — CDg" 1)
(1— ABCDg?*»=2)(1 — ABCDg?*1) ’
(330) Bp=A+1/A— A, —Ch.

(3.28) A, = (

(329) C, =

As in Section 2 recurrence equation (3.27) can be written in monic form in
terms of the polynomials

m—1
dm = am(2;A,B,C,D | q) = pm(z; A, B,C,D | )27 [ [ 4;.
=0
The monic equation is
(3.31) Tqn = n+1 + (Bn/2)qn + (CnAn-1/4)qn-1, n >0,

qg-1=0,q0=1.
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We select A = /tita, B = g \/t1/t2, C = q\/t2/t1, D = a\/tit2 and
e = \/t1/ty. Then x = cos = (t; + t2)/(2v/1t2), and from (3.24)-(3.31)

we obtain

(1 — thn+1)(1 — tgq”“)(l — atltgq”)(l — atltgq”H)

. 2 An - 9
(3 3 ) M(l — atltqu”“)(l — at1t2q2”+2)
sy oy VAL a0 =)~ atg") (1~ atag)

‘ " (1 — at1teq®)(1 — atytag?ntl) ’
(3.34) B, = Vtity + 1/\/t1t - A, -C

and

n—1
(3.35) gn=2"[]] A
=0
%o ({01 + t2)/VEE); Virks, 0/t o, /B2, av/EiEa | )

_ (tig tag, ataty, atrtag; @)n , (t1q,t2q, atita; q)n
2n(tite)2(atitaq; q)an  27(t1te)™/2(atitag" L q)y
(g, atyta; q)p(ty /t2)"?
- n n:
2"q(2)

Furthermore, from (3.31) and (3.34) we have

Pn

ti+t2 tito+1 A, Oy CnAn1
3.36 il = — g, - =
( ) nt1 <2\/t1t2 2/t1to + 2 + 2 g

= (Rn/(2\/ t1t2>)qn - (CnAn—1/4)Qn—1-

From (3.35), (3.36), (3.32), (3.33), and (3.3) we get

an 4q2n—1
3.37)  fap1 =
B3 fora (1 =g 1) (1 — atitaq™ )tl (g7, atitaqn=L; q)aty [to
» 1(1-¢")(A = ¢ = atig™)(1 — ataq™)

4 (1 — at1t2q2n (1 — at1t2q2”+1)

)
y (1 —t1q" )(1 — toq" )(1 — at1toq"™™ )(1 — at1t2q”)
(1 — atthqQ”—l)(l — atthqQ”)

_ ann f Zn—lf
— (1 — qn+1)(1 — atltgq”)tl n Tnq n—1-

fn—l

To complete the proof of (3.23) and the theorem we have to show that the
coefficient of f,, in (3.37) equals 5,¢". From (3.36), (3.32), and (3.33) we
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get

(at1t2q”";q)sRn = —(1 — t1)(1 — t2) (at1t2¢*"; q)3
+(1 = t1¢" ) (1 = t2g™ ™) (1 — at1tag™) (1 — at1tag™ ™) (1 — atytag®™)
—i—(l — qn)(l n+1)(1 — ath )(1 — at2q”)(1 — at1t2q2”+2)t1t2.

Setting S = t1 + to, P = t1t2, and a = ¢" we obtain

3.38
( (atl)tngn; Q)R = —(1 = S+ P)(1 — aa®P)(1 — aga®P)(1 — ag*a?P)
+ (1 — qaS + ¢**P)(1 — aaP)(1 — agaP)(1 — aa?P)
+ (1 —a)(1 - ga)(1 — aaS + a*a*P)(1 — ag*a*P)P
=: 1S+ E3P + EsP.

The expressions {F} };’:1 are defined and factored below:

(3.39) E; = (1 —aad®P)(1 — aqa®P)(1 — ag’a’P)
— ga(1 — aaP)(1 — agaP)(1 — ac’P)
—aa(l —a)(1 — qa)(1 — ag*a®P)P
= (1 - aa?P) [1 — aqa®P — ag’a®P + d*¢Pa’ P?
—qa + aqa®P + ag?a®P — d%q a3P2]
—aa(l — a)(1 - qa)(1 — ag*a®P)P
=(1-qa)((1- ac?P)(1 — a*¢?a’P?)
—aa(l —a)(1— aq2a2P)P)
= (1 —qa)(1+a¢?a®P3 — aaP — a*¢*a*P?)
= (1 —qa)(1 — aaP)(1 — a*¢*a* P?),

(3.40)
By = (—(1 - aa?P)(1 — aqga®P)(1 — ag’a*P)
+ (1 — aaP)(1 — agaP)(1 — aa®P)) /P
= (1 —aa’P)ac(aq + ag® — ag®a®P — 1 — q 4 agaP)
= aa(l - ga)(1 — ad®P) (—=(1 + ¢) + (1 + ga)agaP)
= —aa(1—qa) [1+g—aa((1 4 g)a + q(1 + ga)) P + a’qa*(1 4 ga) P?]
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and
(3.41)

E3:= —(1—aa’P)(1 — aqa®P)(1 — ag’a*P)
+ ¢*a?(1 — aaP)(1 — agaP)(1 — ac’P)
+ (1 —a)(1 = qa)(1 + a*a*P)(1 — ag’a*P)
= (1—aa’P) (-1 +aq(l + q)a’P + ¢*a® — ag*(1 + q)a*P)
+ (1 —a)(1 - qa)(1 +a(a — ¢*)a?P — a®¢*a* P?)
= (1 —qa)(1 —aa®P)(—1 — qa + aq(1 + ¢)a*P)
+(1—ga)(1 —a) (1 +a(a—¢*)a?P — a’g*a’P?)
=(1—ga) [-(1+qa+ad’®(ql+q) +1+qa+(1—a)(a—q*))P
—a*qa*(1+ g+ aq(l — a))P?].
Combining (3.40) and (3.41) we obtain

(3.42)
(By + E3)/(1 — qa) = —(1 4+ q)(1 + a)a
+ aa? (aa—}—aqa+ aq+aq2a—|— q
+1+qa+a—aa+q2a)P
(a(1+ga)+1+q+aq(l — a))P?
)1+ a)a+ aa?(1+ q)(aga +a+ 1+ qa)P
—a’qa’*(1+ q)(1 + a)P?
)1+ a)a (1 —aa(l + ga)P + a’qa®P?)
1+ a)a(l — aaP)(1 — aga®P).
Then from (3.38), (3.39), and (3.42) we get

(3.43) (at1t2¢®™; q)3Rn = (1 — ga)(1 — aaP)(1 — aqa®P)
% ((1+aga®P)S — (1 + g)(1 + a)aP).

In terms of a = ¢", S = t1 + t9, and P = tito, (at1t2¢*";q)s = (aa®P;q)s,
hence (3.43) implies

R, - R,
(3.44) (1= — atrtag)t (1= ga)(1 — aaP)is
(1 +aga®P)S — (1 + g)(1 + )P

(1 —aa2P)(1 — ag?a?P)t; = Fn

in view of (3.4). The proof of Theorem 3.1 is complete. O
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4. The Spectrum of the Inverse Operator.

To find the spectrum of the operator 7¢, that is, to solve eigenvalue problem
(2.4) we consider the eigenfunctions of the ¢-difference operator Dg . It is
easy to see that for every A the equation Dy, f(z) = Af(z) has solution
@) = 1/(AM1 — q@)2;9)o0 = eq(A(1 — @)x). The eigenfunctions of 7y are
also eigenfunctions for D, ., in fact if g, is such that 7ygy = Agy, then
g = DyuTigs = ADqegy and therefore, g () = fu () = eq((1 — q)/A).
Hence, the eigenvalues of 7; are the reciprocals of the numbers A such that

o0

(4.1) = 2 calh Upant) € LaluC. ) 1 Lalulat)

From equations Tggx = Aga, gx = fi/x, (2.2), and (4.1) we get co(1/A,t) = 0.
It turns out that the condition cy(1/\,t) = 0 completely characterizes the
spectrum of the operator 7.

We proceed with computing the coefficients {c, (A, t)} in (4.1). Let X be
small enough so that |A(1 — ¢)| < 1. Using the orthogonality relation (1.6)
and applying Euler’s identity (1.12) to fi(x) = e4(A(1 — g)z) we obtain

N

(4.2) cpn(A\ t)&E(t / i@)pp(z, t) du(z,t) = : n,s(A, t),
= (49)s
where we have defined
(4.3) dn,s(A, t) ::/ xpp(z,t) dp(z, t).
R

By (1.6), dy, s = 0 if s < n, hence we may assume that s > n.
From (1.11) and (1.3) we have

1 g
o5 % Zas,j(t2$; Q)ja Qsj i= (*1)9(](2) j(s—1) |::| )

(g™, atitag" Y Q)qu
(t1,at1,q;q)k

pn(z,t) = > by r(tiz; @), by =
k=0

Then for d,, s(\,t) we get

dp ()
4.4 dn.s(\ t) s.ibn :
(44) ZZ“ 7 kts/ (¢"t17, ¢tam; @)oo

jOkO

ZZ“ (at1t2q"17; q) oo
- 5,7%n, kts ;

s q*t1, ¢7ta, aghty, agits; q)oo
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where (6.4) was used to evaluate the integrals. From the formulas for a, ;
and by, , and (4.4) we obtain

(4.5)
g — (a2 d)eo(gia)s
"7t aty b, ata; q)oots
S " (_1Vig(3)—i(s=1)+k( —n n—1. S
XZZ( 1)7q\2 (g7, at1taq™ ™" q)k(t2, at2; q);
s (4:9);(a: @)s—j (@ Q)r(atite; Qrj

1

AT
_ zs: (—1)‘7(1(2) 157D ¢y, ata; q); e ( q ", atitag"”
= (69)j(a:9)s—j(atit2; q); atitaq’

).

where ¢1) denotes the coefficient of the double sum. By (1.9) the 3¢ sum
is equal to

(@1 @n(atitag" )"
(at1t2g?; q)n
which is 0 for j < n. Then for s > n we obtain
(—1)7¢B) TN 15, aty; g),
= (4:0)j-n(q: 0)s—j(at1t2; @)t

)

S

(4.6) dys = c?

where ¢@ = (at1ta¢"1)"c™ and we used the identity (¢t ¢)n = (¢; q);
j

(¢;¢)j—n- Replacing j by n +1 we get

o s—n (_Ulq(";l)*(nﬂ)(rl) (t2q™, ataq™; q);

4.7 dns=c
o ’ (GG D) (s—n)—1(at1t26*"; q);

s>n,

with ¢® = (=1)"(tg, aty; q)n/(at1ts; q)2nc®. Next with p = s — n we have
P

L8Dp T (1= gy = (1)) g,

(@Dt o

and

(1)t 03)-( ) (e

Substituting these identities in (4.7) we obtain

=(5=1) toa™ atog”
(4.8) dys = 309 ( a atl’h;gn’g 207 1 g, Q) , s>,
where
(4.9)

L) ) (at1t2g"; q)oo (t2, ata; q)n (at1t2)" (g; q)sq () T~ (— 1)
s (tlv atl? t2> at?; Q)oo(q, Q)s—ntg
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From formula (1.7) for &,(t) and (4.9) we get
(1t1,OLtuq)n(q;q)sq"(”’s)tél_sg ®
(atit2g" 1, 4;Q)n(q; @)s—nt? ™"
Then from (4.2), (4.8), ( ) and (4 10) we get

(at1tag™ 1, q; @)nth

(4.10) W) =

n,

S=n
» i Q- Q)/(t2qn)) My q ", taq, atag" 4. q
pard OO atit2g*", 0 )

with & = s — n. Applying the transformation, [6],

—k —k
(7 00) - 50 )

to the 3¢9 expression in (4.11) we get

—k n n
t at
302 < ¢ qu q, Q)

atltgq
(ataq"; )k (t2q")" < Kt 1-n >
= 201 q la | .
(at1t2®™; @)k ¢ R/ (aty) /
Then the second sum in (4.11) can be written in the form

(at2q™; @)k \F i(tg" @);(a" " /t2)
4.13 .
(413) ; (at1tzq HOP Z 1 ’“ "/(at2); 0);(¢; );
Using (1.15) we obtain
—k. . . n. .
O O G T (atag™ Y.

(a' 7= /(at2);@); (a3 @)n—j(at2q"; Q)
Hence the double sum in (4.13) equals
k

00 . k '
(4.14) L—a)%) Zm (14" ) (atod"™ @)y

— (at1t2q™™, ¢; @)k =

The above formulas hold when |(1—¢)A| < 1 since in this range (1.12) can
be applied. To extend the formulas to arbitrary A we need a meromorphic
continuation of the function in (4.14). We set

1 i :
(4.15) ag(a,ty, ty) = Z[ ] (t15q)j(ata; q)p—ja’,

(atita, ¢; q)k =

(4.16) A(z;a,ty,t2) Zak a,ty,te)z k. |z| < 1.
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Note that the sum in (4.14) equals A((1—q)A; a, ¢"t). For |z| < 1 we consider
the product of the functions (z,az;q)s and A(z;a,t1,t2). Using (1.13) we
get

—k

("2")
(4.17)  (2;9)ecA(z;a,t1,t2) = Zz (Zak a,ty,to) 2 q)q ) .

The coefficient of 2™ in (4.17) equals

(4.18)
- N (t1; 9);(ata; )0’ (—1)”*%("?)
k:z=0 yz—:o Mq (atit2, q; @)k (& Dk
B Tt A € Ty I e W e et
_j (atqta, q; Q) (@5 @)n— (VX::O[ v L (atitaq?; q), >

with v = k — j. The sum over v in (4.18) has the form
- m (a;Q)V _1\m—v (m_")
> [7] eyl

(N,
(1 ;} B.a:a)

= (~1)"q(2) 5y ( q_n;’ “ ‘ 7 q)

_ (_ymg(m) Bl Dm
(=1 Bi@)m

where we first used the identity
m+1\_ (m—v+1 _
(4.19) (¢ D/ (@ Dmv = (=1 ")~ (g7 g),,
and then (1.9). Then the coefficient of 2™ in (4.17) given with (4.18) equals

(4.20) Zn:( (t1 9)j07 ‘(_1)n—jq(";j)(thj§Q)nfj(at2)n_]

o (at1t2, 4;9);(4 @n—; (at1taq?; q)n—;

 (t@ea” [ n " . (t1,t25q)na
~ g 2o o] A = G2

ni= =il (atits, ¢;@)n’

where we applied (1.14). From (4.17) and (4.20) we get

th t
(4.21) (2 0)ooA(21 0,11, 1) = 2601 ( atats

q, az) , az| < 1.
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From (1.13) and (4.21) for z such that max{|z|, |az|} < 1 we have
(4.22) (2,025 9) 00 A(z; a,t1, t2)

S (S (bt (—1>m-’fq<'"2"'>>amzm
> (3 et o)

— (atite, @)k (¢ Dm—

2 (~1)mq(?) Moyt

- Z N 302 ( qatlt; 0 2
) (ta; ¢)rm o at

= Z_ 2 ¢1 ( lfm;lt;

atltz,q q)

q q> a™zm

o,

where we applied (4.19) and (4.12). Next, from (1.15) we have
(™™ a);  _ (G Dmt2@)m—
(@' =" /t20); (4 @m—j (25 @
which combined with (4.22) yields
(4.23)

2 (—ty)mg(%)
(Z,CLZ; Q)OOA(Z;a,tl,tQ) = Z %

y (atito; @)m

L(ta/q),

m=

m

atl q t27 )m 7 ™M
Z q)(qq)mj(t/t) '

Jj=

Clearly (z,az;q)so is an entire function of z. Furthermore, the right-hand
side of (4.23) is an entire function of z, and in an open neighborhood of z = 0
it coincides with the function (z, az; ¢)sA(2; a, t1,t2). Hence a meromorphic
extension of A(z;a,t1,ts) to the complex plane can be found by dividing the
right-hand side of (4.23) by (z,a%;q)sc

The main results of this section can be described with the following two
theorems.

Theorem 4.1. The coefficients in the expansion formula for the eigenfunc-
tion fa(x) = eq(A(1 — q)x) in terms of big q-Jacobi polynomials {p,(z,t)}
are given by
(4.24)

1 (t1, at1; ¢)n(1 — )"
(L= a(l = q)X; q)oo (atrtaq™ ", q; @Int]

> (—t1g") ’”> " (atrq; )i (taq™ Qmg (t2)’
— (1 — q)™ ™,
. Z (atitaq®™ Z j 131 a1 =aq)

e = (©9i(@Dm-

cn(At) =
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Furthermore, the coefficients {c, (A, t)} satisfy the recurrence equation

(4.25)
n+1
on(t)en(A t) = A Z (Em(t)/En—1(qt)) cn—1m(t)em(A,t), n =1,

m=n—1

where {cpm(t)}E2 are the coefficients defined with (2.7)-(2.10).

m=n
The spectrum of the inverse operator 7¢ is described in Theorem 4.2.

Theorem 4.2. The function fx(x) belongs to the space La(pu(-,t)) for every
A that is not a zero of ((1 — q)A, a(l — ¢)A; ¢)co-

The spectrum of T, the inverse operator of the q-difference operator Dy ;,
acting on the space La(u(-,t)) N La(u(-, qt)) is the set of the reciprocals of
the zeros of the meromorphic function co(\,t).

Proof. From (1.6), (1.7), (4.1), and (4.24) it immediately follows that
AN a0y = D en(A1)%6n(t) < o0
n=0

for all A such that 1/((1—¢)\) ¢ supp (u(a)) and all parameters t for which
the function co(A, t) is well-defined. This is due to the presence of the factor
q(g) in §,(t). Furthermore, 7Tggy = Agy implies gy = f1/) and co(1/A,t) = 0.
Hence ¢o(1/A,t) = 0 is a necessary and sufficient condition for A to be in
the spectrum of the operator 7. O

5. Asymptotic Properties of the Polynomials {b,(n,t)}.

In Section 2 we applied Schwartz’s theorem to prove that the sequence
{n"b,(1/n,t)} converges locally uniformly in the complex plane to an en-
tire function. The recurrence relation (2.17) has bounded coefficients, hence
the polynomials {b,(n,t)} are orthogonal with respect to a unique measure
(-, t) with compact support, [1], [14]. From Markov’s theorem, [15], the
Stieltjes transform of ¢(-,t) is given by

de(u,t) .. b(z,t)
1 SaaSe R,
(5.1) A u A b (1) z ¢ R,

where {b}(n,t)} is the solution of (2.17) or equivalently, (3.1) satisfying the
initial conditions

by(n,t) =0, bi(n,t)=1.
We observe that 3,,(t) and ~,(t) defined with (3.4) and (3.3) have the prop-
erty

(5'2) ﬁnfl(qt) = ﬁn(t) and 'Ynfl(qt) = 7n(t)'
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From (3.1) with n, t and 7 replaced by n — 1, ¢t and 7n/q, respectively, we

get

(5.3) bn(n/q,qt) = (n/q+ Bn-1(qt)q" ") bu1(n/q, qt)
—Yn-1(g6)q*" b 2(n/q, qt).

Multiplying (5.3) by ¢" and using (5.2) we see that

(54) b:(na t) = qnilbn—l(n/Q7 qt)a n > 0.

We now study the limiting behavior of "b,(1/n,t) as n — oco. For each
fixed j the 4¢3 expression in (3.6) is bounded by M (t)1¢0(¢~7; —; ¢, —¢q) and
the coefficient of the 4¢3 is bounded by My (t)[n/t117¢?=1/2/(¢;q);. Here
both M;(t) and M (t) are positive and depend only on t. The following
estimate

>

7=0

n
ty

. i/t <~ (2 (—1; @)oo
201(q7’ Z 74 Z( o = Tnftil:

4 9)j—

7

holds for n with |n| < |¢;|. In the last inequality we used Euler’s identities
(1.12) and (1.13). Hence for |n| < |t1], Tannery’s theorem (the discrete
version of the Lebesgue dominated convergence theorem) can be applied.
Using formula (3.6) we get

q, Q>

(t1,t2; q)rq" i q7; Q)kq( )(77/151)

(atita, q;q (q q)

o .
] _ q T]/tl q7]7t11 t2
(5.5) Jggon (1/n,t) = Z o, 392 ( atite, 0

]:

M I T

t17t27 77/t1 Z q 77/151 J k
a/tth:q q jzk q q ] k

q, _77/t1> ’

ET‘

=0

(. ) t1, t2
_( n/t17Q>oo2¢1 ( atity

where we also used (1.13).
From (5.1), (5.5), and (5.4) for z ¢ R we get

t —n n—lb B t
(5.6) /dw(u,): lim 24" bn-1(2/d,qt)
R Z—U  noo 27"y (2,t)
_ 201(qt1, qtas atitag®; g, —1/(t12)) 12| > 1/]t]
22¢1(t1,t2;at1t2;Qa_1/(t1’z)) ’
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An analytic continuation of (5.6) can be found using the Heine transforma-
tion [4, (II1.1)],

(5.7)

201(A, B; Ciq, 2) = D AT (0B, 7, 42:0.B), 120,1B] < 1.
(C,Z;q)

From (5.6) and (5.7) we obtain
(5.8)

/ dp(u,t) (1 —atita)(1 — atitaq) 2¢1(aqty, —1/(t12); —q/2; q, qt2)

R Z—Uu (1—1t2)(2+1) 901(aty, —1/(t12);—1/2;q,t2)

The Heine transformation also provides an analytic continuation of formula
(5.5).

Formulas (4.11)-(4.16), (4.22), and (5.5) imply
(5.9) co(rt) = A((1 f (J))\ a,t) = (1 = @A a(l - g)A; q)x

. q 1—(1))\) —j
x> (@:9); 302(q7 t1, 2 atita, 05¢, q)

=0
1 l1, t2
RGN ( atyty
From (5.6) and (5.9) we obtain

(5.10) /R do(u,t)  co(—1/(a(l — q)t12), qt)

ol = gn).

i—u zeo(—1/(a(l — q)t12),t)
The co-functions in (5.10) have no common zeros. This can be seen as
follows: Assume that co(Ag,t) = co(Ag, gt) = 0 for some Ag. Formula (4.11)
implies

(1 - atltgq”)(l - qn+1)t1
Aqt) = At).

Cn( 7q ) (1—t1)(1—at1)(1—q))\cn+1( Y )
Then our assumption implies ¢1(A\g,t) = 0 and from the three term re-

currence equation (4.25) we get ¢,(Ag,t) = 0 for all n > 0. But then by
Theorem 4.1,

eq(Mo(1 = g)z) = (Mo(1 — @)z 9) ch X0, t)pn(z,t) =0,
n=0

which is impossible.
The Perron-Stieltjes inversion formula is

(5.11) F(z)= /Rdll() if and only if

Z_

() — ~ fim / F(t — ie) (t—{—ze) Qb

e—>0+
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This inversion formula shows that ¢ is a purely discrete measure. It is clear
that an isolated point mass m of ¢ located at x = ¢ contributes m/(z —x¢)
to the left-hand side of (5.8). Thus the isolated point masses of ¢ coincide
with the isolated poles of the right-hand side of (5.8) and the masses are
the corresponding residues. Below we will show that x = 0, which is the
only essential singularity of the right-hand side of (5.8) does not support
a discrete mass, so let us assume this for the time being. Formula (5.10),
Theorem 4.2, and the above discussion describe the relationship between the
support of the measure ¢(-,t) and the spectrum of the operator 7.

Theorem 5.1. The support of the measure of orthogonality (-, t) is the set
of the elements of the spectrum of the operator Ty multiplied by —1/(a(1 —

q)t1).

It remains to show that = = 0 is not a mass point for ¢. From the theory

of the moment problem [1], [14], it is known that when the measure ¢ is
o0

unique then x = g is a mass point for the measure if and only if > p,(x0)?

n=0
converges, {p,(x)} being the orthonormal polynomials. From Theorem 3.1

" atitag" ™ 1, to
t1q, taq, atits

(@™ /t1,q " /t2; q)n _ ( q
b (0,t)= —at;)™"
(0.%) (q,q*Q"/(atltz);q)n( 1) "3
Applying (1.15) to (5.12) we get

(5.13)

bn(0,t) =

we find
(5.12)
q, Q>~
(qt1, gtz @)n %) ( q ", atitag"t, by, to >
(¢, atrtaq i) 7 7 t1gq, t2q, atits ©a)-
Ismail and Wilson, [10], determined the asymptotic behavior of the Askey-
Wilson polynomials. They proved that
. " ABCDq" ', Az, A/z

a1ty (T A0 o)

_ (A2,Bz,Cz,Dz;q) oo

~ (22,AB,AC, AD; q)oo’
for |z| < 1, and that the left-hand side of (5.14) is bounded if |z| = 1 but
z # £1. If z = £1 then the left-hand side of (5.14) is O(n). The 4¢3
quantity in (5.13) corresponds to the 4¢3 function in (5.14) with A = /t1¢,
B = qx/tl/tg, C= q tg/tl, D= CL\/@, and z = \/tl/tg if |t1‘ < |t2| and
z = \/ta/t; otherwise. The orthonormal polynomials associated with the
by’s are

(. t) = b (0, )€, 2 (8) T un /%

n=1
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where —u,, denotes the coefficient of b,,_1(n,t) in (2.18). From (2.18) we get

rn[ qtlu aqtla th, ath, ) (t2/t1)nq2(";l)—n
o at1t2q7 atthq ) Q)Qn

Combining the above formulas we obtain

(5.15)

) ) 2n+l) 2n
q"80(t)2""pn(0,t)

__(gt1,qt2;@)n(atrtaq; q)3 (1 — atitag 2
(agti,aqte;@)n  (¢:9)7(1 — atitaq) (tita)"
N atitag™t, 1y, t 2
x4¢’3< U ants | q)
(qt1, qt2; @)oo (atitag; @)%
(aqt1, aqta; @)oo (1 — atitaq)
z\/th,qz\/tl/tz,qz\/tz/tl,az\/%,q)
(22, qt1, qt2, atita, q; q)%

if |2 < 1 and z # £1. If z = 1 the right-hand side of (5.15) becomes
o0
unbounded. Since |z| < 1and |q| < 1, (5.15) clearly implies that > p,(0,t)?

n=0
diverges.
Equations (3.1)—(3.3) show that the polynomials {b,(n,t)} are constant
multiples of birth and death process polynomials associated with a process

with birth and death rates

(1— thn+1)(1 — athn+1)t2qn 1 (1 — taq")(1 — atag™)t1g"
an
(1 — at1t2g® 1) (1 — at1taq® +2) (1 — atitaq®)(1 — at teq2n 1)’

respectively. An exposition of the theory of birth and death processes and
orthogonal polynomials can be found in [7].

6. Connection Coefficients for the Big ¢g-Jacobi Polynomials.

In this section we will compute the connection coefficients in the formula

(6.1) Zam S)ni(,s),
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where t = (t1,t2) and s = (s1, s2). From (6.1), (1.6), and (1.10) we get

(6.2) an,(t,s)&(s)
:/pn(x,t)pl(x,s)dy(x,s)

n k k —k v
", at1taq" s q) kg (q7%, 52259)0q
= g (t1/s2;9)k E
/R — (s2¢" % /t1,¢59)w
(¢~

tla atla q; q)k‘ =0

Lasisag ™1 q)¢7

X
(s1,a81,4;9);

(s12;q); du(z, s).
§=0

Changing the order of summation in (6.2) we obtain

aa(6.9)6(5) = 3 ( " (", atitag™ Y 0 <t1/52;q>k<q—'f;q>y> v
k

(t1,at1,q;q)k (s2¢ /115 q) 4 q)y
l _ _ .
o Z (g7 as152¢ 7% q) dp'® (z)
R (T51¢

= (s1,081,4:9); 25167, 25205 q)oo

The last integral is evaluated using the g-beta integral evaluation from [6]

(6.4) /(du“)(w) _ (ahiy9)ss

R fCtlal'tQQQ)oo (tluatl)t27at2;q)oo

To evaluate the last sum in (6.3) we use (1.9). We get

l
(6.5) (a51524"; @)oo Z ! asisaq’ 1§Q)jqj
(s1,as1,52¢",as52¢";q)s0 = (as152¢Y,4;q);
(a5152q i @)oo ("t q)

1-1:\1
= as182q .
(51,051, 52q",a52q"; Q) oo (a5152G"; Q)1 ( )

v+1—1.

Since (g ;q); vanishes for v < [, the first sum in (6.3) is over v €

{l,... ,n}.
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Let Sy, (t,s) denote the sum over k in equation (6.3). Applying (1.15)
to (¢7%;¢), and (s2¢'~*/t1;q), we obtain

(6.6)
St s)::(q_",ah¢2q”‘1;q)uq”
e (t1,at1;q),
in: (=) atitag™ ™ k0@ V(1) 52, ks
Py (t19”, at1¢”; Q) k—v (52/t)" (@ Dr—s
_ (q_",atlhqn_l;Q)u(tl/Sz)V3¢2 gV atitaq" VL b /sy 0
(t1,at1;q)y t1q”, at1q” )

From (6.3), (6.5), and (6.6) using the identities (¢**'7:¢)i/(q;q)y =
1/(¢; @)y and

(a51524"; Q) oo
(as182¢”;q);

+1.

2.
= (as152¢" ;@)oo = ((a3132q )oc

as152q%; q)y—1
we obtain the following result.

Theorem 6.1. The connection coefficients in the expansion of the polyno-
mial pp(x,t) in terms of the polynomials {p;(x,s)} are given by the formula

(6.7)

_1§Q)l

1 (as152¢”;q)oo(at151¢)! (g7, atitaq™
& (s) (817a81,82ql as52q'; q)oo (t1,ati;9)
n (n—1) n+l—1 l l. v—l1
t1t _(t
" Z ,atitaq ,82q",as2q";q)—1(t1q/s2)

(t1¢!, at1¢!, as152¢2, ¢; @) v—i

an(t,s) =

X 32 ¢ ) atitag™ L 1y /5o
t1q”, at1q”

q, q), [=0,...,n.

The connection coefficient formula (6.7) can be used to find the connec-
tion coefficients in certain special cases. In Section 2, we computed these
coefficients for the case s = ¢t.

We will now use (6.7) to give another proof of the fact that a, (t,qt) =
0 for I < n—2. In view of (1.8) it is enough to consider the case s =
(qt2, qt1) since for every | € N, pi(x;t1,t2) and pj(z;te,t1), and therefore
the coefficients ay, (t, gt) and a, ;(t, gt*) are linearly dependent, where t* =
(ta,t1). Solet s = gt*. In view of (6.7) it is enough to show that S, ;(t) = 0
for | < n — 2, where S,,;(t) denotes the sum in (6.7) with s = gt*. For this
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sum by (6.7) we have

" (D atitag" i q),
(ati1t2g®+2,q;q) v

(6.8) (1 —t1g")(1 — at1g")Su(t) =

v=lI

(1 _ qf(nfu))(l _ atthqnﬂ/fl)
(1 —t1¢")(1 — at1g¥)

x (1 —t14")(1 — at1¢") (1 —

”_l (n—1) n+l—1.

), atytaq 1 Q)i

—  (at1t2¢®"?,q;q);

X |(1 =t (1 — at1g"™t) — (1 — ¢~ O+ (1 = atthqn-i-l-&-i—l)}

d d+21—1
! - -1 q~ ", atitaq
=q'(—t1 —at1 + ¢ " + at1t2q" " )2 ( at1t2q2l+2 q, Q>
—d d+2l—1
2 9] 201 q~ %, atitaq 2
+ (at1q™ — atitaq™ " )21 ( at1tyq2+? q, q ) ;

with d = n — . We now show that the 2¢; expressions in (6.8) vanish.
For integer numbers d > 0, d; > 0, and d2 > 0 we consider

g, qd2> :

We claim that Ag g, 4,(o,q) = 0if dy + dy < d. Indeed we have

—d dy

(69) A aslna) =20 (75

(% aq™;9); 4,5
———q
(o, 4;9);

M-

<
Il
o

(6.10) Agay a, (0, q) =

I
M~

52 ey

Jl, (a59);

W,
o

I

I
M=~

[d] (2’5 9)a, (_q—<d—dz>)j ¢

Jlg (q)a,

<.
Il
o

where we used the identity

(2q”; Q)a, (5 9); = (5 Q)ar+5 = (2q™;9);(c; @)ay
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l

By the g-binomial theorem (1.14) we have (2;¢); = ) a;5(¢q)2° with coeffi-
s=0
cients a; 5(¢q) = (—1)sq(;) [é] . Then (6.10) can be continued as follows
q
(6.11)
dy d .
1 s d| [ s—(d-d2))’ (2)
Ad,dl,dz(av Q) o (Q;Q)ch SZ:(:)adl,S(Q)a JZ:% |:]:|q ( q ) qr?
d1
= (1/(059)a,) Y aay s(@)a’ (¢ ") q)g =0, d—dy>dy,
s=0

where at the end we used (1.14). From (6.8) and (6.11) we get S, ;(t) = 0
for d = n—1> 2, since in this case it is a linear combination of A44-31(c,q)
and Agg-32(a,q) with a = at1tag® 2. Then a,(t,qt) =0 for | <n — 2.
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CANONICAL BUNDLES FOR HAMILTONIAN LOOP
GROUP MANIFOLDS

E. MEINRENKEN AND C. WOODWARD

‘We construct canonical bundles for Hamiltonian loop group
actions with proper moment maps. As an application, we
show that for certain moduli spaces of flat connections on
Riemann surfaces with boundary, the first Chern class is a
multiple of the cohomology class of the symplectic form.

1. Introduction.

One of the simplest invariants of a symplectic manifold is the isomorphism
class of the canonical line bundle. Suppose (M, w) is a symplectic manifold.
For any w-compatible almost complex structure J one defines the canonical
line bundle K3, as the dual to the top exterior power of the tangent bundle
M

)

Ky = det@(TM)*.

Since the space of w-compatible almost complex structures on M is con-
tractible, the isomorphism class of Kj; is independent of this choice. If a
compact Lie group G acts by symplectomorphisms on M, we can take J to
be G-invariant, and K, is a G-equivariant line bundle.

The canonical bundle behaves well under symplectic quotients. If the
G-action is Hamiltonian, with moment map ® : M — g*, the symplectic
quotient of M is defined by

M//G = &1(0)/G.

We assume that 0 is a regular value, so that M /G is a symplectic orb-
ifold. The canonical line bundle for the reduced space (symplectic quotient)
M//G = ®~1(0)/G is related to the canonical bundle on M by

(1) Kuje = Ku /|G = (Ku|97(0))/G.

The canonical bundle also behaves well under inductions. Let 7" be a
maximal torus of G with Lie algebra t. Suppose that N is a Hamiltonian
T-manifold with moment map ¥ : N — t*. The symplectic induction M :=
G x7 N has a unique closed two-form and moment map extending the given
data on N. If the image of ¥ is contained in the interior of a positive
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chamber t}, then M is symplectic and Kjs is induced from Ky, after a
p-shift:

Ky 2 G xrp (KN(X)(C_QP).

Here C_5, is the T-representation with weight given by the sum —2p of the
negative roots.

In this paper we develop a notion of canonical line bundle for (infinite-
dimensional) Hamiltonian loop group manifolds with proper moment maps.
The idea is to use the property of the canonical bundle under inductions
as the definition in the infinite-dimensional setting. Just as in the finite
dimensional situation, the canonical bundle of the (finite dimensional) re-
duced spaces are obtained from the canonical bundle K); upstairs. For the
fundamental homogeneous space G = LG/G, our definition agrees with
Freed’s computation [4] of the regularized first Chern class of QG.

As an application, we prove the following fact about moduli spaces of
flat G-connections on compact oriented surfaces Y. Suppose G is simple
and simply connected, and let ¢ be the dual Coxeter number. Suppose X
has b boundary components Bi,..., By, and let Cq1,...,Cp be a collection
of conjugacy classes. Let M(%,C) be the (finite dimensional) moduli space
of flat G-connections on X with holonomy around B; contained in C;. The
subset M(X, C)iyy of irreducible connections is a smooth symplectic manifold.
Let [w] be the cohomology class of the basic symplectic form on M(X, C)iy.

Theorem 1.1. If the conjugacy classes Cj consist of central elements, then
the first Chern class of K s c),, 5 equal to —2clw].

This was first proved in the special case of SU(2) by Ramanan [11]. In
general it is a consequence of the local family index theorem (Quillen [10],
Zograf and Takhtadzhyan [13]). See also Beauville, Laszlo, and Sorger [3],
and Kumar and Narasimhan [5]. Our application, Theorem 4.2 below, ex-
pands the list of conjugacy classes for which this result holds. It would be
interesting to know which of these are Kéhler-Einstein. Our main applica-
tion of the canonical bundle will be given in a forthcoming paper [2], where
it enters a fixed point formula for Hamiltonian loop group actions.

2. Hamiltonian loop group manifolds.

2.1. Notation. Let g be a simple Lie algebra, and G the corresponding
compact, connected, simply connected Lie group. Choose a maximal torus
T C G, with Lie algebra t, and let A C t resp. A* C t* denote the integral
resp. (real) weight lattice. Let SR be the set of roots and JR; the subset of
positive roots, for some choice of positive Weyl chamber t,. We will identify
g = g* and t & t*, using the normalized inner product - for which the long
roots have length v/2. The highest root is denoted aq, and the half-sum of
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positive roots p = 1 >° a. The integer

aERy
c=1+p o

is called the dual Coxeter number of G. The fundamental alcove for G is
the simplex

(2) A={{cty,a- <1} CtCy.

It parametrizes the set of conjugacy classes of G, in the sense that every
conjugacy class contains an element exp(¢) for a unique £ € A. The cen-
tralizer Gexp(e) depends only on the open face o containing ¢ and will be
denoted G,. Introduce a partial ordering on the set of open faces of 2 by
setting o < 7if 0 C7. Theno < 7= G, D G,.

A similar discussion holds for semi-simple simply-connected groups, with
the alcove replaced by the product of the alcoves for the simple factors.

2.2. Loop groups. Let LG denote the loop group of maps S' — G of
some fixed Sobolev class s > 1, Lg = Q°(S?, g) its Lie algebra, and Lg* €
QL(SY, g) the space of Lie algebra valued 1-forms of Sobolev class s — 1.
Integration over S' defines a non-degenerate pairing between Lg* and Lg.
One defines the (affine) coadjoint action of LG on Lg* € Q'(S', g) by

(3) g-p=Adgpu—dgg™"

where dg ¢! is the pull-back of the right-invariant Maurer-Cartan form on

G. Let LG be the basic central extension [9] of LG, defined infinitesimally

by the cocycle (§1,&2) — §d&; - & on Lg. The adjoint action of LG on I/JE
descends to an action of LG since the central circle acts trivially, and for

the coadjoint action of LG on l/}\g* = Q1(St, g) ® R one finds
(4) g+ (1, A) = (Adg(p) + Adgg™", \).

This identifies Lg* with the affine hyperplane Q!(S!, g) x {1} C I//E;*

There is a natural smooth map Hol : Lg* — G sending pu € Lg*, viewed
as a connection on the trivial bundle S' x G, to its holonomy around S*.
This map sets up a 1-1 correspondence between the sets of G-conjugacy
classes and coadjoint LG-orbits, hence both are parametrized by points in
the alcove.

More explicitly this parametrization is given as follows. View 2 as a
subset of Lg* by the embedding £ — £df/(27). Then every coadjoint LG-
orbit passes through a unique point £ € . The stabilizer group (LG)¢
depends only on the open face ¢ C 2 containing £ and will be denoted
(LG)y. The evaluation map LG — G, g — g(1) restricts to an isomorphism
(LG)s = Gy in particular (LG), is compact and connected. If o < 7 then
(LG)s D (LG);. In particular, every (LG), contains T' = (LG )int 9
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2.3. Hamiltonian LG-manifolds. We begin by reviewing the definition
of a symplectic Banach manifold. A two-form w on a Banach manifold M
is weakly non-degenerate if the map w? : T M-, T M is injective, for all
m € M. A Hamiltonian LG-manifold is a Banach manifold M together with
an LG-action, an invariant, weakly non-degenerate closed two-form w and
an equivariant moment map ® : M — Lg*. Equivalently, one can think
of M has a Hamiltonian fa—manifold, where the central circle acts trivially
with constant moment map +1.

Example 2.1. 1) For any p € Lg*, the coadjoint orbit LG - 1 is a Hamil-
tonian LG-manifold, with moment map the inclusion.

2) Let X be a compact oriented surface with boundary 9% = (S1)°. Let
G(X) = Map(X, G) be the gauge group, and Gy(X) be the gauge trans-
formation that are trivial on the boundary.

The space Q' (X, g) of connections carries a natural symplectic struc-
ture, and the action of Gy(X) is Hamiltonian with moment map the
curvature. The symplectic quotient M (X) is the moduli space of flat
connection up to based gauge transformations. It carries a residual ac-
tion of LG?, with moment map induced by the pull-back of connections
to the boundary.

2.4. Symplectic cross-sections. In the case where the moment map ®
is proper, a Hamiltonian LG-space with proper moment map behaves very
much like a compact Hamiltonian space for a compact group.! The reason
for this is that the coadjoint LG-action on Lg* has finite dimensional slices,
and the pre-images of these slices are finite dimensional symplectic subman-
ifolds. To describe these slices, we view the alcove as a subset of Lg* as
explained above. Let
Ay 1= U T.

T=O
Then the flow-out under the action of the compact group (LG),,
Uy, =(LG)s - Ay C Lg*

is a slice for the LG-action at points in o.
For example, if G = SU(2), then the alcove may be identified with the
interval
A =10,1/2].
For the three faces {0}, (0,1/2),{1/2} we have

oy =10,1/2), 2,172 = (0,1/2), g9y = (0,1/2].

In fact, there is a 1-1 correspondence between Hamiltonian LG-spaces with proper
moment map and compact Hamiltonian G-spaces with G-valued moment maps [1].
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The slice Y(g,1/2) = (0,1/2), since LG g,1/2) = T'. The other slices Yoy, Y{1/2}
are open balls of radius 1/2 in Lg?o}, resp. L9?1/2}' Note that although
Lgf{o}, Lg?1 /o) are isomorphic as G-modules to the Lie algebra g, the inter-
section Lg?o} N Lg?l/?} = Lgi("()’l/?).

If M is a symplectic Hamiltonian LG-space with proper moment map @,
the symplectic cross-sections

Y, =& 1(U,)

are ﬁlli\te—dimensional symplectic submanifolds. In fact, they are Hamilton-
ian (LG),-manifolds, where the central S* acts trivially. The moment maps
are the restrictions ®, = @Y, : Y, — U, C (Lg); C l/); Here (Lg)} is
identified with the unique (LG),-invariant complement to the annihilator of
(Lg)s in Lg*, or equivalently with the span of U,,.

For a proof of the symplectic cross-section theorem for loop group actions,
see [8]. The flowouts LG - Y, = LG X(1q), Yo form an open covering of
M. Therefore, the Hamiltonian LG-space (M,w,®) can be reconstructed
from its collection of symplectic cross-sections (Y;, w,, ®,) and the inclusions
Y, — Y, foro <.

3. Construction of the canonical bundle.

Suppose (M,w, ®) is a Hamiltonian LG-manifold with proper moment map.
In this section we contruct an fa—equivariant line bundle Kj; — M which
will play the role of a canonical line bundle.

For any LG-equivariant line bundle I — M, the (locally constant) weight
of the action of the central circle S* C LG is called the level of L. Any LG-
bundle L — M is determined by the collection of (LG)J-equwarlant line
bundles L, — Y, over the cross-sections, together with (LG) -equivariant
isomorphisms ¢, ; : Ls|Y; = L, for all 0 < 7, such that

(5) Po,r ©Prv = Pov

ifo<17=<v.
Let K, — Y, be the canonical line for some invariant compatible almost
complex (a.c.) structure on Y. There exist (LG),-equivariant isomorphisms

(6) KoY = K, ® detc(v7)*

where v¢ — Y, is the symplectic normal bundle to Y, inside Y,. We will
therefore begin by describing the complex structure on v/7.

3.1. The normal bundle of Y, in Y. Suppose ¢ < 7 so that Y, is
n (LG),-invariant submanifold of (LG),. Since (LG)s X(1g), Y- is an
open subset of Y,, the normal bundle of Y; in Y, is (LG)-equivariantly
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isomorphic to the trivial bundle (Lg),/(Lg),. It carries a unique (LG),-
invariant complex structure compatible with the symplectic structure. In
terms of the root space decomposition this complex structure is given as
follows. Given a face o of 2, define the positive Weyl chamber t, , for
(LG), as the cone over 2 — p, for any p € o. Similarly define t; ;. Let
Ry o DO Ry 7 the corresponding collections of positive roots.

As complex (f@)T—representations,
(L9)s/(Le)-= €D  Ca.
aeﬂh.,(r\i)h.,r
In particular,
(7) det(c(uf)* = ® CO‘ = C_Q(PU_PT)’
a€%+,o\m+,‘r

where p,, pr are the half-sums of positive roots of R ,, R - respectively.

3.2. Compatibility condition. Our candidate for L, = (K)|Y, will be
of the form K, ® C,,, for suitable weights v, € A* x Z. The key point

which makes the problem non-trivial is that in order for C,, to give EEU-
representations, the weight =y, should be fixed under the (LG),-action on
Lg*. According to (6) and (7) these weights should satisfy

Yo — Vr = 2(/)0' - PT)
for all faces o < 7.
The following Lemma gives a solution to this system of equations.

Lemma 3.1. For all faces o C AU, the difference 2p — 2p, € A* is the
orthogonal projection of 2p to the affine span of the dilated face 2co. In
particular the weight

Yo := —(2p — 2ps,2¢) € A* X Z
is fived under (LG),.
Proof. The weight 2p, is characterized by the property
20 =0«

for every simple root « of (LG),. Letting {c,... ,a;} be the simple roots
for G, the simple roots for (LG), are precisely those roots in the collection
{ai1,...,a;,—ap} which are perpendicular to the span of o — p (where u €
o). In particular —cy is a simple root for (LG), precisely if 0 ¢ 7.

If o € {aq,...,qq} is a simple root of (LG), then 2p-a =2p, - a=a-«
so that (2p —2p,) - a = 0. If 0 € 7 so that —ay is among the set of simple
roots for (LG),, we also have

(2p = 2po) - a0 =2(c — 1) + ag - ap = 2c,
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as required. O

The solution given by the lemma is unique, since for ¢ = {0} the group
LG, = G has the unique fixed point y9 = (0, —2c).

3.3. Gluing. Let L, = K, ® C,,. We still have to construct isomorphisms
Yor @ Les|Yr — L, satisfying the cocycle condition. If the compatible a.c.
structures on Y, can be chosen in such a way that for ¢ < 7, Y; is an
a.c. submanifold of Y, the isomorphisms would be canonically defined and
the cocycle condition would be automatic. Unfortunately, it is in general
impossible to choose the a.c. structures to have this property.

To get around this difficulty we replace the sets Y, with smaller open sub-
sets. The compact set M /LG is covered by the collection of sets Y, /(LG),
with o a vertex of 2, since 2 is covered by the (relative) open subsets 2.
It is therefore possible to choose for each vertex o of A, an (LG),-invariant,
open subset Y, C Y,, such that the collection of these subsets has the fol-
lowing two properties:

a. The collection of all Y /(LG), covers M/LG.

b. The closure of Y/ is contained in Y.

Given such a collection of subsets {Y/} we define, for any open face 7 of

2,
/= () Y.
o271, dimo=0
Then Y] is an (LG),-invariant open subset of Y, with the property that its
closure in M is contained in Y.

Lemma 3.2. There exists a collection of (LG)s-invariant compatible a.c.
structures on the collection of Y., with the property that for all o < T,
the embedding Y! — Y. is a.c.. Moreover, any two a.c. structures on the
disjoint union [ [, Y, with the required properties are homotopic.

Proof. We construct a.c. structures J, on Y, with the required properties
by induction over dimension of the faces o, starting from the interior of the
alcove 2l and ending at vertices.

Given k > 0, suppose that we have constructed compatible a.c. structures
on all Y, with dimo > dimt—k, in such a way that if o0 < 7, the embedding
Y; < Y, is a.c. on some open neighborhood of the closure of Y. Let v be
a face of dimension dimt — k. Each of the a.c. structures on Y, with 7 = v
defines an invariant compatible a.c. structure on Y,, and by hypothesis
these complex structures match on some open neighborhood of J, _ . (LG), -
Y/. We choose an invariant a.c. structure on Y, such that it matches
with the given a.c. structures over a possibly smaller open neighborhood
of U,~,(LG), - Y]. This can be done by choosing a Riemannian metric on
Y, which matches the given one in a possibly smaller neighborhood, and
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taking the compatible almost complex structure defined by the metric in
the standard way (see e.g. [6]).

Now let {J9}, {J1} be two collections of a.c. structures with the required
properties. They define Riemannian metrics g2, gl. Let gt = (1—#)g%+t g,
and let J! be the compatible a.c. structure which it defines. For o < 7, the
metric g- on Y/ is the restriction of g¢ and the symplectic normal bundle of
Y! in Y, coincides with the Riemannian normal bundle. This implies that
the embedding Y] — Y is a.c.. O

Choose a.c. structures on Y, as in the Lemma, and define (fa)a—equi—
variant line bundles L, = K, ® C,, . We then have canonical isomorphisms

Gor s LIVI= 1.,
and they automatically satisfy the cocycle condition. It follows that there is
a unique LG-equivariant line bundle Ky, — M with Ky|Y, = L. By con-
struction, the collection of line bundles L/, hence also Ky, is independent
of the choice of a.c. structures up to homotopy.

Lemma 3.3. The isomorphism class of Ky is independent of the choice of
“cover” Y.

Proof. Given two choices Y} and Y2 labeled by the vertices of 2, let Y2 =
Y} UY2. Given a.c. structures JZ on ¥¢ and the canonical line bundles K 1]\/1
constructed from them, we have an equivariant homotopy K 11\4 ~ K ]3\’4 ~ K ]2\4
(because J3 restricts to a.c. structures on Y,! and Y2). O

This completes our construction of the canonical bundle. The central
circle in LG acts with weight —2¢, that is, K is a line bundle at level —2c.

3.4. Examples.

3.4.1. Coadjoint orbits. Let M = LG - 4 be the coadjoint orbit through
pw € 2, and let ¢ C A denote the open face containing p. Thus M =
LG/(LG),. Since Y, = {u}, the canonical line bundle K, is the associated
bundle

(8) KLG/(LG)(, = LG X(fé)a C72(pfpa,c)'

This definition of canonical bundle agrees with Freed’s computation [4] of a
regularized first Chern class of the fundamental homogeneous space QG =
LG/G. In this paper, Freed provides further evidence for this being the
correct definition of a first Chern class, the simplest being that since p =
(p, ¢) is the sum of fundamental affine weights (cf. [9]), the canonical bundle

for LG /T is expected to be K¢ /r = f@xfc_%. and that for LG /G should
be fa Xa C_Q(Ovc)'



CANONICAL BUNDLES 485

Since LG/(LG), is a homogeneous space the canonical line bundle carries

—

a unique LG-invariant connection. Its curvature equals —27i times the
symplectic form for the coadjoint orbit (at level —2¢) through —2(p—p,, ¢) =
—7,. Recall that (p— p,)/c € 2 is the orthogonal projection of p/c onto the
affine subspace spanned by o. Therefore:

Lemma 3.4. If (M,w) is the coadjoint LG-orbit (at level 1) through the
orthogonal projection u of p/c onto some face o of A, the curvature of the
canonical line bundle is given by ﬁ curv(Kpys) = —2cw. In particular, this
is true for p = p and for p a vertex of 2.

3.4.2. Moduli spaces of flat connections. Let ¥ be a compact, oriented
surface with boundary 9% = (S1) and (M(X),w) the corresponding moduli
space. From now on, we assume that b = 1, although the more general case
is only more difficult notationally. By Corollary 3.12 of [7] there is a unique
fa—equivariant line bundle at each level, so that every fa—equivariant line
bundle over M(X) at level k is isomorphic to the kth tensor power of the pre-
quantum line bundle L(X).? In particular the canonical bundle K sy —

M(Z) carries an invariant connection such that 5= curv(K M) = —2cw.

4. Quotients of canonical bundles.

In this section, we show that the bundles Kj; behave well under symplectic
quotients, that is, that the symplectic quotient of K is the usual canoni-
cal bundle on the quotient. For any Hamiltonian LG-space (M,w,®) with
proper moment map, and any coadjoint LG-orbit O C Lg*, the reduced
space Mp at level O is a compact space defined as the quotient

Mo =& 1(0)/LG.

Let u € 2 is the point of the alcove through which O passes, o the open
face containing u, and

Oy =0NU, = (LG)y - .
Then
Mo = 7 ()/(LG)s = (Yo,
which identifies Mo as a reduced space of the symplectic cross-section (Y,
Ws, Py). It follows that the standard theory of symplectic reduction applies:
If p is a regular value then Mo is a finite dimensional symplectic orbifold,

and in general it is a finite dimensional stratified symplectic space in the
sense of Sjamaar-Lerman [12].

2A sketch of the argument is as follows: Two line bundles at the same level differ by
a line bundle at level 0, which descends to the quotient M(X)/QG by the based loop
group. From the holonomy description of the moduli space we have M(Z)/QG = G29.
Since HZ(G?9) is trivial, the descended line bundle is trivial, so the two line bundles are
isomorphic.
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Over the level set ®~1(O) we have two line bundles at level —2¢, the re-
striction of the canonical bundle of M and the pull-back by ® of the canonical
bundle Ko on the coadjoint orbit. They differ by an LG-equivariant line
bundle (that is an LG-bundle at level 0),

Kulo-10) @ Ko.

Proposition 4.1. Suppose O consists of reqular values of ®. The canonical
line bundle for the reduced space My is the quotient,

(Knmlo-1(0) ® ®*K) /LG.
Proof. Since

Ky = LG x (K, @C,,), Ko=1G x gz, (Ko, ®Cy,)

(LG)o
we have

KM|£I> ® o* KO = LG X(fC\;) (Ka X @ZK&BU)_

Taking the quotient by LG we obtain
(Emlo-10) © PK5) /LG = (Kolg-10,) © PoES,)/(LG)s
which is the canonical bundle for the reduced space (Y;)o, = Mo. O

Theorem 4.2. Let M(X) be the moduli space of flat connections on a com-
pact oriented surface with boundary, and C,, the conjugacy class correspond-
ing to the projection u of p/c onto o for some face o. Suppose u is a regular
value for the moment map M(X), so M(X,C,) the moduli space of flat con-
nections with holonomy in C, is a compact symplectic orbifold. Then the
Chern class ci(Kar) for M = M(3,C,,) is —2c times the cohomology class
of the reduced symplectic form.

Proof. Let O be the a coadjoint orbit through the element p,/c. By Sec-
tion 3.4, Ky(x) resp. Ko are isomorphic to the —2c¢-th tensor power of
the pre-quantum line bundles on M(X) resp. O. By Proposition 4.1, the
canonical line bundle on the quotient is isomorphic to the —2c-th power
of the quotient of the pre-quantum line bundle on the product, which is a
pre-quantum line bundle on the quotient. O
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SUPERSINGULAR PRIMES AND p-ADIC L-FUNCTIONS

Luis MANUEL NAVAS VICENTE

We discuss the problem of finding a p-adic L-function at-
tached to an elliptic curve with complex multiplication over an
imaginary quadratic field K, for the case of a prime where the
curve has supersingular reduction. While the case of primes of
ordinary reduction has been extensively studied and is essen-
tially understood, yielding many deep and interesting results,
basic questions remain unanswered in the case of supersingu-
lar reduction. We will discuss a conjecture, related to another
in Rubin, 1987, and some ideas related to the problem in gen-
eral. The basic tools originate with the work of J. Coates and
A. Wiles in 1977 and 1978, and are developed in the work of
K. Rubin.

1. Set-up.

The analytic theory of L-functions and arithmetic properties of their special
values goes back to the 19th-century work of Kummer on the arithmetic of
cyclotomic fields. His congruences for Bernoulli numbers were re-cast more
than a century later as the p-adic interpolation of Riemann’s Zeta Function
and Dirichlet L-series, whose known special values are basically Bernoulli
numbers. Kummer himself introduced logarithmic differentiation modulo
a prime p and the use of cyclotomic units as a method of uncovering the
rich arithmetic structure of cyclotomic fields. In the modern theory, these
classical p-adic L-functions arise as a relation between the Z,|[[t]]-module
of cyclotomic units and that of local p-adic units. The element relating
them is essentially the interpolating L-function, and the precise interpolation
result is obtained by a suitable logarithmic differentiation homomorphism.
The theory generalizes to the arithmetic of abelian extensions of imaginary
quadratic fields via the consideration of an elliptic curve as the arithmetic
object. Technical complications arise at primes p which do not split in the
quadratic extension, and relatively few results are known compared to the
ordinary split case. The main objective of this paper is to suggest a way
(82) by which interesting two-variable p-adic L-functions may arise from an
elliptic curve with CM, at primes of supersingular reduction.

The relative complexity of the method hinges on the relation between the
arithmetic “elliptic” units and p-adic local units in the supersingular case,
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to the author’s knowledge as yet unclarified, and perhaps worthy of separate
interest in itself. Propositions 2.1 and 2.2 contain preliminary suggestions on
this problem. Theorem 5.5 expresses the L-values which we believe should
be interpolated by a “supersingular” p-adic L-function, in terms of p-adic
logarithmic derivatives on elliptic units. These are values twisted by a char-
acter of p-power order. §6 generalizes this to higher-order derivations of a
two-variable formal power series, showing how the p-character and the local
grossencharacter act together. Finally, Theorems 7.4 and 7.6 are local com-
putations with logarithmic derivatives analogous to those done by Coates
and Wiles in [1, 2] for primes of ordinary reduction, hopefully of use to those
who may wish to obtain explicit results on the p-adic growth properties of
L-values, for example. We prove the relevant properties of the logarith-
mic differentiation homomorphisms used for these computations. The form
of these results given supersingular reduction is similar to, but rather less
transparent than in the ordinary case, as far as taking p-adic valuations is
concerned.

Let E be an elliptic curve over an imaginary quadratic field K, with
complex multiplication by the ring of integers Og. The following notation
is standard. Let 1 be the Hecke grossencharacter attached to F, and f its
conductor. Pick a prime p of K not dividing 6f, and let p # 2,3 be the
prime of Z below p. Assume that p remains prime in K. This implies that
E has good supersingular reduction at p. Let 7 = v (p). This is the unique
generator of p that reduces to Frobenius modulo p. Note that p and = differ
only by a unit of Of.

Consider for n > 0 the abelian extensions K(E »+1)/K obtained by ad-
joining the coordinates of the p™*!-division points on E. Define E e =
U,>0 Exn+1 and consider the Galois groups Gy, = G(K(En+1)/K) Go =
G(K(Ez=)/K). Denote by K, the completion of K at p and by O, its
local ring of integers. We use the same symbol p for the prime ideal of
O,p. Let K, be a fixed algebraic closure of Ky. Let K, = Ky(Ezm+1) and
Ko = Up g Kn = Kyp(Ere). One has canonically G,, = G(K,/K,) and
G = G(Ks/Kp). The structure of these extensions is described by the
theory of Lubin-Tate formal groups. This is a very useful fact, since all
Lubin-Tate formal groups over O, are isomorphic and one can choose among
them one well suited for computations. This idea is illustrated in [1, 2].

In our case, the hypothesis of supersingular reduction is equivalent to this
formal group having height 2 and not 1 as in the case of ordinary reduction.

The p-part of the grossencharacter corresponds to the character k : G, —
Oy which gives the action of G, on p-power division points of any of the
Lubin-Tate formal groups associated to m over Oy. If £ is such a group, then

(1) w? = [k(0)|(w) VYw € Epe, 0 € Go,
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where [a] is the Op-endomorphism of £ corresponding to o € Op. K estab-
lishes isomorphisms G, = O} /(149" O0p) 2 g1 x (14pOy) /(14p" 11 Oy),
and Goo = Of = p1g—1 X (1 +pOy) where ¢ = p? in the supersingular case.
These correspond to the decompositions G,, =2 A xI';, Goo = A X I'ss where
A=Gy=G(Ky(Ey)/Kp),I'n = G(Kn/Kp),I'nc = G(Kx/Kp). In the case
of supersingular reduction we have x : I'no = 1 + pO, = ZIQ). These are
therefore Iwasawa, Zg extensions, not Z, extensions as in the ordinary case,
which complicates matters. We let kg be the restriction of Kk to A = Gg. It
establishes an isomorphism A = 1,4

Let A = Zy[[G]] = lim Zy[G] be the Iwasawa algebra. Let p be, as in [5],
the Z,-representation of A that reduces modulo p to the IF,-representation of
A giving the action on Ey. Lemma 11.5 of [5] shows that this is an irreducible
representation, and in the supersingular case, its degree is 2. In particular,
AP = Oy[[Pos]] = Op[S,T]] since T'oe = Z2, although the isomorphism is
not canonical, depending on a choice of topological generators for I'y,. For
this reason p-adic L-functions in the supersingular case will be 2-variable
L-functions.

We need the following facts. If * denotes the action of the non-trivial
automorphism of K, /Q,, then p = ko @ ko* over Ky and ko* = ko” because
* gives the Frobenius element of K, /Q,, and p is inert.

2. Iwasawa Structure of Local Units.

Let U, be the group of units of K,, congruent to 1 modulo the unique prime
ideal above p, and C,, the closure in K, of the group of Robert elliptic units
of K. One has €y, C U,. Let U = limU,, and Cx = lim C,,, where the
limits are with respect to the norm maps. In [5], Lemma 11.9, it is shown
that U = (A?)? and C% = A?. Furthermore, one can decompose U%, into
a direct sum

(2) U&:Ul@UQ

such that 6(U1) = O, and 6(Uz) = 0, where ¢ is the “reciprocity law map”
§: UL — Oyp. 4 is a “k-homomorphism,” meaning §(u”) = k(o)d(u) Vo €
G oo, and 6 maps AP-submodules of UL, to ideals of Op. (See [5], Prop. 11.7.)
We come now to a problem of central interest. In [8] it was stated that
one could choose a decomposition as in (2) in which C%, would be contained
in one of the two free components Uy, Us. The truth of this statement seems
still not to be known at this time. We will refer to this conjecture as (C).
If (C) is true, then a generator ¢ of C% and a generator u of the free
component that C% would lie in are related by ¢ = f - u, where f is an
element of A?; now f can be viewed as a power series in two variables with
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coefficients in Op. This would be a natural candidate for a two-variable p-
adic L-function, since this procedure is completely analogous to the way one-
variable p-adic L-functions arise in the ordinary case and in the “classical”
case over Q.

The question (see [8]) would then also be to find a generator u of suffi-
ciently explicit form that the Coates-Wiles logarithmic differentiation map
and its generalizations, which yield L-values when applied to elliptic units,
yield a sufficiently explicit factor when applied to u. This is what Coates
and Wiles do in the ordinary case [1, 2], using the basic Lubin-Tate formal
group. This in turn leads to an understanding of the p-adic interpolation
properties of those L-values. Over QQ this theory gives the classical congru-
ences of Kummer, Clausen and Von Staudt.

We study to what extent a decomposition of U4, as in (2) can be “per-
turbed.”

Proposition 2.1. If u € U, then:
(i) 6(APu) = Oy if and only if 6(u) # 0 mod .
(ii) If uy,us € UL with APus C APuy, and §(uy),d(uz) # 0, then APuy =
APuy if and only if ord,(6(ug)) = ord,(6(u1)).

Proof. (i) is straightforward from the properties of 0. In general, 6(APu) =
Opo(u). For (ii), write up = f -y and apply 6. Since 6(u2) = f(k(71) —
1,6(v2) —1)d(u1), (see [1]), APuy = APuy if and only if f is a unit in A”, and
this is so if and only if f(0,0) is a unit at p. Since f(k(y1) —1,k(72) —1) =
f£(0,0) mod w, we see that this is the case if and only if the quotient of
d(u1),d(ue) is a unit at p. O

Proposition 2.2. Suppose we have U, = Uy & Us with §(Usz) = 0, and
hence §(Ur) = Op. Letu € UL, such that §(u) € O}. Using additive notation,
let u = uy +ug, withuy € Uy, us € Uy. Then Uy = APuy and UL, = ANPud Us.

Proof. For the first part, note that §(u1) = 6(u) € Oy and, since APu; C Uy,
by the remarks above, equality must hold. As for the second, clearly u; =
u — uy € APu + Us, therefore U; C APu + Us, and hence UL, = APu + Us.
The sum is direct: If v € APuNUs then v = f - u = vy for some f € A”
and vg € Us. Thus f-uy =vo— f-ueo € Uy NU; =0, and so f = 0 and
vo = 0. O

Hence if we find an element u in U such that §(u) is a unit, and we start
with a given decomposition Uk, = Uy @ Us, where §(Us) = 0, then we can
replace our Uy with APu (i.e., assume that U is generated by u) without
changing U;. There is then a relation ¢ = f-u+ f v, where ¢ generates
C%, 6(v) =0 and f, f are two-variable power series with coefficients in O,.

A natural u having a particularly “simple” form was already used by
Wiles in [2] for the ordinary case, and works also in the supersingular case.
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The more explicit the evaluation of the Coates-Wiles derivations on u, v is,
the more explicit the relation becomes. .

If (C) holds, then the second term with f and v disappears. If (C) is
false, then one must also study the “extra factor” v. We know that d(v) = 0,
but the generalized J-maps need not vanish at v. The nature of these is
connected with explicit reciprocity laws. If (C) is true, this would raise
the further question (C’) of whether the elliptic units C% lie in the free
component U; having as generator the “special” sequence of local units u
discovered by Coates and Wiles, in which case we would get an explicit
relation of the form f(x,%) = (L — value) - (explicit factors) , but this may
be too good to be true. Nevertheless, see [9] for a different approach to this
problem and evidence that in any case makes investigation of the problem
interesting.

3. The Basic Lubin-Tate Formal Group.

See [3] for details or proofs of the following facts. The basic Lubin-Tate
formal group associated to 7 is the formal group £ in which multiplication
by 7 is given by the polynomial [7](X) = 7#X + X% It is the simplest
series over O, satisfying the Lubin-Tate conditions f(X) = X mod X? and
f(X) =X mod p, and is simpler to work with computationally. In general
we let [a] denote the power series representing the Op-endomorphism of £
given by the action of a.

Let Ny, Tin, Ny, T, represent the norm and trace maps from K, to
K, and from K, to K, respectively. Let + denote addition in £ and A the
logarithm (normalized isomorphism with the additive formal group G,).

We fix a generator (wy) of the Tate module, that is, a sequence with
wy, in the ring of integers of K, such that [7](wp+1) = wy for all n > 0.
Then K, = Kp(w,) and in fact this sequence is also norm compatible:
Nn+1,n(wn+1) = Wn.

If u = (up)n>0 € Uso, denote by g, the Coleman power series associated
to w, that is, the unique series g, € Op[[T]]* such that g,(w,) = u, for
all n > 0. For 0 in G, given the definition of x, we have the relation

Gue = gu © [K(0)].
4. L-values.

Over the complex numbers C, special values of Hecke L-functions at the
integers may be expressed as logarithmic derivatives of theta functions. One
may obtain an analogous p-adic relationship. Details of these facts may be
found in [6], which draws from [1, 2]. To get L-values, one uses the Robert
elliptic units, which are defined by picking a suitable theta function ©. One
can find a sequence ¢ = (¢,) of elliptic units whose projection onto the p-
eigenspace generates C%, over the Iwasawa algebra A. ([6] Theorem 12.11.)
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Let @ be the Coleman power series corresponding to c¢. Let 2 be an Og-
generator for the period lattice of a suitable Weierstrass model of E/C. The
central relation is contained in the following result of Rubin [6], §12.

Theorem 4.1. Let Q € E(K) be of exact order fp™**. Then for k > 1, and
X a character of Gy, of p-power order,

k
> Mg, = 3 x0) () g 0le)er

O'GGn O’EGn

=B n" Q7 Ly, (k)

where Df = %fT/ is the Coates-Wiles logarithmic derivation ([9], §2) and
B = By, may be chosen to be a unit over p, at least for 1 < k <gq— 1.

5. Formal logarithmic derivatives.

Definition 5.1. Let £ denote the “formal logarithmic derivative” on O[[T],

given by Lf = st Dlog(f) = iz & for f in O[[T]].

It is easily seen to satisfy Lfifo = Lfi + Lfs for fi1, fo € O[[T]] and
L(fola])=a-(Lfola]) for f e O[T]] and a € Oy.

Definition 5.2. Let v = (up)p>0 € Ux, and define d,,(u) =
7T LGy (wm). Then 6, (u) = 6, (u) for all m,n > 0. Let §(u) be the
common value.

Lemma 5.3. We have 6(u) = (1 —1)Lgy(0) for alln > 0. Thus 6(u) € Oy.
Proof. See [3], §8. O

Definition 5.4. For a character x of G, taking values in K_'p*, define a
map 0,y : Usw — Ky by the formula 6,y (u) = >, cq x(0)Lgu(wy)-

We list the basic properties of the maps 6y, , from [9], §2, and some others.

1) Ony(ut - u2) = 0y (u1) + Oy (u2) for uy, up € Use.

2) By continuity, 0p y (u®) = adpy(u) if a € Op.

3) If x =1, then §,, = 7"4.

4) If x is a character of G, and 7 is any element of G, then lifting x
to Goo, one has 8, 1 (u™) = kX1 (7)ny (u).

5) Let 41,72 be Zy-generators of I'ss. Then for all x of p-power order,
we UL and f € A, Gy (fu) = f(x (1) — 1, i~ (12) — 1)y (1)
(this is slightly different from [9] but is proved similarly using that the
character values are congruent to 1 modulo the prime above p in K,).

In light of this definition and 4.1 we have the following:

Theorem 5.5. Forn > 0, 6, (c) = B - 7"t - Q7 Ly, (¥x, 1), where B is
a p-unit.
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We determine the action of &, , on an element in the p-eigenspace U5, and
prove some additional properties of these maps. If u is any element in Uy,
let u” denote the p-component of u in U,. Note Tr(p) = ko + ko* = ko + /ﬁg .

Proposition 5.6. If y € (/;71 and x =1 on A, then 5n7x(up) = 5n’X(u).
Proof.
6n X(up) = 571 X (’qu%l DIFEIN Tr(p(ail))a')

g i 1 > wox (o) (ko™ (0) + ko P (0)) Oy (u)
ocEA
- (e S )
ocEA [fSTAN

From the above we see that
(3) On,x(u”) = {

Snx(u) if x=1o0rry?onA
0 otherwise.

O

Note that the condition ¥ = 1 on A is equivalent to y having p-power
order, and in fact to really being a character on I',,. This is clear from the
decomposition G,, = A x I',, and #A = p? — 1, #I', = p**. From now on,
let us assume that the characters y have p-power order.

Pr0p051t10n 5.7. Let Ty, = G(Kn/Ky) form > n. If x € Frlmn (i.e.,
=1only, CTy), then dpy =" "0p

Proof. Using the basic properties of £ and g, as in [3],

(4) Omy(u) = Z Z (o7)Lgu(wd)

UeFm/Fm nTEm n

= > x(0) > Lgulw])’

G’GFm/Fm,n TEFm,n

= > xX(O)(TmnLgu(wn))’

Uer'm /F'm,n

=7y X(0)Lgulwy)

O'EFn

=70 (u).

Corollary 5.8. For x € FT;H, Ong1,xp = T xp-
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Proof. From the structure of the local extensions K, one sees immediately
that I'; 1., 1s the subgroup of p-th powers. It follows that for any x € it
we have y? € '+ 11,0, and so we can view x? as a character of I'y. U

Thus in calculations we can assume that the character x has maximum
order.

6. Higher Derivatives.

We may easily generalize the maps 9, , so that we obtain information con-
cerning the values Lsp (¢, k).

Definition 6.1. For u € Uy,n > 0,k > 1, define
ok (w) =Y x(o)D" ' Lgu(wy),

O’eGn

d

where D is the derivation /\,( XY dz-

By Theorem 4.1, we have 8} (c) = «" - B- Q™' L, (¥*x, k), where B is
a unit, if 1 < k < ¢ — 1. In his paper [4], Katz has shown that a family of
derivations D, may be defined by the formula f(X+Y) =32 D, f(X)Y™
and in addition, if 0 < m < ¢ — 1, then D,, = %Dm. Since g, = 1
mod (m, X),log g, converges formally, and we may write D*~1£ = D¥log.
Substituting f = log g, above gives log g,(t + s) = > ;- Di log gu(t)s*. We
may then define a power series, given a character x of G, and a sequence of
units u € Uy, by

glu,x,t,8) = > x(0)log gu([r(0)](t) + )

oceGy

- Z ( Z 0)(Dylog gu) o [k (J)](t)) sk

= UeGn
It is readily seen from the above remarks that

d k
O (1) = (ds> g, Xswn, 8)|_g i1 <k <q—1.

In particular, g(c, x, wn, s) yields L-values.

7. Special Local Units.

As was done in [2] for the ordinary case, we now describe a sequence of local
units which will give elements of Uy, with simple Coleman power series. As
usual, ¢ = p?. Let S in Oy be such that B9 ' =1—mand B =1mod 7. Such a
(3 exists by Hensel’s Lemma applied to the polynomial f(X) = X9~ ! —(1—n).
If ¢ is any one of the ¢ — 1 roots of unity in K, then f({) =7 =0 mod p
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and f'(¢) = (g —1)¢~! # 0 mod p, so that there is a lifting of ¢ to a root
in Oy.

Lemma 7.1. Ng /g, (8 —wnt1) = (8 —wy) for alln > 0.

Proof. The minimal polynomial of w41 over K, is P(X) = X9+ 71X — wy,
and hence the minimal polynomial of 8 — wy4+1 over K,, is —P(8 — X). It

follows that Npi1,(8 —wpt1) = —(=1)9P(B) = P(B) = 1+ 70 —w, =
B — wn. O

Theorem 7.2. For each d dividing ¢ — 1, we have Npi1,(3% — wgﬂ) =
(8% = wi).

Proof. The lemma is valid for any 8 such that 89! = 7, in particular with
B changed to ¢ where (9~ = 1. Taking the product over (¢ = 1 gives the

result. (]
We obtain a sequence of units u(® = (ugd)) € Us for dlg — 1 whose
Coleman power series is ¢ — X9,

Corollary 7.3. §(u¥) =0 ifd # 1. §(uM) = (1 — 7))~ # 0 mod 7.
Proof. Explicit calculation, using Lemma 5.3. U

Theorem 7.4. u¥? =1 unless d = 1.

Proof. We calculate the Coleman power series of the projections. First we

compute the p-part of the unit u(® = (ugld)):

| u;d)ﬁ“@w‘l))o ~ T - (o)) T ).
oEA o€EA

We have used the fact that [ko(0)](X) = ko(0)X in the basic Lubin-Tate
formal group. The Coleman power series for u(¥? must then be

g(X) — H (ﬁd B HO( )Xd) TI"(P(U—I))‘
ocEA

Note that (ﬁ%Tr(p(a_l)) is an element of Z, and that 3% — kd(0)X? =
1 mod (m, X), so this expression indeed defines a power series in O,[[X]],
satisfying G(wp) = 1, for all n > 0. Furthermore, G(X) = 1 mod (7, X).

Writing (8% — k(o)X %) = 5% (1 — (ko(0)X/B)%) we compute

logG(X) =)

cEA

~Trplo)log, ()

sy

JGA

Trp “Hlog <1 — Ei(;) Xd)
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where log,, is the p-adic logarithm, and the logarithm of a power series which

is congruent to 1 modulo (7, X) is given by the usual series expansion for
log(1+ X). Then

(o) X
ﬂdk

6)  logg(X) == Tl )Y "
k=1

cEA

- Z( ZTrp ) J)>Xdk
0 ke

UGA

k

We have Trp(o—1)- gk( )= (Ho(U_l) + kj(o _1)) gk( ) and, since K = K},
when we sum over A the result is ZaeA(Fagk Yo) + mdk P(7)), which is 0
unless dk — 1 =0modqg—1 or dk —p = Omod g — 1 in which cases it
is equal to ¢ — 1. However, since d|q — 1, we see that unless d = 1 these
congruences are impossible, and hence log G(X) = 0, so that G(X) = 1 and

thus u¢ projects trivially. O
For d = 1, we have logG(X) = —> -1 modg—1 XFE/kBk. Tt is easy to
compute
1 d 1 Xkt
1 X"
= _ gt =
v’

Compare this to the result in the ordinary case in [1, 2]. We may sum the

series,
1 X! 1
20 =5 (“ 5] ) X

1—
1—m

We could further modify this by employing the definition of # and the
formula (1 — X2m@)(1 + X®)~! = 322" 1(—1)" X This gives

1 31
N(X) 1 (%Y’*l N (%)2(1@*1) T <%)P(1’*1).

Note that o\ (u”) = >, cq. X(0)Q(wy), although this does not simplify the

expression 8y, y (u”) = 0y (u) = = > cq. X(J)m . ﬁ_ﬁ We compute

N (wp)-

o(X) = -
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n
Lemma 7.5. For all n > 0, we have X' (w,) = H (1 + gwkq&) )
T
k=0

Proof. By differentiating the relation A o [r"*1](X) = 7"T!\(X) we obtain
[P X)N o [7F1] = a7 FIN(X). Substitute X = w, and X (0) = 1 to

get [T (w,) = 7" N (w,). If f is a function and f, = f o mtlmesf then
LX) =TI f'(£a(X)) for every m > 1. Applying this to f = [r] gives
[ (wn) = TV (7Y wn)) = [T 1] (wnr) = T 1) (wi)-
k=0 k=0 k=0
Since [7](X) = 7 + ¢X9! we conclude
X(wn) = 7= (w,) = 70D T (rkquf ™) = [T (14 Lant™).
k=0 k=0 T
U
We finish by mentioning a connection to sums Sy, (X, k)=)_,cr, x(7) (W)

A straightforward calculation gives:

Theorem 7.6. Let N(X) ' = = 3220 biX @V with b; € O. Then 6, (u”)
=(1- Q)ﬂ_l Z?::O CmSn (X, (g — 1) ), where ¢, = ZhL]_m (1,bﬂ-)]
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THE MODULE OF DERIVATIONS FOR AN
ARRANGEMENT OF SUBSPACES

JONATHAN WIENS

This paper examines the module of derivations for a sub-
space arrangement. In particular, we consider those subspace
arrangements consisting of elements of the intersection lattice
of a generic hyperplane arrangement. We determine gener-
ators for the associated module of derivations. These gen-
erators are indexed by certain elements of the intersection
lattice.

1. Introduction.

Let V be a linear space of dimension £ over a field K. By an arrangement we
shall mean a finite collection of affine subspaces of V. If all of the subspaces
in an arrangement A have codimension k then we say that A4 is an (¢, k)-
arrangement. If K =1 and so A is a hyperplane arrangement then we shall
say that A is an f-arrangement.

Let A be an arrangement and S the coordinate ring for V. For each H € A
let Iy = V(H), the ideal of S which vanishes on H, and call it the defining
ideal for H. If H is a hyperplane, then we can choose a linear functional
ap € S such that Iy = (o).

We now introduce the main character of this paper. If A is an arrangement
then the module of A-derivations is D(A), the set of all K-linear derivations
of S which map each defining ideal to itself. Equivalently, one could define
D(.A) to be the set of all polynomial vector fields which, at each subspace, are
parallel to that subspace. [1] contains an extensive review of the properties
of D(A) for hyperplane arrangements, especially for free arrangements. We
shall review the situation for generic arrangements in Section 3.

Recently interest has arisen in arrangements of subspaces of codimension
greater than one. The goal of this paper is to examine D(.A) in this case.
In particular we investigate subspace arrangements consisting of elements of
the intersection lattice of a generic hyperplane arrangement, where we find
generators for D(A) as an S-module.

In Section 2 we list several elementary properties of D(A). In Section 3
we find generators of D(.A) for generic arrangements. In Section 4 we discuss
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subspace arrangements arising from hyperplane arrangements and in Sec-
tion 5 we find generators for D(.A) for those subspace arrangements arising
from generic hyperplane arrangements.

The author would like to thank Sergey Yuzvinsky for valuable suggestions
during the preparation of this paper.

2. Subspace Arrangements.

In this section we define our terminology and give some elementary results.
Let A = {Hj,... ,H,} be an arrangement with defining ideals {Iy,,...,
In,}. An element H of A is mazimal if it is not contained in any other
subspace of A. A is central if T = N?_H; is non-empty. In this case we
choose coordinates so that 0 € T. We say that A is essential if T = 0. We
shall primarily concern ourselves with central arrangements.

Let S be the coordinate ring for V. Let Derk(S) denote the set of K-
linear derivations of S, that is, K-linear maps 6 : S — S such that 6(fg) =

f0(g) + go(f) for all f,g € S.

Definition 2.1. Let A4 be an arrangement in V. The module of A-deriva-
tions is

D(A) = {6 € Derk(S) |0(In) C In V H € A}.
One obvious consequence of the definition of D(.A) is the following lemma.
Lemma 2.2. If B C A are a pair of arrangements then D(A) C D(B).

If A is central, then the defining ideals of A are all homogeneous with
degree one generators and hence D(A) is a graded S-module. In this case let
V* denote the dual space of the vector space V and ST denote the maximal

graded ideal of S. We shall abbreviate 8%1- by D;. The Euler derivation

is 0 = Zle xz;D; and has the property that if f € S is homogeneous of
degree n then O (f) = nf. As a result we have:

Lemma 2.3. If A is a central arrangement then 0 € D(A).
The Euler derivation plays a deeper role in some arrangements.

Lemma 2.4. If A is central and contains a hyperplane then SO is a direct
summand of D(A).

Proof. If H € A is a hyperplane choose a linear functional o € V* so that
H = V(a). If 0 € D(A) then « divides #(a) and hence we can define the
function ¢ : D(A) — S by ¢(6) = 0(«)/«. Since 0 € D(A), ¢ is surjective
with section s : S — D(A) given by s(f) = fOg. This shows SO is a direct
summand of D(A). O

While freeness is an important property for hyperplane arrangements, it
rarely occurs in more general arrangements.
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Theorem 2.5. If A contains a maximal subspace of codimension greater
than 1, then D(A) is not a free S-module.

Proof. Suppose that D(A) is free, with basis 61,...,6,,. Let H € A be
maximal with codimension k£ > 1. Choose a basis {z1,... ,x¢} for V so that
Iy = (z1,...,7). Since H is maximal, for each K # H in A there exists
Ok € Ik such that fg & Ig. Let 8 = [[{0k | K # H} and note that § & Iy.
Hence 8D, € D(A), but x16D1, 228D € D(.A) Now xz16D1 = Z:Zl i0;
and zo3D; = Y ;" ¢if; and hence zop; = x1¢; for all i. This shows that
x1|p; for all i and hence SD; € D(A). This is a contradiction, and hence
D(A) is not free. O

Different arrangements can yield the same module of derivations, as the
next theorem shows.

Theorem 2.6. If A is any arrangement, Hy,... Hy € A and B = AU
{HyN---NHg} then D(A) = D(B).

Proof. This result follows since if J = H; N--- N Hy then Iy = Ix, +--- +
Iy O

-
Hence one could routinely assume that an arrangement is closed under

intersections, as some authors do. In this paper, however, we shall not make
this assumption.

3. Generic hyperplane arrangements.

In this section we review the case where A is a generic hyperplane arrange-
ment. In particular, we find a minimal list of generators for D(A) if A is
a generic hyperplane arrangement, and then compute the projective dimen-
sion of D(A) as an S-module. Much of what is found here can be gleaned
from [2] and [4]. Here we give a straight-forward derivation of those results.

An essential f-arrangement A is generic if £ > 1 and every collection of
¢ hyperplanes from A is also essential. A boolean arrangement is a generic
arrangement with exactly ¢ hyperplanes. Every 2-arrangement is generic.

For the rest of this section we shall assume that A is generic. Furthermore,
since each hyperplane is determined by an element of V* we shall describe
each arrangement by listing functionals corresponding to each hyperplane.
To this end we shall always choose a basis {z1,...,z,} for V* such that
A={a1 =x1,...,ap = xp,0041,... ,a,} and we let Q = [[ax and call
it a defining polynomial for A. If ¢/ < 5 we shall often use x,y, z and w for
Llyeow s T4

The following two results are well-known.

Lemma 3.1. If A is a 2-arrangement then D(A) is a free S-module with
basis {HE, %Dy}.
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Lemma 3.2. If A is a boolean {-arrangement then D(A) is a free S-module
with basis {x1D1,... ,x¢D¢}.

If £ > 3 and A is generic but not boolean, then D(A) is not free. To
find generators of D(A) in this case we consider the intersection poset L(.A).
L(A) consists of all intersections of the elements of V', including the empty
intersection V. Let L(A), be the elements of L(A) of dimension k. If
X € L(A) let Ax ={H € A| X C H}, Qx be a defining polynomial for Ax
and Ty = Q% If X € L(A), choose yx = ) b;D; non-zero with b; € K
such that yx(ag) = 0 for all H € Ax. This derivation may be identified
with a vector parallel to X and is projectively unique. Let 0x = wxvx.
One can easily see that 0x € D(A). These derivations, together with 6z,
will be generators of D(.A). To prove this we need to introduce the concept
of deletion and restriction.

Let A be any hyperplane arrangement and choose H € A. Let A =
A\ {H} and call it the deletion of A with respect to H. Let A” be the
hyperplane arrangement in H with hyperplanes {H' N H|H’ € A’} and call
it the restriction of A to H. (A, A’, A”) is called a triple of arrangements.

If A is generic and non-boolean then A’ is also generic. If £ > 2 and A
is generic then A” is also generic. Furthermore, if A is generic then L(A")
may be identified with those elements of L(.A) contained in H.

Next, we recall the short exact sequence of [1, Prop. 4.45]. If we choose
coordinates for V' so that the functional associated with H is x1, then mul-
tiplication by x; yields an injective homomorphism g : D(A’) — D(A).
We can also restrict derivations to H. We identify the coordinate ring of
H with S” = Klzs,... ,z¢]. The canonical surjection S — S” then pro-
vides an S-module structure for D(A”). If § € D(A) and f € S” then
let 7(0)(f) = 0(f)|zy=0- It was shown in [1] that r(D(A)) C D(A”) and
that the sequence 0 — D(A’) — D(A) — D(A”) is an exact sequence of
S-modules. We shall show that the last map is surjective in the case of
generic arrangements, and in the process find a minimal generating set of
D(A).

Let A be a hyperplane arrangement and fix K € A. Let F(A) denote the
submodule of D(A) generated by 0 and {6x|X € L(A);, X C K} and
F(A") the submodule of D(A”) generated by 6% = r(0g) and {6x~ | X" €
L(A");, X" C KN H}.

Lemma 3.3. Let A be a generic arrangement and K € A. If H € A and
H # K then r(F(A)) = F(A”).

Proof. The 0x with X C K fall into two categories. If X ¢ H then z1|rx
and so r(fx) = 0. If X C H then H € Ax and x; is not a factor of wx. If
X"=n{J|J e Ax} then X" € L(A”) and since A and A" are generic, one
can see that r(fx) = 0x~. Furthermore, since A is generic, each element of
L(A") containing K NH arises in this fashion; and hence, r is surjective. O
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Theorem 3.4. If A is a non-boolean generic £-arrangement then
0 — D(A) = D(A) —— D(A") — 0

is a short exact sequence of S-modules. Furthermore, for any K € A, D(A)
is generated by Op U {0x | X € L(A);, X C K}.

Proof. We shall prove the theorem by induction on £. The base case £ = 2 is
Lemma 3.1. Now let £ > 2. We shall prove this by induction on the number
of hyperplanes of A. For this inner induction, we shall prove the base case
together with the inductive step.

Let A be a non-boolean generic f-arrangement. Since A is generic and
non-boolean, A’ and A” are generic and by induction, Lemma 3.1 or
Lemma 3.2, have generators listed by the theorem. Since

D(A") = r(F(A)) € r(D(A)) € D(A"),

we see that r is surjective.

Now suppose that § € D(A). Since D(A"”) = F(A”) we can, by Lemma 3.3,
choose n € F(A) so that r(n) = r(). By exactness we have §—n € u(D(A")).
But by induction D(A’) is generated by the forms 6% where X’ C K. Now
A is generic so each X’ € L(A’) is also an element of L(.A) where we denote
it by X. By definition we then have z160x = 0x and so uD(A") € F(A) and
hence 6 € F(A). O

The above theorem shows that if |A| = n and A is generic, then at most
(;}:21) + 1 generators are needed. The short exact sequence given above
allows us to compute the projective dimension of D(.A).

Corollary 3.5. If A is generic and non-boolean then the projective dimen-
sion of D(A) as an S-module is £ — 2.

Proof. We proceed by induction on ¢. If £ = 2 then D(A) is free, so the
result holds. Now assume ¢ > 2. We proceed by induction on the number
of hyperplanes in A. If |A] = ¢+ 1 then A’ is boolean and so D(A’) is
free. Now consider the exact sequence of Theorem 3.4. A” is generic and
non-boolean, thus pdimg,D(A”) = ¢ — 3. But S” ~ S/anS and hence, by
[3, Theorem 4.3.3], pdimgD(A"”) = ¢ —2. As a result, by [3, Exercise 4.1.2],
if £ # 3 we have pdimgD(A) = ¢ — 2. If / = 3 then our arrangement is that
of [1, Example 4.34], which was shown to not be free, which implies that
pdimgD(.A) in this case is also ¢ — 2.

If |A] > ¢+ 1 then pdimgD(A") = pdimgD(A") = ¢ — 2 and again [3,
Exercise 4.1.2] shows that pdimD(A) = ¢ — 2. O

[4] provides a minimal projective resolution of D(A) which also shows
that the minimal number of generators of D(A) is exactly (;}:21) +1.
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4. Arrangements arising from L(A).

In this section we discuss arrangements which consist of a subset of L(.A)
for a hyperplane arrangement A. In particular, choose k > 2 and let Ay be
the (¢, k)-arrangement consisting of those elements of L(.A) of codimension
k. Note that A; = A. The next result gives a filtration which may be an
interesting object of study.

Theorem 4.1. If A is a hyperplane arrangement, then
D(A) C D(A) C--- € D(Ay).
If A is essential then D(Ap) = STDerk(S).

Proof. If 8 € D(A)j then 6(I(X)) C SI(X) for each X € L(A)p_p. If
Y € L(A)¢—k—1 then Y = X1N X5 where X; and X5 are elements of L(A),_;
but then V(Y) = V(X1) + V(X2) and hence 0(Y) C Y and 6 € D(A)p1.
If A is essential then L(A), = {0} and since V(0) = ST it is clear that
D(A); = STDerk(S). O

Next we apply the notion of deletion and restriction to these modules.
One easy result is the following:

Lemma 4.2. If A is an {-arrangement and H € A with defining functional
ay then agD(A)) C D(Ag).

Next we consider the restriction map of Section 3.

Lemma 4.3. If A is a hyperplane arrangement, H € A, and A" is the
restriction of A to H, then 7 (D(Ag)) € D(A{_,) for every 2 <k < /L.

Proof. First choose coordinates so that ay = x1 = x. We identify S” with
K[xg, - ,.75[]. Let 0 € D(.Ak) If X e L(A”)z_k then I(X) = (ﬂl, - ,ﬂk—l)
where the 8; are linear functionals associated to the elements of A”. There
exist ai,...,ar_1 € K such that oy = a;x + (; are functionals defin-
ing elements of A. But note that there exists Y € Ay such that Iy =
(x,a1,...,a5-1) = (z,01,...,0k) and so O(I(X)) C (z,b1,...,0k—1) and
hence r(0)(I(X)) = 6(I(X))|z=0 € (B1,...,0k—1). Since this holds true for
all X € L(A") we see that r(0) € D(A}_,). O

These two results will be used later when we find generators of D(Ay)
when A is generic. If A is boolean, the D(A) are easily described. Let V'
be a vector space of dimension ¢. Let us say that a subset T of V* is generic
if every subset of T" of size at most £ is linearly independent.

Lemma 4.4. Let V' be a vector space of dimension £, S = SV* and A =
{ov,...,an} be a generic subset of V*. Let Q = [, and if X C
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{1,...,n} let mx = HjeX aj. For each 1 < k < { the ideal ni1<---<ik(0‘i1:
., a5,) is generated by

Q
TX

and the ideal ﬂ1<i2<._,<ik(a1, ..., Q) is generated by

XCc{l,...,n}, \X\:k—l}

{al}U{ @ ‘XQ{Q,... ,n}, |X|:l<:—2}.
oTX
Proof. Let N = ﬂ2§i2<m<ik(a1,ai2,... , o) and L = ﬂQ§i1<-~<z‘k(ai17
., a5, ). Our goal is to show that I = N N L. To prove this we shall
induct on k. If kK = 1 then the result is clear. Now assume k& > 1. To prove
the inductive step we shall induct on n. If n = k, then again the result is
clear. Now assume n > k.
Let ¢ : S — S/(a1) and denote ¢(f) by f. Since ¢ is surjective and ker(¢)
is a subset of every (aq,ag,, ... ,q;, ) we have

S(N) =[¢ (a1, iy, o) =)@y, ;)
Since A is generic Q" = ¢(Q/«a1) is square free and so, by induction on
k, ¢(N) is generated by the Q:; = gb( < ) where X C {2,...,n} and

T a1Tx

|X| = k — 2. This shows that

N:(a1)+<{ ¢ Xg{z,...,n},m:k—Q}).
ATTY

Denote the first ideal on the right by J and the second by K. By induction
on n we see that

L:({ @ Xg{z,.__,n},‘x‘:k_l})_
a1TX

Thus I is an intersection of the form (J 4+ K) N L with K C L and whence
I=JNnL+ K.
We claim that

JNL+K = ({Q'Xg{1,...,n}, \X|:k—1}>
TX

and denote the latter ideal by M. Clearly M C I and K C M. It remains
to show that JNL C M. If g € JN K then g = ha1 = )y fx Q@ If

aimx’

Y C{2,...,n} with [Y[ =k —1and Iy = ({o;|i € Y}) then consider
¥ : S — S/Iy and again denote ¥ (f) by f. Since k < ¢, this is an integral

domain. Note that g = hog = fy —<

a1y

and hence there exists hy such that
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fy =aihy and so fy = ajhy + gy where gy € Iy, but then fy Q M

a1 Ty

Since this holds for all Y we see that JNL C M and the result is proven. [

We can use the above result to determine generators for D(Ay) if A is
essential and boolean.

Theorem 4.5. Let A= {Hy,...,Hy} be a boolean £-arrangement with H; =
V(z;) and let Q = Hle x; then, for each k > 1, D(Ag) is generated as an
S-module by

Dt Q5
{xzDz}Z:1 U {QX D;

Proof. Let 6 € D(Ag) and write 6 = > p;D;. Choose 1 < j < (¢ and
let J = {17 777'} \ {]} Now b = 0(1,‘]) S m|Y)|/=§k:]—1 (ajv{am}mGY) =

. Q
(O[], {ajﬂ'y

mial of a subarrangement of A of size k — 1 corresponding to an element of
L(A) of dimension ¢ — k + 1. The result follows. O

XeL(A)y 1, X CH;1<i < f} :

Y CJ,|Y|=k—2, |. But each o7y is the defining polyno-

Note that as k increases the modules pick up smaller and smaller “factors”
of the QD;. This pattern will also hold for generic arrangements. The above
result also allows us to compute the projective dimensions of D(Az) for a
boolean arrangement.

Theorem 4.6. If A is boolean then the pdimg(D(Az)) = 1.

Proof. Tt suffices to consider the case where A is essential. Let Py be the
free S-module with generators a, ... ,ap, f1,..., 08 Let ¥ : Py — D(A) be
the map define by 1 («;) = 2;D; and (5;) = %Dz We will show that keriy)
is a free S-module.

Suppose ¥(>_ fiai + > gifi) = 0, then for each i we have z; f; + J%gi = 0.
Thus there exists h; so that f; = %hi and g; = —xz;h;. Thus keryp =

{Z (%Oéi — iﬁzﬂz‘) hi|h; € S} is a free S-module of rank ¥. O

5. Generic (I, k) arrangements.

In this section we assume that A is a generic f-arrangement and work with
the associated (¢, k) arrangements. We begin by finding generating sets for
D(A2) using elements of L(A). It is useful to consider some examples of
(¢,2)-arrangements arising in this fashion. It is convenient to describe the
subspaces using their corresponding ideals.

Example 5.1. In K3 let A= {z,y, 2,2 +y + 2}, so that
Az ={(z,y), (%,2), (x, 2 +y+2),(y,2), g,z +y +2),(z,2 +y +2)}.
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D(A2) has generators
QE) yZ(l'—l—y—f-Z)Dx, xy(DCC_Dy)) xyZDZ

y(x+y+2z)Dy, zz(x+y+2)Dy, z(x+y+2)D,, xy(z+y+2)D,.

In K3 if B={z,y,2+ vy, 2,2 +y + 2z} then D(B) is a free S-module but
B is the same arrangement as Ao listed above. Hence a free arrangement
and a generic arrangement may yield identical (¢, 2)-arrangements.

Example 5.2. In K* let A = {w,,y,2z,w+ x+y + 2}, so that
Az = {(w,2), (w,y), (0, 2), (w,w+ 2 +y+2),(2,9),
(,2),(z,w+z+y+2),(y,2), yw+tz+y+z2),(z,wt+z+y+2)}
D(A3) has generators
0p, zyz(w + x + y + 2) Dy, wyz(w+x +y+ 2)Dy
wrz(w+ x4+ y+ 2)Dy, wry(w +x+y+ 2)D,, xy(Dy — Dy)
yz(Dy — D), wx(Dy — Dy), xyzwD,
yw+z+y+2)D,y, zlw+z+y+2)D,.

These examples motivate the following definition. As usual, choose a basis
{z1,...,2¢} of V*. Let H € A with ap its defining functional and write
ag = Y a;x;. Let ng = % > a;D;,. One can easily see that ng € D(As).
Our goal is to show that the fx and ny together with 0 generate D(As2)
for a generic arrangement.

To prove this we will induct on the number of hyperplanes of A using the
method of deletion and restriction. An examination of the examples listed
above leads us to the following lemma.

Lemma 5.3. If A is generic, then r : D(As) — D(A") is surjective.

Proof. The result is clear if £ = 2. If £ > 2 and A is generic, then so is A”.
One then notes that {r(0x)}xer(4), Ur(0p) is the generating set of D(A")
given in Theorem 3.4. U

We can now state one of our main results:

Theorem 5.4. Let A be a generic £-arrangement with £ > 2 and H € A.
The sequence

D(AL) @ SSD(Az)SD(A") — 0
is exact where ¢(0, f) = apl + fnm.
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Proof. Since r(ng) = 0 we only need to show that ker(r) C im¢. Let
A = {H,Hy,... ,H,} and choose coordinates so H = V(z1). Let 0 € ker(r)
and write § = ZlepiDi. Since r(0) = 0, p; = x;q; for i > 1.

Since A is generic the ideals {(z1,;)}i>1 are distinct, hence 6(z;) €
N y(z1,05) = (z1,[[[ng ) = (xl,%). So write p = z1q1 + %s, and
T = Zle ¢i Dz, so that 6 = z17 + snx. It suffices to show 7 € D(A)). Let
X € L(A')2, then since g% € Ix we see that 0(Ix) C Ix iff zyu(lx) C Ix.
But since x; € Ix (as A is generic), we see that x1u(lx) C Ix iff u(Ix) C
Ix, hence pu € D(AY). O

With the above exact sequence we can prove the following result.

Theorem 5.5. Let A be a generic arrangement, £ > 2 and K € A. D(As2)
is generated by {p} U {0x | X € L(A);,X CK}U{nu|H € A}.

Proof. The proof here is very similar to that of Theorem 3.4. We induct
on ¢{. We shall prove the base case together with the inductive step. To
show these we induct on |A|. If A is boolean then the result follows from
Theorem 4.5. If |A| > ¢ then we use the exact sequence of the previous
theorem. If § € D(Ay) then since r is surjective and A" is generic we can
choose 7 € D(A) so that () = r(#). Hence 6 — 7 is in the image of ¢.
But A’ is generic or boolean, so by induction its generators are given by the
theorem. As in the proof of Theorem 3.4 one sees that when the generators
of D(A’) are multiplied by ay they become the generators postulated for
D(A). The result follows. O

Now assume k > 2. For each H € A write ag = > a;x;. Now let
Y € L(A),_yy; with Y C H and let nuy = == 3" a;Ds,. Let F(Ay) be the
S-submodule of D(A) generated by 05 together with the fx and the set of

all ny .
The rest of this section is devoted to the proof of the following theorem.

Theorem 5.6. Let ¢ > 2, A be a generic (-arrangement, 2 < k < { and
K € A. D(Ag) is generated as an S-module by

{65} U{0x | X € L(A),, X C K}

We shall prove this by induction on £. The base case £ = 3 is Theorem 5.5.
Now assume £ > 3. To prove this we induct on k. The case & = 2 is also
Theorem 5.5, so assume k > 2. To show this we induct on the number of
hyperplanes of A. If |A| = ¢, then the result follows from Theorem 4.5.
Hence, we assume that |A| > /.

We begin by choosing H € A with H # K, and choose coordinates so
that ag = x1. Let A’ be the deletion of A with respect to H and A"
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the restriction of A to H. Let F(Ag) be the S-module generated by the
derivations given in the theorem. Our goal is to show that F'(A) = D(Ag).

Lemma 5.7. If A is generic, then r: F(Ay) — D(A]_,) is surjective.

Proof. Since A is generic, so is A” and, by induction on ¢, D(A}_,) has

generators given in the theorem. Omne then notes that restriction of the

generators of F'(Ay) are either zero or precisely the generators given for

D(A}_;). In particular, let H” € A” and Y" € L(A");—k4+1 then there is

a unique Y € L(A) so that Y = Y”. Since Y C H we have z1|ry. Now
‘ :

Ny = %Zkzl a;D; = fon S a;D; and since %|$1=0 = Q" and

Ty /an
Zfzg a;Dx; = nyr yn. U

%|x1=0 = Ty W€ See that T(UH,Y) = QH
Lemma 5.8. Let A be a generic arrangement and H € A, then the sequence

7ryl/

DA, @ 5 % DU) —— DAL, ——0
YEL(A),_1
YCH

is exact where ¢ (0, (fy)) = anl + > vy fynuy-

Proof. We only need to show that ker(r) C im¢. Let A = {H,Hs,... H,}
and choose coordinates so that H = V(x1). Let 6 € ker(r) and write § =
ZlepiDi. If r(#) = 0 then p; = x1¢q; for each i > 1.

Since A is generic the ideals {(z1, a4y, ... ,q;,) |2 < iy < -+ < i} are
distinct, hence by Lemma 4.4

9(1'1) S m (x17ai27"'aik)

2<in< - i

e
BE S

Write p1 = 211 + > SX%S, and let 7 = Zle q¢;D; so that 0 = x17 +
> sxnx. Hence, it suffices to show 7 € D(A}). Let Y € L(A), then since
xffgrx € Iy for each X # Y we see that 0(Iy) C Iy iff z17(Iy) C Iy. But
since x; & Iy (as A is generic), we see that z17(ly) C Iy iff 7(Iy) C Iy,
hence T € D(A}). O

XC{2,...n}|X|:k—2}>.

With the above exact sequence we can finish the proof our main result.
If & € D(Ag) then choose n € F(Ag) so that r(#) = r(n), in which case
6 —n € im¢. But by induction D(A}) = F(A}) and since ¢ sends the
generators of D(A}) to generators of F'(Ay), we see that 0 € F(Ay).

An interesting result would be to compute minimal resolutions of these
modules.
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