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We completely determine the residual automorphic repre-
sentations coming from the torus of odd orthogonal groups.
Under certain technical assumption on disconnected groups,
our results are valid for symplectic groups and even orthog-
onal groups. Moeglin has determined the residual spectrum
attached to the trivial character of the torus for split classical
groups. However, non-trivial characters present some non-
trivial difficulties, both local and global. Local problems are
resolved in a companion paper with C. Jantzen, where many
other useful results are obtained.

Introduction.

Let F' be a number field and A its ring of adeles. Let G be a reductive
group defined over F. For simplicity we assume that the center of G is
anisotropic over F'. A central problem in the theory of automorphic forms is
to decompose the right regular representation of G(A) acting on the Hilbert
space L?(G(F)\G(A)). It has continuous spectrum and discrete spectrum.

LA(G(F)\G(A)) = L (G(F)\G(A)) & Lo (G(F)\G(A)).

We are mainly interested in the discrete spectrum. Main contributions have
been made by Langlands and Arthur. First of all Langlands described, using
his theory of Eisenstein series, an orthogonal decomposition of this space of
the form:

L (G(P\G(A)) = €D LEi (GIF\G(A)) (a1,
(M)

where (M, 7) is a Levi subgroup with a cuspidal automorphic representa-

tion 7 taken modulo conjugacy (here we normalize 7 so that the action

of the maximal split torus in the center of G' at the archimedean places is

trivial) and L3, (G(F)\G(A))(n,r) is a space of residues of Eisenstein series

associated to (M, ). Here we note that the subspace

D6 Liis (GI\G(A)) (G
is the space of cuspidal representations L2, (G(F)\G(A)). Its orthogonal

cusp

complement in L3, (G(F)\G(A)) is called the residual spectrum and we

417
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denote it by L2, (G(F)\G(A)). Therefore we have an orthogonal decompo-
sition

L3 (GIP\G(A)) = Ly, (GU\G(A)) ® Ligs (GUF)\G(A)).

Arthur described, motivated by his trace formula, described a conjectural
decomposition of this space as follows:

L3 (GING(8)) = &y L (G(F)\G(A)) .

where 1 runs, modulo conjugacy, through the set of morphism v : Lp X
SLy(C) — G*, where Lp is the conjectural tannakian group, G* is the
Langlands’ L-group and v satisfies certain conditions; in particular, ¢ re-
stricted to SLy(C) is algebraic, 1 restricted to Lp parametrizes a cuspidal
tempered representation of a Levi subgroup and the image of ¢ is not in-
cluded in proper Levi subgroups. The space L?(G(F)\G(A))y is defined by
local data (3.3).

Let Iles, be the set of the local components of the residual spectrum
L, (G(F)\G(A))(ax)- It is of great importance to prove that Iles, C
I1,, for some 1), and the multiplicity formula (3.1) holds: In other words,
the Arthur parameters parametrize the residual spectrum. For this, it is
necessary to construct a set of characters Cres, C 51; attached to I, .

We should note that Arthur’s trace formula will not separate the cuspi-
dal part from the residual one and therefore one needs to study the residual
spectrum by computing the residues of Eisenstein series. It is noted that the
first exotic example of the residual spectrum of the split group G4, which
was discovered by Langlands and further studied later by Moeglin and Wald-
spurger, has been of significance to Arthur in formulating his conjectures.

There are two problems in calculating the residual spectrum. The first
problem is global. It is concerned with calculating the residues of the
Fisenstein series via the constant term of the Eisenstein series. Computing
residues of Eisenstein series is a very difficult problem and requires both the
knowledge of the poles of corresponding automorphic L-functions, as well as
handling very difficult computational combinatorics. These computations
are already highly non-trivial even for rank 2 split groups. For example, for
the split group G2, the Eisenstein series, built out of the maximal parabolic
subgroup attached to the long simple root, contains the third symmetric
power L-function of GLy. The precise location of the poles of the third sym-
metric power L-function was resolved only in the recent work of [Ki-Sh2)]
(see the introduction of the paper for the long history). The Eisenstein series
built out of the minimal parabolic subgroups do not present a problem with
regards to poles of automorphic L-functions since the L-functions are Hecke
L-functions. However, in this case, cancelation of poles of the normalized
intertwining operators presents a problem. Even for Sps [Kil], one has to
use a non-trivial fact on the subtle analysis of the normalized intertwining
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operators for SLy due to Labesse-Langlands [L-La]. The second problem
is local. It is concerned with calculating the image of the normalized local
intertwining operators of the generalized principal series. While the unitary
principal series are well understood thanks to the Knapp-Stein R-group the-
ory, the generalized principal series are not. Moeglin’s result [M1] on the
unramified principal series of the split classical groups seems to be most
satisfactory so far.

At this moment, the most satisfying result about the residual spectrum
is due to Moeglin-Waldspurger [M-W2] who completely determined the
residual spectrum for GL,, and Arthur [A2] gave the Arthur parameters for
them. Their result is that the residual spectrum for GL,, is parametrized
by the cuspidal representations of GL,, and the principal unipotent orbit
of GLx (C), where m|n. As we observed, Arthur’s parameters require the
introduction of the hypothetical group Lr. However, there are parts of it
that can be parametrized by our existing knowledge. This is the case in
particular, if the Eisenstein series is built out of minimal parabolics. In
this case, Ly can be replaced by the global Weil group Wr. Therefore, we
will restrict ourselves to the study of L3 (G(F)\G(A))r,y), where T is a
maximal split torus and y is a unitary character of 7'

When G is a split classical group and Y is trivial, Moeglin [M1] completely
solved the problem with the restriction that archimedean components are
spherical. In this case the Arthur parameter is given by

Y Wp x SLy(C) — G¥,

where Y|y, = 1 and 9|gz,(c) is determined by a distinguished unipotent
orbit of G*. Recall that the Springer correspondence is an injective map
from the set of irreducible characters of W, the Weyl group, into the set
of pairs (O,n), where O is a unipotent orbit and 7 is an irreducible char-
acter of A(u) = C(u)/C(u)?, u € O, where C(u) is the centralizer of u in
G*. Let Springer (O) be the set of characters of A(u) which are in the im-
age of the Springer correspondence. Then Moeglin’s result is that the local
components of the residual spectrum are parametrized by the distinguished
unipotent orbits O of G* and Springer (O). Let Unip(O) be the set of the
local components of the residual spectrum. Then there is a pairing between
Unip(O) and Springer (O) which gives a desired Arthur’s multiplicity for-
mula (3.2).

Moeglin [M4] also constructed the local representations associated to the
remaining characters of A(u) which are NOT in Springer (O). These should
be local components of cuspidal representations. She [M5] obtained a partial
result on how to determine when 7 € I, is a cuspidal representation. It
would be an important but a difficult problem. We note that Lusztig [Lul]
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has a theory of the generalized Springer correspondence which gives the
remaining characters of A(u).

In this paper, we will extend Moeglin’s result when y is an arbitrary
unitary character of T'. For simplicity, we will describe the result for G =
Span. Because the result in [Ja-Ki| for Spay,, O2, is not complete, our result
for Spay, is not complete. This is due to the fact that Barbasch-Moy’s result
[B-Mo2] is not available for disconnected groups like Og,. However, we
obtain a complete result for SOg,41. Nevertheless, the symplectic group
case will illustrate the technique and the heart of the matter.

As in [M1], we use G* = O2,4+1(C) to denote its dual group. Let
Wi, .., up be k distinct non-trivial quadratic grossencharacters of F. Fix
integers r; > -+ > rp > 2 and rg so that rg +7r1 + --- 4+ 7, = n. Then
X = X(H1y oo s flyeeey by v s ey 1, ..., 1). We showed in [Ki-Sh] that only

N—_——

T1 Tk 70
the character of the above type contributes to the residual spectrum. The
character y defines a homomorphism of the Weil group Wy into a Cartan
subgroup of SO3,4+1(C). Composing this homomorphism with the stan-
dard action of Og,11(C) on C?>"*! will then give a completely reducible
representation of Wr on C?"*! which decomposes according to eigenval-
ues f1,... , Mg, and 1, with multiplicities 2rq,... ,2rg, and 2rg + 1, respec-
tively. Write C*"* =V, @ Vi @ ... @V}, where each V;,dimV; = 2r;, is
the eigenspace attached to eigenvalue p;, 1 < ¢ < k, and Vj is the triv-
ial eigenspace of dimension 2rg + 1. In this way we get an embedding of

k
[T O(Vi) € O2,41(C). For each i, 0 < i < k, let O; be the distinguished
i=0

uinipotent orbit of O(V;). Then Arthur parameter of interest to us is a
homomorphism

k
W : Wr x SLy(C) — [ O(Vi) € O2n41(C),
=0

satisfying,

(1) YW w0 1% () X - X pa(w) € {£1} x {£1} x -+ x {1},
where {£1} is the center of O(V;) for i =0,... k.
(2) By Jacobson-Morozov theorem, 1[gp,(c) defines the unipotent orbit

1%, 0: of G*.
The unipotent orbits O; determine, through the Jacobson-Morozov’s the-
orem, certain conjugacy class of unramified characters of T. Let A\g =

A0+ ..+ Ao + Ao be the one in the positive Weyl chamber. To 1),
Arthur associates a Langlands’ parameter ¢y:

¢y : Wp —— O2,41(C),
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1
where ¢y (w) = 1 (w, <w|2 0 1)) It is given by ¢y = x ® exp(Ao,

0 Jw[™2
Hp()). Its non-tempered part is qﬁi = exp(Ao, Hp())-

In [Ki-Sh|, we studied the special case when O; is the unipotent orbit
of the form (2r; —1,1) for ¢ = 1,... ,k and Oq is of the form (279 + 1).
This is the opposite of the trivial character case. In this case, we showed
that the local components of the residual spectrum in Ily,, are parametrized
by the Knapp-Stein R-group of the unitary principal series I, = Ind %O Xos
where M is the Levi subgroup whose L-group is M* = Cent(imqﬁ:;, G*). We
note that M is of the form GL,,, x---x GLy, X Spay. Keys-Shahidi pairing
[Ke-Sh] gives a desired multiplicity formula (3.2). We note that the method
of [Ki-Sh] can only prove “if” part in (3.2). We need the inner product of
pseudo-Eisenstein series to prove “if and only if.”

In general case, the Knapp-Stein R-groups are not enough. Our result is
that the local component of the residual spectrum Cieg, is parametrized by
the unipotent orbits O;, ¢ = 0, ... , k and [Springer (Og) X - - - X Springer (O )],
where [ ] is defined as follows (see Theorem 6.2.2): If u1, = poy # iy for
i=3,...,k, then we replace Springer (O1) x Springer (O2) by

C (01, Oz, p1y) = {n € Springer (O) : n|4(0,) € Springer (0;), for i = 1,2},

where O is a unipotent orbit of Sp(2(r1 + r2),C) by combining O1,Os. In
Section 6, we show that the calculation of the residues of the Eisenstein series
is reduced to that of the Eisenstein series of Oa,, X - - - X Oa,, X Spay, attached
to the trivial character. There remains a local problem of calculating the
image of the normalized local intertwining operators. This has been taken
care of by [Ja-Ki|, under some assumptions that Barbasch-Moy’s result
[B-Mo2] holds for disconnected group Os,,. Therefore for symplectic groups,
the result is not complete. We review the result in Section 6.

In Section 3, we review quadratic unipotent Arthur parameters and
Moeglin’s reformulation of Arthur’s conjecture on the multiplicity formula.
In Section 4, we review Eisenstein series and pseudo-Eisenstein series in
the sense of [M-W1] attached to a character of a Borel subgroup. In Sec-
tion 7, we show how automorphic representations obtained by Kudla-Rallis
[Ku-Ra] by considering degenerate principal series, are fit as a special case.
In Section 8, we explain how the result in [Ki-Sh] is fit as a special case.
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for many discussions. Without his help on local questions [Ja-Ki|, this
paper could not have been finished.
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1. Preliminaries.

Let F be a field and let G = SOgy,41, Spa, or SOy, over F. Let J, be the
n X n matrix given by

Let J}, = (—J J”). Then

Sp(2n) = {g € GL(2n)| '9J5,9 = J3,} .
and
S50(n) ={g € GL(n)| 'gJng = Jn;det(g) =1} .
In each case we let T" be the maximal split torus consisting of diagonal
matrices in G. Then
L
l2

T(F) =t ... 1) = n I e F*Y

it G = Sp(2n) or SO(2n), and

ly
la

T(F) = t(ly, ... 1) = 1 l; € F*

if G=50(2n+1).
Let ®(G,T) be the roots of G with respect to T. We choose the ordering
on the roots so that the Borel subgroup B is the subgroup of upper triangular
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matrices in G. Let A be the simple roots in ®(G, T') given by A = {a;}]_,,
with a; =ej —ejr1 for 1 <j<n-—1, and

én G=502n+1),
on = [ 2e, G = Sp(2n),
en—1+e, G=S0(2n).

We let (,) be the standard Euclidean inner product on ®(G,T). If ¢ is a
root system of type B, Cy, or D,, then we denote by G(®) the split group
with root system ®.

For G = SO(2n+1) or Sp(2n), the Weyl group W(G/T) ~ S,, x Z5. Sy,
acts by permutations on the \;, ¢ = 1,...,n. We will use standard cycle
notation for the elements of S,,. Thus (ij) interchanges A\; and \;. If ¢; is
the non-trivial element in the i-th copy of Zs then ¢; takes A; to )\Z-_l. The
element ¢; is called a sign change because its action on ®(G,T) takes e; to
—e;. For G = SO(2n), the Weyl group is given by W(G/T) ~ S,, X Zg_l.
S, acts by permutations on the \;, and ngl acts by even numbers of sign
changes. The requirement that the number of sign changes be even comes
from the determinant condition in SO(2n). Note that the sign change ¢;
is an element of O(2n) and normalizes T'(F'). Each ¢; acts on SO(2n) by
conjugation, and ¢, induces the non-trivial graph automorphism on the
Dynkin diagram of ®(G,T).

2. Unipotent orbits of classical groups over C.

Theory of Jordan normal forms implies that a unipotent matrix in GLy is
conjugate to J(p1)®J (p2) - --©J(ps), p1 > p2 > - -+ > ps, pr+pat--+ps =
N, where J(p) is the p x p Jordan matrix with entries 1 just above the
diagonal and the diagonal and zero everywhere else. Therefore unipotent
classes in GLy are in 1 to 1 correspondence with partitions A of N. We use
the following standard notation for A\: A = (1",2"2,3™,...), where r; is the
number of p; equal to j.

Let G be a classical group, of type By, (O2,+1(C)), C,, (Sp2,(C)) or D,
(O2,(C)). We start with the following facts:

(1) X, X' € G are conjugate in G if and only if they are conjugate in
GLy,N =2n+1 or 2n.

(2) Let X € GLy be unipotent. Then X is conjugate to an element of G
if and only if r; is even for even 7 in the orthogonal case and for odd
in the symplectic case.

Therefore for G = O2,+1(C), unipotent classes are in 1 to 1 correspondence
with partitions A of 2n + 1 such that r; is even for even 1.

Let u be a unipotent element in G and let S, be its centralizer in G. Then
we have:
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(3) In the orthogonal case (resp. symplectic) case, S, /S5 is k product of
Z/2Z, where k is the number of odd (resp. even) i such that r; > 0.

Here we note that for G = GLx(C), the centralizer Z;(S) is connected
for any subset S of G.

We say that a unipotent element u is distinguished if all maximal tori of
Cent (u, G) are contained in the center of G°, the connected component of
the identity. This is equivalent to the fact that the unipotent orbit O of u
does not meet any proper Levi subgroup of G (Spaltenstein [Sp, p. 67]).
(Le., if L is a Levi subgroup of a parabolic subgroup of G and u € L for a
u € O, then L° = G°.) If G = O2,41(C), then G° = SO2,11(C) and G°
has trivial center. By Carter [C], for G = O2,+1(C) or O2,(C), if u is a
unipotent element with Jordan blocks (17,272, ...), then the reductive part
of the connected centralizer Cent(u, G)° is of type

H Crj2 X H D, /5 x H B(r,—1)/2-
i even i odd, r; even i odd, r; odd
Therefore, O is a distinguished unipotent class if and only if it has Jordan

blocks (1",3" 5™ ...), where r; =0 or 1.

Jacobson-Morozov Theorem. Suppose u is a unipotent element in a
semi-simple algebraic group G. Then there exists a homomorphism ¢ :

SLo —— G such that ¢ <(1) i) =u.

Here, replacing ¢ by a conjugate under G, we can assume that ¢ <8 agl

is in the closure of the positive Weyl chamber in the maximal torus. In
fact, by the theory of weighted Dynkin diagrams (cf. Section 5.6 of [C]),

0] 8 a(_)1> is uniquely determined by the unipotent orbit of u as follows

(Carter [C, p. 395]):

Suppose O has Jordan blocks (di, da, ds, ... ). For each d;, we take the set
of integers d; — 1,d; — 3,... ,3 —d;, 1 — d;. We then take the union of these
sets for all d; and write this union as (£1,£2,&3,...) with & > & > &> ...
Then

(2.1) ® (8 a91> = diag(a®,a%?,a%,...).

Lemma ([B-V, Prop. 2.4]). Let u be a unipotent element and ¢ : SLy —

G be a homomorphism such that ¢ ((1) i) =u. Let Sy = Cent(imeo,G) C

Sy = Cent(u, G) and U™ be the unipotent radical of S,. Then:
(1) Sy =S¢ -U", a semi-direct product. Sy is reductive.
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(2) The inclusion Sy C Sy induces an isomorphism between Sy/SgZ¢: and
Su/SuZa.

3. Quadratic unipotent Arthur parameters.

We follow Moeglin [M3]. Let F' be a number field and let Wr be the global
Weil group of F'. Let G = Spay, SO2,41, O2, and we can take the dual group
G* = 02,41(C), Span(C), 02, (C). An Arthur parameter is a homomorphism

Y Wp x SLQ((C) — G,

with the following properties: (The usual definition of Arthur parameter
uses Langlands’ hypothetical group Lp instead of Wr. But since we are
only dealing with Langlands’ quotients which come from principal series,
W is enough.)
(1) ¥(WF) is bounded and included in the set of semi-simple elements of
G*.
(2) The restriction of ¢ to SLy(C) is algebraic.
(3) Composing 9|y, with the determinant of G* gives a quadratic char-
acter of Wg, denoted by det . We want det ) = 1.
We call an Arthur parameter quadratic unipotent if the following
condition is satisfied:
(4) Y|w, is trivial on the intersection of the kernels of the quadratic char-
acters of Wp.

Because of conditions (1), and (4), the action of (W) gives an orthog-
onal decomposition:
(C2n+17(c2n — Vl @®Vk@%7

where dim Vo = 2rg + 1 or 2rg, dim V; = 2r;, 2rg + 1 +2r1 4+ -+ - 4+ 21, =
2n+1,2n, r1 > --- > r, and V; is the eigenspace with eigenvalue p;. Here

Wi, .. , g are non-trivial distinct quadratic grossencharacters of F, viewed
as characters of Wg, and dim V;, i = 1,... |k, being even comes from con-
dition (3).

The parameter ¢ factors through Hf:o G7, where

* O(‘/z)a if G = Span, O2n .
L Sp(V), i G =804

k
W Wr x SLy(C) — [ G}
=0

(1) W is mapped into the product of centers of G
YW :wr— 1 X pp(w) x -+ X pp(w) € {£1} x {£1} x -+ x {£1},
where {£1} is the center of G}, for i =0,... , k.
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(2) By Jacobson-Morozov theorem, t|gz,(c) defines a unipotent orbit of

G* of the form
k
H Oiv
=0

where O; is a unipotent orbit of G. Inside O; we fix an element wu;

such that
k
1 1
¥ (0 1) - 11)“’
1=

Let Sy = Cent(im1, G*) and
Cw = Sl/)/S/I?}ZG*

We know that Sy, is a maximal reductive subgroup of H?:o Cent (ui, GY).
Therefore 5’1‘2 =1, i.e., Sy is finite if and only if each wu; is a distinguished
unipotent element in G. Especially, since O2(C) has no distinguished unipo-
tent element, we have:

Lemma. Let be a quadratic unipotent Arthur parameter. Suppose 5’12 =1.
Then ri > 2.

Now it is clear that Sy /Sj Zg+ is equal to

k
Cent (uo, Gy)/Cent (ug, Gg)° Za: H Cent (u;, G7)/Cent (u;, GY)°.
i=1
Here Cent (u;, Gf)/Cent (u;, G})° is t product of Z/2Z, where t is the number
of ¢ with r; > 0 in Jordan blocks.

For each place v of F, we have a map 1, = 1/)|WFUX SLo(C)- As in global
case, we can then define Sy, . But in the local case, j;, may not be distinct.
Suppose fi1, = foy F Wiy for i = 3,...  k and p1, # 1. Then in the above
formula,

Cent (u1,G7)/Cent (u1, G7)° x Cent (uz, G5)/Cent (ug2, G3)°
must be replaced by
Cent (u1 X u2, G75)/Cent (u1 X ug2, G75)°,

where G715 = O(V1 @& Va) or Sp(V1 @ V2). Now we recall Moeglin’s reformula-
tion of Arthur’s conjecture ([M3]): It is a part of local Arthur’s conjecture
that for each irreducible character 7, of Cy, , there exists an irreducible
representation (1, n,). For each v, let I, be the set of w(¢y,, ).

We define the global Arthur packet I, to be the set of irreducible rep-
resentations m = ®,m, of G(A) such that for each v, 7, belongs to Il .
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Arthur’s Conjecture (Global).
(1) The representations in the packet corresponding to b may occur in the
discrete spectrum if and only if Sy is finite, i.e., SZ = 1. We call such
an Arthur parameter elliptic.

(2) For an elliptic Arthur parameter ¢, any 7 € Il occurs in L3 (G(F)\
G(A)) if and only if

(3.1) > () #0,
CEECu, v
where ™ = @, (Yy,Ny), * = (). Note that, if Cy is abelian, (3.1) is
equivalent to

(3.2) [Imle, =1,

when Y|w, is trivial.
We define
(3-3) LA(GF)\G(A))y = Iy N L (GIF)\G(A)).

Remark 3.1. For split classical groups, Cy is abelian and Moeglin [M2]
proved the multiplicity formula (3.2). However, in general, Cy; is not abelian.
For example, in the case of split exceptional group of type G2, Cy can be
Ss, the symmetric group on 3 letters. This fact leads to a “bizarre” multi-
plicity formula in Moeglin-Waldspurger’s work on the residual spectrum of
G2 [M-W1, Ki2|.

Let I, be the subset of Il which consists of the local components of
the residual spectrum. It is of great importance to parametrize the elements
in Il,es, and prove the multiplicity formula (3.1), i.e., we will construct a
set of characters Cles, C 5; and each character of Cies, gives an element
in Iyeg, -

Remark 3.2. To any Arthur parameter ¢, Arthur associates a Langlands’
parameter ¢y, : Wp —— G™ as follows:

w) = w \w]% 01 .
wwrofu ()

Let Sy, = Cent (im ¢y, G*) and Cy,, = S%/S:;wZG*. For each place v, we
have Sp,, , Cs, . For each v, there is a natural surjection Cy, — Cp,, . The
parameter ¢, gives a L-packet I, ~which consists of Langlands’” quotients.
It is a part of Arthur’s original local conjecture that for each place v, there
is a pairing (, ) on Cy, ~x Il —and an enlargement Ily, of II;, ~which
allows an extension of (, ) to Cy, x ILy, such that 7 € II, vy C I1,, if and

only if the function ( ;7) lies in the image of C/'(z,; in 5; Since Cy,, is
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abelian in our case, giving a pairing between Cy, and Il is the same as
giving a character of Cy, .

Note that in the unipotent case (Moeglin’s case) where 9|y, is trivial,
Cy,, = 1. Therefore, Iy, ~consists of only one element, that is, the spherical
one. So there is no non-trivial extension to ILy, .

4. Eisenstein series attached to Borel subgroups.

Let a¥ be the coroot corresponding to o € ®* (G, T). Explicitly, for a =
e; —ej, V() =t(1,...,0,..., 7 ... )1) € T(F) for 1 <i < j <mn. For
i J

a=ei+e;,a’(l)=t1,...,1,...,0,...,1),for 1 <i<j<n. Fora=2e,
i J
av(l) =t(1,...,l,...,1) for 1 <i < n. Here dots represent 1.
1

Let X(T) (resp. X*(T)) be the character (resp. cocharacter) group of 7T
There is a natural pairing (,) : X(T) x X*(T) —— Z. For o, € ®(G,T),
(B,a") = 2(8,a)/(a,a), where ( , ) is the standard inner product in
(G, T). Let w; = e; + -+ e;. Then wy,...,w, are the fundamental
weights of G with respect to (G,T). (If G = Spay,, since G is simply
connected, X(T) = Zwy + -+ + Zw, and X*(T) = Zoy + ---Zo,!.) Set
a* =XT)®R, af = X(T)®C, and a = X*(T) ® R = Hom (X(T),R),
ac = X*(T') ® C. The positive Weyl chamber in a* is

CT={xea*|(\aY) >0, forall«positive roots}

n
= {Z aiwi| a; > 0} .
i=1

We fix a non-trivial additive character ¥p = ®,¥p, of A/F and let
L(z, p) be the Hecke L-function with the ordinary I'-factor so that it satis-
fies the functional equation L(z,u) = e(z, u)L(1 — z,u~1), where e(z, ) =
I1, €(2, po, ¥r,) is the usual e-factor. If 4 is the trivial character po, then
we write simply L(z) for L(z, pi9). We have the Laurent expansion of L(z)
at z = 1:

c(F)
L(z) = =2 e
(2) o +a+
4.1. Definition of Eisenstein series. For p1, ... , iy, grossencharacters of

F, we define a character x = x(u1,... ,un) of T(A) by

Xy - )1y -5 0n)) = pa(ln) - pn(ln)-
Let B = TU, where U is the unipotent radical. Let I(x) be the space
of functions ® on G(A) satisfying ®(utg) = x(¢)®(g) for any u € U(A),
t € T(A) and g € G(A). Then for each A € a, the representation of G(A)
on the space of functions of the form

g— ®(g9)exp(A+pB,Hp(g)), <€ I(x),
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is equivalent to I(\, x) = IBI%X ® exp(A, Hg( )). We form the Eisenstein

series:

E(g, ;AN = > f(),

YEB(F)\G(F)

where f = ® e 580 )) ¢ [(\ x) and pp is the half-sum of positive roots,
ie., pgp = w1 + -+ w,. It converges absolutely for ReA € C* + pp and
extends to a meromorphic function of A. It is an automorphic form and the
constant term of E(g, f,A) along B is given by

Eo(g, ,)\ = E ) ;A du = M a)\a )
09 £ ) /U oy, E0. £ ) w;y (w, 0 )1 (9)

where W is the Weyl group of T" and
Mw A f() = [ Fwug) du.
wU(A)w=INU(A)\U(A)

Then M (w, A, x) defines an intertwining map from I(\, x) to I(wA, wy) and
satisfies a functional equation of the form

M(w1w27 )\7 X) = M(wla 'UJQ)\, wZX)M(w27 )\a X)

Let S be a finite set of places of F', including all the archimedean places
such that for every v ¢ S, xy, ¥F, are unramified and if f = ®@f,, forv ¢ S,
fv is the unique K,-fixed function normalized by f,(e,) = 1. We have

M(w7 A X) = ®UA(U)7 A, Xv)~
Then by applying Gindikin-Karpelevic method, we can see that for v ¢ S,

_ L(\ oY), xwoa¥) =
A(w, A\, xw) fo = H L((A,av)+1,xu0av)f”’

a>0,wa<0

where ﬁ, is the K,-fixed function in the space of I(wA,wy). For any v, let

_ L\ aY),xvoaY)
ro(w) = ]] L((A, a¥) +1,xv 0 a¥)e((X, a¥), xv 0 @V, ¥F,)

a>0,wa<0

We normalize the intertwining operators A(w, A, x,) for all v by
A(w> )‘7 X’U) = rv(w)R(w, >‘7 XU)
Let R(w, A, x) = @y R(w, A, x») and
L((A\,a), xoaY)
== Hv v - .
r(w) T (w) H L(<)\704V>+17XOCYV)€(<)\,OCV>7XOOKV)

a>0,wa<0

Here R(w, A, x) satisfies the functional equation

R(wle? A X) = R(wh waA, ’U)QX)R<UJ2, A, X)?
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for any wi, we. We know, by Winarsky [W] for p-adic cases and Shahidi
[Sh3, p. 110] for real and complex cases, that

(4.1) Aw, A\ xo) [ Lol a¥)xwoa¥)™

a>0,wa<0

is holomorphic for any v. So for any v, R(w, A, x») is holomorphic for A with
Re((\, oY) > —1, for all positive o with wa < 0. For x = x(u1, ... , fin),

,uiuj_l, for a =e; —¢;
YooV = Wiy, for ao=e;+e;and i <j
iy for a = 2¢;

w2, for a = e;.

For a € 1, let Sy = {X € af|(\,a¥) = 1}. We call S, a singular
hyperplane. We say that E(g, f,\) has a pole of order n at A if Ao is
the intersection of n singular hyperplanes in general position on which the
Eisenstein series has a simple pole.

For ¥ C &, we define 7(w, A\, ¥) by

_ L({A\ aY), x 0 aY)
A= 1l i veav)dna) xoay)

aceV, wa<0

Observe that we have suppressed the dependence of r(w, A\, ¥) on x.

4.2. Definition of pseudo-Eisenstein series. We follow Moeglin [M1]
and introduce pseudo-Eisenstein series. For T" a maximal torus, a character
x of T(A)/T(F) defines a cuspidal representation of 7. For any w € W,
wTw™! =T and so (T,wx) is conjugate to (T,x). Let I(x) be the set of
entire functions ¢ of Paley-Wiener type such that ¢(\) € I(\, x) for each A.
Let

boto) = (5) [ Bla.oinan

where \g € pp + C™. Let
LA (G(P)\G(A)) (1),

be the space spanned by 64 for all ¢ € I(wy) as wy runs through all dis-
tinct conjugates of x. Let L3, (G(F)\G(A))r,) be the discrete part of
L2(G(F)\G(A))(1,)- It is the set of iterated residues of E(g, ¢(\), A) of or-
der n and the residual spectrum attached to (7', x). In order to decompose
L3 (G(F)\G(A))(1,), we use the inner product formula of two pseudo-
Eisenstein series: Let xy and X’ be conjugate characters and ¢ € I(x),
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¢ € I(x'). Then

1 _ _
0y,04) = ——— M(w™t, —w, "(—w), d(N)) dA
0.09) = o || o 3 (R . 00

1 -
B /ReA:)\O Z (M(w’)"X)qb()‘)vgb ( )\)) d)\,

(2mi) weW (x,x’)

where W (x,x") = {w € W]wyx = x’}. We can assume, after conjugation,
X = X(W1yeee gy eees fllyees by Loy )y ro+ oo+ =m0 > 00 > 1,
———

1 T 0
where p;’s are non-trivial ’ziistinct quadratic grossencharacters. Let D be
the set of distinguished coset representatives in Proposition 6.2.2. Then
{dx|d € D} is the set of distinct conjugates of x.
Following Moeglin [M1], we consider the constant term of the pseudo-
Eisenstein series:

EFS(¢, 0 x) = Y M(w™ wh wx)p(w)).
weW
Here Y, o M(w™', wh, wx)¢(w) signifies

S Y M wh wx)ga(wd) |
deD \weW (x,dx)
where ¢4 € I(dx). Here M(w™, wA, wy) = r(w™ ! w\, wy)R(w™L, w\, wy).
We show the following:
Lemma 4.1. (1) r(w, )\, x) = 7(w, \, X),
(2) r(w™h wA, wx) =r(w, =\, x7")

Proof. (1) is immediate. We note that if x = x(u1,... ,tn), then y7! =

X(Ml_17 coo s piyt). Then

L({w, a"), (wy) o ¥
11 (€ ), (wx) o a’)

r(ufl,w)\,wX) = L((wA, a¥) + 1, (wy) o a¥)’

a>0,w"la<0

Let v = —w!a. Then {a > 0lw™ta < 0} = —{y > Ojwy < 0}.

If o = e; £ ¢j, (WA, aY) = (wh,a) = A\wla) = —=(A,7) = —(A,7").
If o = 2e;, then (wA, ") = F(wA, ) = 3\, wla) = —(A\,7). Also we
can see that wy o (wa)Y = y o a”. Therefore, (wy)oa¥ = x o (wla)" =
xo (=) =x"!'oqY. Hence (2) follows.

1

If x is a quadratic character, i.e., x~" = x, then

EFS(6,0x) = Y r(w, =X\ x)Rw ™", wh, wx)p(w)).
weWw
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Even though Moeglin completely analyzed the continuous spectrum as
well, we will only be interested in the discrete spectrum. Let (, )qgis be the in-
ner product on L% (G(F)\G(A))(r,y). The discrete spectrum is spanned by
the square integrable iterated residues of order n of Eéj S(¢, A, x). More pre-
cisely, E(I)D s (¢, A, x) has a simple pole on n singular hyperplanes Hi, ..., Hy
which are the poles of the L-functions in the numerator of the normalizing
factor and whose intersection is A\g. Then we have to take iterated residue
at Hi,Hi N Hsy,...  H N ---NH,.

Let us summarize Moeglin’s arguments. Here y = 1 and we suppress it:
Moeglin showed that only the points Ay, where p € P(O) and O is a dis-
tinguished unipotent orbit (see Section 5), contribute the square integrable
residues. She also found n singular hyperplanes Hy, ... , H, whose intersec-
tion is Ap. In order to take the iterated residue at Hy, Hy N Ha,... ,H1 N
-+ N Hp, Moeglin defined the following function, for a certain Weyl group
element wy,

(6, 3) = > r(w, =N R(wpw ™, wA)g(wh).

weW

Poles of I,(¢, A) in a neighborhood of A, are contained in the local inter-
twining operators. She showed that I, (¢, Ap) can be defined inductively by
restricting I, (¢, A) to Hy, HiNHa, ... ,HiN---NH,. l,(¢, Ap) is the iterated
residue of EF'¥(¢, \) and spans the residual spectrum L2 (GFON\G(A))(7,1)-
lp (¢, Ap) belongs to &, R, (wp, Ap)Iy(Ap). She analyzed the image of the lo-
cal intertwining operator R, (wy, Ap)ly(Ap) and verified Arthur’s multiplicity
formula. We will review her result in detail in Section 5.

In Section 6, we calculate the constant term of the pseudo-Eisenstein
series for a general y and show that we can reduce the calculation of the
poles to that of the trivial character case and apply Moeglin’s result.

5. The trivial character case; summary of Moeglin’s result.

Moeglin [M1] completely analyzed the residual spectrum of Spay,, SO2,+41
and split Os,, attached to the trivial character of the maximal torus. Her
results also completely describe continuous spectrum. Her results are that
the residual spectrum of split classical groups attached to the trivial char-
acter of the maximal torus is parametrized by distinguished unipotent or-
bits O in G* and Springer (O), which is a set of characters of A(u) which
are in the image of the Springer correspondence and A(u) = C(u)/C(u)?,
C(u) = Cent (u, G*), u € O. Recall that the Springer correspondence is an
injective map from the set of irreducible characters of W, the Weyl group,
into the set of pairs (O,n), where O is a unipotent orbit and 7 is an irre-
ducible character of A(u). We refer [Ja-Ki| for the review of her results.
We just remark that since we are only interested in discrete spectrum, we
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need to consider distinguished unipotent orbits, i.e., » = 0. In that case we
get an explicit order of the set Springer (O).

Lemma 5.1. IfO = (q1,...,qs) is a distinguished unipotent orbit in Ogy,(C)
or O2,41(C) (thus ¢; odd), then

|Springer (O)] = sClg).

Proof. Let Symb (O) = (a1, ... ,as) (see [M1, p. 663]), where a; = [£] + 1.
We note that a; < a;41 —2 for all i. (If we set ¢; = 2r; + 1, ¢iy1 = 2141 + 1,
r; < Tit1, then a; = r; + 1 and aj4+1 = ri41 + 1+ 1.)

Let S = (df,... ,a}) beaclass of Symb (O). Then it satisfies: (af,... ,a})
coincides with Symb (O) and a} < aj,,—2fori=1,...,s—2. For such class
S, define 7, a character of A(O) by: n(o(g;)) = 1 if and only if {j : @} = a;}
contains an element which has the same parity as i. Then it defines a
bijection between classes of Symb (O) and Springer (O). It is clear that the
number of classes of Symb (O) is sCls).

If s is odd, let s = 2r + 1. Then ,Cjg] = or41Cy ~ 22,
We interpret Moeglin’s results in terms of Arthur’s parameters:

Theorem 5.2 (Moeglin). Let G = Spap, SO2p41,02,. Then the residual
spectrum of G attached to the trivial character of the torus is parametrized
by unipotent Arthur parameters

W SLy(C) — G,

which are given by distinguished unipotent orbits in G* = Ogy,4+1(C), Sp2,(C),
02, (C). More specifically, for O a distinguished unipotent orbit, let Cres =
Springer (O) C Cy, and I.es = Unip,(O) C Iy, for all finite places. For
each X € I, there is a character nx € Springer (O) and it satisfies
Arthur’s conjecture. i.e.,

Liis (GUP\G(A))(1,1) N LH(G(F)\G(A))y,

is the set of 1 = ®, X, where X,, satisfies the following conditions:

(1) There exists p € P(O) such that X, € Unip,(p) for all v, i.e., nx
factors through A(p).
(2) X, is spherical for almost all v and archimedean places.

(3) 1, nx, is trivial on A(O).

6. Arbitrary character case.

We first do the simple case to explain our method.
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6.1. The case G = Spy, and x = x(u,..., ), p non-trivial and qua-
dratic grossencharacter.Let ®; = {e¢; £ ¢;, 1 < i < j < n} and
Dy = {2¢;, i=1,...,n}. Then for @ € &1, yoa" =1 and for a € P,
xoaV is non-trivial. Then the constant term of the pseudo-Eisenstein series
is given by

FIN 60 = D r(w, =M\ ) R(w ™ wh, wx)d(w))
weW

= Z r(w, =\, ®1)r(w, =\, @o) R(w ™", wh, wy)d(w).
weW

We note that for f € Ind %" exp(\, Hp( )),
YISO E) =D r(w, =X @) R(w ™ wA) f(w)),

weW
is a pseudo-Eisenstein series for Oy, attached to the trivial character of
the maximal torus. Since y o " is non-trivial for a € ®9, r(w, —\, P2) is
holomorphic.
Let O be a distinguished unipotent orbit in O2,(C) and p € P(O). Let,
for ¢ € PW,

(N x) = Y r(w, =X\ ) Rwpw ™, wh, wx)p(w)).
weW

Since r(w, —\, ®1) is identically zero on V'(p) if w ¢ W (T, p), the restric-
tion of I,(A, ¢, x) to V'(p) is given by

Lp (0, X X) vy = Z r(w, =\, &1)r(w, —)\,<I>2)R(wpw_1,w)\,wx)(;5(w)\).
weW(1,p)

By the definition of W(T,p), the poles of ly(¢, A, X)|y(p) is contained in

r(w,—\, ®1). Therefore we apply Moeglin’s global result for O, in the
trivial character case, i.e.,

O Oo)ais = D Y (U (@ Xp, %), Ly (6 Ap, X))
OCO2n(C) peP(0)
We have
Ip (6, Ap, X) € @R (Wp, Ap, X)T (Ap, Xo)-
From [Ja-Ki|, we summarize the result on the image of the local intertwining
operator Ry (wp, Ap, X)I(Ap; Xo)-

Theorem 6.1.1 (Theorem 3.4.7 of [Ja-Kil). Let O be a distinguished uni-
potent orbit in O2,(C) and p € P(O). Then Ry(wyp, Ap, X)I(Ap, Xv) is semi-
simple. Let Unip(p, py) be the set of direct summands and Unip(O, u,) be
the set of union of Unip(p, ty). Then for each X € Unip(O, u,), there is a
character nx € A(O) such that:

(1) If p, # 1, then C(O, uy) = {nx|X € Unip(O, uy)} = Springer (O).
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(2) If py = 1, then

C(O, Nv) = {nX’X € Unip(Oaﬂv)}
B {Springer (O), if O does not contain 1

Springer (O'), if O contains 1,
where O' = O — {1}.
So we have:

Theorem 6.1.2. Let x = x(u, ... ,p), p non-trivial quadratic gréssencha-
racter. Then the residual spectrum attached to x is parametrized by the dis-
tinguished unipotent orbits in Osy,. More specifically, a distinguished unipo-
tent orbit O € O9,(C) and x give a quadratic unipotent Arthur parameter i
and let Cres,, = C(O, piy) C Cy, and Ilyes, = Unip(O, py) C 1Ly, for all non-
archimedean places. For each X € Ilyes,, there is a character nx € Cles,
and it satisfies Arthur’s conjecture, i.e.,

Liis (GIENG(A)) (1,5 N LA(G(F)\G(A))y,

is the set of m = ®} X,,, where X, satisfies the following conditions:

(1) There exists p € P(O) such that X, € Unip,(p, tty) for all v.
(2) X, is spherical for almost all v and archimedean places.
(3) II, nx, is trivial on Cy.

6.2. General case. For y a non-trivial character, we can assume, after
conjugation, that x = X (1, ..oy b1y e vy fllye vy by Lyonoy 1), To++ - 41 = 1,
——

T1 Tk T0
ry > -+ > 1. We use the following notation throughout this section:

(1) If G = Sp(2n), G’ = G| x --- x G}, x G}, where G, = O(2r;) for
i=1,...,k, G = Sp(2ry). Also we denote G¥ = O(2r;,C) for i =
1,...,k, Gy =0(2ro+1,C).

(2) G =S002n+1), G =G| x---x G, x Gy, where G, = SO(2r; + 1)
fori =1,...,k G = SO(2ro+ 1). Also we denote G} = Sp(2r;,C)
fori=1,... ,k, G§ = Sp(2ry,C).

B) If G = O(2n), G = G| x--- x G x G, where G}, = O(2r;) for
i=1,...,k G = O(2r¢). Also we denote Gf = O(2r;,C) for i =
1, cee ,k‘, GE‘; = 0(27"0,@).

We recall some basic facts from [Ki-Sh|. Let E(g, ¢, A) be the Eisenstein

series associated to the character y.

Proposition 6.2.1. The Fisenstein series has a pole of order n only if
rr > 2 and p; s o quadratic grossencharacter fori=1,... k.
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We divide the set of positive roots ®* as follows:
@1:{61‘:&6]', 1§i<j§7‘1},
Py = {67”1+i + €ri+j, I1<i<y< T2}7

Py, = {67"1+'“+Tk_1+i Eer ot g4jy 1 S0<J< Tk}
Py = {67”1+'~'+1”k+i B S 1<i<j<no,

2€T‘1+“~+Tk+ia 7 = 1, e ,7‘()},
k
dp =t — U Dy
=0

We note that the above is for G = Spa,. If G = SO2,41, we need to

add, to ®;, eq 4oty 14jy J = 1,...,m, for i = 1,...,k and in P,
2€r +try+i should be ey 4.pp+i. If G = Oay, then ®¢ does not have
the roots 2e,, 4...qrp4i, T=1,...,70.

®q, ... , Py are root systems of type D, and ®q is a root system of type

C,. This corresponds to the decomposition O(V7) x -+ x O(Vg) x O(Vp) C
O2n41(C).

Let W; be the Weyl group corresponding to ®; for i = L,....k and W;
be the Weyl group of Oy, for i« = 0,... ,k. Then W; = Wjcp 4...qp, for
i=1,...,k Then we have W(x,x) = W1 X -+ x Wi x Wy. Let A = A\ +
oo+ Ap+ Ao, where A; = Qpyfoogry 1€ 4oy 41 T A €y gy
for 1 = 1, e ,k’ and )\0 = Apy4odrp+1€r 4 +1 + -+ apen.

We recall the following well-known result. (Carter [C].)

Proposition 6.2.2. Let A be a set of simple roots and W be the associated
Weyl group. Let w, be the simple reflection with respect to a € A. Then W
is generated by the wq, o € A. Let 0 be a subset of A and Wy be the subgroup
of W generated by the wq, o € 0. Then each coset wWy has a unique element
dg characterized by any of the following equivalent properties:

(1) dgf > 0.

(2) dg is of minimal length in wWy.

(3) For any x € Wy, l(dpz) = I(dp) + I(z).

We apply Proposition 6.2.2 to A = {e; — ea,... ,en—1 — ey} and 0 =
A — {671 — Cr14+1,€r141r0 T Cridrotly -y 4y €T1+"‘+Tk+1}' Let D be
the set of such distinguished coset representatives. Then for d € D, w; € W,
1=0,...,k, we have

{a>0:dw; - wrwoa < 0}

= Ufzo{oz € P wia<0}U{a € Pp: dwy - wrwoar < 0}.
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Then the constant term of pseudo-Eisenstein series is given by

PS(¢7 A, X) = Z T(wa —A, X)R('wil? WA, wx)qﬁ(wA)

weWw

_H Z U)Z, 17 z)

=0 w; eW;

. ( Z r(dwy ... wrwo, —A, @D)R(wglw,;l eyt
deD

dwy - - - wrwo, dx)p(dws - - .wka)\)> '

We note that wq - - - wgx = x. Recall that
EFS (g0 x) = D r(w, =\ x)R(w™ " wh, wx)p(wh),
weWw

actually means

Z Z r(w, =\, X)R(w_l,w)\, wx)pa(wA) |,

deD \weW (x,dx)

where ¢4 € I(dx). By the cocycle relation, we have
R(wglwk_l e _1d*1, dw; - - - wpwo, dy)
= R(wy 1wk L. wfl, Wi - WEWOA, x)R(d_l, dwy -+ - wrwo, dy).
Let

f(w1 s wkwo)\) = Z T’(d’wl cr WEpWo, —)\, (I)D)
deD

R(d™Y, dwy - - - wrwo, dx)é(dwy - - - wpawg ).

Then we have

(A, x) = HZ r(wi, — i, @)

=0 w; eW;
R(walwlzl . ~wfld_l7 dwy - - - wpwo, dx) f(wy - - - wrwo).
We note that it has the same normalizing factors as the Eisenstein series of

O2ry, ..., 02, and Spy,, attached to the trivial character. Let O;’s be dis-
tinguished unipotent orbits in Oy, (C) fori =1,... ,k and Op in Oz, +1(C).
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Let p; € P(O;) for i =0,... ,k and p =pg X -+ X pi. Let

k

(ﬁy)\X H Z rwm i z)

=0 w;eW;
. R(wpwgl e wo_l,wo cewp A, x) f(wo - wE).

Here wy = wy, - - - wp,. Since r(w;, —A;, ®;) is identically zero on V’(p;) if
w; & W(1,pi), the restriction of I,(4, A, x) to V/(p) = V'(po) x -+ x V'(p)
is given by

Lo (0, A, ) lvr(p) = H Z r(wi, =i, @;)

1=0w; €W (1,pi)
- R(wypwy t - wy two - wih, x) flwo - wi ).

We note that f(wp - --wgA) is holomorphic on V’(p). We apply Moeglin’s
results and define [, (¢, Ap, x) inductively. But the order of induction will
matter. Among V’(p;)’s, we can shuffle the segments. By shuffling, we mean
the following:

Let p1 = (;q1,-..,qs) and pa = (;¢}, ... ,q}) be two chains. By shuffling
of p1 X p2, we mean any permutation on segments so that (1) (q1,¢2),- ..,
(QQ[%]_I, q2[s;21]) appear in that order and (2) (¢}, ¢), - - ., (qé[%]il, qg[%])
appear in that order.

Take a shuffling of segments in such a way that it satisfies a certain condi-
tion (see [Ja-Ki, (3.1)]) to produce a maximum number of components, i.e.,
a condition on the non-vanishing of the normalized intertwining operators.

This amounts to starting with a conjugate of y. If there is no confusion,
we will still write it as X Then

9¢/ (9¢ dis ZZZC;J Aan)J[p](@ /\p7X)>>7

=0 Oy
where O; runs through dlstlngulshed unipotent orbits in Oa,, (C) for i =
.k and Ogy4+1(C) for i = 0. p=pg X - - X pi € P(Op) x -+ x P(Og).
We have
lpy (9, Ap X) € @R (wp,s Aps X) Lo (Aps Xo)-

We recall the local result on the image of intertwining operators R, (wy, Ay,
X)Iv(Ap, Xv) from [Ja-Ki]: Let Unip(p, x.) be the set of direct summands
of Ry(wp, Ap, X)Lv(Ap, Xv) and Unip(Ox, ... , Ok, Og, xv) be the set of union
of Unip(p, xv) as p; runs through P(0;) for i =0,... k.

Theorem 6.2.1 (Theorem 3.4.10 of [Ja-Ki]). Il,es, = Unip(Oy,... Ok,
O, Xv) @s parametrized by

C(01,...,0k,0q,xv) = [Springer (O1) X - - - x Springer (O ) x Springer (Op)],



RESIDUAL SPECTRUM OF SPLIT CLASSICAL GROUPS 439

where | | is defined as follows: If p1, = proy 7# piv for i =0,3,...,k, then
we replace Springer (O1) x Springer (O2) by

C(01,02, u1y) = {n € Springer (O) : n|4(0,) € Springer (0;), fori= 1,2},

where O is the unipotent orbit of G5 obtained by combining Oy, O, where

. _ JO@2(r1+12),C), if G=2Sp(2n),0(2n)
27 Sp(2(ry +12),C), if G=SO(2n+1).

Therefore we have:

Theorem 6.2.2. Let x = X(f1, vy fhlyeeny flly ey iy Lyenny 1), 704+ +
~~ H/_/
T1 Tk 70

rE=m, T1 > - > T, where u;’s are non-trivial distinct quadratic grossen-
characters. Then the residual spectrum attached to the conjugacy class
of (T,x) is parametrized by the distinguished unipotent orbits in Og,, (C),
i=1,...,k and Ozy+1(C). More specifically, distinguished unipotent or-
bits O; € O2,-.(C), i = 1,... ,k and Oy € O2,+1(C) and x give a qua-
dratic unipotent Arthur parameter 1 and let Cres, = [Springer (O1) X - -+ X
Springer (Oy,) x Springer(Og)] C Cy, and I es, = Unip(O1, ... , Ok, Oo, Xv)
C Iy, for all non-archimedean places. For each X € Ilies,, there is a
character nx € Cres, and it satisfies Arthur’s conjecture. i.e.,

Lgis (GIENG(A)) (1) N LA(G(F)\G(A))y,

is the set of m = ®, X,, where X, satisfies the following conditions:

(1) There exists p; € P(O;), 1 =0,...,k such that X, € Unip,(p1,--. , Pk,
p0, Xo) for all v.

(2) X, is spherical for almost all v and archimedean places.

(3) II, nx, is trivial on Cy.

7. Relation to Kudla-Rallis example [Ku-Ra].

7.1. Trivial character case. Let G = Spy, and P = M N be the Siegel
parabolic subgroup so that M = GL,,. Consider the degenerate principal
series I(s,x) = Ind% x ® exp(s, Hp( )), where x is a trivial character of
GL,. Let E(s, f, P) be the Eisenstein series attached f € I(s, x).

Then Kudla-Rallis [Ku-Ra] showed the following:

Theorem ([Ku-Ra]).

(1) E(s, f, P) has a simple pole at s = {0,... ,pp — 2, pn — 1, pn}, where
Pn = ”‘2*'1 and 0 means that 0 is omitted in the case when n is odd.
(2) The residue at s = py, is constant.

(3) The residue at s = py, — 1 is not square integrable.
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(4) The residue at s; = pn, — i is the direct sum ®R,(Q), where the direct
sum ranges over all classes of quadratic forms @ with dim @ = n +
1 —2s; and xg = 1. Here R,(Q) is obtained by theta correspondence,
first by local construction and then by being put together. In this case
the Hasse invariant xg = 1 controls the obstruction to the existence of
the global quadratic space.

Let O = (q1,42,1), 1 > q2 > 1, g1 + g2 = 2n, be a distinguished unipotent
orbit in Og2,41(C). There are two inequivalent ordered partitions in P(O),
namely, p1 = (5¢1,q2,1) and p2 = (;¢2,1,q1). We show:

Proposition 7.1. The representations R, (Q) are exactly those correspo-
nding to pi, i.e., lp,1(¢, Ap,) for ¢ € PW. (See Section 5).

Proof. In this case, in Moeglin’s notation in Section 5, Ay, = (A1,... ,Apn),
where Ay = 955 —t, 1 <t < 958wy, (1) = ~t for 1 < ¢ < 5% and

wp (B52 +¢) =n+1—tfor 1 <t < g. We know that Sp, = {a >
Olwp, ¢ < 0, (Ap,, @) = 1} has n elements. But we can see easily that Sp,
contains e; — e;+1 for ¢ = 1,... ,n — 1. This means that since the simple
roots e; —e;41 for i =1,... ,n — 1, generate the Siegel parabolic subgroup,
the iterated residue of the Eisenstein series on the singular hyperplanes
e, —eir1 =1,72=1,...,n—1, is exactly the Eisenstein series attached to
the trivial character of the Siegel parabolic subgroup, which Kudla-Rallis
considered.

The square integrable residues at s = {0, ..., pn — 2} exactly correspond
to the partitions (q1,2), ¢1 + ¢2 = 2n, ¢1 > q2 > 1 (8; = pn — i corresponds
to (2n —2i+1,2¢ — 1)).

Since ljp,1 (@, Ap,) € @Ry (wp,, Apy ) Io(Ap, ), the local component of R, (Q)
is the direct summand of the image of the intertwining operator R,(wy,,
Api ) Lo (Ap,) which is a sum of two irreducible representations. We note that

Ry (wp,, Ap, ) Io(Ap, ) is the subrepresentation of Ind gLn\ det |~ “7 . Jantzen
[Ja3] gave their Langlands’ data.

Theorem ([Ja3, Prop 3.10]). Ry(wp,,Ap,)Lv(Xp,) = m1 @ m2. Here my is a
spherical representation which is the Langlands’ quotient of Indf/[ Ao X T,
where Ao is the conjugate of A\, which is in the closure of the positive Weyl
chamber and M = Cent (Ao, G*) = F* x -+ X F* X GLy X -+ x GLgy X SLy
and ™ = Ind %Lﬂ is an irreducible representation of SLo. And mwo is the
Langlands’ quotient of

-1
Ind§,| |"2 x - x||

where M = F* x -+ x F* x Spy and T is the unique (irreducible) common

component of Ind g%2| det |% and Ind f«’px4><SL21 x Stsr,. Here Stsr, is the

Steinberg representation of SLa. We note that T is tempered.

q2+1 q2—1
2

a2-1
<] < T2 o [ P [ Px ] P T
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Let Unip(p1) = {m1,m2}. Then Proposition 7.1 can be rephrased as fol-
lows:

Proposition 7.2. The representations ®R,(Q) are the set of 1 = QL X,
which satisfies: (a) X, € Unip(p1) for all v (b) X, is spherical almost
everywhere (c) [, xx, = 1, where xx, is defined in Section 5.

But the non-degenerate Eisenstein series attached to the trivial character
of the maximal torus has more residues. We need to consider ps € P(O).

In this case Ap, = (A1,...,Ay), where \; = @—;1 —tforl <t< @—;1 and
Ayaatt = BFL _pfor 1 <t < L. wy,(t) = —t for all ¢ except t = 2+,
Then

_g2—1
R’U(wpga APQ)IU()\PQ) C Ind GL g9+1 XSpql—l ’ det ‘ 4 x tr.
T2

We have Ry, (wp,, Apy)Lu(Ap,) = m1 @ 73.
Theorem ([Ja3|). w3 is the Langlands’ quotient of

a—1 g2+3 a2 1
IndF><~--><F><><GL2><-~><GL2| | 2 X"'X’ | 2 X| ‘2UX"'X‘ ’20'7
where o is the unique quotient of Ind gfiFX\ ]_% X | \% which is square

integrable.
Let Unip(p2) = {m1,7m3}. In this special case, we have:

Theorem 7.1. The residual automorphic representations attached to the
trivial character of the mazximal torus and the distinguished unipotent orbit
O = (q1,q2,1) are the set of 1 = &} X, which satisfies:

(1) X, € Unip(p1) for all v or X, € Unip(pz2) for all v.
(2) X, is spherical for almost all v.

®3) Ilyxx, = 1.

7.2. x = x(#,...,p) case, u a quadratic grossencharacter. In this
case, Kudla-Rallis showed:

Theorem ([Ku-Ral). The degenerate FEisenstein series attached to the
character 1 of GLy, has a pole at s = {0,...,pp — 2,pn — 1} and the
residue at s; = pn — t 1S square integrable and given by the direct sum
DR, (Q), where the direct sum ranges over all classes of quadratic forms
Q with dim Q = (n + 1) — 2s; and xg = p. Again for this case, Hasse
invariant gives obstruction to the existence of the global quadratic space.

These correspond to the distinguished unipotent orbits O = (g1, ¢2) of
02, (C), where g1 > g2 > 1. There is only one element in P(O), namely,
p = (5q1,92). The local components of R,(Q) are the direct summands
of Ry(wp, Ap, Xo)I(Ap, xv). Here Ry(wyp, Ap, Xo)I(Ap, Xv) is a sum of two
irreducible representations unless u, = 1 and ¢2 = 1, in which case it is
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irreducible. If p, # 1, then they are the Langlands’ quotients of Ind ]\G4 Ao X
m;, where Ao is the conjugate of A\p which is in the closure of the positive Weyl
chamber and M = Cent (Ao, G*) = F* X -+ x F* x GLg X -+ X GLg X SLy
and Ind]\B/l Xo = M1 @ ma. If py =1, g2 # 1, then they are the ones in the
case when x, = 1.

Remark 7.1. We can show that the residual spectrum corresponding to
the unipotent orbits of the form p = (; 1, g2, ¢3), g3 > 1, can be obtained by
considering the degenerate principal series of GL; X Spy(,—;), where [ =n —
B L In this case, Ap = (M1, , An), where Ay = ql—;l—t, for1 <t < %
and )\qu;qg = q3+1 —t,for1 <t < %2;1. wp(t) = —t for 1 <t < P52 and
ade <t <, wp(‘h 2 ) =082 ¢4 forl<t< g

We can show that S, = {« > Olwpar < 0, (Ap,”) = 1} contains all
simple roots except e _ayo1 e, ag 41 This means that the iterated residue

of the Eisenstein series on the smgular hyperplanes in Sy, is the residue of the
degenerate Eisenstein series attached to the trivial character of the parabolic
subgroup P = MN, M = GL; x Spy—p)-

We note that the degenerate Eisenstein series attached to GLy,_1 X SLo
parabolic subgroups has been studied by Jiang [Ji].

8. Relation to our previous work [Ki-Sh].

Let X = X(f1y ey fllyeees flly e ey fiy Lyene s 1)y To 4+ oo+ rp=m,1r1 >0 >
—— ——— N —
T1 Tk o
ri > 2. In our previous work [Ki-Sh], we are concerned only with unipotent
orbits of the form O; = (2r;—1,1) of Og,,(C), i =1,... ,kand Oy = (2r¢o+1)
of Og,,+1(C), which correspond to the half-sum of positive roots of Oy,, and
Spayr,, respectively. We showed:

Theorem ([Ki-Sh]). Cy, is the Knapp-Stein R-group of the unitary prin-
cipal series Indg] Xv, where M s conjugate to GLy, X --- X GLy,, X Spa.
Here ny, ... ,n, are determined by O;’s. 11y, s the set of the Langlands’
quotients of Ind%mv X Ap, where Ind%xv = @; Tiy. Ap 18 in the positive
Weyl chamber of the split component of M.

Let fti; 05 --- , thiy,0 be the set of non-trivial distinct quadratic characters.
Then Cy,, is spanned by the order two elements ¢y y...qr, ;... s Cryeery, -
On the other hand, by Theorem 6.2.1 in Section 6, Cyes, = C(i,) X -+ - X
C(pi,) x Co, where C(u;;) ~ 7Z/2Z and Cy is a set determined by O;’s. We
note that Cyp,, =~ Ciy ) X -+ X C(piyv)-

Example 8.1. Let x = x(g,p,1,1), where p is a non-trivial quadratic
grossencharacter. Let Op = (3, ) be a distinguished unipotent orbit of
O4(C) and Og = (5) of O5(C). Then if p, # 1, Cres, = Cy,, =~ Z/2Z.
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But if u, = 1, Cy, = 1 and Cres, =~ Z)27. Here Iles, is Unip(pz) in
Theorem 7.1 for py = (;3,1,5).

9. Correction to our paper [Ki-Sh].

p- 401: In the Abstract, the Introduction, and also in Theorem 5.1, by
the technique used in that paper, we can only claim that IT € I, appears

with multiplicity, not equal to % > (x,1I), but greater than or equal
¥

$€C¢w
dy : . .
to Cosl ngC% (x,II). We need to use the technique of pseudo-Eisenstein

series in this paper to claim the assertion.

p- 415: In Theorem 4.5, wy is different from wy in Proposition 4.4. In
fact, wg in Theorem 4.5 is given by wo = w1 - - - Wi, 0Wo,0, Where w; o is the
longest element in W; for i =0,... k.

p. 415: The local intertwining operator R(wy, A, ) is not holomorphic
at Ag. We need to define R(wo, Ao, xv) as the intertwining operator on
Ind]GJAO ® Ind %4 Xv- We assumed this implicitly there.

p. 418: In Lemma 4.8, wy, , should be w1 o, the longest element in Wj.

p. 418: In the proof of Lemma 4.8 and in Lemma 4.9, w; should be wy .

p. 420: The sentence “The parameter Ag may not be in the positive Weyl
chamber of the split component of M,” is false. The parameter Ag is in the
positive Weyl chamber of the split component of M.
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