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Following Taubes, we describe a collection of critical-expo-
nent Sobolev norms, discuss their embedding and multiplica-
tion properties, and describe optimal Green’s operator esti-
mates where the constants depend at most on the first positive
eigenvalue of the covariant Laplacian of a G connection and
the L? norm of the connection’s curvature, for arbitrary com-
pact Lie groups G. Using these critical-exponent norms, we
prove a sharp, global analogue of Uhlenbeck’s Coulomb gauge-
fixing theorem, where the usual product connection over a
ball is replaced by an arbitrary reference connection over the
entire manifold. We also prove a quantitative version of the
conventional slice theorem for the quotient space of G connec-
tions, with an invariant and sharp characterization of those
points in the quotient space which are contained in the image
of an L* ball in the Coulomb-gauge slice. Our gauge-fixing
and slice theorems use Lf distance functions on the quotient
space and the estimate constants depend at most on the first
positive eigenvalue of the covariant Laplacian of the reference
connection and the L? norm of its curvature.

1. Introduction.

The use of certain “critical-exponent” Sobolev norms is an important fea-
ture of methods employed by Taubes to solve the anti-self-dual and related
non-linear elliptic partial differential equations [23], [24], [25]. Indeed, the
estimates one can obtain using these critical-exponent norms appear to be
the best possible when one needs to bound the norm of a Green’s operator
for a Laplacian, depending on a connection varying in a non-compact family,
in terms of minimal data such as the first positive eigenvalue of the Laplacian
or the L? norm of the curvature of the connection. Despite their utility, par-
ticularly in applications where an optimal analysis is required for gluing or
degeneration problems (for example, when considering Uhlenbeck-bubbling
families of anti-self-dual connections or PU(2) monopoles), these methods
are not widely known. Following Taubes [21], [23], [24], [25] we describe a
collection of critical-exponent Sobolev norms and general Green’s operator
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estimates depending only on first positive eigenvalues or the L? norm of the
connection’s curvature. These estimates are especially useful both for the
construction of gluing maps, in the case of either anti-self-dual connections
[24] or, more recently, in the case of PU(2) monopoles [6], [7], [9] and for
analyzing their asymptotic behavior with respect to Uhlenbeck limits of the
underlying gluing data. We apply them here to prove an optimal slice the-
orem for the quotient space of connections. The result is “optimal” in the
sense that if a point [A] in the quotient space is known to be just L2?-close
enough to a reference point [Ag] (see below for the precise statement), then
A can be placed in Coulomb gauge relative to Ag, with all constants depend-
ing at most on the first positive eigenvalue of the covariant Laplacian defined
by Ag and the L? norm of the curvature of Ag. Such slice theorems are par-
ticularly advantageous when analyzing gluing maps and their differentials
in situations (such as those of [8], [9]) where the underlying gluing data
is allowed to “bubble”. In this paper we shall for simplicity only consider
connections over four-dimensional manifolds, but the methods and results
can adapted to the case of manifolds of arbitrary dimension, as in [26], to
prove slice theorems applicable to cases where the reference connection is
allowed to degenerate.

1.1. Critical-exponent Sobolev norms and the slice theorem. Sup-
pose that X is a closed, Riemannian four-manifold, that G is a compact Lie
group, and that Bg’p = A%’p / ggﬂ’p is the quotient space of Lﬁ connections
on a G bundle £ modulo the Banach Lie group of L% 41 gauge transfor-
mations. Here, the integer £ > 1 and the Sobolev exponent 1 < p < oo

obey the constraint (k + 1)p > 4, so LY ;(X) € C°(X) and gauge trans-

formations in ng’p are continuous. When (k + 1)p = 4 we have the “bor-

derline” crltlcal”, or “limiting case” of the Sobolev embedding theorem:
LZ+1(X) C LY(X) for all ¢ < co but not ¢ = 0o

A connection A € A%p is in Coulomb gauge relative to a reference con-
nection Ag if dj (A — Ag) = 0 and it is a standard result that Su, =

Ao + Kerdy, C Alﬁjp provides a slice for the action of the gauge group
ng’p [2], [5], [10], [11], [13], [14], [16], [18]. (See Proposition 3.4 for a de-
tailed statement.) More exactly, if Bk’p (¢) is the L% ball in S, with center
A and Lk Ao -radius € and Stabg, C ng’p is the stabilizer of Ag, then the

projection 7 : B Ao( )/ Staba, — B E’p is a homeomorphism onto its image
and thus contains a small enough L,‘Z ball

(1.1) B2 (n) = {[A] € B : disty  ([A]. [Ao]) < n}.
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where gauge-invariant distance functions on the ggﬂvp -quotient are defined
by
(12)  dist,y (AL[A]) = i [u(4)— Aol

k+1
K, Ag ueGRt P K/ 41,4

whenever L} c L} " One unsatisfactory aspect of the standard slice theorem
concerns the dependence of the constants e([Ay], k, p) and n([Ao], k, p) above
on the orbit [Ap]—in particular on the curvature F4,—when k and p are
large enough that gauge transformations in Q?l’p are continuous. Even in
the minimal cases, k =1 and p > 2 or kK = 2 and p = 2, the constants ¢, 7
depend unfavorably on [Ag] when the curvature F4, bubbles. This makes
it difficult to analyze the asymptotic behavior of Taubes’ gluing maps [20],
[22], [23], [24] and their differentials on neighborhoods of points in the Uh-
lenbeck boundary of the moduli space of anti-self-dual connections, since the
balls Bg’g(s) and B[’%
boundary point. For example, if the connection Ag is anti-self-dual, then
its energy is bounded by a constant depending only on the topology of E
via the Chern-Weil identity [5, §2.1.4], whereas ||F4,|rr (with p > 2) or
| Fa, || 12, tends to infinity as the curvature of Ay bubbles.

](77) tend to shrink as [Ag] approaches an Uhlenbeck-

Our main purpose in this article is to prove a global analogue, Theo-
rem 1.1, of Uhlenbeck’s local Coulomb gauge-fixing theorem [26, Theorems
1.3 & 2.1] and a corresponding slice theorem, Theorem 1.2, where the radii
of the coordinate balls on the quotient ng depend only on || Fa,| 12 and the
least positive eigenvalue vo[Ao] of the Laplacian d’y da, on 0%gg). The key
difficulty in establishing Theorem 1.1 is to ensure that the constants depend
at most on || Fa,||z2 and vp[Ap]: To guarantee this minimal dependence, we
employ critical-exponent Sobolev norms (defined below) to circumvent the
fact that when (k + 1)p = 4 the standard Sobolev embedding and multi-
plication theorems fall just short of what one needs to give the quotient
ng = A%p / ggﬂ’p a manifold structure (see Section 4). Such norms were
introduced by Taubes for related purposes in [23].

1.2. Statement of results. For clarity, we now fix p = 2 and k£ > 2 and
define the following distance functions on the quotient space BY, = Alﬁ; / g’fE“
of Li connections modulo Li 41 gauge transformations,

(1.3)

dist e ([Al[Ao]) = inf ([Ju(A) — Aollp2es + [|da, (u(A) — Ao)| L) ,
1,Aq U€g§v+l

distygo (AL Lao) = inf | (Ju(A) ~ Aoy, -+, (u(d) — Ag)1s2).

0 uely
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where the norms of a € Q!(gg) are defined by (see Equations (4.1), (4.2),
and (4.3)),

lall ey = sup || dist™>(z, -)|a| L1 (x),
rzeX

lall 22 (x) = sup || dist™" (2, -)|all| 2(x),
reX

lallzezxy = lallzcx) + lall e x),

lallL2za(xy = lall oy + lall 2sx),

1/
lallzz , o) = (lalBece + Va0l -

Here, dist(z,y) denotes the geodesic distance between points z,y € X. The
distance function dist; s> ([A], [Ao]) is bounded by scale invariant norms,
1,A¢

lallacx,g) + IV all L2 x,g) + sup [ dist, *(z,)|d{ allli(x,g, @€ Q(gr),
FAS

since the L** norm on ®‘(T*X) is conformally invariant, while the third
term is invariant under constant rescalings g — § = A~2¢ of the metric, as
dfa = Ndj a, dist;*(z,y) = A dist, *(z,y) and dV5 = A~*dVj,. Similarly

for dist ([A], [Ag]). Like the L* norm, the L? norm on one-forms is scale-

)
invariant. 0Our first result is the following global analogue of Uhlenbeck’s
theorem and complements results of Taubes in [23, §6]:

Theorem 1.1. Let X be a closed, smooth four-manifold with metric g and
let G be a compact Lie group. Then there are positive constants ¢,z with
the following significance. Let E be a G bundle over X and suppose that
k > 2 is an integer. Given a point [Ag] in Bk, let vo[Aog] be the least
positive eigenvalue of the Laplacian d da, on 0(gp) and set Koy = (1 +
vo[Ao] ™) (14 || Fapllr2). Let €1 be a constant satisfying 0 < g1 < 2Ky (1 +
I/()[Ao]_l/Z)_l. Then:

(1) For any [A] € B, with dist ([A],[Ao]) < €1, there is a gauge

£y,
transformation u € Qgﬂ, unique up to an element of the stabilizer
Staba, C Gitt, such that:
(a) d,(u(A) — Ag) =0,
(b) f[u(A) = Aol|p2es < eKodist 2 ([A], [Ao))-
420
(2) For any [A] € B, with dist
k+1
E

182, ([A4],[A0]) < e1, there is a gauge
LAg
transformation u € Gz, unique up to an element of the stabilizer
Staba, C GE™, such that:
(a) d7y,(u(A) — Ag) =0,
(b) u{4) — Aoll s < cKodist g (AL, [4o]),

420
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(©) lu(A) = Aollrz , < cKodist;z2 ([A], [Ao])-
Ag 1,4¢

In Theorem 2.1 of [26] the L? norm of the curvature F4 of a local connec-
tion matrix A over the unit ball in R* provides a natural (gauge-invariant)
measure of the distance from [A] to [['], where I' is the product connec-
tion. Uhlenbeck’s theorem guarantees the existence of an L,pC 41 gauge trans-
formation v taking an Li connection A on the product bundle over the
unit four-ball, with product connection I, to a connection u(A) satisfying
di(u(A) = T) = 0 and [[u(A) = T||2 < ¢||Fal[z2; one only requires that
||F'a]| 2 be smaller than a universal constant.

We next have the following refinement of the standard slice theorem for
the quotient space Bg. The observation that an L-ball in Ker d’y, provides
a slice for Qgﬂ was pointed out to us Mrowka; that slightly smaller 124
and Li 4, balls provide slices follows from the second of our two proofs of

Theorem 1.1 in Section 8. For any £ > 0, we define open balls

Biﬂ;f(a) = {[A] € B]kg : dist ([A], [Ao]) < 5} C B%,

2
b
1,Aq

(4) Bk = {[A] € Bl : distgza (141, [Ad]) < 5} c Bk,

B, (e) = {4 € AL iy (A - 49) = 0 and A~ Ao 1ax) < 2}
C SA07

where S4, = {40} + Ker(df40|L%) C A% is the slice through Ag. We let

B[lAﬁo’f(s) and B[ljx?]Q (€) denote the closed balls.

Theorem 1.2. Let X be a closed, smooth four-manifold with metric g and
let G be a compact Lie group. Then there are positive constants ci,ca,z
with the following significance. Let E be a G bundle over X, let k > 2 be an
integer, and suppose that [Ag] € BY.. Then:

(1) For g such that 0 < ey < z(1 + vo[Ag)"Y/?)~1, the projection m :
Bjo (e0)/ Staba, — BY, A [A], is a homeomorphism onto an open
neighborhood of [Ag] € B% and a diffeomorphism on the open subset
where Stab 4, / Center(G) acts freely;

(2) For any constant 1 satisfying 0 < e1 < 2Ky (1 + vp[Ao] /) ™! we
have the following inclusions of open neighborhoods in B%:

Bl (e1) € BlpE(ere1) € m(BY, (c2Koen)).

That sharper versions of the standard slice theorem (as in [5], [10], [11],
for example) would hold is suggested by related results of Taubes, namely
[21, Lemma A.1] and [23, Lemma 6.5]: For example, they show that if
u is an L3 gauge transformation intertwining L? connections 4;, i = 1,2,
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obeying a slice condition d% (A; — Ag) = 0 defined by an L? connection
Ag, then u is necessarily in CY. Moreover, transition functions relating
neighborhoods of the origin in Ker(d} [12) and Ker(d} ,,[z2), where a is
Li A,-Small, are constructed in [23, Lemma 6.5]; the constants depend only
on ||Fa,llr2 and v[Ao]. (See [23, §6] for detailed statements and related
results.) The proof of Theorem 1.1 makes use of methods developed in [21],
[23], [24]. To illustrate applications of the methods of Sections 4 and 5 and
to point to possible generalizations of the estimates in this article, we derive
some elliptic estimates for the linearization of the anti-self-dual equation in
Section 5.2.

1.3. Outline of the proofs. Assertion (1) of Theorem 1.2 is proved in
Section 3. The proof that the projection map w : B4A0(50) — B’fE is a
local diffeomorphism away from connections with non-minimal stabilizer
essentially follows Uhlenbeck’s verification of “openness” in her proof of
Theorem 2.1 in [26] via the method of continuity (see Lemma 3.6). The
proof that the L* ball B4A0 (e0) injects into the quotient (see Lemma 3.7)
was suggested to us by Mrowka. The remainder of our article is taken up
with the proof of Theorem 1.1 and hence Assertion (2) of Theorem 1.2.

In Section 4 we introduce the family of critical-exponent Sobolev norms,
Li’?Ao, k =0,1,2, used to complete the proof of Theorem 1.1 and in Section 5
we describe the crucial embedding theorems enjoyed by those Sobolev spaces,
as well as estimates for the Green’s operator of the Laplacian d da,. In

particular, LZ 4 C L,ﬁC’QAO, for every p > 2 while, in the other direction,

LﬁQ:QAO C CY. The latter embedding is the key motivation for the definition
of these norms and it greatly facilitates the derivation of Green’s operator
estimates, in a wide number of applications in gauge theory [23], [24], with
minimal dependence on the curvature of the connection Ay. The main ideas
and embedding results in Sections 4 and 5 are due to Taubes [21], [23], [24],
[25], so these sections are essentially expository. An earlier exposition from a
somewhat different perspective, due to Donaldson, of Taubes’ methods and
some applications appears in [4]. The estimates of Section 5 are stated only
in the four-dimensional case. While we might expect all of them to hold,
in some form, for higher dimensions we confine our attention to dimension
four as our intended applications are primarily concerned with smooth four-
manifold topology. In essence, the critical-exponent norms make a virtue
out of necessity of the familiar fact that while the Green’s operator of the
Laplacian d*d on C*°(X) maps LP(X) into L?P/=P)(X) for 1 < p < 2, it
does not map L?(X) into L>(X) [19, Chapter V]. We recall that an Orlicz
space L, can be used to provide the “best target space” for an embedding

of L3(X) [1, Chapter 8]. Here, we may instead view Lg’2(X ) as providing



CRITICAL-EXPONENT SOBOLEV NORMS AND THE SLICE THEOREM 7

the “best domain space” for an embedding into L*°(X), since L5(X) C
L5 (X) € L®(X) for all p > 2.

We give two proofs of Theorem 1.1. For our first proof, in Section 6, we
essentially follow the strategy of Uhlenbeck [26] and apply the method of
continuity. The difficult step here (in establishing openness—see Section 6.3)
is to prove that the intrinsic, gauge-invariant L'ji’f% and La’f% distances in
the quotient BY, bound the L?% and L3 ,, norms in the slice S4, C Ak
This is the point in our first proof where we use the critical-exponent esti-
mates derived in Section 5 to control gauge transformations. The proof of
“closedness” uses a compactness argument and is given in Section 6.2. The
proofs of Theorems 1.1 and 1.2 are completed in Section 6.3.

Our second proof of Theorem 1.1 occupies Sections 7 and 8. In Sec-
tion 7 we show that the exponential map Exp : Q%(gr) — Gg extends to
a continuous map Exp : Lg’Z(gE) — Lg’Q(gE) and that the resulting space
of Lg’2—gauge transformations g?E’ﬁ’Q is a Banach Lie group. In particular,

Lg’z—gauge transformations are continuous and are contained in ggp for ev-
ery p > 2. The Sobolev multiplication and composition results for the
critical-exponent norms then allow us to apply the inverse function theo-
rem directly in Section 8, while still ensuring that all constants depend at
most on vy[Ag] and ||Fa,|/z2. We first use the compactness result of Sec-
tion 6.1 to establish the existence of gauge transformations w in Q% which

minimize the £§’%4 and L%’i distances in the quotient Bf“E. Then, assuming
»410 »410
the norm [[w(A) — Agl| 2.4 or [w(A) — Ag|[z2  is sufficiently small, we use
Ao

the Sobolev embedding and multiplication theorems of Sections 4, 5, and 7
and a quantitative version of the inverse function theorem to prove the ex-
istence of a gauge transformation v € G3, such that dy, (u(A) — Ag) = 0,

u=vw € G and |[u(A) — Ap||p264 and |Ju(A) — AOHL% . are controlled
Ao
by dist .2 ([A], [Ao]) and dist, z2 ([A], [Ao]), respectively.
1,49 1,Aq9
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2. Preliminaries.

We assume throughout this article that X is a closed, connected, smooth,
four-manifold with Riemannian metric g. Let G be a compact Lie group
with matrix representation p : G C SO(E) = SO(r) where E ~ R" as a real
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inner product space, let P be a principal G bundle, and let £ = P x, E

be the corresponding Riemannian vector bundle associated to P by the

representation p. Let gp C gl(E) be the bundle of Lie algebras associated

to P via the adjoint representation Ad : G — Aut(g) of G on its Lie

algebra g and viewed as a subbundle of gl(F) via the induced representation
:g C so(E).

G1ven the covariant derivative V4 : C®(E) — C®(T*X ® FE), we define
the exterior covariant derivative da : Q*(E) — QF1(E) in the usual way
by setting da = V4 on Q°(E) = C*(E) and extending d4 to Q/(E) =
C®(A' ® E), where A’ := AY(T*X), according to the rule da(w A v) =
dw Av+ (—=1)'w A dyv for w € QY(X) and v € QI (E).

For any integer £ > 0, exponent 1 < p < oo, and Li connection Ay on F
we define the L? Sobolev completion, L (A'® E), of QY(E) with respect to

the norm
1/p

Islzz, x Z 192, 5112

We define the action of a C*° gauge transformation u € Gg on a C'*° con-
nection A on the bundle E by pushforward, so u(A) := A — (dau)u~!. Fix
a connection Ay € Ag, let A% = Aq+ L? (A1 ® gg), and define

GEF = {u € L2,y (gl(E)) : u € G ae} C L}, (al(E)).

The space QkH is a Banach Lie group, with Lie algebra Tiq,, ng k+1(9E)

and acts smoothly on Ak % with quotient Bk b= = Ak %/ ij;l endowed with the
quotient L2 topology.

The stabilizer subgroup Staby C gfg“ for a connection A on E always
contains the center Center(G) C G. We let Agk C Ak denote the space
of connections A € A% with minimal stabilizer Staby = Center(G) and let
B / QkH. As usual, the stabilizer subgroup Staby C Gg can be
identlﬁed w1th a closed subgroup of G C GL(FE|,,) for any point z¢p € X by
parallel translation with respect to the connection A. Let stab4 denote the
Lie algebra of Staba, so staby = Ker{da : L} ., (g9r) — Li(A' ® gp)}.

Throughout the article, we use ¢ or z to denote positive constants which
depend at most on the Riemannian manifold (X, g) and the group G; con-
stants may increase from one line to the next and are not renamed unless
clarity demands otherwise.

3. The slice theorem.

In this section we prove the first assertion of Theorem 1.2—see Proposi-
tion 3.4 below—mnamely, that a small enough L*-ball Bjo (e0)/ Stabg, pro-

vides a slice for the action of gg“. The proof that the projection 7 :
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Bjo (e0)/ Staba, — BY is injective (Lemma 3.7) was suggested to us by
Mrowka.
Let £ > 2 be an integer. The Banach Lie group ggﬂ has Lie alge-

bra T, G5t = L? ., (gg) and exponential map Exp : L7, (gg) — ghrt

given by ¢ — u = Exp(. Recall that Staby = {y € ng :y(4) = A}
may be identified with a Lie subgroup of G and has L1e algebra staby =
Ker<dA‘Li+1)- The operator d% : L7, ,(A' ® gp) — Lj_ 1(gg) has closed

range and we have an L?-orthogonal decomposition

(3.1) 1dEgk+1 k;+1(gE)
1
— (Ker(dA|Li+l)) @ Ker <dA’Li+1)
=Im (d*A|Li+2> @ Ker (dA‘Li-H)

1
= (Ker (dA|L%+1>> @ stab 4.

Let Stabh = LN Stabh = Exp((KerdA|Li+l)L), the second equality

following from the Sobolev composition lemma. The subspace Stab} C g’fE“

is closed and is a Banach submanifold of g@“ with codimension dim stab 4.
From Claim 3.5 below we see that Stabj is a slice near idg € QEH for the
right action of Stab4 on gf;“.

The map da : L7, (g5) — LZ(A' @ gg) has closed range and so we have
an L?-orthogonal decomposition

(3.2) TyAf = L} (M @ gp)

=Im (dA|L%+1) @ Ker (dmLi)
=Im (dA|Li+1> e Ky,
L2

of the tangent space to the space of
Ker(d}12).

The slice S4 C A% through a connection A is given by Sy = A + K. If
7 is the projection from A% onto Bl = A% /GEF! denoted by A — [A], we
let

i connections at A, where K, =

BA(é) = {Al €84 ”A1 — AHL%A < e’:‘}
=A+{acKy: HaHL%A <e}
be the open LZ-ball in S with center A and Li 4-radius €. Similarly, we let

B(c) = {A; €S :||A; — Al < e}
=A+{aeKy:|a|s <e}
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be the open ball in S4 with center A and L*-radius e.

The proof that the quotient space A’]f; is Hausdorff makes use of the
following well-known technical result [10, Proposition A.5]. Note that the
space Q% is neither a Banach Lie group nor does it act smoothly on A% for
k>1.

Lemma 3.1. Let E be a Hermitian bundle over a Riemannian manifold
X and let k > 2 be an integer. Suppose {A,} and {By} are sequences of
L2 unitary connections on E and that {us} is a sequence in G% such that
Uua(Aa) = Ba. Then the following hold.

(1) The sequence {uq} is in QE“;

(2) If {As} and {B.} converge in A% to limits Aoo, Boo, then there is a
subsequence {a'} C {a} such that {uy} converges in Gi™ to us and
Boo = Uso(Aso)-

We shall need the following quantitative version of the inverse function
theorem here and especially in Section 8:

Theorem 3.2. Let ® : E — F be a C* map of Banach spaces, for some
¢ > 1, such that the differential (D®),, : E — F has a continuous inverse
(D<I>);O1 : F — E satisfying

_ | .
I(D2)5 | <K and  [[(D®)s — (D®)a | < K i el <9,

for some positive constants K and §. Then the following hold:
(1) The restriction of ® to the ball U = BE(x,6) is injective and ®(U) =
V is an open set in F containing the ball B¥ (®(x),5/(2K));
(2) The inverse map ® 1 :V — U is C*;
(3) If 21,22 € B¥(0,0), then ||z — 22| < 2K||®(21) — ®(22)]|.

For quantitative comparisons in this section, the following elementary fact
will suffice:

Lemma 3.3. Let E, F b~e Banach spaces and let T e Hom(E,F) have a
right (left) inverse S. If T € Hom(E, F) satisfies ||T —T| < ||S||~!, then T
also has a right (left) inverse.

Proof. If S € Hom(F,E) is a right inverse for T, so T'S = idg, then |(T —
T)S|| < ||IT —T)||S|| < 1 and idg + (T — T)S is an invertible element of the
Banach algebra End(E). Define S = S(1+ (T —T)S)™!, so ST = idg and
Sisa right inverse for 7. Similarly for left inverses. (]

This consequence of the usual characterization of invertible elements of a
Banach algebra will be invoked in the proof of Lemma 3.6.

Proposition 3.4. Let X be a closed, Riemannian four-manifold. Then
there is a positive constant z with the following significance. Let E be a



CRITICAL-EXPONENT SOBOLEV NORMS AND THE SLICE THEOREM 81

G bundle over X. Suppose that k > 2 is an integer. Given [Ag] in B%, let
vo|Ao] be the least positive eigenvalue of the Laplacian A%O and let g9 be a

constant satisfying 0 < eo < 2(1 + vp[Ag)"/?)~. Then:
(1) The space BY is Hausdorff;
(2) The subspace ng C BY, is open and is a C* Banach manifold with
local parameterizations given by m : Biﬂo (€0) — ng;
(3) The projection m : Agk — BEk is a C* principal G / Center(G)
bundle;
(4) The projection w : Bjo (0)/ Staba, — BY is a homeomorphism onto

an open neighborhood of [Ag] € B% and a diffeomorphism on the subset
where Staba, / Center(G) acts freely.

Proof. The stabilizer Stab,, acts freely on QJ]’%H and thus on the Banach
manifold Gitt x Slj‘o by (u,A) — - (u, A) = (uy~',7(4)) and so the
quotient QZ-,H XStaba, S 4, is again a Banach manifold. We define a smooth
map

(3.3) W G Xstaba, Sa, — Al [u, A] — u(A).

Our main task is to show that the map W is (i) a local diffeomorphism onto

its image and (ii) injective upon restriction to a sufficiently small neigh-
borhood Q?l XStaba, Bf‘%(so). Given 99 > 0, let Biq,(dp) be the ball

{ueGht!: [lu—idg|| Biiay < do} and let B (o) = Bia,(do) N Stab, .

Claim 3.5. For small enough § = §(Ay, k), the ball Biq,(9) is diffeomorphic
to an open neighborhood in BiLdE((S) X Staby,, with inverse map given by

(u0,7) = u = upy.
Proof. The differential of the multiplication map
Stabj0 x Staba, — Gett (ug,7y) — uo7,

at (idg,idg) is given by

1
Ker (dAongH) @staba, — Lipi(gp) (€ x) = uoly + uoyx.

and so is just the identity map with respect to the L?-orthogonal decompo-
sition (3.1) of the range. Hence, the Banach space implicit function theo-
rem implies that there is a diffeomorphism from an open neighborhood of
(idg,idg) onto an open neighborhood of idg € QE'H. For small enough §, we
may suppose that if u € Biq,(6), then u can be written uniquely as u = ugy
with ug € BﬁE(é) and v € Staby,. O

Lemma 3.6. For any 0 < g9 < 3(1+ vo[Ao]V/?)~, the map ¥ is a local
diffeomorphism from g@“ X Stab.a, Bfﬁo (e0) onto its image in A%,
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Proof. We first restrict the map ¥ to a neighborhood Biq, (do) XStaba, SAo

which is diffeomorphic to the neighborhood Bf&E((S) XS4, in Staubj0 XS Ay
by Claim 3.5. The differential of the induced map

(3.4) v Stabjo xS 4, — AN, (u, A) — u(A),
at (idg, A) := (idg, Ap + ap) is given by
(D) i, 4) Tia,, Stabs, &TaSa, — TaAf,
(CJ a) = _dAC +a= _dAOC - [CLO, g] + a,

where we recall that T4Sa, = Ka, = Ker(d} | 2 ) and

L
Tid,, Stabfg0 = (Ker (dAo’L§+1)) =Im <d20’Li+2) .

Using the L2-orthogonal decomposition (3.2) of the range we see that the
map

—d A, PidE : (Ker (dAOIL%»LEBKer (dZO\L%> — Im (dA0]L§>69Ker (dZO]L%>

given by (¢,b) — —da,{+0bis a Hilbert space isomorphism. More explicitly,
the operator

L
da, : (Ker (dAo!L§>) — Im(da, | 3) = (Ker (d, |12))

has a two-sided inverse
1L
G?Llodf% - Im (dA0|L%) - (Ker (dAo‘L%>) )
where G%O is the Green’s operator for the Laplacian A%O = d},da,: Indeed,
G%Odjlo da, = G%O A%O is the L2-orthogonal projection H%O from L} (Al®gp)

onto (Ker(d, |L%))L and d4, G%O dj‘% is the L2-orthogonal projection Hi{j‘ =
id — H}% from L?(A' ® gg) onto (Ker( j‘40|L2))L, as

1

&, (id — dayGY, d%,) = 0.
For ¢ € (Ker(dAolLﬁ))J— and b = da,¢ € Im(da,|z2), we have
Caiblzz , = 102 A% Cl . = I0%Clag = Clue
< lldagCllze + ¢z < (145" lldaCllrs
= (1+5%) 1ol
and so G%Odzo has Hom (L2, Li 4,) Operator norm bound

* —-1/2
||G?4()dA0H S 1 +l/0 / .



CRITICAL-EXPONENT SOBOLEV NORMS AND THE SLICE THEOREM 83

The Sobolev embedding L? C L* and Kato’s inequality imply that
ldaC = daoCllzz < llfao, Clllze < 2faollzallClize < 2llaollzaliClz ,
and so dg — dy, has Hom(LiAO, L?) operator norm bound
lda — dag |l < 2[aolla-

In particular, we see that (D‘I')(jéE Ao) = G%O dy, ©id = G%Od*AO ® G%O A%O
satisfies

_ —1/2
H(D‘I’)(iéEAO)H <141, /* and |(D®)dp,a) — (D®) i, a0) || < 2llaoll s

Hence, Lemma 3.3 implies that if ||ag||fa < %(14—1/0_1/2)_1, then the operator

(DY) (idp,A) : (Ker (dAo\Lf»L x Ker (dZO‘Lf> — L*(A' ® gp)

is an isomorphism from L? to L? and restricts to a bounded linear map from
Li+1 to Li. Provided (DW) gy, 4) : Li+1 — Li is bijective, the open map-
ping theorem guarantees the existence of a bounded inverse (D\Il)(_iéE A
Ly — L} 4. If (D®)q,,4)(¢ a) =0 for (¢,a) € L, then (¢, a) is zero in
L3 and thus zero in L7, so (DW)(idy,4) is injective. If b € LZ(A' ® gp),
then b = (DW¥)q,,4)(¢,a) = —daC + a for some ((,a) € (Ker(dAO\L%))L X
Ker(d|r2). As dy a =0, we have

dh,da¢ = —dj,b € L,

and dZOdA : L%_H — Li_l is an elliptic operator with L%_l coefficients.
Thus, ¢ € LzH, soa=>b+ds¢ € L?, and (D¥)iq,,4) is surjective.
Combining the above observations, we see that the operator

(D¥)(ia,a) : (Kef (dAongH))L @ Ker (d*AO\Lg> — LY(A' @ gp),

is an isomorphism for all A = Ag+ag with ||ag||p1 < g0 = %(1—#1/(;1/2)_1. So,
by the Banach space implicit function theorem, there are positive constants
e =¢e(A, k) and 6 = §(A, k) and an open neighborhood Uy C A% such that
the map

U : B (8) x Ba(e) — Uy, (u, A1) — u(Ay),

idg
with By(e) C Bjo (€0), gives a diffeomorphism from an open neighborhood

of (idg, A) onto an open neighborhood of A. In particular, we obtain a map
Ug — Stabjo, given by A; — u = u4,, such that

T (A1) = (u,u (A1) € Big, (6) x Ba(e) C Staby, xBY, (<o)
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Hence, for any A; € Uy there is a unique u € BiﬁE (8) such that u=1(A4;) —
Ay € KAO:

(3.5) &y, (u"' (A1) — Ag) = 0.

The neighborhood Bjo (e0) is Stabg,-invariant: If A € By,(e) and v €
Stab,, then

I7(A) = Aolls = A =7 (Ao) s = 1A — Aol <&,
and
@, (7(A) = Ag) =7 (@14 (A = 77 (A0)))

so 7(A) € Ba,(e).
The group Q'gfl
diffeomorphism

Biq,, (9) x Bﬁo(eo) — B,(6) x Bjo(ao), (u, A) — (vu, A),

k+1
E

acts on G x Syu, by (u, A) — (vu, A), and so gives a

and as this action commutes with the given action of Stab4,, it descends to
a diffeomorphism

BidE (6) XStabAO le% (50) - BU((S) XStabAO ng (80)7 [U7A] - [vu, A]?

g“. Consequently, the ggﬂ—equivariant map
1
Gl Xstab.y, Bl, (€0) — Af

is a local diffeomorphism onto its image, as desired. ([

for eachv € g

Plainly, [v(A)] = [A] for each v € Staby, and A € Bjo (e0) and hence,
the projection 7 : le% (e0) — A% factors through Bjo (€)/ Stabg,.
Lemma 3.7. There is a positive constant z with the following significance.
Let v Ao] be the least positive eigenvalue of the Laplacian A%O. Then for
any constant ey satisfying 0 < g9 < z(1 + vo[Ag)]~?)~1, the projection map
7 : BY, (e0)/ Staba, — Bk, is injective.

Proof. Suppose A; € Bjo(z-:o) for i = 1,2 and that [A1] = [A2] € BE, so
u(Ay) = As for some u € QJkEH. Since u(Ag) = Ag — (da,u)u?t, we see that
u € Staby, if and only da,u = 0. Here, we view u € L7, (gl(E)) via the
isometric embedding QEH C L, (gl(E)) and write

U=mu—17,

where ug € (Kerda,)" and v € Kerd,. We claim that ug =0, so u = v €
StabAO.
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Since u(Ay) := Ay — (da,u)u™t = A, we have Asu = Aju — da,u =

Aru — da,u — [A1 — Ap,u], and therefore

dayuo = da,u = u(Ay — Ag) — (A2 — Ao)u.
Since d (A; — Ag) = 0 for i = 1,2, we obtain

dyydaguo = — * (dagu A (A1 — Ag)) + udy, (A1 — Ao)
— (d, (A2 — Ag))u + *(x(A2 — Ag) A da,u)

= —x (daguo N *(A1 — Ag)) + *(x(A2 — Ag) A dayup).

Integrating by parts gives
ldaguoll7z = (A, daguo, uo)2 < ||y, daguol pas|luol s

Kato’s inequality and the embedding L? C L* gives ||ug||p1 < c(||da,uol| 2 +

|luol|z2), so the eigenvalue estimate ||ugl|z2 < Vo_l/2||dAOu0HL2 gives ||ugl|z4 <
c(l+ 1/0_1/2)||dAO’LL(]||L2 and thus

—1/2
ldaguoll3e < (1455 %) iy daguol paalidaguoll 2.

Therefore, if d4,uo # 0, the preceding expression for d’y,da,uo yields
—-1/2 X
Idayuollzs < e (1425"7%) Idiaydaguoll o
—-1/2
< (145" ldaguoll (141 = Aolls + |42 — Aol o),
and so we have

1<c (1 + ,,(;1/2) (Il A1 — Aol za + [[ A2 — Agll1) < ¢ (1 v ,,(;1/2) -

-1
which gives a contradiction for g < ¢™* (1 +1y 1/ 2) . O

We now return to consider the local diffeomorphism ¥ of Lemma 3.6.
Suppose ®uy, A1] = Wlug, As] € Ak, where [u1, Ay], [ug, Ao] € GET! X Stab 4,
B, (c0), and so u1(A;) = ug(A2) € AX and hence [A1] = [Ao] € BE.
Provided € also satisfies the constraints of Lemma 3.7, we have u, Lup =
v € Staba, and y(A;) = Ay. Hence [ug, As] = [u1y™1,v(A1)] = [u1, A1], so
W is injective and therefore a diffeomorphism onto .Alfj.

The map 7 : Bfl% (20)/ Staba, — B can be factored as the composition of
the inclusion A — (idg, A) of Bjo (c0) into G x Bjo (€0), the projection
onto the Stab 4,-quotient ggﬂ XStaba, Bjo (€0), the diffeomorphism ¥ of
gf;“ X Stab 4, Bjo (e0) with A% and the projection from .A]]f; onto the QE'H—
quotient BI?E = A’fE /g’fE+1. Hence, 7 is a homeomorphism onto an open

neighborhood of [Ap] in B% and a diffeomorphism on the open subset where
Staby, / Center(G) acts freely.
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Claim 3.8. The quotient space B% is Hausdorff.

Proof. Let T be the subspace {{A4,u(A)} : A € A% and u € G} of A% x
AR Tf {(As),ua(Aq)} is a sequence in T' which converges in L? to a point
{Awo, Boo}, then Lemma 3.1 implies that there is a subsequence {/} C {a}
such that {uq} converges in L%H t0 Use € g’fE“ and Uso(Aso) = Boo. Thus,
T is closed and .A’]“E / g’?E“ is Hausdorff. O

Claim 3.8 gives Assertion (1) of the proposition and Assertions (2), (3),
and (4) now follow from the preceding arguments and Lemma 3.7. This
completes the proof of the proposition. O

4. Critical-exponent Sobolev norms.

We now describe the basic properties of the critical-exponent norms and
corresponding Banach spaces introduced by Taubes in [21], [23], [24], [25].
In particular, we give the basic embedding, multiplication, and composition
lemmas we need to complete the proof of our slice theorem. We shall make
frequent use of the pointwise Kato inequality, |d|v|| < [V av| for v € Q(E),
so that the norms of the embedding and multiplication maps depend at most
on the Riemannian manifold (X, ¢g). Moreover, for simplicity, we confine our
attention to the case of closed four-manifolds: There are obvious analogues
of the Sobolev lemmas described here for any n-manifold, with n > 2. Simi-
larly, extensions are possible to the case of complete manifolds bounded ge-
ometry (bounded curvature and injectivity radius uniformly bounded from
below)—see [1], [3] for further details for Sobolev embedding results in those
situations and for the construction of Green kernels. We refer the reader to
the monograph of R. Adams [1] for a comprehensive treatment of Sobolev
spaces and to that of E. Stein [19] for a treatment based on potential func-
tions.

Throughout this section, A, B denote C° orthogonal connections on
Riemannian vector bundles E, F' over X with C* sections u, v, respectively.
We first have the following analogues of the L? and L* norms,

[l e (xy = sup || dist ™ (2, -)|ul [l 1 (x),
rzeX

(4.1)

[l p2e x) = sup || dist™ () ull| L2 x),
zeX

where dist(z,y) denotes the geodesic distance between points x and y in X
defined by the metric g; these norms have the same behavior as the L? and
L* norms with respect to constant rescalings of the metric g—the Lf norm
on two-forms and the L?! norm on one-forms are scale invariant. Indeed, one
sees this by noting that if g — § = A72g, then dist;(x,y) = A ~Ldist,(x,y)
and dVz = A\~1dVj, while for any a € QY(E) and v € Q?(E), we have
lalg = Alalg, and [v]y = A2[o].
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Next, we define analogues of the L? and L3 norms
HuHLiA(X) = Vaullr2(xy + llull z2(x),
lull iz ) = IVAul 2y + 1V aull 2 + lullz2x),
and set
42) ”“HLQ’A(X) = [[Vaul pexy + llull 2o x) + llullLecxys
| s ) = V5 ¥ a0z + el
where V¥ = — x Vax : QYE) — Q°E) is the L?-adjoint of the map
Va: QO(E) — Ql(E)
Finally, we define analogues of the C° N L2 norm

lullconzz ,x) = lulloog) + lullzz x),
and set
||U||LM(X) = ||U”LﬁmL2(X) = ||uHLﬁ(X) + HUHL2(X)7

HUHLQM(X) = ||U||L2ﬁmL4(X) = ||U||L2ri(X) + ||U||L4(X),
(4.3)

Hu”Lgi(X) = Hu”LLi,AmL%,A(X) = ||u||L§7A(X) + HUHL%,A(X)’
HuHLg’i‘(X) = HUHLQ,AOLE,A(X) = Hu||Lﬁ27A(X) + HUHL%A(X)'

It might have appeared, at first glance, a little more natural to continue
the obvious pattern and instead define ||u||Lu27A(X) using ||V?4U||L1i(X): As we
shall see below, though, the given definition is most useful in practice. For
related reasons, if u € QY (E) = Q%(A! ® E), it is convenient to define the

norm Hu||L§ L0 by
(4.4) lull e x) = IVaulleoey + llull ey + lullex)-

Let L¥(X) be the Banach space completion of C°*°(X) with respect to the
norm || - ||z¢ and similarly define the remaining Banach spaces above.

We have the following extensions of the standard Sobolev embedding the-
orem [10], [15]: Their proofs are given in the next section. See also [4], [17],
[21], [23, §6], [24, Eq. (3.4) & §5], and [25, Lemma 4.7].

Lemma 4.1. The following are continuous embeddings:
(1) IP(E) C LL(E), for k= 0,1,2 and all p > 2;
(2) LY(E) c L*(E), for all q > 4;
(3) LY (E) C L*(E).
In the reverse direction we have:

Lemma 4.2. The following are continuous embeddings:
(1) LY(E) C LY(E) and L*(E) C L*(E);
(2) LA(E) c CON L3(E).
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We next consider the extension of the standard Sobolev multiplication
lemma [10], [15]. While there is no continuous multiplication map L3 x
L3 — L3, it is worth observing that there is a continuous bilinear map
CYNL3(E)x C'NL3(F) — C°NL3(E ® F) given by (u,v) — u®v. Note
that for v € Q°(E) and v € Q°(F) we have
(4.5) Viesu®v) = (Viu) @ v+ 2V u® Vv +u ® Vi,

VZ®BVA®B(U (%9 U) = (VZVAU) Rv+ *((*VAU) VAN VBU)
—%x(VauA*Vpv) +u® VpVpu.

Similarly, for u € Q°(A! ® E) and v € Q°(F), we have

(4.6) Viep(u®@v) = (Viu) @ v+ x(xu A Vo).

In particular, we see that if u,v € Q°(gl(E)), then

(4.7) ViVa(uww) = (ViVau)v 4+ #((xV q4u) AV 40)
—*#(Vau A (xVav)) + u(V4Vav),

an identity we will need in the next section.

Lemma 4.3. Let Q°(E) x QU(F) — Q°(E ® F) be given by (u,v) — u @ v.
Then the following hold.
(1) The map C°(E) ® L}(F) — L*(E ® F) is continuous;
(2) The map L*(E) ® L*(F) — L} E ® F) is continuous;
(3) The spaces L%(F), L3(F), and Lg(F) are Lg(E)—modules;
(4) The spaces L3(F), LQ’Z(F), and Lg’2(F) are Lg’2(E)-modules.
The conclusions continue to hold for Q' (E) in place of Q°(E) and the norms
on Lti (AM'® E) and Lji’Q(A1 ® E) defined via (4.4).
Proof. Let u € C*°(FE) and v € C*°(F') and denote the covariant derivatives
on E, F, and E® F by V. Using V(u ® v) = (Vu)v + u ® Vv and the
embedding Lg(E) C C°(E), we see that
lu @l < llullcollvllr: and  flu@vllp: < [lullp2z]lv]l p2z,
IV(u@v)llLs < [Vl pal|vll e + ulloo[Voll e < ellull g lloll
IV(u@ o)z < [[Vullpallvllps + ullco[VollL2 < llullconrzllvllzs,

and hence the multiplication maps C° x Lf — Lf L% x L? — Lf and
Lg X L§ — L% are continuous. Moreover,

IV(u@ )|z < [[Vullallvllpa + ullco[Voll 2 < cllullconzz vz,

and so, using the embedding Lg C CY, the multiplication Lg’z X L%’Q — Lg’Q
is continuous. Thus, Lg is an Lﬁ—module and Lg’2 is an L§’2—module.
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Finally, to see that Lg and Lg’z are algebras, we use the identities (4.5),
noting that

IV*V(u@v)lle < [V*Vullpel[ollco + 2 Vull 22 [Vl 22 + [[ullco [V V0

<
< cllull g ol

so the multiplication Lg X Lg — Lg is continuous, while
IV (u@v)[l 2 < IV2ull 2 lvllco + 2Vl o[ Vol o + [fullco [ V20l 2
< cllull conrzllvll conrz-

The embedding Lg C C° now implies that the multiplication ng X Lg’Q —
Lﬁ2,2 is continuous. (]

5. Critical-exponent Sobolev embeddings and estimates for
Green’s operators.

We continue the notation and assumptions of Section 4. Our goal in this sec-
tion is to prove the Sobolev embedding Lemmas 4.1 and 4.2, and to derive es-
timates for the Green’s operator G4 of the Laplacian V¥V 4 on Q°(E). The
key estimates described in this section are due to Taubes and they arise, in a
variety of contexts, in the proofs of [17, Lemma 5.4], [21, Equation (2.14) &
Lemmas 3.5, 3.6, & A.3], [23, Equation (3.4b) & Lemma 6.2], [24, Lemma
5.6], and [25, §4(c), (d), (e)]. However, we find it convenient to collect them
here—together with some useful extensions and generalizations—both for
the purposes of the present article and applications in [8], [9].

5.1. Estimates for the covariant Laplacian V%V 4. Let G(z,y) be the
kernel function for the Green’s operator (d*d+1)~! of the Laplacian d*d +1
on C*®(X). The kernel G(z,y) of (d*d + 1)~! behaves like dist™(x,y) as
dist(z,y) — 0 (see [25, Lemma 4.7] and [24, §5]):

Lemma 5.1. The kernel G(z,y) is a positive C* function away from the
diagonal in X x X and as dist(z,y) — 0,

1
G(z,y) = —————— + o(dist2(z, y)).
(@.y) =5 T2(r.y) ( (2, y))
Proof. These and other properties of G are obtained by explicitly construct-
ing G from an initial choice of parametrix H for d*d + 1 using the method
of [3, §4.2.2-3], where the kernel for the Green’s operator for d*d is con-
structed. Recall from [19, p. 132] that the kernel Go(z,y) for (d*d + 1) !
on R* with its standard metric satisfies
1 -2
Go(%y)zm+0(|$—y\ )s |z —y[ — 0.
The kernel G is now constructed using Gy by following the method of [3,
§4.2.2-3]. O
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Lemma 5.1 implies that there is a constant ¢ depending at most on g such
that for all © # y in X,

(5.1) cLdist™2(z,y) < G(z,y) < edist™2(z,y).
Consequently, for all u € Q(E), we have
(5.2) ¢ Hlull ey < NGlulllooxy < ellulleixy-

Lemma 4.2 will follow from the next estimate; a similar inequality is stated
as Equation (3.4) in [24]; see [17, Lemma 5.4(a)] for a related result on R3.

Lemma 5.2. For all f € L?(R*), where R* has its standard metric,

. 1
sup || dist ™" (z, ) fl| 2 () < ivaHLQ(R‘l)‘
rER4

Suppose X be a closed, oriented, Riemannian four-manifold. Then there is
a positive constant ¢ such that for all f € L3(X),

sup [ dist™" (2, ) fll z2x) < el fllz2ex)

Proof. Let f € C§°(R*) and let 2 = (r, ) denote polar coordinates centered
at a point 79 € R, so r = |z — x¢|. Then

/R4r—2yf|2dx:/ /rf2drd6
/53/ f2drd0——/sj/ 2fardrd9

via integration by parts. Therefore,

/R47,—2‘f’2dx__;/ —1f f
1 _2 ) 1/2( ) )1/2
§2(/R4r | f] da:) /R4|Vf] dx .

Hence, for all f € C5°(R*) we have

o 1
|| dist ™ (a0, Vfllr2mey < §va||L2(R4)v

and taking the supremum over zy € R?* yields the first assertion.

For a closed Riemannian manifold X, choosing a smooth partition of unity
for X and applying first assertion (when X is R*) to each patch then yields
the second assertion. (|

Proof of Lemma 4.1. Define 1 < p’ < 2 by setting 1 = 1/p + 1/p’. Then
Hoélder’s inequality implies that

I dist=2(a, alll 1 < || dist (2, )|l < Clullz,
I dist™" (a2 < [ st ™" (2, | ol 20 < Clal] 2o,
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which gives Assertions (1) and (2). By Lemma 5.2 and Kato’s inequality,
|d|ul| < |V aul, we see that

sup || dist ™! (x, -)ul|» = sup || dist™* (z, ) |ul|| e
zeX zeX

< C([ldlulllze + [lullzr)
< C([IVaullze + [lullze)-
Taking p = 2 gives Assertion (3). O

Lemma 4.2 will follow from the estimates below; the key estimates (1) and
(2) in Lemma 5.3 below and the estimates (1), (2), and (3) in Lemma 5.4
are essentially those of Lemma 6.2 in [23], except that the dependence of
the constant on ||F4|z2 is made explicit, but the argument is the same as
that of [23].

Lemma 5.3. Let X be a closed, oriented four-manifold with metric g. Then
there is a constant ¢ with the following significance. Let E be a Riemannian
vector bundle over X and let A be an orthogonal L3 connection on E with

curvature Fq. Then Lg(E) cC'n LQ(E) and the following estimates hold:

(1) IV aullpzs ) + llullooxy < el VaVaullpsxy + llull e x)
(2) IV aull e xy + llullcocxy < ellVaVaulpexy + lullzzx)
(3) lullrxy < ellullzex)

(4) lullzx) < ellullpeexy,

(5) IV aull2(x) < cl|Vaullpos xy-

Proof. For any u € C°°(FE) there is the following pointwise identity [10, p
93],

1
(Vaul® + Sddul* = (V4 V au, u),
and thus:
1 g 1
|V aul? + 2( + d*d)|ul* = (V4 V au, u) + §]u\2
Using this identity and the fact that [, G(z,-)(d*d + 1)[ul*dV = |ul*(z),

we obtain

/G IV aul v + Ll (a)

/G (VA aw, 0| dV + /G Sl dv.

Therefore, from (5.1), we have
V4wl s + MuPlco < el{VAVau,ul s + elllul||
< e VaVaul pellullco + ellull e llullco-
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Consequently, using rearrangement with the last term, we see that
IVaullpz: + [lullco < cl[VaVaullp: + cllull Lz,
giving (1). Combining this estimate with the embedding and interpolation

inequalities, |lull;: < cllullpa < cHu||1L/22Hquo/02, and again using rearrange-

ment with the last term yields the bound in (2). Since X is closed, for all
x # y we have dist(x,y) < M < oo, so

/ dist™2(x, -)|u| dV > M‘Z/ lu| dV,
X X
and this gives the estimates in (3), (4), and (5). O
Proof of Lemma 4.2. From Lemma 5.3 we have the estimate
<
lellgo < ellulgg , -

for any u € C*°(E). Let {uy,} be a sequence in C*°(E) converging to u €
Lg(E) The sequence {u,,} is Cauchy in Lﬂz(E) and applying the preceding
estimate to the differences u;,, —u;,, , we see that it is Cauchy in the Banach
space C°(E) and so the limit u lies in C%(E). The same argument, with
estimates (1) and (5) of Lemma 5.3, shows that u € L?(FE) and this yields
Assertion (2) of the lemma. Assertion (1) follows in the same manner. [

Lemma 5.4. Continue the hypotheses of Lemma 5.3. Then for any u €
(C°N L23)(E), we have

* 1/2
(1) ||V,24UHL2(X) < ||VAVAUHL2(X) + C||FAHL/2(X)HVAU”L4(X)

+ [ Fall2cxyllullcoxy

* 1/2
@) IVaullzs < il (1IV5Vaul 200 + 21 95ul 200) 2

3)  IVAullz2x) < 20IVEVaullz2(x) + el Fall p2ex) lullcox)-

Proof. The Bochner-Weitzenbock formula for the covariant Laplacian [11,
Appendix, Theorem II.1] asserts that

(5.3) dada +dadly = ViVa+{Fa, },
where we use {-,-} to denote a certain bilinear map whose precise form
is unimportant here. Integrating by parts and noting that d4 = V4 and
dida =V*VaonQ°X,V)and Fa =dyoda gives
IVAul7e = (VaVaVau, Vau) s
= ((dsz + dAdZ)dAu, dAu)Lz — ({FA, dAu}, VAU)LQ
= (dZFAu, dAu)Lz + (dA(dZdA)u, dAu)Lz — ({FA, VAU}, VAU)LQ
= (Fau, Fau)r2 + (ViVau, ViVau)r2 — ({Fa,Vau}, Vau)re.
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Therefore, applying Holder’s inequality, we find that
IVaulZe < IVAVaulZe + cl Eall 2V aullza + 1 EallZellulZo,

and taking square roots gives the desired bound in (1).
We now use integration by parts and Kato’s inequality |d|u|| < |V au| to
obtain an L* bound on d4u:

||dAu||‘i4 = (dAu, |alAu|2d,4u)L2
= (u, |dAu|2d2dAu)L2 + 2 (u, |[dau|dau A d|daul) 2,
= llullcolldaul|Zalldhdaul 2 + 2[lullcolldaulF4 ||V adaul| 2,
and so, if dqu # 0,

1/2 * 1/2
Idaulps < lulllly (I didaull s + 2] Viull2) "2,

which gives the desired estimate in (2).
By combining the L* estimate for V q4u with the L? estimate for Viu, we
obtain

IViulle < IVAVaul g2 + [[Fallz2[lullco
/2, 11/2 . 1/2
+ el Eall 2 lullds (1V3Vaulze + [Vulz2) "

We now use rearrangement with the last term above to give

IVoull e < 2[VaVaul g2 + ¢l Fall2||ullco,
and this establishes the desired bound in (3). (]
Lemma 5.5. Continue the hypotheses of Lemma 5.3. Then for any u €
Lg’2(E), we have:
lullrz o) + lullcoxy < et + (1 FallL2x) <||VZVAUHLW2(X) + ||u||L2(X)> :
Proof. From Assertion (3) of Lemma 5.4 we have the estimate

IVhullze < 2 VAV aul g2 + el Fal g2 [l co,
while integration by parts gives

1/2

IVaulrz = (VaVau,u) s < —= ([VaVaul 2 +[lull2).-

1
V2
According to Lemma 5.3 we have

[ullco < VAV aullp: + cllull 2,

and therefore the desired bound follows by combining these estimates. [J
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The above lemmas lead to the following estimates for the Green’s operator
G : LP2(E) — L*(E) of the Laplacian V4V 4 : L5*(E) — L*2(E). For
u € Q°(E) define

(5.4) ol 32,y = 1957 4wl + el ey
and observe that this is equivalent to the Lg’i1 norm defined in Section 4,
although the comparison depends on the L? norm of the curvature Fjy.

Lemma 5.6. Continue the hypotheses of Lemma 5.3. Let vy[A] be the
least positive eigenvalue of the Laplacian ViV 5. Then for any u € L2 n
(Ker V4V 4)*, we have:

(1) Gaullys () < et +m[A] ) ull e
) 1Gaullga ) < el + w[A] D ull e
(3) Gl e ) < el +00[A] (A + |1Fallzzox) ull o).

Proof. The first and second assertions follow from Lemma 5.3, the fact that
V4 VaGau = u for u € (Ker V4V 4)*, and the eigenvalue estimate ||ul|;> <
vo[A] 7|V Vaul| 12, while the third assertion follows from the first and
Lemma 5.5. O

5.2. Elliptic estimates for dz + d%. To illustrate their application and
to point to possible extensions, we note that the estimates of Section 5.1
for the covariant Laplacian V* V4 = d%d4 on Q°(E) naturally extend to
give estimates for the covariant Laplacians V4V 4 on Q°(E) = Q°(A¢ ® E).
Estimates for V4V 4 on Q°(A'® E) and Q°(AT® E) are of particular interest
since these can in turn be profitably compared (via the Bochner-Weitzenbock
formulas [10, Equations (6.25) & (6.26)], as in [24]) with the remaining
Laplacians defined by the elliptic deformation complex for the anti-self-dual
equation [5], [10], namely dad’ + d7*d} on Q°(A' ® gg) and d}{d}* on
Q% A" ® gg). Indeed, if By and B, are the Levi-Civita connections on Al
and A" induced by the Levi-Civita connection on T'X for the metric g, then
the curvature “F4” in the estimates of the preceding subsection is simply
replaced by [12, p. 165]

FB1®A = FB1 ®idgE +idpy1 ® Fa,

Fp .ga = FpB, ®idg, +idp+ ® Fa,

where I'g, and Fp, are expressed in terms of the Riemann curvature tensor
Rm and where we abuse notation slightly and denote the connections on E
and gg both by A. (See [10, Appendix C] and [11, Appendix II].) In the
interests of brevity we shall confine our attention to the case of L} estimates

with p = 2, though the methods can be modified to obtain estimates for
p # 2 (some work is required—see [5, p. 426] for hints).

(5.5)



CRITICAL-EXPONENT SOBOLEV NORMS AND THE SLICE THEOREM 95

In order to compute the required elliptic estimates for dj" we will need
the Bochner-Weitzenbock formulas,

(5.6) dad’y +2d5d Y = V4 V.4 + {Ric, -} — 2{F, "},
R
(5.7) 2did = ViV 4 —2{WT, .} + 3+ {Fi,},

for the Laplacians on Q!(gg) and QT (gg) [10, Equations (6.25) & (6.26)];
here, Ric, W™, and R are the Ricci, self-dual Weyl, and scalar curvatures
of the Riemannian metric g on X. In applications to the degeneration
of anti-self-dual or “almost anti-self-dual” connections A as in [20], [22],
(23], [24], we can usually arrange to have a uniform L* bound on Fj,
but not a uniform LP bound on F; when p > 2. We derive estimates in
the remainder of this subsection with such applications and assumptions in
view. To illustrate the nature of the difficulty we first derive a naive Li A

estimate for a € L?(gg) in terms of the L? norm of (d% + d})a:

Lemma 5.7. Let X be a closed, oriented four-manifold with metric g. Then
there is a constant ¢ with the following significance. Let E be a Riemannian
vector bundle over X and let A be an orthogonal L3 connection on E with
curvature Fy. Then for any a € L2(A' @ gg),

lallz ,x) < V2I(di + d)al r2(x)

_ 1/2
+e(1+ 1P leo) ? llall 2 x)-

If a is L?-orthogonal to Ker d7|, so that a = d*v for some v € L3(AT ® gg),
then
* * — 1/2
gy 14002 ,00 < VAR dwlzzco + ¢ (4IP3 o) Ivllzeon

+ 13 llcocxlloll 2 x)-

Proof. From the Bochner-Weitzenbéck formula for dad¥ + 2d%d} in (5.6)
and integration by parts, we have:

IV aall72 = (ViVaa,a)
= (dada,a) + 2 (d4d}a,a) — ({Ric,a},a) + 2 ({F;,a},a)
< ||dhall7z +2[|dfalZe +c (1 + [|F 7 lloo) llal7:
which gives (5.8). If a = d*v, then dydv = (d}da)*v = (F})*v, so that
i dqvllzz < Eflloollvll 2.
Thus, (5.9) follows from (5.8) and the above inequality. O

Since d% + dz is an elliptic operator, estimates of the above form follow
from the general theory of linear elliptic operators. However, the preceding
elementary derivation using the Bochner-Weitzenbock formula gives us a
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constant whose dependence on the curvature terms F, and FX is made
explicit. In particular, we see that the estimate is only useful when we have
a uniform C° bound on F independent of A, which is not possible when
A bubbles. At the cost of introducing a slightly stronger norm than the
L? norm on the right hand side of the estimate above, we can derive an
L%,A bound for a = djv with an estimate constant depending on ||F || z2(x)
rather than ||F||cox). Specifically, Equation (5.5) and Lemma 5.5 give
the following L%} 4 estimates for sections of AT ® gp:

Lemma 5.8. Continue the hypotheses of Lemma 5.7. Then the following
estimate holds for any v € Lg’2(1\Jr ®9E):

[0l z2 , 0y + vllcoxy < e(U A 1Fall 20 (IVaVavll ez + 0l 2x)-

We now replace the covariant Laplacian V%V 4 in the estimates of Lem-
ma 5.8 by the Laplacian d{d% via the Bochner formula (5.7) to give:

Lemma 5.9. Continue the hypotheses of Lemma 5.8. Then there is a pos-

itive constant € = €(c) such that the following holds. If HFXHLM(X) <,
then

ol x) + Ivlloocxy < e+ 1 Fallzoo)(ldidavl sz x) + lvllz2cx)-
Proof. From (5.5) and Lemma 4.3 we have
IVAVavlipse < 2ldidivlipse + cllvll gz + cllF | pszllvlico.

Combining the preceding estimate with that of Lemma 5.8, together with the
embedding and interpolation inequalities |[v||;: < ¢||v||ze < c\|v]]1L/22\\v]]g02,
and using rearrangement with the last term yields the desired bound. In
particular, by choosing £(c) small enough that c||F} || s2][v]lco < 1/2, we
may use rearrangement to bring the right-hand term ||v||co to the left-hand

side. 0
Since HdZU”LiA < ||vHL§,A, Lemma 5.9 yields an L7 4 estimate for dv:
Corollary 5.10. Continue the hypotheses of Lemma 5.9. Then:
Idavlizs ,x) < e+ [ Fall o) (ldidiovll e o) + 0]l 2 ex)-

Note that if a € Q(gg) is L?-orthogonal to Kerd};, so that a = d*v for
some v € Q7 (gg), and Ker dzd;’* = 0, then the estimate of Corollary 5.10
can be written in the more familiar form

(5.10) llallzz ,x) < e+ 1 Fall2oo)(Idkallpex) + Vo[ A]72 | L2 x)),

where we make use of the eigenvalue estimate ||v||p2 < vo[A]~V/2||d%v]| 12;

the term d}a above can be replaced by (dj +d’ )a without changing the esti-
mate constants. Here, 15[A] is the least positive eigenvalue of the Laplacian
didh”.

ATA
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6. Existence of gauge transformations via the method of
continuity.

In this section we complete the proof of Theorem 1.1, and hence the proof of
Theorem 1.2, using the method of continuity. The strategy broadly follows
that of Uhlenbeck’s proof of Theorem 2.1 in [26]. The main new tech-
nical difficulty, not present in [26], is the need to compare distances in
the Coulomb-gauge slice S4, C .A’ﬁ; through the connection Ag and gauge-
invariant distances in Bj, from the point [Ag]. It is at this stage of the
method of continuity (in proving openness—see Lemma 6.6)—that we need
to employ the special norms and Green’s operator estimates described in
Sections 4 and 5 in order to achieve the requisite C¥ control of gauge trans-
formations; the proof of closedness works, as one would expect, with stan-
dard Sobolev L* and L? norms. In [26], the L? norm of the curvature Fyu
essentially serves as a gauge-invariant L3 measure of distance from [A] to
[['], where T is the product connection on the product G bundle over the
unit ball. Our goal in this section is to prove:

Theorem 6.1. Let X be a closed, smooth four-manifold with metric g and
let G be a compact Lie group. Then there are positive constants c,z with
the following significance. Let E be a G bundle over X and suppose that
k > 2 is an integer. Given a point [Ag] in Bk, let vo[Ao] be the least
positive eigenvalue of the Laplacian Vi V., on O(gg) and set Ko = (1 +
vo[Ao] 1) (L + || Fapllz2). Let €1 be a constant satisfying 0 < e1 < 2K (1 +
vo[Ao) Y21, Then the following hold:
(1) For any [A] € B, with diStLﬁ’i ([A], [Aq]) < &1, then u € GETY ewists

such that o

(a) dy (u(A) — Ag) =0,

() Jlu(A) = Aollzsa < cKodist za ([l [Ad])-

2) For any [A] € B with dist 1o ([A],[Ag]) < €1, then u € GFFL egists
E L E
1,4

such that
(a) dj, (u(A) — Ag) =0,
(b) [[u(A) ~ Aoll s < codiste (AL, [Ao]),
420
(c) llu(A) = Aollzz , < cKodist o ([A], [Ao]).
Ao 1,49
Our first proof of Theorem 6.1, via the method of continuity, occupies
Sections 6.1, 6.2 and 6.3. A rather different proof, via a direct application
of the inverse function theorem using Lg’z gauge transformations, is given in

Section 8.

6.1. Distance functions on the quotient space. Our first task is to
verify the existence of minimizing gauge transformations u € Qgﬂ for the
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family of distance functions on BJ’% defined above: This is established in
Lemma 6.3 and the proof uses the following version of Uhlenbeck’s weak
compactness theorem.

Proposition 6.2. Let X be a closed, smooth, Riemannian four-manifold,
let G be a compact Lie group, let M be a positive constant, let Ay be an L%
connection on a G bundle E over X. If {A,} is a sequence of L3 connections
on E such that || Fa, | 12 " < M, then there is a subsequence {/} C {a} and

a sequence of L3 gauge transformations {uy} such that u. (Ay) converges
weakly in L%,Ao and strongly in LJID’AO, for 1 < p <4, to an L3 connection
Ay on E.

Proof. From the Sobolev embedding L? C LP, 2 < p < 4, we obtain a uni-
form LP bound || F4, ||zr < ¢M and so, according to [26, Theorem 3.6], there
is a subsequence {a’} C {a} and a sequence of LY gauge transformations
{tar} such that ue(Ay) converges weakly in Lf ,  to an Lj connection
Ay on E. The stronger conclusion above is obtained simply by reworking
the proof of Theorem 3.6 in [26], using the following local estimate for the
connections A, over small balls B C X. Theorem 2.1 of [26] provides a se-
quence of local trivializations v, : P|p — B X G such that aq = v4(Aq) — T
satisfies d*a, = 0 and

laallzesy < clFaulles), 2<p <4,
where I' is the product connection. Now Fly_, = daq + aq A G, SO
laallzzs) < lldaallzzsy + laallzzs)
< llaa A aallpzey + 1Faallzes) + llaall L2 (s)-
Now, using the multiplication L° x L3 — L2, the embeddings L3 C L}Q/ S
L5 and d(aq A aq) = dag A ag — G A dag, we have

ld(aa A aa)llz2 < clldaal psllaallze < cllaallZs,

while [Jaq A aqllf2 < ||aa\|%4(B) < cHaaHi%(B). Hence, we obtain

laallzs) < cllFaullzzm) + claalZs g + laallz s
< | Faq 2y (1 + [[FaallL2(z))
< ellFaullis , o1+ IFaclliz, (5)(L+ 140~ Tl ).

In particular, the sequence of Coulomb-gauge, local connection matrices
{a,} is bounded in L3(B), so we can extract a weakly L3(B)-convergent and
strongly LY (B)-convergent subsequence, via the compactness of embedding
L3(B) c LY(B) when 1 < p < 4. The patching argument used to complete
the proof of Uhlenbeck’s theorem now proceeds exactly as in [26] to give
the desired conclusion. O
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The proposition is used to extract the desired convergence in the next
lemma.

Lemma 6.3. For any points [Ag|, [A] in BE, there are gauge transformations
such that the following equalities hold:

(1) distpa([A], [Ao]) = [lu(A) = Aollzax), w€ Gp

() distyga (4] [Ao) = [0(4) — Al s . vE G,
(3) dist,e 0([1[ o) = () = Aol 35, . we Gh,
(@) distyy (4] [Ao) = Joe(4) ~ Aoz, E=1and3<E<K,

where wy € Gy and wy € g”l n (4). The above distance functions (including

the £ = 2 distance functwn in (4)) are continuous with respect to the quotient
L% topology on Bg.
Proof. Consider (1). Let {u} be a minimizing sequence in G5, 50 [Jua(A)—
Apl| 4 converges to distra([A],[Ao]) as @ — oo. Setting By, = uq(A) =
A — (daug)u;! € .A’fE, we see that Boug = Aug — datg = Aug — dagta —
[A — Ao, un), and thus
(6.1) daytua = Ua(A — Ag) — (Ba — Ao)uq
Therefore, as ||uq||co < ¢(G), we have

IVaguallps < e(lA = Aollps + [[Ba = Aol 4),

so the sequence {uq} C L7, (gl(E)) is bounded in L%,AO (gl(E)). So, passing
to a subsequence, we may suppose that {u,} converges weakly in
L%,Ao (gl(E)) and strongly in L4(gl(E)), via the compact embedding L{ C L9,
for any 1 < ¢ < oo, to a limit u € Li(gl(E)).

We also have Fp, = F, (a) = uaFauy’, so |Fp, |12 = ||Fal|r2 and as

VaFp, = (Vayua)® FAUQ_1 + ua(VAOFA)u;1 — U FU ® ua_l(VAOua)ua_l,
we see that
IV agFBoll2 < c([[Vaguallpal| Fallpa + [V ao Fallz2)

6.2
(6:2) < el + uallpg IFallz

Hence, the Sequence of Li connections {B,} has curvature uniformly
bounded in L1 Ao Proposmon 6.2 implies, after passing to a subsequence,

that the sequence {B,} converges weakly in L27 4, and strongly in LY A, for
1 <p<4,toan L G connection B on E. From (6.1) we obtain

(63) dAOU = ’U,(A — Ao) — (B — Ao)u,

a first-order linear elliptic equation in u with L3 coefficients. Therefore,
u € LE(gl(F)) and B = u(A) = A — (dau)u™? lies in AZ%. It is not a priori
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clear that the limit u actually lies in G3, (since the convergence was only
weakly L4117A0 (gl(E)) and strongly LI(gl(E))): However, the argument of the
last paragraph in the proof of Lemma 4.2.4 in [5, p. 130] applies (using
the compactness of the structure group G) and shows that the limit gauge
transformation u lies in G3. Since B, = u4(A) converges strongly in Lzl” Ao
to u(A) we now have

distz4([A], [Ao]) = lim [lua(A) = Aollzs = [lu(A) = Ao s,

as required in (1). The same argument proves Assertions (2) and (3) and
Assertion (4) when ¢ = 1. The case ¢ > 3 in (4) is straightforward as we
can now apply Lemma 3.1 to obtain the desired convergence.

It remains to check L% continuity. We just consider (1), as the remaining
cases are identical. If [4,] € BY, is a sequence converging to [A] € B, then
there is a sequence of gauge transformations s, € gg“ such that s (A4q)
converges in Li’ 4, 10 A € Ak and, in particular, in L*. But then

| dist 4 ([Aa], [Ao]) — dista ([Aco], [Ao])]
= | dist s ([sa(Aa)]; [Ao]) — dist s ([Aco], [Ao])]
< distza([sa(Aa)]; [Asc]) < I5a(Aa) = Aso| 4,

and so
lim disty4([Aa], [Ao]) = dist 4 ([Aso], [A0]),

a—00

as desired. O

6.2. Closedness. Let B C B&)’f(s) be the subset of points [A] such that

there exists a gauge transformation u € ggﬂ satisfying the conclusions of
Assertion (2) of Theorem 6.1; let B* C Bﬁ;;;’f(s) be the subset of points

[A] such that there exists a gauge transformation u € Qgﬂ satisfying the

conclusions of Assertion (1). As in the proof of Theorem 2.1 in [26], we apply
the method of continuity to show that B* = Bﬁ;":)’]z(e) and B = B[lAﬁo’f (e) for
small enough €. Not surprisingly, we have:

Lemma 6.4. The balls B[ljgl’:f(s) and B[lf"ﬁo’f(s) are connected.

Proof. 1f [A] € B[lAﬂ(;]g(e), there is a gauge transformation u € Gi™ such that
|u(A) = Aoll ;22 <e. Then Ay = Ag +t(u(A) — Ao), t € [0,1], is a path in
1,4¢

A%, joining Ag to u(A) and || Ay — Ag|| s2 = t[[u(A) — Agl|,z2 < te, so the
1,Aq 1,49

path [A¢] lies in B[lf’f(f(e) and joins [Ap] to [A]. Similarly for B[lj;;;’f(e). O

Our task then reduces to showing that ®8* is an open and closed subspace
of B[lj;;’]z(e) and that 98 is an open and closed subspace of B[lj(;f (¢). First we

consider closedness:
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Lemma 6.5. The subspaces B* C B (€) and B C B (¢) are closed.

Proof. 1t suffices to consider the second assertion as the same argument

yields the first. Suppose [A,] is a sequence of points in B which converges

in BY to a point [Bs]. We may suppose, without loss of generality, that

A, € A% is the corresponding sequence of connections, representing the

gauge-equivalence classes [A,], which satisfy the defining conditions for 9B:
day (Ao — Ag) =0,

(6.4 A = Aollzes < eKodist, s ([Aal,[4o]),

0

1o = Aollz , < cKodist sz ([Aal, [Ao])-

0
Since [A,] converges in B, to [Bo), there is a sequence of gauge transforma-
tions u, € g@“ such that By, := uq(Aq) converges in Li A, 10 Boo € A’fE.
Since B, = uq(Aqy) and d*AO(Aa — Ap) = 0, we have
(65) dAO'LLa = ua(Aa — Ao) — (Ba — A())’U,a,
(6.6) daydagta = — * (dagua N ¥(Aq — Ao)) — (da,(Ba — Ao))ua
— #(#(Ba — Ao) N dagua),
and so, as ||uql/co <1,
Idagtall s < 40 — Aol2ss + | Ba — Aol 1
|4, dagtiallpee < ldaguallpzeallAa — Aollp2ea + [|di, Ba — Aol 1s.2
1Ba — Aol 2e.al|dagual| g2z
Therefore, the sequence u, is bounded in Lg’ A,(8I(E)) and so, passing to
a subsequence, we may suppose that u, converges weakly in L% 4, (8I(E))
(and strongly in LY , , for any p < 4 via the compact embedding L3c LY
to a limit us € LN L%Ao(g[(E)).
On the other hand, using A, = u;'(B,), we have ||Fa, ||z = [|[FB,| 12
and the derivation of (6.2) gives
IVaoFaullzz < et + lluallps, IFB L2,

so the sequence A, has curvature uniformly bounded in Li Ao+ Thus, after
passing to a subsequence we may assume by Proposition 6.2 that the se-
quence A, converges weakly in L%’ 4, and strongly in L‘Tf, A0 2<p<4,toa
limit A € A%

Taking weak limits in (6.5) and (6.6) yields

(67) dAOUoo = Uoo(Aoo — A(]) — (Boo — Ag)uoo

The equation (6.7) is first order, linear, elliptic in us, € L N L3 with
L% coefficients. Hence, uo is in L3(gl(E)) and in particular, in G3,, while
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Bso = tuoo(Aso). From (6.7) we see that

A — Ay = u;}(BOO — Ap)uco + ugoldAouoo
and so, as d (Acc — Aop) = 0, we have
(6.8) d’y, (ugoldAOuoo + ugol(Boo — Ap)uso) = 0.

This is a second-order elliptic equation for us, € Q% with L% coefficients:
In particular, since us € Lb for 2 < p < 4, a standard elliptic bootstrap-
ping argument then implies that us, € L% 41 (see, for example, the proof of
Proposition 3.3 in [6]) and therefore A, = uzl(Bs) € AL

Now, taking weak limits in (6.4), we have

d*Ao (Aoo — Ao) = lim d*Ao (Aa — AQ) = 0,

|Aco — Ao|lz2ta = lim ||Aq — Aol 204 < lim cK) diStL,n,z ([Aals [Ao)),
a—00 a—00 1,Aq
[Aa — AolngfA0 = lim [[Aq - AollLul:';O < lim cKp distngio([AaL [Ao])-

Moreover, as Boo = Uoo(Aoo) and us € Qgﬂ,

Jim. diStE’i’,QAO ([Aal; [A0]) = distqio ([Bool, [Ao]) = distcgf% ([Asc], [Ao]),
ri2 ([Aal; [Ao]) = diStL‘i’,QAO ([Beol, [Ao]) = dist 5. ([Aco]; [Ao]),

lim dist
a—0o0 0
where the Li continuity of the distance functions is given by Lemma 6.3.

Therefore, [By] = [As] € B. Thus, B is closed in BY, and in particular,

closed in B[lf"ﬂ(ﬁ(s), as desired. O

6.3. Openness. We must first compare distances from the connection Ag
in the Coulomb slice through Ay in A'}’E and gauge-invariant distances in Bg
from the point [Ag]:

Lemma 6.6. Let (X, g) be a closed, smooth, Riemannian four-manifold.
Then there are positive constants c,z with the following significance. Let
Ko = (1+1v[A0] V)1 + ||Fa,llz2)- If A € A% satisfies
o d}) (A—Ay) =0,
o 14— Agllaes < 257,
then the following hold:
(1) If dist ([A], [Ao]) < 2Ky, then

rh2
1,4
|A = Agl[p2e4 < cKo distl;ggqo ([4], [Ao]);

(2) If dist ([A], [Ao]) < 2Ky, then

2
i
1,4¢

14 = Ao 224 < cKodist > ([A]; [Ao)),

0

14 = Aollzz , < cKodist sz ([A], [Ao])-

0
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Proof. Recall that for either distance function, minimizing gauge transfor-
mations in Q’% exist by Lemma 6.3; for convenience, we denote both by
u € G3 although they need not a priori coincide. Since B := u(A) =
A — (dgu)u~t € A%, we have

u(A) — Ag = u(A — Ag)u™" — (dayu)u .

Our task, in essence, is to estimate the second term on the right above.
Rewriting this equality gives a first-order, linear elliptic equation in u with
L2 coefficients:

(6.9) da,u = u(A— Ag) — (B — Ap)u.

Let up € L3(gl(E)) be the L? orthogonal projection of u € G3, C L3(gl(E))
onto Ker(dA0|L§)L, so u = ug + v, where v € Kerda, C Q°(gl(E)). Thus,
as d (A — Ap) = 0 and dayu = da,ug, we see that

daydaguo = — * (dagu A *(A — Ag)) + udy, (A — Ao)
— (d4, (B — Ag))u — *(x(B — Ag) A dayu)
= —* (daguo N *(A — Ag)) — (d, (B — Ao))u
—#(x(B — Ap) A dayuo)-

Therefore, using the bound ||u/|co < 1 for any u € G3, (as the representation
for G is orthogonal), we have

1A% ol gz < ldaguol p2sall A — Aol pars + l|dl, (B — Ao) pe.2llullco
+ 1B = Aol 21,4 [ daguol| p21.4
< C(|A— Aollp2es + [|B — Aol pos.a) |[d, daguoll .2
+ ||, (B — Ao) || 2.2,

where C' = cKy. Now ||B — Agl|p24 < ¢||B — AOHLfA via the embed-
>0
ding L? ¢ L** of Lemma 4.1. For either dist .12 ([A], [Ao]) < 1C71or
1,4

dist ([4],[A4g]) < 1C~ ' and ||A— Ag|| 264 < FC71, rearrangement yields

L%,
(6.10) 1A% woll sz < 2[|di, (B — Ao)ll .2
On the other hand, from Lemma 5.6 we have
Juolge, < ClIA% ol

(6.11) .
lwolzs , < ClIA%uollzz2,
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where C' = cKj and the second bound follows from the embedding L3 C L{.
So, combining (6.10) and (6.11) yields:
[woll 2 < Clldi (B = Ao)ll 22,

2,40

(6.12) .
luollzs , < Clida, (B — Ao)ll 2

Consequently, using da,u = da,uo and (6.9) rewritten in the form,

(6.13) u (B — Ag)u = (A — Ag) — v td g, up,

we obtain

(6.14) 1A = Aol 254 < llu™ (B — Ao)ul| e + ™ dayuol| 26,
615) 1A= Aollz, <l (B Aoulz, + lu daguolsz

From (6.14) and (6.12), we see that
A = Aol z2ea < |[B = Aollpaea + l[daguol 224
< distgza ([A], [Ao]) + Clldia, (B — Ao)|l 5.2
»420
< (14 C)dist 2 ([A], [Ao]),
1,40
giving the desired L%* estimate for A — Ag.
Considering the first term in (6.13), we have
Va,(u (B = Ag)u) = —u"H(Va,u)u™t @ (B — Ag)u
+u" (Vay (B = Ag))u+u~' (B — Ag) ® Vayu,
and so applying (6.12), noting that V4,u = V 4,u and |[ul/co < 1, we have
IV.40 (™ (B — Ao)u) | 2 < [IV.aguoll 2| B — Aollps + V4, (B — Ao)|l 2
< Cdist?,, ([A], [Ao]) +dist 22 ([A], [Ao]).
1,Aqp 1,Aqp

Thus, if dist ([A4], [Ag]) < 1C~1, say, we obtain

i3,
(616) [Vl (B — Agju)s2 < 2dlist g (1AL [Ao]).
Similarly, considering the second term in (6.13), we have
Vo, (u  daguo) = —u N (Va,u)u™! @ dagu + w1V 4yda,u
and therefore, by (6.12), we see that
IV (u™ daguo) 2 < IV aguollga + [V, uoll 2

< Cdist,:» ([A],[Ao)) <1 + stz (4] [AO])> .

2
b
1,Aq9
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Provided dist ([A], [Ao]) < 2C~1, we obtain

0

(6.17) 1V a0 (™ daguo)ll 2 < 2C dist 2 ([A], [Ao]).
A

1,2
Lya

Taking the L? norm of (6.13) and applying (6.12) to estimate the second
term gives

|A = Aollze < IB — Aollz + lldaguol 22
< distz> ([A], [Ao]) + Cllda, (B — Ao)| ez,
5440

and so
(6.18) |4~ Agllzz < (1+C) distza (4], [Ao)).
»410

Combining the estimates (6.15), (6.16), (6.17), and (6.18) yields
A = Aollzz, =2(1+C) distza ([A], [Ad]),

giving the desired Li A, estimate for A — Ag. O

Naturally, a comparison—going in the other direction—of distances from
Ap in the Coulomb slice in Alﬁ; through Ay and gauge-invariant distances in
B, from the point [Ag] is elementary: If A € Sy, and [|A — AOHL% L <9,

>0
say, then Lemma 4.1 implies that

distyrz ([A][Ao]) S clA—Aollz  <eb, k21,
Ao
(4], [Ao]) < el A= Aoz, <eb  k>2,

#,2
(6.19) distﬁl‘*‘(’
Li%,
for some positive constant ¢(X, g, k). The observation is used in concluding
that B*, B are open subspaces of B[lf’;;’f(al), Biﬁ;ﬁﬁ(&), respectively:

Lemma 6.7. Let (X, g) be a closed, smooth, Riemannian four-manifold and
let G be a compact Lie group. Then there is a positive constant z with the
following significance. Let Ko = (1 + vo[Ao] ™) (1 + ||[Fa,llz2). If 1 <
2Ky 2 (14 vp[Aog)V2) 7L, then:

e B* is an open subspace of B[z';’f(sl);

e B is an open subspace of B[l%’lﬁo’f(el).

Proof. 1t suffices to consider the second assertion, as the argument for the
first is identical. Suppose [A] € 9B and that A € A% is a representative
satisfying the defining conditions for B. Then A satisfies dy (A — Ag) =0
and the estimates

||A - AOHL2ﬁ74 < oKy dist ([A], [Ao]), < coKoper

0

([A], [Ao]) < coKoer,

0

#,2
L7

HA — AO”L% N S C(]K() dist
A0

£,2
Ll,A
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while [|[A — Agl|p214 < c1|A — A0HL§ . Vvia the Sobolev embedding L C
)

L?% and Kato’s inequality. Consequently, if cicgKpe1 < %50, then A €
B, (0) C A, and we see that

51,82

BlEe) cn (BﬁAO](EO)) :
Lemma 3.6 implies that the map 7 : B?Ao] (0)/ Stabs, — Bf given by
A" — [A'] is a local homeomorphism onto its image W(B?AO} (€0)) for any g9 <
2(1 + 19[Ag]~/?)~L. In particular, if A’ € B[A ](50) and ||A" — AHLﬁA <9,

Ao
then A’ € B[ljfo’]z( 1) C B[lAﬂ7] (e1) for small enough .
The embedding L? ¢ L?** and Lemma 6.6 imply that if | A’ — AOHL% R

2Ky and dist ([A7],[Ao]) < 2Ky, then

2
b
1,40

HA/ — AOHLQﬁA < cKpdist ([A/], [A()]) < cKpeq,

2
b
1,4q

||A/ — AO”L% 0 < CKO dist ([A/], [A()]) < CK()El.

2
ot
1,49

These inequalities are satisfied by A; moreover dist :2> ([A], [Ag]) < €1 and
1,4

|A — AOHL%A < ¢pKe1. Require that g1 < %ZKO_I and cgKpe1 < %ZKO_I,
A
so e < 32 min{1,co} K, *. Hence, if A’ is L? 4,-Close enough to A (where

k > 2), we can ensure [A’] obeys the last two defining conditions for B and

so [A'] € B. Thus, B C B[l%’lﬁo’f(el) is open, as desired. O

We can now conclude the proof of Theorem 6.1:

Proof of Theorem 6.1. Lemmas 6.5 and 6 7 imply that 8 is an open and
closed subset of the connected space B[ o) 2(g1), s0 B = B[1 Aﬁ }2 (e1). Similarly

for B* and B[A ’] (e1) and hence the result follows. O

Similarly, we conclude the proofs of our main theorems:

Proof of Theorem 1.1. Given Theorem 6.1, the only assertion left unacco-
unted for is the uniqueness of the gauge transformatlon u € ng, modulo
Staby,. But this follows from Lemma 3.7, just as in the paragraph imme-
diately following the proof of that lemma. O

Proof of Theorem 1.2. For the proof of Assertion (1), see the first paragraph

of Section 1.3. The first inclusion in Assertion (2), namely B[Aﬁ]2 (e1) C

B[A ’] (c1£1), follows from the definition (1.3) of the two distance functions

defining the balls (1.4) and the Sobolev embedding L? ¢ L*%in Lemma 4.1.
The second inclusion in Assertion (2), namely B[A ’] (c1e1) C w(BjO(CQKosl)),
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follows from the definition (1.4) of these balls and Assertion (1) in Theo-
rem 1.1. (]

7. Critical-exponent Sobolev norms and the group of gauge
transformations.

We now define an Lg’2 space of gauge transformations, by analogy with the
definition of gfg“ when k > 2, and set

gé” — {u c L%’Q(g[(E)) ue G a.e.} C Li(gl(E))-

It is not entirely clear a priori that gfﬂ’m is a Banach Lie group. In the case

of its counterpart, Qgﬂ, the manifold structure follows from the fact that
the exponential map

Exp : Tia,0r = Q°(gr) — Gr, (+— Exp(,

extends to a smooth map Exp : L%H(gE) — L%H(gE) and defines a system

k+1
B -

of smooth coordinate charts for G Here, Exp is defined pointwise at

u € Gg for ¢ € Tiq,Gr by setting
(Exp, ()(7) := expy(y)(C(z)),  z€ X,

where exp : g — G is the usual, C*° exponential map for the Lie group G
on the right-hand side [10, Appendix A].

To verify that g}‘;’“ is in fact a Banach Lie group we will need estimates
for the covariant derivatives of the exponential map. The estimates below
follow by reworking the usual proof of the Sobolev lemma for left composition
of Sobolev sections by smooth vector bundle maps [15, Lemma 9.9]. The
difference here is that we keep track of the dependence of the constants
on the geometric data: This precision is required for the implicit function
argument in the next section in order to complete the proof of our slice
theorem.

For x, ¢, € € Q°(gg), the differentials

(D Exp)x : QO(QE) - TEXngEa C = (D EXp)XCa
(D?*Exp)y¢ : Q%(08) = TexpxGr, €+ (D”Exp)yE,
are defined pointwise by setting
(D EXp)qu = (D eXp)x(z)C('T)a
(D? Exp)yc&le = (D exp) () c()€(@),

for any z € X. When writing the differential (D? Exp), ¢ above, we have
identified T(D exp)x((TExp XQE) with TExp XQE.
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The maps (D Exp), : Q%ggr) — Q°%gg) and (D*Exp),¢ : Q%gr) —

0%(gg) extend linearly to maps

(DExp)y : C¥(@T*X) ® gg) — C*("(T"X) ® gp),

(D*Exp)y : C(@YT*X) ® gp) — C®(&"(T*X) @ gg),
for £ > 1, by setting

(D Exp)y (0 @ () = 0 @ (D Exp),,
(D? Exp)y (0 ®€) = 0 @ (D” Exp)y ¢,

for 0 € @(T*X) and ¢ € Q°gg). As usual, we embed Gr C Q%(gg) in
order to compute the covariant derivatives of sections v € Gg.

Lemma 7.1. Let G be a compact Lie group. Then there is a positive con-
stant ¢(G) with the following significance. Let X be a closed, smooth, Rie-
mannian four-manifold. If A is a C* connection on a G bundle E, and
x € Q%gg), then we have pointwise bounds:

(1) |V aeX| < |Vax|+ clx||Vaxl,
(2) IV4eX] < c(lx| + [Vax))|Vax| + c(1 + |x])[Vax|,
(3) IVaVaeX| < ce(lx] + IVaxD)IVax| + (1 +[x)IVaVaxl.

Proof. We have
VaeX =V (Expx) = (DExp), o dax € Q' (g5).

Since (Dexp)o = idg and exp : g — G is analytic, we have the pointwise
bound |(D exp),(y) — idg| < ¢(G)|x(x)| and thus a pointwise bound

(D Exp)y — idg| < c|x],
noting that (D Exp)o = idg. Therefore, we have
IVaeX| < [Vax| + clx][Vax],
which gives the first assertion.
Define ®(y, ¢) = (DExp)y(¢) € 2 (gn), for x € 2(gr) and ¢ € ' (gp),
noting that ® is nonlinear in x, but linear in {. Thus,
Viu = (D1®) (v (Vax) + (D2®), (V4X),

where D;®, i = 1,2, denote the partial derivatives of ® with respect to first
and second variables. Since (D®) o) = (D* Exp)(g,0) = idg, as (D? exp)oo
= idg, and exp : g — G is analytic we have the pointwise bound

[Vaul < e|x| + [VaxD)IVax] + e(1 + [x)Vix,
giving the second assertion. Similarly, as *®(x, () = ®(x, *¢) and ViV u =
— % V4 * Vu, we have

IVaVau| < c(Ix] + [VaxDIVax| + e+ [x)|[VaVax|,
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giving the third assertion. (]

The preceding pointwise bounds for V 4u, Viu, and V%V u yield the
following estimates for the exponential map:

Lemma 7.2. Continue the hypotheses of Lemma 7.1. If k > 2 is an integer
(so L7, C CY), Ais an L} connection on a G bundle E, and x € L} (9g),

then eX € g@“ satisfies

(1) IVaeX|lr2cxy < [IVaxllzzx) + cllxlleo IV axlizzx).

(2) IVaeX|lLexy < IVaxliaxy + cllxllcoon IV ax|icecx.

(3) IVAeX 2x) < ellxlleo IV axllLzcx) + IV ax!Zacx
+ (11 + Ixlleo ) IVaX 2 (x)s

(4) IVAV X Lexy < elixlloo IV axllze o + 1V ax!lZes x

+ eI+ [Ixllco x)DIIVaVaxdivex)-

The bounds (1)-(4) continue to hold for x € Lg’2(gE) C C%gg), with A an
L§’2 connection on E, and Exp : Q°(gg) — Gg extends to a continuous map
Exp: L%’2(gE) — g%’m.

Let A}E’ﬁ’Q = Ay + L’i’io (A' ® gg), for any C™ reference connection A
on E. Recall that we have an embedding Lﬁz’2(gE) C C%gg) and that
the space Lg’Q(gE) is an algebra, while L§’2(A1 ® gg) and L3 (A! ® gg) are
L4?(gg)-modules. Therefore, the proofs of Propositions (A.2) and (A.3) in

[10] extend to give the following analogue for Qiﬂ’m in place of ggﬂ:

Lemma 7.3. Let X be a closed Riemannian four-manifold and let E be a
Hermitian vector bundle over X. Then the following hold.
(1) Thze space gé” is a Banach Lie group with Lie algebra TidEgi;ﬁ’Q =
L5 (g);
(2) The action of gém on A}, and A}E’ﬁ’Q is smooth;
(3) For A € A}E’,ﬁ’Q, the differential, at the identity idg € gfﬂ’“’Q, of the map
g%ﬁﬁ — A}E’m given by u +— u(A) = A — (dau)u™! is ¢ — —daC as a
map Lg’ﬁ(gE) — Lji’2(A1 ® gg), and similarly for A € AL.

8. Existence of gauge transformations via the inverse function
theorem.

Our goal in this section is to give an alternative, “direct” proof of Theo-
rem 6.1 via the inverse function theorem. A direct argument—due to our
overarching constraint that the constants given there ultimately depend at
most on the L? norm of the curvature and the least positive eigenvalue
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vp[Ag]—appears to be difficult within the standard framework of L (p > 2)
gauge transformations acting on L} connections; if this constraint is dropped
then a direct proof is standard. However, we shall see that a direct argument
is fairly straightforward within the framework of Lg’2 gauge transformations.

We already know that 7T(Bj140 (20)) is open in B, so it necessarily contains
an Li, A,-Pall centered at [Ag]. Via the inverse function theorem we estimate

the radii of £§’f40 and L’i’io balls, B[{L’;’f (¢) and B[ljfo’? (€), which are contained

in W(Bio (€0)). Let us first dispose of the question of regularity for solutions
to the second-order gauge-fixing equation:

Lemma 8.1. Let X be a closed, Riemannian four-manifold. Then there is
a constant € with the following significance. Let G be compact Lie group and
let k > 2 be an integer. Suppose that Ag is an L% connection on a G bundle

E, thata € L;(A' ® gg) and x € Lg(gE), and that uw = eX is a solution to
&, ((dagu)u™" —uau™) = 0.

If |dagull 2 < € then x € L}, ,(9g) and u=eX € GRt'.
Proof. Differentiation and right multiplication by u yields
(8.1) dydagu + *((xdagu) A utdagu) + *#(dagu A *xa) + ud’y,a

+ *(ua A xu"tdagu) = 0.
From Lemma 4.2 we know that « € C°N L% and so the last four terms in (8.1)
are in L?. Hence, dy,dagu is in L? and so u € L3 by elliptic regularity for
d’y,d4,- The Sobolev embedding L? ¢ L* and multiplication L* x L9 — LP
for2<p<4and1/p=1/4+1/q (so 4 < g < o) now show that the last
three terms in (8.1) are in LP, so the equation takes the simpler form
(8.2) dy dagu + *((xdagu) A utdagu) = v,

where v € LP(gg) is the tautologically defined right-hand side and u €
L>® N L3. Setting b = da,u and noting that da,b = Fayu, with Fyu, €
L2 (A’®gp) C L3 (A’ ® gg) and Fayu € L2(A%? ® gg). Thus, we may
conveniently rewrite (8.2) as a first-order elliptic equation in b € L?(A'®gg),

(8.3) (dfy, + dag)b+ #((xb) Au"'b) =" € LP(gg) & LP(A* @ gp),

where 2 < p < 4 and v' = Fy,u + v. Finally, (8.3) can be rewritten as a
local equation by writing Ag = I" 4+ ag, where I' is the product connection
in a local trivialization for F over a small ball U C X. Thus, the operator
d’y, +da, is replaced by d*+d in (8.2) and the additional terms are absorbed
into the LP inhomogeneous term v’ to give:

(8.4) (d* 4+ d)b+ x((xb) Au"1b) =" € LP(U,gg) ® LP(U,A* ® gg).
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This is a first-order, elliptic equation with a quadratic non-linearity and
Proposition 3.10 in [6] implies that the solution b = da,u € L3(U,A' ® gg)
is necessarily in L{(U’, A' ® gg) for U’ € U, provided ||b]| 41y < (g,p,U),
and so u € LH(U’, gg). In particular, we find that b € Lf(X,A' ® gg) and
u € LH(X,gg) for any 2 < p < 4, provided ||da,ullz+ < (g,p,X). The
bootstrapping argument of Proposition 3.3 in [6] now implies that da,u €
L2(X,A @ gg). Thus u € g@“ and x € L7 (X, gE), as desired. O

We can now proceed to the main argument:

Theorem 8.2. Let X be a closed, Riemannian four-manifold and let G be
compact Lie group. Then there are positive constants ¢, z with the following
significance. Let E be a G bundle over X and suppose that that Ay € A%,
let Ko[Ao] = (1+1o[Ao) 1) (1 + || Fa,llz2) and let €1 be a constant satisfying

O0<er < zKO_2.
If A e A%, obeys |[A— Agll,r2 < e1 then u € G}, exists such that
1,Ag

o 4, (u(A) — Ap) =0;
o Juld) = Aoz, < cKoll A= Aol 2 ;
—id < cKp||lA - A .

o flu—i EHLngO cKoll oHLngO
Proof. The argument is broadly similar to that of Lemma 3.6, except that
we can show W is a diffeomorphism directly—rather than just a local diffeo-
morphism—using the slightly stronger norms now at our disposal. Moreover,
on this occasion we seek precise bounds on the solutions so we keep track
of the dependence of constants on the curvature F4, and the least positive

eigenvalue vy = vp[Ap] of the Laplacian Ay, = dy,dap-
Write A = Ag + a and observe that

u(A) — Ag = A — Ag — (dav)u™ = uau™" — (dayu)u".
Recall that we have an L?-orthogonal decomposition
(gp) = (Kerda,)" @ Kerda, = Imd’y, ® Kerda,,
and that d% : L}(A' ® gg) — L*(gr) has closed range; this gives

1
Lgi\o(gE) = <Ker dA0|Lu21?40) ® Ker dA0|Lu21?40

1
_ k *
= (KerdA0|Lu2,340> D <ImdAO|L§f40> .

We have a similar L?-orthogonal decomposition

Q' (gp) =Imda, ® Kerdy, = (KerdZO)J‘ © Kerd}y,,
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and da, : L?(gg) — L*(A' ® gg) has closed range; this leads to the L2-
orthogonal decomposition

1,2 1 _ *
B W w0 = (1mdalgs, ) @ (Kerdilgs, )

L
= <Ker dj(40|Lﬁ2fAO> ® (Kerdﬁlougio) :
We now define a map
i
85 U (Ker (dA0|Lg,2>> ® Ker (dj‘40|L§,2> — L% (A ©gp),
(x,a) — uwau™" — (dagu)u",

where u = eX and the differential at (x,a) given by

(8:6) (DW)y0 : (Ker (dAO|Lg,2))L @ Ker (d,| 22 ) — LE* (A @ gp),
(C) b) = U(—dA S3) L)’LL_I(C, b) = U(—dAC + b)u_la

since (DW¥)q)(¢,b) = —da( + b and ¥ is Gp-equivariant. Moreover, we
have

(8.7) (D*®)(x,a) (¢, ), (1, @) =l —daC +blu™ +ufa, Ju™,

for (¢,b), (1,0) € (Ker (dAO\Lg,g))L @ Ker (d3,] 22 ).

We now verify that the conditions of the inverse function theorem (The-
orem 3.2) hold for suitable constants K and 6. The operator

1 . 1
on (s ()~ ()
has a two-sided inverse
0 * * - L
Gy, - (Ker (dAO\Lg,Q)) - (Ker (dAOng,Q))
1
Indeed, for b € (Ker (dik40|Lﬁ,2>) , we have
1

|G & bll 52 < coKolldi,bllpre < coKollbll 52
2,A0 l,AO

and so G%Odzo has Hom (L?’ao, L%’%%) operator norm bound

1GR3, d4, || < coFo.

-1
(0,0)

(33) (D)5l | < ok

In particular, we see that (DW) = G, d, ©id satisfies

the first of the conditions we need to verify for (D¥) ) in order to apply
the inverse function theorem.
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It remains to compare (DW)(, oy and (DW¥) ) using the mean value
theorem,

1
<&m<Dwmm«wwwamm@mwi/uﬂwnmu«b>< a)) dt.

0

Thus, we need an estimate for D?W:

Claim 8.3. There is a universal polynomial function f(z,y), depending
only on (X, g) and G, with f(0,0) = 0, such that the following holds. For
any t € [0,1] we have:

1Dy (D), (6 )2,
»420
<
< 1 (Iloge, lallgs, ) (1€luga, +lgs, )-

Proof. From (8.7) we have the L? estimate

1(D*®) (4xta) (¢, B), (X @)l .2
< cllxllco (IdagClize2 + llallLe2([Cllco + [|bl[ 2e.2) + cllall a2 ([l o,
and thus:

(8:10) [[(D*®) 1y, a) ((¢:b), (X @)l o2
< (Il +lallsellyge, + ol ) (I€lgs, + blzse)
The L? estimate of V4,(D?*®) 4, 10)((¢,b), (x; a)) is given by
IV 46 (D*®) (13, 1) (¢ 6), (s @) | 2
< c((IVagullpallxllco + [1Vagxllze) (IdagClle + llallpallCllco + (16l 24)
+ellxlloo (V¢ N2 + IV agallz2lI€llco + llall allV ag¢ll o + 11V a0bll 2)
+ cl[VagullpallallallClias + el Vagal 2llCllco + ellallLallV agCll 4,

and hence, using Lemma 7.2 to estimate v = eX in terms of Y,

BI) VA (D)0 (G, ()
< 1 (Ilgge Nz, ) (16T, + 100z, )

where fi(z,y) is a polynomial function with f1(0,0) = 0.
Noting that d’ a = 0, we have

(8.12) dp,la, ¢l = dy, (aC — Ca)

= (dzoa)(: —aA dAoC - *(dAOC A *CL) - ((dzoa)
= —aNda,( —*(da,¢ N *a),



114 PAUL M.N. FEEHAN

and similarly for % [x,b] since &%) b= 0. For any § € L}(A' ® gg) we have
(8.13) &, (uBu™t) = — x da, (u(xB)u™"))
= —x (dagu A =Bu") + u(dy,B)u""
—xu((*0) A u(da,u)u™t).

Therefore, Equations (8.7), (8.12), and (8.13) and the estimates for u = eX
in Lemma 7.2 yield

(8.14) [y (D*®) (3, ) (¢, 0), (X, @) | 2.2
< Hd;o (u[x, —daC + b]ui1 + ula, C]uil) HLW

< 1o (Il Ballane ) (I€lga, + D0l ).

where fa(x,y) is a polynomial function with f2(0,0) = 0. The claim now
follows by combining (8.10), (8.11), and (8.14). O

Therefore, from Claim 8.3 and (8.9) we have
B15) DR (CD) — (DB 00 D),

< .
< 1 (Idoge, lallga, ) (1€loge, +lgs, )

Consequently, with respect to the Hom (Lgilo’ Lg’f%) operator norm, (8.15)
yields the bound

1
(816) H(D‘I’)(X@) - (D‘Il)(O,O)H < §CalK(;17

where ¢oKy = K is the constant of (8.8), provided (x,a) satisfies the con-
straint

-1
(8.17) Ixllge, +llalze < ks =6

1
Define balls centered at the origins in (Ker (d Ao | Lu,z)) and Ker (dzo | L“)
2 1
by setting

. 1
Bé"Q’ﬂ’Q((s) — {X c (Ker (dAO\LgQ)) : HXHL’;%A < 5} )
s410

B(l)yﬁQ((s) = {a € Ker <d:k40’Lﬁ,2) : HGHLﬁ,Q < 5} .
1 1,Aq
Hence, Theorem 3.2 implies that the map

is injective, its image is an open subset of A}E’M and contains the ball

Bkg’Q(é/@K)), the inverse map ¥~ is a diffeomorphism from Bil’oﬁ’2(5/(2K))
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onto its image, and if (x1, A1), (x2,A2) are points in Bé"2’ﬁ’2(5) X Bé’m(é),
then

_ _ < _

X1 XzHLngO + [l 41 A2HL§:§40 < 2K |lui(Ar) uQ(Az)HL%O,
where u; = eXi, i = 1,2. In particular, setting (x2, A2 — Ag) = (0,0), we see
that if A is a point in A}E’ﬁ’Q such that [|A — Agl|,;:2 < J/(2K), then there

1,A¢
is a unique solution (y,u"'(A4)) = ¥1(A) in Bé"z’ﬁ’2(6) X Bé’m(é). Here,
u = eX is a gauge transformation with y € BOLQ’M((S) such that
iy, (u(A) = Ag) =0,

8.18 )
(319 Ixll g2+ llu La) — Aol z2 <2K|A— AOHL%%-
2,49 1A 7

Lemma 7.2 implies that u = eX satisfies

1 —1i < < <

819 u-idslygs < (g, ) <clilgs, < e

where f3(z) is a polynomial with coefficients depending only on (X, ¢g) and
G such that f3(0) = 0. Noting that K = coKp, § = 1K, ', and §/(2K) =
%coclK(;Q, the desired estimates follows from (8.18) and (8.19). Finally,

Lemma 8.1 implies that u € Q% and this completes the proof of the theorem.
O

While the L? estimate of Theorem 8.2 suffices for most purposes, it is
occasionally useful to have the weaker L?»* bound at hand. Recall from
Section 4 that we defined

lall g, = lollzos + ldsyalzzes € 9an).
A slight modification of the proof of Theorem 8.2 yields:

Theorem 8.4. Continue the hypotheses of Theorem 8.2. Then for any A €
A% such that |A — Aol 12 < ey there is a gauge transformation u € gs
1,4¢

with the following properties:
o d (u(A) — Ag) = 0;
o [lu(A) = Aollp2rs < Kol A — Aol 22
Ao

° Hu — ldEHLgi!o < CK()HA — AOHﬁg’,QAO'

Proof. The first difference in the argument is that the map ¥ in (8.5) is
replaced by

v <Ker <d,40]Lg,z))L @ Ker (d20|£§,2> — ﬁgilo(Al ®9E),
-1

(8.20)
(x,a) — wau"t — (dayu)u

The second difference is that Claim 8.3 is replaced by:
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Claim 8.5. There is a universal polynomial function f(z,y), depending

only on (X, g) and G, with f(0,0) = 0, such that the following holds. For
any ¢ € [0,1] we have:

H(D2 )txta ((C, ) (Xaa))H[}t,z
1,4
< 7 (g alzaes ) (1€lga, +Iolaes).

Proof. From (8.7) we now have the L?* estimate

1(D*®) (ty,1a) (€, ), (X, @) || 224
< dIxllco (IldagClizees + llall o llCllco + (bl p26.4) + cllal| 2eallC] o,

and thus:
(B2) (D)) (CB). (x.) o
e (Il + lallansllga, + lallass
< (el + 10l )
Combining (8.14) and (8.21) yields the claim. O

The rest of the argument is just as before. This completes the proof of
the theorem. 0

We now have our second proof of Theorem 6.1 via Theorems 8.2 and 8.4:

Proof of Theorem 6.1. From the hypotheses we have Ay € A% and [A] € B,
with k > 2. According to Lemma 6.3, there is gauge transformation w € (]135
such that

i A, [Ag]) = A)—A
distz2 ([A],[Ao]) = [[w(A) = Aoll 22
where A € A%, so Theorems 8.2 and the argument of 8.4 imply that there
is a gauge transformation v € G so that u(A) satisfies the conclusions of
Assertion (2) with u = vw € G3,. Since dy, (u(A) —Ag) =0 and u € G3 and

A, A € AE, a standard bootstrapping argument implies that u € QkH.
Similarly, by Lemma 6.3, there is gauge transformation w € G3 such that

dist g (14], [Aa]) = [w0(4) = Aol g5,

so Assertion (1) follows from Theorem 8.4 in the same manner. O
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