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In this paper we prove some Novikov-type inequalities for
vector fields with non-isolated zero points, which generalize
some results of Shubin, 1996. As a consequence, we obtain an
analytic proof of Hopf index theorem for vector fields which
are nondegenerate in the sense of Bott.

1. Introduction.

In the article [5], Shubin presented a detailed treatment of the Novikov
inequalities for vector fields with isolated zero points, to which Novikov
sketched a proof in the appendix to [4]. As a consequence, a direct analytic
proof of the Hopf index theorem for these vector fields is given. On the other
hand, Braverman and Farber [2] obtained some Novikov-type inequalities
for closed 1-forms with non-isolated zero points. In [3], we extended some
results of Shubin [5] to a transversal section of a general oriented real vector
bundle with the same dimension as its base manifold by constructing a
super-twisted Dirac operator.

In this paper, we study the case of vector fields with non-isolated zero
points. More precisely, let X be a closed, oriented and connected Riemann-
ian manifold of dimension n and let v be a vector field on X. Set

Y ={yeX|uv(y) =0}

Then Y can be expressed as a finite disjoint union of closed and connected
subsets Yz, £k = 1,2,...,m. In this paper we assume that v satisfies the
following conditions for each k =1,2,... ,m:

(C.1) Yy is a submanifold of X of dimension l,. In this case, the Lie deriv-
ative
Ly :TX|y, = TXly,

18 a homomorphism with kernel T'Y},.

Loy = PNeL,PNE . Ny — N,
is an isomorphism, where Ny, is the normal bundle of TY}, in T Xy,

with respect to the induced Fuclidean inner product on T X |y from that
on TX and PNx denotes the orthogonal projection from TX|y, to N.
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(C.3) For any Z € Ny,
P™YeL (Z) =0,
where PTYk denotes the orthogonal projection from TXly, to TY.

In this paper, by using Witten’s deformation idea (cf. [7]) and Bismut-
Lebeau’s technique (cf. [1]), we establish certain Novikov-type inequalities
for vector fields verifying conditions (C.1)-(C.3) (Theorem 4.1). As a conse-
quence, we obtain an analytic proof of Hopf index theorem (Theorem 4.2)
for vector fields which are nondegenerate in the sense of Bott (in this case
the condition (C.3) need not be used). Our result may be seen as a gener-
alization of Shubin [5] and an analogue of Braverman and Farber [2] in the
case of vector fields. The key step in our approach is that on each Yz we
can define an index ind (v, Y}) and a line bundle oy, (v) by using the result
of Shubin [5]. This line bundle has also played a role in the paper of Zhang
[8] on his counting formula for the real Kervaire semi-characteristic.

2. A deformed de Rham-Hodge operator D%( .

In this section, we will define a deformed de Rham-Hodge operator D%( by a
vector field v with the conditions (C.1)-(C.3) and discuss the local behavior
of D:,)f near the zero points set Y of v as T' — oo. To do this, we need
to study the geometry of the submanifold ¥ and introduce some related
differential operators. Especially, we will define a line bundle on Y through
the behavior of v near Y, which is crucial to our problem.

Let ¢”X be the Riemannian metric on X and VZ¥X be the associated
Levi-Civita connection. We have the standard de Rham-Hodge operator

(1) DX =d+0:T(A*(T*X)) - ['(A*(T* X)),
which is a first order self-adjoint elliptic operator. Set
2) DX . F(Aeven/odd(T*X)) R F(Aodd/even(T*X)).
We have

ind D = x(X),

where x(X) denotes the Euler characteristic of X.
For any vector field v, define in this paper

(3) c(v) =e(v) —u(v),  &v) = e(v) +u(v),

where € and ¢ are the standard exterior and interior multiplications on
A*(T*X), respectively. Then for a vector field v on X with the conditions
(C.1)-(C.3), we can define a deformed de Rham-Hodge operator

(4) D¥ = DX + Té(v) : T(A*(T*X)) — D(A*(T*X)).
Set
(5) D, = DF +Té(v) : (A (T X)) — T(AYeven (7 X)),
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(6) bi(v,T) = ker dim D7\ .
We have
b+(U)T) - b_(U,T) = X(X)

Lemma 2.1. For any open neighborhood U of Y, there exist constants a >
0, b> 0 and Ty > 0 such that for any s € T'(A*(T* X)) with Supp s C X \U
and any T > Ty, we have the following estimate for Sobolev norms,

(7) 1D )13 = allls[IF + (T = b)]s]13)-
Proof. Since D%( is formally self-adjoint and
(D7)? = (D¥)? + T[D¥, é(v)] + T?|vl?,
we have
1D7 sli§ = I DX sllf + T([D¥, e(v)]s, ) + T*{|vf*s, s).

Since [DX,é(v)] is a zero order operator, which can be verified easily, and

v # 0 on X \ U, there exist constants a > 0,5 > 0, such that for " > 0 we
have

1D7 511§ > 1 D% sll + a1 (s[5 — b7 |1sl[5.

By Garding’s inequality, there exist constants a > 0,¢ > 0 such that

IDXs([§ > allsF — €lsl5.
Hence
IDFsllg > allsllf + (@T? = bT = 0)|s]3
> a(|lslf + (T = b)|sll3)
for some constants b > 0, Ty > 0 and any T > Tj. O

By Lemma 2.1, we can localize our problem to a sufficiently small neigh-
borhood of Y. For simplicity, we always write Y instead of Y, and assume
dimY = [. We have the following orthogonal decomposition

TX|y =TY & N,

where N denotes the normal bundle of 7Y in T'X|y. Denote the projection
N — Y by 7 and the orthogonal projection TX|y — TY (resp. TX|y — N)
by PTY (resp. PV). Let VIXIv denote the restriction of VX to TX|y. Set

(8)

VIY = pIYyTXly pIY N _ pNyTXly pN  gTXly® _ gT¥ gy,
Set
(9) A =vVTXly _gTXIy.@
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which is the second fundamental form of Y. In this paper we always use the
notation

(10) {617"‘ 7el)fl+17"' 7fn}
to denote a local orthonormal frame for T X |y with {e1,...,e;} being an
orthonormal frame for TY and {fj41,..., fn} an orthonormal frame for N.

Following Shubin [5] and Zhang [8], we can define a line bundle on Y
through the vector field v. Set

(11) cap = (Lofas f8),  C ={cap}, |C| = VciC.
Then

(12)  Ly=tr|Cl+ > capclfs)é(fa) : A"(N*) — A*(N7),
o, f=l+1

is a well-defined bundle homomorphism. Set
(13) ind (v,Y) = sign det C, oy (v) = ker L.

Clearly, ind (v,Y) and oy (v) are also well-defined. The following lemma is
an anologue of Proposition 2.21 in [5] and the (2.12), (2.13), (2.13)" in [8,
Sect. 2.b].

Lemma 2.2. oy (v) is a one dimensional subbundle of A*(N*) over Y. More-
over,
oy (v) C AV (N™), if ind (v,Y) =1,
oy (v) € ACY(N™), if ind (v,Y) = —1.
Note that A*(T*Y) ® oy (v) is a bundle twisted by an Euclidean flat
line bundle oy (v). Let V be the Euclidean connection on oy (v) induced
by the orthogonal projection from A*(N*) to oy (v). Clearly, for any local

orthonormal section p of oy (v), we have Vp = 0. We can define a twisted
de Rham-Hodge operator by

l
(14) DY = Zc(ei)%é :D(AY(T*Y) @ oy (v)) — T(A*(T*Y) ® oy (v)),
=1
where VY = VY ©141® V. Set
DI _ DY . F(Aeven/odd(T*Y) ® Oy(U)) N F(Aodd/even(T*Y) ® Oy(v)).
Then DY is the formal adjoint of DI. By Hodge theory, we have
(15) ind Dz = x(Y) = dim H¥*(Y, oy (v)) — dim H°¥(Y, oy (v)).

To have a good understanding about the local behavior of the operator
D%( near Y, we need study the geometry of Y and the Taylor expansion of
v near Y.
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For y € Y and Z € Ny, let
(16) teER -z =exp X(tz) e X,
be the geodesic in X such that z¢g =y, dx/dt|;—9 = Z. For € > 0, set
(17) B.={Z e N ||Z| < ¢}

Since X and Y are compact, there exists an ¢y > 0 such that for 0 < € < ¢,
the map (y,Z) € N — exp ;f(Z) € X is a diffeomorphism from B, to a
tubular neighborhood U, of Y in X. From now on, we will identify B, with
U, and use the notation = = (y, Z) instead of x = exp 5(Z)

Let dox, doy and doy, be the volume elements of X, Y, and fiber N, at
y, respectively. Let k(y, Z) be the smooth positive function defined on B,
by the equation

(18) dox(y,Z) = k(y, Z)doy (y)don,(Z).

The function k£ has a positive lower bound on Z/{%o . Clearly if y € Y, then

k(y) = 1. Let dV denote the exterior differential along the fibres of N.
Then for any y € Y, Z € N, we have the following formula from [1, Sect.
8, (8.25)]

(19) dNk(Z <ZA €i)ei, >

Let E (resp. E) be the set of smooth sections of 7*A*(T*X|y) (resp.
A (T*X)). If s1, s2 € E have compact supports, we define (cf. [1, Definition
8.15])

(20) (s1,52) = /Y ( /N

Y

(s1,82)(y, Z)don, (24 )) doy (y)-

By the trivialization of A*(T*X) on U, along the geodesics (16), if s €
E has compact support in B,,, we can consider s as a smooth section of
A*(T*X) with compact support in B,. Let E. (resp. E.) be the set of
smooth sections of A*(T*X) (resp. 7*(A*(T*X|y))) with compact support in
Bc. One verifies easily that k2 DXk7 acts as a formal self-adjoint operator
on E. with respect to the inner product (20).

Using the connection V¥, we can split the tangent bundle TN as

TN =THa TN,

where TH N is the horizontal vector bundle and TV N is the vertical vec-
tor bundle which can be identified with N naturally. Let e denote the
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horizontal lifting of e;. By the frame (10) we define
l

(21) D =3 c(e)m V! ¥ E S E,
n
(22) DV = Y e(fu)n* V¥ E - E.
a=Il+1

Clearly, the definitions of D, DN are independent of the choice of the
frames (10), so D, DV are two well-defined first order differential opera-
tors acting on E. Moreover, the operator DV acts along the fibres Ny, and
that D, DN and DY + DY are self-adjoint with respect to the L? inner
product (20). Particularly, the operator D + DV is also a self-adjoint
elliptic operator. (cf. [1, Sect. 8.h]).

By the parallel transport of the frame (10) along the geodesics (16), we
get a local orthonormal frame for T'X |,

{el, .. el  flins - fa
Let (#/4+1,...,2n) be the coordinate on the fibre N, with respect to {f;+1,
., fn}. Then the vector field v has an expression near Y:

’U—Z%e + Z UafT

a=Il+1
Set

n

I
(23) vy = vie],  un= Y vafh.
i=1

a=l+1
Clearly, the definitions of vy and vy are independent of the choice of the
frame (10). Set

(24) Vy,1 y7 Z Z 81}1 ZOA y7Z)7

'Llal+1 oa

(25) UYQ y7 Z Z 82 az ZQZQGZ(y, Z)7

i=1 a,B=Il+1
(26) o, Z) = > Z ——W)zpfaly, 2),
a=I+1p= l+1

(27) uN2(y, Z Z Z

Z/BZ’Yfa(ya )
a=Il+1 B,y=l+1 82582
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One also verifies easily that the definitions of vy 1, vy, 2, vn 1, N2 are inde-
pendent of the choices of the frames (10). By the condition (C.3), we have
vy,1 = 0 easily and

(28) v(y, Z) = vy +vn1 +ong + O(|Z]).

By the definition (11) of ¢4 g, we have

oN1(Y, Z Z anﬂ )z2p.fa Y, Z).-

a=l+1f=l+1
We can also define a vector field Ty on Y by

(29) Ty = %vff‘YC*fC*l (vgf )t vy,
where
Vi = (v e,
and (V%X )t is the transpose of the formal matrix (V:]lei, e ,V?;X ). One

sees easily that vy is independent of the choice of frames (10). Therefore,
the vector field vy € I'(TY) is well-defined. Let

(30) 5l+1(y)7 Si+2 (y)’ SR Sn(y)

be the eigenvalues of |C(y)|. For a suitable orthonormal frame of N, we
have

(31) |C(y)| = diag(sj+1,--- ,Sn), with s; > 0.

Then the vector field Ty can be expressed locally as
l n
_ 1 0% vz
(32) Ty =Y. > e
i=1 a=Il+1

Now we can define some deformed operators as following

(33) DY = DY +é&@wy) : T(A(T*Y) ® oy (v)) — T(A(T*Y) @ oy (v)),

(34) DI = D 4 Té(vy ),
(35) DY = DN + Té(vy ).
Set

(36) DYy = DY +¢(@y) : D(A™™(T*Y) @ oy (v))
_ F(Aodd/even(T*Y) ® Oy(v)),

(37) bi(v,Y) = dimker D},
Then we have x(Y) = by (v,Y) —b_(v,Y).
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Note that D¥ is actually a deformed de Rham-Hodge operator acting
fibre-wisely on I'(m*A*(N*)). An easy computation shows that

n
38) (DF)=—% (ﬂvTX‘Y’ ) +T2(|C|2,|C|Z) — Ttr |C| + TL,.
a=Il+1

By the spectral theory of harmonic oscillators, we get the following lemma

which is an analogue of Corollary 2.22 of Shubin [5] and Lemma 2.3 of Zhang
8]:

Lemma 2.3. Take T > 0. Then for any y € Y, the operator (DX)? acting
on T'(A*(N,;)) over Ny is nonnegative with kernel being one dimensional and
generated by

(39) e (-5 1C12.1012) ) o)

where p(y) is a generator of ker Zv(y) with unit length, p(y) € A (Ny)
if det C(y) > 0, and p(y) € AOdd(N;) if det C(y) < 0. Furthermore, the

nonzero eigenvalues of (D¥)2 are all > T A for some positive constant A
which can be chosen to be independent of y.

Now similar to Theorem 8.18 in [1], we can give the following lemma
which describes the local behavior of D% as T' — oo.

Lemma 2.4. AsT — oo, we have the following asymotopic formula on E.:

(40) KV2DX k=12 = DE 4 DN + Té(un o) + Q + Ry,
where
1 JUE
(41) —3 Z Z (ei)ej, fa)clei)i(e;)E(fa),
i,j=1 a=Il+1
(42) Ry = 0(|2|0% + 220N + |z| + T|Z3)),

and 01, OV represent horizontal and vertical differential operators, respec-
tively.
Proof. Note that near Y we have

l

Z e,,VTX—l- Z fanT + T'é(v).

i=1 a=l+1



NOVIKOV-TYPE INEQUALITIES 115

Similar to the proof of Theorem 8.18 in [1], we have

1 n
E2DXE"Y2 = DHE + DN 4 Té(oy o) — 5 > dVk(fa)el(fa)
a=[+1

+Z ezﬂ—A +RT

By an easy computatlon and (19), we have

" el A M=2 3 dk(aelfo) + @
=1

a=Il+1
Hence we have

k2D k1% = DHE + DN 4+ Té(on o) + Q + Ry

3. Various estimates on the Dr ;’s as T" — oo.

In this section, we will give a suitable decomposition of D%( as Z?Zl Dr j and
establish some estimates about Dt ; as T' — oo by using Bismut-Lebeau’s
techniques ([1, Sect. 9]).

For any p > 0, let E# (resp. E#, resp. F#) be the set of sections of
A (T*X) on X (resp. of m*A*(T*X|y) on the total space of N, resp. of
A*(T*Y) ® oy (v) on Y) which lie in the p-th Sobolev spaces. Let || ||gu
(resp. | ||gx, resp. || |lgn) be the Sobolev norm on E# (resp. E, resp. F*)

Let v : R — [0,1] be a smooth even function with v(a) = 1 if |a| < 3 and
~v(a) =0 if |a] > 1. Set

(13) i 2) = (1)

for any y € Y, Z € N, and € € (0,¢€p), where €y is chosen as in Section 2.
When there is no confusion, we denote it by ~.(Z).
For any T'> 0 and y € Y, set

(44) ar(y) = / 12(2)|det C(y)lexp (~T(|C(y)|Z, |C(y)|Z))don, (2),
Yy
_1 T
(85) Grl1:2) =z DV CGTexw (~5ICOIZICWIZ))
For u > 0,7 > 0, define linear maps It : F* — E# and Jr : F* — E* by
(46) Itu = Grr*u, Jru =k~ Y2

for any u € F*. It is easy to see that I, Jr are isometries from F° onto
their images. For > 0,7 > 0, let E’:ﬁ (resp. E*) be the image of F# in E#
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(resp. E#) under I (resp. Jr) and let E%’J‘ (resp. E%J‘) be the orthogonal

complement of EJ. (resp. E%) in E? (vesp. E°) and let pr, pt (resp. pr, by)

be the orthogonal projection operators from E° (resp. E°) onto E%,E%J‘

(resp. EY., E%L), respectively. Set
L 0,1
(47) Ef— =ENE;™.
Then EP splits orthogonally into
0 0 0,L
(48) E'=Er®oE; .
Since the map s € EY — k1/25 € E° is an isometry, we see that the

map s — k~1/2s identifies the Hilbert space EOT and E%. According to the
decomposition (48) we set:

(49)

Dty = prD3 by, Dra=ppD7pt, Drs = prD3pr, Dra = prD7 pr.
Then
(50) Df = Dr1+ Dra+ Drs+ Dry.

Let q denote the orthogonal projection from 7*A*(T*X|y) on
(A (T*Y) ® oy (v)).

In the following we will estimate Dy ;. Similar to Theorem 9.8 in [1], we
have the following lemma.

Lemma 3.1. The following formula holds on T'(A*(T*Y) ® oy (v)) as T —
+00

_ 1
(51) JrtDryJr = DY + 0 (ﬁ) ,

where O(%) is a first order differential operator with smooth coefficients
dominated by C/\/T
Proof. For any u € F =T'(A*(T*Y) ® oy (v)), we have
JilDrydru = I prkt DR kY 2prIpu
= I;'pr(D¥ + DY + Té(un o) + Q + Rr)Gr(y, Z)n*u.

The only different term here from the proof of Theorem 9.8 in [1] in com-
putations is

I prDF (Gr(y, Z)m*u)
= L' pr DR Gr(y, Z)n*u + T1: pré(vy2) Gr(y, Z)m*u.
Similar to [1, Theorem 9.8], we have

(52) I pr DY Gy (y, Z)n*u = DY u.
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By the definitions of pr, Gr(y, Z) and ¢(vy,2), we have

I pré(v)T 4 ZGT y, Z)m* (é(ei)u) I,
where
/ 2(12')det |C(y)lexp (=T(IC(y)|Z",|C(y)|Z"))

8 U;
0z

o ()22 o, (2)

/ !/
p,v=I+1 H=TY

By (31) and the symmetry of the integral I, we get

— H Sﬂ/ v2(|Z)exp ( T Z 83%)

[3 I+1 a=[+1
n
0%v;
. Z a—;(y)z?\dzl_i_l"-dzn.
a=ir1 9%
Set Zo, = Sq2q. We find that
1 1 1 a%l-( )
= 5r —- a5 Y
2T ar fard! s%\ 823\
= = 2
: </ 2e 2P goy, +/ eT|Z|26%z)\daNy> :
Ny N, 07z
Note that
1
/ Vee T|Z| dO' = 7
[0%4 Ny
11 1 0%, B 1
— —T|Z)?)=£zrdon, = O | ——
2TO[T>\ l 13)\ az)\ (y) /]\\/‘y eXp( | | )82)\2)\ ONy <T3/2)7
we have
(53) L' pré(vye) (Gr(y, Z)m*u)
1 = 1 0%y 1
—r e[ X EGame)uro(qs)e
i=1 A=l+1 "X TOA

Combine (52) and (53) and by the definition (33) of D}, we have

I pré(vy2)(Gry, Z)*u) = DY u+ O <\/1T> “.
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Similar to the proofs of Theorem 9.10, Theorem 9.11 and Theorem 9.14 in
[1, Sect. 9], we can prove the following lemma without any new difficulties.

Lemma 3.2. There exists C; > 0, Co > 0 and Ty > 0 such that for any
T>Ty, sc E;’L and s' € EL, we have

S
54 IDrasls < €1 (12 4 sl
8/
) IDras s < € (102 4 110 )
(5) IDzasllpo 2 Calslies + VT lslen)

4. The proofs of the main results.

In this section, we will prove the main results in this paper by using the
techniques of Bismut and Lebeau (cf. [1, Sect. 9.c)-f)]).
Denote the spectum of DY by Spec(D}). Choose ¢ > 0 such that

(57) Spec (DY) N [~2¢,2¢] = {0}.

Let E.(T') denote the direct sum of the eigenspaces of D%{ with eigenvalues
lying in [—c,c]. Then E.(T) is a finite dimensional subspace of E. Using
the estimates for Dr; in Lemmas 3.1, 3.2 and proceeding as in ([1, pp.
117-125]) (also compare with Tian-Zhang [6, Sect. 4, Lemma 4.6, 4.7]), we
have the following;:

Proposition 4.1. There exists Ty > 0 such that for any T > Ty, we have

(58) dim E.(T) = dimker D} .
Set
(59) Ec+(T) = Ec(T) NT(A™(T X)),
(60) E._(T) = E.(T) NT(A°(T*X)).
Then by the definition (37) of by (v,Yy), we have
(61)  dimEc+(T)= > be(w,Ye)+ Y, b0, Yh),
ind (v,Y3)=1 ind (v,Yy)=—1

for ¢ > 0 and T' > Ty > 0 in Proposition 4.1.

Now we get the following Novikov-type inequalities for vector fields v with
the conditions (C.1)-(C.3).
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Theorem 4.1 (Novikov-type inequalities). There exists To > 0 such that
for any T > Ty, the following inequalities hold

(62) br(v, )< > b0 Yi)+ Y. be(v, V).
ind (v,Yy)=1 ind (v,Yy)=—1
Proof. Since
by (v,T) = dimker D:,)f’i <dimE. 4,
we get (62) by (61). O
Let v € I'(T'X) be a vector field which is nondegenerate in the sense of
Bott. We can deform v near its zero points set Y such that Y, ind (v,Y’) and
oy (v) are unchanged under the deformation and the resulting v satisfies the

conditions (C.1)-(C.3). So we can prove the following Hopf index theorem
analytically.

Theorem 4.2 (Hopf index theorem). Let v be a nondegenerate vector field
in the sense of Bott. Then we have

m

(63) X(X) =Y ind (v, Yi)x(Y2)-

k=1
Proof. We have
x(X) =ind DF,
= ind {D7 : Ee 1 (T) - E_(T)}
=dimE.(T) — dimE._ (T

— Z (by(v,Y3) —b_(v,Yz))

ind (v,Yg)=1

+ ) (- (0,Y) — by (0, YR))
ind (v,Yy)=—1

Z (v, Yi)x (Ye)-

k=1

O

Remark 4.1. In the case of vys = 0, the Novikov-type inequalities (62)
take the forms:

be(T) < D dim HYOU(Y, 00, (v)
ind (v,Yy)=1

+ > dim HOYON(Y oy, (v)).
ind (v,Yy)=—-1
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