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We show that the maximal operator
Mi@) =sup| [ (e = 2y) du(w)
JEZ |JRE
maps H?! into L1'*° under certain assumptions on the decay
of /i and the geometry of supp(u).
1. Introduction and statement of results.

In this paper we consider the lacunary maximal operator M defined by

(1) Mf(x) =sup| | flz- 2y) du(y)| -
VS

R4

Here d > 1 is an integer. When p is a finite positive Borel measure on R¢,
it is proved in [DR] that if the Fourier transform of u satisfies

(2) @) <e(d+h™

for some o > 0, then (1) is bounded on LP(RY) for 1 < p < co. Also when
a = 4, it is proved in [O] that (1) maps H!(R?) into L1+>°(R%). Here H' de-
notes the usual real-variable Hardy space. On the other hand, Theorem 4 in
[C2] states that if i is the Lebesque measure og4_; on the unit sphere >,
in R? then (1) maps H'(R%) into L1*°(R?). The purpose of this paper is
to prove a result which includes the results in [O] and Theorem 4 in [C2]
as special cases and which also applies to maximal operators associated to
some submanifolds of codimension greater than 1. The method of proof is

an adaptation of the argument in [O], which is based on the basic approach
in [C2].

For each bounded subset A of R and 0 < ¢ < 1, define N(A4,¢) as the
smallest number of e-balls needed to cover A, i.e.,

m

N(A,€) = min {m tAC U B(xz;,€) for some x; € Rd} .
i=1

Now we state our main result.
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Theorem 1. Suppose i is a finite positive Borel measure on R® with com-
pact support such that for 0 < e <1

N(supp(p),€) <ce ™, &) <ec(l+[¢)2
then (1) maps H'(R?) into L (RY) when 0 < n < d.

In particular if n = d, then we obtain the result of [O]. Moreover we have
the following.

Corollary 2. Suppose M C R% is a C' submanifold of dimension n equipped
with a finite positive Borel measure u which has compact support. If the
Fourier transform of u satisfies the decay estimate

@) < e+ )%
then (1) maps H'(R?) into L (RY) when 0 < n < d.

Proof. Let A be a bounded subset of R and f : A — R¢ be a Lipschitz
map. Then it is easy to show that

(3) N(f(A),e) <cN(A,e) <ce ™.

If M is a C! submanifold of RY, then we can view M locally as the graph
of a vector-valued C! function defined on its tangent plane. Hence by (3)
and compactness of supp(u), we have N(supp(u),€) < ce ™. By applying

Theorem 1, we obtain the conclusion. ([l

In particular if M is >, ; and p is 04—1, then we obtain Theorem 4
in [C2]. Also, as was treated in [CDMM] and [CM], if M is a smooth
compact convex hypersurface of finite type in R!*", with Gaussian curva-

ture x and surface measure u, then the Fourier transform x1/2u(€) decays
as |€| 72 as |€] goes to infinity. Hence Corollary 2 holds for /2y when n > 1.

Our proof follows the methods of [C2] and [O]. What is different from [O]
is the use of the geometry of supp(u). We use the geometry of supp(u) in
proving Lemma 5. The use of geometry of supp(u) allows us to put a weaker
decay condition on 7i. Littman [L] showed that, if M C R'*™ is a smooth
submanifold of dimension n and has at least [ nonzero principal curvatures
everywhere on supp(u), where 1 is smooth and compactly supported, then

2(E)] < e(1 + [€])72.

Hence when [ = n > 1, Corollary 2 can be applied.

As was indicated in [C3], the proof of Littman’s theorem goes unchanged
to establish the following. Suppose that M C R? is a smooth manifold of
dimension n, and p is a smooth compactly supported measure on M. For
fixed b € M, we can view M locally as a graph of a vector-valued function
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¥ (x) defined on its tangent plane. Let Ny(M) be a collection of a unit
vector normal to M at b then for each v € Ny(M) the function (¢ (z),v) has
a critical point at = b. Suppose that for all b € M in some neighborhood
of supp(u) and for all v € Ny(M) we have

(4) det D? (1)(x),v) |s—p # 0.
Then
(5) ()] < c(1+1¢)%.

Hence Corollary 2 can be applied in this case also. The condition (4) is
controlled by the second-order terms in the Taylor expansion of ¥ at b. We
give some examples which satisfy (5).

Example 3.

(3.1) For n = 2m and d = n+ 2, let 2z, y € R™ and M be the manifold
described by (z, y; |z|?> — |y|?, = - y), then a smooth measure p sup-
ported in a sufficiently small neighborhood of the origin satisfies (5)
when m > 1. So Corollary 2 holds for this y when m > 1.

(3.2) Forn =4m and d =n+2, let z, y, z, u € R™ and M be the manifold
described by (z, y, z, u; z-z2+y-u, x-u—1y-z), then a smooth measure
1 supported in a sufficiently small neighborhood of the origin satisfies
(5) when m > 1. So Corollary 2 holds for this x when m > 1.

(3.3) Forn =4m and d =n+3, let z, y, z, u € R™ and M be the manifold
described by (z, y, z, u; |z[*—|y|*—|z*+|ul?, z-y—2-u, x-2+y-u), then
a smooth measure p supported in a sufficiently small neighborhood of
the origin satisfies (5) when m > 1. So Corollary 2 holds for this p
when m > 1.

2. Preliminaries.

Notation. If Q is a dyadic cube in R? with side-length 27, we write o(Q) =
j. For o € Z, R, denotes the collection of dyadic cubes Q € R¢ with
0(Q) = 0. And for Q € R,, Q* denotes Q + [-27,2°]%. | - | denotes the
Lebesgue measure.

The following Lemma is taken from [O] (see Lemma 1).

Lemma 4. Suppose o > 0 is given, and given any finite collection of
dyadic cubes {Q}gec in R?, and corresponding collection of positive num-
bers {\q}qec there exists a finite collection of pairwise disjoint dyadic cubes
{S}ses such that each Q € C is contained for some S € S and

(4.1) Ypcs A < 3%alS|
(4.2) YgesSI <13 Ao

(4.3) <.

oo

Q: not gntained AQ|CQ‘_1XQ

in any S
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Lemma 5 (cf. [C2, Lemma 5.1]). Suppose given the following: 0 < n < d,
a Borel measure p defined on a compact subset of R with N (supp(p),€) <
ce ™ for 0 < e <1, some a > 0, a finite collection S of pairwise disjoint
dyadic cubes S C R?, a finite collection C of dyadic cubes Q C RY such that
each @ € C is contained in some S = S(Q) € S and for each Q € C a
positive number \q is assigned. Then there exist a function K : C — Z and
a measurable set E such that

(5.1) Bl <c (X 2o+ >2150)
(5.2) {Q+ 2supp(p)} CE if j < K(Q) and Q €C
E ; o(S(Q)) < K(Q) (QeCl)

For each 17,0 € Z with 0 < 7, and any q € R,

Z )‘Q < 2na2(d—n)a+n7"
QCq, K(Q)<r

Proof. The proof is a stopping-time argument controlled by two parameters
7 and o as in the proof of Lemma 5.1 in [C2]. Let m = min{c(Q) : Q € C}.
Select an integer 7y such that

70 > max{c(Q) : Q € C}, Z AQ < a2ld=n)mtnTo
QeC

For each fixed 7 € Z with 7 < 7y, we define a sequence of functions
Ars @ R — R by a descending induction on ¢ € Z with ¢ < 7. And
proceed with the same construction by a descending induction on 7. At
each step, we divide C into disjoint subcollections C; and Co which will in-
crease as we proceed. Let C1,Co C C and 7 € Z be fixed for the moment,
and we define [Inner Loop] as

[Inner Loop] Define A, : R, — R with o < 7. For each g € R, define

Aole)= > e

QCq; QEC1UC

First, begin with o = 7. If A;,(q) > a2(@=m)o+nT then we say that “g is
selected at step (7,0)” and put into C; every @ such that @ C ¢ and for
such a @ define K(Q) = 1 + 7. Next replace ¢ by o — 1 and repeat the
process. Repeat until o < m. Actually this part of process terminates once
o is smaller than m. Finally, put into Cs every @ € C\C; such that o(Q) > 7
and for such a @ define K(Q) = 1+ 0(5(Q)). Actually every @ € C\C1 UCq
satisfies 0(Q) < 7 — 1.

Perform [Inner Loop] with C; = Co = () and 7 = 79. Next replace 7
by 7 — 1 and repeat [Inner Loop]. Repeat until 7 = m — 1. After this
process, we obtain C = C; UCs, and clearly all selected ¢ are disjoint, and K
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is well-defined. Note that there is the usual stopping-time condition
(6) AT,U(Q) < 2na2(d7n)0'+n‘r

which holds for all ¢ € ®, when o < 7 < 7y. This is because, if 7 = 79 then
the condition is clear from the initial condition on 79. And when o < 7 < 79,
suppose this fails. Then A, y1,(q) > Ar(g) > a2(@=™o+n(+1) | This means
q is selected at step (7+1,0), hence A;,(¢) = 0 and we have contradiction.

Next we show (5.4), which says that for each ¢ € R, with o <7
Z )‘Q < 2na2(d—n)a+n7'.
QCq K(Q)<7

When 7 > 7, then the condition is clear from the initial condition of 7.
When 7 < 73, then we note the fact that for each ¢ € R, with o <7 < 7

(7) AT,O’(q) = Z )\Q > Z )\Q
QCq; QEC1UC: QCq; K(Q)<t
Combining (6) and (7), we have (5.4) when o < 7 < 79. (7) will follow from

the definition
AT,G(Q) = Z )‘Q
QCq; QEC1UC2
and the fact that if Q € C;UCs at the beginning of step (7, 0) then K(Q) > 7.
This is because, if @ € C; then K(Q) > 1+ 7 > 7, and if Q € Cy then
K(Q)=1+0(5(Q)) > 14 (1+7) > 7. Hence we have (5.4).

Next, we construct an exceptional set E. If ¢ is selected at step (7,0),
then we define 7(¢) = 7 and

T(q)= |J {a+2supp(p)}

J<r(g)+1
E=E|JEB, E=JS, E= J T
Ses q:selected
Thus we have
Bi<eIs)
and
T(q) = |J {g+2supp(p)}
Jj<r(g)+1
= U {q+ 2jsupp(,u)} U {a+ 2jSUPP(N)} -
j<o(q) o(q)<j<r(g)+1

Because supp(p) is compact, if we regard ¢* as a proper expansion of ¢
then Uj<a(q) {q+ 27supp(n)} C ¢*. And for j > o(q), if o is the center
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of ¢, then by using translation invariance and dilation property of Lebesque
measure, we have

[{g+2supp(p)}| < ‘{B(ﬂfoﬂ"() ) + 2/supp( u)}‘
}

= HB(O, 27D 4 2 supp(p

24 [{B(0,2707) + supp<u>}]

¢2%424(@D=3) N (supp(y), 2797

IN N

Hence

T@l<e g+ 3 2dme@ini ) < ogli-mo@in(@
o(q)<j<t(g)+1
and we have

Bl < > IT(a)l

q:selected

¢ Z 9(d=n)o(q)+n7(q)

q:selected

< 2 Z AT,U((])

g:selected

(&
< aZ)\Q.

So we obtain (5.1). For (5.2), observe that if @ € C; then @) belongs to some
selected ¢, hence

U {Q+ 2jsupp(u)} C U {a+ 2jsupp(,u)} =T(q) C E»

IN

J<K(Q) JSK(Q)=7(¢)+1
and if @ € Cy then @ belongs to some S = S(Q) € S, hence
U {Q + 2jsupp(,u)} CcS*C E;

I<K(Q)=1+0(5(Q))

if we regard S* as a proper expansion of S. For (5.3), we replace K by K’
and define

K(Q) = max {K'(Q),1+0(S(Q))} .

Then (5.1) and (5.3) are satisfied. We must check (5.2) and (5.4). For (
if K(Q) = K'(Q) then there is no problem. If K(Q) = 1+ o(S(Q)) > j
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then the argument is the same as above. For (5.4)
PORERCENED DR
QCq; K(Q)<T QCq; K'(Q)<

and Lemma 5 follows. O

3. Proof of Theorem 1.

Let f € H'(R?) have the form of a finite sum

F=Y Aqaq

where A\g > 0 and ag, supported in @, satifies

1
legll= < 5 [aa=0

As was pointed out in [C2], a device of Garnett and Jones involving auxiliary
dyadic grids allows us to assume that each @) is dyadic. For a > 0, it is
enough to show

(8) [{z: Mf(z) >2a}| < ZAQ

Let S be as in Lemma 4 and define

=>_ > Jqag, g=f-b.

SesSQcs

Then ||g]|r~ < a from (4.3) and so |[Mg| < a (by assuming p has mass 1).
Thus (8) will follow from

{z: Mb(z) > a}| < — ZAQ

Let S be as above and C be the collection of (Q’s appearing in the definition
of b. With K and F as in Lemma 5, it is enough to prove

(9) IMb|F2aym) < oy Ag.
Let p; be the dilate of ;1 defined by

Gs) = [ 9Za) du(o)
then

Mb(z) = sup |b* p;(z)|.
JEZ
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If @ € C, then by (5.3) ag * p; is supported in E unless j > K(Q). Thus
for x ¢ E, we have

(Mb@)* < Jbx ()]

J

= > D xag | *uyx)

J K(Q)<j

2

o0

= 2 X 2w xu)

i |s=0 \K(@Q=j-s

So for x ¢ E, by Minkowski’s inequality
(Mb(z)| <> 1D Y. Aquq | *my(x)
s=0 | J K(Q)=j—s
Now (9) will follow from
293

Z Z Agag | * ij <c(s+3)a2™ Z AQ

J K(Q)=j—s

where ¢ = min (1,n). And so from
2

(10) Z Agag | * il <ca(s+3)27¢ Z AQ-
K(@Q)=j-s 12 K(Q)=j—s

By scaling we may take j = 0. And (10) will follow from
2

(11) Z Agag | xp|| <ca(s+3)27 Z AQ-
K(Q)=-s

L2 K(Q)=-s

Next as in Lemma 3 in [O], for each positive integer IV, we define a sequence
of functions hy and Ly. First we define hy by

. ~ Xjg<n(§)
() = ey

Choose a radial function p € C2°(R?) such that

/p =1, supp(p) C [-1,1]% p>0.
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Now let Ly = phy and
; . ply)dy
L(e) = lim Lu(e) = [ LW
Lemma 6. We have the following:
(6.1) supp(Ly) € [-1,1)¢
(6.2) Ln(§) = e W EI<N -1
(6.3) For each (3, we have
5 A
d°L ’ G —
2240 < e
Proof. 1t is easy to check (6.1), (6.2). For (6.3), first we assume d > 2, then

we have
1
; 85d‘
‘/‘)(y) s E—yn Y

5(w)ldy ‘
< < G s S T

L)

When d = 1, we use

- > py)dy /5 p(y)dy
g [ [
D= Trv-o " [oire—yr
and do similarly as before. O

Next, let ¢ be the inverse Fourier transform of (lA}N)%, then Ly =
on * ¢n. And we have
c

in 2
onOF = T

Therefore, returning to (11) we have

2 2
( > AQ@Q)*# 0/( > )‘QdQ) @) | de
K(Q)=-s

when || < N —1.

L2 K(Q)=-s
2
<c/< 3 AQaQ> ©) hmmf’qﬁN ( de
K(@=—s

2

)| [ox(e)] e

<chm1nf/( Z )\QaQ)

<chm1nf ( Z )\QaQ)

2

L2
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So (11) will follow from

2

(12) lim inf > Aqag | xén
K(Q):_s L2
<ca(s+3)27 Z AQ-
K(Q)=-s

Because supp(Ly) C [-1,1]%, and for each Q,Q" € C such that
K(Q) = K(Q') = —s , we have 0(Q),0(Q") < K(Q) = K(Q') = —s ,
hence ’<aQ/ * LN,(LQ>‘ = 0 when dist(Q, Q") > 4. So we have

2

lim inf > Aag | xon
K(Q)=—s

L2
< 1 1 ! !
< 21}\1}1;1;1; Z AQAQ <aQ *LN,aQ>‘

Q.Q5 0(Q)>0(Q)
dist(@,@")<4

<2liminf Y Aohg ’<aQ,£N,aQ>‘

N—oo

Q,Q"; o(Q)>0(Q)
dist(@,q")<4
<23 > aore |(agliq)
Q' QcQr
dist(@,q@")<4
Q' QeNQr=o
dist(@,@)<4

=141
Lemma 7. We have the following:

(7.1) )<aQ/£,aQ>‘ < (2~ (d=mo(@)

~ RN 7 (Q) *
(7.2) ’<GQ/L,GQ>‘ < c(dist(; ) when QN Q"™ = 0.

Proof. For (7.1), we consider as two cases; d = n and d > n. When d = n,
we use the easy estimates.

4G (§)] < e min(1, |¢[27 @), [lagl[3 < 2.
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Hence we have

e lagy (§)]
(agL.aq)| < /(1+|§y) a
1£27(9)
———d
: C</§|<20(Q/) (L+ 15D :
1/2
~ —2d
+WQmme¢Hm>@]>
< ec

333

When d > n, choose n € C°(R?) such that n(¢) = 1 for |¢| < 1, and
n(&) = 0 for || > 2. Define another function § by §(§) = n(§) —n(2£). Then

we have
&)+ 6(279¢), forall &
and
L(¢) = Z 3(2776) =mo(&) + Y _m;(€)
j=1 j=1
We set

K;(x) = / ™ i (€)déE.
Observe that

‘(—2%1’36)705}(]-(3:)’ -

/ o [(2#@'5)5 mj(g)} emedf'.
By (6.3) and support condition of the integrand, we can show
‘x’yﬁij(x)‘ <A, 52j(d—n+|ﬁ|—|‘7|)_
Hence, for each positive integer M, we have

(13)

j(x)‘ < AM7ﬁ|x|—M2j(d—n+lﬁl—M)’

and so
[o@)

j(x)’ Yo+ >

j=0 20<|z|~1 20>zt
First with M = 0, we have

3 )ang(@‘ < Ay Y it

2 <o| 1 2 <Ja~1

IN

A/’3|1:]_d+”_‘ﬁ|.
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Second with M > d — n + ||, we have
S || < Ap 3D faf i
2j>|x‘71 2j>|x‘71

< Alﬂ‘x|—d+n—|ﬁ\‘

Hence we have

(14)

—ddn—
‘ < Afgla| 7 1A,
=0

Returning to (7.1), by Lebesgue Dominated Convergence Theorem, we have

S
Q>
O
\-h>
Q>
<
>~
Il
(e

(agimy, aq)

[
I
o

[
Nk

<CLQ/ * Kj, CLQ>

0

j=
< <\CLQ/!*Z!K| IaQ\>
(o)
< lagll isupecqlacr| * | D15 ()
7=0
o0
< clag LoosuP:ceQ/ Z |Kj(z —y)|dy,
=0

and by (14), we have
[e.9]
SUP,eq /Q’ Z |Kj(z —y)ldy < csup,eq /Q/ |z —y| " dy < ¢ 277(@)
j=0

when d > n. Hence when d > n, we have

(agrL,aq)| < @@,
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and obtain (7.1). For (7.2), let = be the center of @, then
(aaL.dq)
= Z <CLQ/ * K
=0
=3 [ [ a0 (55w~ ) = K@~ w)aole) dady
=0
[ [ 100w laot) D (e =) = K@ = )| daty
< [ [ 1ol @1 3 1e ~ v K@ )] dods,
7=0

IN

where Z; lies in the line connecting z and x. By (13), for each positive
integer M, we have

|V Kj(#; — y)| < Ay [&; — y| M@=
< Al dist(Q, Q') ~Maild—n+1=M),

when Q Q" = 0. Hence, by the same method as in (14), we have
STV E;@E; —y)l < e (dist(Q, Q)" ! when Q(Q" =0
j=0

And so we have

S
Q>
<
\.bb
Q>
O
>~
AN

o gy [ [ ) @iy
20(

c(dist(Q,@/»d*”“

IN

when QN Q"™ = 0. O

e Estimation of part I:
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By (5.4) we have Y 5o+ Ag < ca2(@=ma(@)=ns and use (7.1). So we

have
I < YY) aghg2 @@
Q' QCQ'”

Z Agr2~ = (@) (OQ(dfn)g(Q/),m)

c2 o Z AQ-
K(Q)=-s

IN

IN

e Estimation of part I11:

If QN Q™ =0, then by (7.2) and 0(Q) < o(Q’), we have
90(Q")

I < ¢ AQA
< Z/ Z* QNQ’ dlst(Q Q/) (d—n)
Q ene'*=0
dist(Q.q")<4
< (S ( ¥ Gk
< : 1\ (d—n)+1
argr—o WU Q)
< ZQU )\Q/ Z + Z
@: dist(Q.@)~am+o(@) g dist(Q,@/)~am+a (@)
m+o(Q)<—s+2 —s+3sm+o(Q)<2
S ZQU )\Ql (II1+IIQ>

For each positive integer m, consider the contribution of all Ay over all @
disjoint from Q" with ¢(Q) < o(Q’). So we have dist(Q, Q') ~ om+o(Q’)
All such @ are contained in the union of a fixed number of elements of
Rto(qy- Hence when m 4 0(Q') < —s + 2, we can use (5.4) to obtain

AQ
In = Z dist(Q, Q/)(d—n)Jrl

Q; dist(Q,@")~2m+o(Q")
m+o(Q)<—s+2

< ¢ az- @ mto(@) gd-n)m+o(@)-ns
m2>0

< ca2 (@) g—ns,
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Next, consider all Q with dist(Q, Q") ~ 2™+7(Q) and m 4 o(Q') > —s + 3.
Recall that each Q € C is contained in S(Q) for some S(Q)) € S. Since
K(Q) = —s and K(Q) > 0(5(Q)), we obtain dist(S(Q),Q’) > 275. Also,
by (4.1), we have } g Ag < calS] for every S € S, hence we obtain

AQ
I, = Z :
i (d—n)+1
Q; dist(Q,@")~2m+a(Q") dlSt(Q7 Q )
—s+3<m+o(Q)<2
c Z AQ
dist(S(Q), Q")(d—n)+1

IN

IN

5]
« Z dist(S, Ql)(d—n)+1

< ca/ ly| "ty
9-s<y|<4

< ca(s207M5 1),
Finally, since 0(Q') < K(Q') = —s, we obtain

I < ey 2@ (ara@’)r"s + a(s20-ms 4 1)) Ao
Q/

< c(s+3)a27 > g
K(Q)=-s

where € = min (n, 1). This completes the proof of (12) and Theorem 1.
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