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SPECTRUM AND ASYMPTOTICS OF THE
BLACK-SCHOLES PARTIAL DIFFERENTIAL EQUATION
IN (L', L*°)-INTERPOLATION SPACES

WOLFGANG ARENDT AND BEN DE PAGTER

Let E be an (L', L°)-interpolation space. Then (Tg(t)f)(x)
= f(e~tz) defines a group on E. It is strongly continuous if
and only if F has order continuous norm. In any case, a
generator Ag can be associated with Tg. It is shown that
its spectrum is the strip {ap < Re < ag}, where ap and
ar are the Boyd indices of E. The operator By = (Ag)?
generates a holomorphic semigroup which governs the Black—
Scholes partial differential equation u; = x?uz, + xu,, Wwhose
well-posedness, spectrum and asymptotics in E are studied.

0. Introduction.

Let E be an (L', L®)-interpolation space on (0, 00), R or T. Then the upper
and lower Boyd indices ap and ag are of great importance. For example,
the Hilbert transform is bounded on E if and only if 0 < ap and ap < 1.
Also norm convergence of the Fourier series can be expressed in terms of the
Boyd indices (see [BS]). In his paper [Bo], Boyd computes the spectrum
of the Cesaro operator in terms of the Boyd indices. Here we consider a
natural one-parameter group of dilations (T (t))ier on E. It turns out that
the Boyd indices are just the growth bounds (or exponential bounds) of this
group.

To be more precise, we consider an (L', L°)-interpolation space E on
(0, 00) througout this article. The group Tr on E is defined by

(Te(t)f)(z) = fle'x)
forall f € E, t € R, > 0. Now the first problem is that Tz is not strongly
continuous, in general. In fact, one of our main results says that Tg is a
Cy-group if and only if F has order continuous norm.
Still it is possible to associate a generator Ag to Ty without any further
condition on the space, and we show that its spectrum is the strip

O'(AE) = {)\ECZQE < Re)\ﬁaE}.

Thus the spectrum of Ag varies very much in function of the space E. It
turns out that the Cesaro operator is just (1 — Ag)~!. Thus it is bounded
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2 WOLFGANG ARENDT AND BEN DE PAGTER

if and only if @p < 1. In that case we obtain its spectrum just by applying
the result above on the spectrum of Ag.

Of particular interest is the operator By = (Ag)?. In fact, Bg is a degen-
erate elliptic operator given by (Bgf)(z) = 22f"(z) + xf'(z) with suitable
domain. As a consequence of the results on Ag we obtain much information
on Bg. It always generates a generalized holomorphic semigroup Vg on FE.
So this semigroup gives the solution of the Black-Scholes partial differential
equation

(BS) Up = T2 Upy + TUy.

We show that the semigroup Vg is strongly continuous if and only if E has
order continuous norm. Nevertheless, one of the main results says that Tg
as well as Vg are always o(F, E/,)-continuous, where E), is the Kéthe dual
of Ej; i.e., the space of all functionals given by a measurable function. This
allows us to formulate precisely well-posedness for (BS) in E. Finally, we
consider perturbations of the operator Br. The results imply in particular
well-posedness of the more general equation

U = Uy, + Bxug + yu
where a > 0 is a constant and 3,y € L*(0, c0).

Because of its importance in mathematical finance (see [B1Sc]), the Black-
Scholes partial differential equation has been investigated most recently. We
refer to Gozzi, Monte, Vespri [GMV], Barucci, Gozzi, Vespri [BGV] and
Colombo, Giuli, Vespri [CGV] for further information. We would like to
emphasize that the motivation for this work lies in the interesting relations
between properties of interpolation spaces and the semigroups considered
here. It is not at all a contribution to modelling in mathematical finance.

The paper is organized in the following way: After some preliminaries
we show in Section 2 that the semigroup T is strongly continuous if and
only if F has order continuous norm. In that case we can use a result
of Greiner [G] to determine the spectrum of E. In the less conventional
situation where E does not have order continuous norm we use the theory
of resolvent positive operators and integrated semigroups. Now the situation
is much more complicated, and Section 3 is devoted to the generalization
of Greiner’s decomposition theorem to resolvent bipositive operators. In
Section 4 we prove the results on the spectrum in the general case. Here it
is also shown that the semigroup Tg is o(F, EJ,)-continuous. In Section 5
we investigate the Black-Scholes operator By = (Ag)?. Its perturbations
are studied in Section 6.
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1. Preliminaries.

On the interval (0,00) we consider Lebesgue measure (dm or dz). For a

Borel measurable function f : (0,00) — C the distribution function is

defined by d| 7 (\) = m{t € (0,00) : [f(t)] > A} for A > 0. We will consider

only functions f for which djz(\) < co for some A > 0. The space of all

such functions will be denoted by Sp(0,00). For f € Sp(0, 00) we define
fr@#) = inf{A >0 : djy(\) <t} for t>0.

Then f*: (0,00) — (0,00) is decreasing, right-continuous and equimea-
surable with |f| (i.e., dyx = d|z). The function f* is called the decreasing
rearrangement of |f| (see e.g., [BS]). In particular we recall that

/t f*(s)ds = sup { / |fldm : A C (0,00) measurable and m(A4) < t}
0
A

(by [BS, Prop. 3.3., p. 53]).

Suppose that E is a linear subspace of Sp(0, 00), which is a Banach space
with respect to the norm ||-||5. Then E will be called a rearrangement
invariant Banach function space if

feE,geS(0,00) and ¢g* < f* imply that g€ E and |g|lp < ||fllg

(see e.g., [KPS]). If E is such a rearrangement invariant space on (0, 00),
we always have the continuous embeddings

L' N L*®(0,00) € E C (L' + L*)(0,00).
Here the spaces L' N L and L' 4+ L™ are equipped with the norms

Il zinpe = max{llflly s 1F s
1flpyree = mf{llgly + 1Al : f =9+ h
g € LY0,00), h € L°(0,00)},
respectively.

Given f, g € So(0,00), we say that g is submajorized by f (in the sense
of Hardy-Littlewood-Polya) if

/ ds</f ds forall t >0,

which is denoted by g < f.

Using this submajorization relation the exact (I, L°)-interpolation spaces
can be characterized. In fact, it is a result of A.P. Calderon (e.g., see [BS,
Theorem 2.12]) that a Banach space (E, || ||g), with E C (L' + L*)(0, 00),
is an exact (L', L®)-interpolation space if and only if,

feE geSy(0,00) and g < f imply that g € E and ||gllz < ||fll5-
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In particular, such interpolation spaces are rearrangement invariant Ba-
nach function spaces. Although some of the results in this paper hold for
more general rearrangement invariant spaces, we will assume that the spaces
we consider are exact (L!, L°)-interpolation spaces. This class includes
many of the classical function spaces (e.g., LP-spaces, Orlicz spaces, Lorenz
spaces, Marcinkiewiecz spaces).

If E is a rearrangement invariant Banach function space on (0, 00) which
is monotone complete (i.e.,0 < f, € E, fi, < fug1 a.e., sup || fullp < o0

n

implies that there exists 0 < f € E such that f, 1 f a.e. and |f|p =
sup || full ), then E is an exact (L', L>)-interpolation space (see e.g., [BS,
n

Theorem 2.2, p. 106]).

Similarly, any rearrangement invariant Banach function space with order
continuous norm is an exact (L', L°°)-interpolation space.

Since every interpolation space can be renormed in such a way that it
becomes an exact interpolation space (see [BS]), in the following we will
assume that the interpolation space is exact, throughout the paper.

For s > 0 the dilation operator Dy, acting on measurable functions f on
(0,00), is defined by

D,f(t) = f(t/s), t > 0.

Clearly, the operators D, are bounded on any (L', L®)-interpolation
space E and satisfy ||Ds||p < max(1,s) for all s > 0. Note that (D, f)* =
Dgf* for all s > 0 and all f € E, so in particular ||D,f||, is an increasing
function of s.

For such a space F the upper and lower Boyd indices are defined by
_ . log||Ds _ o log 1D
ap = lim ———, ap = lim ———

s—oo logs 510 logs

respectively, and satisfy 0 < ap < @g < 1 (see e.g., [BS], [KPS]). By
way of example, if £ = LP N L%(0,00), 1 < p < ¢ < o0, (equipped with

the norm |||, = max (|f],, Ilf],)), then ag = 1/¢, @5 = 1/p.
In Section 4 we will use the following result.

Lemma 1.1. Let E be an (L', L*)-interpolation space on (0,00) and p a
(positive) Borel measure on (0,00).

Suppose that f € E satisfies [;° || Dsf| g du(s) < oo.

Then fooo D, f(x)du(s) is absolutely convergent for almost all x > 0,

| DusCdus)| < [T 1Dl duts)
0 E 0

In particular, if [J°||Ds| 5 du(s) < oo, then

T.f(z) = /000 Dsf(z)du(s), a.e. x € (0,00),

/Ooo D,f(-)du(s) € E and




BLACK-SCHOLES EQUATION AND INTERPOLATION 5
defines a bounded linear operator in E satisfying
0
Tl < [ 1Dl dus).

Proof. The proof is divided in two parts.

1. Suppose that f € (L' + L*)(0,00) is such that [ D,f*(-)du(s) €
(L' 4+ L*)(0,00). We claim that [;~ Dsf(x)du(s) is absolutely convergent
for a.e. x € (0,00), and that

/Dfdu «/Df )dpu(s).

Indeed, for any measurable set A C (0,00) with m(A4) < oo we have

A/ (/OOO \Dsf(x)\du(s)> dr = /Ooo </A Dsf(m)dx> dp(s) <
/000 (/Om(A> Dsf*(x)dx> dp(s) :/Om(A) (/OOO|D5f*(x)|du(s)> e < oo,

This shows in particular that [° | Dy f(x)|du(s) < oo for a.e. 2 € (0,00).

Moreover,
[ ([T 10250000 e
—sp{ [ ([ 1Ds@duto) do + i) < of
< /Ot </O°o Dsf*(x)du(s)> de forall >0,

and since | [~ Dy f(x)du(s)] < [3° |Dsf(2)|du(s) the claim follows.

2. Now assume that f € E is such that [} ||Dsf||edu(s) < oco. Since
IDsflle = ||Dsf*|| 2, it follows from [KPS, IL4.7] that [ D, f*(-)du(s) €

FE and
/ Dot ()dpu(s)
0 FE

From 1. above it follows that [; D f(z)du(s) is absolutely convergent
for a.e. z € (0,00), and

/Dfdu «/Df )dpu(s).

< /0 1D £l dia(s).
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Since F is an exact (L', L*)-interpolation space, this implies that
I Dsf(-)du(s) € E and

/ Df(auts)| < /0 |Duf Il Daf |5 dia(s):

Finally it should be observed that the function [ Dy f(-)dpu(s) does not
depend (modulo Lebesgue null sets) on the choice of the representative f.
O

Next we recall some notions and results concerning resolvent positive
operators which will be needed later. Let E be a Banach lattice. An operator
A on F is called resolvent positive if there exists a number )y € R such
that (g, 00) C 0(A) and R(A, A) > 0 for all A > \g. Denote by

s(A) =sup{ReX: A€ o(A)}
the spectral bound of A. It is known that
s(A) =inf{A e RNp(A) : R(A\,A) > 0}
and that, s(A) € o(A) if s(4) > —oo. Moreover, one hat

(1.1) 0 < R(u,A) < RN A)if p>X>s(A)
and
(1.2) [R(\, A)z| < R(Re A, A)lz]

forall z € E, Re A\ > s(A). We say that A generates an integrated

semigroup, if there exists a stronlgy continuous increasing function S :
[0,00) — L(E) satisfying S(0) = 0 such that

(1.3) R\ A) = /0 TeMas@) (A> o)

(as an improper strongly defined Riemann-Stieltjes integral) for some \g >
o(A). In that case S is called the integrated semigroup generated by
A, and it is known that (1.3) converges whenever Re A > s(A). Moreover,

(1.4) R(M\A) = /\/ e MS(t) dt (Re A > max{s(A),0}).
0
We need the following lemma.

Lemma 1.2. Assume that S is bounded. Then s(A) < 0.

Proof. Tt follows from [A2] Proposition 6.1 that s(A) < 0. Now (1.4) implies

that ||[R(A\, A)|] < M = sup||S(t)|| for A > 0. This implies that 0 € o(A)
>0

and R(0,A) = 1}}1{18 R(A,A) > 0. Then for small ;1 < 0

o0

R(u, A) =Y (—p)"R(0, A)"*" > 0.
n=0
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This implies that s(A) < 0. O

It is known that a resolvent positive operator generates a once integrated
semigroup if D(A) is dense or E has order continuous norm. We refer to
[A2] for this and further information. Without any further assumption, it
is known ([A3, Corollary 4.5]) that every resolvent positive operator A gen-
erates a twice integrated semigroup Ss; i.e., Sz : [0,00) — L(E) is strongly
continuous increasing function such that

R(M\A) = /000 N MGy (t) dt (Re A > max{s(A),0}).

Of course, if A generates a Cp- semlgroup, then S(t fo ) ds is the

once-integrated semigroup and Ss (¢ fo Jo T(r)dr ds the twice 1ntegrated
semigroup generated by A.

2. The Cesaro operator in spaces with order continuous norm.

In this section we will show that the theory of strongly continuous positive
semigroups provides on efficient framework to compute the spectrum of the
Cesaro operator in certain rearrangement invariant Banach function spaces.
Let E be an (L', L°°) interpolation space on (0,00). Fort € R and f € E
let T(t)f(z) = f(e tz) for a.e. € (0,00). This defines a bounded linear
operator T'(t) on E satisfying || T(t)|z < max(1,e'), and T = {T(t)}ier
is a group. The growth bounds of this group are

I T(t 1 D
t—00 t s—oo  logs
I T(—t 1 D
S ) P 3 1 R
t—00 t 510 logs

Now assume in addition that E has order continuous norm. Using that
stepfunctions on bounded intervals are dense in FE, it follows immediately
that 7g is a strongly continous group. Let Ag be the generator of 7g. The
spectral bounds of Ag are defined by

sT(Ag) =sup{Re\ : A€ 0(Ag)},

s (Ag) =sup{Re\ : A€ o(—Ag)} = s7(— Ap).
Then — wy (7g) < —s (Ag) < s7(Ag) < wy(Ag), and
o(Ap) C{NeC: —s (Ag) < ReA < sT(Ag)}.

Theorem 2.1. Let E be a rearrangement invariant Banach function space
n (0, 00) with order continuous norm. Then

U(AE) = {)\G(C tap < Re ) < aE}.
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Proof. The proof is divided in three steps:

1. First we show that o(Ag) is invariant under purely imaginary trans-
lations. To this end, for 7 € R we define the isometry M, : E — E by
M, f(z) = 27 f(z) for a.e. © € (0,00) and all f € E. Then M- 'T(t)M, =
e " (t) for all t,7 € R, and so M. 'AgM, = Ap — it for all 7 € R.

Hence 0(Ag) = o(M-tApM,) = o(Ag) — it for all T € R.

2. Next we will show that oc(Ag) NR = [—s (4g), sT(Ag)]. It is
clear that o(Ag) NR C [—s (Ag), sT(Ag)]. Moreover, since 7g consists
of positive operators, sT(Ag), —s (Ag) € o(Ag) (see e.g., [N], C - III,
Theorem 1.1). Take p € p(Ag) NR. We claim that either 4 > st (Ag) or
u < —s (Ag). Indeed, defining

I, = {feE:RuAg)|f| 2 0} and
Ju = {fe€E: R Ap)lf] < 0},

it follows from the Theorem on p. 43 in [G] that I,, and J, are Tg—invariant
bands satisfying £ = I, ® J,. Since any band in E is of the form {f €
E : f = 0 a.e. on B} for some measurable subset B C (0,00), it is easy
to see that the only Tgp—invariant bands are ' and {0}. Hence I, = E or
Ju = E. Suppose that I, = E. From the definition of I, it then follows
that R(u, Ag) > 0, which implies that u > sT(Ag) (see [N, C - III,
Theorem 1.1.]). If J, = E, a similar argument shows that y < — s (Ag),
by which the claim is proved.

3. Finally we show that s*(Ag) = ap and s (Ag) = —ap. Take
A > sT(Ag). Then (see e.g., [N, C - III, Theorem 1.2.])

R\ Ap)f = /0 h e MT(t)fdt forall fekE.

Fix f € E. Observe that (T(t)f)* = T(¢)f* and that the function
t — T(t)f* is increasing for t > 0. Hence
—Xt

RO\ Ap) f* = /0 T M) £ ds > /t T () ds > ST

for all ¢ > 0 (note that A > sT(Ag) > —wy (7)) = ap > 0). This implies
that

IT@)flp < XM RO AR)f g < A RO AR [1fle

for all t > 0. This shows that wj (7g) < A, and consequently wy (7Tg) <
st(Ag). Hence wi (7g) = st(Ag), ie, ag = sT(Ag). Via a similar
argument it follows that s~ (Ag) = — ap. Combining the results of (1), (2)
and (3) we see that

0(Ag) = { € C: ap < ReX < ag}.
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Recall that the Cesaro operator C on (0,00) is given by

Cf(z) = 1/0mf(u)du, 2 >0,

T

defined for functions f on (0, co) which are integrable on (0, x) for all z > 0.
If E is a rearrangement invariant Banach function space on (0, co) such that
Cf € E for all f € E, we denote the induced operator in £ by Cg. Then
Cg is a positive, and so a bounded operator on E.

Corollary 2.2. Let E be a rearrangement invariant Banach function space
on (0, 00) with order continuous norm. Then the Cesaro operator is bounded
on E if and only if ag < 1. In that case the spectrum o(Cg) of Cg is given
by

o(Ci) = {Ae@:l—aEgRe (i) < l—aE}U{O}.

Proof. Assume that @g < 1. Then s(Ag) < 1 by Theorem 2.1. Moreover,
we have

(1, Apf @ = ([T T0f @) @

- /Ooo e tf(etr) dt = i/:f(u)du

for almost all x € F and all f € E.
Conversely, assume that the Cesaro operator is bounded on F. Consider
the operators S(t) = fg e 5T(s) ds. Then

SONE) =5 [ e < (Conia) ae.

Hence ||S(®)|| < |CE|l (t > 0). This implies that s(Ag) < 1 by Lemma 1.2.
Now assume that @y < 1. Then Crp = R(1,Ag). From the spectral
mapping theorem for resolvents and Theorem 2.1. it follows that

o(Cr) = {1_1z:zefr<AE>}u{0}

= {Ae@:l—aEgRe C\) < 1—aE}U{O}.

Remark 2.3. 1. For E = LP(0,00), 1 < p < oo, the result of the above
corollary was obtained by D.W. Boyd in [Bo]. In the same paper the result
of the above corollary is announced but, as fas as we know, a proof was
never published.
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2. For a large class of rearrangement invariant Banach function spaces
E on (0,00) it is well-known that boundedness of Cg is equivalent with
ap < 1. For spaces E with the Fatou property, this result is originally
due to D.W. Boyd [Bo|. Proofs can also be found in e.g., [BS]. In a
later section of the present paper we will discuss this equivalence for general
(L', L>)-interpolation spaces.

3. In [A4] the semigroup Tr has been used on E = LP(0,00) to
produce an example of p-dependent spectrum. It is remarkable that on
LP N L9(1,00) , p # q, the type of the semigroup is strictly larger than the
spectral bound [A5].

4. In the proof of Theorem 2.1 it was not necessary to compute the
explicit form of the generator Ag of 7. However, it is not difficult to show
that this generator is given by Agf(z) = —azf'(z), a.e. x € (0,00), with
domain

D(Ag) = {f € E : f € ACipc(0,00) and zf'(x) € E}.
We leave the details to the reader.

Crucial in the above approach is the strong continuity of the group 7z. As
we have seen, if F has order continuous norm, then 7% is strongly continuous.
We will show next that strong continuity of 7z implies that F has order
continuous norm. In the theorem which follows we need not assume that
E is an (L', L°)-interpolation space. In fact, if F is any rearrangement
invariant Banach function space on (0,00), then 7f is a group of bounded
linear operators in E with [|T(t)|| < max(1,e?) for all + € R (this follows
from [KPS, Section II, 4.3]).

Theorem 2.4. Let E be a rearrangement invariant Banach function space
on (0,00). The group Tg is strongly continuous if and only if E has order
continuous norm.

In the proof of this theorem we will use a criterion for order continuity
of the norm which is implicit in [KPS, (Section II, 4.5)]. For the sake of
convenience we will state this criterion in the next lemma and provide the
proof.

Lemma 2.5. Let E be a rearrangement invariant Banach function space
on (0,00). Then E has order continuous norm if and only if

(i) Hf*x(o,%) ‘E — 0 (n—o0) foral fe€EF;
(ii) Hf*x“‘m)HE —0 (n — o0) forall feE.

Proof. 1t is clear that order continuity of the norm implies (i) and (ii).
Now assume that E satisfies (i) and (ii). First observe that (ii) implies that
f5(t) — 0ast — oo forall f € E, i.e., that m{z € (0,00) : [f(x)] > A\} <
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oo for all A > 0 and all f € E. Now suppose that f, € E (n = 1,2,...)
such that f, | 0 a.e.. Let € > 0 be given. By (i), (ii) there exists N € N such
that ‘fikX(O,l/N) p < ¢ and ’
it follows that f(1/N) | 0 as n — oo. Hence there exists ng € N such that
fH(1/N) < e for all n > ng. For n > ng we have

* .
fi X (N.00) . < e. From the above observation

Il = 15205 < ||fixom |, + [#xam], + [Fxoell,
= Hfl*X(OJ/N)HE + EHX[UN,N]HE + ‘fikX(N,oo)HE
< 2 CH ‘ < (2 + O,
< 2240 |Xuwm|| 1, o = 2+ C)e

where C' > 0 is the embedding constant of E into (L' + L>)(0,00). This
shows that || fn||z | 0 (n — o00), and we may conclude that E has order
continuous norm. g

Proof of Theorem 2.4. As observed already above, if F has order continuous
norm, then 7g is strongly continuous. Now assume that 7g is strongly
continuous. Fix f € E and define g(s) = f*(s—1) for s > 1 and g(s) = 0
for 0 < s < 1. Then ¢* = f* so g € E. Since T(t)g(s) = 0 for
0 < s < ¢, it follows that [T(t)g — g| > gx(,e for all £ > 0, and
SO HQX(Let]HE < ||[T(t)g — gl|p for all t > 0. Hence HgX(Let]HE — 0 as
t 1 0. Now (gx(1,e)" = ["X(0,et—1) implies that Hf*X(O’et_l}HE — 0 as
t | 0, which shows that Hf*X(O,l/n)HE — 0 (n — oo). It remains to show
that Hf*x(n’oo)HE — 0 (n — o00). Define ng = 0 and ny = 3(ng—1 + 1) for
k=1,2,..., and let

fls+k—mnp—1) if np <s<nmp+1,k=12...
h(s) = .
0 otherwise.

Then h* = f* so f € E. Now let ¢ > 0 be given. By the strong
continuity of 7g, there exists 0 < tg < 1 such that ||[T(—to)h — h||p < €.
Take ko such that e™® < ny (ng +1)7! for all & > ky. Now observe

o0
that h is supported on the set |J (nk, ng + 1] and T'(—tp)h is supported
k=1

o0
on |J (e7"ny, e~ (ng + 1)]. Since, by the definition of the njs and by the
k=1

choice of ko , np_1 +1 < e np < e to(n, +1) < ny for all k > ky, it
follows that hX(nkO,OO) and T'(— tO)X(nkO,oo) are disjointly supported. Hence,

(T(=to)h = bl = [T(=t0)h = hlX(ngy ) = WX 0
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which implies that Hhx( < e. Now

”kO’OO)HE
(hX(ny00))" = FX(ko—100)+ 50 [[F* X(ko—1,00) |y < &

This shows that Hf*x(nm)HE — 0 (n — o0). Via Lemma 2.5 it now
follows that E has order continuous norm. O

The above theorem shows in particular that it is not possible to compute
the spectrum of the Cesaro operator using the theory of strongly continuous
(semi)groups, as in the proof of Theorem 2.1, if the space E does not have
order continuous norm. This is one of the motivations for the investigations
in the next section. In particular we will need an appropriate substitute for
the spectral decomposition theorem for generators of strongly continuous
groups of G. Greiner [G].

3. Spectral decomposition.

Througout this section we assume that A is an operator on a complex Banach
lattice ' such that +A is resolvent positive (we say that A is resolvent
bipositive). Then we know from the proof of [N, C-III Corollary 1.6] that
o(A) # ). Denote by

s(A) =sup{Re A: A€ o(A)}

the spectral bound of A. Then we know that

(3.1) og(A)c{ e C:—s(—A) < Re A<s(A)};
(3.2) s(A),—s(—A) € a(A4);

(3.3) R(AA) > 0if X > s(A);

(3.4) R(M\A) <0if A< —s(—A).

Definition 3.1. Let p € (—s(—A), s(A)). We say that A allows a spec-
tral decomposition with respect to p if there exists a band decompo-
sition F = E; & Es such that R(\, A)E; = E; (1 =1,2) for all XA € p(A)
and such that the part A; of A in E; satisfies

o(A1)={N€o(A): ReX < pu},

o(A2) ={N€co(A): ReX > u}.
In particular, in that case +A; is resolvent positive and s(A4;) < p and
—s(—Az) > p.

The main result of this section is the following:

Theorem 3.2. Let p € (—s(—A), s(A))No(A). Then A allows a spectral

decomposition with respect to p if one of the following two conditions is
satisfied.
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(a) The operator A satisfies
(Ku) x € D(A) implies [z| € D(A) and |(u — A)lz| | < |(n — A)z;
(b) The domain D(A) is dense.

The condition (K,) is a weak form of Kato’s equality which we will discuss
later.

For the proof we can assume that g = 0 which we will do in the following.
It is known that for A € p(A) R one has R(\, A) > 0 if and only if A > s(A)
(see [N, C-IIT Theorem 1.1]). In view of this, following Greiner’s idea [N,
C-IIT Theorem 4.8], we set

Ei,={x € E:R(0,A)|z| > 0};
Ey={x € E:R(0,A)|z| <O0}.

Lemma 3.3. a) Fj and Es are closed ideals in E.
b) The operator A allows a spectral decomposition with respect to 0 when-
ever By + Ey = E.

Remark 3.4. Lemma 3.3 a) is true without additional hypotheses. Condi-
tions (a), (b) of Theorem 3.2 are used to show that £ = E; + E5. Our point
is to replace in Greiner’s argument the semigroup (which does not need to
exist here, see Example 3.13) by the twice integrated semigroup. Moreover,
we simplify the argument using the following description of the abscissa of
the Laplace transform (see [ANS, Proposition 1.1] or [HP, Sec. 6.2] for a
proof).

Lemma 3.5. Let X be a Banach space and f :[0,00) — X be continuous.
Then abs (f) <0 (i.e., f(N) == tlim fg e M f(s)ds exists whenever Re \ >

0) if and only if
t
/ f(s) ds
0

Proof of Lemma 3.3. Let S be the twice integrated semigroup generated by
A; that is, S : [0,00) — L(FE) is strongly continuous and there exists w > 0
such that (w,00) C o(A), sup|le”“tS(t)| < oo and,

>0

sup e~ !

t>0

< o0, forall w>0.

R\ A)x = )\2/ e MS(t)x dt (Rel>w, x € E).
0

Then S(t) > 0 and S(t)R(A\, A) = R(\, A)S(t) for all A € o(A), t > 0 and
for all x € F,
2

(3.5) /0 S(s)x ds € D(A) and A/o S(s)xr ds = S(t)r — 2%
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See Section 1 and [A3] for these notions and results. We claim that for
reF,

(3.6) xz € Ey if and only if abs (S(-)|z]) <0.
In fact, if z € Ey, then by (3.5) (since 0 € p(A)),
¢ 2
| sl ds = SR - SORO. A
0

2
< %R(O,A)]:d (t > 0).

Hence abs (S(-)|x|) < 0 by Lemma 3.5. Conversely, assume abs (S(-)|z|) < 0.
Then r(\) = A [ e S(t)|z| dt (Re A > 0) is holomorphic and for
A > wone has r(\) = R(\, A)|z|, or equivalently, AA~1r(\) —7()\) = A~ Yz|.
This remains true for Re A > 0 by the uniqueness of holomorphic extensions.
Hence R(A, A)|z| = r(A\) > 0 for A € (0,¢) where € > 0 such that (0,¢) C
0(A). This implies R(0, A)|z| > 0.

a) It follows from (3.6) and Lemma 3.5 that E; is an ideal. Closedness
follows from the definition. Replacing A by —A we see that also Fy = {z :
R(0,—A)|xz| > 0} is a closed ideal.

b) It is clear that 3 N Ey = {0}. Now assume that F; + F5 = E. Then
FE4 and Es are projection bands.

Let Ao > s(A). Since R(M\g,A) > 0 and R(X\o, A)S(t) = S(t)R(No, A)
it follows from (3.6) and Lemma 3.5 that R(\o, A)E; C E; (1 =1,2).
Hence R(\g, A)P; = PyR()\o, A) where P; denotes the band projection onto
E,. It follows easily that x € D(A) implies Pix € D(A) and APz = P, Ax;
and this in turn implies R(A\, A)P; = PiR(\, A) for all A € p(A). Thus
R\ A)E; C E; (:1=1,2) for all A € p(A). Hence p(A) = 0(A1) N o(A2).
Finally, by the first part of the proof, Q(\)x = \? fooo e MS(t)x dt exists for
all z € By and Re A > 0. Thus Q(\) € L(E1), A7'Q(\) = Q(A\)A~! and
AMTIQN)z—Q(N)x = A~z if Re A > w and so for Re A > 0 by holomorphy.
This implies that A € o(A4;) and Q(\) = (A — A1)~ if Re A > 0. Similarly,
{A:Re)X <0} C p(Ag). O

Lemma 3.6. If (Ky) holds, then E = Ey + Es.

Proof. Let 0 < x € F and y = R(0, A)x. Then |y| € D(A) and |Aly| | <
|Ay| = z. Thus z1 := 4(z — Aly|) > 0 and 25 := (2 + Aly|) > 0. Moreover,
R(0, Az = 3(R(0,A)z + |y)) = 3(y + [y)) = y* > 0. Thus y € E.
Similarly, R(0, A)xe = —y~ < 0 so that zo € Ey. Clearly, z = x1 + 2. We
have shown that £y C F14 + Ea. This implies the claim. (]

Now we prove Theorem 3.2. Under the hypothesis (a), the proof is com-
plete. Case (b) follows from the following lemma.
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Lemma 3.7. Assume that D(A) is dense. Then E = Ey + Es.
Proof. We can assume that F is a real Banach lattice.

a) Let x € D(A3), o = sign q(x) € L(E") where ¢ : E — E" is the
canonical embedding. We show that

(3.7) (oAz, ) = (jz|, A'¢) (¢ € D(A7)).

In fact, it follows from the resolvent equation that R(A, A) is decreasing
on (s(A),o00). Consequently, AR\, A)y = R(\, A)Ay + y is bounded on
[s(A)+1,00) and so R(A\, A)y — 0 (A — o0) for y € D(A). This implies
that AR(\,A)y —y (A — o0) if y € D(A?). Finally,

MR Ay — Ay = AR\ A)Ay — Ay (A — )
if y € D(A3). For the same reason,
MNRMNA o—dp—Ap (A= 0)
if ¢ € D(A"). Consequently, if 0 < ¢ € D(A), then
(cAzx,p) = )\11_)1210(0()\2R()\,A)x —Ax), @)
= )\li_)rgo(a()ﬁR()\,A)x) — Az|, ¢)
< limsup (NR(X, A)lz| = Alz], )

A—00

= limsup (=], N>R(\, A)'¢ — \p)

A—00
= (lz], A'p).
Replacing A by —A gives (3.7) for 0 < ¢ € D(A"®). Let pp > s(A). Since
D(A"®) = R(po, A)®E' = D(A®)N E', — D(A”®) N E', we obtain (3.7) for all
¢ € D(A®).
b) Next we assume that u = 0 € o(A) as before. Given y € D(A?), we
show that there exists 2" € E” such that |2”| < |y| and

(3.8) IR(0, A)y| = R(0, A)"2""

In fact, let x = R(0, A)y, o = sign q(x), 2" = oy. Let ¢ € D(A?), ¢ =
R(0, A)'1p. Then by (3.7),
(RO, AY'", 9y = (", R0, AY9)
= (&, 9) = —(0Az, ) = (x|, A'p)
= (lzl, ¥).
Since D(A"?) = (R(0, A)')2E’ separates points, (3.8) follows.
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c) Let y € D(A?%),. Then (R(0, A)y)* € E;. In fact,

(R(0,A)y)" = 1/2(|R(0, A)y| + R(0, A)y)
= 1/2(R(0,A)"2" + R(0, A)y)
= R(O’A)”ylll

where y{ = 1/2(y + 2”) > 0. It follows from (3.5) that

( ) =t2/2 R(0,A)" — S(t)"R(0, A)".
Hence
</0 S(s) ds> Y = t2/2 R(0,A)"y! — S(t)"R(0, A)"y}
= 2/2 (R(0, A)y)* — S(t)(R(0, A)y)*
< /2 (R(0,A)y)".
Hence

A)y)* ds

_ ‘ /0 S(s)R(0, AY' ol ds
< /2 [|R(0, A [I(R(0, A)y) ™.

Thus abs (S(-)(R(0,A)y)*) <0 by Lemma 3.5.
It follows from (3 6) that (R(0,A)y)" € F.

d) Let y € D(A?),. Then, applying c) to (—A) we have
(R(O7A)y>7 = (R(07 _A)y>+ € E2~

Thus R(0, A)y = (R(0, A)y)* — (R(0,A)y)~ € Ey + E>.

Since for > s(A), D(A?) = R(u, A)?E = R(u, A)?E+ — R(u, A)?E, one
has D(A?) = D(A?), — D(A?),. Thus D(A3) = R(0,A)D(A?) C E; + E».
Consequently, E = D(A3) C E; + E2 = Ey + E», the sum of closed ideals
being closed [S, II1.1.2]. O

Let T € L(E). A band B of E is called reducing for T if TB C B and
TB?* ¢ B? (equivalently, T commutes with the band projection onto B).

Corollary 3.8. Let A be an operator on E such that

(a) £A is resolvent positive;

(b) R(X\, A) has no nontrivial reducing band for some (equivalently all)
A€ o(A).

(c) D(A) is dense or A satisfies (K,,) for all p € R.

Then o(A) NR = [—-s(—A), s(A)].
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Next we give several comments concerning the inequality (K,). Greiner
[G] (see also [N, C-IIT Section 4]) uses Kato’s equality

(K) Alz| = Re ((sign 7)Ax)
in his proof of the decomposition theorem. It holds for all z € D(A) if A is
the generator of a positive Cy-group on a o-order complete Banach lattice.
In particular, D(A) is a sublattice of E. Here, for x € E, T = Re x —ilmx
denotes the complex conjugate of z. Moreover, for x € E, the operator
sign Z € L(F) is uniquely determined by the properties
(sign T)z = ||
(sign Z)y| < |y[  (y € E)
(sign Z)y =0 if y L x.
It is clear that A — u satisfies (K) for all 4 € R if A satisfies (K). Thus
condition (K) implies condition (kK,) for all u € R.
However, the converse is not true. In fact, in the following proposition we
show that the adjoint A’ of the generator A of a positive Cy-group always

satisfies (K,,) for all u € R. However, we show by an example that (K) may
be violated.

Proposition 3.9. Let B be the generator of a positive Co-group T on a
Banach lattice F' and let A= B' on E = F'. Then A satisfies (K,) for all
ueR.

Proof. We can assume p = 0. Recall that D(B’) = Fav (B') = {¢ € F' :
limsup, o 1/t|T(t)'¢ — ¢ < oo}, see [EN, Chapter 11.5.19] or [CH]. Let
peD(B). Let0<z€FE,1>t>0. Then

(IT(t)' o — |, ) = ﬂlp (T(t) e — ¢, y)l
y|<z

= sup
ly|<z

< /Ot (|B'o|, T(s)z) ds.

A (B'p, T(s)y) ds

It follows that

<1(T(t)’!<p\—\so!), x> = <1<\T(t)'¢y_|¢\), $>

< (}rere-ol o)
< 1 [ 4B zm) as
<

|B'¢|| sup [|T(s)z].
0<t<1
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Thus, |¢| € Fav (B’) = D(B’). Moreover,

1
B/ = 1 — T t / _
(Bl , x) #f&%t< ®)lel = [l 5 x)
t
< lim - B T d
< lms ) (IB'¢| , T(s)z) ds
< (|B'¢l, ).
Hence B'|p| < |B'¢p|. O

Remark 3.10. It follows from Proposition 3.9 that Theorem 3.2 also holds
if A is the adjoint of a generator B of a positive Cy-group. But of course,
this can be directly seen by applying Theorem 3.2 to B.

Next we show that in the situation of Proposition 3.7 it can happen that
|B'lp| | # |B'¢| for some ¢ € D(B’); in particular, B’ does not satisfy (K)
in general.

Example 3.11. Consider in the space F = Cy(R), equipped with the sup-
norm, the Cy-group (7'(t))icr given by T'(t)f(z) = f(xz +t) for all z,¢ € R.
The generator B of this group is given by Bf = f' with D(B) = {f €
Ci(R) : f' € Co(R)}. Identifying the dual space Co(R)" with the space
M, (R) of all bounded Borel measures on R, it is easy to see that D(B') =
{n € My(R) : D € Mp(R)} and B'py = —Dy for all p € D(B’), where
Dy denotes the distributional derivate of the measure p. As is well-known,
every u € D(B’) is absolutely continuous with respect to Lebesgue measure
and is of the form p = fdr with f € L*(R) N BV(R). Moreover, for such
measures i we have Dy = df (where df denotes the Borel measure induced
by f). Now take f = —1(_10 + L1 and p = fdx. Then p € D(B’)
and B’y = —Dp = §_1 — 209 + 01, hence |B'p| = 6_1 + 259 + 61 (here 9,
denotes the Dirac measure at the point p). Since |u| = |f|dx, it follows that
B'|u| = =D|u| = —6-1 + 61, hence |B'|u|| = d—1 + §1. This shows that
|B'|u|| # |B'ul, so B" does not satisfy the Kato equality.

Remark 3.12. a) In Example 3.11 one has D(B’) = L*(R), and the part
A of B" in L'(R) generates a positive Cp-group (given by the right shift).
Thus the part of B’ in D(B’) does satisty (K).

b) More generally, D(A) is a band if A is a resolvent positive operator on
a K B-space ([AB, Appendice]).

We conclude giving an example where +A is resolvent positive, F is a
reflexive Banach lattice, but neither A nor —A generate Cy-semigroups.

Example 3.13. a) Let (F,|| |[r) be a Banach function space on (0,00)
corresponding to the function norm || ||r given by

1 le = 11f e ©,00) + [1f I a(1,00)
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where 1 < p < ¢ < oo. Then (T(t)f)(z) = f(e'w) defines a lattice
Co-semigroup on F. Let B be its generator. Then o(B) ={A € C: Re A =
—2}and R(A, B) >0 for A > —%, R(\, B) <0 for A < —1. But —B is not
generator of a Cy-semigroup.

b) Taking £ = FOF and A = B® (—B) one obtains the desired example.

Proof of a). Let G = LP(0,00). Then (U(t)f)(x) = f(e'x) defines a positive
Co-group on G. Let A be its generator. Then o(A) ={A € C: Re A = —%
and (R(\, A) f)(z) = [0 e M f(elx) dt =z [7 f(s)s™ ! ds for A > —%.
One has U(t)F C F and T(t) = U(t)|r (t > 0). Thus B is the part
of Ain F.
Observe that R(A\,A)G C F (A > —}%). In fact, let 0 < f € G, g(z) =

(RN, A)f)(z) = 22 [ f(s)s™ =1 ds. Then

gu>ngﬂu</‘s“**www)psCmmt'um-fi

for x > 1 (where ]%+ z% = 1). Thus g 1(1,6) € L*>(1,00) N LP(1,00) C
L9(1, 00).
It follows that (—%, o0) C o(B) and R(\, B) = R(A\, A)p >0 (A > —%).
Since, for A > —%, D(A) = R(\, A)G C F, we have R(\, A)G C F for all
A € o(A). Thus, for A < =1 X € o(B) and R(\, B) = R(\, A) | < 0.

p
Assume that —B generates a Cp-semigroup (T'(—t))¢>0. Then T'(¢)f =

lim (I+ %B)*" fin F for all f € F. Since F' is continuously embedded into
n—oo

G, it follows that T'(t) = U(—t).
However, U(—t)F ¢ F, t > 0, which is a contradiction. In fact, let
—% <a< —% and f(z) = (1 —2)*11)(x). Then

00 1 1 1
fxpd:c:/ 1—:E°‘pd:v:/y°‘pdy: < 00.
| i@ de= [a-a) 0 —
Thus f € F. However, for t >0, U(—t)f & Li(1,00). In fact,
1

0081 = [ Fle ) do= (1=t dy e

e—t

1—et
= / Yy dy €' = o
0

since g + 1 < 0. O

In Section 4 a whole class of operators A is given for which +A is resolvent
positive but D(A) is not dense. The preceding example has the additional
remarkable property that the semigroup operators T'(¢) which always exist
as operators from D(A?) into E are not bounded on E. Recall, that A
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generates a twice integrated semigroup S and T'(t)z = %S (t)z exists for
all z € D(A?).

4. The Cesaro operator on arbitrary interpolation spaces.

In this section we shall illustrate how the theory developed in the previous
section can be used to obtain results analogous to the ones in Section 2, but
now for a much larger class of function spaces.

Let E be an exact (L', L°)-interpolation space on (0, 0c0). As in Section 2
we denote by 7p = {T'(t)}icr the group defined by T'(t)f(z) = f(e 'z).
Since we do not assume that E has order continuous norm, the group 7p
need not be strongly continuous (see Theorem 2.4). For ¢ > 0 define

S+(t)f(x):/T(s)f(x) ds:/f(e_sa:) ds, x>0, feFE.
0 0

Using that F is an (L', L>)-interpolation space, it follows that S, (¢) is a
bounded linear operator in E and || Sy (¢)||g < e’ —1 for all t > 0. Moreover,
1S4 (t+h) — S; (t)|| g < hett! for all t,h > 0. Similarly, if we define

S_(t)f(a;):/T(—s)f(a;) ds:/f(esx) ds, x>0, feE,
0 0

then [|S_(t)|lg < max(1 — e 4 t) and ||S_(t + h) — S_(t)|g < he™! for
all t,h > 0. We show next that {Si(¢)}>0 and {S_(¢)}+>0 are actually
integrated semigroups in E. To this end, for A € C with Re A > 1 define

x

RO\ f(z) = x)‘/u)‘lf(u)du, >0, fEE.
0
Via interpolation, R()\) is a bounded linear operator in E and

(4.1) IRO)|s < (ReA— 1)1,
Similarly, for Re A < 0 we define

[e.e]

R\ f(x) = —a:_’\/u’\_lf(u)du, x>0, fEEFE,

T

then
(4.2) IR < (=Re N~

Now it is not difficult to verify that R(\) = R(\, Ag) on {Re\ > 1} U
{Re X < 0}, where Ap : D(Ag) — FE is given by

D(Ag)={f € E: f € AC\,c(0,0), xf'(z) € E}, Apf(x) = —zf'(v).
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Moreover, integration by parts shows that

R\, Ap)f = /\/e)‘tSJr(t)fdt, Rel>1, feFE
0
and
R\, —Ap)f = )\/e’\tS_(t)fdt, ReA >0, feF.
0

Hence, {S+(t)}+>0 and {S_(t)}+>0 are the integrated semigroups generated
by Ap and —Apg respectively. In particular, = Ap are resolvent positive.

Remark 4.1. From the estimates (4.1) and (4.2) on R(\, Ag) above, it
follows that the part of Ag in D(Ag) generates a strongly continuous group
(cf. [A1, Corollary 4.2]). It is easy to see that this group is the restriction of
Tr to D(Ag). This implies that D(Ag) ={f € E: %E% () f — fllg =0}.
In combination with Theorem 2.4, this shows that D(Ag) is dense if and
only if £/ has order continuous norm.

Theorem 4.2. Let E and Ag be as above. Then

0(Ag) ={ e C:ap < ReX <ag},
where ap, and @g denote the lower- and upper-Boyd indices of E.
Proof. We divide the proof in five steps.

(1) As before, we denote st (Ag) = sup{Re\: X\ € 0(Ag)} and s~ (Ag) =
st (—Ag). Then o(Ag) C{A € C: —s (Ag) < ReX < s7(Ag)}. Moreover,
st (Ag), —s (Ag) € 0(Ag) as £Ag are resolvent positive.
(

2) Next we may use Corollary 3.8 to conclude that
O'(AE) NR= [—Si(AE), 8+(AE)]

Indeed, from the explicit form of Ag given above it follows immediately
that Ap satisfies the Kato equality and hence (K(). Furthermore, using the
representation of R(\, Ag) as an integral operator for Re A\ > 1 it is easily
seen that R(\, Ag) has no nontrivial reducing bands.

(3) For 7 € R we define the isometry M, in E by M, f(z) = 27 f(z), = >
0. Then M 'AgM, = Ap — ir, and hence o(Ag) = o(Ag) — it for all
TeR.

A combination of (1), (2) and (3) already shows that
o(Ap) ={ € C: —s (Ag) < ReA < sT(Ag)}.
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(4) We will show now that sT(Ag) = ap. Take w > ap. From the
definition of @p it follows that there exists M, > 0 such that | Ds||g < M,,s%
for all s > 1. Since

t et U
se0f@) = [ fe 0 as= [ D@

for all f € £, x>0 and t > 0, it follows from Lemma 1.1 that

et

du M
1S+ @)E < / Dyl p— < —Ze!
1 U w

for all ¢ > 0. Hence, if Re A > w then the integral [;~ e S, (t) dt is con-
vergent and R(A) = X [~ e S, (t) dt is analytic on {Re A > w}. Therefore
sT(Ag) < w, and this shows that sT(Ag) < ag. Now take A > sT(Ag).
For ¢t > 0 we have (since A > 0) :

0 t
RO\, Ap) = / eNds, (s) > / eNdS, (s) > e M8, (1),
0 0

so |8y (W)|le < eM||R(N\, Ag)||g. For f € E the function s — T'(s)f* is
increasing on [0, 00), hence

t+1
0<Tt)f"(x) < /t T(s)f*(x) ds < S4(t+1)f*(x), = >0,
and so

IT@) flle = ITE) e < 184+ Df e < (RO, Ap)|p)e™| fl&.

This shows that [|T(t)[|z < Cye* for all ¢ > 0, which implies (see the
beginning of Section 2) that ag < A. Hence ap < st (Ag).

(5) Finally we show that s~ (Ag) = —ap. To prove that s~ (Ag) < —ap
we may assume that ap > 0, as s7(Ag) < 0. Take —ap < w < 0. From
the definition of ay it follows that there exists M, > 0 such that ||Ds||g <
M,s™% for all 0 < s < 1. Via Lemma 1.1 we see that

1
S_(co)f(x) := /0 f(cx) ds = / D)™, fen >0
0

defines a bounded linear operator in E with ||S_(00)||lp < (—w) tM,,.
Moreover, using Lemma 1.1 again, ||S—_(t) — S_(c0)|lg < (—w) 1M e~
for all ¢ > 0. Hence (cf. [A2, Proposition 5.5]; [HP, Theorem 6.2.1])
A [57 e MdS_(t) is analytic on {Re A\ > w} and so s~ (Ap) < w. This
shows that s~ (Ag) < —ap.
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Now we show that —ap < s~ (Ag). We may assume that s~ (Ag) < 0, as
ap > 0. Take s™(Ag) < A < 0. Then
00 t
RO\ —Ap) = / eNdS_(s) > / eMdS_(s) > e MEDLS (1) =S (t—1)}
0 t=1

for all ¢ > 1. For f € FE the function s — T'(—s)f* is decreasing on [0, c0),
S0

0<T(=t)f"(z) < / T(=s)f"(x) ds = S_(t) f*(x) = S4+(t) f*(2), = >0,
21

t

and hence

IT(0F s = 1T 115 < XVIRA, =Ap) 1/

for all ¢ > 1. From this estimate it follows immediately that —ap < A,
and we may conclude that —ap < s™(Ag). This completes the proof of the
theorem. (]

Corollary 4.3. Let E be an evact (L', L°)-interpolation space on (0, 00).
Then the Cesaro operator Cg is bounded on E if and only if ag < 1. In
that case

(43)  o(Cy) = {)\E(C:l—aE < Re <i> < 1—aE} U {o}.

Proof. If @g < 1 then, by the above theorem, 1 € o(Ag) and integration by
parts gives

RO, Ap)f(z) = / S, (1) f(z) di = / et (e ta) dt
0 0

_ i/f(u)du ,a.e. x € (0,00)
0

for all f € E, ie., R(1,Ar) = Cg. The indentity (4.3) now follows from a
combination of Theorem 4.2 with the spectral mapping theorem for resol-
vents. Conversely, assume that the Cesaro operator is bounded on E. It is
easy to see that the integrated semigroup generated by A — I is given by

(W (1) f)(x) = / 5 Fle=5) ds.
0
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Since
WOH@ < [ fwin  (@-ac)
0

it follows that |[W (¢)|| < ||CE|| for all £ > 0. By Lemma 1.2 this implies that
s(A—1)<0. O

Remark 4.4. If we assume that ap > 0 then it follows by an argument
similar to the above that the operator Cg, defined by

~ by d
Cpf(z) = /f(u)g, a.e. x € (0,0), f€EE,
is bounded on E and

o(Cg) = {/\ €C:ap < Re (i) < aE} U {o}.

Indeed, if o > 0 then 0 € o(Ag) and Cg = —R(0, Ag). It should be ob-
served that in this general situation (i.e., without any additional assumption
on the norm of F) it seems that this last result cannot be obtained via a
duality argument from Corollary 4.3.

As before, let E be an exact (L', L>)-interpolation space on (0, 00), and
we denote by {Tr(t)}ier the group of bounded operators in E given by
Te(t)f(z) = f(e7tz) for all f € E. As we have seen, if F does not have
order continuous norm, this group is not strongly continuous. However,
there is always a natural (locally convex) topology in E with respect to
which the group is continuous. For this purpose, let E/, denote the Kothe
dual (or associate space) of F, i.e.,

E| = gELO(O,oo):/|fg|d:c<oo VfeFkE
0

Every g € EJ, defines a bounded (order continuous) linear functional ¢4 on
o0

E, given by (f,¢4) = [ fgdz for all f € E. In this way we can identify E,
0

with subspace of the norm dual E’ (and under the present assumptions on
E, this subspace is norming for E). As is known, equipped with the norm
lgll,, = llegll,, » the space EJ, is an exact (L', L>)-interpolation space on

(0, 00).

Proposition 4.5. The group {Tr(t)}er is continuous with respect to o(E,
E)), i.c., for every f € E and g € E}, the function t — [;°T(t)f(z)g(z)dx
1S continuous.
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Proof. First we assume that F is satisfies the additional condition
() f*(z) =0 as o — oo forall feE.

For every g € E], we define the seminorm p, on E by p,(f fo x)dx
for all f € E. Note that subadditivity of p, follows from [BS, Proposmon
3.6 and (3.10) on p. 54]. Actually we will show that {Tg(t)}+cr is continuous
with respect to the topology ¢* generated by the seminorms {p, : g € E}}.
Since, by the Hardy-Littlewood quality,

[ t@g@yis| < [ Fag@is v ieb ge
0 0

the result of the proposition then follows immediately.

We denote by S the linear span of all characteristic functions 1(, with
0 <a<b<oo. Weclaim that S is dense in E with respect to o*. Let A
be a measurable subset of (0, 00) such that A C (0, R] for some 0 < R < 0.
Then there exists a sequence {B,}72 of subsets of (0, R], each B, being
a finite union of intervals, such that m(A A B,) — 0 (n — o0). This
implies that (14 — 1p,)* — 0 on (0,00) as n — oo, and so, by dominated
convergence, pg(la—1p,) — 0 (n — oo) forall g € E/,. Hence 14 € 87"
Now take 0 < f € E. Then there exists a sequence {f,}>2; of simple
functions on bounded measurable sets such that 0 < f,, T f a.e. on (0, 00).
Since f*(z) — 0 as z — oo, it follows that (f — f,)* | 0 on (0,00). Hence
pg(f—fn) — 0 (n — o0) for all g € E/, by dominated convergence. From
this we may conclude that f € S, by which the claim is proved.

Now we show that py(Tr(t)f — f) — 0 (t—0)foral feFE, geE).
This is easily verified for f € S. Take f € E arbitrary, h € S and g € EJ,.
Then

pg(Te(t)f = f) < pg(Tu(t)(f = h)) + pg(Te(t)h — h) +pg(f — h).

For —1 <t <1 we have

p(Te@)(f —h))= [[Te®)(f —h)] g dx

Tp(t)(f - h)g de < / (f — B)*(e~'2)g" ()da
0

I
0\8 0\8 0\8

(f = h)*(z)g"(ex)edx = pg, (f — h),
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where g1 € E/ is given by g1(x) = eg*(ex). This shows that
limsup p(Tp(t)f = f) < pou (F = h) + py(f — 1)

for all h € S. Since S°° = E, we may conclude that 1%in%pg(TE(t)f —f)=0.
Observe that for f € E, g € E/ and s € R we have

po(Te(s)f) = / Tp(s)f* - g*de = ¢° / @)y (€ x)de
0 0

= es/f*[TE;l(—S)g]*dl'—pgs(f)a
0

where g; = e*Tg (—s)g. From this it follows that
lim p, (T(1)f — T()f) = 0

forall f € E, g € E], and s € R. This concludes the proof of the proposition
in the case that E satisfies ().

Now assume that E does not satisfy (x). Then 1 € E and so E/, C L,
which implies that E/, satisfies (x). Since F is a subspace of (E,)},, it follows
from the first part of the proof that

li
t—0

m 7f Ty, (t)gdx = ?fgdx
0 0

for all f € E and g € E/,. Since

[ 1e0)f  giz =t [ Ty (-t
0 0

this implies that 1ltim fooo Te(t)f - gdx = fooo fgdx for all f € E and g € E!,.

This suffices to prove the proposition in this case.
5. The Black-Scholes partial differential equation in
(L', L*°)-interpolation spaces.

The Black-Scholes partial differential equation is a degenerate parabolic
equation of the form

(5.1) Up = TPUgy + 27Uy (>0, 3> 0).

The aim of this section is to discuss its well-posedness, spectral properties
and asymptotic behaviour in (L', L>)-interpolation spaces. It is convenient
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to consider the corresponding operator
B :D(0,00) — D(0,00)
Bf = #*f'+uf;
ie, (Bf,g) = (f,((m*p) —mep))
for all ¢ € D(0,00), f € D(0,00)" where m(z) = x (z > 0).

Given an (L', L>°)-interpolation space E we consider the part Bg of B
in F; i.e., Bg is the operator on F with domain

D(Bg) = {fe€eE:BfecFE}
Bgf = Bf.
Here we use that £ C Li. (0,00) C D(0,00)’ with the usual identification of

loc
functions with distributions. The following proposition allows us to use the

results of the preceding sections.

Proposition 5.1. Let E be an (L', L>)-interpolation space. Then Bp =
(Ap)*.
Proof. Recall that D(Ag) ={f € E:mf' € E}, Apf =—mf".

a) We show that A\? — By is injective for A\ > 1. Let k € D(Bg) such
that (A2 — Bg)k = 0. Let h = Ak +mk’ € D(0,00)". Then Ah — mh’ =0 in
D(0,00)". This implies that h € C(0,00) and

(x7*h) =2 (=Ah+zh) = 0.
Hence h(x) = ca* for some constant c¢. Thus M(z) + zk'(z) = cx’ €
D(0,00)". Hence k € C*°(0,00) and

(2 k) = 22 YOk 4 2k') = ca® L
This implies that 2*k = a2?* +b for some constants a and b. We have shown
that k(x) = az® + bz~ which is in L' + L> only if a = b = 0.

b) Now let f € D(Bg). Let A > 1. Then X € o(+Ag). Hence \? € g(A%)
and R(\%,A%) = (A — Ag) '(A+ Ap)~ L. Let k = R(\?,A%)(\? — Bp)f.
Then k € D(A%). Since A% is a restriction of Bg we have (A — Bg)k =
(A2 —Bg)f. Since (A2 — Bg) is injective, it follows that f = k € D(4%). O

As a first consequence we determine the spectrum of Bp.

Theorem 5.2. Let E be an (L', L™®)-interpolation space with Boyd indices
ap and ag. Then

(Ba) { ) 2 ) 2
o(Bg) = r+i5:aE—2§T§aE—2};
4ot 4oy,
i.e., o(Bg) is the region between two parabolas (with appropriate modifica-
tion if ap =0 or ap = ag =0).
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Proof. By Theorem 4.2 we have
0(Ag) ={ e C:ap < Re A<ag}.
Since o(Bg) = 0(Ag)? it follows that
o(Bg) = {a®+2api—:B€R, ap <a<ag}

402

which implies the claim. [l

2
s . _
= {a2—+zs:s€R, aEgagaE}

Thus the spectrum of Bg varies very much as a function of the (L, L>)-
interpolation space.
Next we consider the semigroup generated by Bg.

Theorem 5.3. Let E be an (L', L>)-interpolation space with order contin-
wous norm. Then Bg generates a holomorphic Cy-semigroup Vg on E of
angle w/2. Moreover, the exponential type w(Vg) of Vg is given by

w(Vg) = (ag)?.

Proof. This follows directly from the fact that Bp = (Ag)? and that Ag
generates a Cp-group (cf. [N, Theorem 1.15]). It follows from Theorem 5.2
that s(Bg) = (ag)?. Since Vg is holomorphic, s(Bg) = w(VEg). O

If E does not have order continuous norm, then D(Bg) is not dense. Still
the holomorphic estimate for the resolvent is valid. This situation is very
well studied by E. Sinestrari [Si] from which we quote the following result.

Theorem 5.4. Let A be an operator on a Banach space X. Assume that
there exist w € R, 0 € [0,7/2] such that

w+%(0 +7/2) C o(A) and
(5.2) { AR\, A)|| < M z']f))\Ew+E(9+7r/2).

Then there exists a holomorphic mapping
T:%(0) — L(X)
such that T(z + 2') = T(2)T (%) (2,2 € 3(0)),

(5.3) sup |le *T(2)|| < oo for all 0 < &' < 6,
|Argz|<0’
and
(5.4) RO\, A) = / eNTE) At (A > w),
0

In that case, we call T the generalized holomorphic semigroup gener-
ated by A.
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Here we used the usual notation
¥(0) = {re"*:r >0, ac(-0,0)}.

The semigroup T has the following regularity property. Considering D(A¥)
as a Banach space for the norm |[z[|pary = [|z| + [|Az[| + ... + | A¥z]|, one
has

(5.5) T()z € C((0,00), D(A¥)) and
(5.6) %T(t)x = AT (t)x (t >0)
for all z € X, k € N, see [Si] for this. Denoting by

s(A) =sup{ReA: A€ o(A)}
the spectral bound of A, as before, and by

w(T) = inf {w € R :suplle T ()] < oo}
>0

the type of T, one has as in the strongly continuous case
(5.7) s(A) = w(T).

Proof of (5.7). Let Y = D(A) C X and denote by Ay the part of A in
Y. Then Ay generates a holomorphic Cp-semigroup (7p(t)):>0 on Y and
one has To(t) = T'(t);y. Since D(A) C Y one has 0(A) = o(Ao) (by [A4,
Proposition 1.1]), and in particular s(A) = s(Ap). Let w’ > s(A). Then

ITo ()l cvy < M'e™™ (£ >0).
Since T'(1)X C Y, it follows that w(T) < w'. O
Now we can formulate the following result for the operator Bp.

Proposition 5.5. Let E be an (L', L™=)-interpolation space. Then Bg gen-
erates a generalized holomorphic semigroup Vg on E. The semigroup Vg is
strongly continuous if and only if E has order continuous norm. Finally the
exponential type of Vg is given by

(5-8) w(Vg) = (ap)”.
Proof. 1t follows from (4.1) and (4.2) that
(5.9) IR, Ap)|| < (IReX| = 1)1 (|ReA| > 1).

Now the argument given in [N] A-II Theorem 1.14 and 1.15 shows that
Bp = A% satisfies (5.2). Hence Bp generates a generalized holomorphic
semigroup.

If D(Bg) is dense, then also D(Ag) is dense, since D(Bg) C D(Ag).
Conversely, assume that D(Ag) is dense. Then AR(\, Ag) — I strongly as
A — oo. Hence (AR(X, Ag))? — I strongly as A — oo. Thus D(Bg) =



30 WOLFGANG ARENDT AND BEN DE PAGTER

D(A%) is dense. Now the second claim follows from Theorem 2.4. Finally,
Theorem 5.2 and (5.7) imply that w(Vg) = s(Bg) = (ag)?. O

Next we establish the usual formula for Vg.
Proposition 5.6. Let E be an (L', L°°)-interpolation space. Then

(5.10) (Ve(t)f, ¢) = (47Tt)_1/2/6_T2/4t<TE(r)fa p)dr

R
forall f € E, p € E'.
Proof. We use the following formula
6_)“T|

(5.11) o :/e)‘zt(47rt)1/2e3r2/4t dt,

0

valid for all A > 0, 7 € R (see [D, p. 138]).
For A > 1 we have

/e_)‘QtVE(t) dt = R(\?, A%)
0 = (A—Ag) '\ + Ag) ' = —R(\, Ag)R(—\, Ag)

R(A, Ap) +R( A\ Ag)

S O =
= I / TE dt+/e TE(t) dt
0 0

T e—)x\r|T p

- [ ar

= / /e t(4rt) —1/2¢=r/4 gt
—00 0

= /6_)\2t/(47Tt)_1/2€_742/4tTE(7‘) dr dt.
0 R

Here the integrals involving Tg(t) are understood in the o(E, E')-duality.
Observe that it suffices to evaluate by f € E; and ¢ € E’ only, so that
Fubini’s theorem can be applied. Now the claim follows from the uniqueness
theorem for Laplace transforms. O
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It is easy to deduce a pointwise expression from (5.10):

(612)  (Ve(®)f)(x) = (dmt)"V? / e f () dr

R
= (47@)1/2/6(logzlogy)z/‘ltf(y)‘ly.
Yy
0

Thus Vg is an integral operator.
From Proposition 5.6 we now deduce the following continuity result.

Proposition 5.7. Let E be an ezact interpolation space and E!, its Kothe
dual. Then Vg is o(E, E),)-continuous, i.e.,

12&1<VE(t)f, o) = (f,»)
forall f € E, p € E].

Proof. Let f € E, ¢ € E/,. Let ¢ > 0. By Proposition 4.5 we can choose
d > 0 such that [(Tg(r)f,¢) — (f,¢)| <eif |r] <J. Then

tl0

= lim sup(47t) /2 /e_r2/4t(<TE(7“)fa @) = (f,¢))dr
£10 J

< & + limsup(4mt) /2 / eI T(r) f, o) — (f, o)|dr
s e
= €.
This implies the claim. O

Now we obtain the following final result on existence and uniqueness for
the Black & Scholes partial differential equation.

Theorem 5.8. Let E be an exact (L', L™)-interpolation space with Kéthe
dual E!,. Let f € E, u(t) = Vg(t)f. Then u is the unique solution of the
Cauchy problem

u € CY(0,00); F), u(t)€ D(Bg) (t>0);

(CP) u(t) = Bgu(t) (t >0)
1tilI(I)1u(t) =f for o(E,E)).

Moreover, if we put u(t,z) = (Vg(t)f)(x) = u(t)(x), then u € C*°(0,00) X
(0,00) and

(BS) Up = 22Uy + U (t>0, z>0).
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Proof. We know that u is a solution of (C'P). In order to prove uniqueness

let u be a solution of (CP) with f = 0. Let t > 0, v(s) = Vg(t—s)u(s), s €

(0,t). Since Vi is holomorphic and 4 Vig(t) = BgVg(t) (t > 0) we have
0(s) = =BgVe(t — s)u(s) + Vg(t — s)i(s) = 0.

Thus v is constant on (0,¢). Moreover, Vg(t —s) — Vg(t) as s | 0 in L(E).
Let ¢ € E!,. Then

(v(s),p) = (Ve —s) = Vet))u(s), )
+u(s), Ve(t)'¢)
— 0 (s]0).

Here we use that Vg(t)'¢ € E/, which follows from (5.10). Thus v(s) = 0
on (0,t). Since u(s) — wu(t) in norm as s Tt and Vg(t — s)u(t) — u(t) for
o(E,E]) as s T t, it follows that v(s) = Vg(t — s)(u(s) — u(t)) + Ve(t —
s)u(t) — u(t) as s 1 t for o(E, E}). Thus u(t) = 0.

It remains to show the regularity result. For f € D(Ag) we have f €
Ll (0,00) and zf" € E C L} _(0,00). Hence f € C(0,00). From this one
obtains by induction that D(A%M) c C*(0, o) for all k € N. Now we know
that Vg(-)f € C®((0,00), D(B)) = C=((0,00); D(A%)) for all f € E. It
is not difficult to see that this implies that u € C*°(0, 00) x (0, 00). O

6. Perturbation.

Let B be an operator on a Banach space X. An operator ) : D(B) — X is
called a small perturbation of B if for all € > 0 there exists b > 0 such
that

(6.1) 1Qz| <el|Bz| +bllz]|  (x € D(B)).
The following is well-known.

Proposition 6.1. Let B be the generator of a (generalized) holomorphic
semigroup and let Q) be a small perturbation of B. Then B 4+ Q) generates a
(generalized) holomorphic semigroup.

Example 6.2. Let E be an (L', L>)-interpolation space. Then Ag is a
small perturbation of Bg.

Proof. We have for A > 1,

R(\?,Bg) = %(R()\, Ag) + R(\, —Ag))
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(see the proof of Proposition 5.6). Hence
|AsRO?, Br)| = 5 |ABR(, Ap) + AR\ ~Ap)|
= S1IARO, Ap) ~ ARO, —4p)]

1
< SURA Ap) + 1RO, —Ap)|)
— 0 (A — o0).
Let € > 0. Choose A > 1 such that [[AgR(\, B%)|| < e. Let f € D(Bg).

Then ||[Apfll = |ApR(N*, Bp)(A\* — Bp)f|| < e|(\ — Bp)f|| < el Befll +
N2 O

It remains to show that o(E, EJ,)-continuity is preserved by small pertur-
bations. For this we establish a Tauberian theorem (Proposition 6.4) which
is valid for Laplace transforms of functions having a holomorphic extension
to a sector. They can be characterized as follows (see Prifl [P, Theorem
0.1]).

Proposition 6.3. Let X be a Banach space and let 0 < 0y < 7/2.
a) Letr:3(0y+7/2) — X be a holomorphic function such that

(6.2) sup  [[Ar(A)] < o0
AES (047 /2)

for all 0 < 6 < 6. Then there exists a holomorphic function f :
X(00) — X satisfying

(6.3) sup || f(z)] < oo
z€X(0)
for all 0 < 0 < 0y such that r(A) = f(\) := JoS e M f(t)dt for Re X >
0.

b) Conversely, assume that f : Ry — X has a holomorphic extension to
¥(0o) satisfying (6.3); then the Laplace transform f of f has a holo-
morphic extension r to X(0y + w/2) satisfying (6.2).

Now we describe the asymptotic behaviour of f(t) for ¢ | 0 in terms of
the behaviour of r(\) as A — oo.

Proposition 6.4. Assume that f and r are as in Proposition 6.3. Let c €
X. Then limy|o f(t) = ¢ if and only if limy_,oc AT(A) = c.

Proof. 1. Assume that limy_,o, Ar(A) = ¢. Choose 0 < 6 < 6. It follows
from [HP, Theorem 3.14.3] that
lim  MAr(\) =c

[A]—o0
AEX(047/2)
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Let € > 0. Choose gp > 0 such that ||[Ar(A\) —¢|| < e for all A € 3(0 + 7/2)
with |A| > go. Let t > 1/gg. Choose a contour I' consisting of the lines
{oe*0+7/2) . o > 1/} and the arc {1/t-¢® : =0 < a < #}. Then by the
proof of [P, Theorem 0.1],
1
ft) = — / eMr(N)dA.
r

211
Since 5L [ eM%® =1,
_ 12 At dA
150 el = | 557 [ oy -5
0

o0

< i Q/etr(:OSHdT_i_/ecosada
2m r

1/t o
€ 1 o
= J9. cosa g )
271{ c089]+/_9€ a}

2. The converse is a classical Abelian theorem. O

IN

This proves the claim.

Proposition 6.5. Let A be the generator of a generalized holomorphic semi-
group T on a Banach space X and let B be a small perturbation of A. De-
note by S the generalized holomorphic semigroup generated by A + B. Let
x € X, ¢ € X', such that 131161<T(t)x,<,0> = (z,¢). Then limyo(S(t)x,p) =

(z, ).

Proof. Replacing A by A — w if necessary, we can assume that A and A+ B
satisfy (5.2) with w = 0. So we are in the situation of Proposition 6.4. Thus
we know that limy oo (AR(X, A)z, ¢) = (x, ), and it suffices to show that
limy oo (AR(N, A+ B)z, p) = (x, ). For this it suffices to show that

INR(\, A+ B) — AR\ A)[ =0 (A — o).

Let M > 0 such that [[AR(A\, A)|| < M (A > 0). Let € > 0. There exists
b > 0 such that

IBR(A,A)| < el[AR(A, A)[| + bl R(A, A)||
< o(M+1) + bM/A.
Thus limy_o | BR(N, A)|| < e(M + 1). O

As aresult we now know the following. Let E be an (L', L°°)-interpolation
space. Let @ be a small perturbation of Bg. Then Bp + () generates a
generalized holomorphic semigroup on E which is o(F, E/)) continuous. In
particular, we obtain the following result.
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Theorem 6.6. Let E be an (L', L™)-interpolation space. Let o > 0 be a
constant, and let 3,y € L*°(0,00). Consider the operator G on E given by

Gf = a2®f"+Baf +~f
D(G) = D(Bp).
Then G generates a generalized holomorphic semigroup which is o(E, E})-

continuous.

Proof. By Example 6.2, the operator Ag is a small perturbation of Bg. Thus
Bp — Ap generates a generalized holomorphic semigroup. Since (§ defines a
bounded multiplication operator on E, BAg + « is a small perturbation of
a(Bg — Ag). Note that G = a(Bg — Ag) + BAE + 7. O
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MIRANDA-PERSSON’S PROBLEM ON EXTREMAL
ELLIPTIC K3 SURFACES

ENRIQUE ARTAL BARTOLO, HIRO-O TOKUNAGA, AND DE-QI ZHANG

In one of their early works, Miranda and Persson have clas-
sified all possible configurations of singular fibers for semistable
extremal elliptic fibrations on K3 surfaces. They also ob-
tained the Mordell-Weil groups in terms of the singular fibers
except for 17 cases where the determination and the unique-
ness of the groups were not settled. In this paper, we set-
tle these problems completely. We also show that for all
cases with ‘larger’ Mordell-Weil groups, this group, together
with the singular fibre type, determines uniquely the fibration
structure of the K3 surface (up to based fibre-space isomor-
phisms).

0. Introduction.

Let f: X — C be an elliptic surface over a smooth projective curve C' with
a section O, i.e., a Jacobian elliptic fibration over C'. Throughout this paper,
we always assume that

() f has at least one singular fiber.

Let MW (f) be the Mordell-Weil group of f : X — C, i.e., the group
of sections, O being the zero. Under the assumption (x), it is known that
MW (f) is a finitely generated Abelian group (the Mordell-Weil theorem).
More precisely, if we let R be the subgroup of the Néron-Severi group NS(X)
of X generated by O and all the irreducible components in fibers of f, then (i)
NS(X) is torsion-free, and (ii) MW (f) = NS(X)/R (see [S], for instance).
Note that the Shioda-Tate formula rank MW (f) = p(X) — rank R easily
follows from the second statement.

We call f: X — C extremal if

(i) the Picard number p(X) of X is equal to h'' and
(ii) rank MW (f) = 0.

If f: X — C is extremal, then the Shioda-Tate formula implies rank R =
p(X). Hence, in other words, f : X — C is extremal if and only if p(X) =
rank R = h11(X). Also, taking the isomorphism MW (f) = NS(X)/R into
account, it seems that we can say a lot about MW (f) only from the data
of types of singular fibers.

37
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In [MP1], Miranda and Persson studied extremal rational elliptic sur-
faces. They gave a complete classification and proved the uniqueness of
such surfaces.

Suppose that f : X — C' is a semi-stable elliptic K3 surface, i.e., f has
only I,, type singular fibers with Kodaira’s notation [Ko]. In this case,
C = P! NS(X) = Pic X, and f is extremal if and only if f has exactly six
singular fibers. For a semi-stable elliptic K3 surface, the configuration of

singular fibers is said to be [nq,... ,ng] (n1 < ng < -+ < ng) if it has singular
fibers Ip,,, ..., I,,. In [MP2], Miranda and Persson gave a complete list
for realizable s-tuples [nq,...,ns]; and their list shows that there are 112

extremal cases. In [MP3], they go on to study MW (f) for those extremal
elliptic K3 surfaces.

We say that f : X — P! is of type m if the corresponding [n1, na, ... ,ng]
appears as the No. m case in the table of [MP3]. Suppose that f is of type
m. What Miranda and Persson did in [MP3] are that

() if m # 2,4,9,11,13,27,31,32, 35,37,38,44,48,53,55,69 and 92,
MW (f) is determined by the 6-tuples [n1,n2,... ,ng|, and

(i) if MW (f) D Z/2Z x Z/2Z, then the corresponding elliptic K3 surface
is unique.

The main purpose of this paper is

(i) to determine MW (f) for the remaining cases, and

(ii) to consider the uniqueness problem for other kinds of MW (f); more
precisely, this problem may be formulated as follows:

Question 0.1. Let f; : X; — Pland f» : Xo — P! be semi-stable extremal
elliptic K3 surfaces such that

(i) both X; and X5 have the same configuration of singular fibers, and
(ii) their Mordell-Weil groups are isomorphic.

Then is it true that there exists an isomorphism ¢ : X; — X5 such that

(a) ¢ preserves the fibrations, and
(b) the zero section of f; maps to that of fo with ?

Now let us state our result concerning the first problem.

Theorem 0.2. Let f : X — P! be of type m, m being one of the 17 excep-
tional cases as above. Then we have the following table:
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m the 6-tuple MW(f) m the 6-tuple MW(f)

2 | [1,1,1,1,2,18] | (0), Z2/3Z | 4 |[1,1,1,1,4,16] ALY/

9 |[1,1,1,1,10,10] | (0), Z/5Z |11 |[1,1,1,2,3,16] | (0), Z/2Z
13| [1,1,1,2,5,14] | (0), Z/2Z |27 |[1,1,1,5,6,10] | (0), Z/2Z
31 [1,1,2,2,2,16] Z/AZ |32 |[1,1,2,2,3,15] | (0), Z/3Z
35| [1,1,2,2,6,12] | Z/2Z, Z/6Z | 37 | [1,1,2,2,9,9] | (0), Z/3Z
38| [1,1,2,3,3,14] | (0), Z/2Z |44 |[1,1,2,4,4,12] ALY/

48| [1,1,2,4,8,8 Z/8Z |53 |[1,1,3,3,4,12] | Z/3Z, Z/6Z
55| [1,1,3,3,8,8] | (0), Z2/2Z |69 |[1,2,2,3,4,12] | Z/2Z, Z/4Z
92| [1,3,4,4,4,8] Z/4Z

Moreover, all the above possibilities for MW (f) in each of these 17 types
are realizable.

Once we have settled the problem on MW (f), we next consider Ques-
tion 0.1. Our result is the following:

Theorem 0.3. Let f : X — P! be an extremal semi-stable elliptic K3
surface. If $ (MW (f)) > 4, then Question 0.1 has a positive answer except
for m = 49.

Remark 0.4. Let ¢ be the homomorphism from MW (f) to Z/n1Z x - - - x
Z/ngZ given in [MP3, §2], i.e., ¢(s) = (a1,... ,as), where a; is the compo-
nent number of the irreducible component that s hits at the corresponding
singular fiber. Since ¢ is injective, we can identify MW (f) with its image
by ¢. Then we have:
(1) Let gm : Y, — P! be any Jacobian elliptic fibration of type m with
MW (gymm) = (0) and fitting one of the nine cases in Theorem 0.2. Let
{Iny, Ings -+ Iy Inyy s - - - 5 Ing } be the set of types of singular fibers
of gm sothat 1 =ny =ng = - =ng_1 < Nk < N1 < -+ < ng.e
Then the Picard lattice PicY,, is identical to U @ A, -1 @ -+ ® Apg—1
with the Q/2Z-valued discriminant quadratic form g¢picy, equal to

(cf. [Mo)):
(=(k = 1)/nk) © -+ @ (=(n6 — 1)/76)-
Here U = <(1) (1)), and the dual (PicY},)" = Homg(Pic Y, Z) natu-

rally contains PicY,, as a sublattice with Z/nyZ @ - -- ® Z/n¢Z as the
factor group (see §1 for definitions).



40

E. ARTAL, H. TOKUNAGA, AND D.-Q. ZHANG

An easy case-by-case check, using the fact that ¢, )y = —q(picv,,),
shows that the intersection matrix of the transcendental lattice Ty,
is, modulo the action of SLy(Z), uniquely determined by the data
[n1,...,mn6] (see [Ni, Prop. 1.6.1] or [Mo, Lemma 2.4]). So the inter-
section matrix of Ty;, is equal to the corresponding one in the proof
of Lemma (3.3). Thus, for each of these 9 of type m, there is exactly
one K3 surface (modulo isomorphisms of abstract surfaces without the
fibered structure being taken into consideration) which has a Jacobian
elliptic fibration of type m with trivial Mordell-Weil group.

Also, for both (m,Gy,) = (35,Z/2Z),(53,Z/3Z), there is a unique
K3 surface X,,, which has a Jacobian elliptic fibration f,, of type m
and MW (fm) = Gpn, because we can prove that the transcendental
lattice Tx,, is unique in each pair case and identical to the correspond-
ing one in the proof of Lemma (3.3).

The authors suspect that if (fn,); : (Xmm)i — P! are two Jaco-

bian elliptic surfaces of the same type m and with MW ((fn)1) =
MW ((fm)2) then (X;,)1 = (Xyn)2, though there may not be any
fibered surface isomorphism between ((X,):, (fim)i) (i = 1,2); see
the fourth remark below and our Proposition (4.9). The importance
of Lemma (3.3) is that its proof can be used, we guess, to lattice-
theoretically show the existence of all cases of m and possibly to give
an affirmative answer to this question. See [SZ] and [Y] for the non-
semistable cases.
When m = 49, we have MW (f) = Z/5Z with s; = (0,0,0,2,2,2) or
s2 = (0,0,0,1,1,4) as its generator (cf. the Table in [MP3]). However,
we have 2s9 = (0,0,0,2,2,10 — 2). So we may assume that MW (f)
always has s; as its generator after suitable relabeling of fiber compo-
nents if necessary.

When m = 110, we have MW (f) = Z/3Z x Z/3Z with
Gl = {51 = (O>O> 1> 17272)732 = (11 172727072)}

or
Go ={s1=1(0,0,1,1,2,2),s3 = (1,1,1,1,0,4) }

as its set of generators (cf. the Table in [MP3]). Note that G2 can
be replaced by the new generating set G := {s1,2s3 = (3 —1,3 —
1,2,2,0,2)}. So we may assume that MW (f) always has G as its set
of generators after suitable relabeling of fiber components if necessary.
When m = 46, we have MW (f) = Z/2Z with s; = (0,0,0,0,3,5) or
s9 = (0,0,1,2,0,5) as its generator (cf. the Table in [MP3]). As in
the proof of Lemma (3.8), one can show that there are pairs (X, f;)
(1 = 1,2) of the same type m = 46 with MW (f;) = {O, s;}. Moreover,
the minimal resolution Y; of X;/(s;) for i = 1 (resp. i« = 2) has an
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elliptic fibration ¢; : Y; — P, induced from f;, of type m = 101
(resp. m = 66). Hence there is no isomorphism between the pairs
(Xi, fi)-

(5) For m = 69, we have either MW (f) = Z/2Z with s = (0,1,1,0,0,6)
as its generator, or MW (f) = Z/4Z with s = (0,1,1,0,1,3) as its
generator (cf. Lemma (3.7)).

The contents of this article are as follows: In §1, we explain our technique
and we give a brief summary of the facts we need. In §2, we give a method
to construct (or show the nonexistence) of elliptic fibrations and give several
examples of extremal elliptic K3 surfaces with trivial Mordell-Weil groups.
83 and §4 are devoted to proving Theorems 0.2 and 0.3, respectively.
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Conventions. In this article, the ground field is always the complex num-
bers field C.

To describe the type of simple singularities of plane curves, we use bold
capital letters, A, D and E.

We use capital italic letters A, D and F to describe the type of lattices,
but we always multiply the value of intersection form by —1 for such lattices.

1. Preliminaries.

1.1. Cremona transformations and its applications.

We fix notation about Cremona transformations related with two-dimens-
ional families of conics.

Let V be the vector space of homogeneous polynomials of degree 2 in three
variables. Let P,Q, R € P? be three different points in general position and
let Vp g, r be the subspace of elements of V' vanishing at P, @ and R; it is a
3-dimensional vector space. It is classical to define a rational map CRpg R :
P2 --» P(VRQ r) where if Py € P2, its image is the hyperplane of elements
of Vpg r which also vanish at Fy. By a suitable choice of coordinates and
the identification of P(Vp g r) with P? this map may be written as:

P2 ——» P2
[x:y:z] — |yz:xz:zyl.

The map CRpg g is not defined at P, Q, R, which are called the centers of
the Cremona transformation. Qutside the lines joining P, @, R, this map is
an isomorphism.
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Let us consider now P, @ € P? and a line L through P such that Q ¢ L.
In the same way we define Vp 1, ¢ as the space of equation of conics passing
through P and @ and tangent to L at P. We define in the same way
CRp,o. We can choose coordinates such that we have:

P2 —-» P2
[x:y:z] +— [yQ::L"y:xz].
This map is not defined at P and @ and it is an isomorphism outside L and
the line joining P and ). We say that the centers are ) and the two first
infinitely near points of L at P; sometimes we will replace in the notation
L by any curve through P whose only tangent at P is L.

There is a third type of Cremona transformation associated to a conic.
Let C be a smooth conic passing through a point P; we denote Vp ¢ as the
space of equations of conics C’ such that (C' - C")p = 3. We denote CRp ¢
the associated Cremona transformation. It is not defined at P and is an
isomorphism outside the tangent line to C' at P. We say that the centers
at P are the three first infinitely near points of C' at P; sometimes we will
replace in the notation @) by any curve through P such that @ is the only
conic with highest contact at P. We can choose equations to write it down
as:

P2 - P2
[:y:2] — [2?:zy:y®—x2].

1.2. Some lattice theory.
We here briefly review Nikulin’s lattice theory. Details are found in [Ni].
Let L be a lattice, i.e.,

(i) L is a free finite Z-module and
(ii) L is equipped with a nondegenerate bilinear symmetric pairing ( , ).

For a given lattice L, disc L is the determinant of the intersection matrix.
Note that it is independent of the choice of a basis. We call L unimodular
if discL = £1. Let J be a sublattice of L. We denote its orthogonal
complement with respect to ( , ) by J*.

For a lattice L, we denote its dual lattice by LY. Note that, by using the
pairing, L is embedded in LV as a sublattice with same rank. Hence the
quotient group LY /L is a finite Abelian group, which we denote by Gp.

L is called even if (z,z) is even for all x € L. For an even lattice L, we
define a quadratic form g7, with values in Q/2Z as follows:

qr(z mod L) = (x, ) mod 2Z.
Then we have the following lemma:

Lemma 1.1. Let L be an even unimodular lattice. Let J; and Jy be sublat-
tices of L such that Ji- = Jy and J3- = J1. Then
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(i) GJI = GJ2 and
(i) g5 = —qs-

For a proof, see [NiJ.
A sublattice M of L is called primitive if L/M is torsion-free.

Example 1.2. For a K3 surface X, H?(X, Z) is an even unimodular lattice
with respect to the intersection pairing. The Picard group, Pic X, is a primi-
tive sublattice of H2(X,Z), and Tx := (Pic X)™ is called the transcendental
lattice of X.

We shall end this subsection with the following lemma.

Lemma 1.3. Forj=1,2, let Aj = A(1); ®---® A(r;); be a lattice where
each A(i); is of Dynkin type Aq, Dg or E..

(1) Suppose that ® : Ay — Ag is a lattice-isometry. Then ri = ro and
D(A(i)1) = A(i)2 after relabeling.

(2) Let A =Ap, @--- @ Ay, be a direct sum of lattices of Dynkin type
Ap,,. Suppose that A is an index-n (n > 1) sublattice of A := Ay and
that (mq,...,mg) = (1,1,5,11),(2,2,3,11). Then one of the following
three cases occurs (the first two are quite unlikely but the authors do
not have a proof yet) :

(2-1) A=A40(A1DAsDA11),A=A1®D17, and (A1 ®AsDA11) C Diy
1s an index-6 extension.

(2-2) A =A®(A20A3DA11),A = AyD D, and (A2®A3D A1) C Dig
s an index-6 extension.

(2-3) A=A410A110(A1DA5),A=A1®A11 D FEs, and (A1 ® As) C g

is an indexr-2 extension.

Proof. We observe that
|det(An)|=n+1, |det(D,)| =4, |det(Es)| =3,
|det(Er)| =2, |det(Eg)| = 1.

We also note that for an index n lattice extension L C M one has |det(L)| =
n?| det(M)].

(1) is true when r; = 7o = 1. In general, for a generating root e in
A(1); with €2 = —2, one has (®(e))? = —2 and hence ®(e) € A(1)s say,
because Ay is even and negative definite. Now the connectedness of A(1);
implies that ®(A(1)1) € A(1)2. Thus to prove (1), we may assume that
ro = 1, Ao = A(1)2. The same argument applied to &1 shows that r; = 1.

(2) The argument in (1) applied to the inclusion A < A,, implies that
each A(i); contains a finite-index sublattice which is a sum of a few sum-
mands of A. Now it follows from the observations at the beginning of the
proof of this lemma, that either (2) is true or one of the following two cases
occurs:



44 E. ARTAL, H. TOKUNAGA, AND D.-Q. ZHANG

Case (2—4) A= AH@(AQ@AQ@Ag), A = A1 D7, and (AQ@AQ@A;;) -
D~ is an index-3 extension.

Case (2—5) A = AQ@A?)@(AQ@AH), A=A PA3P D13, and (AQ@AH) -
D13 is an index-3 extension.

In the following, if e;’s form a canonical Z-basis of A,, we let h, = (1/(n+
1)) >, ie; (mod A,) be the generator of (A,)Y /A, = Z/(n + 1)Z. Note
that (hp)? = —n/(n + 1).

Suppose the contrary that Case (2-4) occurs. Set B = Ay @ Ay ¢ As.
Then D7 C BY := Homg(B,Z). and the latter is generated by ho, hl, hs
with (hg)? = —2/3 = (h})?, (h3)? = —3/4. Since Dy is generated by roots
and contains an index-3 sublattice B, there is a root ¢t € D7 — B, and we
can write t = ahy + bhl + A where a,b € Z,A € B. Then —2 = ¢ =
(—2/3)(a® + b?) + A% — 251 for some s; € Z. Since B is even and negative
definite, A2 = —2sy for some sy € Z. Denote by s = s; + s3. Then
3 = a?®+b% + 3s, 3|(a® + b?). Hence a = 3a1,b = 3by for some ay,b; € Z.
This leads to that ¢t = a1(3h2) + b1(3h)) + A € B, a contradiction.

Suppose the contrary that Case (2-5) occurs. Set B = As @ Aj;. Then
D13 € BY and the latter is generated by ho, hi1. As in Case (2-4), there
is a root t € D13 — B, and we can write t = aho + 4bh11 + A where a,b €
Z,A € B. Then —2 = t? = (—2/3)(a? + 22b?) — 2s for some s € Z. Hence
3 = a® + 22b% + 3s, 3|(a® + b?) and a = 3a1,b = 3b; for some ay,b; € Z.
This leads to that ¢t € B, a contradiction. ([l

1.3. Review on elliptic surfaces with large torsion group.

We here give a brief summary on the results in [CP] and [C]. Let f : X —
C be an elliptic surface over a curve C' with a section O. Let MW (f) be
its Mordell-Weil group, the group of sections, O being the zero element. We
denote its torsion part by MW (f)tor. Suppose that MW (f)ior O Z/mZ &
Z/nZ, m|n, mn > 3, and the j-invariant of X is not constant. Then it is
known that one obtains f : X — C in a certain universal way, which we
describe below. For that purpose, we need some notations.

Set

Tp(n) = {(Z Z) € SL(2,Z) | <ﬁ Z) = (1 T) mod n, b:Omodm}.

Let X,,(n) = T'yp(n)\H*, where H is the upper halfplane in C, and let
Ep(n) be the elliptic modular surface of I';,,(n). By definition, E,,(n) is an
elliptic surface over X,,(n); and we denote the morphism from E,,(n) to
Xm(n) by wm,n-
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Suppose that MW (f)ior D Z/mZ © Z/nZ, m|n, mn > 3. Then we have
a commutative diagram
c 2 Xi(N)
I L Jmn
Pl

where j and j,, , are the j-invariants of f and vy, ,, respectively. Moreover,
this diagram essentially gives f : X — C| i.e., X is obtained as the pull-back
surface by g, in the sense of relatively minimal smooth model.

Thus f is determined by g. Hence the uniqueness of X is reduced to that
of g, which we consider in §4.

1.4. Comments on pencil of plane curves and nodal cubics.

Let C = {f =0} and D = {g = 0} two projective plane curves of degree d
without common components. They define a pencil of curves by considering
{Cli.q) }t:s]epr, Where Cly.q) is the curve of equation sf —tg = 0. Let us
denote B := C' N D; it is the set of base points of the pencils; these base
points are the intersection points of any couple of elements of the pencil. A
base point P is multiple if (C'- D)p > 1 (we may replace C' and D by any
couple of different elements of the pencil). A pencil defines a rational map
P2 --5 P! which is well-defined outside the base points. Let Z C P? be an
irreducible curve of degree e which is not a component of any element in the
pencil. Let Cj;.q a generic element of the pencil. Then the pencil defines a
map ¢ : Z — P! of degree

dz :=de— Y (Z-Cpy)p;
PeB
if a base point P is in Z its image is the unique value ¢(P) such that
(Z - Cg(py)p is greater than the generic intersection number. The critical
points of the map are the points @Q € Z such that:

- If @ is not a base point, then Cyg) is either singular at () or not
transversal to Z at @, i.e., (Z - Cyq))q > 1.
— If Q € B, then (Z . C¢(Q))Q >1+4 (Z : C[t:s])Pv for [t : S] #* (Z)(Q)

Let us consider a nodal cubic NV in P?. We will apply later the following
well-known result.

Proposition 1.4. There exists a homogeneous coordinate system [z :y : 2]
in P? such that the equation of N is xyz + 2% —y> = 0. The subgroup G
of PGL(3,C) fixing N is isomorphic to the dihedral group of order 6. Let
@ : C* — Reg(N) be the mapping defining by o(t) := [t : t? : t3 — 1]. Let us
consider on N the geometrical group structure with zero element [1:1:0] =
©(1). Then ¢ is a group isomorphism. Each element of G is determined by
its action on Reg(N); the induced action on C* is generated by t — t~—! and
t — Ct where (3 =1.
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2. Some extremal elliptic K3 surfaces with trivial Mordell-Weil
group.

2.1. Elliptic fibrations and sextic curves.

Relationship between extremal elliptic fibrations and maximizing sextic
curves was intensively studied in Persson’s paper [P]. We explain in this
section how to apply this method to construct or discard extremal elliptic
fibrations. Let (X, f) be a pair such that X is a K3 surface and f : X — P!
is a relatively minimal elliptic fibration with a fixed section O.

Step 1. Fix O as the zero element of the Mordell-Weil group MW (f). It
determines a group law on each regular fiber and it extends to a group law
in the regular part of any fiber. For a fiber F' of type I,, there is a short
exact sequence

0— C"— Reg(F)—Z/nZ —0
where the kernel corresponds to the part of Reg (F') in the irreducible com-
ponent which intersects O.

Step 2. On the regular part of any fiber ' we can consider the map P +—
—P, (where F'N O is the zero element). These maps are the restriction
of a morphism ¢ : X — X, which is clearly an involution. By definition
foo = f. Then, there is a natural map p : X/o — P!; if F is an elliptic
fiber of 7, F'/o is the quotient of an elliptic curve by an involution with four
fixed points (the 2-torsion), i.e., a smooth rational curve.

Then 5 : X/o — P! is a morphism from a smooth (rational) surface onto
P! whose generic fiber is P!. If F is a fiber of type Ia,.1 (resp. Ia,), F/o is
a curve with normal crossings and n + 1 irreducible components which are
smooth and rational.

Step 3. For any singular fiber F', we contract all of the irreducible compo-
nents of p(F') but the one which intersects p(O). We obtain a holomorphic
fiber bundle p : ¥ — P! with fiber isomorphic to P! (¥ smooth) and a map
7: X — ¥ such that po7 = m. This map is generically 2 : 1.

The map 7 is a 2-fold covering ramified on the image of the fixed points
of o, i.e., on the image of the 2-torsion. We can write this curve as F U R
where E := 7(0), RN E = ) and R has intersection number three with
the fibers of p. The number of irreducible components of R depends on
the 2-torsion To(MW (f)) of the Mordell-Weil group of X (one irreducible
component if To(MW (f)) = 0, two if To(MW (f)) = Z/2Z and three if
To(MW (f)) =2Z/2Z & Z/27Z).

If the configuration of 7 is [1,...,n1,...,n.], 1 <n3 <--- < n,, then R
has exactly r singular points of type A, —1,..., Ay, —1.

Remark 2.1. Let us suppose that n, > 7, and let us call F the fiber of p
containing this point A, _1; R intersects also F' at another point P. Then
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we can perform three Nagata elementary transformations on the first three
infinitely near points of R at A, 1. We call ¥’ the result of this operation
and we do not change the notation for the strict transforms; it induces a new
fibration p' : ¥/ — P! where F is a section of self-intersection —1. The curve
R has a singular point A, _7 and (R- E)p = 3, and R is smooth at P. We
can contract £ and we obtain a projective plane where the contraction of R
is a curve of degree 6 (also denoted by R) which has r + 1 singular points
of type Ay —1,Apy,—1,..., Ay, 7 and Eg; the image of F' is the tangent
line to R at Eg and passes through A,,_7. The pencil which induces the
elliptic fibration (the preferred pencil) is the pencil of lines through Eg.
This fibration is called the standard fibration in [P] and in this case Eg is
its center.

We can consider some kind of converse of this construction. Let R C P2
be a reduced curve (maybe reducible) of degree six such that its singular
points are simple. Let P be a singular point of R. Then if X is the minimal
resolution of the ramified double covering of P? ramified on R and 7 : X —
P! is the mapping induced by the pencil of lines through P, then 7 is a
relatively minimal elliptic fibration of the K 3-surface X. We call (X, 7) the
elliptic fibration associated to (R, P) and we will call the pencil of lines at
P the preferred pencil; we will denote o : X — P? the double covering. The
following result is easy and useful.

Proposition 2.2. Let 7 : X — P! be the elliptic fibration associated to
(R, P) as above. Let E be a section of X; let C := o(E). Then either C is
an irreducible component of R, either the intersection number of C and E
at any point in C' N R is an even number.

In both cases C' is a curve of degree d having at P a singular point of
multiplicity d — 1. In the first case there is exactly one section over C' and
in the second case there are exactly two such sections.

We study now the existence of elliptic fibrations with trivial Mordell-Weil
group in the cases of ambiguity which appear in the list of Miranda and
Persson. In fact, we have applied this method to all cases of ambiguity in
the list. As it is very long, we present only a few cases, where interesting
phenomena occur.

2.2. Type m =09.

Proposition 2.3. There exist elliptic K3 surfaces of type 9, i.e., with con-
figuration [1,1,1,1,10,10], and trivial Mordell-Weil group.

This proposition gives one ambiguity case as such a fibration with Mordell-
Weil group of order 5 appears in [MP3].

We look for an irreducible curve R of degree 6 having three singular points
of type Eg, A3, Ag and such that the tangent line to R at Eg passes through
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Aj3. As in the case above the line through A3 and Ag intersects R at two
other points.

Step 1. First Cremona transformation.

We consider CRg4,A5,4,- We denote Ry the strict transform of R; Ry is
a quintic curve. We have a smooth point @) such that the tangent line T to
Ry at @ verifies that (R1-Q)g = 4. We denote @’ the other point in Ry NT.

The other singular points of R; are A7 (coming from Ayg), P; (an ordinary
double point coming from Ajz) and another ordinary double point denote Ps.
The preferred pencil of lines has its center at P;. The line joining P; and
P, intersects Ry at . The line joining P; and A, passes through Q. The
ramification locus is Ry UT.

Figure 1.

Step 2. Second and third Cremona transformations.

We perform CRp, p, A, We obtain a quartic curve Ry with one singular
point As (coming from Ay). The line T becomes a conic T3 and Ry N1y =
{Q,QI,Q”} where (RQ . TQ)Q = 5, (RQ : TQ)Q/ = 2, (RQ . TQ)Q// = 1, and
A5, Q', Q" are aligned. The center of the preferred pencil is Q.

We perform the third Cremona transformation CRa; 1.q~, L being the
tangent line at As. We obtain two cubics R3 and T3. The cubic R3 has
an ordinary double point A; and 73 has also a double point denoted S
(which is the center of the preferred pencil). The curves R3 and T3 have
two intersection points @ and ', with intersection numbers 5 and 4, and
the points @', S and A are aligned.

Question 2.4. Does there exist an irreducible nodal cubic R3 (with node
A1), an irreducible cubic T3 with a double point S in P2 such that RsNTy =

{Q7Q/}7 Qle 7é Sv Al? with (R3 : T3)Q = 57 <R3 . T3)Q’ =4 and Qlysv Al
aligned?

Proposition 2.5. The answer to Question 2.4 is yes.
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Proof. We proceed by applying Proposition 1.4 to R3. We suppose that
Q = p(s~*) and Q' = p(s®). In this situation the equation of the line joining
Q' and A; is y = s°x. Let f(z,y,2) = 0 an equation for T3 such that the
coefficient of 22 in f is 1. Then f(t,t%,t> — 1) = (t — s°)*(t — s7%)5. We
impose that T3 intersects the line y = s?z at one point outside Q' (with
multiplicity 2). We force this point to be singular and we get the conditions
on s (again with Maple-V). We obtain that

(85— 1)(s5+3s3+1)(s2+4s" + s+ 453+ 1) =0.

We consider the action of the dihedral group; in the first term it is enough
to retain the cases s = 41; the positive case is too degenerate so it remains
only s = —1. The equation of T3 in this case is:

1393 + 9%z — 59?2 — 9y — 6yzz —yz? — 1323 — 52’z 4+ 222 + 22 = 0.

For the second term, one can see that we force S = A; which is also too
degenerate. The last factor gives two different cases (the twelve roots give
two orbits by the action of the dihedral group). The equation is:

9
(_12655 Cc0s 46271 21703)

(1205 s® + 320 s'! + 1285 5%) 22?
(10080 s + 135 s* + 9480 57 + 2466 5'°) ya
(60s+60s" +165'0 +55%) 2%z
(15255 5% + 216 s° + 14325 s° + 3780 s'1) ¢z
495 s° 2103
2
1
( CELAP 66209—311056> y®
640 s + 620 s + 160 s'° + 5 5%) 2y
7552 — 7555 — 205t — 4 s)z y+22=0.

+
+
+
+
+

—— +990s ) Y2x

_l’_

—(
+ (-
O

We deduce that there are essentially three different answers to Ques-
tion 2.4. The main feature of the first answer is that the tangent line L to
R3 at Q' passes through Q. The elliptic surface is obtained from the double
covering of P? ramified along R3 + T3, and the elliptic fibration comes from
the pencil of lines with center at S. One of the singular fibers is produced
by the line joining S, A; and @Q’.
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Figure 2.

The other singular fiber is produced by the line joining .S and Q.

\ \
\‘/:S‘ s ,\,, \, c, \\ \\ ¢,
// \‘ // /,
~L N~ — c
S~—— = ~— \ ! D
G F Cz !
C / i C
— - - 1 / 5
- \
o
Figure 3.

Proposition 2.6. The solution for s = —1 produces the elliptic fibration
such that MW is cyclic of order 5. The solutions s'2+4s% 4+ s +4s34+1 =0
produce elliptic fibrations with trivial Mordell-Weil group; this case was not
previously known.

Proof. We note that the exceptional curve of the blowing-up of S never
produces a section. In both cases the strict preimage of T3 produces a
section.

In the case s = —1, the intersection numbers of the line T" with the curve
R3+Tj are always even; then the preimage of L is reducible and produces two
sections. We note also that @ is in this case an inflection point for both Rj
and T3; the common tangent line has also even intersection numbers with
R3 + T3 and then it produces two sections. We have found five different
sections, then all of them.

Let us consider now the second case. We know already a section. By
Proposition 2.2, any other section should come from a section to the pencil
of lines through S having always even intersection numbers with the rami-
fication curve R3 + T3. Then the problem is as follows:
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Is there a curve D of degree d having a point of multiplicity d — 1 at

S and such that (S- R3)p = (S-T3)p mod 2 for any P € P2 and any

branch of D at S has even intersection number with T3 ¥

Let us suppose that such a curve exists. It gives two different sections Dy
and D; in the elliptic surface. From [MP3], Dy and D; are torsion sections,
and then they must be disjoint. In particular, D cannot intersect R3 U T3
outside S, A1, @, @’ and no branch of D at S is tangent to any branch of T3
at S.

Dy and D; belong to the 5-torsion, so by the structure of the singular
fibers, we have:

- Ay ¢ D;

~ (T3 D)gr = (R3- D)gr = a=0,2,4;

~ (T3-D)g = (R3-D)g =b=1,3,5.

Then, putting all these conditions together, we obtain that S ¢ D and
so D is a line; then 3 = a + b. The two possibilities appear in the previous
case, but not in this one. O

2.3. Case m = 11.

The method to find or discard the fibrations in the other cases is the
same one. As the answers are positive, we will give the results that may be
verified by the reader. Let us consider the polynomial

b1 (:Uv Y, 2)
11593 0270\ 4o (4705 2183 v A
= — x — x
95004009 190008018 10556001 10556001 Y

_l’_

1493 v 803\ o4, (48226 14T50\ o,
4691556 2345778 5000211 © 5000211
1174 v 4736 2 3 635v 755 3 3
z7xy” + —
185193 185193 123462 61731

(20153 1081 v ) 22 < 854 1871}) 5

_l’_

_I_

87723 " 175446 3249 3249 )Y "
427, 187 929612 386
U)z42+(— U) Syz2

_|_

6498 12996 13851 + 13851

1412 200 oy + 2323 + = 21
1539 1539 Y 729 729

where v2 4+ 2 = 0.

Proposition 2.7. The curve pi(z,y,z) = 0 is an irreducible curve with
singularities Eg (at [1 : 0 : 0] and tangent line z = 0), Ay (at [0 : 0 : 1]),
Ag (at [0 :1:0]) and Ag (at [1 : 1 : 1]). The pencil of lines through the
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triple point determine after a double covering an elliptic K3 fibration of type
[1,1,1,2,3,16] with trivial Mordell-Weil group.

Proof. The computations have been performed with Maple-V. We note that
the curve is irreducible as the line x = 0 joining Ag and A; is not a compo-
nent. The Miranda-Persson classification finishes the result. O

2.4. Case m = 13.

Proposition 2.8. The curve pg(x,y, z) = 0 (see below) is an irreducible
curve with singularities Eg (at [1 : 0 : 0] and tangent line y = 0), A7 (at
0:0:1]), Ay (at [0:1:0]) and A; (at [1:1:1]). The pencil of lines
through the triple point determine after a double covering an elliptic K3
fibration of type [1,1,1,2,5,14] with trivial Mordell-Weil group.

Proof. As before, computations have been performed with Maple-V. We
note that the curve is irreducible as the line x = y joining A7 and A; is not
a component. The Miranda-Persson classification finishes the result. O

We have:
pQ(:Ev Y, Z)

3 3 24284  10287v 14429502\ , ,
x - + + x
130321 = 260642 1824494

607151502  2851308v _ 13668817 , 4
( 130321 130321 130321>
. (38660279v 16168421507 179634441) 2 5 9
260642 521284 260642
95220863502  60782001v 277127879\ 4 ,
+< 521284 200642 | 260642 >Z
. <55758423v 4602871350 125694751) 4 s
521284 2035136 260642
10473 , 23260, 3286007
+< 6859 | 6859 | 48013 )Z
36105007 1768950 1579285\
+< 6859 6859 13718 )
7257530 | 145806507 1564472\
+< 13718 13718 6859 )
1625477 1017370 _ 304510507
+< 13718 6859 54872 )
268 , 14lv 34950 825  255v 117502\ 4 4
+< 361 2+10108>Z‘y+<722 361 1444)'2
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T361 T 1444 T 5776
where 513 — 402 — 140+ 14 = 0.

( 686 1099 v 60551}2) 4

Let us remark that this condition has exactly one real solution.

2.5. Case m = 27.

In this cases we only state the result concerning the existence and unicity
of curves and we give the equation of the polynomial. The proofs and
methods of computations are very similar to the previous ones.

Proposition 2.9. The curve ps(x,y,z) = 0 (see below) is an irreducible
curve with singularities Eg (at [0 : 0 : 1] and tangent line y = 0), Az (at
[1:0:0]), As (at [0:1:0]) and Ay (at [1 : 1 : 1]). The pencil of lines
through the triple point determine after a double covering an elliptic K3
fibration of type [1,1,1,5,6,10] with trivial Mordell-Weil group.

We have

p3(x7y72)
< 20002 425 110@) 10 (125 5v 13v2> 4
= — |y "+ YT

306 T 9 39
+ <5Z2 2 + 5”) 2yt 4 <115“2 4 220 + 875”) W
528 264 48 81 81 81
2 2
<(1j(5)2 + 42?:] + 1??);) ) S22 4 <5U b 5U> 2yr 4 2yP
< 2225 32750 725 v2> 2 4 <_2831 20320 797v2> a8

972 436 972 324 81 324
N <_37v2 35 2151}) 22 1 <1225 22 N 5215 N 7495v> syt
72 36 72 972 972 ' 486
(1105 L T88v 193 v2> e (_893 v 4333 2449921) 24
324 ' 81 324 3888 1944 3888

where 25 + 75v + 1502 + v3 = 0.

2.6. Case m = 32.
Let us consider the polynomial

P4 (.%', Y, Z)
sy (6250 83625\ , . (3475v 39275\ , 4
=Y 663168 334084 58956 29478 ) Y

(M50 1T\ o, (1730 200N 5
— - — x°z - — Tz
1734~ 867 )7 204 102/ 7
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v > 4 9 <19675v 188825> 4
_7_,_ z5 + - Yzx

_l’_

501126 501126

(3501} 23110) . <_1580v 5900> R

_l’_

4913 " 4913 867 867
111} 205550 232705\ o |
N 5/3> i (668168 N 668168) v

1885 v n 116975\ 3 5 1205v 33517\ 4 o
— - — T
29478 29478 1734 8670

+

where v2 — v + 34 = 0.

Proposition 2.10. The curve ps(z,y,z) = 0 is an irreducible curve with
singularities Eg (at [0 : 0 : 1] and tangent line y = 0), Ag (at [1 : 0 : 0]),
As (at [0:1:0]) and two points of type A1 in the line x +y+ z = 0. The
pencil of lines through the triple point determine after a double covering an
elliptic K3 fibration of type [1,1,2,2,3,15] with trivial Mordell-Weil group.

2.7. Case m = 37.

Proposition 2.11. The curve ps(z,y,z) = 0 (see below) is an irreducible
curve with singularities Eg (at [0 : 0 : 1] and tangent line x = 0), As
(at [0 :1:0]), Ag (at [1 : 0 : 0]) and two points of type Ay in the line
x+y+z=0. The pencil of lines through the triple point determine after
a double covering an elliptic K3 fibration of type [1,1,2,2,9,9] with trivial
Mordell-Weil group.

We have:
p5(T,y, 2
(39708031} 345557847 v? n 8058927> 4 9
130438 65219 130438
( 82574784 v%  37159110v 3105297) 4
+ + — YT
5929 5929 5929
n ( 653967 3545235 v _ 5380479 v2> z2y4
2156 1078 1078
n (58942141) _ 295704 v2 B 650011) 3 3
9317 9317 9317
n ( 2780761} 8089261} _ 86286> y3 9
847 847
n ( 1057231} 80505v B 15255) 22:1:y3
77 154
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14286 136113v 6574207 , 4
- +
1331 1331 1331
N 24048v 30018 v2 +4599 5 3
2y T
121 242 ) Y
+ 2199U 39661) + @ 2 2{1;2
11 n)*"
N 309 37111) 8358 v? 4
zZYyxr
1t 121 )
471v 90302 87\ 5 4 42v?  159v 15 2.4, 3.3
(11 11 22>Zyw+< TRV R
where 28 v3 — 3002 +12v — 1 = 0.
2.8. Case m = 38.
Let us consider the polynomial
pﬁ(x Y,z )
_ 14042yt 9ayz N 1722y 10800 23y® 1980 2%y32
T 1445 85 60 4913 289
_312%%x LB 4 105840 zty? | 4410 23y%z . 13965 22y’
w02 Y 83521 289 1156
720300 ztyz 780325 22yx3 14706125 22zt
83521 29478 1002252

Proposition 2.12. The curve pg(z,y,2z) = 0 is an irreducible curve with
singularities Eg (at [0 : 0 : 1] and tangent line y = 0), Ay (at [1: 0 : 0]),
A (at [0:1:0]) and two points of type Ag in the line x +y+ z = 0. The
pencil of lines through the triple point determine after a double covering an
elliptic K3 fibration of type [1,1,2,3, 3, 14] with trivial Mordell-Weil group.

2.9. Case m = 55.
Let us consider the polynomial

p7(x,y,z)
= (139 + 175v> y4z2 +. (—837U + 7101) y4zx
176 = 176 242 968
. (30537 29565v> 1,2 <_ 151v 155) 3,2,
10648 10648 44 44
675  83Tv\ 3 o 669v 2765\ 3 5
+<242 242)92:” +<_2662+1331>yx
81v 243 441v 183
+ ( ) y?2 et 4 < 213 242> y?za®
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1107~ 2025vY\ 4 4 17 107w 9 3
+ + yxr o+ | ——+ yz-w

1331 ' 1331 11 22
1537} ].8 4 3 3 13 5U 2 4
+<121 +121)yzx + 27z + 99 99 )% 7"

where 302 — 4v 4+ 2 = 0.

Proposition 2.13. The curve p7(z,y,z) = 0 is an irreducible curve with
singularities Eg (at [0 : 0 : 1] and tangent line x = 0), Ay (at [0 : 1 :0]),
A7 (at [1:0:0]) and two points of type Ao in the line x +y+ z = 0. The
pencil of lines through the triple point determine after a double covering an
elliptic K3 fibration of type [1,1, 3,3, 8,8] with trivial Mordell-Weil group.

3. The complete determination of the Mordell-Weil group for
each type of semi-stable extremal fibrations.

In this section, we shall show Theorem 0.2 which will follow from the Table
in [MP3], and the Lemmas below. We recall Lemma 1.3 and Shioda-Inose’s
result that the isomorphism class of a K3 surface X of Picard number 20 is
uniquely determined by the transcendental lattice Tx, modulo the action of

SLy(Z) [SI].

Lemma 3.1. Let S be an even symmetric lattice of rank 20 and signature
(1,19) and T a positive definite even symmetric lattice of rank 2. Assume
that o : TV/T — SV/S is an isomorphism which induces the following
equality involving Q/2Z-valued discriminant (quadratic) forms: qs = —qp.
Let X be the unique K3 surface (up to isomorphisms) with the transcen-
dental lattice Tx = T. Then the Picard lattice Pic X is isometric to S.

Proof. Consider the overlattice L of S @& T obtained by adding all elements
o(x) +x, x € TV, where ¢(z) € SV denotes one representative of ¢(z +
T) € SV/S. The (even) intersection form on S @ T is naturally extended
to a Q-valued one on SV @ TV. For each = € TV, we have, modulo 2Z,
(p(z)+z, p(x)+x) = —qr(z)+qr(x) =0, ie., (p(z)+z, ¢(x)+x) € 2Z. Also
for z; € TV, combining (p(z1 + x2), p(x1 + 22)) = — (1 + 22, 21 + x2) (mod
27) and (@(x;),o(z;)) = —(zi,x;) (mod 2Z), we see that (p(x1),p(z2)) =
—(x1,22) (mod Z), whence mod Z we have (¢(x1) + x1, p(x2) + 22) = 0.
Thus L is an even (integral) symmetric lattice of rank 22 and signature
(14+2,19+0). Clearly, L/(S® T) = TV /T and hence | det(L)| = | det(S @
T)|/|TV/T|> = 1. Now by the classification of indefinite unimodular even
symmetric lattices, L is isometric to the K3 lattice (cf. [Se]).

On the other hand, by [SI], there is a unique K3 surface X (modulo
isomorphisms) with the intersection form of the transcendental lattice T'x
equal to T' (modulo SLy(Z)). We identify L with H?(X,Z) and T with
Tx. Note that there are two embeddings ¢y, : Tx — H?*(X,Z): 11 : Tx —
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H?(X,Z) as the transcendental sublattice, and 1o : Tx =T — S @ T —
L = H? (X,7Z).

The embedding ¢1 (resp. o) is primitive by the definition of Tx (resp. of
L). Now Nikulin’s uniqueness theorem of primitive embedding implies that
there is an isometry W of H?(X,Z) such that 11 = ¥ o 15 [Mo, Cor. 2.10].
Note that the Picard lattice PicX = (11(Tx))* = (¥(12(Tx)))*t = ¥(T+) =
U(S)xS. O

Lemma 3.2. Let f : X — P! be of type m = 4 as in Theorem 0.2. Then
MW (f) # (0).

Proof. Suppose the contrary that f : X — P! is of type m = 4 with
MW (f) = (0). Then Pic X is a direct sum U & A3 & A5 of lattices, where
U = (ayj) satisfies a;; = 0,a12 = a1 = 1. Let (b;;) be the intersection
matrix of the transcendental lattice T = Tx. Then b; > 0 and det(b;j) =
| det(Pic X)| = 64 (cf. [BPV]). After conjugation by SL(2,Z), we may
assume that —b11 < 2|b1a| < b11 < bag, and that bjs > 0 when by; = bge. An
easy calculation shows that one of the following cases occurs:

(1) (bi;) = diag [2,32],

(2) (bij) = diag [4,16],
(3) (biy) = diag [3,8], and

(4) b11 = 8,bo2 = 10,b10 = 4.

Embed T, as a sublattice, naturally into TV = Homg(T,Z). Then TV /T
~ (PicX)Y/ (PicX) = Z/AZ ® Z/16Z. Note that (PicX)"/(PicX) is gener-
ated by €1 = (1/4) Z?:l iv; and g9 = (1/16) Z;il(i — 3)v;, modulo Pic X,
where v;’s form a canonical basis of A3® A5 C Pic X. So the discriminantal
quadratic form qr : TV/T — Q/2Z is equal to —gpicx = (—€2) ® (—€3) =
(3/4) & (15/16).

On the other hand, in Case (4), TV has a Z-basis (e1 €2)(bij) ™' = (g1 g2),
where e, ea form a canonical basis of T', where g1 = (1/32)(5e1 — 2e2), g2 =
(1/16)(—e1 + 2e2). This leads to that ord(g;) is equal to 32 in TV/T, a
contradiction.

In Cases (1)-(3) where T' = diag [s, t], with (s,t) = (2,32), (4, 16) or (8,8),
the discriminantal quadratic form ¢r is equal to (1/s) @ (1/t). This leads
to that (1/s) & (1/t) = (3/4) @ (15/16), which is impossible by an easy
check. O

Lemma 3.3. Consider the pairs below:

(m, Gm) = (2,(0)), (9,(0)), (11,(0)), (13, (0}), (27, (0)), (32, (0)),
(37,(0)), (38,(0)), (55,(0)), (35, 2/22Z), (53, (Z/3Z)).
For each of these eleven pairs (m, G,,), there is a Jacobian elliptic K3 sur-
face fu : X — P of type m as in Theorem 0.2 such that (m, MW (fn)) =
(m,Gp,).
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Proof. The existence of the pairs where m = 2,35 is proved constructively
in [AT]. The rest is also constructively proved in §2. In the paragraphs
below, we will give an independent lattice-theoretical proof.

Let T,,, m = 2,9,11,13,27,32,37,38,55, 35,53, be the positive definite
even symmetric lattice of rank 2 with the following intersection form, re-
spectively:

4 2 10 O 10 2 2 0 10 0 12 6
2 10/°\0 10/°\2 10)°\0 70/°\0 30)’\6 18)"
18 0 6 0 24 0 6 0 4 0
0 18/°\0 42)°\ 0 24)’\0 12/’\0 12/°

For the first nine m above, let S, be the even lattice of rank 20 and

signature (1,19) with the following intersection form, respectively

Ud A D A7, UB Ay D Ag,U ® A1 © As D Axs,

UdcA @A DA UBAL G As D Ag, U B A1 B A & Ay & A,

U A GAI AP A UB A DA B A B A3, U B A @ Ay A7 & A

We now define S, for m = 35,53. Let I's5 be the lattice U & A1 & A1 &
As ® Aq1, with G, H, J;(1 <i <5),0;(1 <i<11) as the canonical basis of
A1 ® A @ As & Ay, and O, F as a basis of U such that O? = —2, F? =
0,0-F=1.

We extend I'ss to an index-2 integral over lattice S35 = ['s5 + Zsss, where

6 11
S35 :O+2F—G/2—H/2— (1/2) <2291+Z(12_Z)01) .
1 =7

1=
It is easy to see that the intersection form on I's5 can be extended to an

integral even symmetric lattice of signature (1,19). Indeed, setting s = s35,
we have

32:—2,5‘F:s'G:s~H:s-96zl,s-Ozs-Jizs-Hj:O (Vi; 5 # 6).

Moreover, | det(Ss5)| = | det(I's5)|/22 = 72.

Note that I'{; = Homgz(I's5, Z) contains naturally I'ss as a sublattice with
Z/2Z3Z)2Z SZ/6Z B Z/12Z as the factor group, and is generated by the
following, modulo I'35:

5 11
hi=G/2, hy=H/2, hg=(1/6)> iJi, ha = (1/12)) ib;.
1=1 i=1

Since (S35)Y is an (index-2) sublattice of (I's5)", an element x is in (S35)"
if and only if z = 2?21 a;h; (mod I's5) such that z is integral on Sss, i.e.,
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x-s = (a1 + az + aq)/2 is an integer. Hence (S35)Y is generated by the
following, modulo I"35:

hs, 2h;, h1 4+ ha, hi + ha, ho + hy.

Noting that 2h1,2he € S35 and (hy + ha) + 6hy is equal to s (mod T's5)
and hence contained in S35, we can see easily that (S35)" is generated by
the following, modulo Sss:

g1 1= hg, g9 1= hl — h4.

Now the fact that |(S35)Y/S35| = 72 and that 6e1,12e9 € S35 imply that
(S35)V /S35 is a direct sum of its cyclic subgroups which are of order 6, 12,
and generated by €1, €2, modulo Sss.

We note that the negative of the discriminant form
~d(s5) = (— (1)) ®(—(e2)?) = (5/6)®((1/2)+(11/12)) = (5/6) @ (~7/12).

Next we define Ss3. Let I'sg be the lattice U ® Ay @ Ay & A3 ® Ay, with
Gi(i=1,2),H;(1=1,2),J;(i=1,2,3),0;(1 <i < 11) as the canonical basis
of Ao @ Ay ® A3 ® A11, and O, F as a basis of U as in the case of S3s.

Extend I's3 to an index-3 integral over lattice Ss3 = I's3 + Zss3, where

11 11
s53 = O+ 2F— (1/3)(2G1 + G2 + 2Hy + Ha) — (2/3) > _i0; +Y _(i — 4)0;,
i=1 i=5
(set s = s53) ?=-2s-F=s-Gi=s-H =s-0,=1,
s:0=5-Goa=s5-Hy=5-J;=5-0; =0 (Vi;j #4).
Moreover, | det(Ss3)| = | det(I's3)|/3% = 48.
Note that I'Y; is generated by the following, modulo I'ss:

2 2
hy=(1/3)Y iGi, ha=(1/3) iH;,
’L:31 1:111
hg = (1/4) idi, ha=(1/12)) ib;.
i=1 =1

(S53)V is generated by the following, modulo T's3:
h3, 3hi, h1+ ha+ ha, h1 — ha, h1 — ha, ho — hy.

Noting that 3hi,3he € Ss3 and 3hg + (hy + ha + hy) is equal to s (mod
I's3) and hence contained in Ss3, we see that (S53)Y is generated by &1 :=
hs, e := hy — hy, modulo Ss3. As in the case of S35, (S53)Y/Ss3 is a direct
sum of its cyclic subgroups, which are of order 4, 12, and generated by ¢1, 2,
modulo Sss3.
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The negative of the discriminant form

—q(555) = (—(€1)?) & (= (e2)?)
= (3/4) ® ((2/3) + (11/12)) = (3/4) & (—5/12).

Claim 3.4. The pair (S, T),) satisfies the conditions of Lemma (3.1) and
hence if we let X,,, be the unique K3 surface with Tx,, = T}, then Pic X,, =
S (both two equalities here are modulo isometries).

Proof of the claim. We need to show that qr,, = —qs,,. Note that AY /A, =
Z/(n+1)Z and q(4,) = (-n/(n + 1)). For the first nine m, if we write
Sm=U®& Anl—l D--- Ank—la then

5 = (=1 =1)/m1) & - & (= (g — 1) /na);
moreover, S, /Sy, is generated by two elements &; (i = 1,2) (g; is a simple
sum of the natural generators of S),/S,,) such that for every a,b € Z one
has —q(s,,)(ag1+aea) = —a*(e1)*—b*(e3). For all eleven m, &; can be chosen

such that (—e?, —¢2) is respectively given as follows:

(1/2,17/18),(9/10,9/10), (1/2, —19/48), (1/2,121/70),
(9/10,49/30), (—5/6, —17/30), (25/18,25/18), (—5/6, —17/42),
(—11/24, —11/24), (5/6,—7/12), (3/4, —5/12).

On the other hand, 7)Y, is generated by (g1 g2) = (e1 e2)T),;}, where e1, ea
form a canonical basis of T, which gives rise to the intersection matrix of
T, shown before this claim. Now, the claim follows from the existence of
the following isomorphism, which induces g7, = —q¢s,,,:

¢ Ty /T — S/ Smi (91 g2) — (€1 €2) Brm.

Here B,, is respectively given as:
11 70 0 1 1 0 7 0 -2 1
2 5)°\0 7)’\11 17)°\0 51/)°\0 17)°\ 1 3}’
70 2 3 2 3 3 2 0 1
0 7/)°\21 10/°\3 —=2/)’'\4 3)’\3 4"

Write Sy, (resp. I'y,) as U @ A(m) with A(m) = Ay, 1@ ® Ap,—1, for
the first nine m (resp. m = 35,53) as in the definitions of them. Let O, F' be
a Z-basis of U for all m, as in the definition of Ss5. By [PSS, p. 573, Th. 1],
after an (isometric) action of reflections on S, = Pic X,,,, we may assume at
the beginning that F' is a fiber of an elliptic fibration f,, : X,, — P'. Since
0? = —2, Riemann-Roch Theorem implies that O is an effective divisor
because O - F > 0. Moreover, O - F = 1 implies that O = O + F’ where O
is a cross-section of f,, and F’ is an effective divisor contained in fibers. So
fm is a Jacobian elliptic fibration and we can choose O; as the zero element
of MW (fp)-
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Let A, be the lattice generated by all fiber components of f,,. Clearly,
Ap =ZF A A=A(1)D---®A(r) (depending on m), where each A(7) is
a negative definite even lattice of Dynkin type A,, Dy, or E.., contained in a
single reducible singular fiber F; of f,;, and spanned by smooth components
of F; disjoint from O;.

Claim 3.5. We have:

(1) Spanz{z € Sy|z-F = 0,22 = -2} = A, = ZF ® A(m); in particular,
r = k, and there are lattice-isometries: A = A(m) and A(:) = A,,
(i=1,2,...,k), after relabeling.

(2) There are k singular fibers F; of type gni_l (1 <i<Ek)of fn, and
any fiber other than F; is irreducible.

(3) MW (fm) = (0) (resp. Z/2Z, Z/3Z) for the first nine m (resp. m =
35,53).

Proof. The assertion (2) follows from (1) (see also [K, Lemma 2.2]).

The first equality in (1) is clear from Kodaira’s classification of elliptic
fibers and the Riemann Roch Theorem as used prior to this claim to deduce
O > 0. The second equality is clear for the cases of the first nine m because
then Pic X, = Sy, = (ZO + ZF) & A(m).

Let m = 35,53. We now show the second equality using Lemma 1.3.
Clearly, ZF® A (m) is contained in the first term of (1) and hence in A,,. One
notes that 19 = rank S,, — 1 > rank A,, = 1+ rank A > 1+ rank A(m) =
1+ 5% (ni—1)=19. Hence A = A(1)@®--- ® A(r) = A /ZF contains a
finite-index sublattice (ZF @ A(m))/ZF = A(m) = Ap, 1@ -+ D Ap, 1.

Suppose the contrary that the second equality in (1) is not true. Then
A(m) is an index-n (n > 1) sublattice of A. By Lemma 1.3, one of Cases
(2-1) - (2-3) there occurs.

Case (2-1). Then m = 35, f,, has reducible singular fibers of types
A}, I, and no other reducible fibers. This leads to that 72 = | Pic X,,| =
(2 x 4)/|[MW (fm)|?, a contradiction (cf. [S]).

Case (2-2). Then m = 53, f, has reducible singular fibers of types

Ay, I}, and no other reducible fibers. This leads to that 48 = |Pic X,,| =
(3 x 4)/|MW (fm)|?, a contradiction.

Case (2-3). Then m = 35, f,, has reducible singular fibers of types
Ay, I, IV* and no other reducible fibers. Since 72 = | Pic X,,| = (2 x 12 X
3)/IMW (fm)]?, we have MW (f,,) = (0) and S,,, = Pic X, = ZO1 + A, =
Z(’)1+( ZFEBA) = ZOl+( ZFEBAl@AHEBEg).

By the Riemann-Roch theorem and the fact that (s;,)? = —2, ;. F =1
and MW (f,) = (0), we see that s, = Op (mod A,,). This, together with
the fact that @ = O; (mod A,,) and the definition of s,,, implies that
(1/2)(G + H + D) € Ay, where D = 328 i6; + 311 (12 — 0)6;.
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Consider the index-2 extension
A1 ® AL @ (A1 @ As) = A(m) = (ZF © A(m))/ZF C (ZF & A)/ZF
A=A A1 D Es.

The proof of Lemma 1.3 shows that (the first summand A; in this rearranged
A(m)) @ZF = (the summand A; in A) @ZF, (the summand A;; in A(m))
@ZF = (the summand A;; in A) @ZF, and (the summand (A; & As) in
A(m)) @ZF C (the summand Eg in A) @ZF. So we may assume that, mod
ZF, G is the Z-generator of the first summand A; in A, 6; (1 <7 < 11) form
a Z-basis of the summand Aq; in A, and H is contained in the summand
Eg in A.

In particular, for (G+H+D)/2 € Ay, = ZF®A =ZF & (A1 B A1 D Ey),
we have, mod ZF, G/2 € Ay, H/2 € Eg, and D/2 € Aj;. We reach a
contradiction to the above observation that the A; in A is generated by G
over Z.

Therefore, the second equality of (1) is true. So there is an isometry
®: A=A, /ZF = A(m). Now the rest of (1) follows from Lemma 1.3.

The assertion (3) follows from the fact in [S, Th. 1.3], that MW (f,) is
isomorphic to the factor group of Pic X,, modulo (ZO; + ZF) ® A, where
the latter is equal to (ZO + ZF)+ A = (ZO +ZF) & A(m) = U & A(m).
This proves the claim.

The existence of singular fibers F; (i = 1,2, ..., k) of type I,,,, the fact that
the sum of Euler numbers of singular fibers of f,, is 24, the fact that each
fiber other than F; is irreducible, and [MP3, Lemma 3.1 and Proposition
3.4] imply that f,, is semi-stable. Hence F; (i = 1,2,...,k) is of type I,,,
there are x(Xm) — >_,(n; — 1) — k = 6 — k fibers of type I1, and f, is of
type [1,1,...,1,n1,...,ng], i.e., of type m after an easy case-by-case check.
Moreover, (m, MW (fn)) = (m,G,,) for all eleven m by the last claim. O

Remark 3.6. We note that S35 = U ©& A1 ® A1 © Eg. This is because
the lattices T35 and the one on the right hand side satisfy all conditions of
Lemma 3.1 by an easy check. In particular, using [MP3, Lemma 3.1 and
Proposition 3.4] as in the proof of Lemma 3.3, we can show that there is
a Jacobian elliptic fibration 7,,, : X, — P! (m = 35) with singular fibers
Il, Il, IQ, 112, IV* and with MW(Tm) == (0)

Lemma 3.7. Let f : X — P! be of type m as in Theorem 0.2. Then we
have:
(1) If m = 48, then MW (f) # Z/2Z, or Z/AZ.

) If m =4, then MW (f) # Z/2Z.

) If m =31, then MW (f) # Z/2Z.

) If m = 44, then MW (f) # Z,/2Z.

) If m = 69, then it is impossible that MW (f) is Z/2Z with s =
(0,0,0,0,2,6) as its generator (see Remark 0.4).

(2
(3
(4
(5
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(6) If m = 92, then MW (f) # Z/2Z.

Proof. Let f : X — P! be of type m as in Theorem 0.2.

(1) Assume that f is of type m = 48 and MW (f) 2 Z/2Z. We will show
that MW (f) 2 Z/8Z which will imply (1).

m = 48 means that the singular fiber type of fis Iy, I1, I, 14, Is, Is. Using
the height pairing in [S] or the Table in [MP3], we may assume that MW (f)
contains s = (0,0,0,0,4,4) as a 2-torsion section after suitable labeling of
fiber components.

Let Y, a K3 surface again, be the minimal resolution of the quotient
surface X/(s). f on X induces a Jacobian semi-stable elliptic fibration
g :Y — P! of singular fiber type Io, Io, I4, Is, Iy, I, where these 6 ordered
singular fibers are respectively “images” of ordered singular fibers on X.

To be precise, let o : X — X be the blowing-up of all 8 intersections in
the first 4 singular fibers of f of types I, I1, I3, I4. Then Y = X /(s) and the

Z/2Z-covering T : X — Y is branched along 4 disjoint curves Hj(-z), where
(4,7) = (1,1),(2,1),(3,1),(3,3),(4,1),(4,3), (4,5),(4,7). Here we choose
the common image of the zero section and the 2-torsion section s of f, as
the zero section O; of g, and label clock or anti-clockwise the i-th singular
fiber of g of type I, as Z?;Bl 0;1) so that O; passes through 9(()1), where
[n1,...,n6] = [2,2,4,8,4,4].

Note that (Y, g) is of type m = 103 in the Table of [MP3] and hence
there is a 4-torsion section ¢ of g equal to (0,0,2,2,1,1) or (0,0,1,2,1,2) or
(0,0,1,2,2,1), after choosing either clockwise or counterclockwise labeling
of fiber components, where for orders of six fibers of g we use the current
indexing inherited from that of f.

Ift=1(0,0,1,2,1,2) or (0,0,1,2,2,1), then ¢t meets the branch locus of 7w
transversally at one point only so that 771(¢) is a smooth irreducible curve
and 7 : 7 1(t) — t is a double cover with exactly one ramification point, a
contradiction to Hurwitz’s genus formula applied to the covering map .

Thus ¢t = (0,0,2,2,1,1). A check using height pairing shows that 71 (¢)
is a disjoint union of two 8-torsion sections of f. Hence MW (f) DO Z/8Z.
Indeed, MW (f) = Z/8Z by [MP3]. This proves (1).

Now assume that f is of type m = 4 (resp. m = 31, m = 44, m = 69 with
MW(f) = (s = (0,0,0,0,2,6)), or m = 92) and MW (f) 2 Z/2Z. Then
MW (f) contains a unique 2-torsion section s = (0,0,0,0,0,8) (resp. s =
(0,0,0,0,0,8), s = (0,0,0,0,2,6), s = (0,0,0,0,2,6), s = (0,0,0,2,2,4))
(cf. [MP3]). As in (1) we can show that f induces a Jacobian semi-stable
elliptic fibration g on the minimal resolution Y of X/(s). The singular
fiber type of g is I, + -+ + I, where [nq,...,ng] is equal to [2,2,2,2,8, 8]
(resp. [2,2,4,4,4,8], [2,2,4,8,2,6], [2,4,4,6,2,6], [2,6,8,2,2,4]) and hence
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is of type m = 94 (resp. m = 103, m = 97, m = 104, or m = 97) in the Table
of [MP3]. Now the inverse on X of the 2-torsion section t = (0,0,0,0,4,4)
(resp. t = (0,0,0,2,2,4), t = (0,0,0,4,1,3), t is one of (0,2,2,0,1,3) and
(1,2,2,3,0,0),ort = (0,0,0,4,1,2)) on Y is a disjoint union of two 4-torsion
sections of f. Hence MW (f) D Z/AZ. Indeed, MW (f) = Z/4Z by [MP3].
This proves (2)-(6). The proof of the lemma is completed. O

Lemma 3.8. Let f : X — P! be of type m as in Theorem 0.2. Then each
of the following pairs (m, MW (f)) occurs:

(69,Z/2Z = ((0,1,1,0,0,6))), (69, Z/4Z), (92, Z/AZ),
(32,Z/32Z), (37,Z/3Z), (44, Z/AZ), (55, Z/2Z).

Proof. The idea of the proof for the existence of the pair (m, MW (f)) =
(69,Z/4Z) is as follows. By [MP3], s = (0,1,1,0,1,3) is the generator of
MW (f) =Z/4Z. As in the proof of Lemma 3.7, the minimal resolution Y’
of X/(2s) is of type m = 104. The detailed proof of the existence is given
below.

Let g : Y — P! be of type m = 104. By the Table in [MP3], MW (g) =
Z/27 x 7Z/2Z and we may assume that g has singular fibres Z?;Bl (i),
(1 =1,...,6) of type I,,, and two 2-torsion sections t; = (0,2,2,0,1,3),ty =
(1,2,2,3,0,0), after suitably indexing singular fibers so that [ni,...,ng] =
[2,4,4,6,2,6]. It is easy to check the following relation (cf. [S, Lemma 8.1]
or [M, Formula (2.5)]), where Oq, F' are the zero section and a general fiber

of g,
2ty ~ 2(01 +2F) — (9(1)1 + 9(2)1 +260(2)2 + 9(2)3 + 9(3)1 +260(3)2 + 9(3)3+

0(4)1 + 20(4)2 + 30(4)3 + 20(4)4 + 0(4)5).
Hence we get a relation

D=06(1)1+6(2)1+6(2)3+6(3)1+6(3)3+6(4)1 +6(4)s ++0(4)5 ~ 2L

for some integral divisor L. Let 7 : X — Y be the Z /2Z-cover, branched
along D and induced from the above relation. Then g induces an elliptic
fibration f : X — P! so that the relatively minimal model (X, f) of (X, f)
is of type m = 69. The inverse on X of O; is a disjoint union of two sections,
one of which will be fixed as O of f. Now the inverse on X of the 2-torsion
section t; on Y is a disjoint union of two 4-torsion sections of f. Hence
MW (f) = Z/AZ by the Table in [MP3]. This proves the existence of the
pair (m, MW (f)) = (69,Z/4Z).

The existence of other pairs is similar. Here we just show which Y, 1, to
we should choose. To be precise, we let g : Y — P! be of type m = 52
(resp. m = 97; m = 91; m = 110; m = 97; m = 104) with singular fibers of
type In, + -+ + In, with [ng,...,n¢] = [2,1,1,6,8,6] (resp. [2,6,8,2,2,4];
[3,3,6,6,1,5]; [3,3,6,6,3,3]; [2,2,4,8,2,6]; [2,2,6,6,4,4]) and we let
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t1 = O1 be the zero section and t2 = (1,0,0,3,4,0) the 2-torsion section
(resp. t1 = (0,0,4,1,1,2) and t2 = (1,3,4,0,0,0) two 2-torsion sections;
t1 = O1 and t2 = (1,1,2,2,0,0) a 3-torsion section; t; = Op and to =
(1,1,2,2,0,0) a 3-torsion section; t; = (0,0,0,4,1,3) and t2 = (1,1,2,4,0,0)
two 2-torsion sections; t; = O; and t2 = (1,1,3,3,0,0) a 2-torsion section).
Then as in the above paragraph, the minimal model X of a Z /nZ-cover with
n=2(resp.n=2;n=3;n=3;n=2;n=2)of Y has an elliptic fibration
f: X — P! induced from g, of type m = 69 (resp. m = 92; m = 32;
m = 37; m = 44; m = 55) such that the inverse on X of ¢; is a disjoint
union of O and s = (0,1,1,0,0,6) (resp. a disjoint union of two 4-torsion
sections; a disjoint union of O and two 3-torsion sections; a disjoint union
of O and two 3-torsion sections; a disjoint union of two 4-torsion sections;
a disjoint union of O and a 2-torsion section), whence MW (f) is equal to
Z/27 = {0, s} (vesp. Z/4Z; Z/3Z; Z/3Z; Z/AZ; Z/2Z) by the Table in
MP3].

This completes the proof of the lemma and also that of Theorem 0.2. [

4. Uniqueness for extremal elliptic K3 surfaces with large torsion
groups.

The goal of this section is to prove Theorem 0.3.

In the case where MW (f) D Z/2Z x Z/2Z, namely, m = 94,97, 98, 103,
104,112, the uniqueness problem has already been considered in §7 [MP3]
by using double sextics, and they are all unique. Hence we need to prove
the cases when MW (f) = Z/AZ,Z/5Z, Z/6Z,Z)7Z,Z/3Z x Z/3Z.

As we have seen in §1, if MW (f) has an element of order N > 3, then
f : X — P! is obtained as the pull-back surface of the elliptic surface,
Y1.n : E1(N) — X1(N), by some morphism g : P! — X;(N). Since X;(N)
should be isomorphic to P! and X is a K3 surface in our case, N < 8 by
[C]. Thus our proof of Theorem 0.3 is reduced to showing the uniqueness
of g up to Aut(P?) for each case. Hence it is enough to prove the following:

Proposition 4.1. Let g : P! — X{(N) be the morphism as above. Then g
s unique except m = 49.

By comparing the degree of the j-functions, we can easily check the fol-
lowing table:
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MW(f) |degyg m
7./AZ 4 | 4,31,44,69,92
7/5Z 2 9,49,105
Z/6Z 2 35,53,63, 95,108
7)7Z 1 30
Z/3Z x Z/3Z | 2 110
Table 4.2.

One can see that the uniqueness for the case MW (f) = Z/7Z (m = 30)
immediately from the table.

Let us consider the cases of degg = 2. Our goal is to show that g is
unique up to Aut(X;(N))(=2 Aut(Pl)) except m = 49.

Case m = 9. f : X — P! has two Ig fibers. This means that the branch
points of g are 2 points over which 1) 5 has I5 fibers. The choice of such
two points is unique and ¢ is determined by the branch points. Hence g is
unique.

For cases m = 35,53,63,95,105,108, we can prove the uniqueness in a
similar way to that for m = 9. Hence we omit it.

Case m = 110. In this case, f : X — P! is obtained as the pull-back
surface of 93 3 : F3(3) — X3(3) by a degree 2 map g : P! — X3(3). 13,3 has
4 singular fibers, all of which are of type I3. By [MP1, Table 5.3|, E5(3) is
given by the Weierstrass equation as follows:

y? = 23 + (=357 + 24s)z + (25° + 405° — 16),

where s is an inhomogeneous coordinate of X3(3) = P!. The four I3 fibers
are over —1, —w, w? and oo, where w = exp(27/—1/3).
Consider two fiber preserving automorphisms of E3(3):

-3 3y=3 —s42
Gr12" (s+137 s+1 )

(o)

and
T2 (2,y,8) — (wx,y,ws).

These automorphisms induce permutations of the I3 fibers. Since X is a
double covering of E3(3), it is uniquely determined by the branch locus which
is two I3 fibers. Therefore, using 71 and 79, we can show that f : X — P!
is unique.

Putting the case m = 49 the aside, we consider the cases of degg = 4.
There are 5 cases: m = 4,31, 44,69, 92.
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The degree of the j-invariant of Ej(4) is 6, as it has three singular fibers
I7, Iy and I;. With a suitable affine coordinate of X;(4), we may assume
that these singular fibers are over 0, 1 and oo, respectively. Since the degree
of the j-invariant of f : X — P! is 24, the degree of g is 4, and is branched
only at 0, 1 and co. By [MP1, Table 7.1] and the Riemann-Hurwitz formula
for g : P! — X1(4), we have the following table on the ramification types
over each branch point.

m | The ramification types over 0, 1 and oo

4 (4), (4), (1,1,1,1)
31 (2,2), (4), (2,1,1)
44 (4), (3,1), (2,1,1)
69 (2,2), (3,1), (3,1)
92 (4), (2,1,1), (3,1)

Table 4.3.

Here the notation (e, ... ,ex) means that g~ 1(p) (p € {0,1,00}) consists
of k points, ¢i, ... ,qx, and the ramification index at ¢; is e;.

To show the uniqueness, it is enough to show that g assigned with the ram-
ification types as above is unique up to covering isomorphisms over Xi(4).
Let us start with the following lemma.

Lemma 4.4. Let g : Pt — X;(4) be one of the degree 4 maps in Table 4.3.
Let o : C — P be the Galois closure, and put ¢ = g o a. Then we have the
following:

m=4: g=g and g is a 4-fold cyclic covering.

m = 31: degg =8, C =2 P! and Gal(g) = Ds.

m = 44,92: deg§ = 24, C = P! and Gal(§) = S;.
m =69: degg =12, C =2 P! and Gal(g) = As.

Proof. The monodromy around the branch points gives a permutation rep-
resentation of 71 (P! \ {0,1,00}) to Sy; the basic loops 7o, 71 and Y about
0, 1 and oo, respectively map to permutations og, o1 and oo. The cycle
structure of each permutation is the same as the ramification type over the
corresponding point. These permutations satisfy the identity ogo100, = 1 in
S4 and generate a transitive subgroup, G, in §;. Note that this G is nothing
but the Galois group of § : C' — X1(4). We apply this argument to each
case, and obtain the following table:
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The cycle structure of og, o1 and o G
4 (4), (4), (1,1,1,1) 7/AZ
31 (2,2), (4), (2,1,1) Dy
44 (4), (3,1), (2,1,1) Sy
69 (2,2), (3,1), (3,1) Ay
92 (4), (2,1,1), (3,1) Sy
Table 4.5.

Now all we need to show Is: C' = P!. Our argument is based on the
following elementary fact:

Fact 4.6. Let = be a point on C, and put G5 = {7 € G|7(x) = z}. Then

G The order of G,
7/AZ 1,2,3

Sy 1,2,3,4

Ay 1,2,3

Ds 1,2,4

We prove C = P! case by case.
Case m = 4. As G = Z/4Z, deg g = deg g, and « is the identity.

Case m = 31. Since G = Dg, dega = 2. Let ¢« be an element of order 2
such that C/(1) = P'. As g is not Galois, ¢ is not contained in the center of
Ds. If a is branched over g~1(0), then §~1(0) consists of two points, each of
which has the ramification index 4. This means that ¢ belongs to the center
of Dg, which leads us to a contradiction. Hence the branch points of « are
two points in g~!(co0) which are unramified points of g. Hence C' = P1.

Cases m = 44, 92. By Fact 4.6 and Gal(C/P?') =2 Sy, points over 0, 1 and
oo have the ramification indices 4, 3 and 2, respectively. By the Riemann-
Hurwitz formula, we have C' = P!,
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Case m = 69. By Fact 4.6, points over 0, 1 and oo have the ramification
indices 2, 3 and 3, respectively. By the Riemann-Hurwitz formula, C' = P!,

This completes our proof for Lemma 4.4. O

The following classical fact is a key to prove Theorem 0.3 in the case
where MW (f) = Z/4Z.

Fact 4.7 ([Na, pp. 31-32]). For a suitable choice of an affine coordinate, w
and z, of X1(4) and P!, respectively, the map in Table 4.5 can be given by
the rational functions as follows:

w =z m=4
4_12
z
3
A 4+2v322 -1 69
= m =
24 —92v322 -1
8 144 13
w:(z+ 41 m = 44, 92.

10824(2% — 1)4

Fact 4.7 implies that the Galois coverings described in Lemma 4.4 are es-
sentially unique up to isomorphisms over P'. The morphisms ¢ in Lemma 4.4
are corresponding to a subgroup of index 4 of GG, and for each case, such
subgroups are conjugate to each other. This shows that the pull-back mor-
phisms, ¢, are unique up to covering isomorphisms over X;(4). Therefore
we have Proposition 4.1 in the case where MW (f) = Z/4Z.

Remark 4.8. We can prove the uniqueness for m = 94,98,103,112 in a
similar way to the case MW (f) = Z/4Z.

We now go on to show that the uniqueness does not hold for m = 49.

For the case m = 49, as we have seen before, f :— P! is obtained as the
pull-back surface of 11 5 : F1(5) — X1(5) by a degree 2 map g : P — X (5).
Y15 has 4 singular fibers. By [MP1, Table 5.3], E;(5) is given by the
following Weierstrass equation:

y? = 23 —3(s* — 125> +145* + 125+ 1)z +2(s° — 185° +- 755 - 755% +- 185+ 1),

where s is an inhomogeneous coordinate of X;(5) = P!. The two I; fibers
are over s = 1 and s = oo, and the two I fibers are over s = (11 + 5v/5)/2.

For m = 49, There are 4 possible cases for the pull-back morphism de-
pending on the branch points as follows:
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The branch points of ¢
(1) | 0and (11 +5v5)/2
(2) | 0and (11 — 5v/5)/2
(3) | oo and (11 +5v/5)/2
(4) | oo and (11 — 5v/5)/2

We denote the pull-back morphisms by ¢; (i = 1,2,3,4) corresponding
to the cases as above, and let f; :— P! denote the pull-back surface by g;.
Then we have:

Proposition 4.9. There ezists ¢ in Question 0.1 between either X1 and X4
or Xo and X3, while there is no such ¢ between the two pull-back surfaces
for other combinations.

Proof. Consider an automorphism, 7, of F1(5) — X;(5) given by

( ) 1 1 1
T (z,y,8) — | 52, =y, — | .
Y 52 s3y s

With 7, the points 0 and (11 +5+/5)/2 map to oo and (11 —5v/5)/2, respec-
tively. Our first assertion follows from this fact. For the second, by using 7,
it is enough to show that there is no ¢ in Question 0.1 between the pull-back
surfaces X7 and Xs.

Suppose that there exists ¢ : X1 — Xo as Question 0.1. Then we have:

Claim 4.10. ¢ induces an automorphism ¢ : X1(5) — X1(5) such that 0 —
00, 00+ 0, (1145v/5) /2 + (11—5v/5)/2, and (11—5v/5)/2 +— (11+5v/5)/2.

Since there is no fractional linear transformation as above, the second
assertion follows.

Proof of the Claim. Let ¢; (i = 1,2) be fiber preserving involutions on X;
(i = 1,2) determined by the pull-back morphisms g;. Let ® and 7; (i = 1,2)
be the restrictions of each morphism to the zero sections of X; and Xs.

0~ 019 0 @ gives rise to another fiber preserving involution on X;. Under

w oo, Iy, I5, I fibers map to Iig, I5, I fibers, respectively. Hence
@ toipop =iy or id, but the latter case does not occur since o # id. Thus
we have an isomorphism ¢ : X1(5) — X1(5), and it is easy to see that ¢ has

the desired property.

This finishes the proof of Proposition 4.1.
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QUASIREGULAR MAPPINGS AND W7T-CLASSES OF
DIFFERENTIAL FORMS ON RIEMANNIAN MANIFOLDS

D. FrRANKE, O. MARTIO, V.M. MIKLYUKOV, M. VUORINEN,
AND R. WISK

The purpose of this paper is to study the relations between
quasiregular mappings on Riemannian manifolds and differ-
ential forms. Four classes of differential forms are introduced
and it is shown that some differential expressions connected
in a natural way to quasiregular mappings are members in
these classes.

1. Introduction.

Let © be a domain in R",n > 2. A mapping f : Q& — R" is called a
quasiregular mapping, if f = (f1, fo,..., fn) € Wlloc(Q) and if there exists
a constant K € [1,00) such that
I (x)" < Kdet f'(x), forae x¢€.
The following result is well-known in [Re] and [HKM].
Each of the functions
u= fi(z) (i=12,...,n), u = log|f(x)l,

is a generalized solution of a quasilinear elliptic equation

(11) leA(.f,Vu) :0, A= (Al,Ag,... ,An),
where
n/2
(12) A DL
i \ij=1

and 6; ; are some functions, which can be expressed in terms of the derivative
f'(x), and satisfy

(1.3) ’£|2 < 2021 2)&i&; < ca(K )‘§|2a

for some constants ¢ (K), CQ(K) > 0.

This important proposition connects two large sections of analysis namely,
quasiregular mapping theory and the theory of partial differential equations.
Much progress in quasiregular mapping theory has resulted from the study

73
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of Equations (1.1)-(1.3). On the other hand many investigations of solu-
tions of quasilinear equations in the form (1.1)-(1.3) were stimulated by this
connection with quasiregular mapping theory.

However, many theorems about quasiregular mappings, obtained in this
way for example, in the monograph [HKM] do not make use of the special
form (1.2) of functions A;(z, ). In fact, what is important is the divergence
form of the Equation (1.1) and the existence of constants c¢1(K), co(K) —
the values of these constants are not significant.

We do not know who was the first turning attention to this fact. Possibly,
it was first observed in the paper [Mi|, where the following fact was recorded
and used.

Proposition. The function u € Wﬁ}lOC(Q) is the solution of some equation
of the form (1.1) with Condition (1.3) if and only if there exists a differential
(n —1)-form

n

O(z) = bi(z)dei A... Ade; A... Ade, € LT 7V(Q),

loc
i=1

with the properties:
a) For every function ¢ € WL (Q) with compact support we have

/d¢A9:0,

Q

B) almost everywhere on Q) the following inequalities are true
vi|du(z)|™ < *(du(z) AO(x))
where * denotes the orthogonal complement of a form and
0(2)] < valdu(z)|" ",
with constants vi,vo > 0.

The proof for this proposition is obvious. The above statement concerning
the coordinate functions of a quasiregular mapping f also follows from this
proposition. For the case u = fi(x) we put

O =dfa Ndfs \...Ndfy.
In order to show that u = log|f(x)| satisfies (1.1) it suffices to choose

1 < —~
HZW;dfl/\.../\dfi/\.../\dfn.

Looking carefully at Conditions «) and () on the function u we see that
these conditions are on the 1-form w = du and the (n — 1)-form 6. Some
simple differential forms w, 1 < degw < n, satisfying Conditions «) and f3)
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in domains 2 C R"™ were studied in [Zh1] and [Zh2]. Similar results have
been given in [Iw], [FW], [MMV1], [MMV2] and [Sc].

The purpose of this paper is to study the relations between quasiregular
mappings on Riemannian manifolds and differential forms suggested by the
aforementioned proposition. We introduce four classes of differential forms
and prove membership in these classes of some differential expressions con-
nected in a natural way to quasiregular mappings.

2. Preliminaries.

2.1. Euclidean space. Let X be a topological space. We denote by A the
closure of a set A C X, by intA the interior of A, and by 94 = A\ intA the
boundary of A.

By R™ we denote the Euclidean vector space consisting of elements of the

form x = (x',...,2"), 2° € R, the field of real numbers. In R" we use
n

the standard inner product (z,y) = Y 2%y’ and the norm |z| = /(x,z) =
i=1

n 1/2
(5)"
i=1
The boundary of the n-dimensional ball with center at x and radius r
B(z,r)={y e R": |y — x| <r}

is the sphere
S(z,r)={ye R": |y —z| =r}.
For E C R™ and for an integer kK = 1,2,... ,n we denote by Hy(FE) the
k-dimensional Hausdorff measure of E.

2.2. Differential forms on R". The mutually dual spaces A,(R") and
/\k(R”) of k-vectors and k-forms (k-covectors) are associated with the Eu-
clidean space R™. Here one has A°(R") = R = A, (R"), and \,(R") =
{0} = A"(R™) in the case k > n or k < 0. The direct sums

A(R") = O \(R"), N'(R") = o \Y(R")
generate contravariant and covariant Grassmann algebras on R™ with the
exterior multiplication operator A.
Let w € AF(R") be a covector. We denote by A(k,n) the set of ordered
multi-indices I = (i1,i2,...,i), of integers 1 < i3 < ... < iy < n. The
form w can be written in a unique way as the linear combination

w = Z wrdxg.

IeA(k,n)
Here w; are the coefficients of w with respect to the standard basis of A" (R")
drr = dxi, A ... Ndw;,, I = (i1,12,. .. ,ik)GA(k’,TL).
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Let I = (i1,...,i) be a multi-index from A(k,n). The complement I*
of the multi-index I is the multi-index I* = (j1,...,jn—k) in A(n — k,n)
where the components j, are in {1,... ,n}\ {i1,... ,ix}. We have
(2.3) dry ANdzp = odzi A ... Ndzxy,
where o = o([I) is the signature of the permutation (i1, ... , ik, j1,.-- , Jjn—k)
in the set {1,2,...,n}. Note that o(I*) = (=1)*("=*)g(I).

Let dxy = dx;; A ... A dx;, be a differential form of the standard basis of
A (R™). We set
(2.4) *dry = o(I)dxr-.

For w € A\F(R") with w = > 1eA (k) W1 dT T, We set

(2.5) *w = Z wr *dxy.
IeA(k,n)

Then +w belongs to A" "(R™). The differential form *w is called the or-
thogonal complement of the differential form w.

The operator * : A\*(R™) — A"(R"™), also called Hodge star operator, has
the following properties:

If a, 8 € A*(R") and a,b € R, then

(2.6) *x(aa+b0) =axa+bx*f.
For every w with degw = k we have
(2.7) *(kw) = (=1)F=R)y,

We introduce the following notation. Let w be a differential form of degree
k. We set
(2.8) *lw = (=1)F=R) oy,

1 1

The operator ! is an inverse to % in the sense that x 1 (xw) = x(x"w) = w.
The inner or scalar product of the differential forms o and § of the same
degree is defined as

(2.9) (o, B) = xHa A xB) = x(a A xf).

The scalar product of differential forms has the usual properties of the scalar

product. We set
wl = V{w, w).

A differential form w of degree k is called simple if there are differential
forms aj, ..., of degree 1 such that

w=a1 N...N\ag.

We note the following useful property of the Fuclidean norm: If o, €
A" (R™), then
lan Bl < allfl,
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if at least one of the differential forms «, § is simple. If « and § are simple
and nonzero, then equality holds if and only if the subspaces associated with
« and (3 are orthogonal. More generally, if deg o = p, deg 8 = ¢, then

(2.10) o A B < (CE ) [al |8,

see [Fe] §1.7.
The linear isomorphism Hom (A, (R"),R) =~ AF(R™), that defines the
duality of the spaces A.(R") and AF(R™), associates a k-vector with a

differential form. A vector a = (ay,... ,a,) € R" defines a differential form
of degree 1
(2.11) w = ardz’ + asdz® + ... + a,dz".

We denote it by Q4. Let w = (u1,... ,ug), u; € A;(R"), be anondegenerated
frame. The set of all k-dimensional frames is identified with the set of simple
k-vectors. One can prove that the differential form

Q= A A Dy

does not depend on the choice of the particular frame from the class of
frames equivalent with w. This fact produces a one-to-one correspondence
u — €2, of the set of simple polyvectors onto the set of simple differential
forms.

3. Differential forms on Riemannian manifolds.

3.1. Riemannian manifolds. Let M be an n-dimensional Riemannian
manifold with boundary or without boundary. Throughout the sequel we
will assume that the manifold M is orientable and of class CP where p is
at least 3. By T(M) we denote the tangent bundle and by T,,(M) the
tangent space at the point m € M. For each pair of vectors =,y € T,,(M)
the symbol (,) denotes their scalar product. The Riemannian connection
on T,,(M) gives the natural connection for tensors of every type. This
connection preserves the scalar product mentioned above.

Below we shall use standard notation for function classes on manifolds.
Thus, for example, the symbol L} (D) stands for the set of all Lebesgue
measurable functions on an open set D C M, locally integrable to the
power p, 1 < p < oo, on D. The symbol WPIJOC(D) stands for the set of
functions that have generalized partial derivatives in the sense of Sobolev of
class LY (D) and Lip (D) denotes the class of all Lipschitz functions on D.

Let M and N be Riemannian manifolds of class C*, k > 3, and F : D —
N, D C M, a mapping. We shall say that F' € L} (D) if for an arbitrary
function ¢ € CO(N) we have ¢po F € LP (D). The mapping F is in the class

loc
W) 10e(D), if o F e W) (D) for every ¢ € CH(N).
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Let V(M) be a vector bundle on M. Let in the elements of this bun-
dle be given a Euclidean scalar product and let the linear connection on
V(M) preserve this scalar product. In this case we may say that V(M) is
a Riemannian vector bundle over M.

By A*(M) and A\, (M) we denote Riemannian vector bundles A® (T, (M))
and A (Tn(M)). The sections of these bundles are the fields of k-covectors
(k-forms) and k-vectors, which we shall discuss now in some detail.

3.2. Basic properties of differential forms. Let z!,... , 2" be local co-
ordinates in the neighborhood of a point m € M. The square of a line
element on M has the following expression in terms of the local coordinates

b, a2

n
ds? = Z gijdfni da? .
ij=1
By the symbol ¢ we shall denote the contravariant tensor defined by the
equality
(9™ (gry) = (&%), 65 =1,...,n,
where 52? is the Kronecker symbol.

Each section a of the bundle A¥(M) (that is a differential form) can be

written in terms of the local coordinates z!,... 2" as the linear combina-

tion

(33) o = Z ay dl‘[ = Z Ozilml'kdl'il VANPIAN dl’zk
IeA(k,n) 1< <..<1x<n

Let a be a differential form defined on an open set D C M. If F(D) is
a class of functions defined on D then we say that the differential form « is
in this class provided that a; € F(D). For instance, the differential form «
is in the class LP(D) if all its coefficients are in this class.

The orthogonal complement of a differential form « on a Riemannian
manifold M will be denoted by xa. If dega = 1 then in the local orthonor-
mal system of coordinates x!,... , 2™ at m we can write

n n
*a(m) = *Zai(m) dat = Z(—l)i_lai(m) det AL odat . A da,
i=1 i=1
where the sign ~ means that the expression under ~ is omitted. We remark
that the differential form dv is the volume element on M.

If o, degax = k, 0 < k < n, is a differential form whose coefficients are in

C'(M) then da, deg(da) = k + 1, denotes its differential defined by

da = Z day Ndxg.
IeA(k,n)



QUASIREGULAR MAPPINGS 79

The differentiation is a linear operation for which the following properties
hold:

If @ and § are arbitrary differential form that are differentiable in a do-
main U C M then

(i) danB)=danpB+(—1)Fands,

(i)  d(da) =0,
where k is the degree of the differential form «.

The operator x and the exterior differentiation d define the codifferential
operator ¢ by the formula

(3.4) ba=(—Dfxtdxa

for a differential form o of degree k. Clearly, da is a differential form of
degree k — 1.

Let M be a compact n-dimensional orientable Riemannian manifold with
nonempty piecewise smooth boundary OM. The following Stokes formula

holds
/ o= / dao,
oM M

for an arbitrary form a € C'(M), dega =n — 1.

3.5. A differential form « of degree k on the manifold M with coefficients
iy i, € LP (M) is called weakly closed if for each differential form 23,

loc

deg B =k + 1, with
suppSNOM =10, suppB={meM:B3#0}C M,
(M), 3+ 5 =1 1<pg< oo, we

and with coefficients in the class W;loc

have

(3.6) /(a, df3)dv = 0.
M

For smooth differential forms o Condition (3.6) agrees with the traditional
condition of closedness dov = 0. In fact, if a, 3 € C1(M),supp BN OM = ),
then we have

danxB= [ dlanxB)+ (=D [ andxp.
Jere] /

Because the differential form (3 has compact support on the orientable mani-
fold M the first integral on the right hand side is zero by the Stokes formula.
Thus we get

/da/\*ﬁ: (1)k+1/\[cx/\**_1d*ﬁ:/\[a/\*5ﬁ :A[@,(w)dv.

M
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We fix an arbitrary point m € M and pass to the local coordinates on
M in a neighborhood of this point. Using Condition (3.6) and the funda-
mental lemma of the variational calculus, the du Bois-Reymond Lemma, we
conclude that everywhere in this neighborhood of m the coefficients of the
differential form da are zero. Thus the validity of (3.6) under the given
conditions on [ is equivalent to the requirement da = 0 understood in the
classical sense.
We next introduce the following very useful theorem.

Theorem 3.7. Let o and 3 be differential forms, 8 € qu (M) with a com-
pact support, and o € WI} M), 1 < pgqg<oo, dega+degf =n—1,

,JJoc
1/p+1/q=1. Then

(3.8) /da A B = (—1)desatl /a A dp.

M M

In particular, the differential form o is weakly closed if and only if do = 0

a.e. on M.

Proof. Fix o and 8 with the stated properties. Because the coefficients of
the differential form « are in the class W;},IOC(M) there exists a sequence
{0, }22; of differential forms with coefficients of class C''(M) converging in
the Wz}—norm to the coefficients of the differential form a on every compact
set K C int M.

Let {5,}°2, be a sequence of differential forms of degree deg 3, = deg 3
in the class C''(M) having compact supports and converging in the norm of
qu to the form 3. We may assume that there exists a smooth submanifold
U CC M such that supp 3, C U for all integers n.

The differential forms a,, A (B, have compact supports contained in U.
The Stokes formula yields

/d(an A By) = /d(an A Ba) =0,

M U
and hence

/dan A B + (—1)deg°‘/an AdB, = 0.
U

U

We have

/daAﬁU/danAﬂnz/(dadan)A5+/danA(5ﬁn).

U U U
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Therefore, using inequality (2.10) we obtain

/da/\ﬁ—U/dan/\ﬂn

U

< [ |d(a—an) ABldv+ [ |day A (B — Bn)|dv
/ /

SC’/]d(oz—ozn)Hﬁ]dv—i—C/dan\B—ﬂn|dv
U U

< Clld(a = an)|| o) 1Bl awy + Clldan|| Loy |18 = BnllLawy,

where C' = max(C*¥+t1)1/2 and k = deg a.
Similarly we obtain

/aAdﬁ—U/anAdﬁn

U
< Cillallpe@y 148 = Bu)llLe@wy + Cilla — anllLe@y l|dB] Loy

where C; = (CF)1/2,
These inequalities easily yield (3.8).
If da = 0 a.e. on M then by (3.8)

(3.9) /a/\dﬁzO

M

for an arbitrary differential form § € qu with compact support. This,
obviously, implies (3.6).

On the other hand, if we take a weakly closed differential form o €
WL (M) then by (3.8) one has

p,loc

/da/\ﬁ =0 forall g€ qu(M) with supp 8 C M.
M

We fix an arbitrary point m € M, pass again to the local coordinates on
M in a neighborhood of m and use again the du Bois-Reymond Lemma
to conclude that almost everywhere in this neighborhood the form do is
Z€ro. U

4. The WT-classes of differential forms.

In this section we introduce several classes of differential forms with gen-
eralized derivatives which first were presented in [MMV1] and [MMV2].
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These classes are used to study the associated classes of quasilinear elliptic
partial differential equations.

Let M be a Riemannian manifold of class C2, dim M = n, with a bound-
ary or without boundary and let

(4.1) welLl (M), degw=Fk, 0<k<n, p>1,

loc

be a weakly closed differential form on M.

Definition 4.2. A differential form w (4.1) is said to be of the class WT;
on M if there exists a weakly closed differential form

1

1
(4.3) 9 c L] (M), deg =n—k, I;+§ =1,

such that almost everywhere on M we have
(4.4) vo 1017 < (w,*0),
where 1 is a constant.

Definition 4.5. The differential form (4.1) is said to be of the class W7,
on M if there exists a differential form (4.3) such that almost everywhere
on M the conditions

(4.6) vi |wlP < (w,*0)
and
(4.7) 0] < va [l

are satisfied, with constants v, > 0.

For an arbitrary simple differential form of degree k

w=wi N... \Nwg

il = (i w¢12> N

i=1
For a simple differential form w we have Hadamard’s inequality

k
jwl < T lwil-
i=1

Taking these and using the inequality between geometric and arithmetic

means
k 1/k Lk Lk 1
(Tl) < 3 twt= (3p)
=1 =1 =1

we set

/2

we obtain
(4.8) w| < k7 |Jw]*.
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Definition 4.9. A simple differential form of degree k
w=w A... \Nwg, w; €LY (M), 1<i<k,
is said to be of the class W73 on M if there is a differential form (4.3) such
that almost everywhere on M the inequality (4.7) holds and
(4.10) vs [[w]|? < kT (w, «8).
Definition 4.11. A simple differential form of degree k
(M), 1<i<kh,

is said to be of the class W7, on M, if there exists a simple differential form
(4.3) such that the inequality (4.10) holds almost everywhere on M and

(n—Fk)

(4.12) (n— k)T 0" < v fwl .

Remark 4.13. Because every differential form of degree 1 is simple, for
k = 1 the class W75 coincides with the class W73 while for k = n — 1 the
class W73 coincides with W1jy.

Theorem 4.14. The following inclusions hold between these WT -classes
W1y C WI3 C W, C WTh.

Proof. The first two relations follow in an obvious way from (4.8). For the
proof of the last one it is enough to observe that

w=w A...\Nwg, w; €LY

p _1_ p D
o1 = 07 < ( |w|) <o F T (w,40).

O

Example 4.15. Let v be a differential form of the class L% (M) with
degv = k, 1 < k < n. Following Hodge [Ho] we shall say that the dif-
ferential form v is harmonic if it is simultaneously weakly closed and weakly
coclosed, that is

(4.16) dv = v =0.

In particular, if f € C?(M) then the differential form df of degree 1 is
harmonic if and only if Af = 0.

Theorem 4.17. Let v be a differential form of LE (M), degv = k. If v is
a harmonic differential form then v is of the class W1y on M with structure

constants p =2, v1 = vy = 1.

Proof. Setting § = x~'v € L2 (M) we have

loc
(v,%0) = (v, v) = [0]?
1

and |f| = |v|. The differential form x~'v is weakly closed because x1v =
(—1)#("=k) x v. Therefore Conditions (4.6) and (4.7) indeed hold with the
constants p = 2, 19 = v3 = 1. [l
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5. Quasilinear elliptic equations.

Let M be a Riemannian manifold and let
A NSTM)) — AN(T(M))
be a mapping defined almost everywhere on the k-vector tangent bundle
A (T(M)). We assume that for almost every m € M the mapping A is
defined on the k-vector tangent space A" (T, (M)), that is for almost every
m € M the mapping
A(m, ) 1€ € N (Tn(M)) = A (Tn(M))

is defined and continuous. We assume that the mapping m — A,,(X) is

measurable for all measurable k-vector fields X. Suppose that for almost
every m € M and for all £ € A¥(T},(M)) we have

(5.1) vo [A(m, §)IF < (€, A(m, )

with the constants p > 1 and vy > 0.

Definition 5.2. A differential form w € I/Vli)f (M) is said to be A-harmonic
if it is a solution of the A-harmonic equation

(5.3) JA(m,dw) =0,

understood in the weak sense, that is

(5.4) /(d@,A(m, dw))dv =0
M
for all differential forms ® € Wl’q(/\/l), 1/p+1/q = 1, with supp PNOM = 0.

loc
Theorem 5.5. If the differential form w € W;},IOC(M) is A-harmonic with
the property (5.1) then the differential form dw is in the class W1, on M.

Proof. Let w, degw = k be a solution of (5.3) understood in the weak sense.
Let the differential form a(m) be associated with the vector field A(m, dw)
at the point m and set 8 = xa. The differential form w is weakly closed
because of (5.4) and the weak closedness of 6 follows from

(—1)"k+1/<9,5¢> dvz/(*a,*d*w) dv

M M
:/<a,d*¢>dv:/<A(m,dw),d¢>dv _0
M M

for all p = x"1¢ € WH9(M) with suppt) N OM = (). Further, by (5.1) we
get

|0|7 = o) A(m, dw)|? < (dw, A(m, dw)) = (dw, *0),
which guarantees (4.4). O



QUASIREGULAR MAPPINGS 85

From now on we assume that the vector field A(m, &) satisfies the condi-
tions

(56) 141 ’é‘p < <£7 A(m,§)>,
and
(5.7) [A(m, €)] < va |7

with p > 1 and for some constants vy,v5 > 0. It is clear that we have
141 S V.

Theorem 5.8. A differential form w € Wl’p(M) is A-harmonic with prop-

loc

erties (5.6) and (5.7) if and only if dw € WT.

Proof. As is the proof of Theorem 5.5 we define 6. The weak closedness of
w and 6 follows as above. From (5.6) it follows that

ldwl? < (dw, A(m, dw)) = (dw, %0)
and from (5.7)
0] = | x af = |A(m, dw)| < vo|dw|P~*.

Conversely, if dw € W75, then there exists a weakly closed differential
form 6 (see (4.3)) such that (4.6) and (4.7) are satisfied. With the vector
field a : M — Ag(R) associated to the differential form o = x 60 we define

a(m), for £ = dw(m),
Elefr2, for € # dw(m).

The weak closedness of 6 ensures that w is a solution of (5.3) understood
in the weak sense. Conditions (5.6) and (5.7) for A are satisfied with (4.6)
and (4.7). O

(5.9) A(m.€) = {

6. Quasiregular mappings.

Let M and N be Riemannian manifolds of dimension n. A mapping F :
M — N of the class W}, (M) is called a quasiregular mapping if F' satisfies

(6.1) [F'(m)[" < KJp(m)

almost everywhere on M. Here F'(m) : T;,(M) — Tp(m)(N) is the formal
derivative of F(m), further, |F'(m)| = max— [F'(m)h|. We denote by
Jr(m) the Jacobian of F' at the point m € M, i.e., the determinant of
F'(m).

The best constant K > 1 in the inequality (6.1) is called the outer di-
latation of F' and denoted by Ko(F'). If F is quasiregular then the least
constant K > 1 for which we have

Jr(m) < KI(F'(m))"
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almost everywhere on M is called the inner dilatation of the mapping F :
M — N and denoted by K;(F). Here

L(F(m)) = i | (m)h|

The quantity
K(F) =max{Ko(F),K;(F)}

is called the maximal dilatation of F' and if K (F') < K then the mapping F
is called K-quasiregular.
If F: M — N is a quasiregular homeomorphism then the mapping

F is called quasiconformal. In this case the inverse mapping F~! is also
quasiconformal in the domain F(M) C N and K (F~!) = K(F).

Example 6.2. Some basic examples of quasiregular mappings are provided
by mappings F : M — N that distort lengths of curves by a bounded
factor. Indeed, following [HKM], we shall say that a mapping F': M — N,
F e W11,100<M)’ is an L-BLD mapping if Jp(m) > 0 almost everywhere on
M and for some constant L > 1 and for all h € T,,(M) and almost every
m € M we have

(6.3) |h|/L < |F'(m)h| < L|h|.

It is readily shown that every L-BLD map is K-quasiregular with K =
L2(=1) ([HKM], Lemma 14.80).

Let A and B be Riemannian manifolds of dimensions dim A = k, dim B =
n—k, 1 <k < n, and with scalar products (,)a, (,)n, respectively. On
the Cartesian product N' = A x B we introduce the natural structure of a
Riemannian manifold with the scalar product

<’>:<7>A+<7>8~

We denote by 7: A x B — A and n: A x B — B the natural projections of
the manifold A onto submanifolds.

If w4 and wp are volume forms on A and B, respectively, then the differ-
ential form wy = ™ w4 A n*wg is a volume form on N.

Theorem 6.4. Let F : M — N be a quasiregular mapping and let f = 7o
F: M — A. Then the differential form f*w 4 is of the class W1y on M with
the structure constants p =n/k, v1 = v1(n,k, Ko) and vy = va(n, k, Ko).

Remark 6.5. From the proof of the theorem it will be clear that the struc-
ture constants can be chosen to be

1/1_1:<k:—|— > n"? Ko, V{lzgnfk,

62
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where ¢ = ¢(k,n, Kp) and ¢ = ¢(k,n, Kp) are, respectively, the greatest and
least positive roots of the equation

(6.6) (k&2 + (n— k)2 —n"? Ko €* = 0.

Proof. Setting g =noF : M — B we choose 6 = g*wg. The volume form
wp is weakly closed.
In fact, if the mapping ¢ is sufficiently regular then

df = dg*wp = g*dwp = 0.

In the general case for the verification of Condition (3.6) we approximate
the mapping g : M — B in the norm of W,! by smooth maps g;, 1 = 1,2,....
Because Condition (3.6) holds for each of the differential forms g;wg, it must
hold also for the differential form g*wg.

The weak closedness of the differential form f*w 4 follows similarly.

Fix a point m € M, at which the relation (6.1) holds. Set a = f(m),
b= g(m). Then

Ty (N) = Tu(A) x Ty(B).

The computations can be conveniently carried out as follows. We first

rewrite Condition (6.1) in the form

(6.7) [F'(m)[" < Kol F wy|,

where wys is a volume form on N.

For the points a € A, b G B we choose neighborhoods and local sys-

tems of coordinates y',...,y*, and y**!, ... 4", orthonormal at a and b,

respectively. We have
ffwa= f(dyt Ao AdyF) = frdyt AL A fFrdy®
=df' A NdfE, fi=yiof, i=1,... k.

Because the differential form w4 is simple we obtain by the inequality be-
tween the geometric and arithmetic means

k 1/k
(6.8) dft A AdPRYE < <H|dfz‘>

=1
Lk K 1/2
%Z df| < (ZldﬂF) .
=1 i=1
Similarly
1 n 1/2
k+1 n|1/(n—k) ~ 1|2
(6.9) ldg" T AL A dgh _<n_ki;+1dg|> .

It is not difficult to see that
Frwpn = F*(m*wa An*wp) = ffwa A g wg = ffwa A0
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and further that
|F*wpn| = [frwa A g wg| < |dfP AL AdfF||dg* Tt AL A dgh.
We have
k n
AP = "1df P+ Y ldg')? <nl|F.
i=1 i=k+1
Therefore we get from (6.7), (6.8) and (6.9)
n/2
(klf wal’* + (n = B)lg ws ")
< n"? Ko(f*wa,+0) < n"? Kol f*wallg*wg|.

Set,
| frwal VR
= |grws[ VR

The preceding relation takes the form
(k€2 + (n — k))"* < n"2 Koeh,

Using the notations ¢ and ¢ for the least and greatest positive roots of
Equation (6.6) we have ¢ < ¢ < ¢ and

(6.10) clg wg| 0 < | frwal 't < elgtwslV .
As above, from (6.10) it follows that
k

n

—n/2
|frwal"* < <k+ ) / ™2 Ko (f*wa,+0).

2
Thus Condition (4.6) for the membership of the differential form f*w4 of
degree k in the class W75 is indeed satisfied.
To verify Condition (4.7) it is enough to observe that from (6.10) it follows
that
RO < |frwalF

O

Let 4',9%,... ,y* be an orthonormal system of coordinates in R¥, 1 <
k < n. Let A be a domain in R¥ and let B be an (n — k)-dimensional
Riemannian manifold. We consider the manifold N' = A x B.

Let F' = (f', f%,..., f*,9) : M — N be amapping of the class W%JOC(M)

and g = no F as defined above. We have f*w = df* A ... Adf*.
Theorem 6.11. If the mapping F is quasiregular then the differential form

ffwa is in the class WT3 on M with the structure constants p = n/k,
vs = v3(k,n, Ko), va = va(k,n, Kp).
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Remark 6.12. We can choose the constants v, v3 to be
1 n/2
vy = glf_”, vy = (1 + 2) n_”/zkn/2K51
€1
where ¢, is the least and ¢; the greatest positive root of the equation

(6.13) (€2 + 1)V — 2R 2 (n — k)~ =R2 g €k = 0.

Proof. In contrast to the previous case the k-form f*w 4 has now a global
coordinate representation. Because the earlier arguments had local character
they are applicable to the present case, too. As in the previous case we can
choose § = g*wp. Condition (4.7) holds with the same constant. We now
proceed to verify Condition (4.10).

Combining (6.7), (6.8) and (6.9) we get

k n n/2
(z|dfi|2+ 5 rdgie)
1=1

i=k+1
k2, (n—k)/2
Sk‘k/z(n—k) (n—k)/2 n/2K (Z‘dsz) (Z |dgi’2> )
i=k+1
Here we set
k } 1/2
21|de|2
= | -S—
> |dg')?
i=k+1

We then get
(52 + 1)n/2 < k,—k/Q(n _ k)—(n—k)/2nn/2 Koé-k

If ¢;,¢; are, respectively, the least and greatest of the positive roots of
(6.13) then

n 1/2 k 1/2 n 1/2
(6.14) ¢ ( > \dgﬂ?) < (Z\dfﬂ?) <7 ( > d#) :
i=k+1 =1 i=k+1

From the relations (6.7) and (6.14) it follows that

) /2 k n/2
(&+1) (Z |df"|2> <Ko (f wa,#9),
1 i=1

which guarantees the truth of (4.10). O
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Theorem 6.15. If the mapping F : M — R" is quasireqular then the dif-
ferential form f*wa = df' A ... Adf* is of the class WT; on M with the
structure constants p =n/k, vy = v3(k,n, Ko), va = va(k,n, Ko).

Proof. As above we set 6 = dgFT' A ... Adg"™. Condition (4.10) has already
been proved. By (6.7), (6.9) and (6.14) we have

n/2
(1+cHm? < Z |dg" |2>

i=k+1

n (n—k)/
< (n — k)*(nfk)/an/QKO‘f*wA’ ( Z |dgi’2> )

i=k+1

Therefore

n k/2
( > Idg"!2> < (n— k)" 4 )P0 Ko | frwal,

i=k+1
which easily yields the desired conclusion. O

Remark 6.16. For the constant 3 we can choose the constant of Theo-
rem 6.11 and

n—k)/k
vy = ((n—k)_”/2(1 +g§)‘”/2n"/2Ko)( "

Theorem 6.17. Let f = (f1, f%,..., f" 1 : M — R"! be a mapping of
the class W, (M) and let the fundamental group w1 of the manifold M be

n,loc
trivial. The mapping f can be extended to a quasiregular mapping

FZ(f?fn):(flv 7fn_1afn):M_>Rn

if and only if the differential form w = df' A ... Adf" ! of degree n — 1 is
in the class W1y on M with p =n/(n —1).

Proof. We assume that F' = (f, f™) is quasiregular. By Theorem 6.15 the
differential form w is in the class W74 on M.

Conversely, let w be a differential form of the class W74. Then there exists
a weakly closed differential form 6, degf = 1, satisfying Conditions (4.10)
and (4.12). Because 71 = {e} there exists an injective function f : M — R!
such that df™ = 6. From (4.10) we get

n—1 n/2
Vs <Z|dfi|2> < (n—1D)"2df* AL Adf.
i=1
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Condition (4.12) implies

n—1 1/2
- n n— n— 1 7
vi df"| < [dft AL dft YT <y af
=1

Thus we get

n n/2 n—1 1/2 n—1 n/2
di? < dz2+ 4 di2
;m < ;m n_1;|f|

2 n/2

1

§<1+ oL ) —(n—1D)"2|df* AL AdfTY,
n—1 Vs

which implies (6.1) with the constant

[Fe]

[FW]

[HKM]

[MMV1]

[MMV2]

Ko = (n—1+v3)"2p 2L
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EGGERT’S CONJECTURE ON THE DIMENSIONS OF
NILPOTENT ALGEBRAS

LAKHDAR HAMMOUDI

In this paper we prove that for a finite dimensional commu-
tative nilpotent algebra A over a field of prime characteristic
p > 0, dimA > p dimA®), where A®) is the subalgebra of
A generated by the elements xP. In particular, this solves
Eggert’s conjecture.

1. Introduction.

In 1971, Eggert [2] conjectured that for a finite commutative nilpotent al-
gebra A over a field K of prime characteristic p > 0, dimA > p dimA®,
where A® is the subalgebra of A generated by all the elements zP, z € A
and dimA, dimA® denote the dimensions of A and A®) as vector spaces
over K.

In [3], Stack conjectures that dimA > p dimA®) is true for every finite
dimensional nilpotent algebra A over K. We point out that some particular
cases of Eggert’s conjecture have been proved in [1, 2, 3, 4].

Here we prove the conjecture for finite dimensional commutative nilpotent
algebras. This combined with the results of [2] completely describe the
group of units of A and the problem set in [1]: “When a finite abelian group
is isomorphic to the group of units of some finite commutative nilpotent
algebras?” is solved. Recall that the group of units of A is the set A with
the following operation: = -y =z +y + zy, Vz,y € A.

The author would like to thank the referee and Prof. B. Magurn along
with the Algebra Seminar team at Miami university for valuable suggestions
and comments.

2. Results.
Our main result is the following:

Theorem. Let A be a finite dimensional commutative nilpotent algebra over
a field K of characteristic p > 0 and let AP) be the subalgebra of A generated
by all the elements zP, x € A. Then dim A > pdim A®.

To prove the theorem we need an easy lemma on the partition of some
sets in Z%o of d-tuples (d > 0) of nonnegative integers. Let oo = (auq,. .., aq)

93



94 LAKHDAR HAMMOUDI

and f = (f1,...,04) be in Zio. Define o > 8 if in the difference o — § =
(a1 — B1,... ,aq — (Bq), the left-most nonzero entry is positive and all other
entries to the right are nonnegative. It is easy to prove that > is in fact a
partial order on Zio, which is compatible with the addition.

Lemma 1. Let (ni,n2,...,nq) = n € Zio be a fized d-tuple such that

(0,...,0,0) # n and consider the following subsets of Z‘éo:
2%0(n) = {a, (0,...,0,0) # a < n},

ZL(ir, .. yigo1) = {(ir,iz, .- yia—1,4), 1 < j < mg}, 0 <ip <my, 1<
E<d—1,

Z24(0) = {(i1,42, .. ,i4-1,0), (i1,42,... ,iq_1,0) € Z%(n)}.
Then the sets Z‘éo(il, ceeyig-1), and Z%O(O) form a partition of Z‘éo(n).

The proof of the theorem requires also the following lemma due to Bautista
[1, Proposition 2.1, p. 15]. For completness, we will give a sketch of a proof
of this result.

Lemma 2. Let A be a commutative nilpotent algebra over a field K gen-
erated by X1,...,Xq4. Let (ag,...,aq) be an element of Zéo such that
X7 X5 200 but V(Bu,...,Ba) € Ziy, (Br,...,B4) > (ai,...,qq),
Xl’g1 --~X5d = 0. Then for the set of ordered d-tuples

S = {(il,... ,id) S Z%O; (041,... ,ad) — (il,. .. ,id) S Z%O}?
{(Xxi... Xfld; (i1,... ,1q) € S} is linearly independent.
Sketch of Proof. Suppose that the family

{X;lXéd’ (il,... 7Z.d) GZ%O, (aly-" 7O[d)—(i1,..- 7id) EZ%U}

is linearly dependent. Then there exists a set of nonzero elements \;, . ;, €
i iq _ _
K such that Za—IEZCéO iy ig X1 X =0, a = (0a,...,aq), I = (i1,

oy id).
Let L = (l1,... ,lq) be a minimal element such that X;, _;, # 0. Then

My g X5 XG4+ Ny g X X =0,
I>L
By multiplying on the right by X{al_ll) e Xéad_ld) and using the commu-
tativity of A, we obtain:

Aty g X1 X+ Z Niy.oo g Xy T Xcizﬁ(ad_ld) =0.
I>L
However, it is easy to see that (i1 +a1 —1l1,... ,ig+ag—1q) > (a1,...,aq).
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Thus,

3 Ny g Xy T L e et — g,
I>L
So, )\ll’m,lXmal .- 'ng = 0. But, )\117“.71(1 # 0. Thus, Xlal .- 'ng = 0.
This contradicts our hypothesis and proves the lemma.

Lemma 3. Let A be a commutative nilpotent algebra over a field K gen-
erated by d elements X1,...,Xq. Suppose that A cannot be generated by
d — 1 elements. Let B = {X{1 -~-X;d, (i1,42,... ,iq) € Z%,, with the con-
vention Xlg = 1,1 < k < d} be a basis of A as a vector space over
K. Then Xq € B and some of the basis B are such that, if for some
(1o--- 2dd)s Ja > 2, X{* - X3 € B then X{' - X' X" € B.

Proof. Suppose that X, ¢ B and let us write it as a linear combination of
elements of B, Xy = >, Ny ig X1 X0 iy, € K Since A s

11 yeee ld -sid
not generated by d — 1 elements, for some iy we have iy > 1. So, one can

write

)

_ i iqg—1 7 id
Xo={ D MioaaXi o Xj > i Xi o X
Ty yig Ty

Since A is commutative and nilpotent, by repeating the above process we
can write X4 as a linear combination of monomials in Xq,...,X4_1. Thus
A is generated by d — 1 elements. This contradiction proves our assertion,
X4 €B. ' '

We prove now our second assertion. It is easy to see that X{'--- X Ujld eB
implies that there exists (ai,...,qq) € Zio satisfying the hypothesis of
Lemma 2 such that B

(a1y...yaq) > (41, -+ ,7q) and (o1 — j1,.-. g — jd) EZ%O.

But (j1,...,44) > (J1,--- s Ja-1,Ja —1). So, (a1 — ju, ... ;41 — Ja—1,0a —
ja—1) € Z%O. Thus, Lemma 2 applies here.

Suppose now that X{l ---X;d:lngl.d*l ¢ B. Then {X{1 ~--Xfld:11Xfl‘dfl, B}
is linearly dependent which contradicts the preceeding lemma.

Proof of the Theorem. We prove our theorem by induction on the number
[ of generators of the algebra A.

We first prove the conjecture for [ = 1. Let X be a generator of A and
m+1 be the degree of nilpotency of X. Then {X, X?,..., X™} is a basis for
the vector space A and since A is commutative over a field of characteristic
p, {XP,..., XP*} is a basis of AP But the fact that m +1 is the degree of
nilpotency of X yields to m > pk. So, dim A = m > pk = pdim A®).

Suppose that the theorem is proved for every algebra generated by [ el-
ements, | < d — 1 and consider a finite dimensional commutative nilpotent
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algebra A over K generated by d elements, X1, ..., Xy. Since A is nilpotent,
there exists a d-tuple (ni,na, ... ,ng) =n € Z%, such that ny; +1,... ,ng+1
are the degrees of nilpotency of X1,. .., X, respectively. Since A is commu-
tative over a field of characteristic p, as vector spaces over K, A and A®

are generated by the monomials of the form {Xlﬁl . ~X§d, (B1y---,0q) €
Z‘éo, where X = 1} and Xfﬁl ---Xfl'ﬁd respectively. So, one can extract a
basis B of A®) from the last cited monomials. Let B be a basis of A obtained
by completing B. Let ZZ,(B) be the set of all d-tuples (av,... ,aq) € Z<,
such that X ... X 74 € B and denote by Z2,(B) the set of all d-tuples
(a1,... ,oq) € Z%, such that X' ... X5 € B.

With these notations, dimA > p dimA® is the same as #72,(B) >
p#Z2,(B), where #Y is the number of the elements of the set Y. -

Let R be the subalgebra of A generated by {X7,...,X4_1}. Then by the
hypothesis of induction, dimR > p dimR®”). But, dimR = #(Z‘io(g) N
244(0)) and dimR® = #(Z<,(B) N 244(0)). On the other hand, since
Z2,(B) and Z< ,(B) are included in ZZ(n), by Lemma 1 we have:

zB) = | U 2B Nz, ia) | | (220(B) N ZL(0))

U5 sld—1

Z%O(B) =1 U Zéo(B) ﬂZ‘éo(il, e yigot) U (Zéo(B) N Z%O(O)) .

U1y sld—1

Also, by Lemma 1 we have partitions of Z%O(B) and Z%O(B). Thus, we
only need to prove that

# U (2246(B) N2 (in, - ian) )

Ul sld—1

> p# U (Z%O(B) N Z%O(il, R ,id_1)> .

U1y sld—1

Moreover, since we have a disjoint union of sets, we prove that

# (28BN Z0(0r, - viam)) = pi#t (ZL0(B) N Zo(in, . via))

Fix (i1, co ,ig—1) and let j be the greatest integer such that:
Xt XX € B (i, (i1, ... yig-1,]) € ZL4(B)).

If j =0or j =1 then Z<,(B) N Z< (i1, . .. ,ig_1) = 0 and our claim is
obvious.
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If j > 2 then by Lemma 3, (i1, ... ,ig-1,k) € Z%(B), Vk, 1 < k < j and
so, by the choice of the integer j,

# (28BN Z0(ir, - vian)) =
On the other hand
0
Z%0(B)NZ(i1,. .. yig—1) = { or
{61, yig-1,pk), 1 < pk < j}.

The first case is obvious and in the second as for an algebra generated by
one element, we have

p# (Z20(B) N 24 (in, . via1)) = pt < j.

This ends the proof of the theorem.
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SIGNATURES OF LEFSCHETZ FIBRATIONS

BURAK OzZBAGCI

Let M be a smooth 4-manifold which admits a Lefschetz
fibration over D? or S%. We develop an algorithm to compute
the signature of M using the global monodromy of this fibra-
tion. As a corollary we prove that there is no hyperelliptic
Lefschetz fibration over S? with only reducible singular fibers.

0. Introduction.

The signature of a smooth 4-manifold which admits a hyperelliptic Lefschetz
fibration of genus g over a closed surface can be computed using the local
signature formula given by Matsumoto ([M1], [M2]) for g = 1,2 and more
recently extended by Endo [E] for g > 3.

In this paper we present an algorithm to compute the signature of a
smooth 4-manifold which admits an arbitrary (not necessarily hyperellip-
tic) Lefschetz fibration of any genus over D? or S?. A Lefschetz fibration
on a smooth 4-manifold M gives rise to a handlebody description of M,
which is determined by a sequence of vanishing cycles. We use this handle-
body description [K] and Wall’s nonadditivity formula for signatures [W] to
compute the signature of M. Hence we calculate a ‘signature contribution’
corresponding to each singular fiber of the given fibration on M.

As a corollary we prove that “there is no hyperelliptic Lefschetz fibration
over S? with only reducible singular fibers.” After we proved and announced
this result the general case (not assuming the hyperellipticity) was proved
independently by Li [L], Smith [Sm] and Stipsicz [St3] all using a result of
this paper (cf. Corollary 7).

Recent results in symplectic topology show that Lefschetz fibrations pro-
vide a topological characterization of symplectic 4-manifolds: Donaldson [D]
has shown that, after perhaps blowing up, a closed symplectic 4-manifold
admits a Lefschetz fibration over S2, and conversely Gompf [GS] has shown
that most Lefschetz fibrations are symplectic — the exceptions all have fiber-
genus one and are blow-ups of torus fibrations with no critical points. Hence
by computing the signatures of Lefschetz fibrations we hope to attack some
of the problems in the geography of symplectic 4-manifolds ([St1], [St2],
[GS]).
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We also prove that the signature of a smooth 4-manifold which admits a
hyperelliptic Lefschetz fibration of genus g < 3 over S? is nonpositive. It is
conjectured that this is true for all genus g Lefschetz fibrations over S2.

We want to point out that despite the fact that the vanishing cycles are
defined up to isotopy, our technique shows that the signature of a 4-manifold
which admits a Lefschetz fibration depends only on the algebraic data given
by the homology classes of the vanishing cycles.

In [Sm], Smith gave an elegant signature formula using the geometry of
Lefschetz fibrations. Even though his formula is in a closed form, it seems
impossible to actually compute the signature using his formula.

Acknowledgement. The author would like to thank John Etnyre, Terry
Fuller, Ludmil Katzarkov, Ron Stern and Richard Wentworth for helpful
conversations. In particular, the author would like to thank Terry Fuller for
stimulating his interest in Lefschetz fibrations. The author would also like to
thank Yukio Matsumoto for informing him about the preprint [E] by Hisaaki
Endo. The author would like to thank Andras Stipsicz for commenting on
earlier versions of this paper. Finally, the author wishes to express his
gratitute to Ron Stern for encouragement and many useful discussions.

1. Preliminaries.

1.1. Mapping class groups. Let ¥, be a closed oriented surface of genus
g. Let Diff *(3,) be the group of all orientation preserving self diffeomor-
phisms of ¥,. Let Diff] (¥,) be the subgroup of Diff 7 (3,) consisting of all
self diffeomorphisms isotopic to the identity. Then we define the mapping
class group of genus g as

M, = Diff t(2,)/Diff § (Z,).

The hyperelliptic mapping class group Hy of genus g is defined as the
subgroup of M, which consists of all isotopy classes commuting with the
isotopy class of the hyperelliptic involution ¢ : Y¥j — 3.

It is known that the hyperelliptic mapping class group H, agrees with the
mapping class group M, for g = 1,2 (cf. [BH]).

A positive (or right-handed) Dehn twist D(a) : ¥4 — ¥4 about a simple
closed curve « is a diffeomorphism obtained by cutting ¥, along «, twisting
360° to the right and regluing. Note that the positive Dehn twist D(«) is
determined up to isotopy by « and is independent of the orientation on «.

It is well-known that the mapping class group M, is generated by Dehn
twists.

We will use the functional notation for the products in Mg, e.g., D(8)D(«)
will denote the composition where we apply D(«) first and then D(f).
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1.2. Smooth Lefschetz fibrations.

Let M be a compact, oriented smooth 4-manifold, and let B be a compact,
oriented 2-manifold. A proper smooth map f : M — B is a smooth Lefschetz
fibration if there exist points by, ... , by, € interior(B) such that

(1) {b1,... by} are the critical values of f, with p; € f~1(b;) a unique
critical point of f, for each ¢, and

(2) about each b; and p;, there are local complex coordinate charts agreeing
with the orientations of M and B such that locally f can be expressed
as f(21,22) = 21 + 23,

Remark. An achiral Lefschetz fibration is a fibration which satisfies (1)
and (2) above without requiring the coincidence of the canonical orientation
determined by (z1, z2) and the orientation of M.

It is a consequence of the definition of a smooth Lefschetz fibration that

FlrrBtpn, by 1 ST B ={b1, o b)) = B —{by, ... b}

is a smooth fiber bundle over B — {b1, ..., b, } with fiber diffeomorphic to
a 2-manifold ¥4, and so we refer to f (and sometimes also the manifold M)
as a genus g Lefschetz fibration (or a Lefschetz fibration of genus g). Two
genus g Lefschetz fibrations f : M — B and f': M’ — B’ are equivalent if
there are diffeomorphisms ® : M — M’ and ¢ : B — B’ such that f'® = ¢f.

We always assume that our Lefschetz fibrations are relatively minimal,
namely that no fiber contains an embedded 2-sphere of self-intersection
number —1. We also assume that there is at least one singular fiber in
each fibration.

If f: M — D?is a smooth genus g Lefschetz fibration, then we can use
this fibration to produce a handlebody description of M. We select a regular
value by € interior(D?) of f, an identification f~1(by) & ¥, and a collection
of arcs s; in interior(D?) with each s; connecting by to b;, and otherwise
disjoint from the other arcs. We also assume that the critical values are
indexed so that the arcs si,...,s, appear in order as we travel counter-
clockwise in a small circle about by. Let Vj,...,V,, denote a collection of
small disjoint open disks with b; € V; for each 1.

To build our description of M, we observe first that f~1(Vp) 2 5, x D2,
with O(f~1(Vp)) = X, x St. Let v(s;) be a regular neighborhood of the arc s;.
Enlarging Vj to include the critical value by, it can be shown that f~!(Vp U
v(s1) UV1) is diffeomorphic to X, x D? with a 2-handle hy attached along a
circle v contained in a fiber $yxpt C £, xS, Moreover, Condition (2) in the
definition of a Lefschetz fibration requires that h; is attached with a framing
—1 relative to the natural framing on v, inherited from the product structure
of 8(f~1(Vp)). m is called a vanishing cycle. In addition, 9((Xyx D?)Uhy) is
diffeomorphic to a ¥,-bundle over S whose monodromy is given by D(v1),
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Figure 1. Fibration over the disk.

a positive Dehn twist about ;. Continuing counterclockwise about by, we
add the remaining critical values to our description, yielding that

My = 7! (Vo v @1 ”“”) ; @1 V))

is diffeomorphic to (X, x D*)U(JI, h;), where each h; is a 2-handle attached
along a vanishing cycle ; in a X,-fiber in ¥, x S1 with relative framing —1.
This handle attaching procedure will be explained in more detail in Section 2.

Furthermore,
oMy = 9 ((zg x D*) U (U h))
i=1

is a Y4-bundle over S with monodromy given by the composition D(v,)

- D(v1). We will refer to the cyclically ordered collection (D(v1) , ...,
D(~,)) (or the product D(y,)---D(71)) as the global monodromy of this
fibration.



SIGNATURES OF LEFSCHETZ FIBRATIONS 103

A Lefschetz fibration f : M — D? does not completely determine the
ordered collection (D(v1),...,D(7vm)). Aside from the cyclic permutations
and being able to conjugate all elements by a fixed arbitrary element of I'y,
different choices of {s;} will give different monodromies. Given two choices
of {s;}, it is possible to get between them by a sequence of moves and their
inverses. These moves which are called elementary transformations, can be
thought of as the Lefschetz analog of handle slides in Morse theory. Each
move interchanges the corresponding vanishing cycles, and also acts on one of
the two cycles by the monodromy of the other. Equivalently, the pair of Dehn
twists (D(7;), D(7i+1)) is replaced by (D(vi41), D(%i+1)D (%) D(vi+1) ™).
Thus, two relatively minimal Lefschetz fibrations over D? will be equivalent
if and only if it is possible to get between the corresponding ordered col-
lections of monodromies by a sequence of elementary transformations (and
their inverses), together with an inner automorphism of M, (cf. [GS]).

We can extend this description to Lefschetz fibrations over S? as follows:

Assume that f : M — S? is a smooth genus g Lefschetz fibration. Let
My =M —v(f~1(b)), where v(f~1(b)) & X, x D? denotes a regular neigh-
borhood of a nonsingular fiber f=1(b). Then f|ps : Mo — D? is a smooth
Lefschetz fibration. If (D(v1),...,D(vm)) is the global monodromy of the
fibration f|pg, : Mo — D?, then D(vp,) -+ D(y1) is isotopic to the identity
since also My = £, x S1. Finally, to extend our description of My to M,
we reattach X, x D% to (£, x D?)U (U, hi) via a $y-fiber preserving map
of the boundary. This extension is unique up to equivalence for g > 2 [K].

Definition. Let f : M — S? be a smooth genus ¢ Lefschetz fibration
with global monodromy (D(71),...,D(vm)). We will call f : M — S? a
hyperelliptic Lefschetz fibration of genus g iff there exists h € M, such that
hD('yi)ff1 € Hy for alli, 1 <i <m.

Remark. All Lefschetz fibrations of genus one and genus two are hyperel-
liptic since Hy = M, for g = 1,2.
1.3. Wall’s non-additivity formula.

If two compact oriented 4-manifolds are glued by an orientation reversing
diffeomorphism of their boundaries, then the signature of their union is the
sum of their signatures. This is known as the Novikov additivity. But
it is often desirable to consider the more general case of gluing: Along a
common submanifold, which may itself have boundary, of the boundaries of
the original manifolds. However, the Novikov additivity does not hold in this
general case. Wall [W] derives a formula for the deviation from additivity
in the general case, which is known as the Wall’s nonadditivity formula.

We will give a specific case of his formula:

Let X_, Xy, X+ be 3-manifolds and Y_ and Y, be 4-manifolds such that

0X_=0Xg=0Xy =27,

aY_ = X_ U X,
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8Y+ = X() U X+,
write Y =Y_ UY; and X = X_ U XoU X (Figure 2).

X

Figure 2.

Suppose that Y is oriented inducing orientations of Y_ and Y, . Orient
the rest so that

D.IY-] = [Xo] — [X_],

0.[V4] = [X] — [Xo):

0.[X_] = 0.[Xo] = 0.[X.] = [Z].

Write V = Hi(Z;R); let A, B and C be the kernels of the maps on first
homology induced by the inclusions of Z in X_,Xy and X, respectively.

Then dim A = dim B = dim ¢ = {42},

Let @ denote the oriented intersection pairing in Z. Note that A,B and
C are maximal isotropic subspaces for the intersection pairing ®. Let W =
%. Wall [W] defines a symmetric bilinear map ¥ : W x W — R
as follows: The map ¥/ : CN(A+ B) x CN(A+ B) — R defined by
U'(c,c) = ®(c,a’) where o’ + b + ¢ =0 for some @’ € A and bV € B induces
a well-defined bilinear map ¥ on W.

The signature of the symmetric bilinear map ¥ will be denoted by o(V;
C,A, B).

We also denote the signature of a 4-manifold M as o(M) in the rest of
this paper.

We are now ready to state Wall’s formula:

Theorem 1 ([W]). o(Y)=0(Y_)+0o(Y}) —0o(V;C, A, B).

1.4. Local signature formula.

The following theorem was proven by Matsumoto for g = 1,2 using the
fact that the cohomology class of Meyer’s signature cocyle has finite order in
the cohomology group H%(My, Z). Recently, Endo proved the g > 3 case by
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observing the finiteness of the order of the cohomology class of the signature
cocycle restricted to the hyperelliptic mapping class group H,.

Theorem 2 ([M1], [M2], [E]). Let M be a 4-manifold which admits a hy-
9

perelliptic Lefschetz fibration of genus g over S?. Let n and s = 22:]1 sp, be

the numbers of nonseparating and separating vanishing cycles in the global

monodromy of this fibration, respectively. Then

(5]

g+1 4h(g — h)
M) = — UL P
o (M) 2g+1"+;< 29 + 1 Sh

Remarks. (1) Here sj, denotes the number of separating vanishing cycles
which separate the genus g surface into two surfaces one of which has
genus h.

(2) This formula was reproven for the case g = 2 in [Sm)].

2. Main theorems.

In this section we explain our main idea and establish the main theorems
to develop an algorithm to compute the signature of a 4-manifold which
admits a Lefschetz fibration over D? or S? using the global monodromy of
this fibration.

Definition. Let X be a 4-manifold with boundary 0X = ¥, x I/(z,1) ~
(¢(x),0), where ¢ is a self-diffeomorphism of ¥,. Let X’ denote the resulting
4-manifold after attaching a 2-handle to X along a simple closed curve v on

Y4 x {pt} with framing —1 (relative to the product framing). Then o(¢,~)
is defined as o(X’) — o(X).

Theorem 3. Let M be a 4-manifold which admits a genus g Lefschetz fi-
bration over D? or S2. Let (D(y1),...,D(y)) be the global monodromy of
this fibration. Let D(vo) denote the identity map. Then

o(M) = Si_10(D(7i-1) -+~ D(70), %),
where o(D(vi—1) -+ D(71),7v) € {—1,0,4+1} foralli, 1 <i <t.

Proof. Tt suffices to prove the result for Lefschetz fibrations over D2. (By
Novikov additivity it extends to Lefschetz fibrations over S2.) We use the
handlebody description of M and Wall’s formula as follows:

We start with a copy of My = ¥, x D?. We attach a 2-handle to M along
~v1 with framing —1. Let M;j denote the resulting manifold. Then M7 will
have monodromy D(~v1), a positive Dehn twist about ;. Now we attach
another 2-handle to M; along 2. Let Ms denote the resulting manifold.
Proceeding in this manner we get the manifolds My, Mo, ... , M;.
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We are going to apply Wall’s formula at each step of this contruction to
compute the signature of M. In order to apply Wall’s formula we set up the
following notation:

Take ¢, X, v and X’ as in the definition above.

Let v(y) denote a regular neighborhood of v in 0X, and let i, be the
induced map on the homology by the inclusion of appropriate spaces.

Now we define Y, , Y_, X, Xo, X_, Z in Wall’s formula as follows:

Y. =D?xD? Y,=X,

OY_ = 0(D? x D*) = S1xD*uD?x S, 9Yy =¥ x1/(z,1) ~ (¢(x),0),
Xo=S'xD2>u(y), X_=D>xS' X,=0X-v(y),

Z =5 x S~ du(y) = 80X — v(v)).

Hence,

A = Ker(iy : Hi (St x S R) — Hi(D? x S1;R)),

B = Ker(i, : Hi(S! x S, R) — Hy(S' x D% R)),

C = Ker(iy : H(8v(7);R) — H1(8X — v(7);R)).

Let [ be the longitude S' x {pt} and m be the meridian {pt} x dD? of

Xo =81 x D2 Then A = ([l]) and B = {[m]). We also know that C is a 1-
dimensional subspace of

Hy(S' = S4;R) = ([I], [m]) = R?.

Let ® be the intersection form on Z = St x St and W = % =
m. Hence W = {0} if C = A or C = B and W = C otherwise.
Now assume that C' # A and C # B. Then C = (¢) = (p[l] + ¢[m]) for
some p,q € R and ¥(c,c) = ®(c,a’) where ¢+ a’ + b = 0 for some o’ € A

and b’ € B. (¥ is the bilinear form in Wall’s formula). Let o' = —p[l] and
b' = —¢[m]. Then we have,

U(e,e) = @(c, —pll]) = (pll] + qlm], —pll]) = —pg®([m], [I]) = pg-

Therefore signature of ¥ is given by the sign of pq.
Hence by Wall’s formula

o(X') = o(X) + o(D? x D?) — ¢(R*;C, A, B)
= 0(X) — signature(¥) = o(X) — sign(pq).
This proves the theorem by setting X = M; fori =1,2,... ,t — 1. O

So the idea to compute the signature of a genus g Lefschetz fibration is
very simple. For each 2-handle that we attach to 3, x D? along a vanishing
cycle, there is a corresponding signature contribution € {—1,0,+1}. Once
we attach all the 2-handles, the sum of the signature contributions will
be signature of the 4-manifold. The difficulty is to compute the signature
contributions using the vanishing cycles (or more precisely using only the



SIGNATURES OF LEFSCHETZ FIBRATIONS 107

homology classes of the vanishing cycles). The following technical theorems
will be helpful in computations.

Theorem 4. In addition to the notation above, let {a1,b1,a2,bs, ... ,aq,by}
be the standard basis for Hi(X4;R). (We will use the letters a; and b; also
to denote the curves which represent the homology classes a; and b;, respec-
tively, for 1 < i <g.) Then:
(1) If v is a nonseparating curve, then there erxists a longitude I' and a
meridian m' of (X — (7)) such that
i[l] =[] € Hi(0X — v();R)

Cror e — ¢s(e) o

ixm]= ————= € H1(0X —v(y);R

) = 2 € mOX -5

for all e € {a1,b1,a2,ba,... ,aq4,by}, where e.[y] # 0.
(2) If v is a separating curve, then o(X') = o(X) — 1, i.e., o(p,v) = —1.

Proof. We recall that 0X is a mapping torus, i.e., 0X = X5 x I/(z,1) ~
(¢(),0) and v is a curve on a fiber ¥y x {pt}. We note that a regular
neighborhood of 7y in Y, is given by v x I;. Hence a regular neighborhood of
v in 0X is given by 7 x I; x I3 where I5 is a small neighborhood of the {pt} in
S1 =1/(1 ~ 0). This neighborhood of 7 is called the product neighborhood
[K].

Now let us push off v to the boundary of 0X — 13(7) Denote the push off
of v as I'. Moreover if we identify I x I, as D? and denote 9D? as m/, then

{I',m'} will be a longitude-meridian pair for d(0X — v(v)). Then clearly
i.[l'] = ] € Hi(0X = D(7); R).

On the other hand, to find the image of m’ we observe the following;:

Assume that e.[y] = 1 for some e € {a1,b1,a2,b2,... ,a4,by}. Then we
locally have the picture in Figure 3 in a neighborhood of the point where e
and v meet.

This proves that

ix[m'] = e — ¢.(e) € H(8X — v(7); R).

Note that here we can deform e — m/ into ¢.(e) since the part of e which

is not along m’ lies outside of (7).

Now assume that e.[y] = —1 for some e € {a1,b1,a2,b2,... ,a4,bs}. Then
we locally have a similar picture in a neighborhood of the point where e and
~ meet, except for the orientations.

This proves that

ix[m'] = ¢u(e) — e € H(0X — (v); R).
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Figure 3.

Since these are local results it follows combining these two observations
that
] = <=2 ¢ g ax — $(9):R).

e.[]
To prove the second part of the theorem we note that if v is a separating
curve in X, then it is homologically trivial. Thus i,[l'] = 0. This implies

that Ker(i,) = ([I']).

Note that, in terms of the bases {[I], [m]} of Hy(9(S' x D?); R) = H;(S* x
S1:R) and {[I'], [m']} of Hi(d(8X — v(7)); R), attaching a 2-handle by —1
framing means that we identify [I] with [I'] — [m/] and [m] with [m/].

So if we transform the Ker(i,) to the {[l], [m]} plane we see that Ker (i) =
C =W = {[l]4+[m]) which implies that o(X’) = ¢(X)—(+1) (cf. Theorem 3

O

Proposition 5. We use the same notation as in Theorem 4.
(1) Let v = a; for some i, 1 < i < g. Then H1(8X — v(a;);R) =
(a1,b1,a2,ba,... ,ag,bg,b},t | aj = ¢ya; for all j, bj = ¢.b; for all
J# i, = gubi).
Moreover i,[l'| = a; and i,[m'] = b; — V.
(2) Let v = b; for some i, 1 S i Then Hy(0X — v(b;);R) =

|| IA

g.
(a1,b1,a2,ba, ... ,a4,bg,a},t | bj ¢sbj for all j, aj = ¢yaj for all

J# i, a; = (b*az)

Moreover i.[l'| = b; and i,[m/] = a} — a;.
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Proof. Assume that v = a; for some i, 1 < i < g. We first use Van-Kampen’s
theorem to compute 71 (8X — (a;)). Write 0X —p(a;) = Ey U E; as follows:
Let By =X, x [0,1/2] and Ey = X4 x [1/2,1]. Then glue ¥, x {1/2} C E4
with ¥, x {1/2} C E5 by the identity map except a neighborhood of a;,
namely a; x I C X,. Denote the result as E’. By a trivial calculation we get
the following presentation:

7T1(E,) = <a1,b17a2,b2,... ,ag,bg,b; | H CLJ, , CLZ, H[aj,bj]> .

JFi
Finally we Abelianize this presentation after gluing ¥, x {0} C E; with
%, x {1} C B, using the map ¢ to get AX — v(a;).
i[I'] = a; and ix[m’] = b;—b} follows from Theorem 4 because a; intersects
b; only once iff i = j.
Second part is obtained similarly. O

3. The algorithm and examples.

Suppose that we are attaching a 2-handle along a simple closed curve vy to
a 4-manifold M with boundary OM = ¥, x I/(z,1) ~ (¢(x),0), where ¢ is
a self-diffeomorphism of ;. To compute the signature contribution of this
handle we first compute C' = ker i, (cf. Wall’s formula) using Theorem 4
and Proposition 5 and then apply Theorem 3. The signature contribution
of a 2-handle will depend on the action of ¢ on Hi(X,) and the homology
class [y] € Hi(%g).

3.1. Genus 1.

To illustrate how one can develop an algorithm using our main theorems
to calculate the signatures of smooth Lefschetz fibrations, we will give the
details of our computation to obtain the well-known result o(E(1)) = —8

for the elliptic surface E(1).

Figure 4.

The global monodromy of E(1) is given by the sequence (a,3)% of 12
Dehn twists where « = D(a) and 3 = D(b) denote the positive Dehn twists
about the curves a and b, respectively (Figure 4).

To build up E(1), we start with a copy of 72 x D? and glue 2-handles
along the vanishing cycles a and b in an alternating fashion. (We will use
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the letters @ and b also to denote the homology classes of the curves a and
b, respectively.)

Let ¢ denote the monodromy of the boundary of the 4-manifold before
we attach a 2-handle.

We take A, B and C as in the proof of Theorem 3 and we apply Proposi-
tion 5 to compute i, [l'] and i,[m’]. Note that we identify [I] with [I'] — [m/]
and [m| with [m'] as in the proof of Theorem 4.

¢ = identity, attach the first handle along a,
ix[l'l =a and ix[m/ | =b—-b' =b—,b=b—b=0,
C = ([m']) = ([m]) = B and therefore o(id,a) = 0.

¢ = «a, attach the second handle along b,
ix[l'l = b and i, [m'] = d' —a = ¢.a —a =0,

C = ([m']) = (Im]) = B and therefore o(a, b) = 0.

¢ = Ba, attach the third handle along a,
ix[l'l =aand i, [m'| =b—b =b— b =b—a = —a since a = p.a = a—b,
C = ([m']+[']) = (2[m] + []]) and therefore o(Ba,a) = —1.

¢ = afa, attach the fourth handle along b,
ix[l'l =band i, [m'] =d' —a = ¢.a—a=—b—a = —2bsince b = ¢.b = a,
C = ([m/] +2[']) = (3[m] + 2[l]) and therefore o(afa,b) = —1.

¢ = Bafa, attach the fifth handle along a,

ix[l'| =a and ix[m'] =b—b =b— ¢pb=b— (a — b) = 2b — a = 3b since
a = ¢.a = —b,

C = ([m/] + 3[l']) = (4]m] + 3][l]) and therefore o(Safa,a) = —1.

¢ = afafa, attach the sixth handle along b,

ix['] =b=0and i,[m'|=d —a=da—a=—-a—b—a=—-2a—b=—2a
since b = ¢,.b = —b,

C = {([I']) = ([m] + [I]) and therefore o(afafa,b) = —1.

¢ = BaPafa, attach the seventh handle along a,

ix[l'l =a=0since a = ¢psa = —a and i, [m'| =b—b =b— ¢.b=
b— (—b) = 2b,

C = {([I']) = ([m] + [I]) and therefore o(Bafafa,a) = —1.

¢ = afafafa, attach the eighth handle along b,

ix[l'l =band ix[m'] =d’ —a = ¢a—a=—a—a=—2a = 4b since

b= b= —a—b,

C = (—[m/]+4[']) = (3[m] + 4[!]) and therefore o(afafafa,b) = —1.

¢ = Bafafafa, attach the ninth handle along a,

ix[l'l =a and ix[m'] =b—b =b— ¢.b=b+ a =2a+ a = 3a since

a = ¢sa=—a-+b,

C = (= [m/]+3[l']) = (2[m] + 3][I]) and therefore o(Safafafa,a) = —1.
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¢ = afafafafa, attach the tenth handle along b,
ix[l'l =band ix[m'] =ad’ —a = ¢a—a=b—a=2bsince b= ¢,.b = —a,
C = (—[m']+2[l']) = ([m] + [I]) and therefore o(afafafafa,b) = —1.

¢ = BaPafafafa, attach the eleventh handle along a,
ix[l'] = aand i, [m'] = b—b' = b—¢.b = b—(—a+b) = asince a = ¢.a = b,
C = {(—[m]+[l']) = ([l]) = A and therefore o(BafafaBafa,a) = 0.

¢ = afafaPaPafa, attach the twelfth handle along b,
i[l'l =band i,[m'| =d —a=d¢.a—a=(a+b) —a=0,
C={—[m+[']) = ([l]) = A and therefore o(afafafaBaa,b) = 0.

Therefore by Theorem 3
o(E(1)) = o(id,a) + o(a,b) + o(Ba, a) + - - - + o(aBafaBababa,b)

=0+0—(1+--+1)+0+0=-8.
—_———

3.2. Genus 2. 8

We developed a Mathematica program to compute the signature of a
4-manifold which admits a genus two Lefschetz fibration over D? or S?
whose global monodromy is given by any finite sequence of positive Dehn
twists D(c1), D(¢2), ... ,D(cs), where c1, ... ,c5 are the curves indicated in
Figure 5

Figure 5.

Let (; denote D(¢;), 1 <i <5.

It was shown in [M2] that CP?#13CP? admits a smooth Lefschetz fibra-
tion of genus two with global monodromy (¢, (2, (3, (4, C5, G5, Ca C3, G2, C1)2.
We computed the signature of the total space as

o ((C1,C2: (35 Cas G5, G55 Gy (3, €20 C1)?)
=04+0+0+0—(1+-+1)+0+0+0+0
—_———

12
= —12.
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One can also compute the signature of the total space starting from a
cyclic permutation of the word above as follows.

U(CQv C37 <4a C57 C57 C47 C37 <2a Clv Cl: C2> C37 C4a C57 C57 C4> C37 C27<-.17 Cl) =

0+04+0+0—(14 - +1)+0+0+0-140=—12.
11

Similarly a genus two Lefschetz fibration on K3#2CP? is given in [M2]
with the global monodromy (Cy, (2, (3, (4, C5)°.

We ComPUted that U((Ch <27 C37 447 C5)6) =
0404040~ (1 + -+ 1)+04+0+0+0—(1 + - -- + 1)+-0+0+0+0 = —18.
—— ———

9 9

Matsumoto [M2] also shows that (1, (s, (3, (4)® is the hyperelliptic invo-
lution in My, inducing the relation ({1, (2, (3,¢4)! = 1.

W ted that M =0+0+0+0—(1+---+1
€ compute a U((C1>C27<31<..4) ) +0+0+ ( + - + )+
0+0+1— (14 -+ +14+0+0—(1+---+1)+0+0+0+0= —24.
10 8

Note that the 15th and the 26th 2-handle both contribute +1 to the
signature. It is known that the total space of this fibration is homeomorphic
but not diffeomorphic to 5CP?#29CP?2 (cf. [M2], [F1]).

As a final example we give the signature contributions of the singular
fibers in the genus two Lefschetz fibration of $? x T2#4C P2 given in [M2].

o(S* X T?#4CP2)=0-1-0-1-1-14+04+0= —4.

Remark. One can indeed check these numbers using Matsumoto’s local
signature formula or using the fact that o(X#CP?) = o(X) — 1, for a
4-manifold X.

3.3. Genus 3.

Let Fy denote the Hirzebruch surface, the holomorphic CP! bundle over
CP' with a holomorphic section s; of self intersection —2. Fy also admits a
disjoint holomorphic section sy of self intersection 2. Let X be the two-fold
cover of Fy, branced over the disjoint union of a smooth curve in |7s;| and
so. Then X admits a holomorphic Lefschetz fibration X — CP! of genus
three obtained by composing the branched cover map with the bundle map
Fy — CP!. In [F2], Fuller gives the global monodromy of this fibration as

(7717 n2,M3,14, 15, 776)14.

Here 7n1,7m2,...,m9 denote the positive Dehn twists about the curves
di,do, ... ,dg indicated as in Figure 6.
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Figure 6.

We computed the signature of this genus three Lefschetz fibrations over
S?, using our Mathematica program. (The program is available upon re-
quest.)

o ((m,m2, M3, M1y M5, m6) 1) =
O+ 40—+ +1)+0+-+0—(1+--+1)+0+---40

6 8 4 8 4
“1-1404+0+1—(1+--+1)+14+0+0-1—1+
—_——
14
0+ +0—(1+-+1)+0+-+0—1+ +1)+0+ 40
4 8 4 8 6
= —48.

Fuller (cf. [F3]) also derives the following word in M.

(1085 7195 1145 7135 125 1> 055 M 3 1125 1165 55 145 T35 (1115 7125 735 745 M55 M6 ) ).
We computed that

O-((TIS’ 19, 14,1135, 125 M1, 115, 1145 1135, 112, 1165, 15,5 14,5 113, (7717 n2,13, 14,175, n6)10))
= —42.

The four manifold with the global monodromy given as above is not very
familiar and it is our only example where we can not use any other method
than ours to calculate the signature. The Lefschetz fibration is not hyper-
elliptic, for example, otherwise the local signature formula [E] would yield
o = T4(—4/7) which is not an integer! It is not known whether this fibration
is holomorphic or not.

Corollary 6. There exist two genus three Lefschetz fibrations with the same
Euler characteristic but having different signatures.

Proof. Let My and Ms be the 4-manifolds with global monodromies
("71, 12, M3, M4, 75, 776)14
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and

(778’ N9, N4, M3, 12,11, 75,14, 13,12, 16, 15, 14, 1)3, (77177)25 N3, N4, 15, 7)6)10)

respectively.
Let #, M denote the n-fold fiber sum of M by itself. Then e(#37M;) =
6(#42M2) but U(#37M1) = —1776 and O‘(#42M2) = —1764. O

Remark. Following the language in [Sm]|, we say that two Lefschetz fibra-
tions are combinatorially equivalent if they have the same fiber genus and
the same number of each conjugacy type of singular fibers. The corollary
above shows that signature is not an invariant of the combinatorial equiv-
alence class of a Lefschetz fibration. Moreover there is not necessarily a
hyperelliptic Lefschetz fibration in each combinatorial equivalence class.

4. Some applications.
First we give an immediate application of Theorems 3 and 4.

Corollary 7. Let M be a 4-manifold which admits a genus g Lefschetz fi-
bration over D? or S%. Let n and s be the numbers of nonseparating and
separating vanishing cycles in the global monodromy of this fibration, respec-
tively. Then o(M) < n — s.

Proof. Suppose that we build up the 4-manifold M from ¥, x D? by at-
taching 2-handles. By Theorem 4, every time we attach a 2-handle along a
separating curve the signature of the resulting 4-manifold will be one less
than the signature of the 4-manifold before we attach the 2-handle. Thus
Theorem 3 implies the upper bound n — s on the signature. O
Remark. Define ¢?(M) = 30(M)+2x(M) and x;,(M) = (a(M)+x(M))
for a closed symplectic 4-manifold M. Note that o(M) < n+s= x(M) +
4g — 4 trivially implies 2 < 10}, + 2g — 2 for a genus g Lefschetz fibration
over S2.

Corollary 8. There is no hyperelliptic Lefschetz fibration (of any genus)
over S% with only reducible singular fibers. (Here reducible means that the
local monodromy corresponding to the singular fiber is a Dehn twist about a
separating curve.)

Remark. In particular, this proves that a product of positive Dehn twists
about separating curves can not be equal to the identity in My, which is a
result of Mess [Me].

Proof. Let M be a 4-manifold which admits a Lefschetz fibration of genus

9
g over S? with global monodromy (D(v1),...,D(7s)) , where s = 222:]1 Sh
and ~y; is separating for each i, 1 < ¢ < s. Then, by the local signature
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formula,
(5] (4h(g—h) :
o(M) = h2:1( Qggﬂ _1> sp =20 ifg>3
—s/b if g =2.
But on the other hand o(M) = —s according to Theorem 4. Hence

s = 0. (This is trivially true for ¢ = 1 since any vanishing cycle on a
torus is nonseparating.) This proves the desired result since we assume
(by definition) that there exists at least one singular fiber in each Lefschetz
fibration. O

Next we combine our results with the local signature formula for the
hyperelliptic Lefschetz fibrations to give an upper bound for the signatures
of these fibrations.

Corollary 9. Let M be a 4-manifold which admits a hyperelliptic Lefschetz
fibration of genus g over S%. Let n and s be the numbers of nonseparating
and separating vanishing cycles in the global monodromy of this fibration,
respectively. Then o(M) <n—s—4.

Remark. This inequality is not necessarily sharp.

Proof. We first note that we can improve the inequality
o(M)<n-—s

given in Corollary 7 to
o(M)<n-—s—1
for hyperelliptic Lefschetz fibrations as follows:

Suppose that we attach the first 2-handle along a nonseparating curve.
We can always assume this because n > 1 (since we proved in Corollary 8
that n # 0) and we can cyclically permute the vanishing cycles in the global
monodromy of a Lefschetz fibration. Moreover we can easily show that if
we start attaching handles along a nonseparating curve then the signature
of the resulting 4-manifold (after attaching the very first handle) will be the
same as o(Xg x D?), which is zero.

Next note that o(M) < n —s— 1 is equivalent to

(4]
43 (g —h)sy < (3g+2)n — (29 + 1)
h=1
using the local signature formula.
Assume that ¢ is odd. Endo [E] proves that
(4]
n+4> h(2h+1)s, =0 (mod4(2g +1)).

h=1
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Hence
(4]
=4c(29+1) = 4> h(2h+1)s,
h=1
for some integer c. Substituting into the inequality above (and dividing by
4) we get

4] 4]
1
h(g—h)sh < (3g+2) |e(2g+1) = Y h(2h + 1)s n| 729+ 1)
h=1 h=1
Hence
(4] (4] .
> hlg—h)sh < (3g+2) [c(2g+1) = Y h(2h+1)sy| — 1(20+2)
h=1 h=1

since 2g + 1 =3 (mod4).
But this inequality, in turn, implies that
(5]

43 (g —h)sy < (3g+2)n — (29 +2)
h=1

which is equivalent to

Since (M) is an integer,
o(M)<n-—s-—2.
Tterating the same argument, we obtain
o(M)<n-—s—4.
(We use 2(2g +1) =2 (mod4) and 3(2g + 1) =1 (mod4).)
Similarly, if g is even, then one can use the corresponding result by Endo:
(4]
n+4> h(2h+1)s, =0 (mod2(2g +1)).
h=1
(Note that 2(3g +2)(29 +1) =0 (mod4), if g is even.) O

The following is a result concerning the geography of the hyperelliptic
Lefschetz fibrations, which follows easily from Corollary 9.

Corollary 10. (1) The total space of a genus two Lefschetz fibration over
S? satisfies
¢} < 6xp, — 3.
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(2) The number of singular fibers in a genus two Lefschetz fibration over
S? can not be equal to 5,6,11 or 12 and in particular, the minimal
number of singular fibers in a genus two Lefschetz fibration over S? is
7 or 8.

(3) The total space of a genus three hyperelliptic Lefschetz fibration over
S? satisfies

3 < 7.25xp, — 2.75.

Remarks. (1) In particular, the signature of a smooth 4-manifold which
admits a hyperelliptic Lefschetz fibration of genus g < 3 over S? is negative.

(2) Similar inequalities can be obtained for genus g > 4 hyperelliptic
Lefschetz fibrations over S2.

5. Final remark.

Given a product of positive Dehn twists in the mapping class group of a
genus g surface, we can construct a symplectic 4-manifold which admits a
Lefschetz fibration over D?, as we have studied in this paper. A natural
generalization is to allow negative Dehn twists also. These fibrations are
called achiral Lefschetz fibrations. Our technique clearly extends to compute
the signatures of these fibrations.
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EFFECTIVE DIVISOR CLASSES ON A RULED SURFACE

JEFF ROSOFF

The Neron-Severi group of divisor classes modulo algebraic
equivalence on a smooth algebraic surface is often not diffi-
cult to calculate, and has classically been studied as one of
the fundamental invariants of the surface. A more difficult
problem is the determination of those divisor classes which
can be represented by effective divisors; these divisor classes
form a monoid contained in the Neron-Severi group. Despite
the finite generation of the whole Neron-Severi group, the
monoid of effective divisor classes may or may not be finitely
generated, and the methods used to explicitly calculate this
monoid seem to vary widely as one proceeds from one type of
surface to another in the standard classification scheme (see
Rosoff, 1980, 1981).

In this paper we shall use concrete vector bundle techniques
to describe the monoid of effective divisor classes modulo al-
gebraic equivalence on a complex ruled surface over a given
base curve. We will find that, over a base curve of genus 0,
the monoid of effective divisor classes is very simple, having
two generators (which is perhaps to be expected), while for
a ruled surface over a curve of genus 1, the monoid is more
complicated, having either two or three generators. Over a
base curve of genus 2 or greater, we will give necessary and
sufficient conditions for a ruled surface to have its monoid
of effective divisor classes finitely generated; these conditions
point to the existence of many ruled surfaces over curves of
higher genus for which finite generation fails.

0. Preliminaries on ruled surfaces.

Let C be a nonsingular complex curve, and let X be a ruled surface over C.
Then ([H1, V.2.2, p. 370]) X can be written as P(E), the projectivization
of a rank 2 vector bundle ¥ on C. Moreover, for rank 2 bundles £ and
FE', P(E) = P(F') if and only if F and E’ differ by a twisting with a line
bundle.

Let X be a ruled surface over the base curve C, say X = P(E’). Replacing
E' by E = E' ® L for some line bundle L chosen appropriately, we may
assume that F is normalized so that:
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(a) E admits a nontrivial global section, and,
(b) E ® L admits no nontrivial section for any line bundle L of negative
degree.

E is determined up to twisting with line bundles of degree 0. The choice
of a (normalized) bundle E to represent X as the projectivization of a rank
two bundle determines the linear equivalence class of a “standard” section
Cy of X over C, with Ox(Co) = OP(E)(l)

If F is a rank 2 bundle on C, then deg A?(E) = deg A?(E® L) for any line
bundle L of degree 0, and hence is a well-defined invariant of X = P(E) for
FE normalized as above. Finally, the Neron-Severi group of X is a free group
of rank 2, generated by the algebraic equivalence classes of the section Cj
and of any fiber F' of the natural map 7 : X — C. Denoting by [D] the
algebraic equivalence class of any divisor D, the intersection pairing on X
is given by:

[Co)” = deg A*(E), [Cole[F]=1, [F]*=0.

1. Ruled surfaces with [Cy]? < 0.

Theorem 1. Let C be a smooth curve and let X = P(E) be a ruled surface
over C such that, with E normalized as above, [Co)? = deg A%2(E) < 0. Then
the monoid of effective divisor classes on X is {a[Co] + b[F] | a,b > 0}.

Remark. Since any vector bundle over P! splits into a direct sum of line
bundles, this theorem applies to any ruled surface over a curve of genus 0;
a normalized rank 2 bundle will be of the form O & L for some line bundle
L of degree < 0. These are the “Hirzebruch surfaces”.

Proof. Clearly any divisor class in the above set represents an effective di-
visor. Now, let D be an effective divisor on X, so that D can be written
as D = nCy + > D; with n > 0 and D; an irreducible curve other than
Co. Letting [D;] = a;[Co] + bi[F], we have that [D;] @ [F] = a; > 0 and
[D;] ® [Co] = bi + a;[Co]? > 0, so b; > 0. The result follows by additivity.

2. Ruled surfaces over curves of genus 1.

Theorem 2. Let X = P(E) be a ruled surface over an elliptic curve C,
with B normalized. Then the monoid of effective divisor classes on X is
(finitely) generated by:

(a) [Co] and [F)] if deg A%(E) <0, and

(b) [Co], [F] and the anti-cannonical class 2[Co| — [F)] if deg A%(E) > 0.
Proof. We may assume that deg A?(E) > 1, and by Nagata [N, pp. 191-96]
we may assume that this degree is 1.

Since F has a nontrivial section and since E ® O(—p) has none for any
p € C, we have an exact sequence of bundles 0 — O¢ — E — O(p) — 0,
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with E a nontrivial extension of O(p) by O¢ for some fixed p € C. The
nontriviality of the extension corresponds to F being normalized.

We will first show that the divisor class 2[Cy] — [F]] contains an effective
divisor, i.e., that the bundle Ox(2) ® 7*O¢(—¢q) has nontrivial section for
some g € C. By [H1, 7.11, p. 162] 7.0x(2) = S?(E), the second symmetric
power of E, so by the projection formula it suffices to show that S?(E) ®
Oc(—q) has a section for some g € C.

The structure of the space of indecomposable bundles of a given rank
and degree on an elliptic curve has been extensively studied by Atiyah [A,
pp. 414-52], and we will appeal to his results to show that S?(E) = > O(p;)
where the {p;} are the three nontrivial half-periods of C' under the transla-
tion sending p to the origin. In Atiyah’s notation E = e4(2,1) where A is
the bundle O(p), and by [A, Th. 7, p. 434], E = e4(2,-1) = E ® O(-p)
[A, Th. 6, p. 433].

Thus, EQ E® O(—p) = E® E = End (E) = Oc ® Y. O(p; — p) with the
{pi} as above using [A, Lemma 22, p. 439], and so EQ E = O(p) &> O(p:).
On the other hand, over C, E® E = S?(E) @ A?(E) = S?(E) ® O(p). Thus
S2(E) =Y 0O(p;) and S?(E) ® O(—q) has a section for ¢ € {p;}.

Thus the monoid generated by the classes [Co], [F] and 2[Cp] — [F] is con-
tained in the monoid of effective divisor classes on X. The reverse inclusion
follows directly from [H1, V.2.21, p. 382].

3. Ruled surfaces over curves of higher genus.

For the reminder of this article, we will assume that our ruled surface X is
the projectivization of a normalized rank 2 bundle £ on the curve C with
g(C) > 1 and, in view of Theorem 1, that deg A%(E) > 1.

By [H1, V.2.21, p. 382], if Y is an irreducible curve on X with [Y] =
a[Cop] + b[F], then Hurwitz’s theorem applied to the desingularization of
Y shows that either a,b > 0, or @ > 2 and b > —(a/2)degA%(E). It
follows from linearity that these are necessary conditions for an algebraic
equivalence class to contain an effective divisor.

On the other hand, sufficient conditions are provided by the Riemann-
Roch theorem: By Serre duality dim H?(X, Ox(aCy + bF)) = 0 for a > 0,
and Riemann-Roch on the surface X applied to the divisor class [aCy + bF]
shows that this class contains an effective divisor if a > 0 and b > ¢g —

(a/2) deg A%(E).

Theorem 3. Let X = P(E) be a ruled surface over a curve C with g(C) >
1, and deg A%2(E) > 1 with E normalized. Then the monoid of effective

divisor classes on X is finitely generated if and only if there is effective
divisor class a[Cy] + b[F] with a > 2 and b = —(a/2) deg A*(E).
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Proof. Suppose that there is an effective divisor class as above, and let
A > 2 be minimal such that the class A[Co] — (4/2)deg A%(E)[F] con-
tains an effective divisor, say Dy. Let S = {a[Co] +b[F] | 1 < a < A and
—(a/2)deg A?(E) < b < 0}; S contains a finite number of (not necessarily
effective) divisor classes, say [E1]--- [Eg].

Let S = {[E;] € S|[Ei] + n[Dy] contains an effective divisor for some
n > 0}, and for each [E;] € S let D; = E; +n; Dy with n; > 0 minimal in the
above regard. Then the monoid of effective divisor classes on X is (finitely)
generated by the classes [Cp], [F] and the [D;], i > 0.

Conversely, suppose that there is no effective divisor class on X meeting
the condition of the theorem. Then, for any finite collection of (nontrivial)
effective divisors Dy, ... , Dy we have [D;] = a;[Co] + b;i[F] with a; > 0 and
b > —(a;/2) deg A%(E), i.e., for some &; > 0 b; > —(a;/2) deg A%(E) + a;s;.
For any nonnegative integers cq,...,c, (not all 0) the linear combination
A[Co] + B[F] = c1[D1] + -+ + cx[Dy] has B > —(A/2) deg A%(E) + Ae for
¢ = min{e;}, € > 0.

Finally, select an integer a sufficiently large so that g(C') < ea; making a
even if necessary, let b € Z be b = g(C) — (a/2) deg A%(E). By our above
observation on Riemann-Roch, the divisor class a[Cp] + b[F] is an effective
class, but cannot be expressed as a nonnegative linear combination of the
classes {[D;]}. Thus, if there is no effective class as in the theorem, the
monoid of effective divisor classes on X is not finitely generated.

A geometric criterion for finite generation of the monoid of effective classes
is given by:

Corollary. The monoid of effective divisor classes on X is finitely generated
if and only if there is a curve Y on X such that the projection m: X — C
exhibits Y as an unramified n-fold cover of C for some n > 2.

Proof. Indeed, the proof of [H1, V.2.21, p. 382] shows that an irreducible
curve Y on X that is an unramified n-fold cover of C (for n > 2) must
necessarily have [Y] = n[Cy] — (n/2) deg A?(E)[F], and that any curve in a
divisor class of this form (with n minimal and n > 2) is such a cover.

Remark. For any such curve Y on X as above, we must have dim H°(X,
Ox(Y)) = 1. To see this, note that if D € |Y|, then DN7~!(u) consists of n
distinct points for all ©w € C. If there are two linearly independent sections
s; in HO(X,Ox(Y)), then as Y2 = 0, we have a surjection ¥ : X — P!
given by ¥(p) = [s1(p), s2(p)]. Since U~1(¢) € |Y]| for t € PL, U|F gives an
unramified n-fold cover of P! for a fiber F, which is impossible for n > 1.

Theorem 4. Let X be the ruled surface P(E) over the curve C with g(C')
> 1, with E normalized and with deg A*>(E) > 0. Then finite generation of
the monoid of effective divisor classes on X is equivalent to the existence
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of a sub-line bundle N of S™(E) with deg(N) = (n/2)deg A%(E), for some
n>1.

Proof. [H2, 10.2, p. 51] shows that a multisection Y of P(E) of degree
n over C corresponds to a sub-line bundle N of S™(F), and further that
the requirement that [Y] = n[Co] — (n/2)deg A%(E)[F] forces deg(N) =
(n/2)deg A%2(E).

Remark. An interesting geometric proof of Theorem 3 can be obtained
by considering the projective n-bundle P(S”E) over C, with projection v
to C. Giving a multisection Y of P(FE) of degree n over C' can be viewed
as giving a section o of P(S™E) — this is really the same as giving local
homogeneous equations defining Y on each fiber of 7w in P(E), with the
fibers of iy parameterizing homogeneous polynomials of degree n in two
variables. There is a divisor A on P(S™E) whose intersection with each
fiber of 1 corresponds to such local equations having zero discriminant;
a linear algebra computation shows that O(A) = O(2n — 2) ® ¥*(L) for
some line bundle L on C of degree n(n — 1)deg A?(E). The requirement
that Y be an unramified n-fold cover of C is that o(C) not meet A, so
that deg o*(A) = 0, i.e., deg0*O(1) = —(n/2) deg A%(E) using n > 2. Since
0*O(1) is a quotient of S™(E) [H1, 7.12, p. 162], we may take for the bundle
N above the dual c*O(—1).

Remark. For the ruled surface P(E) over an elliptic curve C with degA?(E)
= 1, there are precisely three sub-line bundles of S?(E) of the correct degree:
The O(p;) in the proof of Theorem 2.

Remark. It is known [H2, 10.5, pp. 53-54] that, on a curve C of genus
g(C) > 2, there are bundles of any given degree and rank that are stable
and all of whose symmetric powers are also stable. For such a rank 2 bundle
FE, FE ® L has the same property for any line bundle L. Thus, even with £
normalized if necessary we will have, for any sub-line bundle N of S™(E),
deg(N) < (n/2) deg A%(E). For such a bundle F whose normalizations have
positive degree, the monoid of effective divisor classes on the ruled surface
P(F) requires an infinite number of generators.
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ANISOTROPIC GROUPS OF TYPE A,, AND THE
COMMUTING GRAPH OF FINITE SIMPLE GROUPS

YOAV SEGEV AND GARY M. SEITZ

In this paper we make a contribution to the Margulis-
Platonov conjecture, which describes the normal subgroup
structure of algebraic groups over number fields. We estab-
lish the conjecture for inner forms of anisotropic groups of
type A,. We obtain information on the commuting graph
of nonabelian finite simple groups, and consequently, using
the paper by Segev, 1999, we obtain results on the normal
structure and quotient groups of the multiplicative group of
a division algebra.

0. Introduction.

Let & be a simple, simply connected algebraic group defined over an al-
gebraic number field K. Let T be the (finite) set of all nonarchimedean
places v of K such that & is K,-anisotropic, and define &(K,T) to be
[T,er ®(Ky) with the topology of the direct product if 77 # ), and let
&(K,T) = {e} it T = 0 (which is always the case if & is not of type 4,).
Let § : 6(K) — &(K,T) be the diagonal embedding in the first case, and
the trivial homomorphism in the second case.

Conjecture (Margulis and Platonov). For any noncentral normal subgroup
N < &(K) there exists an open normal subgroup W < &(K,T) such that
N = 6~Y(W); in particular, if T = (), the group &(K) has no proper non-
central normal subgroups (i.e., it is projectively simple).

The conjecture has been established for almost all isotropic groups and
for most anisotropic groups except for those of type A,. The anisotropic
groups of type A, are thus the main unresolved case of the conjecture.

Inner forms of anisotropic groups of type A, have the form SL; p, the
reduced norm 1 group of a finite dimensional division algebra D over K
(see 2.17 and 2.12 of [10]). In this case Potapchik and Rapinchuk showed
(Theorem 2.1 of [11]) that if SL; p fails to satisfy the Conjecture, then there
exists a proper normal subgroup N of D* = D — {0} such that D*/N is a
nonabelian finite simple group.
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In recent work the first named author ([14]) established a result, relating
finite simple images of the multiplicative group of a finite dimensional di-
vision algebra over an arbitrary field to information about the commuting
graph of finite simple groups. To state this result we need the following
definitions.

Let H be a finite group. The commuting graph of H denoted A(H) is
the graph whose vertex set is H — Z(H ) and whose edges are pairs {h,g} C
H — Z(H), such that h # g and [h,g] € Z(H). We denote the diameter of
A(H) by diam (A(H)).

Let d: A(H) x A(H) — Z=° be the distance function on A(H). We say
that A(H) is balanced if there exists z,y € A(H) such that the distances
d(z,y), d(z,zy), d(y,zy), d(x,x~1y), d(y, v~ 1y) are all larger than 3.

Theorem (Segev [14]). Let D be a finite dimensional division algebra over
an arbitrary field and L a nonabelian finite simple group. If diam (A(L)) >
4, or A(L) is balanced, then L cannot be isomorphic to a quotient of D*.

Consequently, the Margulis-Platonov Conjecture for inner forms of aniso-
tropic groups of type A, is resolved by the following theorem, which is the
main result of this paper.

Theorem 1. Let L be a nonabelian finite simple group. Then either
diam (A(L)) > 4 or A(L) is balanced.

The following results are then immediate corollaries:
Theorem 2. The Margulis-Platonov Conjecture holds for & = SLy p.

Theorem 3. If D is a finite dimensional division algebra over an arbitrary
field, then no quotient of D* is a nonabelian finite simple group.

In Section 12 we show that the following theorem is a consequence of
Theorem 2.

Theorem 4. Let D be a finite dimensional division algebra over a number
field. Let N be a noncentral normal subgroup of D*. Then D*/N is a
solvable group.

To prove Theorem 1 we need to establish results on the commuting graph
of a finite simple group. These results may have independent interest, so we
state them as separate theorems corresponding to the various types of finite
simple groups.

The main obstacle in establishing Theorem 1 occurs for classical groups.
Here we prove the following theorem.

Theorem 5. Let L be a finite simple group of classical type. Then A(L) is
balanced. The required elements can be taken as opposite regular unipotent
elements.
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Corollary. If L is a finite simple classical group, then diam (A(L)) > 4.

We mention that except for some small cases the elements x,y used to
establish balance in Theorem 5 satisfy d(z,y) = 4 (see Section 12).

The following result covers exceptional groups of Lie type and Sporadic
groups.

Theorem 6. Let L # E7(q) be either an exceptional group of Lie type or
a Sporadic group. Then A(L) is disconnected. If L = E7(q), then A(L) is
balanced, where the elements x,y can be chosen to be semisimple elements.

For the alternating groups we have:
Theorem 7. If L is a simple alternating group, then diam (A(L)) > 4.
Finally, in Section 12 we prove the following theorem:

Theorem 8. Let G(q) be a simple classical group with ¢ > 5. Then A(G(q))
is disconnected if and only if one of the following holds
(i) G(q) ~ L(q) and n is a prime.
(i) G(q) ~ L5(q), n— 1 is a prime and g — € | n.
(iii) G(q) ~ S2n(q), 03,,(q), or Oz,41(q) and n = 2¢, for some c.
Moreover, if A(G(q)) is connected then diam (A(G(q))) < 10.

We draw the attention of the reader to the remark at the end of Section 12,
for additional information about the connectivity of the commuting graph
of finite simple groups.

In Chapter 1, which consists of Sections 1-7 we prove Theorem 5. In
Chapter 2, which consists of Sections 8-9 we prove Theorem 6, when L is
an exceptional group of Lie-type. Section 10 is devoted to the Alternating
groups and the short Section 11 is devoted to the Sporadic groups. Finally
in Section 12 we derive Theorem 4 from Theorem 2 and we include some
results and remarks about the commuting graph of the classical groups.

We would like to thank Michael Aschbacher for various discussions, in
particular, for contributions in Sections 8 and 9.

Chapter 1. The Classical Groups.

1. Notation and preliminaries.

The notation and definitions that will be introduced in this section will
prevail throughout Chapter 1. F denotes a finite field and V' denotes a vector
space of dimension n over F. We fix an ordered basis

B:{’Ul,... ,Un}
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of V. For a subset S C V, (S) denotes the subspace generated by S. We
set:

For ISZ'S’I?,, Vi:<’l)1,’l)2,...,vi>.

We write M (V) for both Homp(V, V), the set of all linear operators on
V', and for the set of n X n matrices over F. When we wish to emphasize
that we are dealing with matrices we’ll write M, (F) for the set of n x n
matrices over F. Also GL(V) C M(V), denotes both the set of invertible
linear operators on V and the set of invertible n x n matrices over F. To
emphasize matrices we write GL,(F), for the set of n x n invertible matrices
over [F. Finally, SL(V) C M (V) are the elements of determinant 1; again,
we write SL,(F) for the set of n x n matrices of determinant 1. We use
the same notation for the linear operator and its matrix, with respect to the
basis B. All our matrices are also linear operators whose matrix is the given
matrix always with respect to our fixed basis B, unless explicitly mentioned
otherwise. Thus if @ € M(V), then a is an n X n matrix over F whose
(4, 7)-th entry we always denote by a;;. Also a: V' — V is a linear operator
such that v;a = Z?Zl a;jvj.

Given a bilinear form f (resp. a quadratic form Q) on V, we denote
by O(V, f) (resp. O(V,Q)) the elements in GL(V') preserving f (resp. Q).
SO(V, f) (resp. SO(V,Q)) denotes the elements in O(V, f) (resp. O(V,Q))
of determinant 1.

We fix the letter R to denote either FF, or the ring of polynomials over
F,F[A]. We'll denote by M, (R), the set of n x n matrices over R.

Let H be a finite group. The commuting graph of H denoted A(H) is
the graph whose vertex set is H — Z(H) and whose edges are pairs {h, g} C
H — Z(H), such that h # ¢ and [h,g] € Z(H). (Note that our definition
of the commuting graph differs a bit from what the reader may be used to,
i.e., the vertex set of A(H) is H — Z(H) and not H — {1} and two elements
form an edge when they commute modulo the center of H and not only when
they commute.) We denote by da(x) the distance function of A(H). We
fix the letter A to denote A(GL(V')) and the letter d to denote the distance
function of A (see 1.3 for further notation and definitions for the commuting
graph).

Our goal in Chapter 1 is to prove Theorem 5 of the Introduction, which
shows that A(L) is balanced, for all simple classical groups L. In principle
we present a uniform approach to this, by showing that in all cases we can
take the elements x,y to be opposite regular unipotent elements. However,
the details are fairly complicated. In this section and the next we lay the
ground work for the proof.

1.1. Notation and definitions for matrices over R. Let m > 1 be an
integer.
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(1) First we mention that given o € F, whenever we write @& inside a
matrix, this means & = —a.

(2) I, denotes the identity m x m matrix.

(3) For integers i, j > 1, 0; ; denotes the zero i x j matrix. We denote by
0; the zero 7 x 7 matrix.

(4) Given g € M,,(F), we denote the transpose of g by g.

(5) Given A € M,(R), M; ;(A) € M;,—1(R), denotes the (4, j)-minor of
A, i.e., the matrix A without the i-th row and j-th column. Also
M, i0),(G1.j2) (A) € Mip—2(R) is the matrix without the 4y, rows and
without the j1, jo columns.

(6) Suppose m = ki + ka + - -+ + k; and that g; € M, (R), 1 <i <t. We
write g = diag (g1, g2, ... ,g¢) for the m x m matrix with g1,¢92,... , gt
on the main diagonal (in that order) and zero elsewhere. Of course if
gi € R, for all i (k; = 1, for all i), then g is a diagonal matrix in the
usual sense.

(7) Suppose m > 2 and let 1 < i < m —1 and a € F. We denote by
u"(a) € My (F), the matrix which has 1 on the main diagonal, « in
the (i + 1,4) entry and zero elsewhere.

(8) Suppose m > 2 and let 1, fa, ..., Bm—1 € F*. We denote

am(B1, 02, Bm=1) = " (Brm-1)u5" (Bm—2) - - - Upy_o(B2)um_1 (51)
b (81, B2, -+ s Pm—1) = ul" (= Fr)uy (—F2) - - - Uy _o(—Bm—2)Up_1(—Bm—1)-

Of course
1 0 0]
Bm—l 1 0 0
0 ﬂm—? 1 0 0
0 0 r— 1 0 . . .
am(/@b"' 7/8m—1): . . /8 . ’ .. . . ]
0 0 B 1 O
|0 0 B 1
10 . 0]
0 3, 1 0 - 0
0 0 B34 10
N e L
0 0 BmfZ _ 1 0
| 0 0 ﬂm—l ]‘_

(9) We denote a; = by = [1] and for m > 2,
am = am(1,1,...,1) and by, =by(1,1,...,1).
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Hence
1 0 - 0] 1 0 - 0]
110 - 0 110 0
0110 - 0 o110 - 0
00110 0 00110 0

am:.- . . bm:- . .
0O - - - 0110 0o - - - 0110
o - - - 0 1 1] o - - - 0 1 1

(10) Suppose m > 2 and 1 < r < m — 1. We denote by 7,,(r) the set of
m X m matrices t € M,,(F) such that:
(i)ti; =0,forall1 <i<rand1l<j<m.
(ii) tr4is #O0and 40 =0, forall 1 <i <m—randalli <l <m.
Thus ¢ has the form

0 0 0 .o . ()

0 . 0

‘= tri11 0 . 0
*  tpyo2 0 0

* * tr+3,3 0 0

| x * * * % tymm—r 0 0_

where * represents any element of F.

(11) Throughout Chapter 1, J,, denotes the following m x m matrix. If we
set, J = Jom, then J; mi1—; = (1)L, for all 1 <i <m, and J; ; = 0,
otherwise. Thus

0 0 -0 17
0 0 . 010
0 0 - 01 00
0 0 01 00O

Jm = . . .

0 " o

ImH 0O - - - - .0

Note that J -1 = = (—1)"*!1,, and if m = 2/ is even, then

[?W]
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1.2. Notation for polynomials, characteristic polynomials and
characteristic vectors. Let m > 1 be an integer.

(1) Let g € My, (F). We denote by F,[)A], the characteristic polynomial of
g. We often write Fy, for Fy[)\].

(2) If F is the characteristic polynomial of g € GL,,(F), we denote by F
the characteristic polynomial of g—!.

(3) Given a polynomial F[)], we denote by «(F, ¢), the coefficient of X! in
F.

(4) Throughout Chapter 1 we denote by F,,[\] the characteristic polyno-
mial of a’,a, (am as in 1.1.9). We mention that several properties of
F,[\] are given in 2.6.

(5) Throughout Chapter 1, G,,[\] denotes the characteristic polynomial
of the following m x m matrix

210 0
1210 - - -0
01210 - -0
O .- - 01210
o .- - - 0121
0 - 01 2

(6) We denote Q[N = A™ — AL 4 Am=2 4o (=)™ I\ 4 (=)™,
(7) Let g € GL(V') and suppose that v € V is a characteristic vector for
g. We denote by A\y(v) € F the scalar such that vg = Ag(v)v.

1.3. Notation for the commuting graph. Let H be a group and let
A= A(H).

(1) Givenelements X,Y € A, we write Ba(X,Y) if the distances dp (X, Y),
da(X,XY) and dp(X,X71Y) are all > 3. We write B(X,Y) =
BA(X,Y) (recall that A = A(GL(V))).

(2) We say that A is balanced if there are elements X,Y € A such that
BA(X,Y) and BA(Y, X).

(3) We use the usual notation for graphs, thus, for example, AS!(X) means
the set of all elements at distance at most 7 from X, in A.

1.4. Further notation and definitions. Let g € GL(V), 0 # v € V and
H < GL(V), a subgroup.
(1) We denote by O(v, g) the orbit of v under (g).
(2) Given an ordered basis A = {wy,... ,w,} of V we denote by [g]4 the
matrix of g with respect to the basis A. Thus, the i-th row of [g] 4 are
the coordinates of w;g with respect to A.
(3) We say that H is closed under transpose if h € H implies h' € H.
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(4) We fix the letter 7 to denote the graph automorphism of SL, (F) such
that 7 : ul'(a) — u”_;(a) and 7 : (u?(a))! — (u_,(a))!, for all « € F
and all 1 <7 <n—1. Note that 7 commutes with the transpose map.

(5) If |F| = ¢2, we let o : GL,(F) — GLy,(F), be the Frobenius automor-

phism taking each entry of g € GL,(F) to its ¢ power.

By a Classical Group we mean L < GL(V'), where L is one of the groups
SL,(q), Spn(q), Q5(q), or SUy,(q), where for orthogonal groups we use € €
{+,—} only in even dimension and for unitary groups we work over the
field of order ¢%. In all cases we take L to be quasisimple, avoiding the
few cases when this does not hold. By a Simple Classical Group we mean
L/Z(L), with L a classical group. In the respective cases we denote the
simple classical groups by L, (q), Sn(q), On(q), O5(q) and Uy,(q).

1.5. (1) For even q and odd n, Op(q) ~ Sn—1(q).
(2) For all q, Os(q) = La(q), Of (q) ~ La2(q) x L2(q), Oy (q) = La(¢®),
Os5(q) = 81(q), Og (q) =~ La(q) and Og (q) ~ Us(q).

The purpose of Chapter 1 is to prove:

Theorem 1.6. Let L be a finite simple classical group. Then A(L) is bal-
anced.

We mention that in Remark 1.18 ahead we indicate our strategy for prov-
ing Theorem 1.6.

1.7. Let H be a group. Suppose that Z(H/Z(H)) = 1 and that A(H) is
balanced. Then A(H/Z(H)) is balanced.

Proof. This is obvious since if X,Y € A(H) satisfy B(X,Y) and B(Y, X),
then XZ(H), YZ(H) satisfy the same condition in A(H/Z(H)).

1.8. Let L < SL(V) be a classical group. Set A = A(L) and suppose that L
18 closed under transpose. Then:

(1) The maps g — g~', g — g* and conjugation are isomorphisms of A.

(2) Let g,h € A and let € € {1,—1}, then any one of the following imply
da(g,9°h) > 3:
(i) da(g, hg) > 3;
(11) dA(g7 hilgie) > 3;'
(iii) da(g,g~¢h™1) > 3.

Proof. (1)is easy. (2) follows from (1) noting that (¢g¢h)9" = hg€, (g=¢h=1)9 °
= h~!g7¢ and that the distance between ¢ and ¢ is the same as that from g
to t~L.

1.9. Let L < SL(V) be a classical group. Set A = A(L) and suppose that L
s closed under transpose. Let XY € L. Then:
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(1) If B(X,Y), then B(X',Y").
In particular:

(2) If B(X, X"), then B(X*, X).
Proof. Suppose that B(X,Y) holds. By 1.8.1, dx(X% Y?) > 3. Also since
da(X, XY) > 3, da(Xt, (XY)!) > 3. Hence dp (X!, YIX?) > 3. By 1.8.2,
da (X', X'Y?) > 3. Finally since da(X, X71Y) > 3, da (Xt (X1Y)Y) > 3.
Thus da (X% YH(X?)™1) > 3 and then, dy (X, (X!)~1Y?) > 3.
Corollary 1.10. Let L < SL(V) be a classical group. Set A = A(L) and
suppose that L is closed under transpose. Suppose one of the following holds:

(i) There exists X € L such that By(X, X?).

(ii) There exists X,Y € L such that By(X,Y") and By(Y, X?).

Then A(L) is balanced.

Proof. If (i) holds, then it is immediate from 1.9.2, and definition, that A(L)
is balanced. If (ii) holds, then by 1.9.1, also By (Y, X), so by definition A(L)
is balanced.

1.11. Suppose n = 2k + € > 2, with ¢ € {0,1}. Let p1,P2,...,Bk—1 € F*.

Seta = ak(ﬁla 623 cee aﬁk—l) and b = bk’(ﬂlaﬁ% cee 7ﬁk—1)' Let T : SLn(F) -
SL,(F) be the automorphism defined in 1.4.4. If € = 0, then diag (a,b™!) €
Fix (1) and if € = 1, then diag (a,1,b™1) € Fix (7).
Proof. Just observe that if ¢ = 0, then
diag (a,b™1)
= 7 (Br—1) g1 (Br—1)uz (Be—2)un_o(Br—2) - - - up_1 (B1)ug 11 (B1)
and if e = 1, then
diag (a,1,b71)
= ul (Br—1)ty 1 (Br—1)uy (Be—2)ty o (Be—2) - - ug_1(Br)ug2(B1)-
1.12. Let 7,04 : SL(V) — SL(V) be the automorphisms defined in 1.4.4
and 1.4.5. Set J = J, (see 1.1.11). Then:
(1) gr = J(g") It = J(g") 1T, for all g € SL(V).
(2) T and o4 commute with the transpose map.
(3) For an automorphism ¢ : SL(V) — SL(V), let Fix (¢) = {h € SL(V) :
h¢ = h}. Then if [F| = ¢%, Fix(r04) ~ SU,(q); if n is even, then
Fix (1) >~ Spn(q) and if n is odd and q is odd, Fix (1) ~ SO,(q).
(4) In the notation of (3), Fix (1) and Fix (toy) are closed under transpose.

(5) Suppose n = 2k is even, x,y € SLi(F) are such that diag (x,y~1) €
Fix (7). Theny = Jya'J, ' = JyalJ}.
Proof. First recall that J~1 = J!. Let 7' : SL(V) — SL(V), be the auto-
morphism g — J(g*)71J L. Tt is easy to check that u?(a)7" = u?(a)7, and
(u?(a))it’ = (ul(a))it, forall 1 <i <n—1, and all « € F. Thus 7/ = 7.

(3 (2
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Evidently 7 and o, commute with the transpose map. Next note that
g € Fix (1) iff gJgt = J; thus g € SO(V, f), where f is the bilinear form
given by f(v;,v;) = Ji ;. Hence Fix (1) is as claimed in (3). Now if [F| = ¢,
then g € Fix (70,) iff gJ(go,)" = J, so as above, g € SO(V, f), for a suitable
unitary form f.

To prove (5), set g = diag (z,5~1). Then by (1), g7 = J(g")"1Jt =
Jdiag ((z*)~%,y*)J!. Now using Definition 1.1.11, we get

L 81 0
i kO kY A k
T 0% Jryt O —Jx
o _(—1)ka(xt)_1 O :| . |:(_1)k+le 0 :|
B '(_1)k+1Jkyth Ok
Tl O (‘UkHJk(ﬂCt)lJJ '

Since we are assuming that gr = g, we see that (—1)k+1Jkyth = x, S0 since
J,;l = (1)L, = J}, we see that x = JLy'Jy, so y = katJ,;l = Jya'J},
as asserted.

1.13. Let X € GL,(V) be a lower triangular matriz such that X — I, €

7,(1) (see 1.1.10 for 7T,(1)). Let h € M, (F) be a matriz commuting with X .
Then:

(1) h is a lower triangular matriz.

(2) There exists 1 <r <n, and f € F such that h — 81, € T,(r).

(3) If Xz',i—l = Xj,j_l, fO?“ all 2 S i, j S n, then hr+i,i = hr+j7j, fOT‘ all

1<4,5<n—r.

Proof. For 2 <i < n, set a; := X;;—1. Note that by definition (see 1.1.10),
a; # 0, for all 2 <4 < n. Note further that A commutes with the matrix
X — I, and clearly for 1 <i <n —1, ker(X — I,,)* = V;. Since h commutes
with (X — I,)?, h fixes ker(X — I,,)*, so (1) holds.

Next set Xh = g and hX = q. It is easy to check that for 2 < ¢ < n,
Gii—1 = O‘ihifl,ifl + hi,ifl and that Qii—1 = hi,ifl + Oéihi’i. Since g = ¢, and

a; # 0, for all 4, we see that h11 = hoo = -+ = hyy. Set f = hy 1 and
t = h — (1,. Then t has the form
[ 0 0 0 .o . .. 0]
0 0
;= tr11 0 0
* tr+272 0 0
* * tr+3’3 0 0
B * * * % lppop 0 - - 0_
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where 1 <7 <n —1 and for some 1 < j <n—r, t,4;; # 0. Note that
X — I, commutes with ¢.

Set (X —I,)t = g and t(X —1,,) = q. Then it is easy to check that g,421 =
Qr42tr41,15 Gr+432 = Q4384225+ s Gnn—r—1 = Qnlpn—1n—r—1- Similarly,
Tr+2,1 = Q2lr422, Gr4+32 = Q3tr 433, -+ 5 Gnn—r—1 = Qn—rlpp—p. Since g = q,
a; # 0, for all 7, and t,1;; # 0, for some 1 < j < n —7r, t,4;; # 0, for all
1<i<n-—randte 7T,(r) as asserted. Further, it is easy to check that (3)
holds.

1.14. LetR,S € GL(V). Set3 = Z(GL(V)) and W = (O(w1, S)). Suppose
that:

(a) R7ISR = puS, for some u € F*.

(b) v1 is a characteristic vector of R.
Then:

(1) If u =1, then W is a set of characteristic vectors of R and forw € W,

Ar(w) = Agr(vi). In particular, if W =V, then R € 3.
Suppose W =V, and let Fg[\] = X" — 3", Lo\ Then

) R is conjugate in GL(V) to some member of diag (1, pu, %, ..., u"1)3.
) /ﬂ—l for each 1 < i <n such that ap,_; # 0.
)
)

M?’L
5 Ifgcd{{z Qp—i #0}U{|IF*|}} =1, then R € 3.

Proof. Notice that by hypotheses (a) and (b), O(v1,S) is a set of charac-
teristic vectors of R. Further if 1 = 1, clearly (1) holds. For the remaining
parts assume W = V. Then A = {vy,v19,v15%,... ,v1.5" 1} is a basis of
V. The matrix of S with respect to the basis A is

(2
(3
(4
(

[0 1 o0 0
0 0 1 0 - 0
0O 0 0 10 - 0
S = [S]u = 0O - - 010 0
. . . . . . ()
0 . . . . . 0 1
Qp a1 Qg - Qg

and the matrix of R with respect to the basis A is R'= diag (R1, R, ... , Ry).
Replacing R with a scalar multiple of R we may assume that R; = 1. Note
that for 1 < i < n — 1, the (i,i + 1)-entry of the matrix (R')"1S'R’ is
R;7'R;i11. Since (R')™'S'R' = pS', we conclude that R; = =1, 1 <i <n
and (2) holds.

Next note that for 1 < i < n, the ( n — i+ 1)-entry of (R')"'S'R' is
R;an_Hlan_i = " ey = b qn_i. Thus, since (R')"1S'R' =
S, i = pog_j, so if ay,_; # 0, u* = 1. This shows (3). Of course
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(4) follows from (3), since ag = (—1)""1det(R) # 0. Finally (5) is an
immediate consequence of (2), (3) and (4).
1.15. Suppose S,T € M(V), R € GL(V) and j,m,{ > 0 are integers such
that:

(a) 1<j<n—1landforalll<i<jandi+1<k<n, Siiy1#0 and

Then vy is a characteristic vector of R.

Proof. For i > 0, set z; = S'T. Note that R~'2R € 3z, for all i > 0 and
hence

(i) ker(z;) is R-invariant, for all ¢ > 0.
Notice that by (a):
(ii) For all i > 0, if V41 C ker(z;), then V; C ker(zi41).

Now without loss we may assume that ¢ is the least nonnegative integer i
such that v ¢ ker(z;). Since by (b), V; C ker(2p), minimality of ¢ and (ii)
imply that V; C ker(z,). Thus

(iii) vj+1 ¢ ker(zg) and V; C ker(z).
Now, by (a) and (iii), we get that
(iv) ker(zp44) N Vi_iv1 = Vj_i, foral 0 <:<j—1.

By (i), (iv), (d) and since 1 <m < j + 1, we see that Vi, Vin—1,..., Vi are
all R-invariant, so since V) is R-invariant, vy is a characteristic vector of R.

1.16. Suppose n > 2 and let Z € GL(n,F). Let v € V such that (O(v, Z))
=V and let « € F. Then (O(av +vZ,Z)) # V iff —a is a characteristic
value of Z.

Proof. Since (O(v,Z)) =V, C = {v,vZ,... ,0Z" '} is a basis of V. Now
(Olav +vZ,2)) =V, it D:={av+vZ,(aw+v2)Z,...,(av +vZ)Z"" 1}
is a basis of V. Now D is obtained from C by applying the transformation
al, + Z to the basis C. Thus D is a basis of V iff al,, + Z is invertible and
the lemma follows.

Corollary 1.17. Suppose n = 2k + 1 (with k > 1), let S € GL(n,F) and

write
_|[Ri1 Rip
s=lm %)

with RLl,RLQ,RQ,l and Z a kxk, kx (k—i—l), (k—l—l) x k and (]{—l-l) X (k—l—l)
matrices, respectively. Set W = (O(v1,S)) and assume:
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(a) Vi CW.
(b) Z € GLg+1(F) and (O(vgy1,diag (Ix, Z))) = (Vkt+1y--- »Un)-
(¢) avgs1 + vgrdiag (Ix, Z) € W, for some a € F.

If —« is not a characteristic value of the matriz Z, then V- = (O(v1,S)).

Proof. Set U = (vg41,...,v,) and let Z denote also the linear operator
Z :U — U, given by the matrix Z, with respect to the basis {vgt1,... ,vn}.
Then, by (b), U = (O(vk+1,Z)). Also it is easy to check that hypothesis
(a) implies that if u € Y N W, then uZ € U N W. Hence by hypothesis (c),
O(awg41+vg+1Z, Z) CW. Now 1.16 and hypotheses (b) and (c) imply that
if —« is not a characteristic value of Z, then & C W, so by (a), W =V as
asserted.

1.18. Important remark. Throughout Chapter 1, the following strategy
will be used to prove Theorem 1.6. Let L < SL(V') be a classical group.
Let A = A(L). We carefully choose X,Y € A. To show Bx(X,Y), let
S € {Y, XY, X" 'Y}. In order to show that dx(X,S) > 3, suppose R €
AS2(X) N ASYH(S). We do the following steps.

Step 1. We obtain information about C,(X). Part of the work was already
done in 1.13.

Step 2. Using Step 1, we show that if h € ASY(X) N ASY(R), then there
exists 3 € F* and an integer k > 1 such that if we set T := (h — BI,,)",
then there are integers j,¢,m > 0 such that TS, R, j, ¢, m satisfy all the
hypotheses of 1.15. Thus we conclude from 1.15 that v; is a characteristic
vector of R.

Step 3. We compute (O(v1,5)). In all cases X, Y are chosen so that either
(O(v1,95)) =V, or [S,R] =1, (so that we can use 1.14.1) and (O(vy,5))
has codimension 1 or 2 in V.

Step 4. We obtain information on the characteristic polynomial of S. This
information is aimed to fit the hypotheses of 1.14.5.

Step 5. We use Step 2, Step 3 and Step 4, together with 1.14, to get that
R € Z(L) and obtain a contradiction.

2. Some information about characteristic polynomials.

Throughout this section n = 2k+e > 2 is a positive integer, where € € {0, 1}.
am and by, are as in 1.1.9. We draw the attention of the reader to 1.1 and 1.2,
where we fixed our notation for matrices and polynomials. In particular,
recall that the polynomials Fy,[A], Gp[A] and @[] are defined in 1.2.4,
1.2.5 and 1.2.6 respectively.
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2.1. Notation. For an integer ¢ > 1 and a prime r, |¢|, is the largest power
of r dividing ¢. Hence, if ged (¢,7) = 1, then ||, = 0.

2.2. Let £ > 1 be a positive integer. Suppose { =7, €;2', with ¢; € {0,1},
for alli. Then ||y =0—3"7_ €.

Proof. 1t is easy to see that

|ﬂb:[ﬂ-%ﬁ}+{ﬂ+ﬂu+1

S S S
— Zei2i—1 + Z€i2i_2 + o + Z €i2i_8+1 + 63
=1 =2

1=s—1

1 2 s—1
—a+te)y 2tea) 24ty 2
=0 =0 =0

=2 -1 +e(2P—1) +e(22 -1+ +e(2°-1)
=/ — Zei.
=0

2.3. Suppose k = m2°t! — 1, with s > 1 and m odd. Then:

(1) If 1 < ¢ < 2%, then (k;f) =0 (mod 2).
(2) If 1 << 2°, then (2’2141) =0 (mod 2).
3) (573) =1 (mod 2)

(4) (2k 23) =0 (mod 2)

(5) (22k 25) =1 (mod 2)

(6) (2k2g2 1 ) =1 (mod 2).

Proof. For (1) note that by comparing 2—parts of factors we have
by AT G+ +0} G+ T+ 1) - i)}

( 20 > - 20 . ¢!

Since k + 1 = m25t! for £ < 2%, we get

<k+€> _(f=nt-2srtp

(mod 2).

20 2l fl (mod 2)

k40
2 /|,

hence
={|(t =Dz +s+1+|0:2} — £+ |0]2)

= (=) +s+1—¢.
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If £ < 2° then ¢ —1 < 2° —1, so if we write { —1 = ) 7~ 06122 we see
that 35 ¢ < s. Thus, by 2.2, [(£ — 1)!]s > £ —1 — s, s0 ](k+z)|2 >
¢—1—s+s+1—+¢ = 0. This shows (1). In (3), £ = 2% so, by 2.2,
(0= 1)l]a=¢—1—s, thus = [(51%)]2 = 0.

For (2), note that

AN k++t
<2£+1> =(k-1) < 90 ) (mod 2).
Hence (2) following from (1).
We proceed with the proof of (4) and (5).

(Qk: — 25) _ I (m2e2 =20 —2) i) _ T (2 +i+2)

28 23! 23!

“=0 (mod 2),

and as above,

(% — 2S> 170 ((m2++2 — 2° — 2) — i)

25 — 2 (25 — 2)!
ISP +i+2)
= 0(25 ~9) =1 (mod 2).

Finally, for (6), note that

<2k—23+1> CTIEA(m2st2 — 25 — 1) — i)

21 )7 (25 — 1)!
CIEEP@ +i+1)
= 0(23 i =1 (mod 2).

2.4. Suppose n = 2k and let 7 : SLy(F) — SL,(F) be the automorphism
defined in 1.4.4. Let a;,b; € SLi(F) and suppose diag (ai,bi_l) € Fix (1),
1 = 172 Then fOT € c {]., —1}, FaﬁaE[A] = Fbibg[)\]

Proof. By 1.12.5, b; = Ji(a;)'J}. Hence, biby = JyarJ}Jgx(az)!Jf. Recall

now that J|, = kal. Hence biby is conjugate to ajal, so Firay = Fyip,-

Also biby ' = JrarJ}Ji(ay )t JE. Again we see that bib,! is conjugate to
—1

a1(ay )", Hence Fyozr = Fyya.

2.5. Let m > 1 and let x = a,, or b,,. Then the characteristic polynomial

of etz x 712t and x(xt) ! is

Qm[)\] _ )\m o )\m—l +)\m—2 et (71)m
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Proof. First note that, by 1.11, diag (am,b;,!) € Fix (), where 7 : S Ly, (F)

m

— SLo9y(F) is as defined in 1.4.4. Hence by 2.4,
(i) FainaT_nl — Fb,inb:nl.

Next, note that zfz~! and x~!'z! are conjugate in GL(m,F) and z(z%)~1,

and (2!')~!z are conjugate in GL(m,F), so it suffices to show the lemma
for ztz=! and z(z!)~!. Now, by 2.7.1 (ahead), since z(z!)~! = (2fx=1)71,
Foany-1[A] = (=1)™AM™FLp1[A7Y, so if Fup1[\] = Qum[)\], then also

F
Note now that,

010 - 0
0010 - 0
00010 0
i . .
0 010
0 - 01
: I 111

and hence F, —1[A] = Qm[A].

2.6. Let m > 1. Then:

(1) For x = am, or by, Fpp[A\ = Fppt[A] = Fr[A].

(2) Form Z 3, Fm == ()\ - 2)Fm,1 - Fm,Q, Fm == ()\ - 1)Gm,1 - Gm,Q

and G, = (A —2)G -1 — G—2.

(3) G| is the characteristic polynomial of the m x m matrices

2@ -1[A] = Qm[A]. By (i), it remains to show that Qu[\ = F,

210 - 0
1210 - 0
01 210 0
Ym = | | . and
0 01 210
0 01 21
0 -0 1 2]
2 1 0 - 0]
1 21 0 - 0
01 210 0
= | S
0 01 210
0 01 21
0 01 2
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(4) F[A] = So(~1)"+ (") X"

(5) GmlA] = So(=1)™ (" 1) X"

(6) Let~y € F and suppose that for some £ > 2, Fy[y] = 0. Then Gy_1[y] #
0.

Proof. For (1), we already observed (using 1.11) that diag (a,, b;!) € Fix (1)
and (1) follows from 2.4, and since, by definition, Fy, = Fy: ,,.. Next, by
definition G, = F,, (ym as in (3)). Observe now that

2 10 - 0
1210 - - -0
01210 - -0

Gam = |
0 - -01210
0o - - - 0121
0 S 0011

Now F,,, = det(\,, — al,ap,). Developing det(\I,, — a!,a,,) using the first
row, we easily get that for m > 3, F,,, = (A — 2)F,,—1 — Fj,—2. Developing
det(Al,, —al,a,,) using the last row, we easily get Fy, = (A—1)Gp1 —Gp—2.
Also developing det(Al, —yn,) using the first row gives Gy, = (A—2)Gpp—1 —
Gp—2 and (2) is proved.

For (3), note that z,, is obtained from y,,, by conjugating by diag (1, —1, 1,
—1,..., (=)™ s0 F,, [\ = F,,,[\ = Gn[\.

To prove (4) and (5), note that Fy = A—1, Fy = A2=3\+1 and G = A\—2,
G2 = A2 — 4\ + 3. So (4) and (5) are the characteristic polynomials when
m = 1,2. Then, using (2), for m > 3, a(F,,0) = —2a(Fy,—1,0)—a(Fp—2,0)
and for 1 </ <m, a(Fp, L) = a(Fn-1,0 — 1) — 2a(Fp—1,¢) — a(Fn—2,¥).
The same equalities hold if we replace F' by G. We must show that for
m > 3.

@) (~1)™ = —2(— 1)t - (—1)m
0 () ()
i) (M) = e (M
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+04+1 e m+£—1
; _qymte. (™ _(_qymelH-1
(iv) (=1) < 20+ 1 (=1) 20— 1
+/
—9(-1 m—1+4 m
(=1) 2041

o qym—24e (mA L1
(=1) ( 20+1 )

For (i), note that —2(—1)""1 — (=1)™~2 = 2(-1
note that —2(—1)"=1(7) — (=1)™72("™ 1) = 2(~=1)"m — (-=1)™(m — 1) =
(—=1)™(m + 1).

For (iii) we have

Cymete1 (mAL=2\ e (ML=
(=1) < 20—z ) THY 2

o qymge J (mA =2 m+l—1\ (m+{—2
==Y {( 20— 2 >+2( 20 20 ‘
Note now that
m+{—2 B m-+{—2
20 — 2 20
_(m+L=2 N m-+4£—2 B m-+£—2 B m+4£—2
o\ 20-2 20— 1 20— 1 20
_(m+L-1 B m+0—1
S\ 20—-1 20 '
Thus
Covmae J(mAL—2 m+l—1\ (m+{-2
o (M ) (M N
o qymee J (mHE—1 m+{—1
= (1) {( 20-1 )" 20
_ (_1\m+L m+€
—omee (")

and (iii) is proved.
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For (iv) we have

Cymetieer (mAL=1N e (Mt
(=1) < 20— 1 > 2(-1) 20+ 1

_ +4—1
—(=1)™ 240 m
(=1) ( 20+1

+4-1 m+ /£ m+£—1
= (=1 m+/ m 9 o
e (M) ) - (e )
and as in the previous paragraph of the proof we get (iv). This shows (4)
and (5).
Suppose that Fy[y] = 0 = Gy_1[y], for some ¢ > 2, then, by (2), also
Gy—27] = 0. Then, using (2), we see that Gy,[y] = 0, for all 1 < m < /.

In particular, Gi[y] =0 = Ga[y],s0y =2and 0 =22 - 4.2+ 3 = —1, a
contradiction.

2.7. Let h,g € SL,(F) and let Q[N = Fy. Then:

(1) Q = (=1)"A"Q[\"Y. In particular, for all 0 < ¢ < n, a(Q,) =
(—1)"a(Q,n — 0).

(2) Fugl] = FynlA] = det(Ah~1 — g).

(3) Suppose £,m > 1 are integers and ¢ € {1,—1}. Suppose h™! =
diag (Iy_1,5 %, In_1), where s is a (2 + ¢€) x (2 + €) matriz. Then
Fhy = det(r + (M — g)), where r = diag (07—1, As™ — Moy, Opp1).

Proof. Set I = I,. Then Fy-1 = det(AM — g~ ') = det{-M(A\"'T—g)g~'} =
(=) det(A"1T — g) = (—1)"A\"QA].

For (2), we have det(\ — gh) = det{(Ah~! — g)h} = det(Ah~! — g).
Finally, for (3), det(Ah~! — g) = det(AR =t — A + A — g) = det(r + A\ — g),
because r = Ah~! — AI.

2.8. Let £,m > 1 be two integers such that ¢ +m = 2k. Let A € M,;(R)
and B € My(R). If e =0, let g = diag (A,B), while if e = 1, let g =
diag (A, 1, B), with 0 # pu € R. Let [ be the following (2 + €) X (2 + €)
matric over R

_|a B _

f__*y 5 when € =0,

11 12 (13
f = | (g1 (9 (93 when € = 1.
31 @32 (33

Let r = diag (0g—1, f,0im—1). Then:
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(1) If e =0, then
det(r + g) = det(A) det(B) + 6 det(A) det(M;,1(B))
+ adet (M (A)) det(B)

+ det |:(;é §:| det(Mé,é(Ql))det(MLl(%)).

(2) If e =1, then

det(r + g) = (g2 + p) det(2A) det(B)

Qo9 + [ (3
det det(A) det(M7 1 (B
+e[a32 a33]e<>e<1,1< )

+ det [z; a;ﬁ M] det(M¢(2)) det(B)

a1l 12 Q13
+det {1 oo+ p a3 | det(My(A)) det(Mq1(B)).
a31 Qa32 o33

Proof. (1) is proved by expanding det(r + g) along row ¢ + 1. For (2),
expanding det(r + g) along the (¢ + 1)-row, we get

(i) det(r +g) = —ao1 det(r; + g1)
+ (0422 + M) det(?“g + 92) — (93 det(T3 + gg)

gz gz’
tained from 2 by replacing the last column by a column of zeros.

ro = diag <0z—1, [an a13:|70m—1)7 and go = diag(2,B). r3 =

where r; = diag (Og_l, [0412 0413] Om1> ,g1 = diag (2,9), and 2, is ob-

Q31 Q33
diag (04_1, [an am] ,Om—1 | , g3 = diag (A, B1), and B is obtained from
Q31 (32
B by replacing the first column by a column of zeros. Notice now that
det(A;) = 0 = det(By) and det(Mpe(1)) = det(My (2A)), while
det(M;,1(B1)) = det(M1,1(B)). Now, by (1), we get

(ii) det(rl + gl) = (12 det(M&g(Ql)) det(%)

+ det [g;’i g;ﬂ det(My () det(M 1(B)).



ANISOTROPIC GROUPS 145

(iii) det(ra + g2) = det(2) det(B) + a3 det(A) det(M; 1 (B))
+ a1 det(M&g(Ql)) det(‘B)

[a1 aas]

|31 Q33

(iV) det(?’g + 93) = (32 det(Ql) det(M1 1(%))

)

+ det det (Myo()) det (My 1 (B)).

Q11 Q12
|31 32

Note now that (2) follows from (i)-(iv).

+ det det(Mq (1)) det(My 1 (B)).

2.9. Let £,m > 1 be two integers such that ¢ +m = 2k. Let A € My(TF)
and B € M, (F). Let g = diag (A, B). Let s € GLy(F) such that s~' =

[gi gzﬂ . Let h = diag (Iy—1, 8, Im—1). Then

th = FAFB + (522 - 1))‘FAFM1,1(B) + (’811 o 1))\FM[’Z(A)FB

(/811 - 1))\ 512/\
et [ Ba1A (Ba2 — 1)A Faty o (4)Fby 1 (4)-

Proof. First we mention, that, by definition, if R is a 1 x 1 matrix over F,
we always take Fyy, ,(r) = 1. Next note that h=' = diag (Iy_1,5 ', In_1).
By 2.7.3, Fy, = det(r + (A, — g)), where r = diag (0¢—1, As ™! — A2, 0ppp1).
Note now that

As—! = Ay = [(511 —DA Bi2A ]

P21 A (B2 — 1A
also,

M, — g = diag (A, — A, \I,,, — B).
So if we set A = Ay — A and B = A\l,,, — B, then by 2.8.1,

det(r + (M —g))
= det(A) det(B) + (P22 — 1) A det(A) det(M1,1(B))
+ (b1 — DA det(M (1)) det(B)

(Br1 — 1A BiaA
+ det [ %21)\ (52213 1))\} det(My () det(M; 1(B)).

The lemma follows.

2.10. Let g = diag(A,1, B), with A, B € My(F). Let s € SL3(F) such that

11 B2 B3
sh=|Bau P Pl .
B31 P32 B33
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Let h = diag (I—1,5,1x—1). Then a(Fpg,1) = a(R[A],1), where
RN = (B22A — 1) FaFp — (B33 — DAFaFn () — (Bu1 — DAFu (1) FB-

Proof. We use 2.8.2, with £ = m = k. First note that h~! = diag (I_1, s,
Iy—1). By 2.7.3, Fy, = det(r 4+ (M — g)), where

r = diag (Op_1, \s ™+ — A3, 0x_1).
Note now that

(B — 1A BiaA B13A
As— L — M3 = Ba1 A (B22 — 1)A B2z
B31A P32 (B33 — 1)A

also, if we set I = I,,, then
M — g =diag (M — A, A\ — 1, \I;, — B).
We use 2.8.2 with A = A, — A, B = A, — B and u = A — 1. The «;; are
given by the matrix As~! — A\I3 above. By 2.8.2
det(r + (M —g))
= (a2 — 1) det(A) det(B)

[Boo A — 1 B2z A

et B3aA (B33 — 1)A

} det () det(M1,1(B))

(B — DA P2
+det_ 1;}21 \ 622;2— J det (M, x(2A)) det(B)

[(Bii— 1A P2 Bi3A
+ det B\ Boo — 1 Bog A det(th(Q[)) det(MLl(‘B))
P31 Ba2A  (Ba3 — 1A

so we see that the only expressions in det(r 4+ (Al — g)) which contribute to
the coefficient of A in det(r + (A — g)) are

(B22X — 1) det(2) det(B) — (B33 — 1)A det(A) det(M71(B))
— (B11 — D)\ det(My, 1 (1)) det(B)
because the other expressions are in A2F[\]. This shows the lemma.

2.11. Let m > 2 be an integer and let ¢,d € SL,,(F) be two unipotent
elements such that c is lower triangular and d is upper triangular. Let

x € SLy,(F). Then:

( ) ME g(dﬂ?) Mﬁ,f(d)Mé,ﬁ(x)a fO?” le {L (L 2)}

(2) Myp(wc) = Myg(z)Myy(c), for £ € {1,(1,2)}.

(3) My m(cx) = MM,m(C)Mm,m( ) and My, m(xd) ( )Mm,m(d)
(4) Me,e( Y = {Mye(y)} ", forye{cd} and l € {1 m, (1,2)}.

Proof. (1), (2) and (3) are obvious and (4) follows from them.
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2.12. Let m > 3, B1,82,--- , Bm, V1,72, »Ym € F*. For 1 <i <3, let
Bi = bpi2-i(Bis- -+, Bm) and  Ci:=bpia—i(Vir- - s VYm)-

(1) Ferp, = (A= 1)Faep, — BiniAF (oo

(2) Fieipy—1 = {1+ 8 = 1} Fcipyy—1 — BN Feip,)-1-
(3) FczlgBl—l == ()\ - 1)FC£BQ—1 + ﬁl'}’l)\FCéBg—l.

(4) If Bg = 02 = bm, FC{Bl = ()\ — 1)Fm — ,81’71)\Gm_1.

(5) If By = Cy = by, then FC’{Bfl = ()\ — I)Qm + B1mMmAQm—1-

Proof. First note that (4) and (5) follow from (1) and (3) respectively, since,
if By = Cy = by, then, by 2.6, Feyp, = Fr and, by 25, Feyp1 = Qu,

FCth_l = @Qm—1 and we leave it for the reader to verify that Fa o (Bacy) =

3

m—1-

To prove (1), (2) and (3), let u = u[" (=) and w = uf"*!(—v;). Note
first that B; = udiag (1, By) and C; = wdiag (1,C>). Hence

(1) Ct By = diag (1, CH)w'u diag (1, By)
(i) (C1B1) ™" = diag (1, By )u™" (w') "diag (1, (C3) ™)
(iif) CiBy! = diag (1, Ch)diag (1, By Hw'u™!

where (iii) follows from the fact that diag (1, By') and w! commute.

For (1), (2) and (3), given S € {C{By,CtB; ", (CiBy)~'}, we find g,h €
SLpy+1(F) and B € SL,,(F) (g,h and B depend on S) such that S is conju-
gate to hg, with g = diag (1, B) and h~! = diag (s, I,,_1). Then we use 2.9
(with £ = 1 and m = m) to compute Fp,. Note that by 2.9 if A € M;(F),

B € M,,(F), then for g = diag (A, B) and h~! = diag ([i ?] ,Im_1>,

(iv) Frg = FaFp + (6 — I)AFAFMM(B) + (a—1)\Fp

(a—1A  pBy
+det|: ’y)\ (5_1))\ FMl,l(B)'

In all cases we take A = 1.
(v) In (1), take B = ByC%; in (2) take B = (B2C%)~L; in (3) take B =

CiBy .
Also
(vi) in (1), take A~ = (w'u)~! = diag ([511 517711+ 1] ,Im_1> ;
in (2) take h~! = w'u = diag ([1 * gW1 ;l] ,Im_1>;
—b1

in (3) take h~! = (w'u=1)~! = diag ([ 15 3 11 n J ,Im_l) :
—b1 —Pm
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We now use (iv), (v) and (vi) to prove (1) (2) and (3).
In (1), taking B = ByCY, we get
Forp, = (A= 1)Fp + AN = 1) Fuy, ()
0 ’yl)\ F
Bix frima] M)
=\ - 1)FBQ(15 - 5171)\FM1,1(BQC;)

+ det [

also, in (3), taking B = CéB{l, we get
FC{Bfl = (}\ — 1)FB — ﬁl'}’lA()\ — 1)FM171(B)

0 "}/1)\
et |:_ﬁl/\ —5171/\} Eanam)
= ()\ - 1)FC§BQ_1 + ﬁlleFMl,l(CéBg_l)'
Since M;1(CiByY) = CLiB;', we get (3). Finally in (2), taking B =
(B2CE) L, we get
F(CfB1)—1 = (/\ — l)FB + ﬁl’}’l)\FB

SimA —mA
+det |:—1ﬁ11)\ 01 FMl,l(B)

= {)\ -1+ ﬂl'}’l)\}F(BQCé)—l — 51’71/\2FM1,1((BQC§)—1)'
Note however that Fg,cr)-1 = Fip,)-1 and that, by 2111,
M1 {(B2C5) 71} = (B3C3)~" and again Fig,cty-1 = Fieip,)

2.13. Suppose n=2k. Let a € F* and set u=u}(c). Let X =diag (ax, b;l)u
and let H, be the characteristic polynomial of XX . Then:

(1) H, = Fk(Fk —|—042)\Gk_1) —OéQ)\QGk_le_l.
(2) a(Hp, 1) = _<"”2rl> —(a® +2)k + 1.

Suppose o« = 1. Then:

(3) If char (F) =3 and k=0 or 2 (mod 3), then o(Hp,1) # 0.

(4) If char (F) =2 and k =0 or 1 (mod 4), then a(Hy,1) # 0.

(5) If char (F') =2 and k = —2 or 3 (mod 8), then a(Hy,2) # 0.

(6) If char (F) = 2 and k = 2 (mod 8), then either a(Hn,4) # 0 or
a(Hp, 7) # 0.

(7) If char( ) =2 and k = —1 (mod 8), then a(Hy,2°) = 1, where s is

defined by k = m?s+1 — 1, with m odd.

IIC’

Proof. For (1), we'll use 2.9. But first we observe that
(1) X'X = u'diag (alay, (b)) "o, ' u.
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Further, by definition and by 2.6.1,
(ii) Fazak = F}, F(bfv)—lb,jl =F}.
Also, by 2.11.1 and 2.11.4,
t\—1p—1 t \—1p—1 ol
(iii) My ((bg) 76y, ) = (bg—1)” by so FMl,l((bi)*lbgl) =1
Finally observe that by definition and by the shape of alay
(iv) FMk,k(aZak) = Gg-1.
2 +1 @
a 1]

Note that, by (i), H, is the characteristic polynomial of hg, with g =
diag (A, B), A = atay, and B = (b%)~'b, . Thus by 2.9

Set h = uut. Of course h = diag (I_1, s, Ix_1), with s~ =

Hy, = Fhg = FAFp + o*AFyy, () F

a?\ a\
+ det |:Oé)\ 0 :| FM;CT;C(A)FMI,I(B)

= FAFB + OZQAFM,C,,C(A)FB — QQAZFMk,k(A)FMl,l(B)'
Using (i), (iii) and (iv) we see that (1) holds. Next, using 2.6 and 2.7,

a(Hp,1) = O‘(Fk, 0){a(Fy, 1) + OéQOé(Gk_l, 0)} + a(Fg, O)Oé(Fk, 1)
o(Fy,0) = (—1)F = a(F},0),  a(G-1,0) = (—1)F! @
Oé(Fk, 1) _ (_1)I<:+1 <k —;— 1

Thus

>, a(Fp,1) = (=1)F(1 — 2k).

o= v () st (1))
+ (=D)F(=1)"(1 - 2k)

(
:—(k;rl>—<]1€>a2—2k:+1

:_(k‘;l)—(a2+2)k+1.

This shows (2). For the remainder of the proof we assume that o = 1.
Suppose first that char (F) = 3. By (2), a(Hp,1) = —(k'ZH) + 1. Thus if
kE=0or2 (mod 3), a(Hy,,1) # 0 and (3) is proved.

So suppose that char (F) = 2. By (2), a(H,, 1) = (kﬂ) + k+ 1. Hence if

2
kE=0or1 (mod4), a(H,,1) =1 and (4) is proved. Recall from 2.6 and 2.7
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that
()
=1+<k 1>A+<k 2>/\2 (kES)AM(MS'Zl)AMW
- ok — ok %3\ 4 (-4,
_1+< )\+<2> <3>/\+<4>)\+
ok — 3 ok s (265, (266 4
Fr i [A 1+<1 >\+<2)>\ <3>)\+<4>>\+

Gro=k+ (s k 2V (P3N (P8
3 7 9
2

Suppose first that £ = —2 (mod 8). Using (*), note that F, = 1+ X\ +
A2 (mod (A\®)), F, = 1+ A (mod (\®)) and Gj_1 = A (mod (\?)). Hence
modulo the ideal (A3), Fi(Fy + AGr_1) — N3G 1Fr_1 = (1 + X+ X?)(1 +
A+ 2A%) =1+ A2 Thus a(H,,2) # 0.

Suppose k = 3 (mod 8). Then by (), F, = 14+ (mod (\3)), F = 1+ )2
(mod (A3)), Gx—1 =1 (mod (A?)) and F_; =1 (mod (\)). Hence, modulo
the ideal (A?), Fp(Fr +AGr_ 1) — N2Gr 1 Fr1 = 1+ N1+ X2+ N+ 22 =
1 + A2, This completes the proof of (5 )

Suppose k = 8m + 2. Note that ( )

=1 (mod 2), (ki2) = % =1
(mod 2), (k+2 E) 2(k22) = 0 (mod 2), ( '%' ) )E 24;(]“)2) E(]:n gl(lllg()d)2 ,
k+5\ _ 2:4:2-(k—2 k6_ k+6)2:4-2-(k—2)-2 _ (k+6)-(k—2) _
(% 1o o) = “ggags - =m (mod 2). (7 15 ) = 128242 = 18 =
0 (mod 2), and similarly, (k+7) =0 (mod 2). Hence, by (%),

Fo=1+X+X2+mA +m)\5  (mod (A%)).

Next, (*71) =1 (mod 2), (*;%) =1 (mod 2), (*;*) =0 (mod 2), (**,*)
= 0 (mod 2) and (Qk 5)5%5 (mod 2), (% 6)Egjgzl(mod2),
(Qk 7) =0 (mod 2). Hence, by (x),

Fr=1+X+X+X+2%  (mod (\¥)).

Next, (Qk 3) —1 (mod 2) (2k 4) =0 (mod 2) (2k 5) =1 (mod 2), (2164—6)
=1 (mod 2), (Qk 7) =1 (mod 2). Hence, by (x),

Fri=1+XA+X 4+ 2+ X° (mod (\9)).

Finally, ( ) =0 (mod 0) (mod 2), (kH) =1 (mod 2), (k+2) = 422'.(552) =
(in%d 2), ( _2;(2 E) 422(522) =0 ( m0(126, ;k) E)QW =0 (mod 2),
(") = “Sseqs =m (mod 2), (75) = 128242 = 0 (mod 2).
Hence, by (%),

Gr—1=A+m)\°>  (mod (\7)).
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Hence, modulo the ideal (\%),
Fi(Fy + AGp—1) — N2Gy1Fpy
= (1 +AFA XA E X207 FmAt £ mA + A2+ mA)
+ XA+ mA) (1 + A+ 23+ A1+ 25
= (1 + A+ A2 F X X)L+ X +mA* + mA® +mA%)
(A3 EmAT) (A + A+ 23 2405,

Thus a(H,,4) =m+1 and o(H,,,7) = (m+m+1)+ (1 +m) = m. Hence
either a(H,,,4) # 0, or a(H,,,7) # 0 and (6) is proved.

Finally, suppose k = —1 (mod 8). Write & = m25™! — 1, with s > 2
and m odd. Recall that we are assuming char (F') = 2. We claim that
a(Hp,2%) = 1. Set

t = 2%
Note that by 2.6 and 2.7, for 1 < ¢ <t, a(Fy,l) = (kH),

20
k+7
(Gr1,0) = ( )

20+ 1
S(Fot) = alFb—1) - <2kt— t) B <2k2— 25)’
a(Frt—1) = alFa bk — (t—1)) = <2k 1’51_ 1)) _ (%2_ 2_1+ 1> and
A(Frrt—2) = a(Fp1,(k—1) — (t - 2)) = (2(k - 1)_—2(15 - 2))

B <2k — 25>
28 — 2

Using 2.3, we see that

Fo=1+X (mod (A1) Gr_1 =1 (mod (A\")

a(Fp,t) =0, aFp,t—1)=1, a(Fp_1,t—2)=1.
Hence a(H,,t) is the coefficient of ! in the polynomial

(T+XTHA 4+ X4+ M) + A2\

which is 1.

2.14. Suppose char (F) = 3 and n = 2k. Let § € {1,—1}. Set u = uj(1),
h = uu® and
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Then:

F, = F, = Fp — AGj_s.

(3) Suppose k = 1 (mod 3). Set X = X(f), Y = X(—0) and L[\ =
Fxty. Then a(L,,1) = —1.

Proof. (1) is obvious. For (2), note that

10 - 0 1 0 - 0
110 - 0 B 1 0 0
0110 - 0 o110 - 0
oo0110 - - - 00110

aB)= . . . |addB)=|" | .

0 1 10 0 110
0 0 3 1] 0 01 1

Hence
(1 1 0 - ol [1 o - 0]
0110 ol |1 1 0 . 0
001 10 ol |0 110 . 0
x_ ' . . . ...

0 01 1 0] |0 01100
0 01 8| |0 . 110
0 0 1] |0 03 1

— N
[N
— O
o

o O

(e}

(an}

—_
DO~
_ o O
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1 0 ol [ 3 0 - 0
g 1o - - - -0 0110 - 0
oI 10 - - -0 00110 0
oo |
0 o1 10 0] o 0110
0 -0 1 1 0| |o 01 1
0 o1 1] [o - 0 1]
(1 3 0 - 0]
g 01 0 - 0
oI 210 0
0 .01 210
0 . 01 21
0 . 01 2

To compute F, expand det(Al; — x) along the last row. Thus
Fop=(A=1)Fu, @) + Gr—2
(since 3% = 1). Also it is easy to see that
(i) gy i (2) = AGr—2 — Gi—3.
Thus
(i) Fp = (A= 1){\Gk—2 — Gx_3} + Gpo.

Expanding Fj, along the first row we see that I}, = F,. Recall now from
2.6, that F, = (A — 1)Gg_1 — Gr—o and that Gx_1 = (A — 2)Gj_2 — Gx_3 =
(A +1)Gg—2 — Gi_3. Hence

(iii) F, = ()\ - 1){(A + 1)Gk,2 - Gk,'g,} — Gp_s.

Thus, from (ii) and (iii) we see that F — F, = (A — 1)Gr_o — 2Gp_o =
(A —=1)Gg—2 + Gi—2 = AGj_3. This shows (2).

We proceed with the proof of (3). Note that X'Y = w'diag ((a(8))?,
({6(B)}~)")diag (a(—B), {b(~B)} V) = u'diag (z, 5~ Ju, with  and y as
in (1). Now XY is conjugate to hdiag (x,y~!), so we can use 2.9 to compute
L,. By 2.9 and (1),

(iV) L, = {Fx + )‘FMk,k(a:)}Fy—l - )‘2FMk,k(I)FM1,1(y_1)‘
Thus, by (iv),
v) oLy 1) = a({Fy + A\Fyy (11, 1),
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Now, by (i) and (ii), Fy + A0 (@) = Fie — AGr—2 + MAGg—2 — G_3}. So

(Vi) F,+ )‘FMkk(x) =F), — AGj_o — AGp_3 + )\2Gk,2.
Hence, by (v) and (vi),
(vil) o(Ln,1) = a({Fy — AGjs — AGp_3}F,1,1).

Now modulo the ideal (A\2), F = (—1)*(1—)), A\Gj_o = (—1)F2 (kII)A
0, A\Gj_3 = (~1)F3(*7)X = (~1)F2A = (—~1)*A. Thus
(viii) F, — AGr_g — MGz = (—=1D)*(14+ X)) (mod (A\?)).
Now, by (2), F, = Fp — AGp_2 = (AF = X714 o) — (AL 4y =
A Ne=T oo Tt follows from 2.7.1, that
(ix) Fy=(-DF1+))  (mod (A\?)).
Hence by (vii), (viii) and (ix), a(L,,1) = a((1 + A)?,1) = —1, and (3) is
proved.
2.15. Suppose n=2k. Let « €F* and set u=u}(a). Let X =diag (ax, b, )u
and set T = ai:a,;l and y = b,;lbfc. Then

CK(Fthfl, 1) = a2 — 2.

Proof. Note that X*X~! = ufdiag (a}, (b,)~1)u~'diag (a; ', bg). A moment

of thought will convince the reader that u commutes with diag (af, (b})™1),
hence

(i) XXt =ty diag (z,y 7).
Set h = u'u~! and g = diag (z,y~'). Then
.. - . 1 a
(11) h b= dlag <Ik17 |:Oé 1_O[a2:| 7Ik1> .

We use 2.9, with A =z, B=y"!, h =ulu"!. By (i), X!X~! = hg. By 2.9,
(iii) Fxtx—l = FxFy—l + (ﬂ22 - 1))\F$FM1’1(y71) + (511 - I)AFMkyk(x)Fyfl

(Br1 — 1A Pr2A
+ det |: B\ (522 - 1))\ FMk,k(x)FM1,1(y—l).

Of course, by (ii), here 811 = 1, f12 = —a, B21 = @ and B2 = 1 — . Note
that by 2.5,

(iV) Fx = Fyfl = Qk

Further, by 2.11.1 and 2.11.4, Fyy, ,(,—1) = F,

(b1 )by SO by 2.5,

(v) Fapy oy -1y = Qr—1-
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Now by (iii), (iv) and (v), we get
Fyix—1 = Qu{Qr — &®AQi—1} + N Fyr () - Fary(y-1)-
Whence,
a(Fyix-1,1) = a(Qr{Qx — a®AQx1},1)
= (DM = 2D 4 (DR ()M
=—14+a’-1
=ao? -2
2.16. Suppose char (F) = 3, n = 2k > 8 and that k = 1 (mod 3). Let 5 €
{1, -1} and let a(B),b(8), X,Y andu be as in 2.14. Set x=(a(B))*(a(—3))~*
and y = (b(=p))"' (b(8))". Then
(1) Fp=F, =X+ (-1)"=F .,
(2) a(Fyty-1,1) =1.
Proof. Note that X'Y~! = wldiag ((a(B))%, ((b(8))")~1)u"tdiag ((a(—03)) 71,
b(—0)). Now a moment of thought will convince the reader that « commutes
with diag ((a(5))", ((b(8))")~"), hence
(i) Xty =ty diag (z,y 7).
Set h = u'u~! and g = diag (z,y~'). Then

.. _ . 11
(i) h~! = diag <Ikla L (] ,Ik1> :

Next note that, by 1.11, diag (a(83), {b(8)}71), diag (a(—8), {b(-B)} 1) €
Fix (), so, by 2.4, F, = F,. Also if F, = A\ + (=1)%, then, by 2.7.1,
Fy-1 = AF 4+ (=1)*. We now use 2.12.3 to compute F,. Take in 2.12.3,
By = bp(—p,1,...,1) and Cy = bg(B,1,...,1) (notice that f; = —( and
1 = B). By 2123, F, = (A — 1)Qr_1 — f*A\Qp_2 and since 3 = 1,
Fy = (A—1)Qp_1 — AQp_s. Notice now that AQj_; = N — Qp_1 + (1)1,
and AQy—2 = Qu1 — (~ 1)L, Hence F, = (X — Qq_y + (~1)F 1) — Qpy —
(Qr_1 — (—1)F 1) = \F —3Q;,_1 +2(—1)¥1. Since char (F) = 3, (1) follows.

Next, y=1 = ({b(8)} H(b(—pB)). By 2.11.4 and 2.11.1, My ;(y~!) =
(b, !,)tb—1 and so Fap 1) = F(b,:ll)tbkq’ hence by 2.5

(iii) Fapy a1y = Qi
For (2), we use 2.9, with A =z, B =y~!, g = diag (A4, B) and h = u'u~1.
By 2.9,
Fhg = FaFp + (B2 — D)AFaF N, (B) + (811 — DAy, (4)FB

(Bi1 — 1A Bi2A

+ det ,821)\ </622 _ 1))\ FMk,k(A)FMLl(B).
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By (1), Xty-t = hg and by (11), here ,811 = 1, ﬁlg = —1, ﬂgl =1 and
B22 = 0. Using 2.9, (1) and (iii), we get

Fxry-1= (A 4+ (=1D)){A + (1% = AQu-1} + N Fag ) - Fary 1 (3)-

Hence, a(Fyxty-1,1) = a((A\ + (=1)"){NF + (=1)* = XQx_1},1) = 1, as is
easily checked.

3. The Special Linear Groups.

In this section we prove Theorem 1.6 for the groups L,(q). We let L =
SLy(F). Of course all notation and definitions introduced in Section 1 are
maintained here. By 1.7 and 1.9.2, all we have to do is to find an element
X € L, such that B(X, X?"). We take

X = ay,.

3.1. Let S € {X'X, X! X1 Xt} and let R € AS2(X) N ASY(S). Then vy
is a characteristic vector of R.

Proof. Let h € ASY(X) N ASY(R). Note that since X is unipotent and
[X,h] € Z(L), [X,h] = 1. By 1.13, there exists § € F and 1 < r < n, such
that h — 81, € T,(r) (see notation in 1.1.10). Put T =h— (3L, j=m=r
and ¢ = 0. We’ll show that S, T, R, j, m and ¢ satisfy the hypotheses of 1.15.
Hence, by 1.15, vy is a characteristic vector of R.

Since (X"); ;41 = 1, while, (X*);, =0, for all 1 < i < n —1 and all
i+ 1<k <mn, and since X is unipotent lower triangular, for € € {1, -1},
it is easy to see that hypothesis (a) of 1.15 is satisfied. Of course V; =V, C
ker(T'). By definition, vj1 ¢ ker(T'). Since V,, =V, = ker(T') and since R
centralizes T, V), is R-invariant. By now we verified all hypotheses of 1.15
and the proof of 3.1 is complete.

3.2. Let S = XX'. Then:
(1) If char (F) # 3, orn—2# 0 (mod 3), then either a(Fg,n—1) #0 or

a(Fg,1) #0.

(2) If char (F) = 3 and n — 2 = 3,6 (mod 9), then a(Fs,n —2) # 0 #
a(Fg,n—3).

(3) If char(F) = 3 and n —2 = 0 (mod 9), then a(Fg,n —2) # 0 #
a(Fg,n—5).

Proof. By definition 1.2.4, Fg = F,,. So by 2.6.4,
= n+/
Fg=) (—1)"* ‘
=3 (")
=0
In particular, a(Fg,n — 1) = 1 — 2n and a(Fs,1) = (—1)**! (ngl) Let

p = char (F) and suppose a(Fs,n — 1) = a(Fg,1) = 0. It is easy to check
that we must have p = 3 and n = —1 (mod 3). So suppose char (F) = 3 and
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n = —1 (mod 3). Note that a(Fg,n—2) = (n—1)(2n—3), so a(Fs,n—2) # 0.
Ifn—2=3,6 (mod9), then a(Fg,n —3) = —(2”3_3) # 0 (mod 3). Finally,
ifn—2=0 (mod 9), then a(Fg,n—5) = —(2";5) # 0 (mod 3). We remark
that when n = 2, A is disconnected and there exists no path from X to S
in A, so evidently B(X, X?") holds.
3.3. (1) Let S € {X'X, X'X~!, X!}, then d(X,S) > 3.

(2) A(L) is balanced.
Proof. Let R € AS?(X) N ASL(S). By 3.1,

(i) vy is a characteristic vector of R.
Note that for all 1 <¢ <n—1, ;8 = v+ v;41, with v € V;. Thus
(ii) (O(v1,8))y =V.

Now if S = X!, then, by (i), (ii) and 1.14.1, R € Z(GL(V)), a contradiction.

Suppose S = X'X. Note that by 3.2, gcd{{i D ap—; # 0} U {n}} =
1, thus, by (i), (ii) and 1.14.5, R € Z(GL(V)), a contradiction. Finally
suppose S = X!X~!. Then, by 2.5, a(Fg,n — 1) # 0, and again, by 1.14.5,
R € Z(GL(V)), a contradiction. This shows (1). (2) follows immediately
from (1), since, by definition, B(X, X*) and then, by 1.9.2, B(X!, X), so by
definition, A(L) is balanced.

4. The Symplectic Groups and Unitary Groups in even
dimension.

In this section n = 2k > 4. Further, F is a field of order q2 and K < F
is a field of order ¢q. L is one of the following groups. Either L = Fix (1),
where 7 : SL,(K) — SL,(K) is the automorphism defined in 1.4.4, or
L = Fix (104), where 7oy : SL,(F) — SL,(F) is the automorphism defined
in 1.4.4 and 1.4.5. Thus, by 1.12.3, in the first case L ~ Sp,(q), and in
the second case L ~ SU,(q). The purpose of this section is to prove that
Theorem 1.6 holds for (the simple version of) L. We’ll pick two elements
X,Y € L and show that B(X,Y"!) and B(Y, X"). By 1.9.1, also B(Y*, X)
and thus the elements X, Y show that A(L) is balanced. In most cases, we’ll
take X =Y, but when char (F) = 3, it turns out that we must pick Y # X.
For the moment we fix elements 51,... ,0k_1,71,--- ,Y&—1, @ € K*. Using
the notation in 1.1.8 we let

a=ag(Br,.-.,Bk-1) ar = ap(y1, - 3 Ye=1)
b=0br(Brs---,Br-1) br = bp(v1, - Yk—1)
g = diag (a,b") g1 = diag (a1,b; ")

X =gu Y = giu.
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Towards the end of Section 4 we’ll specialize and give concrete values to
Bi,7vi: and «. Note that by 1.11, X,Y € L.

4.1. Let u=uj(a). Then:

. 1

(1) uut = dlag <Ik—17 |:Oé QQO;_ 1:| 7Ik—1)

_ . 2+1 a

(uut) T = dla‘g <Ik‘—1) |: & 1 7Ik—1 .

- . 1 o

(2) u lut = dlag <Ik—la |:Oé 1— 042:| 7Ik—1>
1-a® @
(u™'u")~! = diag <Ik17 [ aa ﬂ 7Ik1> :

3) [u.g']=1.
Proof. This is obvious.

4.2. Leteec {1, —1}. Then:
(1) XY = guu' 91; (X Yt) = (91)~ (u N7tg !
(2) XV =utulgTlgl and (X )t 2 (gi) Lg(u~tut) L,

(3) X = [a Or, k] with E some k x k matriz, such that E ), = «.

E b
€t / /
eyt _ |aa] Rip eyity—1 _ 11 o ; . /
(4) XYt = [Rll R2,2] (XYH= = [ ) bﬁbe] with R;; and R;

some k x k matrices. Further, the first k —1 rows of R1 2 are zero.

(5) Let S € {Y!, XY}, Then for 1 <i<k—1,v;S = v+ 511011, with
v €V; and 5i+1 € K*.

(6) Let S € {Y!, XY}, Then fork <i<mn—1, v;S™! = v+ di110i41,
with v € V; and d;41 € K*.

(7) Let S € {Y', XY}, then V = (O(v1, S)).

(8) Let S € {Y', XY"}, then Sk, # 0.

Proof. (1) is obvious. For (2), we have X 1Y? = u~tg~lulgl. By 4.1.3,
[g7%,uf] = 1, and (2) follows. (3) is clear, the (1, k)-entry of Fis a-(b~1)1 1 =
a.

To show(4) and (5), let 1 < i < k — 1, then v;u™tu! = v;, so v; X 1Y! =
vig~tgt. Also v;g € V;, so vig(uut) = v;g and v; XY"? = v;9g%. We conclude
that:

(i) For 1 <i<k—1,v;XY" =g},
Now the shape of X€¢Y? follows from (3) and (i), since, by (i), the first k — 1

rows of Ry are zero. Also the shape of (X¢Y?)~! follows from (3). For
(5), we use (i). Note that a¢ is unipotent, lower triangular and a} is upper
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triangular unipotent with (a!); ; = 0, for j > i+ 1, and (a!); ;41 # 0. This
easily implies (5), for S = XY*. For S = Y, v;Y! = v; + Br_;vis1, for all
1 <i<k—1, thus (5) holds for Y as well.

For (6), note that for h € {b},bib¢}, h; j =0, for j > i+ 1, and h; ;41 # 0,
for all 1 < ¢ < k — 1. This clearly holds for b’i and since this holds for
bl and ¢ is unipotent lower triangular, it also hold for b{b¢. Thus, by (4),
(6) holds for S € {Y!, XY'} and k +1 < i < n — 1. We compute that
v (YH ™ = vp(gh) 71 uh) ™t = vp(uh) ™t = vy — avpgr. Also vp (XYL =
V(YD TIX ¢ = (v, — avpy1) X € = 0 X € — avp 1 X6 Now v X € € Vy,
and v 1 X "¢ = vgsq (mod Vi), so (6) follows. (7) follows from (5) and (6),
since by (5), Vi C (O(v1,5)), and then by (6), (O(v1,S)) = V.

Finally, to show (8), note that vy X = v + vy, with v € V,_1, and by (5),
vY" € Vy. Thus for S € {Y', XY}, Spp = (Y. Now vpY! = vpulgl =
(vk + Qugt1)gt = vk + augr1gl. Now it is easy to check that (bl_l)k’l =
[Ty v # 0, thus (g))ks1n = (b7 k1 # 0, hence (V)i = (g8) k41 # 0
and (8) is proved.

4.3. Let e € {1,—1} and let S € {Y!, XY'}. Let R € AS*(X) N ASL(S9).
Then vy is a characteristic vector of R.

Proof. Let h € ASY(X) N ASY(R). Then, [h, X] =1, so by 4.2.3 and 1.13,
there exists 0 # § € K, and 1 <r <n — 1, such that h — 81I,, € 7,,(r). We
use 1.15. We take in 1.15, T'= h — 81,,. Note that R commutes with A and
hence with T'.

Suppose first that r < k—1, we take in 1.15 j = r = m and ¢ = 0. Notice
that by 4.2.5, hypothesis (a) of 1.15 is satisfied, hypothesis (b) and (c) of
1.15 are satisfied by definition, and we observed that hypothesis (e) of 1.15
is satisfied. Finally, since R centralizes T, V, is R-invariant. Hence 1.15
completes the proof in this case.

Suppose next that r > k, we take in 1.15, j = k— 1,/ =1 and m =
dim(im(7)). Notice that im (7") = V,, and im (T") is R-invariant. Also, by
4.2.8, Spn # 0, so clearly v, ¢ ker(ST) and hypothesis (c) of 1.15 holds.
Thus 1.15 completes the proof in this case too.

From this point to the end of Section 4 we specialize and set:
If K|=2,or [K| >3,0ork#1 (mod 3),
Gi=~v =1, forall 1 <i<k—1,in particular, X =Y.
If Kl=3and k=1 (mod 3),
ﬁi:’yizl, forall2§i§k71andﬁlzf%:ﬂ.
4.4. (1) If K| > 3, or k # 1 (mod 3), we can find a € K* such that
a(Fs,1) #0 for all S € {XY!, X1y}
(2) If K| = 3, or k =1 (mod 3), then for « = 1 we have a(Fg,1) # 0,
for all S € {XY!, XY},



160 YOAV SEGEV AND GARY M. SEITZ

(3) If K| = 2, then for a = 1, gcd{{i : a(Fs,n —i) # 0} U {n}} is
relatively prime to 3, for all S € {XY*!, X 1Y},

Proof. For (1), note that by our choice of X and Y, X =Y. Further, Fy yt
is the polynomial H,, of 2.13. Thus, a(Fxxt,1) = —(k;rl) —(@®2+2)k+1
by 2.13.2. Also, by 2.15, a(Fx-1xt,1) = o — 2. The reader may now easily
verify (using also 2.13.3) that we can choose a € K* as asserted in (1).

So suppose |K| = 3 and k£ = 1 (mod 3). Then by 2.14.3, and 2.16, (2)
holds. Finally assume |K| = 2. Then (3) holds by 2.13.4-2.13.7 and by 2.15.

We now specialize further and choose « as in 4.4, in the respective cases.

4.5. Set A= A(L) and let e € {1,—1} and let S € {Y', XY'}. Then:
(1) da(X,S) > 3.
(2) BA(X,Y") and BA(Y, X?Y).
(3) A(L) is balanced.

Proof. Suppose dx(X,S) < 3 and let R € AS?(X) N ASY(S). Of course
R € AS2(X) N ASY(S), so by 4.3,

(i) v is a characteristic vector of R.

If S =Y?" then [R,S] =1, so by (i), 4.2.7 and 1.14.1, R € Z(L), a contra-
diction. So (1) holds in case S = Y*. So assume S = XY

Suppose first that |K| > 3, or |[K| = 3 and £ # 1 (mod 3), then using
44.1, (i), 4.2.7 and 1.14.5, we see that R € Z(L), a contradiction. This
shows (1) in this case. By (1), Bo(X,Y?) holds here, and since here X =Y,
1.9.2 implies (2) in this case.

Suppose |[K| = 3 and k¥ = 1 (mod 3). Then using 4.4.2, (i), 4.2.7 and
1.14.5, we see that R € Z(L), a contradiction. Hence (1) holds here and by
(1) and definition, By (X,Y") holds in this case. By Symmetry d(Y, X*) > 3
and d(Y,Y¢X?") > 3. Thus By (Y, X!) also holds and (2) holds in this case
as well.

Finally, suppose |[K| = 2. If L ~ Sp,(q), then Z(L) = 1, so [R,S] = 1,
and hence, by (i), 4.2.7 and 1.14.1, R = 1, a contradiction. So assume
L ~ SU,(q). Then |F*| = 3. Now 4.4.3, (i), 4.2.7 and 1.14.5 show that
R € Z(L), a contradiction. Again we see that (1) holds, and since X =Y
here, (2) holds here (as above). Note that (2) implies (3) by 1.9 and by
definition.

5. The Unitary and Orthogonal Groups in odd dimension.

In this section F is a field of order ¢? and K < F is the subfield of order g.
We let n = 2k+1 > 3 be an odd integer and U ~ SU(n,F) < SL(n,F) is the
special unitary group. We view U as the fixed points of the automorphism
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T0oq : SL(n,F) — SL(n,F), described in 1.12.3. We denote by U > O ~
SO(n,K), the subgroup O = U N SL(n,K). L denotes one of the groups
U or O. When L = O, we assume that n > 7 and that ¢ is odd (this is
because if ¢ is even or n < 7, O’ is either not simple, or isomorphic to simple
groups that we handled earlier). We continue the notation of Section 1. In
particular, V' is a vector space of dimension n over F.

Throughout this section A = A(L). The purpose of this section is to
prove that when L'/Z(L') is simple, A(L') is balanced (and hence, by 1.7,
A(L'/Z(L")) is balanced). For that we’ll indicate elements X,Y € L’ such
that By (X,Y?) and By (Y, X?) (see 1.10).

Notation 5.1. (1) given an element r = diag (Ix_1,s,Ix—1) € GL(n,F),
we denote s(r) := s (note that s € GL3(IF)).
(2) Let 6 € F*. We denote by ug(0) = diag (Ix—_1, s, [x—1), with

®

I
> O =
O = O
= o O

(3) Whenever we write u;(«), we mean u]'(«) (see 1.1.7).

5.2. Let a € F* and B1,...,0k—1 € K*. Set a = ax(B1,...,0k-1), b =
bk(ﬁl:"' 7ﬁ/€71)7 B = bk+1(a7/817"' 7/8]6*1) and g = dla‘g (a’ulvbil)' Let
u = ug(a)ugs1(a?)ug(d). Then:

(1) g€ O.
(2) gui (a) = diag (a, B™1).
(3) [g,u'] = 1.

Proof. (1) is 1.11. For (2), note that g = diag (a, z), with
e = u " (Be)u ] (Bra) - s (B).

Also upy1(a) = diag (Iy,u ™ (a)). Thus gugyi(e) = diag (a,h), with h =
2™ (@) = i (Be-1)up T (Br—z) - us T (B)uf T (@) = B

(3) follows from the fact that (uy(a))?, (up,1(a?))t, and (ug(6))! commute
with g.

5.3. Let o, 3,0 € F and set u = ug(a)ug41(8)uo(f). Then:

1 0 0

(1) s(up(@)urs1(8)) = @ 1 0].
0 4 1

0

0

1

1 0
(2) s(upp1(Bur(a)) = | a1
B
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uo(0) = up(1)ugy1(=0)up(—1)ugr1(0)
= 1 (1)ug(0) w1 (—1)ug(—0).

(4) up(0)T = uo(—90).
(5) u € Fix (10y) iff 8= a? and 0 + 09 = a4 FL.

Proof. (1) and (2) are easy to check. For (3) we have

s{ (Vs (~0)u(~ D1 6)}
(1 0 0] [1 00
=({1 1 0f-|1T 10
0 6 1] [0 6 1
(1 0 0]
=10 1 0f =s(up(®))
0 0 1]

and

For (4), note that by (3

w1 (1) uk(=0)ug41(—1)u
For (5), we have

&
N
s
= e
Il
I
o
i
s
S—

1 0 0
s(utoy) = Jox 1 0].
(aB—0)1 af 1

So the lemma follows.

Notation 5.4. Let «,0 € F such that § + §9 = o471
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(1) We denote
u (e, 0) = u(a, 0) = up(@)ursr (a?)uo(6)
= up+1(a?)up(a)uo(—09).
(2) We denote X («,6) = diag (ax, 1,b; ")u(a, §).

Note that we denote u(a, #) and X (a, #) only when 0 +609 = a9t so that
u(a, 0), X(a,0) € U.

5.5. Let o, 3 € F* and let u = u]fH(—a), w = ulf+1(—ﬁ) and € € {1,—1}.
Then:

(1) (wtue)~! = diag ([ LB } ,Ik_1>.

ea eaf+1
. 1
(2) wlu¢ = diag <[ t;sﬁ f ,Ik;—l) .

Proof. This is obvious.

5.6. Suppose char (F) = 3. Then:

(1) For B = bxy1, Fpip = Fri1 and Fpip-1 = Qgt1, in particular
Fpepl—1] £ 0 and Fyps[—1] = Quea[—1] = (~1)F (5 +2).

(2) Suppose k >4 and let B = by1(1,1,1,084,1,...,1) and C = biy1(1, 1,
1,94,1,...,1), with Byya = —1. Then for {T,Z} = {B,C}, and € €
{1,213, Frog (1] £0.

Proof. By definition 1.2.4 and by 2.6, if B = bgy1, then Fgig = Fy11 and by
2.5, Fpig-1 = Qry1. Next note that Fi[A\] = A —1, F5[A\] = A2 —3X+1 and
for m > 3, Fpu[A] = (A — 2)Fp—1[A] — Fin—2[A] (see 2.6). Since char (F) = 3,
F,,[-1] = —F,,—2[—1]. Hence

(1) Fpn[-1]#0 forallm > 1.

Further, for m > 1, Qu[—1] = (=1)™{1 — (=1) + (=1)2 = (1> +---} =
(=1)™(m +1). Hence

(ii) Qn[-1]=(-1)"(m+1), forallm>1.

Now (i) and (ii) imply (1).

For (2), let 61,,82, Ce. ,ﬁk,’}/l,’)/g,. LYk € F*. Let B = bk—i—l(ﬂlaﬁ% e,
6]6)) b= bk(ﬁQ?/B?)’ s 7/8k)7 C = bk+1(71>’727 R 7’7k’)a ¢ = bk(’Y2,’73a o 7’71{:)
and for 1 <4 <4, b; = by—1(Bit2,--- ,B) and ¢; = bg—i(Vita, ..., ). We
claim that

(i)  Feopy-1[=1] =1 = Bim) Fleny-1 [=1] = BinFeep,y -1 [-1].

(iV) FCtB—l [—1] = Fctb*1 [—1] — ﬁl’ychibfl [—1]
(V) If 5171 = 1, then F(CtB)—l[—l} = _F(c’ibl)*l[_l]'
(Vi) If ﬁl'}’l = 1, then FCthl[—l] = —ﬁg’ychébgl[—l].
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Indeed, (iii) follows from 2.12.2, and (iv) follows from 2.12.3. (v) fol-
lows from (iii). For (vi), note that by (iv), F.p-1]—1] = Fctlbl—l[—l] —
/BQ’YQFcébz—l[—l]. Thus, by (iv) again,

Foip-1[—1] = Fup-1[—1] — Fctlbfl[—l]

= Fayr[=1] = BoyaFpgyor [=1] = Fippa [
= */ﬁZ'YZFCQb;l[*l].

Let now B and C be as in (2). Then (171 = (373 = 1, so applying
(X) twice, we see that Fioep)-1[—1] = —Fap,)-1[-1] = Fpy-1[-1] =
Fi_3[—1], where the last equality follows from the fact that c3 = bg = bx_3.
Note now that (by 2.7.1), Fy_3[—1] = Fy_3[—1], so by (i), Fr_3[-1] # 0,
and hence Ficip)-1[—1] # 0. Next, by (vi), Foip-1[-1] = —Fcébgl[—l] =
—AFp 1 [F1 = BamFa, -1} = AQks[=1] + Qral-1]} =
—{(=1)*3(k —2) + (=1)**(k — 3)} € {1,—1}. (Note that this also works
when &k = 4 and 5, where —F ;- [—1] can be easily computed.) This com-
pletes the proof of (2).

5.7. (1) There are at least ¢ — 2 — [152] elements 6 € K such that the
polynomial 2% — 6x + & is irreducible over K.
(2) If § € K is as in (1) and o € F is a root of the polynomial x> — dz + 6,
then § = a9t = o + ad.

Proof. Consider the set of polynomials P := {22 — §z + 6 : § € K}. There
are ¢ polynomials in P. For 6 € K, denote ps = 2> — 6x + 6. For p € P, let
r(p) be the set of roots of p. Note that for 0,4 # 0 € K, |r(ps)| = 2 and if
7,0 € K are distinct, then r(p,) Nr(ps) = 0. Hence if ¢ is the number of
polynomials ps € P such 6 # 0,4 and ps has a root in K, then 2t +2 < ¢, so
t < [%2]. Thus |[{6 € K : ps has a root in K}| < [152] + 2, and (1) follows.

Let § € K as in (1). Let a be a root of ps in F. Then the other root of p;
is a4 so ps = (v — a)(x — a?) and hence § = a4t! = a? + a.

Notation 5.8. (1) We denote ZE={a € F-K:a+a? =i}
(2) We denote by D = {§ € K : ps[\] = A2 — A + 6 is irreducible over K}.

5.9. Set u=u(x,0) andw—u( p). Then:
1 1 o 0
(1) s(u) = 0 1 aff,
9 aq 0 0 1
1 0 1 —a 07
2 ()™= |-a 1 of ((s(w)™H=10 1 —a?f,
07 —af 1 0 0 1
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1 B p
s(uw') = |l af+1 ap + 31 ;
0 B0+a? Op+aif?+4+1
L+aB+09p7 B—aip? pl
s((wo) ™) =| —a— 107 alft+1 B,
01 —at 1
1 B p
s(ulw’) = |—a 1-ap —ap + B9 ,
07 BT —af phl— Bl 41
1—aB+0p?! —B+aip? pl
s((uw™twh) ™) = a— 034 1—aip? —p9].
0 ol 1

165

Proof. (1) is obvious. For (2), observe that u ™! = ug(—0)uss1(—a?)ug(—a),

SO

For (3)

s(u™h) =

s(uw') =

1 0 0]
-« 1 0
7 —a? 1

and (4), we compute:

1

—_ > Q =
%HO
o O
— —
——1

B
a af+1

OO =

0
N Yo" 1 0
_aq+1 —al 1

S

O~ D

p
5
1

p
ap + B4 ]

10 B0+al Op+alfl+1

(1 —p  po 1 0 0
0 1 —f|-|-a 1 0
0 0 1 07 —af 1
[1+aB+097 B—alp? pt
—a— B9 i394+ 1 —p34
i 01 —af 1
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For (5) and (6) we compute:

[ 1 0 0 1 8 p
suluw)=|-a 1 0 0 1 p4
(91 —a? 1] |0 0 1
[ 1 8 p
=|-a 1-af —ap+ B4

(1 -3 p? 1 0 0
s(w ™ =10 1 —pi-|la 1 0
0 0 1| [6 a1
[1—aB+0p? —B+alp? p

= a—60p1 1—aip? —p4
6 ol 1

5.10. Let X = X(«,0) and Y = X(3,p). Then:

(1) a(Fxye, 1) = ("31) + (@B + 09p7 + 2)k + 2957,
(2) a(Fx-1yt,1) =3 —af — 9B+ 0p9.
(3) If a (Fxyt,1) =0, then (a4p? — af)(k — 1) = (09p? — Op)k.
(4) If a(Fxxt,1) = 0, then (a7 — o?)(k — 1) = (6?7 — 6?)k. Further, if
a €E, then (a? —a)(k—1) = (07 —0)k.
Suppose further that o € =, and set 6 = a4+ a4 = 971, Then:
(5) If a(Fx-1xt,1) =0, then §% — 26 = 3 + 0971,
(6) If 0 = o, then o(Fxxt,1) # 0, while if 6 = a4, then either a(Fxxt, 1)
#0, or 2k — 1 =0 (mod char(K)) and 862 — 165 + 11 = 0.
(7) If 0 = « or o2, then either a(Fx-1xt,1) # 0, or 62 — 35 — 3 = 0.
(8) Suppose char (K) # 2. Suppose further that f = a?, p =60 and 0 #K,
then for {T,Z} ={X,Y}, a(Frzt,1) #0.
9 If B =0a% p=0 and 26 # 3 + 097L, then for {T,Z} = {X,Y},
OC(FT—lzt, 1) 7é 0.
(10) We can choose a € Z and 0 € F — K, with 6 + 09 = 9™ = §, such
that if we set X = X(«,0) and Y = X (a?,0), then either
(101)) ¢ =2,0 = o, and fore € {1,—1}, and Z € {X, Y}, a(Fzezt,1) # 0.
Or
(10ii) ¢ = 4,0 = a + 1 and there exists 3 € F — {a, a4), with 31! = ¢,
such that if we set W = X(f3,0), then for e € {1,—1}, and Z €
{X, Y, W},O&(erzt, 1) 7& 0. Or
(10iii) g # 2,4 and a(Frpez:,1) #0, for T, Z € {X,Y} and e € {1,—1}.

Proof. Set u = u(,0) and w = u(B,p). For (1), let z = alak, yp =
bpbt, and g = diag (zy,1,y; ). Note that Fyy: = Fy:x. Further Y'X =
wldiag (a}z,l,(b;l)t)diag (ak,l,bgl)u. Thus, clearly, F'xyt = Fjq, where



ANISOTROPIC GROUPS 167

h = uw'. By 5.9.4, h=! = diag (I},_1, s, [x_1), with
14+aB+01p1 B—alp? pi
s=s((uw) ™) =| —a—p191 ip14+1 —p2
04 —af 1
Thus, by 2.10 (with A = 2, and B = y;.1), a(Fig, 1) = a(R[N], 1), where
(i) R\ = (B2 A — 1) FaFp — (B33 — 1)AFAF), ((B)
—(Bi1 — VAP, 4 FB,
and the 3;; are given by matrix s above. Using 2.6, we see that
Fy = F, FMM(A) =G,_1 and Fp=F}.
Hence (i) implies
R[N = {(a?87 + DA = 1} Fi — (af + 09p")AGg—1 - Fy.

Now 2.6 gives
Fp=(~1)F {1 - <k ;r 1>A} (mod (A%))

Gr1 = (D) {k - (k _g 1>>\} (mod (A\%))

Fr= (D1 -2k - 1A} (mod (\?))
Hence modulo the ideal (\2),

RN = {(a98% + 1)) — 1} - {1 - (k s 1))\} 1= 2k — 1A}
+ (af + §1pT) Nk

= —1+{<k;1> +(aﬂ+9qpq—|—2)k:—|—ozqﬁq}>\.

This shows (1).

For (2), let z) = a,;la',;, Y = bk(blzl)t and g = diag (xg, 1,yx). Us-
ing 5.2.3, we see that X~'Y* = u~'diag (a; ', 1, by)w'diag (at, 1, (b)) =
u~twtdiag (a; ', 1, by )diag (af, 1, (b, 1)) = hg, where h = u~'w!. Thus,
Fyx-1yt = Fpy. By 5.9.6, h=! = diag (Ix_1, s, Ix—1), with

1—af+0p? —B+aip? p1
s =s((utwh)™h = a—6p1 1—aip? —p4
0 ol 1
Using 2.10 again (with A = x;, and B = y;), a(Fhg, 1) = (R[], 1), with
R[)] asin (i) and the ;; are given by the matrix s above. Using 2.5 and 2.11,

we see that
Fa=Qk, Fuypa) =Qk-1, Fp=Q
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Hence
R\ ={(1 —a?BY\ - 1}Q% — (—aB + 0pH)AQp_1 - Q.
Now
Qr=(—DF1=X) (mod (\?))
Qr—1= (="' (mod (N)).

Hence modulo the ideal (\2),
R ={(1—a?B8D)X—1}(1 — A% + (—afB + 0p)\
=—-14+{3—af—aip?+0pT}\.

This shows (2).
Suppose a(Fxyt,1) = 0. Applying o4, we get

a(Fyyt,1) = 0= a(Fxyt,1)oy,
hence
(@B +07p%)k 4+ a3 = (a6 + Op)k +
SO

(787 — aB)(k — 1) = (69" — Op)k

and (3) is proved. For (4), take Y = X in (3), to get (a??—a?)(k—1) = (#*1—
02)k. Further, (a??—a?) = (a?+a)(a?—a), and (021 —62) = (09+6)(09—0).
Soif @ € 2, (a? 4+ a) = a9 = 09 4 §. This shows (4).

From now on assume a € = and set § = 4!, For (5), take X =Y in (2)
and note that a? + a?? = (a + a?)? — 20471 = §2 — 26.

Suppose 0 = « and a(Fxxt,1) = 0. Then, by (4), (a? — a)(k — 1) =
(a? — a)k. Hence a? = «a, which is false, since a@ ¢ K. Suppose 0 = a4
and a(Fxxt,1) = 0. Then, by (4), (a? — a)(k — 1) = (o — a?)k hence
(2k — 1)(a? — a) = 0. As above, we get 2k — 1 = 0 in K, so (k;rl) =32
in K. Also, by (1), 0 = a(Fxxt,1) = ("1) + (a® + 620 + 2)k + o =
S+ (a?+a’+2)5+a% =4 +a?+a%. Since o + o’ = §2 — 26, we get
that 4 + 62 — 26 = 0. This shows (6).

For (7) suppose that & = «a or a?. Then, #971 = § so, by (5), if
a(Fx-1xt,1) =0, then 62 — 20 = 3+ 4, and 4% — 3§ — 3 = 0, this shows (7).

Assume the hypothesis of (8). Note that o437 — a8 = 0. Thus, by (3), if
a(Fxyt,1) = 0, then 0 = (627 — §*)k = §(69 — 0)k. Thus since § # 0 and
since we are assuming that 6 ¢ K, k = 0, in K. Then, (1) implies that 6 = 0,
a contradiction. By symmetry, (8) holds.

Assume the hypothesis of (9). Note again that a8 = ¢, so (9) follows
immediately from (2).
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For (10), assume Y = X(a4,6). Suppose first that char (K) = 2. Note
that by (4):

(i) If o, € F — K such that 6 4 07 = 4t
then for X = X («,0), a(Fxxt,1) #0.

This is because (4) implies that if &k is odd and «(Fx xt,1) = 0, then 0#9+60 =
0, while if k is even and a(Fx xt,1) =0, then a4 4+ a = 0.

For ¢ = 2, take § = 1, for ¢ > 2, pick 1 # § € D (note that this is
possible by 5.7). Further, if ¢ > 4, take & such that 62 4+ 6 + 1 # 0 (note
that this is possible). Let a € Z, with a9t = §. If ¢ = 2, take 0§ = q,
if g =4, take § = a+ 1 and if ¢ > 4, take § = o + 4. Note that 6 ¢ K.
When ¢ = 4, we take W = X(3,0), with § € F — (KU {«, a?}), such that
BTt = @9t = §. Note that such a choice of 3 is possible. Now, by (ii), for
all ¢ > 2, a(Fyzt,1) #0, for Z € {X,Y,W}.

Next, for ¢ = 4, 0971 = (a+1)7 = (a9+1)(a+1) = a? 1 +(al4a)+1 =
1. Of course, when ¢ = 2, #9*1 = 1. Also, by (2), for Z € {X,Y, W}, if
Z = X(7,0), then a(Fz-1z:,1) =3+ + 7% +1 =77+ 7% = (y +79)%
Since v ¢ K, for all possibilities of v and for ¢ = 2,4, a(Fz-14:,1) # 0.
Thus (10i) and (10ii) are proved.

We now assume that char (F) = 2 and ¢ > 4. Now 09" = (o + §)9F! =
(a948)(a+6) = a9 +-5(a94-a)+0% = §4+5240% = §. Hence, 3+091! = 5+1.
So if 2 — 26 = 3 + 09! then §%2 = § + 1, this contradicts the choice of §
(recall 62 +6 + 1 # 0). Hence, by (5), a(Fy-14:,1) #0, for Z € {X,Y}.

Suppose a(Fxyt,1) = 0. Then, by (3), (with 8 = af), we get 0 =
(607 + 0)%k = 6%k, so k = 0 (mod 2). Then by (1), (*{') + 46 = 0. Thus
k =2 (mod 4) (since ¢ # 0) and § = 1, contradicting the choice of 6. Thus
a(Fxyt,1) # 0; by symmetry, a(Fy xt,1) # 0.

Next note that we showed that §9*! = §. Thus #9! +3 = § + 1. Since
d#1,6+1+#0,s0by (9), a(Fr-1z:,1) =0, for {T,Z} = {X,Y}. Thus
(10iii) holds in case char (K) = 2.

So suppose char (K) # 2. Suppose further that ¢ # 5. We take 3 # 6 € D,
a € E, with a?"t = § and § = a. Since § ¢ K, (8) implies that for
{T,Z} = {X,Y}, a(Frge,1) # 0. Since § # 3, (and 09! = a4t = §), (9)
implies that for {T',Z} = {X,Y}, a(Fp-14¢,1) # 0. Next we show that we
can pick § € D, such that

(iii) 0#3 and 802 — 160 +11#0# 6% — 35 — 3.

By (6) and (7), this shows (10), for ¢ # 5. If ¢ > 13, then, by 5.7.1, |D| > 6,
so clearly, we can pick § # 3 such that (iii) holds. So suppose ¢ < 11.
Suppose char (K) = 3. Then 62 — 3§ — 3 # 0, so if ¢ = 9, then, by 5.7.1, we
can pick § (# 3) so that 862 — 166 + 11 # 0, while if ¢ = 3, take 6 = —1, so
(iii) holds in this case. For ¢ = 11, take § = 1. For ¢ = 7, take 0 = 2.
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Finally, suppose ¢ = 5. We take § = 1, a € Z, with a?t! = § and we
let 6 be as follows. If k # 2 (mod 5), 6 = 61 = a + 3(a — a?) = 20¢ — a,
while if £k = 2 (mod 5), § = 67 (note that § + 09 = a + a4 = a?"1). Note
that if # € K, then o € K, which is false. Thus # ¢ K. Hence, by (8),
for {T,Z} = {X,Y}, a(Frz:,1) # 0. Next, 0771 = (2a — a9)(209 — a) =
46 — 2(a? + a1) + 6 = —2(6% — 25). Thus

(iv) eIt =2,

By (iv) 0971 +3 = 0 # 24. Hence, by (9), for {T, Z} = {X, Y}, a(Fp-14,1)
#0. Also, 02 —26 = -1 # 0 =3+ 09, s0, by (5), a(Fy-14t,1) # 0, for
Z e {X,Y}

Next, 87 — 01 =2(a — a¥) — (0¥ — @) = 3(a — o) = 2(a? — ). So:

(v) If k#2 (modb5), 07 —60=2(a?— )
and if k =2 (mod 5), 87— 0 = 3(a? — a).

Suppose first that k£ # 2 (mod 5). Suppose a(Fxxt,1) = 0, then by (4)
and (v), (k — 1) = 2k so k = —1 (mod 5). Then, by (1), a(Fxxt,1) =
(k;l) +(a2+02q+2)]€+a2q — _(a2+92q+2)+a2q — Oé2q_042_92q_2 —
¥ —a? - 2a—-a?? -2=0%-0a®> -4’ +4 - -2=2#0, a
contradiction.

Suppose a(Fyy+,1) = 0. Then, by (4), and (v) (replacing « by a? in (4)),
—(k—1) =2k (mod 5), so k=2 (mod 5), a contradiction.

Finally, suppose k& = 2 (mod 5). Then, by (1), a(Fxx:,1) = (k;rl) +
(@ + 0%+ 2)k+a? =3+ 2(a?? + 629 + 2) + a? = 2+ 2027 + a? + 20% =
2+20%+a?+2(20 —a)? = 24202 +a® +2(4a*1 —4+a?) = —1+3a% # 0.

Suppose a(Fyyt,1) = 0. Then, by (4), and (v) (replacing o by o in
(4)), =(k — 1) = 3k (mod 5), so k = —1 (mod 5), a contradiction. This
completes the proof of (10) and of 5.10.

5.11. Let B1,...,Br—1, V1,--- ,Yk—1 € K*. Let also o, 0,3, p € F* such that
aq+1 = 0+0q7 /Bq—"_1 = P+pq Seta: ak(ﬂla ... 7ﬂk‘—1)z ay = ak(/yla .. ?’7]6—1)7
b = bk(ﬂl) 7ﬂk—1)7 bl = bk(/yla”' )’Yk—l)’ g = dlag (aa]-ab_l)} g1 =
diag (a1,1,b; "), B = u’f+1(—aq)diag(1,b), B = u’f“(—ﬂq)diag(l,bl), u=
u(a,0), w=u(f,p), X =gu and Y = giw. Finally let e € {—1,1}. Then:
(1) XY' = guw'gf, (XY*)~' = (gf) ' (uw) g~
(2) X7 =u"twg gl and (XY= (g) g(uTtw")
(3) X

3) X = [2 ng_ﬁl with E some (k + 1) x k matriz, such that E ), =
a # 0.
(4)
€t ! /
I eviy—1 _ |1 R
XY_[S T] (XY _[5’ B{Bf]
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with T, T, R, R/, S,S" some kxk, (k+1)x (k+1), kx(k+1), kx(k+1),
(k+1) xk, (k+1) x k, matrices respectively. Further, the first k — 1
rows of R are zero.

(5) Let S € {Y', XY}, Then for1 <i<k—1, v;S =0v+ 811041, with
v E€V; and 5i+1 e K*.

(6) Sgn #0, forall S € {Y!, XY}

(7) For S € {Y', XY}, there exists v € Vi, n € F and p € F* such that:

(71) k1571 = nupgr + pugas  (mod V).
(7ii) vS8™ = (4 pl D vpsr + pvpge  (mod V).
(7iii) In all cases p=—p%. If S=Y", n=1, while

if S = XY, n=1+eadp.

(8) For S € {Y!, XY}, V = (O(v1,8)) iff —p'~9 is not a root of Fy,
where Z = B, if S =Y" and Z = B!B¢, if S = XY
(9) If B#0, then V = (O(v1,Y)).

Proof. (1) is obvious. For (2), we have X 'Y* = u=lg~lwlgl. By 5.2.3,
[g71,w!] = 1, and (2) follows. For (3) recall from 5.4.1 that

U = upr1(a?)ug(a)up(—07).
Further by 5.2.2, gugy1(a?) = diag (a, B~1). Thus
X = diag (a, B~ uy(a)ug(—07).

Note now that

0 0
s(ug(@)up(—=09) =] a« 1 0
01

Hence (3) follows, the (1, k)-entry of E is a(B™1)11 — 09(B )12 =a-1—
07-0=a.

To show (4) and (5), let 1 <4 <k — 1, then vyu~tw! = v;, so v; X 1Y =
vig~tgt. Also v;g € V;, so vig(uw?) = v;g and v; XY = v;ggt. We conclude
that:

(i) For 1 <i<k—1,v;XV"=vg}.

Now the shape of XY follows from (3) and (i), since, by (i), the first k — 1
rows of R are zero. Also the shape of (X¢Y*)~! follows from (3). For
(5), we use (i). Note that a® is unipotent, lower triangular and a! is upper
triangular unipotent with (a!);; = 0, for j > i+ 1, and (a!);;41 # 0. This
easily implies (5), for S = XYt For S = Y, v;Y! = v; + y4_;vir1, for all
1 <i<k-—1,thus (5) holds for Y as well.
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Recall now that

1 B p
s(uw’) = |a aBf+1 ap + B4
0 BO+a? Op+alBl+1

[14+af+0%7 3—aip? pl ]
s((uw')™) = | —a—p97  alfl+1 —p9
i 04 —at 1|
1 B p
s(ulwh) = |—a 1-ap —ap+ B4
| 07 BT -l ph? —lBl+1

[1—aB+0p7 —B+aip? p

s((u_lwt)_l) _ a_gl@q 1_aqﬂq _5f1
i 0 af 1
Note now that vgg~' = vy = vpg (mod Vi_1), Vpy19 ' = vpyq and vgog~!

= vp12. Since uw! fixes Vy_1, we see that,

(XYY = v (ufw')gt  (mod Vi_1).
Thus modulo Vi, vx(XY") = (Bogs1 + pvky2)gi = Borra + p(v" + nun),
with v/ € (Vgy2,... ,0n_1), n € F*. This is because the (k, 1) entry of by ! is
n=y1Y2"" V1, and ¢g¢ = diag (a}, 1, (bfl)t). This shows (6), for § = XY
and it is easy to see that (6) holds for S = Y as well.

Next, modulo V, we have —p~ 3%y, (XY™t = —p~ 9390, (uw?) "t~ =
((aqﬁq+ﬁq+1/)—q)vk+1—ﬁqvk+2)g_1 = (aq5q+ﬁq+lp_q)vk+1—ﬁqvk+2- Since
BT = p+ p?, we see that —p~9B%;(XY!) ™! = (@989 + 1 + p' gy q —
B9v342. Note that v, 1 (XY™ = (09894 1)vgy1 — Blpyo (mod V). This
shows (7), for S = XY,

Let v € Vg, such that v(g!)~'g = vp. Then, modulo Vg,

—p 1Bl(X V)T = —p 7% (u ")
= (BT 971 = a9 v 41 — Bl012)
= (1= a8 + p'" Nopy1 — Blop42.
Note that v 1 (X 1Y)~ = (1-aBY v, 1 — fl42 (mod Vy). This shows
(7), for $ = X~1Y?,
Next
—p BT (YT = —p~ 5% (g1) T (wh) T = —pT B0 (w!) 7
= —p 1B% + p~ 1B vy — fluga
= —p" 1Bk + (L + p' " Nogg1 — flogta.
Also v (YH ™! = w1 — B9vgyo, thus (7) holds for S = Y and (7) is
proved.
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For (8), set W = (O(v1, S)). Set also Z = Bl if S =YY" and Z = BB,
if S = XYt By (5), Vi CW. Let n,u € F be as in (7iii). Since Vyx CW,

(ii) P 0 4 URg 1+ g €W,

Also, by (3), (4) and (7i), vgyidiag (I, Z) = nugs1 + pvgre. Thus, by (ii),
p g 1 + vprdiag (I, Z) € W, now (8) follows from (4), (5) and 1.17
(taking S™! in place of S in 1.17); note that (O(vy1,diag (Ix, Z))) =
<vk+1, c. ,vn>.

Finally, for (9), note that if 8 # 0, then p'=9 # —1, since 0 # B4! =
p+ pl. Since 1 is the only root of Fpt, —p'~% is not a root of Fpt, so (9)
follows from (8).

5.12. Let B1,...,Bk—1,71,--- s Yk—1 € K*. Let also o,0,8,p € F* such
that o9t = 0 + 09, It = p + p?. Set a = ap(P1,...,Bk—1), a1 =
ak(’}/la R 7’716—1)7 b= bk(ﬁl v 76]6—1)7 bl = bk(’)/l: R a’)/k—l); g = dlag (a7 17
b1), g1 = diag (a1, 1,b;)), u = u(a,0), w = u(B, p), X = gu and Y = gyw.
Finally let e € {—1,1}.

Let S € {Y! XY} and R € AS%(X) N ASY(S). Then vy is a character-
istic vector of R.

Proof. The proof is almost identical to the proof of 4.3. Note first that, by
5.11.3, X satisfies the hypotheses of 1.13. Let h € AS}(X)NAS!(R). Then,
[h, X] =1, so by 1.13, there exists 0 # f € K, and 1 <r <n — 1, such that
h — BI,, € T,(r). We use 1.15. We take in 1.15, T'= h — 31,,. Note that R
commutes with A and hence with 7T'.

Suppose first that » < k — 1, we take in 1.15, j = r = m and £ = 0.
Notice that by 5.11.5, hypothesis (a) of 1.15 is satisfied, hypothesis (b) and
(c) of 1.15 are satisfied, by definition and we observed that hypothesis (e)
of 1.15 is satisfied. Finally, since R centralizes T, V), is R-invariant. Hence
1.15 completes the proof in this case.

Suppose next that r > k, we take in 1.15, j =k —1, /=1 and m =k, if
r =k and m = dim(im (7)), if » > k. Notice that V,, is R-invariant. Also,
by 5.11.6, Sk.n # 0, so clearly vy ¢ ker(ST') and hypothesis (c) of 1.15 holds.
Thus 1.15 completes the proof in this case too.

5.13. For i € {1,2,3,4}, let oy € F* and set B; = u"(—ay)diag (1, by).
Let also € € {1,—1} and 1 # v € F*. Then:
(1) If Fptps] = 0 = Fpe g [1], then araz = agay.
(2) Suppose af ¢ K and az = af. Then «y is a root of at most one of the
polynomials Fpi e, Fpt g and Fpt pe.
(3) Suppose a? ¢ K and az = «f. Then either we can find j € {1,2}, such
that Fpip,[v] # 0 # FB;@B],—I[V]} or for {B,C} = {Bi, B2}, Fpec[y] #

0 # Fpig—1[v].



174 YOAV SEGEV AND GARY M. SEITZ

(4) If char (K) # 2 and q > 3, then we can find oy, 0 € K*, such that
Fptp, [—1],FB{B;1[—1],FB£B1 [—1],FB§B;1[—1] are all distinct from 0.
(5) Suppose that ¢ = 2, and that an ¢ K. Then, FB{Bl—l[")/] # 0. In

particular, we can pick oq € F—K such that Fpi g, [v] # 0 # Fpip [v]-

Proof. First observe that, for 1 <i <4, B; = bg41(ay,1,...,1). We mention
that for small values of k (k = 1,2 or 3), direct calculations show (1). For
the general case in (1), suppose Fitp,[y] = 0 = Fptp,[7]. Then, by 2.12.4,
(v = DEY] — a1007Gr—1[7] = 0 = (v = 1) Fi[7] — a3auyGp—1[y]. Suppose
ajag # agay. Then Gi_1[y] =0, and as v # 1, Fx[y] = 0. This contradicts
2.6.6. Using 2.12.5, it is easy to see that if Fpipo [v]=0= FB};BZI [7], then
ajag = azay. (2) follows immediately from (1), noticing that a%,a%q and
a‘f“ are distinct. (3) follows from (2) noticing that, by 2.12.4 and 2.12.5,
FBiB; [ = FB;B; [].

For (4), just choose ay, s € K* such that —1 is not a root of the poly-
nomial Fpip, = Fpip, = (A — 1)Fi — a102AGg—1 nor of the polynomial
FBiBgl = FBéBfl = (A= 1)Qk + 12 \Qk_1, using (1).

For (5), note that as ¢ = 2, 2.12.5 shows that, FBiBfl[)\] =A+1)Qk+
AAQr_1 = N 41+ a2 \Qr_1. Suppose v = 1. Then (since of = 1),
Fpipoilon] = o/t + 14 Qpoafan] = o™ +af 7 +ai ™ + -+ an. Recall
that a?+a;+1 = 0. Thus, if k—1 =0 (mod 3), FBiBfl[Oél] =a2+0=al, if
k—1=1 (mod 3), then FB{BII[Oél] =1+a; =0a?, andif k—1 =2 (mod 3),
FBiBfl[Ckl] = a1+ a2 +a; = af. Suppose v = af. Then, FBiBII[Oé%] =
a2 2 L1+ a1Qp_1]03]. Note that if k =0 (mod 3), Qp_1[a?] =0,if k=1
(mod 3), Qx_1[c?] = 1 and if £ = 2 (mod 3), Qx_1[03] = 1. Thus, if
k=0 (mod 3), then FBgBl—l[Oé%] =a?+1+a;-0=aq,if k=1 (mod 3),
FBiBl_l[aﬂ =a;+1+a-1=1andif k =2 (mod 3), FBgBl_l[af] =
1+ 1+ aj-a; = a?. This shows first part of (5). The second part of (5)
follows from (1), just choose oy € F — K so that F g [7] # 0.

Corollary 5.14. (1) Let oy € = and let € F such that 6 + 61 = o/f“.
Then we can pick a, 3 € {a1,al} such that if we set X = X (a,0) and
Y = X(8,0), then for {T,Z} ={X,Y} and S € {TZ!, T~ Z', T, 7'},
(O(v1,8)) =V. Further, if =2, a = (.

(2) Suppose ¢ = 4 and let 6 € F*. Suppose a1, an, a3 € F* are distinct
elements such that 6 + 69 = a?“, 1 < i < 3. Then there exist § €
{aq, a0, a3} such that for X = X(3,0), and S € {X X!, X~1Xt X'},
<O(1)1,S)> =V.

(3) If g # 3 is odd, or ¢ =3 and k # 1 (mod 3), then there are o, § € K*,
such that if we set X = X(a,0) and Y = X (0, p), with 6 = %042 and
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(O(v,8)) = V.
3andk >4, leta=ay(1,1,—1,1,1,... ,1) and b = by(1,1,—1,

(4) If ¢=3 an
1,1,...,1). Let X = diag(ay,1,b;")u(l,3) and Y = diag(a,1,
b~Vu(1,L). Then for {T,Z} ={X,Y} and S € {TZ!, T~ 2!, T, Z'},
(O(v1,8)) =V.

Proof. For (1), pick o, 8 € {a1,a?}. Let B = uft!(—a%)diag(1,b;) and
By = ul T (—p9)diag (1,bg). By 5.11.8, for € € {1, -1}, (O(vy, XY!)) =V,
iff —0179 is not a root of Fpige. Note that since  + 67 = off“ #0,0179#£
—1. Hence, using 5.13.3 (when ¢ > 2, notice that a3 ¢ K follows from the
equation af+a; = offﬂ), or 5.13.5 (when g = 2), we can pick a, 3 € {1, al}
such that —0'~9 is not a root of Fptpe and not a root of Fptpe (with a =g
when ¢ = 2, by 5.13.5). Of course, by 5.11.9, (O(v1,Y")) =V = (O(vy, X)),
this shows (1).
The proof of (2) is similar. Setting X; = X (e, 0) and

Bi = u]f+1(_ag)diag(1vbk)7 1 < { < 3a

we see, using 5.11.8, that for € € {1, -1}, (O(vy, X{X})) =V, iff _p1-4 ig
not a root of Fgig.. Again we observe that §'~9 # —1. Further, since a1, as

and ag are distinct, also, a%q,agq and agq are distinct, so by 5.13.1, there

exists 1 < ¢ < 3, such that v = —6'77 is not a root of the polynomial FB¢Bi
and FB;;Bi—l . '

For (3), notice first that, by 5.3.5, given a € K*, if we set § = («) = %o&
then X (a,f) € L and §9-! = 1. Hence if ¢ > 3, (3) follows from 5.11.8 and
5.13.4 (in the same way as we proved (1) and (2), noticing that since 6§ € K*,
6179 = 1), and if ¢ = 3, take o = 3 = 1 and use 5.6.1. Finally (4) follows
similarly using 5.11.8 and 5.6.2.

Theorem 5.15. (1) We can pick 0,a, 3 € F, with 6 + 09 = a9t = pit1,
such that if we set X = X(a,0) and Y = X(8,0), then:
(i) For {T,Z} = {X,Y} and S € {TZ', T2, T, Z'}, (O(v1,9)) =
V and:
(ii) For S € {TZ!, T~1Z'}, a(Fs,1) # 0.
(2) The commuting graph A(L') is balanced.

Proof. For (1), suppose first that g # 2,4. Then, by 5.10.10iii, we can find
a1 €Z,and € F—K, with 4609 = a‘{“, such that for all a, 8 € {ay,al},
if we set X = X(a,0) and Y = X (3,0), a(Freze,1) #0, for T, Z € {X,Y}
and € € {1,—1}. Now, use 5.14.1, to pick a, 3 € {a1,al}, such that for
(1,7} = {X,Y} and S € {TZ', T-'Z',T",Z"}, (O(vy,S)) = V. This
shows (1), in case q # 2, 4.
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Suppose next that ¢ = 2. Let o« € F — K. Then, by 5.10.10i, for
X1 € {X(o,a),X(a%,a)}, and € € {1,—1}, a(FXfX{,l) # 0. By 5.14.1,
there exists X € {X (o, ), X(a4, )}, such that V' = (O(vy,95)), for S €
{XXt X71X! X'} so (1) holds in case ¢ = 2, choosing Y = X. The proof
of (1) in case ¢ = 4, is similar,using 5.10.10ii and 5.14.2.

We proceed with the proof of (2). Set A = A(L). Suppose L ~ SU(n, q)
and let X,Y € L be as in (1). We show that Bo(X,Y?") holds. The proof
that Bx(Y, X?) holds is symmetric and by 1.9, A is balanced. Let S €
{XYt XYt Yt} Suppose R € AS?(X) N AS(S). By 5.12,

() vy is a characteristic vector of R.

Now if S = Y, then S commutes with R, so since V = (O(v,Y?)), (%)
implies that R € Z(L), a contradiction. Suppose S € {XY* X~1Y*}. Then,
by (ii) of (1), ged{{i : a(Fs,i) # 0} U {n}} = 1, so, by (*) and 1.14.5,
R € Z(L), a contradiction.

Suppose L ~ SO, (q). Pick X,Y as in 5.14.3 and 5.14.4. Since Z(L) = 1,
to show B (X, Y?) holds, it suffices, by 1.14.1, to show that V = (O(v1, S)),
for S € {XY!, X~'Y? Y}, but this holds by the choice of X,Y. By sym-
metry also Ba(Y, X?) holds and the proof of the theorem is complete.

6. The Orthogonal Groups in odd characteristic and even
dimension.

In this section F is a field of odd order and n = 2k > 8 is even. Let J be
the following n x n matrix:

0 0 010

0 0 0100

0 0 01000
J=1.- - .

0010

010 -

10 0 0

0 0 0 v

Let L ~ SO¢(F) be the subgroup of SL, (F) defined by L = {z € SL,(F) :
xJat = J}. Of course, for a suitable choice of v (v = (—1)¥) € = + and for
a suitable choice of v ((—1)*v a nonsquare in F) e = —.

We continue with the notation of Section 1. In addition welet f : VXV —
F be a bilinear form whose matrix with respect to the basis B = {v1,... ,v,}
is J.
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6.1. Let u € GL,(q) be a matriz of the form

(1 0 0 - 0 0]
a1 0 0 - : . 0 0
* a3 1 00 : . 00

B : . .o a; € F*) for all i.
¥ Qp—2 1 0 0
% . . . . >k an_l 1 0
0 0 0 0 1

Let h € GL(n,F) — Z(GL(n,F)) be a matriz commuting with w. Then:
(1) h has the form

M FE

=[r
where M is an (n—1) x (n—1) matriz commuting with My, ,,(u), ¢ € F*,
E is a column (n—1) x 1 matriz of the form (0,0,...,p)t, F is a row

1 x (n — 1) matriz of the form (0,0,...,0).

(2) Suppose u,h € L, and let p,0 € F as in (1). Then there exists € €
{1, —1} such that h;; =€, for all 1 <1i <mn. Further, 0 = —pf(vy,vy).
(3) Ifu,h € L, then there exists € € {1,—1}, and 1 <1’ <n—1, such that

t E
h—el, = [F 0}
with t' € T,—1(r") (see notation in 1.1.10).
(4) Suppose u,h € L and let t' and v’ be as in (3) and p as in (2). Suppose
that either p = 0, or ' # k — 1. There exists € € {1,—1}, i € {1,2}
and 1 <r <n—1, such that

Coryio |t Opeap
(h—el,) = |:01,n—1 0

where t € Tp_1(r).
(5) Suppose u,h € L and let t' and 1" be as in (3) and p,0 as in (2).
Suppose v’ =k —1 and p # 0. Then:
(51) k is even.
(5ii) If, in addition, (h—el,)? = 0, then we may assume that f(vy,v,) =
1 (so v =1) and if we set d =t} ,, then d? =02

Proof. Note that h commutes with the matrix u — I,,, and clearly for 1 <
i<n-—1,1im (u—TI,)" = Vp—i—1. Since h commutes with (u — I,,)", h fixes
im (u — I,)". Thus h fixes V;, for 1 <i <n —2. Also ker(u — I,) = (v1, vp),
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so h fixes (v1,vy,), thus h has the form

M FE
=[r <]
with M some (n — 1) x (n — 1) matrix and E,F and ¢ as in (1). Let

uy = M, n(u). Then

o MU1 E o ulM E
hu—[F c] and uh—[F c]

this shows (1).

For (2), note that v,h = vy + cvy, thus 0 # f(vyn,vn) = f(vph,v,h) =
2 f(vn,vyn). Thus ¢ = ¢, for some € € {1,—1}. Also, since u; commutes
with M, 1.13.2 implies that there exists 8 € IF, such that h;; = 3, for all
1 <i<n-—1. Since v is a nonsingular vector, it is easy to check that we
must have =1 or —1. Since det(h) = 1, 5 = € and the first part of (2) is
proved. For the second part we have 0 = f(vp—1,vn) = f(vn_1h,0vi+ev,) =
F (V' + evp_1 + pup, Ov1 + €vy,), with v/ € V,_5. But f(v1,v") = f(v,,v") = 0.
Thus 0 = f(vp—1,vn) = f(€Vp—1 + pvn, v +€v,) = €0+ epf(vn, v,) and the
second part of (2) is proved.

Next note that by (1), u; := My, ,(u), commutes with M so, by 1.13 and
(2), (M —el,—1) € Tp,—1(r"), for some 1 <’ <n—1. Thus (3) follows from
(1) and (2).

For (4), we use (3). If p = 0, then, by (2) also 8§ = 0, and so by (3), (4)
holds with ¢ = 1, » = v/ and t = ¢. Suppose p # 0. Note that EF is an
(n—1) x (n—1) matrix whose (n— 1, 1)-entry is pf and for (i,7) # (n—1, 1),
(EF);; = 0. Further 'E = 0,11 (the last column of ¢’ is zero), Ft' = 01 1
(the first row of ¢’ is zero) and FE = 0. Thus

» [t E] [t E] [()>+EF 0n-11
(h—eln)” = [F o} ' [F 0} - { Otn—1 0o |
Since we are assuming that p # 0 and v’ # k — 1, either v > k — 1, in which
case ()2 =0, and t = EF € T,_1(n —2). Or v < k — 1, in which case,
(t)? € T,—1(r), for some 1 < r < n—2, and then t := (/)2 + EF € T,,—1(r).
This shows (4).

Finally assume the hypotheses of (5). Suppose first that k is odd. Let
jo= "t then v/ +j = (k- 1)+ 5L = %L and ¢, . # 0. But
’Ururjh = + t;,+j7jvj + €Vpr g4, with v’ € Vj_l. But 0 = f(U,nurj,UTurj) =
f(opgjh, vy ih) = 2et, f(vj,vm45) # 0, a contradiction. Hence k is
even. To prove (5ii), set d = t§€71. We claim that t;_l,k = d. Indeed,
0 = f(vk,vn—1) = f(vrh,vn_1h) = f(dv1 + kaat%—l,ﬂl +o Tt tngl,kvk +
€Up—1 + pop) = ed + (—1)k+16t%717k, thus ¢, |, = (—=1)kd = d. Also the
(n — 1,1)-entry of (#)? is d* and the remaining entries of (#')? are zero.
Since (h — el,)? = 0, we must have (see the proof of (4)), (t)2 + EF = 0, so
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d>+0p =0. But p = —p?f(vn,vn) (see (2)), so d* = p*f(vn,v,). Hence,
f(vn,v,) is a square in F, so we may take f(v,,v,) = 1. Then d? = p?, and
since, by (2), 0 = —p, d* = 6%

Notation. For the remainder of this section, we fix the following nota-
tion. Let B1,...,8k-2,71,--- ,Vk—2 € F*. Let also o, € F*. We set a =
ak—1(B1,- - s Bk—2), a1 = ag—1(71,- -+ s Wk—2), b = bp—1(B1, ..., Br—2), b1 =
bkfl(f)/h s a’kaZ)v g = diag (aa 17671)7 g1 = diag (ala 17b1_1)7 B = bk(avﬂla

- Br—2); By = bp(B, 71, -+ s k—2), u = u" (o, 30%), w = w7 (B, §57%)
(notation as in 5.4.1), X = gu and Y = gyw. Finally, we let X = diag (X,1)
and Y = diag (), 1).

6.2. Let ¢ € {1,—1}, and S € {Y!, XY}, Set S = diag(S,1) and let
R € AS%(X) N ASY(S). Then vy is characteristic vector of R.

Proof. Let h € ASY(X) N ASY(R). Note that by 5.11.3, X satisfies the
hypothesis for u in 6.1, there exists e € {—1,1} and 1 < ' < n — 1, such
that

t FE
h—el, = [F 0}
with ¢/ € %_1(T,).

We'll show that there exists i € {1,2} such that if we set T := (h —el,,)",
then T, S and R satisfy all the hypotheses of 1.15, for a suitable choice of
j,m and £. Then the lemma follows from 1.15. First, R~!TR = T and
[R,S] € Z(L), so hypothesis (e) of 1.15 is satisfied. Note next that by

5.11.5:

(1) S satisfies hypothesis (a) of 1.15 for any j < k — 2.
We now distinguish two cases as follows.

Case 1. There exists i € {1,2} and 1 <r < n — 1, such that

(h—el,)' = [01 i_l 0”6111} where t € T, _1(r).

Let T := (h—€l,)", with i as above. Observe that M, ,(ST) = St, hence
we get from 5.11.6 (replacing k& by k — 1) that:
(ii) If r > k—1, then vi_1 & ker(ST) and Vi_o C ker(ST).

Next observe that if » > k—1 (and (ii) necessarily holds), n—r—1 < k—1
and im (T") = V,,—,_1 is R-invariant. Thus:

(iii) Ifr>k—1,thenn—r—1<k—1and V,_,_1 is R-invariant.

Hence if r > k—1,take j =k —2, m=n—r —1and £ =1 and, by (i),
(ii) and (iii), all hypotheses of 1.15 are met, so we are done.
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Next observe that if r < k — 1, then ker(T) = (vi,...,v,,v,) and the
radical of the form f, reduced to ker(7") is V,. Thus:

(iv) If r <k —1, then V, is an R-invariant subspace and v,11 ¢ ker(T).

Thus if r =k — 1, take m =r, j = k — 2 and £ = 1, and, by (i), (ii) and
(iv) we are done, while if r < k — 1, take j = m = r and ¢ = 0 and observe
that by (i) and (iv) we are done.

Case2. v'=k—1,p#0#0,v= f(vn,v,) =1 and for d =1} , d?> = 0°.

Note that by 6.1.4 and 6.1.5, either Case 1 holds or Case 2 holds. Let
T =X —el,. Write d = —€¢"6, with €’ € {1,—1}. Observe that ker(T) =
{v1,... ,Vk—1,0n + €"v}. First we claim that:

(v) There exists v € Vi_1 such that modulo Vi_1, we have
STt = nug, + pvpgr, with 7 € F and p e F*
{(vn + €"vp) — €v}S™ = v, — v,
Indeed, we use 5.11.7. We take in 5.11,n =2k —1=2(k—1)+1, o, 3, and

p (of 5.11) in the fixed field of o, (so p'~% = 1). Thus, for all possibilities of
S the following holds:

(vi) There exists v € Vi_1, n € F and p € F* such that
ST = U + puggr (mod V1)
vS8™ = (n+ Vv 4+ pvpgr  (mod Vi_q).
Where in all cases p = —(. If S = Y, n = 1, while
if S=XV, n=1+¢ap.
Thus, by (vi), modulo Vj;_; we get that
{(Un + E/I’Uk) _ 6//U}Sfl
= vn + " {nog + pogia} — {0+ Do + pogia}
= v (0" — (1 )" b + (e — Yo
= v, — .
This shows (v).

Let v and € be as in (v). Since v, v, + €"vy € ker(T), U := (vS~L, (v, +
¢"v,)S™1) C ker(ST). Notice that (v) implies that v, — ¢"vp € U + Vi1
and also that vS~™! = pvry1 (mod Vi) (p as in (v)). Hence we conclude
that U Nker(T) = (0). Since dim(U) = 2, and since dim(ker(7)) = k, we
get that dim(ker(7") Nker(ST)) < k — 2. But Vy_o C ker(ST) and hence

ker(T') Nker(ST) = Vy_o. Clearly ker(T') Nker(ST) is R-invariant, so we
conclude that:

(vii) Vi—9 is R-invariant.
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Observe that (ii) holds here as well, since M,, ,,(ST) = St, holds here as
well. Hence if we take m = k — 2 = j and £ = 1, we see that all hypotheses
of 1.15 hold here as well and the proof of 6.2 is complete.

6.3. Lete € {1,—1} and let S € {Y', XY'}. Set S = M, ,(S) and suppose
(O(v1,8)) = Vn—1. Then dpy(X,S) > 3, where A = A(L).

Proof. Let R € AS?(X) N ASY(S). By 6.2, vy is a characteristic vector
of R and since (O(v1,S8)) = Vy—1, Vn—1 is an R-invariant subspace. Thus
V- | = (v,) is R-invariant as well. Set Ry = M, ,(R). Since [R, S] € Z(L),
[R1,S] = £1I,_1 and since det([R1,S]) = 1, [R1,S] = I,—1. Thus [R,S] =1,
and since v is a characteristic vector of R and (O(v1,S)) = V-1, R1 =
+1,1. Of course R, , € {1,—1} and since det(R) = 1, R € Z(L), a
contradiction.

Theorem 6.4. A(L) is balanced.

Proof. In 5.14.3 and 5.14.4, we showed that we can pick X, ) such that for
{T.2} = {x, 0}, e € {1,-1} and S € {T", T°2"}, (O(v1,S)) = V1.
Hence the theorem follows from 6.3 and by definition.

7. The Orthogonal Groups in even dimension and even
characteristic.

In this section n = 2k > 8 is even and F is a field of even order. We keep
the notation of Section 1. In particular V is a vector space of dimension n
over F and B = {vy,...,v,} is our fixed basis of V. Let f be the symplectic
form on V whose matrix with respect to B is

00 .01
00 - - - 010
00 - -0100

S
0010
010 - :
10 - 0

For € € {4, —} let Q¢ be the quadratic form on V defined as follows. First
Q(v+w) = Q(v) + Q(w) + f(v,w), for all v,w € V. Second, Q(v;) = 0,
foralll <i<k—1andall k+2 <i <n. Wedefine Q°(vg) = Q(Vk+1) = Ve,
where v, = 0, when € = 4+ and when € = —, v, # 0, is such that v A2+ X+ v,
is an irreducible polynomial in F[A]. Of course V is an orthogonal space
of type € in the respective cases. We let ) = Q°. We denote by Q<(V, Q)
the full orthogonal group of type ¢ € {+,—} in the respective cases. We
let L be the commutator subgroup of O¢(V, Q). Thus L is a simple group
and L has index 2 in O¢(V,Q). The purpose of this section is to prove
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Theorem 1.6 for L. For that we’ll show that L is closed under transpose
(see 1.4.3) and indicate an element X € L such that Ba(X,X?") holds,
where A = A(L). Then, by 1.9.2, A is balanced. We'll define X shortly.
The following Theorem is useful.

7.1. Let g € O°(V,Q). Then g € L if and only if dim Cy (g) is even.
Proof. See [3], Theorem 3.
7.2. L is closed under transpose.

Proof. Regard J above as an element of GL(V'). Then J is an involution
and J' = J (J is symmetric). We claim that J € Q¢(V, Q). Indeed JJJ! =
J € O(V, f) and since v;J = vp41-4, for all 1 < ¢ < n, J preserves the
quadratic form @, since in both types Q(v;) = Q(vp+1—;). But for g € L,
gt =Jg 'J,s0g¢' € L.

Notation 7.3. (1) Let ¢ € GL(V) such that ¢ = diag (Ix_2,s, Ix_2),
where s is some 4 x 4 matrix. We denote s by s(g).
(2) Throughtout this section u := diag (Iy_2, s, [x—2), where

0

s =s(u) =

SO —= O =
—_— O = O
O = OO
= o O

(3) Throughout this section we let

g = diag (ak,blzl)
X =gu

where for m > 1, a,, and by, are as in 1.1.9. Note that since char (F) =
2, Gy = by

(4) We denote by C, the ordered basis (w; ... ,w,), where w; = v;, for
1<i<k—2 wg—q1 =Vg—1+ Vg + Vg1, W; = vjya, for k <o <n —2
Wp—1 = Vg + Vp+1 and wy, = vk + Vg4o. Thus

C = (v1,v2,...,U5—2, V=1 + Uk + Ukt1,Vkt2, - - - U, Uk + Vkt1, Uk + Ugt2)-
7.4. (1)
1 0 00 1 01 0
o100 . o101
sw=11 g1 0 () =10 0 1 0
01 0 1 0 0 0 1
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(3)
101
w010
slwl) =17 ¢ g
010
(4)
0
ty— t 0
s((uu) ™) = s(u'u) = ||
0

(5) s(u=tul) = s(uut) and s((u=tu?)~1) = s(

(6) g° ul = 1.

OO = O

o o O

t

S = O =

—_ o = O

183

Proof. (1) is by definition. Clearly u~! = u. For (3) and (4), we compute

1 0 0 0] [1 o 1
S(Wt)_o1oo 010
“ 11010 0 0 1
010 1] [000

[1 0 1 0] [t o o0

he1y |0 1 0 1 010
s((u)™) =10 0 1 ol |1 0 1
000 1] [0 10

_ o = O

_ o o O

O = O =

O = OO

_ o = O

= o o O

SO O

O = O =

S O = O

—_— O = O

(5) follows from (2). For (6) we have, v;g'u = v;g' = viug®, for i ¢ {k + 1,
k+2}. vprig'u = (Vg1 + - 4 vp)u = vp1 + v + - 4 v, and v ugt =
(Vk—1 + Vkt1)9" = k-1 + vk + o F U Vppag'u = (Vg o o)u =

Ok + Vg2 + -+ vp and vppoug’ = (Vg + Vg12)g" = Vg + Vg + o+
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7.5. (1)
10 - 0 T
110 0
0110 - 0
00110 0
0O - - 0110
0o - - - - 011
X = 1010 - 0
11110 0
111110 - 0
1111110 0
111 110
! 111 11 1]

where the blank spots are zeros. Also the upper submatrixz of X is a
k x k matriz and the lower submatriz of X is a k x (k + 2) matriz.
(2) The matriz of X with respect to the basis C is

n o - - - - 0 7
110 - - -0
0110 - -0
00110 -0
0 0110
0 01 1
[X]e = 110 - 0
1110 0
11110 0
11 10
11 Sl
10
L 1 1

where the blank spots are zeros. Also the upper submatriz of [X]c is a
(k—1) x (k—1) matriz, the middle submatriz of [X]|c is a (k—1) x k
matriz and of course the lower submatriz of [X]c is a 2 X 2 matriz.

(3) X eL.
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Proof. (1) and (2) are easy calculations and we omit the details. Next,
since Vy_1 and (vg4o2,... ,v,) are totally singular subspaces (in both types),
QuiX) =0, for 1 <i < k—1. Also, for k+2 < i <n, QuX) =
Q(Uk—1 + Uk + Vpy1 + Vg2 + oo+ ) = QUr—1 + Uk + Vpg1 + Vpy2) =
Q(vg—1 + vpao) + Qv + Uk+1) = 1+ 1 = 0. Further, for s € {k,k + 1},
( ) (Uk: 1+ 'Us) = Q(US)
We leave it for the reader to verify that XJX! = J, so X € O(V, f).
Since Cy (X) = (v1,vg + vk11), X € L, by 7.1.

7.6. Let B be the following (k+ 1) x (k + 1) matriz

1 0 - 0]

010 - 0

1110 - 0

3209119 0

0 : 0110

o - - 01 1

Then:

1 0 - 0]

010 - 0

1110 - 0

) |1 1110 0

11 1 0

11 1
(2) ) _ ) )
0110 0 0110 0
1010 - 0 1010 - 0
11010 - 0 00010 - 0
L N R
0 : 0101 0 0 0 1
0 : 01 1 11 1 1]
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Proof. (1) is easy to check. For (2), we compute

1 0 1 - o] [1 o - 0]
0110 - 0| |0 10 - 0
00110 - ol (1 110 - 0
pip_ |0 00110 0ol [0 0110 0
00 01 1| |0 : 0110
0 0 -0 1] [0 - - 0 1 1]
[0 1 1 0 0]
1010 - 0
11010 - 0
_ 001010 0
0 0101
0 0 1 1]
(1 0 1 - o] [1 0 - 0]
0110 0] |0 1 0 - 0
00110 o] (1 110 - 0
Bip-1_ (0001 10 o [1 1110 0
0 0 01 1| |1 1 10
0 0 -0 1] |11 - 1]
01 1 0 0]
1010 - 0
00010 - 0
000010 0
oo - - -« <« 01
_11....]_1_

7.7. Seta=ap_1 and v = v +vgy1. Let B be as in 7.6 and let e € {—1,1}.
Then:

(1) XX' = guu'g’, (XX~ = (¢") N(u'u)g~".

(2) XXt =wutg~lgt and (X1XH) 71 = (')~ Lgutu.

(3) X = [Zj Okél’kfrl} with E some (k+ 1) x (k — 1) matriz.
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a‘a’ R _ / ] .
(4) XXt = [R21 R;fj (XX~ = { ,; Btl’Bi] with Ry 1, Ra 2,

Ry9, Ry 5, Ra1, Ry | some (k—1)x (k—1), (k+1)x (k+1), (k—1) x
(k+1), (k=1)x(k+1), (k+1)x(k—=1), (k+1) x (k—1) matrices
respectively. Further, the first k — 2 rows of Ry 2 are zero.

(5) Let S € {X', X°X"'}. Then for 1 < i <k—2, v;8 = w + vj11, with
w € V. In particular, Vi_1 C (O(v1,5)).

(6) Let S € {X*, X°X"'}. Then vg_1S = w + vy, with w € V1.

(7)(7i) Let S = X, then vi_1S™' = vp_1 + Vg + Vig1 + Vppo, S~ =

Ok + Vg2, and V1S = vpi1 + Vpyo.

(7ii) Let S = XX, then vp_1S™' = vpyo, 1SS! = vpy1 + Vie, and
Vp41S™1 = vp + Vpyo.

(7iii) Let S = X 1X' thenvg_ 1S = vp_o+vpyo, VRS~ = Vpy1+Vk o,
and v 1S~ = v + Vppa.

(8) (O(v1,XY)) = (Vk_1,v + Vkt2, V43, - - ,Un). Further if we set W =
(O(v1, XY)), then W = (v,vp_1 + i), vX! = v and (vp_1 +vp) Xt =
v+ (vg—1 + vg).

(9) Let S = XX*'. Then:

(91) If k=1 or 2 (mod 3), then

<O(Ula S)> = <Vk2—17 UV, V42, V435 - - 7Un>-
(9ii) If k =0 (mod 3), then

(O(v1,9)) = <Vk—1, Vk42,V + Vp435,V + Vky3541,
1
Vg43j42,0 + v, 1 1 < j < gk - 1>.
Further, in (9ii), if we set W = (O(v1, S)), then W+ = (v,v'), where

v = (v1 + v3) + (va 4+ v6) + (v7 +v9) + - -+ + (Vk—2 + V),

vS=vand V'S =v+v.

(10) Let S = X1X*t. Then
<O(U1a S)> = <Vk717 UV, V42, V435 - - 7vn>-

Proof. (1) is obvious, recalling (see 7.4.2) that u~' = u. For (2), we have
XXt =u=tg~tulgl. By 7.4.6, [g7,uf] = 1, and (2) follows. For (3), just
observe that X is given in 7.5.

(4) follows from (3), except that we must show that the first £k — 2 rows
of Ry 2 are zero. This will of course follow from (5). To show (5), let 1 <
i < k — 2. Suppose first that S = X*. Then v;S = v;ulg’ = vig" = v; +viy1.
Next viuu! = v;, so v; X 1 X! = v;g7lgl. Also vig € Vi, so vig(uul) = vig
and v; X X! = v;gg'. We conclude that:

(*) For1<i<k—2 v;XY"=uvg%"
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Note that af, is unipotent, lower triangular and a}; is upper triangular unipo-
tent with (al);; = 0, for j > i+ 1, and (a});;+1 = 1. This easily implies
(5), for S = XYt

To show (6), note that X is given in 7.5.1, so we have vy_1 X' = vp_1+vp+
<-4, Next, vp_1 X X' = vp_1gun’g’ = (vp_g+vp—1)un'g’ = (vg_o+vp_1+
Vk+1)g" = Vk—2 + U + Vg1 + -+ + Uy Also vp1 X TIX = vp_quulg gt =
(Vk—1 +Vrt1)g gt = (1 + -+ Vg1 + Vpp1)g" = U1+ Uk + Vpg1 - + Un.

For (7) we compute vg_1(X) ™! = vp_1(¢") 1 uh) ™' = (vp_1 + vp)ul =
Vg1 + Uk + Vkg1 + Oppo. (X7 = 0p(g") M uh) T = vput = v + vpygo
and v 1 (X)) = vpp1(g) " Huh) 7! = (vpg1 + Vepe)ut = Vg1 + Vgyo. This
shows (7i). For (7ii) and (7iii), we use (7i). We compute (using (7i)) that,
for e € {1,—1}, Uk_l(XeXt)_l = (Vg—1 + Vg + Vg1 +Upp2) X e =1, we
get (Vg—1 4 vk + Ukt + Vkr2)uT g T = (Vg1 F Vks2)g Tt = Uppe. e = 1,
we get, (Vg—1 + Vg + Vg1 + Vpt2)gu = (Vg—2 + Uk + Vpt2)U = Uk—2 + Ugto.

Next, v (X X)) ™ = (vp+vpa2) X € Ife = 1, we get, (vptvpao)u g™t =
Vps2g ' = Vg1 + Vppo. If € = =1, we get (vp + vpp2)gu = (vp—1 + vi +
Vg1 + Vpg2)U = Vg1 + Upyo.

Finally, vk+1(XEXt)_1 = (Vk41 + Vky2) X7 If e = 1, we get (vgy1 +
Vps2)u g = (Vk—1 + Uk + kg1 + Vkg2)g Tt = U + Upga. If e = —1, we get
(Vk41 + Vg+2)gUu = Vgrou = v + vgro. This completes the proof of (7).

For (8), let W = (O(v1,X"%)). By (5), Vi1 € W. Next, by (7i),
V1 (X))t = vp_1 + Vg + Vg1 + Vpi2. Hence

(1) U+ Vg4 € W.

Using (3) and 7.6 and computing modulo Vy_1, (v + vp42)(XH) ™t = v +
Vg+2 + Vk4+3. Hence

(11) Vk+3 S W
Now, for k+3 <i<n—1, v;(X") " = v; + v;11. Hence, by (ii)
(iii) (Vk+3y -+ V) CTW.

Let W' = (Vk_1,v + U192, Vk+3,- .- ,Up). The reader may easily verify that
(v, v—1 + vk>L = W' and that v X! = v. We compute that (v;_q +vp) Xt =
(Vp—1 + vp)ulg" = (vk—1 + Vg + Vk1 + Vkt2)g" = (Vk—1 + Vk)g" + (Vrs1 +
Vpi2)gt = Vp_1 + Vpy1 = v+ vp_1 + vi. Hence (v,vp_1 + vy) is S-invariant,
and it follows that W' is S-invariant. It follows that YW = W' and (8) is
proved.

For (9), let S = XX and set W = (O(v1, S)). By (5), Vk—1 € W. Next,
by (7ii), vg_15~ = vgyo. Hence

(i/) Vk42 € W.
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Next, we mention that all our calculations are done modulo Vj;_; and we
use (4) and 7.6.2. We have vj425 ™! = v 4 vjy3. Thus

(it') v+ vpy3 €W.

Now 0571 = 0871 + v 1S~ = v, by (7ii). Thus

(iii’) vS™t = .

Next (v + vg43)S™1 = v + Vg2 + Vg4a, hence, by (I') and (ii’)
(iv") U+ Vgrg €W,

By (ii’) and (iv/)

(v') Vi3 + Ugpa € W.

Now if k = 4, then (v+ V10 +Vk34)S ™! = V+V+Vp 3+ Vke3+Vkgd = Vkid,
so vg € W. It is easy to check now that by (v'), (iv') and (ii’), (9i) holds.
So from now until the end of the proof of (9) we assume that k > 5.

Next (v 4 Vg2 + Vrga)S™ =0 + v + Vg3 + Vig3 + Vkss = Vgis. Thus
(Vi/) Vi+5 € W.
Suppose k = 5. By the above we get that V, U {v7, v+ vg, vg +vg,v19} C W.
Also, v190S™! = vg + v1p € W and (9i) holds. So from now until the end of

the proof of (9) we assume that k£ > 6.

Now vk+5S_1 = Vpya+Upre € W, thus v+vgi g+ Vi1 + V516 = V+Vka6 €
W, so by (it’)

(Vii/) V43 + Vk+6 S W

Now for i > k + 3, (v; + vi13)S™! = (vi_1 + vir2) + (vis1 + virq), since
Vg+2 + Vk+5 € W, we conclude from (vii’) that:

(viii') Fork+2<i<n-—3,v;,+vi3€W.

Now (v—3 +v,)S™ = (Vg + V1) + (Vn_2 + vy), so from (viii’) we get
(ix) Un—2 + vy € W.

Note also that by (') and (viii’),

(x) Ugyj € W, for all 2 < j <k, such that j =2 (mod 3).

Thus, by (x), if £ =2 (mod 3), v, € W and if k =1 (mod 3), v,—2 € W.
Thus, by (ix), if k = 1 or 2 (mod 3), v,—2,v, € W. It follows from (viii’)
that:

(xi) If k=1or2 (mod 3) then there exists v € {0,1} such that
Vgt €W, for all 2 < j <k, such that j =v (mod 3).

Since Vi3 + vgra € W, we get from (iv'), (x), (xi’) and (viii’) that:

(xii) ITk=1or2 (mod3), WD (Vi_1,Vk + Ukt1,Vkt2, Vkt3y--- »Un)-
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Notice that v+ = (Vx_1, Uk +Vk 1, Vk12, Vkt3, - - - ,Un) is S-invariant, as vS =
v, so (9i) holds.
Suppose k=0 (mod 3). We get from (ii’), (iv') and (viil’), that

(xili") v+ vpy; €W, forall 3 < j < ksuchthat j=0or1 (mod 3).
This, together with (x’), shows that

W= <Vk—1, Vk+42, U + V434,
. 1
U+ Vp43j41, Vk+3j+2, 0Vt 0 1 1 <7 < gk? - 1> cWw.

It easy to check that (v,v')" = W’. We show that v'S = v + v/; this implies
that (v,v') is S-invariant, and hence W’ is S-invariant, so (9ii) holds. We
compute that

v'S = {(v1 +v3) + ( )
= {(v1 +v2) + (v4 + v5)
= {(v1 + v2) + (v4 + v5)
= {(v1 +v2) + (va + v5)

+ (Vg1 + Vk42)g"
= {(v1 +v3) + (va + v6) + (v7 +v9) + - - + (Vp—5 + Vk—3) + Vr_2}
+ Vg1

(v7 +v9) + - - + (vp_2 + vi) }guu'g’

(v7 +vs) + -+ (vp_2 + vp_1) + vg Juu'gh
+ (Vg2 + V—1) + Vk + Vg1 + Vpp2 g’
+ (Ve—2 + vk—1) + vk }¢*

V4 + Vg

+ o+ o+

=v+v.

We now turn to the proof of (10). Set S = X1 X! and W = (O(vy, S)).
By (5), Vk_1 € W. Next, by (T7iii), vx_15~1 = v4_2 + vg2. Thus

(i”) Vk42 € W.
Next, for k +2 <i <n — 1, 1;87! = v;;1. Hence, by (i)
(i) v;eW, forall k4+2<i<n.

Also v, 87! = v+ vpio + -+ vy, so by (i)
(iti") veWw.

L = (Vi_1,0, V42,43, ... ,0,) and vS = v, (10) holds.

Again, since v
7.8. Let 1 # h € Cp(X). Write H = [h|c and set Z = [X]|c. Write

= diag (Z1, Z2), with Z1 = Mu_1)(n—1,)([X]c), and Zz = E (1)]
Then:

(1) h fizes (wr), (w1, wa), ... ,(Wi,... , Wy_4q).
(2) h fizes (w1, wp—1) and (Wi, W, Wp_1,Wy).
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(3) H has the form
R E
o=l 7]
such that:

(3i) In—2 # R is an (n — 2) X (n — 2) matriz commuting with Z, P =
[(15 (1)], with § € {0,1}, E is an (n—2) X 2 matriz whose first n—4
rows are zero, and E,_39 = 0. F is a 2 x (n—2) matriz whose last
n —4 columns are zero and Fy2 = 0.

(3ii) Hi; =1, forall1 <i<n.

(3iii) We fiz the notation o := Ey_31, B := En_21, v := Fy1. We have
a=FE, 20=1F,=1F;.
(4) There exists 1 <r <n —3, such that R — I,,_9 € T,_o(r). We fix the
letter r to denote this integer.
(5)
R—1I,9)*+EF F
F' 02,2
such that E'is a (n — 2) x 2 matriz with E},_5, = a(Ryp—2n-3 +9) (6
as in (3i) and a as in (3iii)) and E}; = 0 otherwise, ' is a 2 x (n—2)
matriz such that Fy, = a(R21 + 0) and Fj; = 0 otherwise. EF is
an (n —2) x (n — 2) matriz such that (EF)p,—31 = o = (EF),_22,
(EF)p—21=a(f+7) and (EF);; =0, otherwise.

Proof. First we mention that we think of A~ and H as the same linear oper-
ator, but they are distinct as matrices. The same remark holds for X and
[X]c. It is easy to check that ker([X]e —I,,) = (w1, w,_1), ker([X]e —I,)? =
(w1, wa, wy_1,wy). Further, for j > 2, im ([X]¢ — I,) = (wy, ... , Wn—j—2).
Thus (1) and (2) clearly hold.

Next, by (1), the first n — 4 rows of E are zero and by (2), the last n — 4
columns of F' are zero. Also, since (wy,wy,—1) is h-invariant, F; o = 0. Next

(H—In)2: (

gi_ % 0] [R E]_[4R ZE
“ |0 Z| |F P| T |ZF ZpP
qz_ [RE] [20 0] _[RZ EZ
“|F Pl |0 Z|  |FZi Pz

so since ZH = HZ, R commutes with Z; and P commutes with Z3. Thus
0
P = [Z p] . Now (vg + vgt1)h = Fiiv1 + p(vg + vg41). But 1 = Q(vg +

vk+1) = Q((vk + viy1)h) = p?, so p = 1. Further, (v + vgy1)h = Foqv +
Fy 209 + p1(vg, + V1) + (g + vk42). Hence Q((v + vgi2)h) = p* + ve + pu.
It follows that v = Q(vg + ver2) = Q((vg + vpy2)h) = u? + ve + p. Thus

,LL:OorlamdP:[clS ?,Withée{o,l}.
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Next since R commutes with 7y, 1.13 implies that, H;; = R;; = R;; =

Hj;, forall 1 <i,5 <n—2. Now
1= f(vlavn) = f(UlH,UnH)
= f(Hi1v1, Hn—on—2vn) = Hi1Hy—o .

Since Hi1 = Hyp—2,-2, we see that Hy; = 1. Since H,_1,-1 = P11 =1
and H,,, = Pop = 1, we see that H;; = 1, for all 1 < ¢ < n. Now
since R commutes with Z, 1.13 implies that R — I,,_o € 7,,_2(r), for some
1<r<n-3.

Let [g Z ] be the last two rows of £. Then the last two rows of Z1F

atp p

are [ @ P ] and the last two rows of EZy are [ } Since
B+up p

a+f ptu
Z1E =FEZy, p=0and o = p. Thus:

The last two rows of E are a 0 .
08 «@

Next let [2 2} be the first two columns of F. Then the first two columns

of ZoF are { P 0] and the first two columns of F'Z; are [ P O]
pty p YHRp

Thus p = . Hence:

The first two columns of F' are [s O} .

p
Next (vg+vgs1)H = pv1+vk+vky1 and observe that v, H = w+v, +a(vg+

. i
Vo), With w € (v, ..., Vk—1, Uk + Vg1, Vkt2, - - - s Un—1) © (U1, Vg + Vgg1) ™

Thus 0 = f(vk+vk+1,0n) = f((vk +Ok+1)R, vh) = f(pv1+ (Vg + V1), 0+
Un + (v + vk42)) = f(pv1+ (v + Vkt1), vn + (Vg + vk12)) = p+ . Hence
p = a. This completes the proof of (3) and (4), except that we must show
that R # I,_o. Now if R = I,,_, then, it follows that 0 = Q(v,—1) =
Q(vn-1H) = Q(un—1 + g +vp11)) = a. Also, since 0 = Q(vq) = Qv H),
B =0. Now ¢ (of (31)) must be 0; so since h € L, 7.1 implies that h = I,,,
contradicting h # I,,.
To prove (5) note that

_ 2 _ R_In—Q E R—In_g E
(H h)_[ F P-L| | F P—1

(R—1I,9)?+EF (R—I,—9)E+ E(P — I))
F(R—I,_5)+ (P - L)F FE+ (P - I)? '
Now, since the last column of (R—1I,,_2) is zero, (R—1I,,—2)F isan (n—2) x 2

matrix, whose (n—2, 1)-entry is @Ry, _2 ,,—3, and whose other entries are zero.
Hence it is easy to check that E' = (R — I,_2)E + E(P — I), is as claimed.
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Next, since the first row of (R — I,,_2) is zero, F(R — I),_2) is a 2 X (n — 2)
matrix whose (2, 1)-entry is Ry and whose other entries are zero. Hence,
it is easy to check that F/ = F(R—1,,_2)+ (P — I3)F is as claimed. Finally,
FE =035 and clearly (P — I3)? = 0. It is easy to check that EF has the
claimed shape and (5) is proved.

Before formulating the next lemma it is important that the reader will
recall that for a linear operator a on our vector space V', a; j is the (4, j)-entry
of the matrix of a, with respect to the basis B, unless otherwise specified (see
the beginning of Chapter 1).

7.9. Let 1 # h € C(X). Set T = h—1,. Write H = [hlc. Let
R,P,E, F.0,a,8,7 be as in 7.8.3 and r as in 7.8.4. Then:

(1) Suppose k —1 <r <n—3. Then, there exists i € {1,2} such that for
T :=T¢, we have:
(la) Vi—1 C ker(T).
(1b) There exists 1 < f < n, such that Tsp=0, foralll <s<n-—1,
and T), y # 0.
Further, one of the following holds.
(le) a#0#0,i=2, f=k+1 and imT = (v, avg + v + Vk41)-
(1d) a#0=9,i=2, f =2 and imT = (v, v2).
(le) a=0=46,i=1, f=n—r—2 and

imT = </U].7/U27 cee sy Un—r—2,Vk + Uk+1>'
(Iff) a=0=46,i=1, f=n—r—2 and
im (T) = <1}1,U2, cee s Un—r—3,Up—r—2 + N(vk + Uk+l)>7 IS .

(1g) a=0=6,i=1, f=n—r—2and imT =V, _,_o.
(lh) a=0=4,r=n—-3,i=1, f=k+1 and imT = (v1, v + Vg+1)-
(2) Supposer =k —2 a # 0 =235. Then either T? € T,(n — s), for some
s € {1,2}, or the following holds:
(2a) T2 =0, Hy_11 = a = Hy_94—1, Vy—1 Cker T, and
(2b) For all S € {X!, X X!, X1X'}, ker(ST)Nker T = Vj_o.
(3) Suppose 1 < r < k—1, but exclude the case of (2). Then one of the
following holds:
(3a) r =1, and T3 € T,(n — 1).
Bb) r>1, a#0+# 0, and ker T = {v1,..., 0, pvry1 + p(vk + vki1)},
with p, u € F*.
Be) r=k—2, a#0#0, He_11 = «, and ker T = Vj,_1. Further,
Ter—1=0, foralll1 <s<n-—1, and Ty, ,—1 # 0.
(Bd) r=k—-2,a#0#9, H—11 =, and im T? = (vy, vg + Vkg1)-
(3e) There existsi > 1 and 1 < m < k — 2, such that imT? = (v, ..
Vm), Vi1 C ker T and T* € T, (n — m).

0
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(3f) There existsi > 1, such that im ']I‘Z = (U1, , V-2, Vp—1+ U+ V1)
and Vi1 C ker T*. Further, (T*)sx—1 =0, for all1 < s <n—1,
and (T*), k-1 # 0.

Proof. Assume the hypothesis of (1). Note that since r > k — 1, Ryy =
Ry—2,-3 = 0. Notice also that (R —I,,_2)? = 0,,_2,—2. Suppose a # 0 # 6,
then it is easy to verify, using 7.8.5, that (1c) holds. Similarly if « # 0 = §,
then by 7.8.5, E' = 0,22 (E’ as in 7.8.5) and it is easy to verify using 7.8.5
that (1d) holds (both in the case when v = 0 and in the case v # 0). Hence
we may assume that o = 0.

We claim that:

(i) If r=n—3then d=0.

For suppose r = n — 3. Then v, H = R;,—21v1 + vy, + B(vg + vg41). Hence
0 = Q(vy) = Q(v,H) = Rp_21 + % Since by 7.8.3i, R # I,,_o2, we get
that 0 # R,—21 = (2. Also, 0 = f(vn, vk + Vky2) = f(nH, (vg + vkso)H) =
f(Rn—21v1+vn+B(vg+vks1), Y01+0 (Vg +vg+1)+(vp+vk42)) = v+5. Hence
v = . Now if § = 1, then we get that im (H — I,,) = fv1 + (v +vg+1). But
then dim Cy (h) = n—1 is odd, this contradicts 7.1, since h € L. So (i) holds.
Further, if r = n — 3, then, v, T = B%v1 + B(vi, + vpy1), VT = v 1T = Boy
and ker T = (Vi_1, vk + Vg+1,Vk42,--. ,Un—1). Hence (1h) holds. So from
now on we also assume that £k — 1 <r <n — 3.
Note that since a = 0, v + vg41 € ker(H — I,). Hence

(11) Uk’]T = ,Uk-Jr]_T

also, vy = Vgt + (Vg + Vgt2), so vg(H — 1) = vgyo(H — 1) + (v +
Vgt2)(H — Ip)) = Hiv1 +yv1 + 0(vg + vg41). It follows from (ii) that since
k—1<r<n-—3,

(111) Tk,nfr72 = TkJrl,nfoZ =0.

Since vg—1 + Vg + Vkt1, Uk + Vg1 € Ker (H — I,), vp—1 € KerT, so
since Vi_o C KerT, we get that Vy_; C ker T, so (la) holds. Also, since
R—1,9 € T, 5(r), and a« = 0, v;(H — I,) = vi(h —I,) € Vy_r_3, for
k+2<i<n-—1 Thus (h—1I,)in—r—2 =0, for k+2 <i<n—1. Finally,
since R — I, 2 € Z’L—Q(r)a Hn—2,n—7‘—2 # 0, so (h - In)n,n—r—Q # 0. We
showed that:

(iv) fa=0,then Ts, ,_2=0,foralll <s<n-—1,and Ty ,—r_2 #0.

So (1b) holds for f =n—r —2.

Suppose ¢ # 0. We leave it for the reader to verify that im T = (vq,vg, ... ,
Un—r—2,Vk + Vk+1). Hence (1e) holds.

Suppose next that 6 = 0 = 3, then either r > k — 1, in which case
imT = V,,_,_2 and (1g) holds, or r = k — 1, in which case (1f) holds, with
w=1.
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Finally suppose § = 0 # (. If r > k — 1, then (1f) holds, with u =
B/Hyp—2pn—r—2, and if r = k—1, then either (1g) holds (in case Hy,—2 1 = [3),
or (1f) holds (otherwise). This completes the proof of (1).

Assume the hypothesis of (2). Suppose first that (H — I,,)?> # 0. Notice
that since § = 0, 7.8.5 implies that
R—1I1,)2+EF 0p_2>

02,2 02,2
Also, since r = k — 2, (R — I,)? € T,_2(n — 4). Notice further, that by
1.13.3, Ryyii = Ryyss, for all 1 <i4,s < n —r —2. Thus the (n — 3,1)-
entry and the (n — 2,2)-entry of (R — I,)* are both equal to R7, ;. Since
(EF)p—31 = (EF)p_29 = a2, it is clear that (h—I,,)? € 7,,(n — s), for some
s € {1,2}.

Suppose next that (H — I,,)?> = 0. Then, the above considerations imply
that R,1;; = «, for all 1 <¢ < mn —r —2. Note that Vy_o C kerT. Also
vg—1(H —1p) = (Vg—1+ vk +vks1) (H—In) + (v +op 1) (H—In) = avi+av =
0. So vg—1 € ker T. Thus (2a) is proved.

Next note that dim(im (H —1I,,)) = dim(ker(H —1,,)), so since (H —I,,)? =
0, im (H — I,,) = ker(H — I,). Also v,(H —I,,) =v' 4+ Ry,_g k—1(vg—1 + vg +
V1) + 0o+ B(Vk + Vp11) + (v +Vp42) = V" + v+ (Ry—2 k-1 + 5) (v +
Vgt1), with v' € Vi_o and v" € Vy_;. Hence

(v) v (H — 1) = avg + (Ry—a 51 + B) (v + vg41)(mod Vi _1).
Since Vi_1 C ker(H — I,,), we get from (v) that

(H_In)Q = (

(vi) pug + pvg+q € ker(H — I,), for some u,p € F, with pu # p.
Thus
(vii) ker T = (V_1, pvk + pvg41) p,p as in (vi).

For (2b), we’ll show that if p, u are as in (vi) and S € {X!, X X, X1 X},
(vp_1S7L, (pvg + pvgs1)S~H) Nker T = (0). This easily implies ker TNker ST
has dimension < k—2. Since, by (vii) and 7.7.5, Viy_o C ker TNker ST, (2b)
follows. Let v € (vg_1S71, (pvg + pors1)S™1).

Suppose S = X!. By 7.7.7i, v = 0105157 + Os(pvp + pvpy1)S~! =
01 (ve—1 + Vi + Vg1 + Vg2) + O2(p(vk + Vig2) + (Vg1 + vig2)) = O1vk—1 +
(01 +02p)vi, + (01 + O2p) V1 + (01 +02(p+ 1) )vk42. Soif v € ker T, then, by
(vii), 1 +62(p+p) = 0. Thus, 01 +602p = Oap and 01 + 0o = bap. Tt follows
that Oapvg+62pvr41 € ker T. Hence, we may assume that opvg +6apvg1 =
PUk + pvkr1. Hence Oap+ p = O2p + p = 0. This is possible only if p = p, a
contradiction.

Suppose S = X X*. Then, by 7.7.7ii, v = 61vp_ 1S~ + 02 (pvg + pvg1)S ™!
= O1vgyo + Qg{p(ka + Uk+2) + ,U(’Uk + vk+2)} = Oquvy + Oopvpi1 + (91 +
O2(p + 1))vg+o. Soif v € ker(h — I,,), then, by (vii), 61 + 02(p + p) = 0 and
Oapvi, + O2pvp1 € ker T, which we have seen to be impossible.
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Suppose S = X~!X!. Then, by 7.7.7iii, v = O1vp_15~! + Oa(pvp +
,ukarl)Sfl = 01(vg—2 + Vgio) + Hg(p(ka + vpao) + p(vg + Uk+2)) and as in
the case S = X X!, we get a contradiction. This completes the proof of (2).

Assume the hypothesis of (3).

Casel. r=1.

t FE
By 7.8.5, (H — I,)? = [F, O
t 0

0 022

}, with ¢ € 7,,_2(2). Then, it is easy to

verify that (H — I,,)® = [ }, with ¢ € 7,,_2(3) and from that (3a)

follows easily.
So from now on we assume that r > 1.

Case 2. a#0#9.

Ifr#k—2,orr =k—2and Hy_1 1 # «, then it is easily checked that (3b)
holds. So suppose that r =k — 2, and Hi_;; = . Then v_1T = (vp—1 +
Vg +0k+1) T+ (vp+vg+1)T = avi+av; = 0. So clearly ker T = Vj,_1. Also, for
kE+2 <s<n—2,v,T € Vy_g. Further, (vp+vki2)T = yv1 +ave+ (vp+vg+1)
and vg42T = Ry 1v1+ R 2v2. Since v T = vp42T+ (vg +vg42) T, we conclude
that Ty ,—1 = 0. Also since (vy + vp41)T = avy, we see that Ty -1 = 0.
Hence, we see that Tsp_1 = 0, for all 1 < s < n —1. Now v,T = v +
R, 251 (’Uk,1 +vg +vpt1) + R, 9 kVg42+ B(vk +vg+1) + a(vg + vgy1), with
v/ € Vy—9. Hence, if R,,_o%_1 # 0, then T, ;1 # 0, and case (3c) holds.
Finally, suppose R,_2 ;-1 = 0. Then v,h = v, H = 0" + vy, + fwp—1 + awn,
with v € (Vg_2,vk49) and wyh = yv1 + avy + wp—1 + wy,. Hence 0 =
f(on,wyn) = f(vph,w,h) = v+ 6+ a. Hence f+ v = a. Also, vgi2h =
Ry 1v1 + Rp2v2 + vgy2. Hence, 0 = f(vkio,vn) = f(vky2h,vnh) = Ry 1.
So Ri1 = 0. Since f+v = «a, 7.8.5 yields (EF),_21 = o®. Then, since
Ri1 = Ryp—op-1 =0and Ry_11 = Ry_2 = a (see 1.13.3), we get, using
7.8.5, that (R — I,,_2)> + EF € T,,_s(n — 3). Now using 7.8.5, it is easy to
check that (3d) holds.

Case3. a#0=dandr#k—2;0or a=0.
Using 7.8.5 we get that
2 _ (R - In)2 +EF 0n72,2
02,2 02,2

Now if & = 0, EF = 0, while if a # 0 =, and 7 # k — 2, then (R — I,,)2 +
EF € T, (1), for some 1 <1’ < n — 2. Thus in either case

o 0 o]
H—1,)?= n
( n) 102p—2  O22 |

(H - In)

with ¢t € T, _o(r'), for some 1 <’ < n — 2. It follows that for some i,

4 0p—22]

H-1I,) =
( n) [02n—2  O22 |
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with ¢’ € T,_o(r"), for some k—1 < 7" < n—2. If " > k—1, we get case (3e).
So suppose 1" = k — 1. Clearly, imT? = (vy, ... ,Vk_2, V%1 + Vg + V1) and
Vi—1 C ker T%. So, to establish (3f), it remains to show that (T%); x—1 = 0, for
alll <s<n-1, and (’]I‘i)mk_l #0. Now for k+2 < s <n—1,v,(H—1I,)" €
Vi—2, 50 (T")s k-1 = 0. Further since (vj 4 vpt1)T" = (vg + vpg2)T* = 0,
UkTi = U]H_lTi = U;H_QTi € <U1>. Hence (Ti)hk_l = (Ti)k+17k_1 =0. Finally,
since t’ € Tp_o(k — 1), (T"), k-1 # 0. Thus, (3f) holds.

7.10. Lete € {—1,1} and let S € {X*, X°X"'}. Let R € CL(S) and suppose
v1 18 a characteristic vector of R. Then R = 1.

Proof. Set W = (O(vy,5)). Using, 7.7.8, 7.7.9 and 7.7.10, it is clear that W
is nonsingular (in all cases) and hence R centralizes WW. Set v = vy + vg41.

Suppose first that S = X*. Then, by 7.7.8, W+ = (v,¢'), with v/ =
Vg—1 + vk, vS = v and v'S = v+ v'. Clearly W+ is R-invariant and since
R e CL(S), vR = av and V'R = v + av’. Since Q(v) =1, a = 1. Hence R
centralizes (W, v) of dimension n — 1. Thus, by 7.1 (and since det(R) = 1),
R=1.

Suppose next that S = X X* and that k = 0 (mod 3). Then using 7.7.9
and arguing exactly as in previous paragraph we get R = 1.

Finally suppose S = XX’ and k # 0 (mod 3), or S = X' X*. By 7.7.9
and 7.7.10, dim(W) =n —1,so by 7.1, R = 1.

7.11. Let € € {1,—1} and let S € {X!, X°X'}. Suppose R € AS*(X) N
ASY(S). Then vy is a characteristic vector of R.

Proof. Let h € AS1(X) N ASI(R). We'll show that there exists i > 1, such
that if we set T = (h — I,,)*, then there are integers j,m, ¢ > 0 such that all
the hypotheses of 1.15 are satisfied for S,T and R. The lemma will follow
from 1.15. We’ll use 7.9, so we adopt the notation of 7.9. For a subspace
WCV,let GW) = (w € W : Q(w) = 0) (the singular vectors of W).

Casel. k—1<r<n-3.

In each case (1c)-(1h) of 7.9.1 we pick i as defined in these cases. We
take j = k — 2, in all cases. Notice that by 7.7.5, hypothesis (a) of 1.15 is
satisfied. We let m = dim{S(im7)} and ¢ = 1. Using 7.7.6 and (1b) of
7.9.1, we get hypothesis (c) of 1.15. The remaining hypotheses of 1.15 are
readily verified using 7.9.1.

Case2. r=k—2and a#0=09.

In this case, if (h — I,)? € T,(n — s), for some s € {1,2}, we take i = 2,
m=3s,j=k—2and { = 1. Otherwise we take i =1, j = k — 2 = m and
¢ =1. Using 7.9.2, we see that the hypotheses of 1.15 are satisfied.

Case 3. 1 <r < k—1, but Case 2 does not occur.

If case 7.9.3a holds, take i = n — 3 and m = 1, to get the lemma trivially.
If case 7.9.3b holds, take i = 1, j = m = dim(&S(kerT)) and ¢ = 0. If
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case 7.9.3c holds, take it = 1, j = k—2, m = k—1 and ¢ = 1. Notice
again that by 7.7.6, hypothesis (c¢) of 1.15 holds. If case 7.9.3d holds, then
S(im (h—I,,)?) = (v1) and trivially, (v1) is R-invariant. If case 7.9.3e holds,
take ¢ asin 7.9.3e, j = k — 2, m as in 7.9.3e and ¢ = 1. If case 7.9.3f holds,
take i as in 7.9.3f, j =k —2, m = dim{S(im (T)} = k — 2, and £ = 1. Using
7.7.6, the hypotheses of 1.15 are readily verified in cases 7.9.3e and 7.9.3f
and the proof of 7.11 is complete.

7.12. Let A = A(L), e € {1,—1} and let S € {X*, X X'}. Then dx(X,5)
> 4.

Proof. Suppose d(X,S) < 3 and let R € AS?(X)NASL(S). By 7.11, vy is
a characteristic vector of R and by 7.10, R = 1, a contradiction.

Theorem 7.13. A(L) is balanced.

Proof. Let A = A(L). Note that 7.12 implies that Ba(X, X") and by 1.9,
Bx(X', X), so A is balanced.

Chapter 2. The Exceptional Groups of Lie type.

In Section 8 we prove that for all exceptional groups of Lie type L ex-
cluding Er(q), the commuting graph A(L) is disconnected (Theorem 8.8).
In Section 9 we prove that if L = E7(q), then A(L) is balanced (see 1.3.2).

8. The Exceptional Groups excluding F;(q).

In this section L is a finite exceptional group of Lie type, excluding F7(q).
We take L = G, where GG is a simply connected simple algebraic group
and o is a Frobenius morphism. Hence L is one of the following groups:
232(22m+1)’ GQ(Q)a 2G2(32m+1)a 3D4(Q)a F4(q)a 2F4(22m+1)7 E6(Q)7 2E6(Q)7
Es(q). We exclude certain small cases where L is either solvable or L' is of
classical type. So we exclude 2B5(2), G2(2),2G2(3). The remaining groups
are all quasisimple, with the exception of 2Fy(2), which has derived group of
index 2. We let L* = L/Z(L). Of course Z(L) = 1, except when L = Fs(q),
in which case |Z(L)| = (3,¢ — 1), and when L = 2FEg(q), in which case
Z(L)] = (3,9 +1).

8.1. Assume G is a simply connected simple algebraic group and o is a
Frobenius morphism with quasisimple fixed point group G,. Let T be a o
invariant maximal torus. Suppose s € T, is an element such that s ¢ Sy, for
any o-invariant mazimal torus S, such that |Sy| # |T,|. Then Cq,(s) = Tp.
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Proof. Tt will suffice to show that Cg(s) = T. As G is simply connected,
Ca(s) = Cg(s)? ([1, II, 3.9]) and this is a reductive group. Write Cg(s) =
DZ, where Z = Z(Cg(s))? and D = Cg(s)’. Thus D is a semisimple group.
Note that T' < Cg(s) and that s is contained in all maximal tori of Cg(s)
(as maximal tori are self centralizing).

If D =1, then Cg(s) =T, as required. Suppose this is not the case and
let {D1,...,D,} be an orbit of (o) on simple components of D. Then o"
induces a Frobenius morphism on each D;. By [1, I, 2.9], this Frobenius
morphism normalizes a maximal torus contained in an invariant Borel of
D;. Taking images under powers of ¢ we get a maximal torus of each D;
with the same properties.

For the moment exclude the case where p = 2 and D; = By, C5. Then o”
acts on the various root systems, stabilizing the positive roots, and fixing
the root of highest height and its negative. Hence for each ¢, ¢” normalizes
Ji, the fundamental SLs generated by the corresponding root subgroups.
Also o normalizes J; ---J,. The centralizer in Cg(s) of this group is also
o-stable and so contains a o-stable maximal torus, say F.

There are two classes of o-invariant maximal tori in J;---J,.. These
correspond to maximal tori in the fixed point group (of type A;(q") of order
q¢" + 1 and ¢" — 1). Hence there are two classes of o-invariant maximal tori
of (Jy ---J,)E whose fixed points in Jj - - - J, have order ¢"+1 and ¢" — 1. A
representative of one of these tori, say T has fixed points of order different
than that of T, however, by earlier remarks, s € T,, contradicting the
hypothesis.

Finally consider the case p = 2, and D; = Bs, (5. This is only possible
when G = Fy. There cannot be more than one such simple component in D,
since the product of two has trivial centralizer, so cannot lie in Cg(s). Thus
D is o-invariant and we can use the same argument unless (D7), = Sz(q).
Here too there are at least two classes of maximal tori, so we can proceed
as above.

Corollary 8.2. Let G be a simple connected simple algebraic group and let
o be a Frobenius morphism of G such that G, = L. Let T be a o-invariant
torus and assume:

(a) If S < G is a o-invariant maximal torus such that |Sy| # |T,|, then
(1751, 1Ss]) = |1Z(L)].
(b) (175 = Z2(L)], |Z(L)]) = 1.

Let T} be the image of Ty in L*. Then T} —{1} is a component of A(L*).
Proof. We'll show that Cr-(s) = T, for every 1 # s* € TF. Let s €

Ty — Z(L). We claim that s ¢ S,, for every o-invariant maximal torus S
of G, such that |S,;| # |T,|. Indeed, since s € T, — Z(L), (b) implies that
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|s| 1 |Z(L)|, where |s| is the order of s. However, if s € S,, for some o-
invariant maximal torus S of G, then |s| divides (|T5|,|S,|). Hence, by (a),
|So| = ‘T0|-

By 8.1, Cr(s) = T,. Hence, from (b) we get that Cp«(s*) = T.

(e

Notation and definitions. We denote by ®,(x), the n-th cyclotomic
polynomial (of degree ¢(n)). Given a prime p and an integer b, the p-share
of b is the largest power of p dividing b.

8.3. Let n,a > 2 and let p be a prime. When (a,p) = 1, denote by dp(a)
the order of a mod p. Then:

(1) p| ®n(a) iff (a,p) =1, and n = p°d,(a), for some e > 0.
(2) If n >3, and p | n(a), then either n = dy(a), or the p-share of ®,(a)
18 P.

Proof. This is well-known, see, e.g., [9, p. 27].

Corollary 8.4. Let r be a prime, q a positive power of r and 2 < m < n.
Then:

(1) If m{n orif I is not a prime power, then (®,(q), ®m(q)) = 1.
(2) If > = pf, with v # p a prime and f > 1, then (2,,(q), Pm(q)) = ',
with t > 0.

Proof. Let p be a prime such that p | (®,(q), Pm(g)). By 8.3.1, p # r,
m = p“dy(q) and n = p®d,(q). Thus m | n and > = p®>~“. This shows
(1). It also shows (2), since, we just saw that there can be at most one prime
dividing (5 (q), ®m(q))-

In the following lemma we list the cyclotomic polynomials of degree < 8.
These are the relevant cyclotomic polynomials in calculating the order of
maximal tori in exceptional groups of Lie type.

8.5. The cyclotomic polynomials of degree < 8 are given in the following
table.
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The degree The cyclotomic polynomials

1 Oi(z)=ax—-1, Po(x)=x+1.

2 P3(x), P4(z)=22+1, &(x) =22 —x+1.

4 Ps(x), Pg(z)=2*+1, Pp(x)=2*—23+22 -2 +1,
Qp(r) =2 — 22 +1

6 Or(x), Pg(z) =25 +23+1,
<I>14(£U):3:6—x5—|—x4—:c3+3:2—x+1,
Pig(r) =28 — 23 +1

8 Pis(r)=aB —aT+2° — 2t + 22—+ 1, P(x) =28 +1,
Pog(x) =28 —ab + 2t —22 +1, Pyy(z) =2 — 2t + 1,

Dgp=a8+a" -5 -zt -3+ +1.

Proof. The degree of ®,,(x) is ¢(n) = Hle plmi_l(pi—l), where n = Hle Pyt
and it is easy to calculate the table.

Corollary 8.6. Let q be a positive power of a prime r. Then:

(1) (®12(q), f(q)) = 1, for any cyclotomic polynomial f(x) of degree < 4
distinct from ®qo(x).
(2) Let f(z) be a cyclotomic polynomial of degree < 6, distinct from ®g(x).
Then:
() If £(x) ¢ {®1(2), ®5(x)}, then (Do(q), (@) = 1.
(ii) The 3-share of ®9(q) is (3,9 — 1).
(i) If f(x) € {01(x), By(x)}, then (B(q), (@) = (3,q—1).
(3) Let f(x) be a cyclotomic polynomial of degree <6, distinct from ®15(x).
Then:
() If £(2) ¢ {®3(2), D)}, then (®15(q), () = 1.
(ii) The 3-share of ®15(q) is (3,q+ 1).
(i) If f(x) € {@a(x), Bo()}, then (Brs(q), F(a)) = (Bq+1).
(4) (®30(q), f(q)) =1, for any cyclotomic polynomial f(x), of degree <8,
distinct from ®so(x).
(5) Let f(x) be a cyclotomic polynomial of degree <6, distinct from ®14(x).
Then:
(i) If f(x) # P2(x), then (P14(q), f(q)) = 1.
(i) (®14(q), P2(q)) = (¢ +1,7).
(6) Let f(x) be a cyclotomic polynomial of degree < 6, distinct from ®7(zx).
Then:
(1) If f(l’) 7£ x —1, then ((I>7(Q)a f(Q)) =1
(ii) (®7(q),q—1) =(¢—1L7).
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Proof. (1): We have ®15(z) = 2% — 2% + 1, hence clearly (®12(q), ®1(q)) = 1.
Let ®12(z) # f(z) be a cyclotomic polynomial of degree < 4. Note that
®19(q) is odd and P12(q) = 1 (mod 3). Now, by 8.5, f(x) = &, (z), with
m < 12, so (1) follows from 8.4.

(2): Next ®g(z) = ¢+ ¢> + 1. Let ®g(z) # f(x) be a cyclotomic polyno-
mial of degree < 6. Since ®g(q) is odd, 8.4 implies that (Pg(q), P1s(q)) = 1.
Now, by 8.5 and 8.4, (®g(q), f(q)) = 1, except when ¢ = 1 (mod 3) and
f(z) = ®1(x) or ®3(x), in which case (Pg(q), f(q)) = 3!, for some t > 1.
Suppose ¢ =1 (mod 3), then d3(q) = 1, so by 8.3.2, the 3-share of ®g(q) is
3 and (2) follows.

(3): Next, ®15(x) = 2% —23+1. We already observed that (®15(q), ®9(q))
= 1. Let ®15(z) # f(z) be a cyclotomic polynomial of degree < 6. No-
tice that (®15(q), P1(g)) = 1. Since P;3(q) is odd, 8.5 and 8.4 imply that,
(®18(q), f(q)) = 1, except when f(z) = ®2(x) or Pg(z) and ¢ = —1 (mod 3),
in which case (®15(q), f(q)) = 37, for some t > 1. But by 8.3.2, if ¢ = —1
(mod 3), the 3-share of ®15(¢) is 3 and (3) holds.

(4): Let ®30(z) # f(x) be a cyclotomic polynomial of degree < 8 and
suppose (®30(q), f(q)) # 1. Now ®39(z) = 28 + 27 — 2% — 2t — 23 + 2 + 1,
so ®30(q) is odd. Notice that (®30(q), P1(¢)) = 1. By 8.5 and 8.4, f(x) =
®,,(z) for some 1 < m < 30. By 8.4, if p is a prime dividing (P30(q), f(q)),
then p =3 or 5. Now by 8.3.1, ®39(¢) # 0 (mod 3) and ®39(¢q) # 0 (mod 5)
so (4) follows.

(5): Let ®14(z) # f(x) be a cyclotomic polynomial of degree < 6 and
suppose (®14(q), f(q)) # 1. Now ®yy(x) = 2% — 2% + 2% — 23 + 22 — oz +
1, so ®14(q) is odd. Using 8.5 and 8.4, we see that f(z) = Py(z) and
(®14(q), P2(q)) = 7, for some t > 1. Hence ¢ = —1 (mod 7) and by 8.3.2,
t=1.

(6): Let ®7(z) # f(z) be a cyclotomic polynomial of degree < 6 and
suppose (®7(q), f(q)) # 1. Now ®7(x) =2 +2° + 2t + 23 +22 +2+ 1, 50
®7(q) is odd. Using 8.5 and 8.4, we see that f(z) = x — 1. Now ®7(z) =
(25 + 2% + 323 + 422 + 52+ 6)(z — 1) + 7. Hence (®7(q),q—1) = (¢ —1,7).

8.7. There exists a mazimal torus T, < L satisfying the hypotheses of 8.2.

Proof. We begin with the Suzuki and Ree groups ?Ba(q), 2Ga(q), 2Fi(q),
where p = 2,3, 2 respectively. Here ¢ = p*™*! and we set qg = V/q- Suppose
first that L ~ 2By(q). As is well-known, (see, e.g., [1, p. 191]) there are 3
classes of maximal tori in L of orders (¢—1), (¢—+/2q+1) and (¢++/2q+1).
So taking, e.g., |T,,| = ¢ — 1, we are done.

Suppose next that L = 2G5(q). Then, there are 4 classes of maximal
tori in L (see, e.g., [1, p. 213]) of orders (¢ — 1), (¢+ 1), ¢ — /3¢ + 1 and
q+ v/3q + 1 and taking, e.g., |T,,| = ¢ + /3¢ + 1, we are done.

Suppose that L = 2Fy(q). By [17], the order of a maximal torus of L either
divides [®1(q)][®2(q)]>®4(q)Ps(q), or is of order g3 +ev/2¢3 + g2 +ev2q0 + 1,
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€ € {1,—1} and hence divides ®12(q). Let |T,| = g4 +v2¢3 + @2 +v2q0 + 1
and let S, < L be a maximal torus with |S,| # |T,|. Since |T,| divides
®15(q), we deduce from 8.6.1, that (|7,|,|Ss|) = 1, except perhaps when
1So| = q& — V2¢8 + ¢ — V/2q0 + 1. But it is easy to check that (gj +v/2q3 +
@ +V2q0+ 1,05 — V24 + 43 — V20 +1) = 1.

Suppose L is one of the remaining types. Let S, < L be a maximal torus.
As is well-known, if n is the rank of L, then

(*) 1So| = g(q)

where g(z) is a polynomial of degree n, a product of cyclotomic polynomials.
If L = Ga(q), with ¢ # —1 (mod 3) we let |T,| = ®¢(q), while if ¢ = —1
(mod 3), we let |T,| = ®3(q). If L = 3Dy(q), we let |T,| = ®12(q). If
L = Fy(q), we let |T,| = ®12(q). If L = Eg(q) we let |T,| = Pg(q). If
L = 2Fg(q), we let |T,| = ®13(q). Finally, if L = Eg(q), we let |T,| = ®30(q).
In all cases T, exists (see, e.g., [1, pp. 304-305] and [5]). By 8.6 and (x),
T, satisfies the hypotheses of 8.2.

Theorem 8.8. Let L* be an exceptional finite simple group of Lie type.
Suppose L* is not of type E7. Then A(L*) is disconnected.

Proof. This is immediate from 8.2 and 8.7.

9. The group E7(q).

In this section ¢ is a prime power and L is a simple group with L = F7(q).
We let § = ged (¢ — 1,2). Recall that

L] = %qﬁ?’(q18 —D(q" = 1)(¢" = 1)(¢" = 1)(¢®* - 1)(¢° = 1)(¢* - 1).

Thus if L is the universal group of type E; defined over the field of ¢ el-
ements, then |Z(L)| = ¢ and L/Z(L) = L. We let A = A(L) be the
commuting graph of L. Our notation for graphs and the commuting graph
are as introduced in Section 1 (see 1.3), in particular, for a € A, A¥(a) =
{x € A:d(a,z) =1} (d is the distance function) and A(a) = Al(a).

The purpose of this section is to prove that A is balanced (Theorem 9.14),
we do this by showing that, in the notation of 9.2 (below), there exists a € A
such that Z(a) # 0. Then, by definition, for each b € Z(a), Ba(a,b) and
Ba(b,a), so A is balanced.

Notation. We denote SLS,(q) = SLy(q), SUn(q), according to whether € =
1, —1. Similarly for GL;, and PSLS,.

In what follows we take € = 1, unless 4 | ¢ — 1, in which case we take
e =—1. Of course 41 g —e.

9.1. (1) L contains a subgroup K = PSL§(q).
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(2) K contains a subgroup H = GL5(q)/Z,q—c), which contains a cyclic
mazimal torus of order (¢ —¢€)/(2,q — €).

(3) Z(H) = Zg—e)/(2,4—c)> @ group of odd order.

(4) Let 1 #a € Z(H). Then Cr(a) = H.

Proof. View L = (L,)’, where L is an adjoint group of type E; and o is
a Frobenius morphism. Then L has index § in L,. There is a o-invariant
maximal rank subgroup A7 < L with center of order §. Then Ng. (A7) =
A7.2, the extra involution being the long word in a suitable Weyl group and
inducing a graph automorphism on A7. It follows from [1, I, 2.8], that there
are two classes of o-invariant conjugates of A7. For elements in one class o
induces a field morphism and on the other a graph-field morphism. Let E
be an element of one of these classes, determined by €. Then E, < L.

Let E=S Lg, the simply connected group of type A;. There is a surjective
homomorphism 6 : 2 — E, with kernel of order 4 or 1, according to whether
q is odd or even. Moreover, there is a Frobenius morphism of E, which we
also call o, which commutes with 6.

Now K = (E), = SL§(q) and this group contains H 2 GLS(q), which
arises by taking fixed points of a o-invariant subgroup of E of type AgT}.

Set K = #(K), so that K = SL§(q)/Z4,q—¢)- Our choice of e forces
K = PSLg(q) giving (1). B

Let D = 0(A¢T1) < E. Then D, and (AT} ), have the same order (see
the proof of (2.12) in [15]), so D, > 6(GLS(q)) as a subgroup of index
(4,q — €). Also D, covers L, /L.

Our choice of € implies that GLS(q) = J x S, where J = 0% (GL5(q)) and
S = Z3,4—¢)- Then 0 restricts to an isomorphism on J and setting H = 6(J)
we obtain (2). We note that H has index (2,q — €) in D,, and if the index
is 2, then there is an involution in D, which is in L, — L ((2.12) in [15]).
Also H contains a cyclic maximal torus of order (¢7 —¢€)/(2,q — ¢). Thus (2)
holds. (3) follows from (2) and our choice of e.

Fix 1 # a € Z(H). Then CE(a)O > D, a maximal rank group of type
AgTh. If the containment is strict, then C E(a)D would have to be a semisim-
ple group of rank 7. But a consideration of root systems shows that the only
such subgroups of F; containing Ag are of type A7 and such a group has
centralizer of order at most 2. Thus equality holds and taking fixed points

we have Cf (a) = D,. Intersecting with L yields (4).
9.2. Notation and definitions.

(1) 7 denotes the set of maximal tori in L of order (¢7 — €)/(2,q — ¢) as
in 9.1.2. Of course 7 is a conjugacy class of tori in L.

(2) Given T' € T, we denote by Ry < T, the unique subtorus of order
(g—¢)/(2,g—¢€). Welet Ap =T — Ryp. We set A = UperAr and we
let A = [A].
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(3) Given T € T, we let Hp = C(Rr).
Let a € A.
(4) We let ©(a) = A=3(a). We denote 0 = |©(a)|. We'll see in 9.3 below
that @ is independent of a.
(5) We let T'(a) = {b € A : d(a,ab) > 3 < d(a,a"'1b)}.
(6) We denote I'"(a) ={be A:acI'(b)}.
(7) We denote Z(a) = I'(a) NT*(a) N A>3(a).

9.3. Leta € A. Then:

(1) There exists a unique T' € T such that a € T. Further, Cr(a) =T.
Let T € T be the unique torus containing {a}. Then:

(2) A(a) =T —{1,a}.

(3) A%(a) =Hr —T.

(4) |AF(a)| = |AF(D)|, for allb € A and all k.

Proof. Let a € A. To show (1), suppose first that the order of a, |a| is not a
power of 7. We claim that a satisfies the hypotheses for s in 8.1. Recall that
if S, < L is a maximal torus, then |S,| = g(¢), where g(z) is a polynomial
of degree 7, a product of cyclotomic polynomials, hence the hypotheses of
8.1 follow from 8.6.5 if ¢ = —1 and from 8.6.6, if ¢ = 1. So suppose |a| is a
power of 7. Let T € T such that a € T. Since T is cyclic, 1 # a* € Ry,
for some k > 2. Then Cf(a) < Cr(a*) = Cr(R7), by 9.1.4. Hence, (1)
follows from inspecting Cp(a), where H = Hp. This shows (1). Now, (2)
is immediate from (1), and (3) is immediate from (2) and 9.1.4. Also (3)
says that A%(z) = A?(y), for z,y € Ar, so since T is a conjugacy class of
subgroups, (4) follows.

9.4. Let a € A and set © = O(a). Then:

(1) T(a) = A — ((aH(aANO)) U (a(a"tANO))).

(2) |T(a)] > X\ —26.
Proof. Note that {b € A : d(a,ab) < 3} = a~(aA N O(a)) and {b € A :
d(a,a='b) < 3} = a(a™*A N O(a)). Hence (1) holds. (2) is immediate from
(1)
9.5. There exists a € A such that |[I*(a)| > X — 26.

Proof. Let M = Maxpea|I*(b)|. Count the number of pairs X = {(a,b) :
a,be Aand b € I'(a)}. Using 9.4, we have A(A—=20) <3\ [I'(a)| = [X| =
Y open |TF(0)] < AM. Thus M > (X — 20) as asserted.

9.6. Notation. From now on we fix a € A such that [T™(a)] > A\ — 26, and
we set © = O(a), 2 = Z(a) and £ = |E|. Let T' denote the unique member
of T containing {a} and set H = Hr.

9.7. (1) [T(a) NT*(a)| > A — 46.
(2) €> X — 56.
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Proof. |T'(a)NI™*(a)| > |T'(a)|—|A=T"*(a)| > (A—20)—(A—(A—20)) = A—46.
The proof of (2) is similar.
The remainder of this section is devoted to showing that = # (), or that

& > 0. It will be done by producing an upper bound to #. To estimate sizes
of subgroups we’ll use the following lemma.

9.8. Let 2 <a; <az<...<ay be integers and let €1, €2, ... e € {1, —1}.
Then
ay az o (0%
1@ +e)g® +e) (g™ +e)
2 — qa1+a2+~~+ak -

Proof. This is taken from [18, p. 2100]. We include the proof in [18]. For
i > 2, we have

Therefore the fraction

(g™ +€1)(¢™ + €2) - - (¢ + €x)
qa1+a2+~~-+ak

is at least

=1 =2 =2
K 1 1
5+ 57 1 1 1
>[[2—2=+5>2
— 1 1 K ’
el T 2 2 2

Proof By 9.1.2, |H| = 2q 3 |GL€( )| By 9.8, |SLs(q)| < 2¢*8. Hence,
T 6)]GLG( Q)| = m( ISLL(q)| < G- 6)(q—e) q*® < 3¢*. (2) follows
immediately from 9.8. Now |Ar| = |T — Rr| = 2q 3 {q —e—(¢g—¢)} =
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) q 9 (¢" — q). Since every element of A lies in a unique member of 7, we
get that
1Ll _ 14" —q
" —q)- | ==
2q—0 7] 78 e
1
= —s0™ ("= +)(¢"* =) (- 1)(¢" - D~ D(" - D(~1)
1 133
>
= 1451
by 9.8; notice that the argument in the proof of 9.8 applies even though we
have ¢% — 1 appearing twice in the last product.

Al = [A7|[T] =

Corollary 9.10. (1) Suppose 0 < ﬁql&g. Then £ > 0.
(2) Suppose 0 < ¢*?6. Then & > 0.

Pmof By 9.7.2, € > A—50. Now A—50 > 0, iff A > 50 iff § < ). By 9.9.3,

A> 133 50 1A > 15¢'33. (2) follows immediately from (1).

9.11. Let M = {h € H— {1} : ‘CL(h)| > q74}. Set Ml = UhemCL(h) and
= |M|. If u < ¢'?, then € > 0.

Proof. By 9.10.2, it suffices to show that 6 < ¢'?6. Of course, by 9.3.3, any
element in © centralizes a nontrivial element of H. Hence

145q

(1) o< |J cum).
heH—{1}
Let My = J{CL(Rh) : 1 # h € H—9}. Of course, M| <>y pepy—on [CL(R)]
< |H|g™ < ¢**. Also, J{CL(h) : 1 # h € H} = My UM, so by (i),
0 < |M,| + M| < ¢'25 + ¢125 < ¢1%6.
Hence, it remains to show that u < ¢'2°

9.12. Let x € H satisfy |Cr(z)| > q™*. Then one of the following holds:

(1) @ is unipotent of class Ay, |Cr(z)| < 2¢%, 2N H is a conjugacy class
of H and |H : Cy(z)| < 4¢'%.

(2) z is unipotent of class 241, |Crp(z)| < 2¢®, 2% N H is a conjugacy
class of H, and |H : Cy(x)| < 4¢%.

(3) = is semisimple, Cr(x)" = Eg(q) or 2Eg(q) according to whether ¢ = 1
or —1. Cp(x) = Cp(x)'S, where S is cyclic of order (¢ —¢€)/(2,q —€).
Hence |CL(z)| < 3¢™. Either |H : Cy(x)| = |GLS(q) : GLE(q)GLS(q)|
<4¢* or |H : Cy(z)| = |GLS(q) : GL§(q)GLS(q)| < 2¢*%.

Proof. Write x = su as a commuting product of a semisimple and a unipo-
tent element. Then Cf(z) < Cr(s). The latter group is obtained by taking
the set of fixed points under o from the centralizer in the algebraic group,
then intersecting with L. In the algebraic group the centralizer is a reductive
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subgroup of maximal rank and a trivial check of subsystems shows that the
only subsystems giving a large enough centralizer are of type F; or EgT}.
In the first case, s = 1 and in the latter case u = 1 in order to have large
enough centralizer (see [7]).

Suppose s = 1, so that z is unipotent. Then a check of [8] shows that =
has types A1, (241), or (3A1)”. Now x is contained in a subsystem subgroup
of L of type Ag. The Jordan form of a unipotent element of Ag determines
a subsystem group containing the unipotent element as a regular element.
Each of the relevant subsystems is a Levi factor, so by the classification of
unipotent elements,  must also be of type Ay,2A41, or 34; within Ag.

Now FE~r has just one class of subsystem groups of type A; and 2A4;, but
it has two classes of subsystem groups of type 3A4; and we claim that the
class (3A41)” is not represented in Ag. To see this start from a subsystem
group of type A, with centralizer Dg. Working in Ay Dg we see that there
are two classes of groups of type 3A;, with centralizers Dy, 4 A1, respectively.
Only unipotent elements of type (341)” have centralizer involving Dy, so the
former class is of type (341)”. On the other hand, the group 34; in Ag is
contained in A Ay, so from the centralizer of the first factor we get A4 < Dg
and from here we see that the full centralizer of 34 cannot contain Dy, so
this must be the class (34;)’, establishing the claim.

One checks that the centralizers of unipotent elements of type A; and
2A1 in AgT1 = G L7 are connected, so each type is represented by a single
class in GL%(q) ([1, I, 2.8]) and hence in H. Centralizers are given in [8], so
the numerical information in (1) and (2) follows by taking fixed points and
using 9.8.

Now suppose s # 1. We again consider the group A7 = E < L. It is
shown in (2.3) of [6] the the 56-dimensional restricted module for a simple
connected group of type E7 restricts to a subgroup of type A7 as the wedge
square of the natural module and its dual. In each of these three irreducible
modules the Weyl group of E; or A7 with respect to a maximal torus is
transitive on weight spaces within the module. The stabilizer in W (E7) of
a weight space is W (Es) and this is also the centralizer in W (E7) of the
central torus in C7(s).

Choose a o-invariant maximal torus R < E. Taking Weyl groups with
respect to R, it follows from the above paragraph that W (A7) has two
orbits on 1-dimensional tori in R, with centralizer of type W (Es). Each
has stabilizer in W (A7) of type W (A5)W (A1). So for such a 1-dimensional
torus, the centralizer in A7 is a reductive group with Weyl group of type
W (A5)W(A1). The only possibility is that the centralizer has the form
A5A1T1.

Elements of the above 1-dimensional torus are represented in E as images
of elements of SLg having one eigenvalue of multiplicity 6 and another of
multiplicity 2. Taking fixed points and working in GL%(q) we see that there
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are two types of semisimple elements in H of the correct type. In the
action on the natural 7-dimensional module one type has one eigenvalue of
multiplicity 6 and one eigenvalue of multiplicity 1, while for the other class
there is one eigenvalue of multiplicity 5 and another of multiplicity 2. The
conclusion follows.

Corollary 9.13. p < ¢'%.

Proof. For ¢+ = 1,2 let u; denote a unipotent element as in 9.12.1, and
set M; = ul' N H. Let Sy,S2 be subgroups of order (¢ —€)/(2,q — €) in
H corresponding to subgroups of GLS(g) with centralizer GLg(q)GL5(q) or
GL§(q)GL{(q), respectively. We claim that Cr,(S) = Cr(y), for S € {51, S2}
and 1 # y € S. This follows from the fact that the preimage of S in L has
centralizer of type EgT1, which is maximal among reductive subgroups of
E7. Recall that we defined M = {h € H — {1} : |Cr(h)| > ¢} and
M = Upeon Cr(h). By 9.12 we have

p=IMI< Y (O + Y ICL@)+ Y [CL@)|+ Y [Cu()]-

reM €M $ES{{ xES;I
Hence p < (2¢%)(4¢"%) + (2¢°")(4¢”) + (3¢")(4¢%) + (3¢")(4¢"?) < ¢'**.
Theorem 9.14. A is balanced.

Proof. By 9.13, u < ¢'?5, so by 9.11 ¢ > 0. Hence Z(a) # 0 and as we
remarked at the beginning of Section 9, this shows (by definition) that A is
balanced.

10. The Alternating Groups.

In this section A, denote the Alternating Group on {1,2,...,m}. The
purpose of this section is to prove the following theorem:

Theorem 10.1. Let m > 3 and let L = A,,. Then diam (A(L)) > 4.

Throughout this section n > 2 is a fixed even integer, such that n — 1 is
not a prime. We let G be the Symmetric Group on {1,2,... ,n}. We use
cyclic notation for permutations in G. We apply permutations on the right,
sofor o € G,and i € {1,2,... ,n}, io is the image of ¢ under o. In addition,
when we write a permutation as a product of cycles, the even numbers that
occur are bolded and enlarged. For example, if 1 < k < n is an odd number
congruent to 1 (mod 4), then

p=(1,59,---,k)k+1,k+3, . ,2k)

is the permutation with ip = i+4,if 1 <14 < k—4 is congruent to 1 (mod 4),
kp=1,ip=1i+2,if k+1<i<2k—2iseven, and (2k)p =k + 1.
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Another convention that we’ll use is that --- means continue with the
same pattern. Thus for example, in p, the --- after 9 means that 9p = 13,
13p = 17, and so on until we get to kK — 4. Another example is

n=(1,2,3,-- k-1k+3,. .. 4k)

isacyclesuch that in=i+1,1 <i< k-2, in=i+4,if k-1 <i<4k—4,
is congruent to 0 (mod 4) and (4k)n = 1.

Notation. (1) For a permutation o € G, we denote by supp (o) the set
of elements moved by o.
(2) We fix once and for all the letter g to denote the permutation

g=gn=1(1,2,3,--- m—-2n-1).
(3) We fix once and for all the letter s to denote the permutation
s=s5,=(3,4)(506) - (n—1,n).

4) Let p be a prime divisor of n—1. We write n, = 2=L. Thus n—1 = pn,,
P P P
(5) Let p be a prime divisor of n — 1. We denote

0, =g"".

The main result of this section, from which Theorem 10.1 follows, is the
following theorem.

Theorem 10.2. Letn > 2 be an even number. Suppose n—1 is not a prime
and let p, q be prime divisors of n—1, withp < q. LetT" = (6,, qu_ls). Then:

(1) T is a transitive subgroup of G.
(2) Ca(I') = {1}.

We'll now prove Theorem 10.1, under the assumption that Theorem 10.2
holds.

Proof of Theorem 10.1. Let L = A,,. We assume that Theorem 10.2
holds and we prove Theorem 10.1. Let d be the distance function on A(L).
Suppose first that m is even. If m—1 is a prime, then it is easy to check that
(gm)—{1} is a connected component of A(L). So assume m—1 is a composite
odd number. Let g = g, and s = s,,,. We’ll show that d(g,sg~'s) > 4. So
suppose d(g,sg~'s) < 4. Since C(g9) = (g), and C(sg~ts) = (sg~'s), there
are prime divisors p,q of m — 1 such that 7 := g,g(mp . , T, sg<1 qm> 5,50 s
(m=1) (1—=m)

is a path in A(L). But then z € Cp, <<g Po,sg s>>, so if p < g,

this contradicts Theorem 10.2, while if p > ¢, then inverting the path m and
(m—1) (1—m)
conjugating by s, we get that g,g ¢ ,sz"'s,sg » s,5¢7"
in A(L), and this contradicts Theorem 10.2.
Suppose next that m is odd. If m — 2 is a prime, then (g,—1) — {1}

is a connected component of A(L). So assume m — 2 is a composite odd

s is also a path
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number. Let g = ¢g;p—1 and s = s,,—1. Let p,q be prime divisors of m — 2.
(m-2)  (2-m)

LetI'=(g » ,sg ¢ s). By Theorem 10.2, {1,2,---,m—1} is an orbit

of I', so the centralizer of I' in L fixes m, and hence by Theorem 10.2, it
is trivial. Then, the same proof as in the case when m is even shows that
d(g,sg~1s) > 4.

10.3. Let p be a prime divisor of n — 1. Then:
1) = (1n,+1  (p—Dny +1)(2,mp+2,--- (P~ 1)1, +2) -
(np, 2np, -+ ,n —1) and 0, fizes n.
(2) Two indicesi,j € {1,2,--- ,n—1} are in the same orbit of 0, iff they
are congruent modulo ny.
(3) For all 1 < i < n —1, and all integers k,igk = k + i, in particular,
i0p = np—+1i, and i, = i—ny, where indices are taken modulo (n—1).
(4) ForoeG, and i, ke€{l,... ,n—1}, ific=j#n, then (k+i)g Fog" =
k+j and (i—k)gFog™ = j—k, in particular, (anri)Q;lUHp =np+7J,
(i—np)0poty ' = j—n, and (np—ng+i)ga)ggp ) = n,—n,+j,
where indices are taken modulo (n —1).
Proof. The proof is straightforward.

Important Remark. In order to verify the calculations in this section,
we emphasize that n, denotes n I; 1 and not %. In addition ig* = i + k,

modulo (n — 1) and not modulo n.

Notation. From now on we fix two primes p and ¢ dividing n — 1, such
that p < gq.
10.4.
(1) 0,150, = Mg+ 3,ng+4) (Mg +5,n+6)--- (N—2,n—-1)(1,2)(3,4)
- (ng — 2,1y — 1)(ng, m).
(2) bgs0," = (n—ng+2,n—MNy+3)--- (n—3,n-2)(n—1,1)(2,3)(4,5)
m-n,-3,n-n,—-2)(n-n,—- 1 n).
(3) Qq_lsé’qs = (ng,n—1,n=3,-- ,ng+4,n,+2, N, +3, N;+5,--- N2,
n,n,+1)1,2).
(4) 9(159;13 =24, - n-n,-1n-1,1,0nn-n,—-2n—-n,—4,
,3)(n—ng,n—-n,+1).
(5) [0p, 0, s] = g(”q*”P)9;159(189("?*”‘1)9(189;18.
(6) If p # q, then

g(”q—"p)gq—lsgqsg("p—”q) —
(np, N, —Ng, Ny —Ny—2,--- 2 n—1,n-3,-- ,n, +2,1,+ 3,1, + 9,

e —21,3,---,np,—ng— 10,0, + 1)(n, —ng + 1,0, — N, + 2).
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Proof. For (1), we have,
0,504 = (304,40,4)(504,60,) - - - (n — 1)0y,10,) =

(M, +3,n,+4)(Ny +9,n,+6)--- (0 —2,n—1)(1,2)(3,4)
“(nq -2,n, — 1)(”qa n)

where we use 10.3 to verify this equality, noting that 6, fixes n. (2) is proved
similarly.
We now prove (3). We first write 6, 's6, and s one below the other.

M, +3,n,+4) (N, +9,n,+6)--(M—2,n-1)(1,2)(3,4)
o (ng— 2,0, — 1)(ng,n)-
(3,4)(5,6)---(n—-3,n—-2)(n—1,Nn) =
Note that (3,4)(5,6) - (n, — 2,11, — 1) is canceled. Hence
= Mg+ 3,y +4)My+5,n,+6)---(M—2,n—1)(1,2)(ng,n) -
(ng, g+ D(ng+2,1n,+3)---(n-3)(Nn-2)(n—1,n) =
Now start with n, and carefully work though the product.
=(ngpn—1,n—=3,- ,ng+4,n,+2,0,+3, N, +9,-,
n-2nn,+1)(1,2).
Next we prove (4). We first write 6,50, " and s one below the other.
(n—ng+2n-n,+3)---(n—3,n-2)(n-1,1)(2,3)(4,5) - --
m-n,-3,n-n,-2)(n-n,-1.,n)-
3,4)(5,6)---(n—-3,n-2)(n—1,n) =
Note that (n —ng+ 2,0 -1, +3) - (n — 3,11 — 2) is canceled. Hence
=mn-11)2,3)4,5)--n-n,-3,n—n,—2)(n—-n,—1,n)
3,4)(5,6)---(n—ny—2n-n,—-1)(n—n,,n—-n,+1)(n—1,n)
=24, - n-n,-1n-1,1,0,n-n,—2,n—n,—4,
,3)(n —ng, 1 —1n, + 1).

We now compute [0, 89(]_18] = 9;150q59p50(1_13. Recall that by definition,
0p = g" and 6, = g". Hence [0, 50, 's] = g(”q*”P)9;189(139(”1’*%)9(139;15.
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Finally,

g(”q_”p)gq—lsgqsg(”p_”q)
=g (g, n—1,n—3,--- ng+4,n,+2,0,+3,10,+5,
oon-2nn,+1)1,2)gMw ),

Now using 10.3.4 we get

=(np,N, —NgN,—N,—2,--2n—1,n-3,
np+2,0,+3.n,+5,- . n—2

1a31"' anp_nq_lvnanp—l_1)(np_nq+17np_nq+2)'

10.5. Suppose n, —ng > 2, then:

(1) The fized points of [0, s0;s] are
3,4,... ,np—ny,—3,n,-N,— 2N, -N,}

where if n, —ng = 4, then {4} is the unique fized point.
(2) If n —ny —ng =2 (mod 4), then [0, 50, s] =

(1,2)
(np—nq—l,n—nq—Q,n—nq—G,---,np,np—nq+2)'
(np—2,np—4,---,np—nq+1,np—nq+4,
n,-n,+6,-- n,-1n,+1)-
(n—ngn—ng—4, - ,np+4,n,+2n,+5n,+9,--- . n-n,-1)-
(n—1,n-3,--- ,n—-n,+2n-n,+1n-n,+3,--- . n-2n,

n,+3,n,+7,---.n-n,-3).
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(3) If n —np —ng =0 (mod 4), then [0),s0;'s] =
(1,2)
(np—ng—1,n—ng—2,n—ng—6,---,np+ 2,
n,+o5n,+9,... n-n,-3,
n—1,n-3-- n-n+2n-n,+1n-n,+3,--- . n-2n,
n,+3n,+7,-- n-n,-5n-n,-1,
n—ngn—ng—4,--- ,np+4,np,np—nq+2)-
(np —2,mp —4,--+ ,n, —ng+ 1,1, — N, + 4,
n,-n,+6,---.n,-1n,+1).
Proof. Note, n, — ny > 2 implies n, > 5. By 10.4.5,
[Hp,SQ(;ls] :g(”‘f”p)e(;lseqsg(”?*”‘ﬂ ~9q39;15
so by 10.4, [0,, s0;'s] =
(np, Ny — Ny, Ny —Ny—2 - 2n—1,n—3,- ,n—ng-,ny+2,
n,+3n,+95,--- n-213-,n,-n,—1,n,n0n,+1)-
(np —ng+ 1,1, — N, + 2) -
2,4, - n-n,-1n-1,1,0,n—n;—2,n—n,—4,---,3)
(n—ngn—1n,+1).
Now we leave it for the reader to verify that the fixed points are as claimed.

Casel. N —N,—1N,—2=0 (mod 4).
We write the cycles of [0, s0, 5] and let the reader verify the product.
0y, seq_ls] =

(np—ng—1,n—ng—2,n—ng—6, - ,ny,N, —N,+2)-

(np —2,mp—4,--- ,n, —ng+ 1,0, — N, +4,
n,-n,+6,---,n,-1n,+1)-
(n—ngn—ng—4, ,np+6,n,+2N,+5n,+9,--- . n-n,-1)-
(n—1,n-3,--- ,n—-n,+2n-n,+1n-n,+3,--- . n-2n,
n,+3,n,+7,--- . n-n,-3).
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Case2. N —N,—N, =0 (mod 4).

[917789(1_18]:

(172)
(np—ng—1,n—ng—2,n—ng—6,---,np,+ 2,
n,+5n,+9,--- . n-n,-3,
n—1n-3--,n-n,+2n-n,+1n-n,+3,--- . n-2n,

n,+3n,+7,-- n-n,-5n-n,-1,n-n,,
n—ng—4, ,ny+4,n, 0, -0, +2)-
(np—2,mp — 4, ,np—ng+ 1,0, — N, +4,

n,-n,+6,---.n,-1n,+1).

10.6. Suppose n, —ng = 2. Then:
(1) If n —2n, = 2 (mod 4), then [6,,s0,'s] =

(ILn—np,n—mnp—4,-,np,+2,0,+5n,+9,--- n-n, -1,
n—1n-3-- n-—n,+4Nn-N,+3,Nn-n,+5,--- Nn-2n,
n,+3n,+7,-- n-n,+1ln-n,+2n-n,—2--,n,4,32)-
6,8, .n,+1,n,-2,,n,—4,---,53).

(2) If n—2n, =0 (mod 4), then [0),s0;'s] =

(Ln—np,n—ny,—4,--- ,np,4,2)-
6,8,--- .n,+1n,-2n,—4,---,53)-
(n—1,n=3,--- ,n—n,+4N-1N,+3,Nn-1n,+9,
-n-2nn,+3n,+7,--- n-n,-1).

(n—mp+2mn—mp—2,---,np+2N,+51N,+9,--- . n-n,+1).
Proof. By 10.4.5, [Gp,sﬁq_ls] =
g(”q—np)gq—lsgqsg(”p—”q) .

9q30q_13
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so by 10.4, (replacing ng by n, — 2), [0, 50, 's] =
(np,z,n—l,n—?),--‘ n—=ny+2,- n,+ 2,
n,+3n,+95,---.n-21nn,+1)3,4).
2,4, - ,Il—np+1,n—1,1,1’l,n—np,n—np—2,~- ,3) -
(n—mn,+2,n-n,+3).

Case 1. N —2n, -2 =0 (mod 4).
We write the cycles of [6), 89;18] and let the reader verify the product.

~1

[Gp,sﬁq s] =
(l,n—np,n—np—4,~--,np+2,np+5,np+9,~--,n—np—l,
n—1n-3-- n-n,+4Nn-N,+3Nn-n,+5--- n-2n,

n,+3n,+7,-- n-n,+1n-n,+2n-n,—2--,n,4,32)-
6,8, . n,+1n,—2n,—4,---,53).

Case2. N — 21N, =0 (mod 4)
[epa 59;15] =
(Ln—np,n—ny,—4,--- ,np,4,2) .

6,8,--- .n,+1n,-2n,—4,---,53)-
(n—1,n—3,--- ,n—np+4,n—np+3,1’1—1’lp—|—5,
-n-2nn,+3n,+7,--- n-n,-1).
(n—np+2,n—np—2,-++,mp,+2,0,+0,0,+9,--- n-n,+1).

We can now complete the proof of Theorem 10.2.
Proof of Theorem 10.2. First we show that (1) implies (2). Since I' is
transitive, Cg(I") is a semi-regular subgroup of G. But [#,, Cq(I')] = 1, and
6, has a single fixed point, hence Cq(I") = 1.

We proceed with the proof of (1). Assume first that p = ¢. Then
Hqsﬂq_ls € I'. Recall from 10.4 that

Oqsﬁq_ls =
2,4,--- n-n,—1n-1,1,0nn-n,—2,n—n,—4,
,3)(n—ngn—n,+1).

Hence {1,2,3,4,--- , 11 —n, — 1} are in the same orbit of I. However,
since ¢ > 3, n —ng — 1 > ng, and the above set contains a representative



ANISOTROPIC GROUPS 217

from each orbit of 6;. Hence {1,2,---,n — 1} are in the same orbit of T',
and looking at Hqsﬁq_ls, we see that n is also there.

Suppose next that n, —n, > 2. Note that [6), 30;13] € I'. Assume first
that n — ngy —np = 2 (mod 4). We use 10.5.2. We write the cycles in
[0p, 39(1_13]

o1 =(1,2)
02:(np—nq—l,n—nq—Q,n—nq—ﬁ,---,np,np—nq+2)
og3=(np—2,np—4, - ,np —ng+1,

n,-n,+4n,-n,+6,--- n,-1n,+1)
os=n—ngn—ng—4,--- ,np+4,n,+2,

n,+95n,+9,---.n-n,+1)
os=Mm—-1,n—3,,n—n;+2,n-N,+1n-n,+3,

-.n-2nn,+3n,+7,--- n-n,-3).
Recall that the orbits of 6, are
Xi={i,np+i,2np,+i,---,(p—1)ny,+i}, 1<i<n,

Let O be the orbit of 1 (under I'), then supp (01) € O. Note that 1,n,+1 €
X1 hence supp (03) € O. Note that n,—1,n—2 € X,, _1, hence supp (o5) C
O. Note that 2,1, + 2 € Xy, hence supp (04) € O. Also ny,,n —1¢€ X, ,
hence supp (02) C O. Since no two elements in Fix ([0, s0; 's]), are in the
same orbit of 6,, O = {1,2,--- ,n} and I is transitive.
Assume next that n —ng —n, =0 (mod 4). We use 10.5.3. We write the
cycles in [0, 56,1 s]
m=(1,2).
Yo=(Mnp—ng—1ln—ng—2,n—ng—6,-- ,n,+2,
n,+5n,+9,-.-.n-n,-3,
n—1n-3--,n-n,+2n-n,+1n-n,+3,--- . n-2n,
n,+3n,+7-- n-n-5n-n,-1,
n—ngn—ng—4,- ny+4,n, N, — N, + 2).
v3=(np—2,np—4,--- ,np —ng +1,

n,-n,+4n,-n,+6,--- . n,-1n,+1).
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Let O be the orbit of 1. Then supp (y1) € O. Then, as 1, n, +1 € Xy,
supp (v3) € O, and as 2, n, +2 € Xy, supp(y2) € O, so as above, O =
{1,2,--- ,n}.

Finally, suppose that n, —n, = 2. Assume first that n—2n, =2 (mod 4).
We use 10.6.1. We write the cycles in [6,, 50, *s]
ar=(1,n—npn—n,—4,- ,n,+2,0,+5n,+9..- n-n,—1,

n—1,n-3,- n-n,+4N-N,+3N-1n,+95,--- N-2n,

np+3,np+7,-~- Nn-n,+1n-n,+2n-n, -2 ,n,4,2).

as= (6,8, n,+1n,—2n,—4,---,53).

Let O be the orbit of 1. Then supp (o) € O. Then as 1, n, + 1 € Xj,
supp (a2) COso O ={1,2,--- ,n}.

Finally, assume that n — 2n, =0 (mod 4). We use 10.6.2. We write the
cycles in [0, 56, s]

Bi=(1,n—npn—n,—4,-- ,n,4 2)

Be=(6,8,--- ,n,+1,n,—2,n,—4,--,53)
fg=(n—-1,n—-3,--- ,n—n,+4,
n-n,+3n-n,+5---n-2nn,+3n,+7,--- n-n,-1)
Bi=(n—ny+2n—mn,—2,--,n,+2,0,+5n0,+9,-.- n-n,+1).
Let O be the orbit of 1. Then supp (#1) € O. Then as 1, n, +1 € X,
supp (42) € O, and as 3, n, +3 € X3, supp(f3) € O. Now, since 2,

np+2 € Xo, supp (1) € O, s0 O ={1,2,--- ,n}. This completes the proof
of Theorem 10.2.

11. The Sporadic Groups.

In this short section we point out the following theorem.

Theorem 11.1. Let L be a Sporadic finite simple group. Then A(L) is
disconnected.

Proof. Let L be a sporadic group. We show that there exists a prime p =
p(L), such that if z € L is an element of order p, then Cf(z) = (x). Of
course (z) — {1} is a connected component of A(L). We use the Atlas [2].
The following table gives the value of p(L).
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L |pL)| L |pL)| L |p(L)
My | 11 Mo | 11 Moy | 11
Moz | 23 Moy | 23 Cop | 23
Coy | 23 Cos | 23 J1 19

Jo 7 J3 19 Jy 43
Figy | 13 | Fiys | 23 || Fily, | 29

F 71 Fy 47 Fs 31

Fy 19 He 17 || McL | 11
HS 11 Suz | 13 || O'N | 31
Ly | 67 || Ru | 29

12. Concluding results.

In this section we prove Theorem 4 of the introduction and present related
results on division algebras. In addition, we include a number of results and
remarks related to the commuting graph of the classical groups. Throughout
& will denote a connected reductive algebraic group over an algebraically
closed field defined over an infinite field K. Let &(K') denote the K rational
points.

12.1. ([10, Thm. 2.2].) Let & be a connected nonabelian reductive group
defined over an infinite field K. Then &(K) is Zariski dense in &.

12.2. Let K be an abelian field and & a nonabelian reductive algebraic group
defined over K. Then:

(1) 8(K)/Z(6B(K)) does not have finite exponent.

(2) Let Z < Z(®(K)). If A/Z is an abelian normal subgroup of 6(K)/Z,
then A < Z(B(K)).

(3) B(K) is not solvable.

Proof. By 12.1, &(K) is Zariski dense in &. As centralizers of elements in &
are Zariski closed, it follows that Z(&(K)) < Z(®). Then &(K)/Z(&(K))
is Zariski dense in 8/Z(6(K)).

(1): If 8/Z(B(K)) has exponent n, then, as the set of elements of order
n in &/Z(&(K)) is Zariski closed, this forces /Z(B(K)) to be of finite
exponent. But this is clearly false as seen by considering a torus.

Let Z < Z(&(K)) and suppose 1 < A/Z < &(K)/Z with A/Z abelian.
The Zariski closure, say B/Z, of A/Z in &/Z is abelian (indeed the center of
Nuca Co/z(Za) is a closed abelian subgroup of &/Z containing A/Z). Also
B/Z is normalized by &(K)/Z. Now normalizers are closed, so B/Z is an
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abelian normal closed subgroup in &/Z. But as & is a connected reductive
group, B < Z(®), a contradiction. This proves (2) and (3) follows.

Corollary 12.3. Let D be a division algebra over K. Then D* is not solv-
able.

Proof. This follows from 12.2.3 by noting that D* can be realized as the K
rational points of GLg4, where d = deg(D).

We can now derive Theorem 4 of the introduction.

Theorem 12.4. Let D be a finite dimensional division algebra over a num-
ber field K. Let N be a noncentral normal subgroup of D*. Then D*/N
solvable.

Proof. Let S := SLi(D) be the elements of D* whose reduced norm is 1.
Then N/(N N S) = NS/S is abelian, so by 12.2.2, N NS is noncentral in
D* (alternatively, use [13]).

Hence it suffices to show that if M is a noncentral normal subgroup of
SLyi(D), then SLi(D)/M is solvable. Here we take & a simple, simply
connected algebraic group of type A,, such that &(K) = SL;(D).

Suppose M <1 &(K) and M is not central. We apply Theorem 2 (of the in-
troduction). If T'= ), then M = &(K) and there is nothing to prove. Thus
we suppose 1" # ). Hence we can consider &(K) < [],cp &(K,), via the di-
agonal embedding. By Theorem 2, M = &(K)NL, where L <[], cp &(K,),
with L open. Then &(K)/M = &(K)/(6(K)NL) = &(K)L/L and so it
suffices to show that [],., &(K,)/L is solvable.

Notice that for each v € T, [6(K,), L] < &(K,)N L is a normal subgroup
of &(K,) and of course [, &(K,)/L is an image of [ [, o1 (B (K,)/[B(Ky),
L]). So it suffices to show that &(K,)/[&(K,), L] is solvable. Let M,
(resp. L,) be the projection of M (resp. L) on &(K,). Since M is non-
central in &(K), M, and hence L, is noncentral in &(K,). Then, by 12.2.2,
[B(Ky), L] = [&(K,), Ly is noncentral in &(K,). Then, by [12] (see also
[10, Prop. 1.8, p. 32]), [B(K,), L] contains Cs, for some s, where Cj are the
congruence subgroups of &(K,) = SLi(D,) (where D, = D ®k K,). These
congruence subgroups are defined in [10, p. 31 (1.4.4)]. Since &(K,)/Cs is
solvable ([10, Corollary, p. 32]), we are done.

Next we focus our attention on the commuting graph of the classical
groups. We mention that as noted in Theorem 5 of the Introduction, the
elements x,y required for showing that A(L) is balanced can be taken as
opposite unipotent elements. We remark that except for some small cases
this usually implies d(x,y) = 4. To see this note that Cr(x),CL(y) contain
root elements r, s lying in root groups corresponding to opposite long roots of
the root system. The normalizer of these root groups are opposite parabolic
subgroups, hence contain a common Levi factor. Choosing 1 # ¢ in this Levi
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factor (which is possible in all but a few cases) we have a path z,7,¢, s,y of
length 4.

In the following theorem we use the same € notation as given in the
beginning of Section 9.

Theorem 12.5. Let G(q) be a simple classical group with ¢ > 5. Then
A(G(q)) is disconnected if and only if one of the following holds:
(i) G(q) ~ L (q) and n is a prime.
(ii)) G(q) ~ L5(q), n — 1 is a prime and q — € | n.
(ili) G(q) ~ San(q), 05,,(q), or Ot1(q) and n = 2°, for some c.
Moreover, if A(G(q)) is connected then diam (A(G(q))) < 10.

Proof. Let G (q¢) denote the corresponding quasisimple classical group and let
V be the natural module for G (q). For a nondegenerate subspace W < V', we
write I(W) for GL(W),GU (W), Sp(W) or SO(W), in the respective cases.
We let C?(W) < G(q) be the subgroup acting trivially on W+ (and acting
trivially on a specified complement U, in the case when G (q) ~ SLy(q), the
complement U in this case will be clear from the context).

For the orthogonal groups we assume that dim(V) > 7. First suppose
that G(q) does not satisfy any of the conditions (i)-(iii). Here we will show
that diam (A(G(g))) < 10. The following is the key step.

() Each g € G(q) is at distance at most 3 from some unipotent element
in A(G(q)).

We proceed by contradiction assuming that (%) does not hold. If g is the

commuting product of a nontrivial unipotent element and a semisimple el-

ement, then (x) is obvious. Therefore g is a semisimple element.

Let h be a preimage of g in G(g). Then h is contained in a maximal
torus T of I(V). When I(V) ~ SO2,+1(q), all maximal tori are contained
in SO5,,(q), for ¢ = 1 or —1, so here all considerations can be reduced to
even dimensional orthogonal groups and we therefore ignore odd dimensional
orthogonal groups in the following.

The action of T on V' is completely reducible and given by Lemma 2 of [16]
(the ¢ > 5 hypothesis is sufficient to establish that lemma). Alternatively,
one can obtain a suitable torus working directly from a decomposition of V
under the action of h. In any case, T' preserves a decomposition V = V; L
i Ve L Vi@ Vi) L. L (Ve @ V), where if we set dim(V;) = 7;,
1 <i</¥ thenry >...>r and for k < i < ¢, dim(V;) = dim(V}), with
both subspaces being totally singular.

Corresponding to this decomposition we have T' = T} X - - - X Ty, such that
for 1 <4 < ¥, T; induces a Singer cycle on V; and for k < ¢ < £, T; also
induces a Singer cycle on V/. We note that k = ¢ in the general linear case.
Also for 1 < i < k, one of the following holds: |T;| = ¢"* — 1, ¢"" + 1 (with r;
odd), ¢"/?2 +1, ¢"/2 + 1, with I(V;) = GL,,(q), GU,,(q), Spr,(q), or SO, (q),
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respectively. We make a series of reductions under the assumption that (x)
fails to hold for g.

Step 1. dim(V;) = 1, for each i > k.

For suppose k < i < ¢ and dim(V;) > 1, T; < GL,,(q) (GL,(¢?) in the
unitary case) with dual action on V; and V. Then T; contains a subgroup
Z; of order ¢ —1 (¢® — 1 in the unitary case) which induces (inverse) scalars
on V;, and V;’ . Elements of Z; have determinant 1 and since we are assuming
¢ > 5, we can find a noncentral element of Z; in G(q). Since all elements
of this group centralize unipotent elements of GL,,(q), we obtain (x) in this
case, a contradiction.

Step 2. (< k+1,if G(q) # 05,(¢). Otherwise ¢ < k + 2.

For suppose ¢ > k. Then Z;., centralizes G(Vk+2 @ --- @ V/), so this
group contains no unipotent elements. Hence either ¢ = k+ 1, or G(q) is an
orthogonal group and ¢ =k + 2.

Step 3. k=¢.

First assume k = 0. Then Step 1 and Step 2 show that either dim(V') = 2,
or dim(V) = 4, with G(¢) ~ O, (¢) (as G(q) is simple). In either case (i)
or (iii) holds, a contradiction. Now suppose 0 < k < £. Then Z, commutes
with G (V1®---®Vj) and the latter group contains unipotent elements unless
either V1 @ --- @ V} is a 2-dimensional orthogonal space or a 1-dimensional
unitary space (we already mentioned that k£ = ¢ if G(q) ~ L,(q)). In
the former case Step 2 implies dim(V') < 6, against our supposition. And
in the unitary case, dim(V) = 3 and hence satisfies (i). This is again a
contradiction.

Step 4. r1 > 1.

Suppose r; = 1. This can only occur for G(q) = L5,(¢). We are assuming
that (i) does not hold, so here k = n > 4. Then (T} x T3) N G(q) contains a
noncentral subgroup of order ¢ — € centralizing unipotent elements in G (V3@
-+- @ V%), a contradiction.

Step 5. Either V.=V or G(q) = L5,(q), V = V1 @ V, and dim(V3) = 1.

It follows from Step 4 that T} contains noncentral elements of G(g). Since
we are assuming that () does not hold, G(Va @ - - - & V;) contains no non-
identity unipotent elements.

If G = Lf,(q), this forces dim(Va @ --- @ Vi) < 1. In the symplectic case,
necessarily V' = Vi. We argue that this holds for the orthogonal case as
well. For otherwise, £k = 2 and dim(V2) = 2. Hence dim(V}) > 5. But then
there are noncentral elements of Ty which centralize unipotent elements of
G(V1), a contradiction.

We now treat the remaining configurations. First assume V = V7, so that
r1 =n. If G(q) = LS,(q), then |T| = ¢" —e. Also n is odd in the unitary case.
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We are assuming that n is not a prime, so we may write n = rs, with r,s > 1
and such that s is odd in the unitary case. Then there is a (cyclic) subgroup
E < T of order ¢" — € intersecting G (¢) in a noncentral subgroup. As T acts
irreducibly on V', E acts homogeneously, so that V = W; & --- & Ws, with
each W; of dimension r and irreducible under the action of E. In the unitary
case where s is odd, it is easily checked that we may take W nondegenerate
and perpendicular to the remaining summands. Now h centralizes E which
in turn centralizes a Singer cycle in G’(Wl) This Singer cycle centralizes a
unipotent element in G(Wy @ - - - @ W) so we have (%), a contradiction.

In the symplectic and orthogonal cases, we have |T'| = ¢ + 1. Here we
are assuming that n is not a power of 2, so the same argument works.

The final case is where V' = Vi @ V3, with dim(V2) = 1 and G = L;,(q).
Then r1 = n — 1. If n — 1 is not a prime, we argue as above, working in
SLS,_1(q). Suppose n — 1 is a prime. Then 7' contains a subgroup of order
(q — €)? which induces scalars on V;. Intersecting with @(q) we get a group
of order ¢ — € so this gives a noncentral element centralizing a unipotent
element of G(V7), unless ¢ — € | n. This concludes the proof of ().

It is now an easy matter to show that A(G(q)) is connected of diameter
at most 10. By (x) g is at distance at most 3 from a nontrivial unipotent
element of G(q). The center of a maximal unipotent subgroup of G(q)
contains long root elements. Hence ¢ is at distance at most 4 from a long
root element.

Now let g,9" € A(G(q)). Let u,u’ be long root elements at distance at
most 4 from g, ¢’ respectively. It is well-known that either u,u’ commute,
lie in an extraspecial p-subgroup (hence commute with the center), or lie in
a group J = SLa(q) generated by the long root subgroups corresponding to
u, . In the latter case, we can choose a root element w lying in a conjugate
of J and commuting with J. This completes the argument.

To complete the proof of the theorem we now assume that G(q) satisfies
either (i), (ii) or (iii). Here we argue that A(G(q)) is disconnected. If (i)
holds with n = p a prime, then GL;(q) contains a cyclic maximal torus T'
of order ¢ — e. If p = 2, then we immediately see that opposite unipotent
elements cannot be joined. So assume pisodd. Let h € F = TﬂSL;(q) with
h ¢ Z(SL;(q))- So h acts irreducibly on V. Suppose y € SL5(q) centralizes
h projectively. Hence h¥ = hz, where z € Z(SL;(q)). The centralizer of h
and of hY in § L;(q) is E, so y normalizes E, hence induces an automorphism
on E of order dividing p. Hence z has order dividing (p,q — €). So either
z =1, or is of order p. In the latter case, by 8.3, |E/(E N Z(SL;(q)))| has
order prime to p, so we may assume h has order prime to p, and this also
forces z = 1. But the centralizer of h in SL;(q) is £, so the image of F'—{1}
in G(q) is a connected component of A(G(q)).
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The same argument applies if (iii) holds, taking 7" to be a Singer cycle of
order ¢" + 1 and noting that the resulting torus of the simple group has odd
order.

The last case is where (ii) holds with n —1 = p a prime and ¢ — € dividing
n = p+1. In this case take a decomposition V' = V; L V5, with dim(V;) = p.
Then GL (q) contains a maximal torus 77 x T of order (¢ —€)(q¢—¢€). The
resulting torus E < SL (q) has order (¢” — ¢) and in the simple group the
torus has order (¢” — €)/(q — €). The argument is thus the same as in the
case where (i) holds. This completes the proof of Theorem 12.5.

Remarks. (1) In the papers [19] and [4] the connected components of
the prime graph of all nonabelian finite simple groups are determined. It is
easy to see that the prime graph is connected if and only if the commuting
graph is connected. Thus the nonabelian finite simple groups L for which
A(L) is disconnected are known. We note that in the connected case of
Theorem 12.2 we prove that the diameter of A(G(q)) is bounded.

(2) We assume g > 5, in the above result, in order to simplify the state-
ment and the proof. With extra work one should be able to obtain infor-
mation for smaller values of q. However, there will be additional examples
where the graph is disconnected.
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HARMONIC MAPS FROM R"™ TO H™ WITH SYMMETRY

YUGUANG SHI AND LUEN-FAI TAM

It is known that there is no nonconstant bounded harmonic
map from the Euclidean space R™ to the hyperbolic space H™.
This is a particular case of a result of S.-Y. Cheng. However,
there are many polynomial growth harmonic maps from R2
to H? by the results of Z. Han, L.-F. Tam, A. Treibergs and
T. Wan. One of the purposes of this paper is to construct
harmonic maps from R™ to H™ by prescribing boundary data
at infinity. The boundary data is assumed to satisfy some
symmetric properties. On the other hand, it was proved by
Han-Tam-Treibergs-Wan that under some reasonable assump-
tions, the image of a harmonic diffeomorphism from R? into
H? is an ideal polygon with n + 2 vertices on the geometric
boundary of H? if and only if its Hopf differential is of the
form ¢dz? where ¢ is a polynomial of degree n. It is unclear
whether one can find explicit relation between the coefficients
of ¢ and the vertices of the image of the harmonic map. The
second purpose of this paper is to investigate this problem.
We will explicitly demonstrate some families of polynomial
holomorphic quadratic differentials, such that the harmonic
maps from R? into H? with Hopf differentials in the same fam-
ily will have the same image. In proving this, we first study
the asymptotic behaviors of harmonic maps from R? into H?
with polynomial Hopf differentials ¢dz2. The result may have
independent interest.

0. Introduction.

Let R™ be the Euclidean space, and H" be the hyperbolic space. In
[HTTW], it was proved that under some reasonable assumptions, the image
of a harmonic diffeomorphism from R? into H? is an ideal polygon with n +2
vertices on the geometric boundary of H? if and only if its Hopf differential
is of the form ¢dz? where ¢ is a polynomial of degree n. Note that ¢ is
a polynomial of degree n if and only if the harmonic map is of polynomial
growth of order § 4 1, see [TW] for example. In [LW], it is shown that the
closure of the image of a harmonic map from R" into H™ with polynomial
growth of order [ will intersect the geometric boundary of H™ at no more
than CI"~! points, where C' is a constant independent of I. Moreover, the
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image lies in the convex hull of these points. In higher dimensions, unlike
harmonic maps from hyperbolic space to hyperbolic space, there are very
few examples of nontrivial harmonic maps from R"™ into H™. In fact, if the
image of a harmonic map from R” to H” is bounded, then the harmonic
map must be constant [Cg]. Also, there is no rotationally symmetric har-
monic map from R"™ into H" [T]. On the other hand, in [WA], (see also
[TW]), it was shown that orientation preserving harmonic diffeomorphisms
from R? into H? can be parametrized by their Hopf differentials, provided
that the harmonic diffeomorphisms satisfy some natural conditions. In par-
ticular, one can construct harmonic diffeomorphisms from R? to H? with
prescribed Hopf differentials. In [HTTW], harmonic diffeomorphisms with
prescribed images had been constructed via the Gauss maps of constant
mean curvature cuts in Minkowski three space. Both methods of construc-
tions cannot be applied to higher dimensions. In this paper, we will use a
more direct method to construct harmonic maps from R™ to H™ with pre-
scribed boundary data at infinity. The boundary data is assumed to satisfy
some symmetric properties. It should be remarked that if » is a harmonic
map from R? into H™ ! then u can be considered as a harmonic map from
R? into H™ by embedding H™ ! into H™. Also if u is a harmonic map from
R"~! into H™, then the map v from R"” = R"! x R into H™ defined by
v(z,t) = u(z) for (x,t) € R" ! x R is harmonic. The harmonic maps we are
going to construct are not in these categories, and are said to be nontrivial.
Each of the constructed harmonic maps has polynomial growth, and the
closure of its image in H™ U OH™ intersects OH" at finitely many points,
where OH™ is the geometric boundary of H™. This can be considered as the
first step to understand boundary value problem for harmonic maps from
R™ into H"™. The idea of construction is to find an approximate initial map
with symmetry. Using the symmetry of the initial map, one can construct
a harmonic map by compact exhaustion. The resulting harmonic map will
be of bounded distance from the initial map.

In [HTTW], it was proved that if u is a harmonic diffecomorphism from
R? onto an ideal polygon with m vertices on OH?, then its Hopf differential
is ¢dz? with ¢ to be a polynomial of degree m — 2. However, it is unclear
whether it is possible to find explicit relation between the coefficients of
¢ and these m points. The second purpose of this paper is to investigate
this problem. We will explicitly demonstrate some families of polynomial
holomorphic quadratic differentials, such that the harmonic maps from R?
into H? with Hopf differentials in the same family will have the same image.
In proving this, one needs to study asymptotic behaviors of harmonic maps
from R? into H? with polynomial Hopf differentials. Some results in this
direction had been obtained in [HTTW], using the techniques introduced
in [Wf] and [My|. We will prove that if ¢ is of degree n, then there are
n + 2 rays, with equal angle between them, so that if v is a an orientation
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preserving harmonic map from R? into H? with Hopf differential ¢dz?, then
u(z) will tend to infinity as z — oo at the same rate along these rays. The
result has its own interest and may be useful in the construction of harmonic
maps R? into H? with prescribed data at infinity.

The structure of the paper is as follows. In §1, we will construct harmonic
maps with symmetry from R? to H2. In §2, we will use induction to construct
nontrivial harmonic maps from R? to H™, m > 3, and in §3, we will construct
nontrivial harmonic maps from R™ to H™. In §4, we will study asymptotic
behaviors of harmonic maps. In §5, we obtain some partial results on the
explicit relation between the Hopf differential and the image of a harmonic
map.

1. Harmonic maps from R? to H?.

It was proved in [WA] (see also [TW]) that given a holomorphic quadratic
differential ¢(z)dz? on C, one can find a harmonic diffeomorphism from C
into H? such that the Hopf differential of the harmonic map is ¢(z)dz>.
Under certain conditions, the harmonic map is essentially unique. In partic-
ular, if ¢(z) = 2™, m > 1, using the result in [HTTW], one should be able
to prove that up to an isometry of H?, the image is a regular ideal polygon
of m+ 2 sides, see §5 for details. However, the method cannot be applied to
higher dimensions. In this section, we will use another method to construct
such harmonic maps. Using similar methods we will construct nontrivial
harmonic maps with symmetry from R? into H™, and R™ into H™, with
m > 2 in the next two sections.

Let n > 3 be an integer. In R?, using polar coordinates the harmonic
function

f(z) = f(reme) =72 sin <g€>

is zero on the rays 8 = 0, where 0 < k < n — 1, where 6 = %TF’ and |f] is
positive on 0 < 6 < ;1. Note that the ray 0 = 6y is the same as the ray
0 = 0,. For each k, let W} be the wedge defined by 0y < 6 < 0py.

Let us use the Poincaré disk model for H?. Let a; = e n , k=

0,...,n — 1, which are identified as points on the geometric boundary of H?2.
Let o be the origin of the unit disk D, and let ; be the geodesic from o to
aj, in H?, parametrized by arc length. Define a map ¢ : R? — H? as follows.
In the wedge 0 < 0 < 041, let

9(z) = (| f(2)]).

Since f = 0 on each ray {6 = 0}, g is well-defined. g satisfies the following
properties:
(i) ¢ is a Lipschitz map, which is smooth and harmonic in the interior of
each wedge Wy.
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(i) For any z € C, g(e2V—10rz) = ¢2V-10k g(2).
(iii) g(eV™1012) = eV ~01g(2).

Lemma 1.1. For any R > 0, let ur be the harmonic map from B(R) into
H?2, where B(R) is the disk of radius R with center at the origin in R?, such
that ur = g on OB(R). Then there is a constant Cy which is independent
of R, such that

d(ur(2),9(2)) < Ch
for all R and for all z € B(R).

Proof. By (iii) and the uniqueness of harmonic maps, we have

ug(eV=102) = V10 p(2).

Hence it is sufficient to prove that

d(ur(z),9(2)) < C1

for all z € B(R)NW)y, where W is the wedge defined above. By the definition
of up,

(1.1) ur(z) = g(2)

for z € 9B(R) N Wy. We want to show that d(ur(z),g(z)) is bounded on
OWy N B(R) by a constant independent of R. Since W) is bounded by two
rays 0 = 6y, 0 = 61, by symmetry it is sufficient to prove that d(ugr(z), g(z))
is uniformly bounded on {# = 6y} N B(R). By (ii), g(z) = g(Z). Hence by
the uniqueness theorem on harmonic maps, we have ug(z) = ur(z). This
implies that ur(z) lies on the real axis, for all z € {6 = 0y} N B(R). Observe
that the image of ug lies inside the convex hull A of the ideal boundary
points ax, 0 < k < n — 1, and the closure of A in H? U 9H? intersects OH?>
at the points ax. Suppose n is even, then no ay is on the real axis. Hence
there is a constant 5 independent of R, such that

(1.2) d(ugr(2),g(2)) = d(ur(2),0)
< Cy

for all z € {6 = 6y} N B(R), see Figure 1. Suppose n is odd, we want to show
that upr(z) lies on the positive real axis, for all z € {# = 6y} N B(R). This
will imply that (1.2) is still true in this case, because no ay, is on the positive
real axis. By the definition of g, we see that g maps the upper half space
into the that part of D? which lies on the upper half space. Since ur(z) lies
on the real axis if z is real, ur also maps the upper half space into the that
part of D? which lies on the upper half space. One can prove similarly that
ur maps the half space bounded by the rays 6 = %’T and 0 =7 + 2% which
containing the positive real axis into the same half space, see Figure 2. In
particular, ug(z) lies on the positive real axis, for all z € {# = y}NB(R). So
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(1.2) is true for all z € 9(B(R) N Wy). Since d(ur(z), g(z)) is subharmonic,
the lemma follows from the maximum principle.

By Lemma 1.1, passing to a subsequence if necessary, up will converge to
a harmonic map v such that d(u(z), g(z)) is uniformly bounded. In fact, u
is a diffeomorphism. We can prove this fact as follows. For each R > 0, let
us construct a harmonic map vg from B(R) into H? in the following way.
Let by, = yk(R%) and let By be the minimal geodesic joining b to by_1. Let
aj be the minimal geodesic joining ag to ax_1. It is easy to see that the
distance from a point on 7y or y,_1 to ay is bounded by a constant C's which
is independent of R. Define a map Il from ~|[0, bx] and vx_1][0, bx—_1] into
the line containing Fj, by nearest point projection. Then

(1.3) d(k(s), Mk (yk(s))) < Ch.

I, is surjective and is continuous. Let vg be the harmonic map from B(R)
into H2, such that on the dB(R) N Wy vr(z) = II1(g(z)). Note that the
boundary map is a homeomorphism from 0B(R) onto the boundary of the

geodesic polygon with boundary U, f3;. Here are some properties of vg. By
[SY], we have:

Lemma 1.2. vg is a diffeomorphism onto its image.

By Lemma 1.1, and (1.3), there is a constant Cy which is independent of
R such that

sup d(vgr(z),9(z)) < Cy.
z€B(R)

Hence, passing to a subsequence, vy converge to a harmonic map v, such
that

(1.4) d(v(z),9(2)) < Ci.
Lemma 1.3. Let ¢dz? be the Hopf differential of v. Then ¢ is a polynomial
of degree n — 2.
Proof. By the construction,
d(o,9(2)) < |27
By (1.4), we see that
d(o,v(2)) < Cy + |2]2.

By the energy density estimate [Cg], there is a constant C5 independent of
z such that

e(u)(z) < Cs(|2" 2 + 1).
Since |¢|(z) < e(v), we conclude that ¢ is a polynomial of degree at most
n — 2. Suppose the degree of ¢ is less than or equal to n — 3. Let ¢rdz? be
the Hopf differential of vg. Then given any Ry > 0 there is R; such that if
R > Ry, then

r(2)| < Co(|2["% + 1),
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in B(Ry) for some constant Cg which is independent of Ry, where ¢p is the
Hopf differential of vg. Using an argument of [TW], we conclude that in
B(*%),

e(vr)(2) < Cr(]2]"° + 1)
for some constant C; independent of Ry, if R is large enough. Let R — oo,
and then let Ry — oo, we have

e(v)(2) < Cr(]2]" 2 + 1).
This would imply
d(o,v(2)) < Cs(|2|"~1/2 1)
for some constant Cs. By (1.4), and the definition of g, this is impossible.
Hence the degree of ¢ must be n — 2.
Lemma 1.4. v is a diffeomorphism onto its image.

Proof. Since the Jacobian Jr of vg is positive in B(R), the Jacobian J of
v satisfies J > 0. First we want to show that J > 0 somewhere. Suppose

not, then J = 0. Since J = [|0v||? — ||0v|[?, where ||0v]| = U|%, and
||0v]| = U\%\, o2|dv|? is the metric on H?. we have
[190][* = [|0v][*.

On the other hand, B
61> = [|8w]|* - [|9w][.

We have

6] = [|80]*.
Since ¢ is a polynomial of degree n—2, there is Ry > 0 such that all the zeros
of ¢ lies inside B(%). For each R, ||Ovr|| > 0, and let wg = log ||Ovg]|.
Then

AwR = JR(uR).

/ Owr :/ Awp
9B(Ry) O B(Ro)

_ / Tn.
B(Ro)

Since on dB(Ry), ||0v||? = |¢| > 0, let R — oo, we have

Lo 5= L ?
oB(Ro) 01 JB(Ry)

However, w = %log |¢|, and the degree of ¢ is at least 1, moreover, all zeros
of ¢ lie inside B(Ry), we conclude that

(1.5) / J > 0.
B(Ro)

We have
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Hence J > 0 somewhere, and (1.5) is true for some Ry > 0. This implies
that there is § > 0 such that if R is large then

(1.6) / Jr > 0.
B(Ro)

Apply Theorem 7.1 in [J] to each map vg, we conclude that for any Ry,
there is € > 0, such that

JR(’U)Z€>0

in B(R;) provided R is large enough. This implies J(v) > 0 everywhere and
v is a diffeomorphism onto its image.

Since d(v(z),u(z)) is uniformly bounded and subharmonic, d(v(z), u(z))
is a constant function. It is easy to see that v(0) = u(0), and so u = v.
On the other hand, since ||Ou||? > |¢| and ¢ is a polynomial, we see that
||0ul|?>dz? is complete. By the result of [HTTW], the image of u is a ideal
polygon of n sides and so the image of u is the polygon spanned by the ajs,
and we have the following:
Theorem 1.5. Letn > 3, and let a; = ew, k=0,....n—1. Then
there is a harmonic diffeomorphism wu from R? into H? whose image is the
ideal polygon spanned by the ayp’s. Moreover, u satisfies

u(ezﬁek 2) _ eQﬁak@

and
w(e®z) = eV 101y(2).

In case of n = 4, we can do more. Let ag, 1 < k < 4 be four points on the
unit circle, such that they are the vertices of a rectangle which is symmetric
with respect to the real and imaginary axes.

Proposition 1.6. There is a harmonic diffeomorphism from R? into H?
whose image is the ideal polygon spanned by the ay’s. Moreover, u satisfies

u(z) = u(z),
and
u(—z) = —u(z).
The proof is similar to the proof of Theorem 1.5. We should remark that
for any four points on the unit circle, there is a conformal map of the unit

disk, which carries these four points to some ay’s satisfying the condition of
Proposition 1.6.
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2. Harmonic maps from R? into H™.

In this section, we will use the harmonic maps constructed in §1 to obtain
harmonic maps from R? = C into H™, which are nontrivial in the sense
that the image of each of the maps is not contained in any nontrivial totally
geodesic submanifold in H™. We always use the Poincaré unit ball model
for H™. Namely, H" is identified with the unit ball B™ in R™ with the
Poincaré metric, and the geometric boundary JH™ is identified with the
unit sphere S™~!. For any set A in H™ U OH™, we denote A to be the
closure of A in H™ U 9H™, and denote the convex hull of A by Con (A).
We will use the following fact: Suppose A is a close set in H™ U 0H™, then
Con (A) NOH™ = AN oH™.

Let n > 4 be an even number. Let 0, = %TW and let W be the wedge in
R? defined by 6}, < 0 < 0, in polar coordinates. Note that 6, = kf;. By
Theorem 1.5, we can find a harmonic diffeomorphism u from C = R? into
H?2, such that:

(a) In the Poincaré disk model of H?, if we write

u(z) = (u'(2),u*(2)),
then u!(2) = 0 on 3(z) = 0, where J(2) is the imaginary part of z;
(b) u(R2) N OH? does not contain the points (0, £1).
From (a) and (b), we have
(¢) sup.epe, g(z)=0 d(u(2),0) < occ.
From (b), we also have:
(b') If (at,a?) € u(R2) N OH2, then a' # 0.

We are going to use u to construct a harmonic map from R? into H?.
Identify H? with {(v!,v?,0v®) € H?| v? = 0}. Then u : R? — H? C H? is also
harmonic, and
(2.1) u(®) = (u(2), 0,u%(2)).

Define a harmonic map v from W into H? in the following way, see Figure 3.
Let

U :{z € C| ¥(z) >0} — interior of Wy,

be a conformal diffeomorphism, ¥({3(z) = 0}) = 0Wp and V¥ is homeo-
morphism between $(z) > 0 and Wy . Let v(z) = uo ¥71(2). Then v is a
harmonic map from W into H?, such that:

(1) v(2) = (v'(2),0,v°(2));

(ii) v(2) = (0,0,v3(2)) for z € OWp;

(iii) supzeawo d(v(z),0) < o0
(iv) v is contlnuous up to the boundary of Wo
(v) suppose (a',a?,a®) € v(Wp) NOH3, a' # 0.
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Property (v) follows from property (b’) of u and the fact that if (a!, a2, a®) €
v(Wp) NOH? then a® = 0 and (a!,a?®) € u(R2) N OH2,

Define g as follows, see Figure 4. Let us write any point v = (v!,v? v3)
of H? in the form (v! + /=1v2%,v3). Let g(2) = v(z) for 2 € Wy. Suppose
we have defined g = (¢', 9%, ¢°) = (¢' +vV/—1¢%,¢°>) on Wy, 0 < k <n —1,
then for z € Wy4q, let

(2.2) g(z) = (71O (! - V=1gY)(2), 6% () )
= (AVTIEDN (gL - VTTg%) (2),6%(2))

here 2 = ¢2V~10k+17 which is in Wy. Here we simply ‘reflect’ g along the ray
0 = 041 in the domain, and 0 = 01 — = = (k + %)91 in the target. Then
g is harmonic on the interior of each Wj. Suppose n is even, then ¢3 is a
well-defined and continuous function on R?, and since g = (0,0, ¢%) on W},
for all k, g is well-defined and continuous.

Lemma 2.1. Suppose n is even, and n is not a multiple of 4. Then the
map g defined above satisfies:
(i) g(z) = (VT2 (g1 — \/=1g2)(2), g*(2)), where 2 = 2~z for
all z and 0 <k <n-—1;
(ii) sup,eaomw, d(9(2),0) < oo, for 0 <k <n—1; and
(iii) suppose (a',a? a®) € g(R2)NOH3, then a' # 0, and arg(a'++/—1a?) =
O, or O + 7, for some 0 <k <n-—1.

Proof. Let zg € Wy, define zs inductively by

2/ —1 1)601 =
Zs+1 = € (s+1) 1Zs,

for s=0,...,n— 1. Then z5, € W,. Suppose s = 2[, then

(2.3) g = 2V W4
and
(2.4) g(zs) = (V710 (g1 1 V/1¢?)(20), 6% (20))

— (V70 (g1 + V=1g%)(20), ¢° (20))-
If s =2+ 1, then

Zs = 291
(2.5) = eV 1013y,

— 62\/—1(l+1)91 20,
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(2.6) 9(2s) = g(221)
= (2T (g — V=16 (), 67 o))
= (emwﬂl (6" —V=19") (). 4" (20))
= (/7 (g" = V=198 (20), 6% (20))
Hence 2, = 2o, and z,_1 = Zo, because n is even, and

(2.7) 9(Z0) = (V1 (g — V=1¢%)(20), ¢ (20))-

Now suppose z = pgia where 0, < a < 0,41 for some 0 < m <n—1. Then
there exists zg = pe*® with 0 < ag < 64, such that z,, = z. If m = 2p, then

5=V lz
_ 2V kR 5

Without loss of generality, we may assume that 0 < 2(k —p) < n — 1. If
k —p =0, then, apply (2.4) to g(Z0) = g(2) and (2.7) to g(2), we have

9(2) = (/77 (g + VI (20, 6 (20)
= (V7 (g + VI (20), 6 (20)
= (BT D0 (g — V=19 (20), 6 (7o)
= (VTR (g VTIR)(2),6%(2))

So (i) is true in this case. Suppose k —p =1+ 1, with [ > 0, then we can
apply (2.5) and (2.6)

9(z) = (271 (g (20) + V=1g%(0)). 6" (20)
= (2RO (g1 () — V=1g%(2), 6°(2) )
= (VT2 (g (5) — VTG (2)),6%(2) )

Then (i) is still true. The case that m = 2p + 1 can be proved similarly.
The proof of (i) is completed. (ii) can be derived from the definition of g
and property (iil) of v. To prove (iii), let (a',a?,a®) € g(R2?) N OH?, then
(at,a?,a®) € g(Wy) N OH3, forsome0<k:<n—1 Since g = v on Wy, by
the deﬁmtlon of v and property (v) of v, if (a',a? a®) € g(Wy) N OH?, then
2 =0, and a' # 0. In particular, arg(a + \/761 ) =6y =0 or m. Now
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suppose (a',a?,a3) € g(Wy) NIH?, for 1 < k < n — 1, then by (2.4), and
(2.6), there is (bl, 0,6%) € g(Wp) N 8H3, such that

a +vV—1a? = eV 10!,

Since n is not a multiple of 4, eV 10 75 +i, and since b' # 0 and is real, we
have a' # 0. Moreover, arg(a ++v/=1a?) =0 or O + 7 .

Theorem 2.2. Let n and g(z) be as Lemma 2.1. There ezists a harmonic
map h from R? into H?, such that

sup d(h(2),g(2)) < oo.
zeC
Moreover:
(a) In the Poincaré ball model of H?, if 3(z) = 0 and if we let

h(z) = (h'(2), % (2), h°(2)),
then arg(h! + \/7h2 ( ) —3601 or m— 304;
(b) suppose (a',a?,a®) € h(R2) N OH?, then a' # 0; and
(¢) sup,er2, g(z)=0 d(h(z ) 0) < oo.
If, in addition, u({3(z) > 0}) NOH? is not contained in any straight line in
the plane, then h({S(z) > 0}) N OH3 is not contained in any hyperplane in

R3. In particular, the image of h is not contained in any totally geodesic
submanifold of dimension 2 in H?.

Proof. For any R > 0, let Br be the disk of radius R with center at the
origin in R?. Let hgr be the harmonic map from Bg into H?, such that
hr = g on Bg. If we write hg = (h}, h%, h%) = (hk + v/ —1h%, h3,), then
by the uniqueness of harmonic maps and Lemma 2.1, we have

(2:8) ha(z) = (271D (hfy — V=103 (2), W () )

for any z € Bpr, where 2 :eQ\ﬁekZ, 0<k<n-—1. We want to show that
there exists a constant C7 independent of R such that

(2.9) d(hr(2),9(2)) < C1

for all z € Bg. Obviously, we only have to prove that (2.9) is true for all
z € WinN Bg, for all 0 < k < n — 1. Let us consider Wy for example.
(‘9(Wg N BR) is the union of Wy N dBg, {(9 == 0} N Bg, and {9 = 91} N Bpg.
On Wy N OBR, hg = g. On the other hand, for z € {6 = 0} N Br, we have
z = %, and so by (2.8) with k =0,

hi(z) = (V710 (b}, — V=1h3)(2), h(2))
= (V1 (W}, — V=1h%)(2), B(2)).
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Hence hr(z) € I where IT is the plane (v!,v,2,03) € H3, such that arg(v! +
V=1v?) = =16y or m — 6. Similarly, if z is in {0 = 7} ﬂBR, then hg(z) is
also in II. On the other hand, it is well-known that ur(Bpg) is contained in
the convex hull of ur(0Bg), which in turn is contained in the convex hull
of g(R?). Since Con( (R2)) N OH3 = g(R2) N OH?, by Lemma 2.1 (iii) we
conclude that if (a a?,a%) € Con (g(R2?))NOH3, then arg(a® ++/—1a?) = 0
for some k, and a® # 0. However, by the definition of II, if (a!,a?,a?) is
also in II, then arg(a! 4+ /—1a?) = —%91 or m— %91, which are not equal to
0, modulo a multiple of 27, because n is even. So

IT N Con (g(R2)) N 9H? = §.

Since hr(z) € Il for z € {6 = 0}NBg, there exists a constant Cy independent
of R such that

(2.10) d(hp(2),0) < Oy

for z € {# = 0}NBg. By Lemma 2.1, there exists a constant C5 independent
of R such that for all z € {# =0} N Bgr

d(g(2),0) < Cs.
Combine this with (2.10), we have
d(hr(z),9(z)) < Cy+ Cs
for all z € {# = 0} N Bg. Similarly, one can prove that

d(hr(2),9(2)) < Cy

for some constant Cy independent of R, for all z € {§ = 61} N Br. Since g
is harmonic on Wy, d(hgr(2), g(2)) is subharmonic on Wy. By the maximum
principle, (2.9) is true on Wy. Similarly, (2.9) is true on Wy, for all k. By
(2.9), passing to a subsequence if necessary, let R — oo, hr converge to a
harmonic map h from R? to H?, such that

sup d(h(z),9(z)) < C1

2€R2
for some constant C;. In particular, h(R2) NOH? = g(R2?) N 9H3. From this
and Lemma 2.1, (b) follows. (c) follows from (2.9) and the property (ii) of g
in Lemma 2.1. Since each hp satisfies (a), so does h. It is well-known that
a totally geodesic submanifold M is contained in a sphere or a hyperplane
which intersects S? orthogonally, see [Sk] for example. This implies that
M N OH3 is contained in a hyperplane. Hence, to prove the last statement,
let us suppose u({I(z) > 0})NOH? is not contained in any straight line in the
plane, then it is sufficient to prove that the intersection of the closure of the
image of h with OH? is not contained in a hyperplane. By the construction
of g, g(Wp) consists of those points (u'(z),0,u?(z)) with (z) > 0. So

9(Wo) NOH® = {(01,07113)\ (v',0%) € u({S(2) = 0}) N 3H2} :
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and the smallest affine subspace of R? which contains g(Wy) N OH? is the
subspace defined by v? = 0. By the definition of g,

‘g<wl>maH3={< VIR (! V10?0 (0020 € g(Wo) N OE? }

Since 0 = <7, ™ g(W1) NOH? is not contained in the subspace v = 0. Since

Wo U W1 is contained in (z) > 0, we conclude that g({S(z) > 0}) NOH? is
not contained in any hyperplane of R3. Using the fact that d(h(z), g(z)) is
uniformly bounded from above, the same is true for h. From this, the last
statement of the theorem follows.

By composing h with the isometry
\/T
(0" + V-T2, 0%) — (75 O (0! 1 V=T0?), o)

on H3, we obtain a harmonic map w. Obviously, u also satisfies (c) of
Theorem 2.2, (with h replaced by u) Also ul(z) = 0 on (z) = 0. Suppose
(a',a?,a®) € u(R2) N OH?, then a' + /—1a®> = e’z (‘91+7r)(b1 + v/—1b%) for
some (bl, b2,b%) € h(R2) N OH3. From the proof we see that b' + /—1b* =
eV=10k ¢ for some c # 0, and for some 0 < k < n — 1. From this we conclude
that a' # 0. Here we use the fact that n is even again.

We can proceed as before to use u to construct a harmonic map from R?
into H*. More precisely and more generally, suppose u is a harmonic map
from R2 — H™ for some m > 2, such that:

(a) In the Poincaré ball model of H™, if we write

u(z) = (u'(2),w?(2),... ,u™(2)),
then ul(z) =0 on ¥(z) =0;

(b) if (a',...,a™) € u(R2) N OH™ then a' # 0;

(c) sup.cpe, g( )=0 d(u(z),0) < oo.
Let n be even, not divisible by 4, and defined 6, Wy, ¥ as before. Let
v(z) =u o ¥l(z), for any z € Wy. Define g(z) = v(z) for any z € Wy.
Suppose we have already defined g(z) on Wy, 0 < k < n — 1, then for any
z € Wiy define:

g(z) = (2R (g1 - VZTgh)(2), 7 (2), g™t (2))

here 2 = e2V~1kt17 ¢ W,,. Using similar methods as in Theorem 2.2, we
can prove:

Theorem 2.2’. Let g(z) be as above. There exists a harmonic map h from
R? into H™ | such that

supd(h(z),g(z)) < oc.
zeC

Moreover:
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(a) In the Poincaré ball model of H™ !, if $(2) = 0, and if
h(z) = (h(2),h*(2), ... R TH(=))
then arg(h' + /—1h?%)(2) = =361 or ™ — 30y;
(b) if (a',...,a™*) € h(R2) N OH™TL, then a' # 0; and
(¢) sup.ere, g(z)=0 d(h(2),0) < oc.
If, in addition, u({S(z) > 0}) N OH™ is not contained in any hyperplane
in R™, then h({S(z) > 0}) N OH™ L is not contained in any hyperplane in

R™*L . In particular, the image of h is not contained in any totally geodesic
submanifold of dimension m in H™T!,

Again by composing h with the isometry

\/T
(! + V=102, 0%, ... ™) — (eTl(elJr“)(vl +V=10%),0%, ™),

we obtain a harmonic map from R? into H™*! satisfying required properties
for the induction on construction.

Remark 2.1. (i) By the result in §1, it is easy to see that there are
many harmonic maps u from R? into H?, which satisfy the conditions
in Theorem 2.2.

(ii) If we begin with a harmonic map u constructed in §1, and obtain
harmonic maps inductively using Theorem 2.2, and 2.2’, then the har-
monic maps will be of polynomial growth, and the closure of the image
of each of the maps intersects the geometric boundary of the hyper-
bolic space at finitely many points. This is related to the results in

[LW].

3. Harmonic maps from R™ into H"™.

In this section, we will use methods similar to those in §1 and §2 to construct
nontrivial harmonic maps from R™ into H™, m > 3. First let us write
R™ = R? x R™~2. As in the previous section, let n > 4 be an even integer,
0, = 25,0 < k < n—1, and let Wy be the wedge in R? defined by
0r < 0 < 041 in polar coordinates. Let Qp = Wy x [0, 00)™~2 which consists
of points (z!,22,...,2™) with (z!,22) € W), and 27 > 0, for 3 < j < m.
We use the Poincaré unit ball model for H™ as before. Define a harmonic
function f by

. n
f($1,$2,1‘3, e ,.’Em) = 7“% sin (59) xS .. .:Lvm7

onQ, k=0,1,... ,n—1, where 2! ++/—122 = reV=1_ Let v :[0,00) > H™
be the geodesic parametrized by arc length, such that v(0) = 0,

() = (41 (8),0,7°(1), .. , 7" (2))



HARMONIC MAPS FROM R™ TO H"™ WITH SYMMETRY 241

1

(m—1)"2,0,(m —1)"2,...,(m—1)"2).

AH(t) > 0, and limg_, o y™(2)
Define v : Qp — H™ by
o(zt, ... 2™ = (f(zh, ..., 2™)).
By the definition of f, we see that v maps the boundary of €2y to the origin
0 in H™. Let us write v = (v',v%,03,... ,0v™) as (v} + /=102, 03,... ,0™).
Suppose we have already defined v on € for any 0 < k < n — 1, then, as
before, for any (z!,22%,...,2™) in Qi 1, we set:
v(xt, 2?23, 2™) = (ewl\ﬁ(k*l/2 (! = V=10*)(2),v3(2),... ,v™ (%)),
where & = (e2V~10k+1 (21 —/—122), 23, ... | 2™) which is in W}, x [0, 00)™ 2.
Thus, we have defined v on ]R2 x [0, 00)™™ 2 Now we can define g : R — H™
by setting:
U2 a8, 3 (5 m(
glat, 2?23, 2™) = (v1(T),v*(T), 303 (@), . .. , emv™(T)),
for any x € R™, where & = (2!, 22, |23],... ,|2™]), and ¢ = sign(a?), 3 <

1 < m, see Figure 5.

Lemma 3.1. g is Lipschitz on Rm, and is harmonic on the set arg(xz' +
V=122 # 0, 0<k<n—1, 73---7™ £ 0. Moreover, if we write

9=1(9"9"9% .. ,9") =(g"+V-1¢* 4>, ... .g™)
then:
(i)
g 2, ) = (VTR (gL TR (@), (@), g™ ()

where & = (e2V W1 (g1 — /Z122),23 ... 2™);
(i) fori>3

gzt 2?2, =t ™) = —gi(at, 2?23, 2t ™),
and

(iii) if j # ¢ with ¢ > 3, then
Gtz 23, =2t ™) = (a2 2B, 2t ™).

Proof. The first statement of the lemma follows immediately from the def-
inition of g, the fact that f is harmonic and that v is a geodesic. The
proof of (i) is similar to the proof of Lemma 2.1(i). (ii) and (iii) also follow
immediately from the definition of g.

Theorem 3.2. Let g be the map as above. Then there exists a harmonic
map u : R™ — H™ such that

sup d(u(z),g(x)) < oo.
TrER™

Moreover, u is nontrivial in the sense that:
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(i) The image of u is not contained in any totally geodesic submanifold of
dimension m — 1 in of H™; and
(ii) w cannot be decomposed as w = F o G, such that F is an isometry
of R™, and G = G(y',...,y"™ ') which is independent of the last
coordinate.
Proof. Let Br be the ball of radius R in R™ with center at the origin, and

let ug be the harmonic map from Bg to H™ with ug = ¢ on 0Bgr. By
Lemma 3.1, and the uniqueness of harmonic maps, if we write

ur = (Uk, Uk, U, . .., UE) = (uk +V—=1uk, up, ... ,u'l)
then
(3.1)
ur(al 2. 2™) = (VDN (ufy - VTud) (@), uh(2), (@)
where 2 = (e2V- k1 (gl — \/—122),23 ... 2™); for i > 3
(3.2) wh(zt a?a?,. .., —at ... ,xm) = —uR(ml 2223, k™),
and if j # ¢, with ¢ > 3,
(3.3) u%(:cl,a:Z,x?’, =zt ™) = u%(:cl,a:2,x3, St ™).

We want to prove that there is a constant C' which is independent of R such
that

(3.4) sup d(ugr(z),g(z)) < C.

z€BRNQo
Note that 3(BR N Qo) = (8BR N Qg) U (690 N BR). On 0Br N Qq, ug = g.
00 N Bp, consists of those points (z!,22,... ,2™) € By such that arg(z! +

V—122) = 0y or 0;. By (3.1), if arg(z! + /—12?) = 0, then as in the proof
of Theorem 2.2, we have arg(uk(z) + v—1u%(z)) = —16; or T — 36,. By
the definition of g, it is easy to see that if (a!,a?,... ,a™) € g(R™) N OH™,
then there exists k, such that
1y /T1a? e/ 0
a +v—la"=—— .
vm—1 7
As in the proof of Theorem 2.2, we conclude that
INgR™)NOH™ =0
where II is the hyperplane (v, v,2,... v™), such that arg(v! + /—1v?) =
—%91 or ™ — %01. Hence there is a constant C7 which is independent of R
such that

d(ur(z),0) < Cy
for all x € Q9 N Bg with arg(z! + v/—12?) = 6y = 0. Note that for such z,
g(x) = 0. Hence

(3.5) d(ur(x), g(z)) < Cy
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for all z € 89 N Br with arg(x! + /—122) = 6y = 0. Similarly, one can
show that (3.5) is true for x € 9Qg N Br with arg(z! + v/—12?) = 6;. By
the maximum principle, we conclude that (3.4) is true. By Lemma 3.1 of ¢
and (3.1)—(3.3), we see that

sup d(ug(x),g(x)) < Cy
TeER™

for some constant C7 which is independent of R. Passing to a subsequence
if necessary, we can find a harmonic map u from R™ into H" such that

(3.6) sup d(u(z), g(z)) < C1.

From this we have

u(R™) N OH™ = g(R™) N oH™.
The set on the right hand side contains all points of the form

\/T%(cosek,sinek,ag,... ,a™)

for some k, where a is either +1 or —1, for 3 < j < m. Hence the set
cannot be contained in any hyperplane in R™. We conclude that «(R™) is
not contained in any totally geodesic submanifold of dimension m — 1 in
of H™. This proves (i). To prove (ii), we may assume that F' is a linear
isomorphism and it is sufficient to show that for any (m — 1) dimensional
subspace P of R™, u(PP) N OH™ # w(R™) N OH™. By (3.6), it is sufficient to
show that

(3.7) g(P) N OH™ # g(R™) N JH™.

Since P is a proper subspace, there is some fixed ¢; which is either +1 or—1,
3 < i < m, and there is some k such that if

Q={(z...,.2™) (2!, 2%, e323,...  e32™) € Y}

then P will not intersect the interior of 2. By the definition of g, we see
that (3.7) is true.

Again the harmonic map w in the theorem is of polynomial growth, and
the closure of its image intersects the geometric boundary at n x 2™~2 points.

4. Asymptotic behaviors of harmonic diffeomorphisms from R?
into HZ.

In this section, we will discuss the asymptotic behavior of a harmonic dif-
feomorphism u from R? into H? with Hopf differential ¢dz? such that ¢ is a
polynomial. It was proved in [HTTW] that the image of such a map is an
ideal polygon. However, it is unclear how to determine the exact positions
of the vertices of the polygon in terms of ¢. On the other hand, it is also
proved that each horizontal ray of ¢dz? is mapped under u into a curve
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which is asymptotically a geodesic ray in H2. In this section we want to
show that the behavior of a harmonic diffeomorphism with Hopf differential
2"dz? is rather typical, in the sense that the image of the harmonic map
along each ray in certain directions will tend to infinity at a rate depending
only on n and the direction of the ray. While the results may have interest in
their own right, they will be applied in the next section to study the relation
between the Hopf differential and the image of a harmonic map from R? to
H2.

To fix notations, let u be an orientation preserving harmonic diffeomor-
phism from R? into H?, so that its Hopf differential is of the form ¢dz>
where

_z —|—Za,] 1+h)

and
n
z) = g a;z"7.
Jj=1

Lemma 4.1. Let 0 be such that cos((§ + 1)0) # 0, and let L(T,0) be the
length of u(te’?), 0 <t < T. We have:

(a) If n =2m, then as T — o0

%L(T,H) = ‘Z::rll cos (( ) 0
“‘ji_n; Til jyill <1> 8‘%( \/71(m+17j)96j)

1
+ (m i_ 1) log T - R(cm+1)| + O(1).

(b) If n=2m +1, then as T — o

1 Tm-i—g
—L(T,0) = Z cos ((2 + 1) 9)
mtl 43 1 .
+ Z T723 <2) R (evfl(m*]“r%)écj) ‘ + O(l)
—. M — ] + b J
7j=1
Here for each 1 < j <, ¢; are functions of ay,...,a;. R(2) is the real part

of the complex number z.

Proof. Since there exists R > 0 such that ¢(z) # 0 outside |z| < R, by
deleting a half line, we can choose a branch of /¢ on |z| > R. We may

assume that teV~1? is not on the deleted half line. Let E+in = w =
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J?\/9¢(¢)d¢. Then locally, w is a complex coordinates of R?. The pull-back
metric of H? under u is
(e +2)d&* + (e — 2)dn”,

where e is energy density of u with respect to the metric |dw|? = |¢||dz|?.
Let z = te?, then

dw dwdz ;

4.1 = = e V=10),
(4.1) @ dzaC Vo)
By [Hn], there is a constant C > 0 such that
(4.2) 0 <e(z) —2 <exp(—Cil|z]).

Also |h| < 1 when |z| is large,
(4.3) ‘d& = '%{e‘/je ¢(teﬁ9)}‘

dt
= [R{ t2eV1EHY 1—|—Z<>

- n -i(2 V=1(3+1-5)0 ..
t2 (cos<<2+1)9)+;t <j>§R<e 2 Cg)
+ O(t—"—1)> ‘
as t — 00. Since cos((ﬂ 1)0) # 0, we have
d77 dw
E + O(exp(—Cat)).
Hence there exists g > 0 such that if ¢ > ¢,
L(t,0) = / (e+2)|—= +(e—2)‘ +0(1)
to dt

- [2i8]ro

Using (4.3), the lemma follows.

Remark 4.1. As one can see from the proof, even if cos((§ +1)8) = 0, we
still have lim;_,o, L(t,0) = oo, provided that one of the coefficients of the
term T J*! or logT is not zero for the case n = 2m. The situation for
n = 2m + 1 is similar.
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Proposition 4.2. With the notations and assumptions as in Lemma 4.1,
we have

do,u(te’ 1) _ | (5 + Ddlo,ulteV1%))
t—oo  L(t,0) = g3t cos((2 + 1)6)
=1

where o is a fized point in H2.

Proof. Let y(t) = u(teV=1%), and let w = & + iy be as in the proof of
Lemma 4.1. In these coordinates, the geodesic curvature of ~(t) is

(4.4)
A1) = (i)*V/e = 4|13, ()P + (20% = TH) (€)% — (2] — T3)¢ )

—Th(n)? + & - 5”77’]

where
1 _10e 1 e de
Fh:i(e—i_Q) 1375’ F%2:§(€+2) 1877’ I3, 2(6—1—2) 1875’
L DY TS DAY S PR
Iy =—5(e-2) an’ [ =5(e-2) 5 T =5(e+2) o
dt

= 95, s is the arc length of ¥(t) and e is the energy density of u with
respect to the metric |dw|? = |¢| |dz|?. As in [Hn], we have

(4.5) (e — 2)_%\Ve\ < Crexp(—Calz|)

for z large enough, and V is the gradient with respect to the metric |¢||dz|? =
|dw[?. Since cos((% + 1)0) # 0, by (4.3)

ds de|? dn|® |d¢
Note that we also have
dw
4. 2 < Oyt
(47) 2] < car
_n df _ n

(4.8) 3 dt‘ —‘cos<(§+1) 9))+o(1).

d?w
4, —| < Gyt
(4.9) 0z | = Cat

for some constants Co, C3. By (4.4)—(4.9), we have
(4.10) |k(t)| < Cypexp(—Cst)
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for some positive constants Cy and Cs. By (4.10) and Lemma 3.1 in
[HTTW], given € > 0, there is ty) > 0, and a geodesic line a passing
through ~(tp) such that

(4.11) d(v(t),a) <e

for all t > to. Let f2dp? 4+ dr? be the Fermi coordinates with respect to «,
so that 7 = 0 is the geodesic «, where f = cosh7. Under this coordinates,
v(t) = (p(t), 7(t)). By (4.10), we have at ()

|7 — ffr(9)] < Crexp(=Cst),
and so
|7] < Cyexp(=Cst) + | ff-(p)?]
< Cyexp(—Cst) 4 Ceel f(p)?|
< Cyexp(—Cst) 4+ Coe| £2(p)?|
< Cre

for some constants Cg, C7, provided tg is large enough, where we have used
the fact that |7| < ¢, f = cosh7 and the fact that f2(p)? < 1. Here and
below, “"” means differentiation with respect to arc length s and where
means differentiation with respect to ¢. Hence

d(T,)‘: ds

AR}

ds

dt

(4.12) < Cre

dt Tt

Since |y| = 1, we have
(0% + (1) = 1.
For any T' > t¢, suppose 7/(T") = 0, then
) =1,
at T. Suppose 7/(T') # 0, let us we assume 7/(T") > 0, the case that 7/(T) < 0

is similar. Let b be the supremum of ¢ such that 7/ > 0 on [T, T+c¢). Suppose
b < oo, then 7/(T + b) = 0. By (4.12),

d . ..o ol d . . |ds dr
_ — — < — | = _—
07| =21 | 5,00 < ore [ G| = e
in (T',T +b). Hence
T+b d
(P - AT < [l de
|t
T+b gr
<C e/ —
L at

< C7€2
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where we have used the fact that |7| < e. Since (7)%(T + b) = 0, we have
(7)*(T) < Creé®
and so
F(p)? > 1= e
at T. If b = oo, then we can choose t; — oo with 7/(¢;) — 0, and we obtain
the same inequality. In particular, f2(p)%(7T) is not 0 for all T' > tq, provided

to is large enough. Without loss of generality, we may assume that fp > 0
on [tg,00). For any T > ty,

T
oT) = pite) = [ St

T ds
= p—dt
NG
T ds
= [ flfpdt
to dt
> (1= Cse)(s(T) — s(to))
for some constant Cg. So
d(o,u(Tew)) > p(T)—7(T) > (1 — Cge)(s(T) — s(ty)) — .
It is obvious that,
d(o,u(Te®?)) < s(T).

Note that s(T') = L(T,0) in our previous notation and the lemma follows
easily.

5. Hopf differentials and images of harmonic maps.

In [HTTW], it was proved that if u is a harmonic diffeomorphism from
R? into H? with polynomial Hopf differential, then its image is an ideal
polygon. In this section, we will use the analysis in §4 to study explicit
relation in some special cases between the Hopf differential and the position
of the vertices of the image of w.

Theorem 5.1. Let ¢(z) = 22™ +az™"1, where a is a real number. Suppose
w is an orientation preserving harmonic diffeomorphism from R? to H? with
Hopf differential ¢dz>. Then by composing an isometry of H? if necessary,
the tmage of u is a reqular ideal polygon.

Proof. Let w = log ||0ul|, where ||0u|| = 0|%| and o2|du|? is the metric on
H?2. Then w is the unique solution of

(5.1) Agw = €%V — |p[2e™2¥
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such that e?“|dz|? is a complete metric on R?, see [WA]. Here Ay is the
Laplacian on R? with respect to the standard metric |dz|?. Observe that ¢
satisfies

(5.2)

{¢<z> = ¢(%), and
¢(62\/j162) — e4m\/—719w

where § = 7. Identify H? with the unit disk {u| |u| < 1} in C with
Poincaré metric o?|du|?. Without loss of generality, we may assume that
u(0) = 0. By Proposition 4.2, we know that if ¢ is real, then d(u(t),0) — oo,
as t — oco. We may also assume that u(fx) tends to the point 1 on the
boundary of H? for some t;, — oo, with #;, to be real. Let v(z) = u(2). It is
easy to see that v is also an orientation preserving harmonic diffeomorphism.

Moreover, let ( =2z

(2| 52| () = o) 32| ©
— a(ulc)) | 3¢ | (©)
— ow(@)

Hence if we let

i(e) = tog (o0 51| )

then w(z) = w(z). By (5.2), it is easy to see that w(z) also satisfies (5.1),
such that e?”|dz|? is complete. By uniqueness, we have

(5.3) w(z) =w(z) = w(z).
On the other hand,

ov, 0v

(5.4 P (0(2) 22 () 22 (=) = o (u() L) 2UE)

¢ a¢

9u(C) 9u(C)
¢ o¢

By (5.3), (5.4) and the result in [TW], v = ¢ o u for some orientation
preserving isometry ¢ of H?. Note that v(0) = u(0) = 0, and for real number
t, v(t) = u(t). Since we have normalized u so that u(t;) — 1 as t — oo, we
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also have v(t;) — 1. So ¢ must be the identity map, and v = u. That is to
say

(5.5) w(z) = u(z).

In particular, u(t) is real if ¢ is real. Hence there is 0 < ¢ < 1 such that the
set consisting of those real £ with ¢ < £ < 1 is in the image of the positive
real axis under the harmonic map u. Let v1(z) = €2V~ y(e2V=19z). Using
similar method and (5.2), one can show that v;(z) = ¢; o u(z) for some
isometry of H2. Since v1(0) = 0 = u(0), we have vi(z) = e¥ 1%u(z) for
some real number «. Hence

(5.6) u(ezﬁe,?) = eQHﬂ@

where 20 = 20 — a. We want to prove that emsﬁ, 0<s<2m+1 are
distinct (2m + 2)th roots of unity. Moreover the image of u is the ideal
polygon spanned by the eV—1sp , 0 < s <2m+ 1. This will conclude the
proof of the theorem. First, we claim that for any real number ¢,

(5.7) w(eV 120y = o2V16y (V= 150y
for all integer 0 < s < 2m + 1. For s = 0, (5.7) follows from (5.6) and (5.5)

by letting z = t. Suppose (5.7) is true for 0 < s < 2m + 1. By (5.6) and
(5.5)

u(eﬁ(s+3)0t) _ e2ﬁﬁu(e—ﬁ(s+l)0t)
_ 62\/jlﬁu(6 i(s+1)9t).

Hence (5.7) is true. By (5.7), we have
(5.8) w(eV 10y = 20y (¢)

for any integer s. Take s = m + 1, we have
e2V=Lm+1)5 _ 1
By Proposition 4.2, for any 0 < s < 2m+1, d(u(te¥Y~15%),0) — oo as t — oo,
t is real. Hence there exists t;, — 0o, and real number b, such that
u(tkeﬁse) — e\/jlbs,

for 0 < s < 2m+ 1. Obviously, by = 0, bs = /—1s0 for s even by (5.8). On
the other hand, by (5.6)

(5.9) u(teV 1) = (V=10 . te=V=10)
= 2V =10y (teV=10).
So we have

Vb _ 2VT(5-b).
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and we may assume b; = (§ be adding a multiple of 27 to 23, which does
not affect the previous arguments. By (5.7), we again have bs = /—1s0 if s
is odd. Hence e‘/jlsﬁ, 0 <s<2m+ 1, are in the closure of the image of u
in H? UOH?. It remains to prove the eV=18 are distinct. Suppose not, then
eV=156 — 1 for some 0 < s < 2m + 1. If s is even, then by (5.8), we have a
contradiction, because u is one to one and eV ~1st # 1. Suppose, s is odd.
By (5.9), we have u(teV=1%) = p(t)eY~18 where p(t) > 0. By (5.7),

u(teY=10) = p(t)eY =10 = p(t).

Since p(tx) — 1 and ¢ < £ < 1 is in the image of the positive real axis under
u, this contradicts the fact the w is one to one. The theorem follows from
the fact that the image of u is a ideal polygon of 2m + 2 sides [HTTW].

Next we will discuss the Hopf differentials of the harmonic diffeormor-
phisms constructed in Proposition 1.6.

Proposition 5.2. Let u(z) be the harmonic diffeomorphism constructed in
Proposition 1.6. Then there is a conformal map z = z(¢) such that the Hopf
differential of u with respect to ¢ is of the form ((? + v/ —1a)d¢? where o is
a real number.

Proof. Let u(z) be the harmonic diffeomorphism constructed in Proposi-
tion 1.6. Then u(2z) = u(z) and u(—2) = —u(z). Let ¢(2)dz? be the Hopf
differential of u, then

8(2) = () ge oL,

It is easy to see that ¢(Z) = ¢(z) and ¢(—2) = gb(z) y the result of
[HTTW], ¢ is a polynomial of degree 2, that is ¢(z) = —|— bz + c¢. Now
#(Z) = ¢(z) implies that a, b and ¢ are real. ¢(—z) = ( ) implies that
b = 0. Hence ¢(z) = az? + ¢, where a and c are real. Let 3 be any one of
the fourth root of a, and let { = 3z, then

#(2)dz? = (az? + c)dz?
= (aB™?C+¢)B2d¢?
= (¢ +V-1a)d¢?
where /—1a = ¢72. Suppose a > 0, then we may choose 3 to be a positive
real number. Hence v/—1« is real. By Remark 4.1, the length of the image
under u of the half line ¢ > 0 is infinite. On the other hand, 8 > 0, { > 0
implies z = 371 is real and positive. However, by the construction of u

in Proposition 1.6, the image of z > 0 under u has finite length. This is a
1 =
contradiction. So a < 0, and we may choose 3 = |a|1e4V 1. Then

V-la=cf2= c]a\%eg‘/jl = \/—1c|a]%.
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This implies that « is real, because c is real.
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T “Ug (9 = eu)
0=0, is a subset of the real axis
Figure 1
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n=3
a4
g
0=0, T
2 e
3 4
0=0,
a

ug (0=10,)
is a subset of the
Figure 2 positive real axis
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