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The purpose of this paper is to study the relations between
quasiregular mappings on Riemannian manifolds and differ-
ential forms. Four classes of differential forms are introduced
and it is shown that some differential expressions connected
in a natural way to quasiregular mappings are members in
these classes.

1. Introduction.

Let © be a domain in R",n > 2. A mapping f : Q& — R" is called a
quasiregular mapping, if f = (f1, fo,..., fn) € Wlloc(Q) and if there exists
a constant K € [1,00) such that
I (x)" < Kdet f'(x), forae x¢€.
The following result is well-known in [Re] and [HKM].
Each of the functions
u= fi(z) (i=12,...,n), u = log|f(x)l,

is a generalized solution of a quasilinear elliptic equation

(11) leA(.f,Vu) :0, A= (Al,Ag,... ,An),
where
n/2
(12) A DL
i \ij=1

and 6; ; are some functions, which can be expressed in terms of the derivative
f'(x), and satisfy

(1.3) ’£|2 < 2021 2)&i&; < ca(K )‘§|2a

for some constants ¢ (K), CQ(K) > 0.

This important proposition connects two large sections of analysis namely,
quasiregular mapping theory and the theory of partial differential equations.
Much progress in quasiregular mapping theory has resulted from the study
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of Equations (1.1)-(1.3). On the other hand many investigations of solu-
tions of quasilinear equations in the form (1.1)-(1.3) were stimulated by this
connection with quasiregular mapping theory.

However, many theorems about quasiregular mappings, obtained in this
way for example, in the monograph [HKM] do not make use of the special
form (1.2) of functions A;(z, ). In fact, what is important is the divergence
form of the Equation (1.1) and the existence of constants c¢1(K), co(K) —
the values of these constants are not significant.

We do not know who was the first turning attention to this fact. Possibly,
it was first observed in the paper [Mi|, where the following fact was recorded
and used.

Proposition. The function u € Wﬁ}lOC(Q) is the solution of some equation
of the form (1.1) with Condition (1.3) if and only if there exists a differential
(n —1)-form

n

O(z) = bi(z)dei A... Ade; A... Ade, € LT 7V(Q),

loc
i=1

with the properties:
a) For every function ¢ € WL (Q) with compact support we have

/d¢A9:0,

Q

B) almost everywhere on Q) the following inequalities are true
vi|du(z)|™ < *(du(z) AO(x))
where * denotes the orthogonal complement of a form and
0(2)] < valdu(z)|" ",
with constants vi,vo > 0.

The proof for this proposition is obvious. The above statement concerning
the coordinate functions of a quasiregular mapping f also follows from this
proposition. For the case u = fi(x) we put

O =dfa Ndfs \...Ndfy.
In order to show that u = log|f(x)| satisfies (1.1) it suffices to choose

1 < —~
HZW;dfl/\.../\dfi/\.../\dfn.

Looking carefully at Conditions «) and () on the function u we see that
these conditions are on the 1-form w = du and the (n — 1)-form 6. Some
simple differential forms w, 1 < degw < n, satisfying Conditions «) and f3)
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in domains 2 C R"™ were studied in [Zh1] and [Zh2]. Similar results have
been given in [Iw], [FW], [MMV1], [MMV2] and [Sc].

The purpose of this paper is to study the relations between quasiregular
mappings on Riemannian manifolds and differential forms suggested by the
aforementioned proposition. We introduce four classes of differential forms
and prove membership in these classes of some differential expressions con-
nected in a natural way to quasiregular mappings.

2. Preliminaries.

2.1. Euclidean space. Let X be a topological space. We denote by A the
closure of a set A C X, by intA the interior of A, and by 94 = A\ intA the
boundary of A.

By R™ we denote the Euclidean vector space consisting of elements of the

form x = (x',...,2"), 2° € R, the field of real numbers. In R" we use
n

the standard inner product (z,y) = Y 2%y’ and the norm |z| = /(x,z) =
i=1

n 1/2
(5)"
i=1
The boundary of the n-dimensional ball with center at x and radius r
B(z,r)={y e R": |y — x| <r}

is the sphere
S(z,r)={ye R": |y —z| =r}.
For E C R™ and for an integer kK = 1,2,... ,n we denote by Hy(FE) the
k-dimensional Hausdorff measure of E.

2.2. Differential forms on R". The mutually dual spaces A,(R") and
/\k(R”) of k-vectors and k-forms (k-covectors) are associated with the Eu-
clidean space R™. Here one has A°(R") = R = A, (R"), and \,(R") =
{0} = A"(R™) in the case k > n or k < 0. The direct sums

A(R") = O \(R"), N'(R") = o \Y(R")
generate contravariant and covariant Grassmann algebras on R™ with the
exterior multiplication operator A.
Let w € AF(R") be a covector. We denote by A(k,n) the set of ordered
multi-indices I = (i1,i2,...,i), of integers 1 < i3 < ... < iy < n. The
form w can be written in a unique way as the linear combination

w = Z wrdxg.

IeA(k,n)
Here w; are the coefficients of w with respect to the standard basis of A" (R")
drr = dxi, A ... Ndw;,, I = (i1,12,. .. ,ik)GA(k’,TL).



76 FRANKE, MARTIO, MIKLYUKOV, VUORINEN, AND WISK

Let I = (i1,...,i) be a multi-index from A(k,n). The complement I*
of the multi-index I is the multi-index I* = (j1,...,jn—k) in A(n — k,n)
where the components j, are in {1,... ,n}\ {i1,... ,ix}. We have
(2.3) dry ANdzp = odzi A ... Ndzxy,
where o = o([I) is the signature of the permutation (i1, ... , ik, j1,.-- , Jjn—k)
in the set {1,2,...,n}. Note that o(I*) = (=1)*("=*)g(I).

Let dxy = dx;; A ... A dx;, be a differential form of the standard basis of
A (R™). We set
(2.4) *dry = o(I)dxr-.

For w € A\F(R") with w = > 1eA (k) W1 dT T, We set

(2.5) *w = Z wr *dxy.
IeA(k,n)

Then +w belongs to A" "(R™). The differential form *w is called the or-
thogonal complement of the differential form w.

The operator * : A\*(R™) — A"(R"™), also called Hodge star operator, has
the following properties:

If a, 8 € A*(R") and a,b € R, then

(2.6) *x(aa+b0) =axa+bx*f.
For every w with degw = k we have
(2.7) *(kw) = (=1)F=R)y,

We introduce the following notation. Let w be a differential form of degree
k. We set
(2.8) *lw = (=1)F=R) oy,

1 1

The operator ! is an inverse to % in the sense that x 1 (xw) = x(x"w) = w.
The inner or scalar product of the differential forms o and § of the same
degree is defined as

(2.9) (o, B) = xHa A xB) = x(a A xf).

The scalar product of differential forms has the usual properties of the scalar

product. We set
wl = V{w, w).

A differential form w of degree k is called simple if there are differential
forms aj, ..., of degree 1 such that

w=a1 N...N\ag.

We note the following useful property of the Fuclidean norm: If o, €
A" (R™), then
lan Bl < allfl,
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if at least one of the differential forms «, § is simple. If « and § are simple
and nonzero, then equality holds if and only if the subspaces associated with
« and (3 are orthogonal. More generally, if deg o = p, deg 8 = ¢, then

(2.10) o A B < (CE ) [al |8,

see [Fe] §1.7.
The linear isomorphism Hom (A, (R"),R) =~ AF(R™), that defines the
duality of the spaces A.(R") and AF(R™), associates a k-vector with a

differential form. A vector a = (ay,... ,a,) € R" defines a differential form
of degree 1
(2.11) w = ardz’ + asdz® + ... + a,dz".

We denote it by Q4. Let w = (u1,... ,ug), u; € A;(R"), be anondegenerated
frame. The set of all k-dimensional frames is identified with the set of simple
k-vectors. One can prove that the differential form

Q= A A Dy

does not depend on the choice of the particular frame from the class of
frames equivalent with w. This fact produces a one-to-one correspondence
u — €2, of the set of simple polyvectors onto the set of simple differential
forms.

3. Differential forms on Riemannian manifolds.

3.1. Riemannian manifolds. Let M be an n-dimensional Riemannian
manifold with boundary or without boundary. Throughout the sequel we
will assume that the manifold M is orientable and of class CP where p is
at least 3. By T(M) we denote the tangent bundle and by T,,(M) the
tangent space at the point m € M. For each pair of vectors =,y € T,,(M)
the symbol (,) denotes their scalar product. The Riemannian connection
on T,,(M) gives the natural connection for tensors of every type. This
connection preserves the scalar product mentioned above.

Below we shall use standard notation for function classes on manifolds.
Thus, for example, the symbol L} (D) stands for the set of all Lebesgue
measurable functions on an open set D C M, locally integrable to the
power p, 1 < p < oo, on D. The symbol WPIJOC(D) stands for the set of
functions that have generalized partial derivatives in the sense of Sobolev of
class LY (D) and Lip (D) denotes the class of all Lipschitz functions on D.

Let M and N be Riemannian manifolds of class C*, k > 3, and F : D —
N, D C M, a mapping. We shall say that F' € L} (D) if for an arbitrary
function ¢ € CO(N) we have ¢po F € LP (D). The mapping F is in the class

loc
W) 10e(D), if o F e W) (D) for every ¢ € CH(N).
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Let V(M) be a vector bundle on M. Let in the elements of this bun-
dle be given a Euclidean scalar product and let the linear connection on
V(M) preserve this scalar product. In this case we may say that V(M) is
a Riemannian vector bundle over M.

By A*(M) and A\, (M) we denote Riemannian vector bundles A® (T, (M))
and A (Tn(M)). The sections of these bundles are the fields of k-covectors
(k-forms) and k-vectors, which we shall discuss now in some detail.

3.2. Basic properties of differential forms. Let z!,... , 2" be local co-
ordinates in the neighborhood of a point m € M. The square of a line
element on M has the following expression in terms of the local coordinates

b, a2

n
ds? = Z gijdfni da? .
ij=1
By the symbol ¢ we shall denote the contravariant tensor defined by the
equality
(9™ (gry) = (&%), 65 =1,...,n,
where 52? is the Kronecker symbol.

Each section a of the bundle A¥(M) (that is a differential form) can be

written in terms of the local coordinates z!,... 2" as the linear combina-

tion

(33) o = Z ay dl‘[ = Z Ozilml'kdl'il VANPIAN dl’zk
IeA(k,n) 1< <..<1x<n

Let a be a differential form defined on an open set D C M. If F(D) is
a class of functions defined on D then we say that the differential form « is
in this class provided that a; € F(D). For instance, the differential form «
is in the class LP(D) if all its coefficients are in this class.

The orthogonal complement of a differential form « on a Riemannian
manifold M will be denoted by xa. If dega = 1 then in the local orthonor-
mal system of coordinates x!,... , 2™ at m we can write

n n
*a(m) = *Zai(m) dat = Z(—l)i_lai(m) det AL odat . A da,
i=1 i=1
where the sign ~ means that the expression under ~ is omitted. We remark
that the differential form dv is the volume element on M.

If o, degax = k, 0 < k < n, is a differential form whose coefficients are in

C'(M) then da, deg(da) = k + 1, denotes its differential defined by

da = Z day Ndxg.
IeA(k,n)
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The differentiation is a linear operation for which the following properties
hold:

If @ and § are arbitrary differential form that are differentiable in a do-
main U C M then

(i) danB)=danpB+(—1)Fands,

(i)  d(da) =0,
where k is the degree of the differential form «.

The operator x and the exterior differentiation d define the codifferential
operator ¢ by the formula

(3.4) ba=(—Dfxtdxa

for a differential form o of degree k. Clearly, da is a differential form of
degree k — 1.

Let M be a compact n-dimensional orientable Riemannian manifold with
nonempty piecewise smooth boundary OM. The following Stokes formula

holds
/ o= / dao,
oM M

for an arbitrary form a € C'(M), dega =n — 1.

3.5. A differential form « of degree k on the manifold M with coefficients
iy i, € LP (M) is called weakly closed if for each differential form 23,

loc

deg B =k + 1, with
suppSNOM =10, suppB={meM:B3#0}C M,
(M), 3+ 5 =1 1<pg< oo, we

and with coefficients in the class W;loc

have

(3.6) /(a, df3)dv = 0.
M

For smooth differential forms o Condition (3.6) agrees with the traditional
condition of closedness dov = 0. In fact, if a, 3 € C1(M),supp BN OM = ),
then we have

danxB= [ dlanxB)+ (=D [ andxp.
Jere] /

Because the differential form (3 has compact support on the orientable mani-
fold M the first integral on the right hand side is zero by the Stokes formula.
Thus we get

/da/\*ﬁ: (1)k+1/\[cx/\**_1d*ﬁ:/\[a/\*5ﬁ :A[@,(w)dv.

M
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We fix an arbitrary point m € M and pass to the local coordinates on
M in a neighborhood of this point. Using Condition (3.6) and the funda-
mental lemma of the variational calculus, the du Bois-Reymond Lemma, we
conclude that everywhere in this neighborhood of m the coefficients of the
differential form da are zero. Thus the validity of (3.6) under the given
conditions on [ is equivalent to the requirement da = 0 understood in the
classical sense.
We next introduce the following very useful theorem.

Theorem 3.7. Let o and 3 be differential forms, 8 € qu (M) with a com-
pact support, and o € WI} M), 1 < pgqg<oo, dega+degf =n—1,

,JJoc
1/p+1/q=1. Then

(3.8) /da A B = (—1)desatl /a A dp.

M M

In particular, the differential form o is weakly closed if and only if do = 0

a.e. on M.

Proof. Fix o and 8 with the stated properties. Because the coefficients of
the differential form « are in the class W;},IOC(M) there exists a sequence
{0, }22; of differential forms with coefficients of class C''(M) converging in
the Wz}—norm to the coefficients of the differential form a on every compact
set K C int M.

Let {5,}°2, be a sequence of differential forms of degree deg 3, = deg 3
in the class C''(M) having compact supports and converging in the norm of
qu to the form 3. We may assume that there exists a smooth submanifold
U CC M such that supp 3, C U for all integers n.

The differential forms a,, A (B, have compact supports contained in U.
The Stokes formula yields

/d(an A By) = /d(an A Ba) =0,

M U
and hence

/dan A B + (—1)deg°‘/an AdB, = 0.
U

U

We have

/daAﬁU/danAﬂnz/(dadan)A5+/danA(5ﬁn).

U U U
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Therefore, using inequality (2.10) we obtain

/da/\ﬁ—U/dan/\ﬂn

U

< [ |d(a—an) ABldv+ [ |day A (B — Bn)|dv
/ /

SC’/]d(oz—ozn)Hﬁ]dv—i—C/dan\B—ﬂn|dv
U U

< Clld(a = an)|| o) 1Bl awy + Clldan|| Loy |18 = BnllLawy,

where C' = max(C*¥+t1)1/2 and k = deg a.
Similarly we obtain

/aAdﬁ—U/anAdﬁn

U
< Cillallpe@y 148 = Bu)llLe@wy + Cilla — anllLe@y l|dB] Loy

where C; = (CF)1/2,
These inequalities easily yield (3.8).
If da = 0 a.e. on M then by (3.8)

(3.9) /a/\dﬁzO

M

for an arbitrary differential form § € qu with compact support. This,
obviously, implies (3.6).

On the other hand, if we take a weakly closed differential form o €
WL (M) then by (3.8) one has

p,loc

/da/\ﬁ =0 forall g€ qu(M) with supp 8 C M.
M

We fix an arbitrary point m € M, pass again to the local coordinates on
M in a neighborhood of m and use again the du Bois-Reymond Lemma
to conclude that almost everywhere in this neighborhood the form do is
Z€ro. U

4. The WT-classes of differential forms.

In this section we introduce several classes of differential forms with gen-
eralized derivatives which first were presented in [MMV1] and [MMV2].
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These classes are used to study the associated classes of quasilinear elliptic
partial differential equations.

Let M be a Riemannian manifold of class C2, dim M = n, with a bound-
ary or without boundary and let

(4.1) welLl (M), degw=Fk, 0<k<n, p>1,

loc

be a weakly closed differential form on M.

Definition 4.2. A differential form w (4.1) is said to be of the class WT;
on M if there exists a weakly closed differential form

1

1
(4.3) 9 c L] (M), deg =n—k, I;+§ =1,

such that almost everywhere on M we have
(4.4) vo 1017 < (w,*0),
where 1 is a constant.

Definition 4.5. The differential form (4.1) is said to be of the class W7,
on M if there exists a differential form (4.3) such that almost everywhere
on M the conditions

(4.6) vi |wlP < (w,*0)
and
(4.7) 0] < va [l

are satisfied, with constants v, > 0.

For an arbitrary simple differential form of degree k

w=wi N... \Nwg

il = (i w¢12> N

i=1
For a simple differential form w we have Hadamard’s inequality

k
jwl < T lwil-
i=1

Taking these and using the inequality between geometric and arithmetic

means
k 1/k Lk Lk 1
(Tl) < 3 twt= (3p)
=1 =1 =1

we set

/2

we obtain
(4.8) w| < k7 |Jw]*.
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Definition 4.9. A simple differential form of degree k
w=w A... \Nwg, w; €LY (M), 1<i<k,
is said to be of the class W73 on M if there is a differential form (4.3) such
that almost everywhere on M the inequality (4.7) holds and
(4.10) vs [[w]|? < kT (w, «8).
Definition 4.11. A simple differential form of degree k
(M), 1<i<kh,

is said to be of the class W7, on M, if there exists a simple differential form
(4.3) such that the inequality (4.10) holds almost everywhere on M and

(n—Fk)

(4.12) (n— k)T 0" < v fwl .

Remark 4.13. Because every differential form of degree 1 is simple, for
k = 1 the class W75 coincides with the class W73 while for k = n — 1 the
class W73 coincides with W1jy.

Theorem 4.14. The following inclusions hold between these WT -classes
W1y C WI3 C W, C WTh.

Proof. The first two relations follow in an obvious way from (4.8). For the
proof of the last one it is enough to observe that

w=w A...\Nwg, w; €LY

p _1_ p D
o1 = 07 < ( |w|) <o F T (w,40).

O

Example 4.15. Let v be a differential form of the class L% (M) with
degv = k, 1 < k < n. Following Hodge [Ho] we shall say that the dif-
ferential form v is harmonic if it is simultaneously weakly closed and weakly
coclosed, that is

(4.16) dv = v =0.

In particular, if f € C?(M) then the differential form df of degree 1 is
harmonic if and only if Af = 0.

Theorem 4.17. Let v be a differential form of LE (M), degv = k. If v is
a harmonic differential form then v is of the class W1y on M with structure

constants p =2, v1 = vy = 1.

Proof. Setting § = x~'v € L2 (M) we have

loc
(v,%0) = (v, v) = [0]?
1

and |f| = |v|. The differential form x~'v is weakly closed because x1v =
(—1)#("=k) x v. Therefore Conditions (4.6) and (4.7) indeed hold with the
constants p = 2, 19 = v3 = 1. [l
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5. Quasilinear elliptic equations.

Let M be a Riemannian manifold and let
A NSTM)) — AN(T(M))
be a mapping defined almost everywhere on the k-vector tangent bundle
A (T(M)). We assume that for almost every m € M the mapping A is
defined on the k-vector tangent space A" (T, (M)), that is for almost every
m € M the mapping
A(m, ) 1€ € N (Tn(M)) = A (Tn(M))

is defined and continuous. We assume that the mapping m — A,,(X) is

measurable for all measurable k-vector fields X. Suppose that for almost
every m € M and for all £ € A¥(T},(M)) we have

(5.1) vo [A(m, §)IF < (€, A(m, )

with the constants p > 1 and vy > 0.

Definition 5.2. A differential form w € I/Vli)f (M) is said to be A-harmonic
if it is a solution of the A-harmonic equation

(5.3) JA(m,dw) =0,

understood in the weak sense, that is

(5.4) /(d@,A(m, dw))dv =0
M
for all differential forms ® € Wl’q(/\/l), 1/p+1/q = 1, with supp PNOM = 0.

loc
Theorem 5.5. If the differential form w € W;},IOC(M) is A-harmonic with
the property (5.1) then the differential form dw is in the class W1, on M.

Proof. Let w, degw = k be a solution of (5.3) understood in the weak sense.
Let the differential form a(m) be associated with the vector field A(m, dw)
at the point m and set 8 = xa. The differential form w is weakly closed
because of (5.4) and the weak closedness of 6 follows from

(—1)"k+1/<9,5¢> dvz/(*a,*d*w) dv

M M
:/<a,d*¢>dv:/<A(m,dw),d¢>dv _0
M M

for all p = x"1¢ € WH9(M) with suppt) N OM = (). Further, by (5.1) we
get

|0|7 = o) A(m, dw)|? < (dw, A(m, dw)) = (dw, *0),
which guarantees (4.4). O



QUASIREGULAR MAPPINGS 85

From now on we assume that the vector field A(m, &) satisfies the condi-
tions

(56) 141 ’é‘p < <£7 A(m,§)>,
and
(5.7) [A(m, €)] < va |7

with p > 1 and for some constants vy,v5 > 0. It is clear that we have
141 S V.

Theorem 5.8. A differential form w € Wl’p(M) is A-harmonic with prop-

loc

erties (5.6) and (5.7) if and only if dw € WT.

Proof. As is the proof of Theorem 5.5 we define 6. The weak closedness of
w and 6 follows as above. From (5.6) it follows that

ldwl? < (dw, A(m, dw)) = (dw, %0)
and from (5.7)
0] = | x af = |A(m, dw)| < vo|dw|P~*.

Conversely, if dw € W75, then there exists a weakly closed differential
form 6 (see (4.3)) such that (4.6) and (4.7) are satisfied. With the vector
field a : M — Ag(R) associated to the differential form o = x 60 we define

a(m), for £ = dw(m),
Elefr2, for € # dw(m).

The weak closedness of 6 ensures that w is a solution of (5.3) understood
in the weak sense. Conditions (5.6) and (5.7) for A are satisfied with (4.6)
and (4.7). O

(5.9) A(m.€) = {

6. Quasiregular mappings.

Let M and N be Riemannian manifolds of dimension n. A mapping F :
M — N of the class W}, (M) is called a quasiregular mapping if F' satisfies

(6.1) [F'(m)[" < KJp(m)

almost everywhere on M. Here F'(m) : T;,(M) — Tp(m)(N) is the formal
derivative of F(m), further, |F'(m)| = max— [F'(m)h|. We denote by
Jr(m) the Jacobian of F' at the point m € M, i.e., the determinant of
F'(m).

The best constant K > 1 in the inequality (6.1) is called the outer di-
latation of F' and denoted by Ko(F'). If F is quasiregular then the least
constant K > 1 for which we have

Jr(m) < KI(F'(m))"
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almost everywhere on M is called the inner dilatation of the mapping F :
M — N and denoted by K;(F). Here

L(F(m)) = i | (m)h|

The quantity
K(F) =max{Ko(F),K;(F)}

is called the maximal dilatation of F' and if K (F') < K then the mapping F
is called K-quasiregular.
If F: M — N is a quasiregular homeomorphism then the mapping

F is called quasiconformal. In this case the inverse mapping F~! is also
quasiconformal in the domain F(M) C N and K (F~!) = K(F).

Example 6.2. Some basic examples of quasiregular mappings are provided
by mappings F : M — N that distort lengths of curves by a bounded
factor. Indeed, following [HKM], we shall say that a mapping F': M — N,
F e W11,100<M)’ is an L-BLD mapping if Jp(m) > 0 almost everywhere on
M and for some constant L > 1 and for all h € T,,(M) and almost every
m € M we have

(6.3) |h|/L < |F'(m)h| < L|h|.

It is readily shown that every L-BLD map is K-quasiregular with K =
L2(=1) ([HKM], Lemma 14.80).

Let A and B be Riemannian manifolds of dimensions dim A = k, dim B =
n—k, 1 <k < n, and with scalar products (,)a, (,)n, respectively. On
the Cartesian product N' = A x B we introduce the natural structure of a
Riemannian manifold with the scalar product

<’>:<7>A+<7>8~

We denote by 7: A x B — A and n: A x B — B the natural projections of
the manifold A onto submanifolds.

If w4 and wp are volume forms on A and B, respectively, then the differ-
ential form wy = ™ w4 A n*wg is a volume form on N.

Theorem 6.4. Let F : M — N be a quasiregular mapping and let f = 7o
F: M — A. Then the differential form f*w 4 is of the class W1y on M with
the structure constants p =n/k, v1 = v1(n,k, Ko) and vy = va(n, k, Ko).

Remark 6.5. From the proof of the theorem it will be clear that the struc-
ture constants can be chosen to be

1/1_1:<k:—|— > n"? Ko, V{lzgnfk,

62
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where ¢ = ¢(k,n, Kp) and ¢ = ¢(k,n, Kp) are, respectively, the greatest and
least positive roots of the equation

(6.6) (k&2 + (n— k)2 —n"? Ko €* = 0.

Proof. Setting g =noF : M — B we choose 6 = g*wg. The volume form
wp is weakly closed.
In fact, if the mapping ¢ is sufficiently regular then

df = dg*wp = g*dwp = 0.

In the general case for the verification of Condition (3.6) we approximate
the mapping g : M — B in the norm of W,! by smooth maps g;, 1 = 1,2,....
Because Condition (3.6) holds for each of the differential forms g;wg, it must
hold also for the differential form g*wg.

The weak closedness of the differential form f*w 4 follows similarly.

Fix a point m € M, at which the relation (6.1) holds. Set a = f(m),
b= g(m). Then

Ty (N) = Tu(A) x Ty(B).

The computations can be conveniently carried out as follows. We first

rewrite Condition (6.1) in the form

(6.7) [F'(m)[" < Kol F wy|,

where wys is a volume form on N.

For the points a € A, b G B we choose neighborhoods and local sys-

tems of coordinates y',...,y*, and y**!, ... 4", orthonormal at a and b,

respectively. We have
ffwa= f(dyt Ao AdyF) = frdyt AL A fFrdy®
=df' A NdfE, fi=yiof, i=1,... k.

Because the differential form w4 is simple we obtain by the inequality be-
tween the geometric and arithmetic means

k 1/k
(6.8) dft A AdPRYE < <H|dfz‘>

=1
Lk K 1/2
%Z df| < (ZldﬂF) .
=1 i=1
Similarly
1 n 1/2
k+1 n|1/(n—k) ~ 1|2
(6.9) ldg" T AL A dgh _<n_ki;+1dg|> .

It is not difficult to see that
Frwpn = F*(m*wa An*wp) = ffwa A g wg = ffwa A0
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and further that
|F*wpn| = [frwa A g wg| < |dfP AL AdfF||dg* Tt AL A dgh.
We have
k n
AP = "1df P+ Y ldg')? <nl|F.
i=1 i=k+1
Therefore we get from (6.7), (6.8) and (6.9)
n/2
(klf wal’* + (n = B)lg ws ")
< n"? Ko(f*wa,+0) < n"? Kol f*wallg*wg|.

Set,
| frwal VR
= |grws[ VR

The preceding relation takes the form
(k€2 + (n — k))"* < n"2 Koeh,

Using the notations ¢ and ¢ for the least and greatest positive roots of
Equation (6.6) we have ¢ < ¢ < ¢ and

(6.10) clg wg| 0 < | frwal 't < elgtwslV .
As above, from (6.10) it follows that
k

n

—n/2
|frwal"* < <k+ ) / ™2 Ko (f*wa,+0).

2
Thus Condition (4.6) for the membership of the differential form f*w4 of
degree k in the class W75 is indeed satisfied.
To verify Condition (4.7) it is enough to observe that from (6.10) it follows
that
RO < |frwalF

O

Let 4',9%,... ,y* be an orthonormal system of coordinates in R¥, 1 <
k < n. Let A be a domain in R¥ and let B be an (n — k)-dimensional
Riemannian manifold. We consider the manifold N' = A x B.

Let F' = (f', f%,..., f*,9) : M — N be amapping of the class W%JOC(M)

and g = no F as defined above. We have f*w = df* A ... Adf*.
Theorem 6.11. If the mapping F is quasiregular then the differential form

ffwa is in the class WT3 on M with the structure constants p = n/k,
vs = v3(k,n, Ko), va = va(k,n, Kp).
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Remark 6.12. We can choose the constants v, v3 to be
1 n/2
vy = glf_”, vy = (1 + 2) n_”/zkn/2K51
€1
where ¢, is the least and ¢; the greatest positive root of the equation

(6.13) (€2 + 1)V — 2R 2 (n — k)~ =R2 g €k = 0.

Proof. In contrast to the previous case the k-form f*w 4 has now a global
coordinate representation. Because the earlier arguments had local character
they are applicable to the present case, too. As in the previous case we can
choose § = g*wp. Condition (4.7) holds with the same constant. We now
proceed to verify Condition (4.10).

Combining (6.7), (6.8) and (6.9) we get

k n n/2
(z|dfi|2+ 5 rdgie)
1=1

i=k+1
k2, (n—k)/2
Sk‘k/z(n—k) (n—k)/2 n/2K (Z‘dsz) (Z |dgi’2> )
i=k+1
Here we set
k } 1/2
21|de|2
= | -S—
> |dg')?
i=k+1

We then get
(52 + 1)n/2 < k,—k/Q(n _ k)—(n—k)/2nn/2 Koé-k

If ¢;,¢; are, respectively, the least and greatest of the positive roots of
(6.13) then

n 1/2 k 1/2 n 1/2
(6.14) ¢ ( > \dgﬂ?) < (Z\dfﬂ?) <7 ( > d#) :
i=k+1 =1 i=k+1

From the relations (6.7) and (6.14) it follows that

) /2 k n/2
(&+1) (Z |df"|2> <Ko (f wa,#9),
1 i=1

which guarantees the truth of (4.10). O
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Theorem 6.15. If the mapping F : M — R" is quasireqular then the dif-
ferential form f*wa = df' A ... Adf* is of the class WT; on M with the
structure constants p =n/k, vy = v3(k,n, Ko), va = va(k,n, Ko).

Proof. As above we set 6 = dgFT' A ... Adg"™. Condition (4.10) has already
been proved. By (6.7), (6.9) and (6.14) we have

n/2
(1+cHm? < Z |dg" |2>

i=k+1

n (n—k)/
< (n — k)*(nfk)/an/QKO‘f*wA’ ( Z |dgi’2> )

i=k+1

Therefore

n k/2
( > Idg"!2> < (n— k)" 4 )P0 Ko | frwal,

i=k+1
which easily yields the desired conclusion. O

Remark 6.16. For the constant 3 we can choose the constant of Theo-
rem 6.11 and

n—k)/k
vy = ((n—k)_”/2(1 +g§)‘”/2n"/2Ko)( "

Theorem 6.17. Let f = (f1, f%,..., f" 1 : M — R"! be a mapping of
the class W, (M) and let the fundamental group w1 of the manifold M be

n,loc
trivial. The mapping f can be extended to a quasiregular mapping

FZ(f?fn):(flv 7fn_1afn):M_>Rn

if and only if the differential form w = df' A ... Adf" ! of degree n — 1 is
in the class W1y on M with p =n/(n —1).

Proof. We assume that F' = (f, f™) is quasiregular. By Theorem 6.15 the
differential form w is in the class W74 on M.

Conversely, let w be a differential form of the class W74. Then there exists
a weakly closed differential form 6, degf = 1, satisfying Conditions (4.10)
and (4.12). Because 71 = {e} there exists an injective function f : M — R!
such that df™ = 6. From (4.10) we get

n—1 n/2
Vs <Z|dfi|2> < (n—1D)"2df* AL Adf.
i=1
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Condition (4.12) implies

n—1 1/2
- n n— n— 1 7
vi df"| < [dft AL dft YT <y af
=1

Thus we get

n n/2 n—1 1/2 n—1 n/2
di? < dz2+ 4 di2
;m < ;m n_1;|f|

2 n/2

1

§<1+ oL ) —(n—1D)"2|df* AL AdfTY,
n—1 Vs

which implies (6.1) with the constant

[Fe]
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