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In this paper we make a contribution to the Margulis-
Platonov conjecture, which describes the normal subgroup
structure of algebraic groups over number fields. We estab-
lish the conjecture for inner forms of anisotropic groups of
type A,. We obtain information on the commuting graph
of nonabelian finite simple groups, and consequently, using
the paper by Segev, 1999, we obtain results on the normal
structure and quotient groups of the multiplicative group of
a division algebra.

0. Introduction.

Let & be a simple, simply connected algebraic group defined over an al-
gebraic number field K. Let T be the (finite) set of all nonarchimedean
places v of K such that & is K,-anisotropic, and define &(K,T) to be
[T,er ®(Ky) with the topology of the direct product if 77 # ), and let
&(K,T) = {e} it T = 0 (which is always the case if & is not of type 4,).
Let § : 6(K) — &(K,T) be the diagonal embedding in the first case, and
the trivial homomorphism in the second case.

Conjecture (Margulis and Platonov). For any noncentral normal subgroup
N < &(K) there exists an open normal subgroup W < &(K,T) such that
N = 6~Y(W); in particular, if T = (), the group &(K) has no proper non-
central normal subgroups (i.e., it is projectively simple).

The conjecture has been established for almost all isotropic groups and
for most anisotropic groups except for those of type A,. The anisotropic
groups of type A, are thus the main unresolved case of the conjecture.

Inner forms of anisotropic groups of type A, have the form SL; p, the
reduced norm 1 group of a finite dimensional division algebra D over K
(see 2.17 and 2.12 of [10]). In this case Potapchik and Rapinchuk showed
(Theorem 2.1 of [11]) that if SL; p fails to satisfy the Conjecture, then there
exists a proper normal subgroup N of D* = D — {0} such that D*/N is a
nonabelian finite simple group.
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In recent work the first named author ([14]) established a result, relating
finite simple images of the multiplicative group of a finite dimensional di-
vision algebra over an arbitrary field to information about the commuting
graph of finite simple groups. To state this result we need the following
definitions.

Let H be a finite group. The commuting graph of H denoted A(H) is
the graph whose vertex set is H — Z(H ) and whose edges are pairs {h,g} C
H — Z(H), such that h # g and [h,g] € Z(H). We denote the diameter of
A(H) by diam (A(H)).

Let d: A(H) x A(H) — Z=° be the distance function on A(H). We say
that A(H) is balanced if there exists z,y € A(H) such that the distances
d(z,y), d(z,zy), d(y,zy), d(x,x~1y), d(y, v~ 1y) are all larger than 3.

Theorem (Segev [14]). Let D be a finite dimensional division algebra over
an arbitrary field and L a nonabelian finite simple group. If diam (A(L)) >
4, or A(L) is balanced, then L cannot be isomorphic to a quotient of D*.

Consequently, the Margulis-Platonov Conjecture for inner forms of aniso-
tropic groups of type A, is resolved by the following theorem, which is the
main result of this paper.

Theorem 1. Let L be a nonabelian finite simple group. Then either
diam (A(L)) > 4 or A(L) is balanced.

The following results are then immediate corollaries:
Theorem 2. The Margulis-Platonov Conjecture holds for & = SLy p.

Theorem 3. If D is a finite dimensional division algebra over an arbitrary
field, then no quotient of D* is a nonabelian finite simple group.

In Section 12 we show that the following theorem is a consequence of
Theorem 2.

Theorem 4. Let D be a finite dimensional division algebra over a number
field. Let N be a noncentral normal subgroup of D*. Then D*/N is a
solvable group.

To prove Theorem 1 we need to establish results on the commuting graph
of a finite simple group. These results may have independent interest, so we
state them as separate theorems corresponding to the various types of finite
simple groups.

The main obstacle in establishing Theorem 1 occurs for classical groups.
Here we prove the following theorem.

Theorem 5. Let L be a finite simple group of classical type. Then A(L) is
balanced. The required elements can be taken as opposite regular unipotent
elements.
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Corollary. If L is a finite simple classical group, then diam (A(L)) > 4.

We mention that except for some small cases the elements x,y used to
establish balance in Theorem 5 satisfy d(z,y) = 4 (see Section 12).

The following result covers exceptional groups of Lie type and Sporadic
groups.

Theorem 6. Let L # E7(q) be either an exceptional group of Lie type or
a Sporadic group. Then A(L) is disconnected. If L = E7(q), then A(L) is
balanced, where the elements x,y can be chosen to be semisimple elements.

For the alternating groups we have:
Theorem 7. If L is a simple alternating group, then diam (A(L)) > 4.
Finally, in Section 12 we prove the following theorem:

Theorem 8. Let G(q) be a simple classical group with ¢ > 5. Then A(G(q))
is disconnected if and only if one of the following holds
(i) G(q) ~ L(q) and n is a prime.
(i) G(q) ~ L5(q), n— 1 is a prime and g — € | n.
(iii) G(q) ~ S2n(q), 03,,(q), or Oz,41(q) and n = 2¢, for some c.
Moreover, if A(G(q)) is connected then diam (A(G(q))) < 10.

We draw the attention of the reader to the remark at the end of Section 12,
for additional information about the connectivity of the commuting graph
of finite simple groups.

In Chapter 1, which consists of Sections 1-7 we prove Theorem 5. In
Chapter 2, which consists of Sections 8-9 we prove Theorem 6, when L is
an exceptional group of Lie-type. Section 10 is devoted to the Alternating
groups and the short Section 11 is devoted to the Sporadic groups. Finally
in Section 12 we derive Theorem 4 from Theorem 2 and we include some
results and remarks about the commuting graph of the classical groups.

We would like to thank Michael Aschbacher for various discussions, in
particular, for contributions in Sections 8 and 9.

Chapter 1. The Classical Groups.

1. Notation and preliminaries.

The notation and definitions that will be introduced in this section will
prevail throughout Chapter 1. F denotes a finite field and V' denotes a vector
space of dimension n over F. We fix an ordered basis

B:{’Ul,... ,Un}
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of V. For a subset S C V, (S) denotes the subspace generated by S. We
set:

For ISZ'S’I?,, Vi:<’l)1,’l)2,...,vi>.

We write M (V) for both Homp(V, V), the set of all linear operators on
V', and for the set of n X n matrices over F. When we wish to emphasize
that we are dealing with matrices we’ll write M, (F) for the set of n x n
matrices over F. Also GL(V) C M(V), denotes both the set of invertible
linear operators on V and the set of invertible n x n matrices over F. To
emphasize matrices we write GL,(F), for the set of n x n invertible matrices
over [F. Finally, SL(V) C M (V) are the elements of determinant 1; again,
we write SL,(F) for the set of n x n matrices of determinant 1. We use
the same notation for the linear operator and its matrix, with respect to the
basis B. All our matrices are also linear operators whose matrix is the given
matrix always with respect to our fixed basis B, unless explicitly mentioned
otherwise. Thus if @ € M(V), then a is an n X n matrix over F whose
(4, 7)-th entry we always denote by a;;. Also a: V' — V is a linear operator
such that v;a = Z?Zl a;jvj.

Given a bilinear form f (resp. a quadratic form Q) on V, we denote
by O(V, f) (resp. O(V,Q)) the elements in GL(V') preserving f (resp. Q).
SO(V, f) (resp. SO(V,Q)) denotes the elements in O(V, f) (resp. O(V,Q))
of determinant 1.

We fix the letter R to denote either FF, or the ring of polynomials over
F,F[A]. We'll denote by M, (R), the set of n x n matrices over R.

Let H be a finite group. The commuting graph of H denoted A(H) is
the graph whose vertex set is H — Z(H) and whose edges are pairs {h, g} C
H — Z(H), such that h # ¢ and [h,g] € Z(H). (Note that our definition
of the commuting graph differs a bit from what the reader may be used to,
i.e., the vertex set of A(H) is H — Z(H) and not H — {1} and two elements
form an edge when they commute modulo the center of H and not only when
they commute.) We denote by da(x) the distance function of A(H). We
fix the letter A to denote A(GL(V')) and the letter d to denote the distance
function of A (see 1.3 for further notation and definitions for the commuting
graph).

Our goal in Chapter 1 is to prove Theorem 5 of the Introduction, which
shows that A(L) is balanced, for all simple classical groups L. In principle
we present a uniform approach to this, by showing that in all cases we can
take the elements x,y to be opposite regular unipotent elements. However,
the details are fairly complicated. In this section and the next we lay the
ground work for the proof.

1.1. Notation and definitions for matrices over R. Let m > 1 be an
integer.
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(1) First we mention that given o € F, whenever we write @& inside a
matrix, this means & = —a.

(2) I, denotes the identity m x m matrix.

(3) For integers i, j > 1, 0; ; denotes the zero i x j matrix. We denote by
0; the zero 7 x 7 matrix.

(4) Given g € M,,(F), we denote the transpose of g by g.

(5) Given A € M,(R), M; ;(A) € M;,—1(R), denotes the (4, j)-minor of
A, i.e., the matrix A without the i-th row and j-th column. Also
M, i0),(G1.j2) (A) € Mip—2(R) is the matrix without the 4y, rows and
without the j1, jo columns.

(6) Suppose m = ki + ka + - -+ + k; and that g; € M, (R), 1 <i <t. We
write g = diag (g1, g2, ... ,g¢) for the m x m matrix with g1,¢92,... , gt
on the main diagonal (in that order) and zero elsewhere. Of course if
gi € R, for all i (k; = 1, for all i), then g is a diagonal matrix in the
usual sense.

(7) Suppose m > 2 and let 1 < i < m —1 and a € F. We denote by
u"(a) € My (F), the matrix which has 1 on the main diagonal, « in
the (i + 1,4) entry and zero elsewhere.

(8) Suppose m > 2 and let 1, fa, ..., Bm—1 € F*. We denote

am(B1, 02, Bm=1) = " (Brm-1)u5" (Bm—2) - - - Upy_o(B2)um_1 (51)
b (81, B2, -+ s Pm—1) = ul" (= Fr)uy (—F2) - - - Uy _o(—Bm—2)Up_1(—Bm—1)-

Of course
1 0 0]
Bm—l 1 0 0
0 ﬂm—? 1 0 0
0 0 r— 1 0 . . .
am(/@b"' 7/8m—1): . . /8 . ’ .. . . ]
0 0 B 1 O
|0 0 B 1
10 . 0]
0 3, 1 0 - 0
0 0 B34 10
N e L
0 0 BmfZ _ 1 0
| 0 0 ﬂm—l ]‘_

(9) We denote a; = by = [1] and for m > 2,
am = am(1,1,...,1) and by, =by(1,1,...,1).
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Hence
1 0 - 0] 1 0 - 0]
110 - 0 110 0
0110 - 0 o110 - 0
00110 0 00110 0

am:.- . . bm:- . .
0O - - - 0110 0o - - - 0110
o - - - 0 1 1] o - - - 0 1 1

(10) Suppose m > 2 and 1 < r < m — 1. We denote by 7,,(r) the set of
m X m matrices t € M,,(F) such that:
(i)ti; =0,forall1 <i<rand1l<j<m.
(ii) tr4is #O0and 40 =0, forall 1 <i <m—randalli <l <m.
Thus ¢ has the form

0 0 0 .o . ()

0 . 0

‘= tri11 0 . 0
*  tpyo2 0 0

* * tr+3,3 0 0

| x * * * % tymm—r 0 0_

where * represents any element of F.

(11) Throughout Chapter 1, J,, denotes the following m x m matrix. If we
set, J = Jom, then J; mi1—; = (1)L, for all 1 <i <m, and J; ; = 0,
otherwise. Thus

0 0 -0 17
0 0 . 010
0 0 - 01 00
0 0 01 00O

Jm = . . .

0 " o

ImH 0O - - - - .0

Note that J -1 = = (—1)"*!1,, and if m = 2/ is even, then

[?W]
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1.2. Notation for polynomials, characteristic polynomials and
characteristic vectors. Let m > 1 be an integer.

(1) Let g € My, (F). We denote by F,[)A], the characteristic polynomial of
g. We often write Fy, for Fy[)\].

(2) If F is the characteristic polynomial of g € GL,,(F), we denote by F
the characteristic polynomial of g—!.

(3) Given a polynomial F[)], we denote by «(F, ¢), the coefficient of X! in
F.

(4) Throughout Chapter 1 we denote by F,,[\] the characteristic polyno-
mial of a’,a, (am as in 1.1.9). We mention that several properties of
F,[\] are given in 2.6.

(5) Throughout Chapter 1, G,,[\] denotes the characteristic polynomial
of the following m x m matrix

210 0
1210 - - -0
01210 - -0
O .- - 01210
o .- - - 0121
0 - 01 2

(6) We denote Q[N = A™ — AL 4 Am=2 4o (=)™ I\ 4 (=)™,
(7) Let g € GL(V') and suppose that v € V is a characteristic vector for
g. We denote by A\y(v) € F the scalar such that vg = Ag(v)v.

1.3. Notation for the commuting graph. Let H be a group and let
A= A(H).

(1) Givenelements X,Y € A, we write Ba(X,Y) if the distances dp (X, Y),
da(X,XY) and dp(X,X71Y) are all > 3. We write B(X,Y) =
BA(X,Y) (recall that A = A(GL(V))).

(2) We say that A is balanced if there are elements X,Y € A such that
BA(X,Y) and BA(Y, X).

(3) We use the usual notation for graphs, thus, for example, AS!(X) means
the set of all elements at distance at most 7 from X, in A.

1.4. Further notation and definitions. Let g € GL(V), 0 # v € V and
H < GL(V), a subgroup.
(1) We denote by O(v, g) the orbit of v under (g).
(2) Given an ordered basis A = {wy,... ,w,} of V we denote by [g]4 the
matrix of g with respect to the basis A. Thus, the i-th row of [g] 4 are
the coordinates of w;g with respect to A.
(3) We say that H is closed under transpose if h € H implies h' € H.
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(4) We fix the letter 7 to denote the graph automorphism of SL, (F) such
that 7 : ul'(a) — u”_;(a) and 7 : (u?(a))! — (u_,(a))!, for all « € F
and all 1 <7 <n—1. Note that 7 commutes with the transpose map.

(5) If |F| = ¢2, we let o : GL,(F) — GLy,(F), be the Frobenius automor-

phism taking each entry of g € GL,(F) to its ¢ power.

By a Classical Group we mean L < GL(V'), where L is one of the groups
SL,(q), Spn(q), Q5(q), or SUy,(q), where for orthogonal groups we use € €
{+,—} only in even dimension and for unitary groups we work over the
field of order ¢%. In all cases we take L to be quasisimple, avoiding the
few cases when this does not hold. By a Simple Classical Group we mean
L/Z(L), with L a classical group. In the respective cases we denote the
simple classical groups by L, (q), Sn(q), On(q), O5(q) and Uy,(q).

1.5. (1) For even q and odd n, Op(q) ~ Sn—1(q).
(2) For all q, Os(q) = La(q), Of (q) ~ La2(q) x L2(q), Oy (q) = La(¢®),
Os5(q) = 81(q), Og (q) =~ La(q) and Og (q) ~ Us(q).

The purpose of Chapter 1 is to prove:

Theorem 1.6. Let L be a finite simple classical group. Then A(L) is bal-
anced.

We mention that in Remark 1.18 ahead we indicate our strategy for prov-
ing Theorem 1.6.

1.7. Let H be a group. Suppose that Z(H/Z(H)) = 1 and that A(H) is
balanced. Then A(H/Z(H)) is balanced.

Proof. This is obvious since if X,Y € A(H) satisfy B(X,Y) and B(Y, X),
then XZ(H), YZ(H) satisfy the same condition in A(H/Z(H)).

1.8. Let L < SL(V) be a classical group. Set A = A(L) and suppose that L
18 closed under transpose. Then:

(1) The maps g — g~', g — g* and conjugation are isomorphisms of A.

(2) Let g,h € A and let € € {1,—1}, then any one of the following imply
da(g,9°h) > 3:
(i) da(g, hg) > 3;
(11) dA(g7 hilgie) > 3;'
(iii) da(g,g~¢h™1) > 3.

Proof. (1)is easy. (2) follows from (1) noting that (¢g¢h)9" = hg€, (g=¢h=1)9 °
= h~!g7¢ and that the distance between ¢ and ¢ is the same as that from g
to t~L.

1.9. Let L < SL(V) be a classical group. Set A = A(L) and suppose that L
s closed under transpose. Let XY € L. Then:
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(1) If B(X,Y), then B(X',Y").
In particular:

(2) If B(X, X"), then B(X*, X).
Proof. Suppose that B(X,Y) holds. By 1.8.1, dx(X% Y?) > 3. Also since
da(X, XY) > 3, da(Xt, (XY)!) > 3. Hence dp (X!, YIX?) > 3. By 1.8.2,
da (X', X'Y?) > 3. Finally since da(X, X71Y) > 3, da (Xt (X1Y)Y) > 3.
Thus da (X% YH(X?)™1) > 3 and then, dy (X, (X!)~1Y?) > 3.
Corollary 1.10. Let L < SL(V) be a classical group. Set A = A(L) and
suppose that L is closed under transpose. Suppose one of the following holds:

(i) There exists X € L such that By(X, X?).

(ii) There exists X,Y € L such that By(X,Y") and By(Y, X?).

Then A(L) is balanced.

Proof. If (i) holds, then it is immediate from 1.9.2, and definition, that A(L)
is balanced. If (ii) holds, then by 1.9.1, also By (Y, X), so by definition A(L)
is balanced.

1.11. Suppose n = 2k + € > 2, with ¢ € {0,1}. Let p1,P2,...,Bk—1 € F*.

Seta = ak(ﬁla 623 cee aﬁk—l) and b = bk’(ﬂlaﬁ% cee 7ﬁk—1)' Let T : SLn(F) -
SL,(F) be the automorphism defined in 1.4.4. If € = 0, then diag (a,b™!) €
Fix (1) and if € = 1, then diag (a,1,b™1) € Fix (7).
Proof. Just observe that if ¢ = 0, then
diag (a,b™1)
= 7 (Br—1) g1 (Br—1)uz (Be—2)un_o(Br—2) - - - up_1 (B1)ug 11 (B1)
and if e = 1, then
diag (a,1,b71)
= ul (Br—1)ty 1 (Br—1)uy (Be—2)ty o (Be—2) - - ug_1(Br)ug2(B1)-
1.12. Let 7,04 : SL(V) — SL(V) be the automorphisms defined in 1.4.4
and 1.4.5. Set J = J, (see 1.1.11). Then:
(1) gr = J(g") It = J(g") 1T, for all g € SL(V).
(2) T and o4 commute with the transpose map.
(3) For an automorphism ¢ : SL(V) — SL(V), let Fix (¢) = {h € SL(V) :
h¢ = h}. Then if [F| = ¢%, Fix(r04) ~ SU,(q); if n is even, then
Fix (1) >~ Spn(q) and if n is odd and q is odd, Fix (1) ~ SO,(q).
(4) In the notation of (3), Fix (1) and Fix (toy) are closed under transpose.

(5) Suppose n = 2k is even, x,y € SLi(F) are such that diag (x,y~1) €
Fix (7). Theny = Jya'J, ' = JyalJ}.
Proof. First recall that J~1 = J!. Let 7' : SL(V) — SL(V), be the auto-
morphism g — J(g*)71J L. Tt is easy to check that u?(a)7" = u?(a)7, and
(u?(a))it’ = (ul(a))it, forall 1 <i <n—1, and all « € F. Thus 7/ = 7.

(3 (2
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Evidently 7 and o, commute with the transpose map. Next note that
g € Fix (1) iff gJgt = J; thus g € SO(V, f), where f is the bilinear form
given by f(v;,v;) = Ji ;. Hence Fix (1) is as claimed in (3). Now if [F| = ¢,
then g € Fix (70,) iff gJ(go,)" = J, so as above, g € SO(V, f), for a suitable
unitary form f.

To prove (5), set g = diag (z,5~1). Then by (1), g7 = J(g")"1Jt =
Jdiag ((z*)~%,y*)J!. Now using Definition 1.1.11, we get

L 81 0
i kO kY A k
T 0% Jryt O —Jx
o _(—1)ka(xt)_1 O :| . |:(_1)k+le 0 :|
B '(_1)k+1Jkyth Ok
Tl O (‘UkHJk(ﬂCt)lJJ '

Since we are assuming that gr = g, we see that (—1)k+1Jkyth = x, S0 since
J,;l = (1)L, = J}, we see that x = JLy'Jy, so y = katJ,;l = Jya'J},
as asserted.

1.13. Let X € GL,(V) be a lower triangular matriz such that X — I, €

7,(1) (see 1.1.10 for 7T,(1)). Let h € M, (F) be a matriz commuting with X .
Then:

(1) h is a lower triangular matriz.

(2) There exists 1 <r <n, and f € F such that h — 81, € T,(r).

(3) If Xz',i—l = Xj,j_l, fO?“ all 2 S i, j S n, then hr+i,i = hr+j7j, fOT‘ all

1<4,5<n—r.

Proof. For 2 <i < n, set a; := X;;—1. Note that by definition (see 1.1.10),
a; # 0, for all 2 <4 < n. Note further that A commutes with the matrix
X — I, and clearly for 1 <i <n —1, ker(X — I,,)* = V;. Since h commutes
with (X — I,)?, h fixes ker(X — I,,)*, so (1) holds.

Next set Xh = g and hX = q. It is easy to check that for 2 < ¢ < n,
Gii—1 = O‘ihifl,ifl + hi,ifl and that Qii—1 = hi,ifl + Oéihi’i. Since g = ¢, and

a; # 0, for all 4, we see that h11 = hoo = -+ = hyy. Set f = hy 1 and
t = h — (1,. Then t has the form
[ 0 0 0 .o . .. 0]
0 0
;= tr11 0 0
* tr+272 0 0
* * tr+3’3 0 0
B * * * % lppop 0 - - 0_
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where 1 <7 <n —1 and for some 1 < j <n—r, t,4;; # 0. Note that
X — I, commutes with ¢.

Set (X —I,)t = g and t(X —1,,) = q. Then it is easy to check that g,421 =
Qr42tr41,15 Gr+432 = Q4384225+ s Gnn—r—1 = Qnlpn—1n—r—1- Similarly,
Tr+2,1 = Q2lr422, Gr4+32 = Q3tr 433, -+ 5 Gnn—r—1 = Qn—rlpp—p. Since g = q,
a; # 0, for all 7, and t,1;; # 0, for some 1 < j < n —7r, t,4;; # 0, for all
1<i<n-—randte 7T,(r) as asserted. Further, it is easy to check that (3)
holds.

1.14. LetR,S € GL(V). Set3 = Z(GL(V)) and W = (O(w1, S)). Suppose
that:

(a) R7ISR = puS, for some u € F*.

(b) v1 is a characteristic vector of R.
Then:

(1) If u =1, then W is a set of characteristic vectors of R and forw € W,

Ar(w) = Agr(vi). In particular, if W =V, then R € 3.
Suppose W =V, and let Fg[\] = X" — 3", Lo\ Then

) R is conjugate in GL(V) to some member of diag (1, pu, %, ..., u"1)3.
) /ﬂ—l for each 1 < i <n such that ap,_; # 0.
)
)

M?’L
5 Ifgcd{{z Qp—i #0}U{|IF*|}} =1, then R € 3.

Proof. Notice that by hypotheses (a) and (b), O(v1,S) is a set of charac-
teristic vectors of R. Further if 1 = 1, clearly (1) holds. For the remaining
parts assume W = V. Then A = {vy,v19,v15%,... ,v1.5" 1} is a basis of
V. The matrix of S with respect to the basis A is

(2
(3
(4
(

[0 1 o0 0
0 0 1 0 - 0
0O 0 0 10 - 0
S = [S]u = 0O - - 010 0
. . . . . . ()
0 . . . . . 0 1
Qp a1 Qg - Qg

and the matrix of R with respect to the basis A is R'= diag (R1, R, ... , Ry).
Replacing R with a scalar multiple of R we may assume that R; = 1. Note
that for 1 < i < n — 1, the (i,i + 1)-entry of the matrix (R')"1S'R’ is
R;7'R;i11. Since (R')™'S'R' = pS', we conclude that R; = =1, 1 <i <n
and (2) holds.

Next note that for 1 < i < n, the ( n — i+ 1)-entry of (R')"'S'R' is
R;an_Hlan_i = " ey = b qn_i. Thus, since (R')"1S'R' =
S, i = pog_j, so if ay,_; # 0, u* = 1. This shows (3). Of course
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(4) follows from (3), since ag = (—1)""1det(R) # 0. Finally (5) is an
immediate consequence of (2), (3) and (4).
1.15. Suppose S,T € M(V), R € GL(V) and j,m,{ > 0 are integers such
that:

(a) 1<j<n—1landforalll<i<jandi+1<k<n, Siiy1#0 and

Then vy is a characteristic vector of R.

Proof. For i > 0, set z; = S'T. Note that R~'2R € 3z, for all i > 0 and
hence

(i) ker(z;) is R-invariant, for all ¢ > 0.
Notice that by (a):
(ii) For all i > 0, if V41 C ker(z;), then V; C ker(zi41).

Now without loss we may assume that ¢ is the least nonnegative integer i
such that v ¢ ker(z;). Since by (b), V; C ker(2p), minimality of ¢ and (ii)
imply that V; C ker(z,). Thus

(iii) vj+1 ¢ ker(zg) and V; C ker(z).
Now, by (a) and (iii), we get that
(iv) ker(zp44) N Vi_iv1 = Vj_i, foral 0 <:<j—1.

By (i), (iv), (d) and since 1 <m < j + 1, we see that Vi, Vin—1,..., Vi are
all R-invariant, so since V) is R-invariant, vy is a characteristic vector of R.

1.16. Suppose n > 2 and let Z € GL(n,F). Let v € V such that (O(v, Z))
=V and let « € F. Then (O(av +vZ,Z)) # V iff —a is a characteristic
value of Z.

Proof. Since (O(v,Z)) =V, C = {v,vZ,... ,0Z" '} is a basis of V. Now
(Olav +vZ,2)) =V, it D:={av+vZ,(aw+v2)Z,...,(av +vZ)Z"" 1}
is a basis of V. Now D is obtained from C by applying the transformation
al, + Z to the basis C. Thus D is a basis of V iff al,, + Z is invertible and
the lemma follows.

Corollary 1.17. Suppose n = 2k + 1 (with k > 1), let S € GL(n,F) and

write
_|[Ri1 Rip
s=lm %)

with RLl,RLQ,RQ,l and Z a kxk, kx (k—i—l), (k—l—l) x k and (]{—l-l) X (k—l—l)
matrices, respectively. Set W = (O(v1,S)) and assume:
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(a) Vi CW.
(b) Z € GLg+1(F) and (O(vgy1,diag (Ix, Z))) = (Vkt+1y--- »Un)-
(¢) avgs1 + vgrdiag (Ix, Z) € W, for some a € F.

If —« is not a characteristic value of the matriz Z, then V- = (O(v1,S)).

Proof. Set U = (vg41,...,v,) and let Z denote also the linear operator
Z :U — U, given by the matrix Z, with respect to the basis {vgt1,... ,vn}.
Then, by (b), U = (O(vk+1,Z)). Also it is easy to check that hypothesis
(a) implies that if u € Y N W, then uZ € U N W. Hence by hypothesis (c),
O(awg41+vg+1Z, Z) CW. Now 1.16 and hypotheses (b) and (c) imply that
if —« is not a characteristic value of Z, then & C W, so by (a), W =V as
asserted.

1.18. Important remark. Throughout Chapter 1, the following strategy
will be used to prove Theorem 1.6. Let L < SL(V') be a classical group.
Let A = A(L). We carefully choose X,Y € A. To show Bx(X,Y), let
S € {Y, XY, X" 'Y}. In order to show that dx(X,S) > 3, suppose R €
AS2(X) N ASYH(S). We do the following steps.

Step 1. We obtain information about C,(X). Part of the work was already
done in 1.13.

Step 2. Using Step 1, we show that if h € ASY(X) N ASY(R), then there
exists 3 € F* and an integer k > 1 such that if we set T := (h — BI,,)",
then there are integers j,¢,m > 0 such that TS, R, j, ¢, m satisfy all the
hypotheses of 1.15. Thus we conclude from 1.15 that v; is a characteristic
vector of R.

Step 3. We compute (O(v1,5)). In all cases X, Y are chosen so that either
(O(v1,95)) =V, or [S,R] =1, (so that we can use 1.14.1) and (O(vy,5))
has codimension 1 or 2 in V.

Step 4. We obtain information on the characteristic polynomial of S. This
information is aimed to fit the hypotheses of 1.14.5.

Step 5. We use Step 2, Step 3 and Step 4, together with 1.14, to get that
R € Z(L) and obtain a contradiction.

2. Some information about characteristic polynomials.

Throughout this section n = 2k+e > 2 is a positive integer, where € € {0, 1}.
am and by, are as in 1.1.9. We draw the attention of the reader to 1.1 and 1.2,
where we fixed our notation for matrices and polynomials. In particular,
recall that the polynomials Fy,[A], Gp[A] and @[] are defined in 1.2.4,
1.2.5 and 1.2.6 respectively.
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2.1. Notation. For an integer ¢ > 1 and a prime r, |¢|, is the largest power
of r dividing ¢. Hence, if ged (¢,7) = 1, then ||, = 0.

2.2. Let £ > 1 be a positive integer. Suppose { =7, €;2', with ¢; € {0,1},
for alli. Then ||y =0—3"7_ €.

Proof. 1t is easy to see that

|ﬂb:[ﬂ-%ﬁ}+{ﬂ+ﬂu+1

S S S
— Zei2i—1 + Z€i2i_2 + o + Z €i2i_8+1 + 63
=1 =2

1=s—1

1 2 s—1
—a+te)y 2tea) 24ty 2
=0 =0 =0

=2 -1 +e(2P—1) +e(22 -1+ +e(2°-1)
=/ — Zei.
=0

2.3. Suppose k = m2°t! — 1, with s > 1 and m odd. Then:

(1) If 1 < ¢ < 2%, then (k;f) =0 (mod 2).
(2) If 1 << 2°, then (2’2141) =0 (mod 2).
3) (573) =1 (mod 2)

(4) (2k 23) =0 (mod 2)

(5) (22k 25) =1 (mod 2)

(6) (2k2g2 1 ) =1 (mod 2).

Proof. For (1) note that by comparing 2—parts of factors we have
by AT G+ +0} G+ T+ 1) - i)}

( 20 > - 20 . ¢!

Since k + 1 = m25t! for £ < 2%, we get

<k+€> _(f=nt-2srtp

(mod 2).

20 2l fl (mod 2)

k40
2 /|,

hence
={|(t =Dz +s+1+|0:2} — £+ |0]2)

= (=) +s+1—¢.
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If £ < 2° then ¢ —1 < 2° —1, so if we write { —1 = ) 7~ 06122 we see
that 35 ¢ < s. Thus, by 2.2, [(£ — 1)!]s > £ —1 — s, s0 ](k+z)|2 >
¢—1—s+s+1—+¢ = 0. This shows (1). In (3), £ = 2% so, by 2.2,
(0= 1)l]a=¢—1—s, thus = [(51%)]2 = 0.

For (2), note that

AN k++t
<2£+1> =(k-1) < 90 ) (mod 2).
Hence (2) following from (1).
We proceed with the proof of (4) and (5).

(Qk: — 25) _ I (m2e2 =20 —2) i) _ T (2 +i+2)

28 23! 23!

“=0 (mod 2),

and as above,

(% — 2S> 170 ((m2++2 — 2° — 2) — i)

25 — 2 (25 — 2)!
ISP +i+2)
= 0(25 ~9) =1 (mod 2).

Finally, for (6), note that

<2k—23+1> CTIEA(m2st2 — 25 — 1) — i)

21 )7 (25 — 1)!
CIEEP@ +i+1)
= 0(23 i =1 (mod 2).

2.4. Suppose n = 2k and let 7 : SLy(F) — SL,(F) be the automorphism
defined in 1.4.4. Let a;,b; € SLi(F) and suppose diag (ai,bi_l) € Fix (1),
1 = 172 Then fOT € c {]., —1}, FaﬁaE[A] = Fbibg[)\]

Proof. By 1.12.5, b; = Ji(a;)'J}. Hence, biby = JyarJ}Jgx(az)!Jf. Recall

now that J|, = kal. Hence biby is conjugate to ajal, so Firay = Fyip,-

Also biby ' = JrarJ}Ji(ay )t JE. Again we see that bib,! is conjugate to
—1

a1(ay )", Hence Fyozr = Fyya.

2.5. Let m > 1 and let x = a,, or b,,. Then the characteristic polynomial

of etz x 712t and x(xt) ! is

Qm[)\] _ )\m o )\m—l +)\m—2 et (71)m
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Proof. First note that, by 1.11, diag (am,b;,!) € Fix (), where 7 : S Ly, (F)

m

— SLo9y(F) is as defined in 1.4.4. Hence by 2.4,
(i) FainaT_nl — Fb,inb:nl.

Next, note that zfz~! and x~!'z! are conjugate in GL(m,F) and z(z%)~1,

and (2!')~!z are conjugate in GL(m,F), so it suffices to show the lemma
for ztz=! and z(z!)~!. Now, by 2.7.1 (ahead), since z(z!)~! = (2fx=1)71,
Foany-1[A] = (=1)™AM™FLp1[A7Y, so if Fup1[\] = Qum[)\], then also

F
Note now that,

010 - 0
0010 - 0
00010 0
i . .
0 010
0 - 01
: I 111

and hence F, —1[A] = Qm[A].

2.6. Let m > 1. Then:

(1) For x = am, or by, Fpp[A\ = Fppt[A] = Fr[A].

(2) Form Z 3, Fm == ()\ - 2)Fm,1 - Fm,Q, Fm == ()\ - 1)Gm,1 - Gm,Q

and G, = (A —2)G -1 — G—2.

(3) G| is the characteristic polynomial of the m x m matrices

2@ -1[A] = Qm[A]. By (i), it remains to show that Qu[\ = F,

210 - 0
1210 - 0
01 210 0
Ym = | | . and
0 01 210
0 01 21
0 -0 1 2]
2 1 0 - 0]
1 21 0 - 0
01 210 0
= | S
0 01 210
0 01 21
0 01 2
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(4) F[A] = So(~1)"+ (") X"

(5) GmlA] = So(=1)™ (" 1) X"

(6) Let~y € F and suppose that for some £ > 2, Fy[y] = 0. Then Gy_1[y] #
0.

Proof. For (1), we already observed (using 1.11) that diag (a,, b;!) € Fix (1)
and (1) follows from 2.4, and since, by definition, Fy, = Fy: ,,.. Next, by
definition G, = F,, (ym as in (3)). Observe now that

2 10 - 0
1210 - - -0
01210 - -0

Gam = |
0 - -01210
0o - - - 0121
0 S 0011

Now F,,, = det(\,, — al,ap,). Developing det(\I,, — a!,a,,) using the first
row, we easily get that for m > 3, F,,, = (A — 2)F,,—1 — Fj,—2. Developing
det(Al,, —al,a,,) using the last row, we easily get Fy, = (A—1)Gp1 —Gp—2.
Also developing det(Al, —yn,) using the first row gives Gy, = (A—2)Gpp—1 —
Gp—2 and (2) is proved.

For (3), note that z,, is obtained from y,,, by conjugating by diag (1, —1, 1,
—1,..., (=)™ s0 F,, [\ = F,,,[\ = Gn[\.

To prove (4) and (5), note that Fy = A—1, Fy = A2=3\+1 and G = A\—2,
G2 = A2 — 4\ + 3. So (4) and (5) are the characteristic polynomials when
m = 1,2. Then, using (2), for m > 3, a(F,,0) = —2a(Fy,—1,0)—a(Fp—2,0)
and for 1 </ <m, a(Fp, L) = a(Fn-1,0 — 1) — 2a(Fp—1,¢) — a(Fn—2,¥).
The same equalities hold if we replace F' by G. We must show that for
m > 3.

@) (~1)™ = —2(— 1)t - (—1)m
0 () ()
i) (M) = e (M
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+04+1 e m+£—1
; _qymte. (™ _(_qymelH-1
(iv) (=1) < 20+ 1 (=1) 20— 1
+/
—9(-1 m—1+4 m
(=1) 2041

o qym—24e (mA L1
(=1) ( 20+1 )

For (i), note that —2(—1)""1 — (=1)™~2 = 2(-1
note that —2(—1)"=1(7) — (=1)™72("™ 1) = 2(~=1)"m — (-=1)™(m — 1) =
(—=1)™(m + 1).

For (iii) we have

Cymete1 (mAL=2\ e (ML=
(=1) < 20—z ) THY 2

o qymge J (mA =2 m+l—1\ (m+{—2
==Y {( 20— 2 >+2( 20 20 ‘
Note now that
m+{—2 B m-+{—2
20 — 2 20
_(m+L=2 N m-+4£—2 B m-+£—2 B m+4£—2
o\ 20-2 20— 1 20— 1 20
_(m+L-1 B m+0—1
S\ 20—-1 20 '
Thus
Covmae J(mAL—2 m+l—1\ (m+{-2
o (M ) (M N
o qymee J (mHE—1 m+{—1
= (1) {( 20-1 )" 20
_ (_1\m+L m+€
—omee (")

and (iii) is proved.
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For (iv) we have

Cymetieer (mAL=1N e (Mt
(=1) < 20— 1 > 2(-1) 20+ 1

_ +4—1
—(=1)™ 240 m
(=1) ( 20+1

+4-1 m+ /£ m+£—1
= (=1 m+/ m 9 o
e (M) ) - (e )
and as in the previous paragraph of the proof we get (iv). This shows (4)
and (5).
Suppose that Fy[y] = 0 = Gy_1[y], for some ¢ > 2, then, by (2), also
Gy—27] = 0. Then, using (2), we see that Gy,[y] = 0, for all 1 < m < /.

In particular, Gi[y] =0 = Ga[y],s0y =2and 0 =22 - 4.2+ 3 = —1, a
contradiction.

2.7. Let h,g € SL,(F) and let Q[N = Fy. Then:

(1) Q = (=1)"A"Q[\"Y. In particular, for all 0 < ¢ < n, a(Q,) =
(—1)"a(Q,n — 0).

(2) Fugl] = FynlA] = det(Ah~1 — g).

(3) Suppose £,m > 1 are integers and ¢ € {1,—1}. Suppose h™! =
diag (Iy_1,5 %, In_1), where s is a (2 + ¢€) x (2 + €) matriz. Then
Fhy = det(r + (M — g)), where r = diag (07—1, As™ — Moy, Opp1).

Proof. Set I = I,. Then Fy-1 = det(AM — g~ ') = det{-M(A\"'T—g)g~'} =
(=) det(A"1T — g) = (—1)"A\"QA].

For (2), we have det(\ — gh) = det{(Ah~! — g)h} = det(Ah~! — g).
Finally, for (3), det(Ah~! — g) = det(AR =t — A + A — g) = det(r + A\ — g),
because r = Ah~! — AI.

2.8. Let £,m > 1 be two integers such that ¢ +m = 2k. Let A € M,;(R)
and B € My(R). If e =0, let g = diag (A,B), while if e = 1, let g =
diag (A, 1, B), with 0 # pu € R. Let [ be the following (2 + €) X (2 + €)
matric over R

_|a B _

f__*y 5 when € =0,

11 12 (13
f = | (g1 (9 (93 when € = 1.
31 @32 (33

Let r = diag (0g—1, f,0im—1). Then:
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(1) If e =0, then
det(r + g) = det(A) det(B) + 6 det(A) det(M;,1(B))
+ adet (M (A)) det(B)

+ det |:(;é §:| det(Mé,é(Ql))det(MLl(%)).

(2) If e =1, then

det(r + g) = (g2 + p) det(2A) det(B)

Qo9 + [ (3
det det(A) det(M7 1 (B
+e[a32 a33]e<>e<1,1< )

+ det [z; a;ﬁ M] det(M¢(2)) det(B)

a1l 12 Q13
+det {1 oo+ p a3 | det(My(A)) det(Mq1(B)).
a31 Qa32 o33

Proof. (1) is proved by expanding det(r + g) along row ¢ + 1. For (2),
expanding det(r + g) along the (¢ + 1)-row, we get

(i) det(r +g) = —ao1 det(r; + g1)
+ (0422 + M) det(?“g + 92) — (93 det(T3 + gg)

gz gz’
tained from 2 by replacing the last column by a column of zeros.

ro = diag <0z—1, [an a13:|70m—1)7 and go = diag(2,B). r3 =

where r; = diag (Og_l, [0412 0413] Om1> ,g1 = diag (2,9), and 2, is ob-

Q31 Q33
diag (04_1, [an am] ,Om—1 | , g3 = diag (A, B1), and B is obtained from
Q31 (32
B by replacing the first column by a column of zeros. Notice now that
det(A;) = 0 = det(By) and det(Mpe(1)) = det(My (2A)), while
det(M;,1(B1)) = det(M1,1(B)). Now, by (1), we get

(ii) det(rl + gl) = (12 det(M&g(Ql)) det(%)

+ det [g;’i g;ﬂ det(My () det(M 1(B)).
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(iii) det(ra + g2) = det(2) det(B) + a3 det(A) det(M; 1 (B))
+ a1 det(M&g(Ql)) det(‘B)

[a1 aas]

|31 Q33

(iV) det(?’g + 93) = (32 det(Ql) det(M1 1(%))

)

+ det det (Myo()) det (My 1 (B)).

Q11 Q12
|31 32

Note now that (2) follows from (i)-(iv).

+ det det(Mq (1)) det(My 1 (B)).

2.9. Let £,m > 1 be two integers such that ¢ +m = 2k. Let A € My(TF)
and B € M, (F). Let g = diag (A, B). Let s € GLy(F) such that s~' =

[gi gzﬂ . Let h = diag (Iy—1, 8, Im—1). Then

th = FAFB + (522 - 1))‘FAFM1,1(B) + (’811 o 1))\FM[’Z(A)FB

(/811 - 1))\ 512/\
et [ Ba1A (Ba2 — 1)A Faty o (4)Fby 1 (4)-

Proof. First we mention, that, by definition, if R is a 1 x 1 matrix over F,
we always take Fyy, ,(r) = 1. Next note that h=' = diag (Iy_1,5 ', In_1).
By 2.7.3, Fy, = det(r + (A, — g)), where r = diag (0¢—1, As ™! — A2, 0ppp1).
Note now that

As—! = Ay = [(511 —DA Bi2A ]

P21 A (B2 — 1A
also,

M, — g = diag (A, — A, \I,,, — B).
So if we set A = Ay — A and B = A\l,,, — B, then by 2.8.1,

det(r + (M —g))
= det(A) det(B) + (P22 — 1) A det(A) det(M1,1(B))
+ (b1 — DA det(M (1)) det(B)

(Br1 — 1A BiaA
+ det [ %21)\ (52213 1))\} det(My () det(M; 1(B)).

The lemma follows.

2.10. Let g = diag(A,1, B), with A, B € My(F). Let s € SL3(F) such that

11 B2 B3
sh=|Bau P Pl .
B31 P32 B33
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Let h = diag (I—1,5,1x—1). Then a(Fpg,1) = a(R[A],1), where
RN = (B22A — 1) FaFp — (B33 — DAFaFn () — (Bu1 — DAFu (1) FB-

Proof. We use 2.8.2, with £ = m = k. First note that h~! = diag (I_1, s,
Iy—1). By 2.7.3, Fy, = det(r 4+ (M — g)), where

r = diag (Op_1, \s ™+ — A3, 0x_1).
Note now that

(B — 1A BiaA B13A
As— L — M3 = Ba1 A (B22 — 1)A B2z
B31A P32 (B33 — 1)A

also, if we set I = I,,, then
M — g =diag (M — A, A\ — 1, \I;, — B).
We use 2.8.2 with A = A, — A, B = A, — B and u = A — 1. The «;; are
given by the matrix As~! — A\I3 above. By 2.8.2
det(r + (M —g))
= (a2 — 1) det(A) det(B)

[Boo A — 1 B2z A

et B3aA (B33 — 1)A

} det () det(M1,1(B))

(B — DA P2
+det_ 1;}21 \ 622;2— J det (M, x(2A)) det(B)

[(Bii— 1A P2 Bi3A
+ det B\ Boo — 1 Bog A det(th(Q[)) det(MLl(‘B))
P31 Ba2A  (Ba3 — 1A

so we see that the only expressions in det(r 4+ (Al — g)) which contribute to
the coefficient of A in det(r + (A — g)) are

(B22X — 1) det(2) det(B) — (B33 — 1)A det(A) det(M71(B))
— (B11 — D)\ det(My, 1 (1)) det(B)
because the other expressions are in A2F[\]. This shows the lemma.

2.11. Let m > 2 be an integer and let ¢,d € SL,,(F) be two unipotent
elements such that c is lower triangular and d is upper triangular. Let

x € SLy,(F). Then:

( ) ME g(dﬂ?) Mﬁ,f(d)Mé,ﬁ(x)a fO?” le {L (L 2)}

(2) Myp(wc) = Myg(z)Myy(c), for £ € {1,(1,2)}.

(3) My m(cx) = MM,m(C)Mm,m( ) and My, m(xd) ( )Mm,m(d)
(4) Me,e( Y = {Mye(y)} ", forye{cd} and l € {1 m, (1,2)}.

Proof. (1), (2) and (3) are obvious and (4) follows from them.
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2.12. Let m > 3, B1,82,--- , Bm, V1,72, »Ym € F*. For 1 <i <3, let
Bi = bpi2-i(Bis- -+, Bm) and  Ci:=bpia—i(Vir- - s VYm)-

(1) Ferp, = (A= 1)Faep, — BiniAF (oo

(2) Fieipy—1 = {1+ 8 = 1} Fcipyy—1 — BN Feip,)-1-
(3) FczlgBl—l == ()\ - 1)FC£BQ—1 + ﬁl'}’l)\FCéBg—l.

(4) If Bg = 02 = bm, FC{Bl = ()\ — 1)Fm — ,81’71)\Gm_1.

(5) If By = Cy = by, then FC’{Bfl = ()\ — I)Qm + B1mMmAQm—1-

Proof. First note that (4) and (5) follow from (1) and (3) respectively, since,
if By = Cy = by, then, by 2.6, Feyp, = Fr and, by 25, Feyp1 = Qu,

FCth_l = @Qm—1 and we leave it for the reader to verify that Fa o (Bacy) =

3

m—1-

To prove (1), (2) and (3), let u = u[" (=) and w = uf"*!(—v;). Note
first that B; = udiag (1, By) and C; = wdiag (1,C>). Hence

(1) Ct By = diag (1, CH)w'u diag (1, By)
(i) (C1B1) ™" = diag (1, By )u™" (w') "diag (1, (C3) ™)
(iif) CiBy! = diag (1, Ch)diag (1, By Hw'u™!

where (iii) follows from the fact that diag (1, By') and w! commute.

For (1), (2) and (3), given S € {C{By,CtB; ", (CiBy)~'}, we find g,h €
SLpy+1(F) and B € SL,,(F) (g,h and B depend on S) such that S is conju-
gate to hg, with g = diag (1, B) and h~! = diag (s, I,,_1). Then we use 2.9
(with £ = 1 and m = m) to compute Fp,. Note that by 2.9 if A € M;(F),

B € M,,(F), then for g = diag (A, B) and h~! = diag ([i ?] ,Im_1>,

(iv) Frg = FaFp + (6 — I)AFAFMM(B) + (a—1)\Fp

(a—1A  pBy
+det|: ’y)\ (5_1))\ FMl,l(B)'

In all cases we take A = 1.
(v) In (1), take B = ByC%; in (2) take B = (B2C%)~L; in (3) take B =

CiBy .
Also
(vi) in (1), take A~ = (w'u)~! = diag ([511 517711+ 1] ,Im_1> ;
in (2) take h~! = w'u = diag ([1 * gW1 ;l] ,Im_1>;
—b1

in (3) take h~! = (w'u=1)~! = diag ([ 15 3 11 n J ,Im_l) :
—b1 —Pm



148 YOAV SEGEV AND GARY M. SEITZ
We now use (iv), (v) and (vi) to prove (1) (2) and (3).
In (1), taking B = ByCY, we get
Forp, = (A= 1)Fp + AN = 1) Fuy, ()
0 ’yl)\ F
Bix frima] M)
=\ - 1)FBQ(15 - 5171)\FM1,1(BQC;)

+ det [

also, in (3), taking B = CéB{l, we get
FC{Bfl = (}\ — 1)FB — ﬁl'}’lA()\ — 1)FM171(B)

0 "}/1)\
et |:_ﬁl/\ —5171/\} Eanam)
= ()\ - 1)FC§BQ_1 + ﬁlleFMl,l(CéBg_l)'
Since M;1(CiByY) = CLiB;', we get (3). Finally in (2), taking B =
(B2CE) L, we get
F(CfB1)—1 = (/\ — l)FB + ﬁl’}’l)\FB

SimA —mA
+det |:—1ﬁ11)\ 01 FMl,l(B)

= {)\ -1+ ﬂl'}’l)\}F(BQCé)—l — 51’71/\2FM1,1((BQC§)—1)'
Note however that Fg,cr)-1 = Fip,)-1 and that, by 2111,
M1 {(B2C5) 71} = (B3C3)~" and again Fig,cty-1 = Fieip,)

2.13. Suppose n=2k. Let a € F* and set u=u}(c). Let X =diag (ax, b;l)u
and let H, be the characteristic polynomial of XX . Then:

(1) H, = Fk(Fk —|—042)\Gk_1) —OéQ)\QGk_le_l.
(2) a(Hp, 1) = _<"”2rl> —(a® +2)k + 1.

Suppose o« = 1. Then:

(3) If char (F) =3 and k=0 or 2 (mod 3), then o(Hp,1) # 0.

(4) If char (F) =2 and k =0 or 1 (mod 4), then a(Hy,1) # 0.

(5) If char (F') =2 and k = —2 or 3 (mod 8), then a(Hy,2) # 0.

(6) If char (F) = 2 and k = 2 (mod 8), then either a(Hn,4) # 0 or
a(Hp, 7) # 0.

(7) If char( ) =2 and k = —1 (mod 8), then a(Hy,2°) = 1, where s is

defined by k = m?s+1 — 1, with m odd.

IIC’

Proof. For (1), we'll use 2.9. But first we observe that
(1) X'X = u'diag (alay, (b)) "o, ' u.
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Further, by definition and by 2.6.1,
(ii) Fazak = F}, F(bfv)—lb,jl =F}.
Also, by 2.11.1 and 2.11.4,
t\—1p—1 t \—1p—1 ol
(iii) My ((bg) 76y, ) = (bg—1)” by so FMl,l((bi)*lbgl) =1
Finally observe that by definition and by the shape of alay
(iv) FMk,k(aZak) = Gg-1.
2 +1 @
a 1]

Note that, by (i), H, is the characteristic polynomial of hg, with g =
diag (A, B), A = atay, and B = (b%)~'b, . Thus by 2.9

Set h = uut. Of course h = diag (I_1, s, Ix_1), with s~ =

Hy, = Fhg = FAFp + o*AFyy, () F

a?\ a\
+ det |:Oé)\ 0 :| FM;CT;C(A)FMI,I(B)

= FAFB + OZQAFM,C,,C(A)FB — QQAZFMk,k(A)FMl,l(B)'
Using (i), (iii) and (iv) we see that (1) holds. Next, using 2.6 and 2.7,

a(Hp,1) = O‘(Fk, 0){a(Fy, 1) + OéQOé(Gk_l, 0)} + a(Fg, O)Oé(Fk, 1)
o(Fy,0) = (—1)F = a(F},0),  a(G-1,0) = (—1)F! @
Oé(Fk, 1) _ (_1)I<:+1 <k —;— 1

Thus

>, a(Fp,1) = (=1)F(1 — 2k).

o= v () st (1))
+ (=D)F(=1)"(1 - 2k)

(
:—(k;rl>—<]1€>a2—2k:+1

:_(k‘;l)—(a2+2)k+1.

This shows (2). For the remainder of the proof we assume that o = 1.
Suppose first that char (F) = 3. By (2), a(Hp,1) = —(k'ZH) + 1. Thus if
kE=0or2 (mod 3), a(Hy,,1) # 0 and (3) is proved.

So suppose that char (F) = 2. By (2), a(H,, 1) = (kﬂ) + k+ 1. Hence if

2
kE=0or1 (mod4), a(H,,1) =1 and (4) is proved. Recall from 2.6 and 2.7
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that
()
=1+<k 1>A+<k 2>/\2 (kES)AM(MS'Zl)AMW
- ok — ok %3\ 4 (-4,
_1+< )\+<2> <3>/\+<4>)\+
ok — 3 ok s (265, (266 4
Fr i [A 1+<1 >\+<2)>\ <3>)\+<4>>\+

Gro=k+ (s k 2V (P3N (P8
3 7 9
2

Suppose first that £ = —2 (mod 8). Using (*), note that F, = 1+ X\ +
A2 (mod (A\®)), F, = 1+ A (mod (\®)) and Gj_1 = A (mod (\?)). Hence
modulo the ideal (A3), Fi(Fy + AGr_1) — N3G 1Fr_1 = (1 + X+ X?)(1 +
A+ 2A%) =1+ A2 Thus a(H,,2) # 0.

Suppose k = 3 (mod 8). Then by (), F, = 14+ (mod (\3)), F = 1+ )2
(mod (A3)), Gx—1 =1 (mod (A?)) and F_; =1 (mod (\)). Hence, modulo
the ideal (A?), Fp(Fr +AGr_ 1) — N2Gr 1 Fr1 = 1+ N1+ X2+ N+ 22 =
1 + A2, This completes the proof of (5 )

Suppose k = 8m + 2. Note that ( )

=1 (mod 2), (ki2) = % =1
(mod 2), (k+2 E) 2(k22) = 0 (mod 2), ( '%' ) )E 24;(]“)2) E(]:n gl(lllg()d)2 ,
k+5\ _ 2:4:2-(k—2 k6_ k+6)2:4-2-(k—2)-2 _ (k+6)-(k—2) _
(% 1o o) = “ggags - =m (mod 2). (7 15 ) = 128242 = 18 =
0 (mod 2), and similarly, (k+7) =0 (mod 2). Hence, by (%),

Fo=1+X+X2+mA +m)\5  (mod (A%)).

Next, (*71) =1 (mod 2), (*;%) =1 (mod 2), (*;*) =0 (mod 2), (**,*)
= 0 (mod 2) and (Qk 5)5%5 (mod 2), (% 6)Egjgzl(mod2),
(Qk 7) =0 (mod 2). Hence, by (x),

Fr=1+X+X+X+2%  (mod (\¥)).

Next, (Qk 3) —1 (mod 2) (2k 4) =0 (mod 2) (2k 5) =1 (mod 2), (2164—6)
=1 (mod 2), (Qk 7) =1 (mod 2). Hence, by (x),

Fri=1+XA+X 4+ 2+ X° (mod (\9)).

Finally, ( ) =0 (mod 0) (mod 2), (kH) =1 (mod 2), (k+2) = 422'.(552) =
(in%d 2), ( _2;(2 E) 422(522) =0 ( m0(126, ;k) E)QW =0 (mod 2),
(") = “Sseqs =m (mod 2), (75) = 128242 = 0 (mod 2).
Hence, by (%),

Gr—1=A+m)\°>  (mod (\7)).
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Hence, modulo the ideal (\%),
Fi(Fy + AGp—1) — N2Gy1Fpy
= (1 +AFA XA E X207 FmAt £ mA + A2+ mA)
+ XA+ mA) (1 + A+ 23+ A1+ 25
= (1 + A+ A2 F X X)L+ X +mA* + mA® +mA%)
(A3 EmAT) (A + A+ 23 2405,

Thus a(H,,4) =m+1 and o(H,,,7) = (m+m+1)+ (1 +m) = m. Hence
either a(H,,,4) # 0, or a(H,,,7) # 0 and (6) is proved.

Finally, suppose k = —1 (mod 8). Write & = m25™! — 1, with s > 2
and m odd. Recall that we are assuming char (F') = 2. We claim that
a(Hp,2%) = 1. Set

t = 2%
Note that by 2.6 and 2.7, for 1 < ¢ <t, a(Fy,l) = (kH),

20
k+7
(Gr1,0) = ( )

20+ 1
S(Fot) = alFb—1) - <2kt— t) B <2k2— 25)’
a(Frt—1) = alFa bk — (t—1)) = <2k 1’51_ 1)) _ (%2_ 2_1+ 1> and
A(Frrt—2) = a(Fp1,(k—1) — (t - 2)) = (2(k - 1)_—2(15 - 2))

B <2k — 25>
28 — 2

Using 2.3, we see that

Fo=1+X (mod (A1) Gr_1 =1 (mod (A\")

a(Fp,t) =0, aFp,t—1)=1, a(Fp_1,t—2)=1.
Hence a(H,,t) is the coefficient of ! in the polynomial

(T+XTHA 4+ X4+ M) + A2\

which is 1.

2.14. Suppose char (F) = 3 and n = 2k. Let § € {1,—1}. Set u = uj(1),
h = uu® and
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Then:

F, = F, = Fp — AGj_s.

(3) Suppose k = 1 (mod 3). Set X = X(f), Y = X(—0) and L[\ =
Fxty. Then a(L,,1) = —1.

Proof. (1) is obvious. For (2), note that

10 - 0 1 0 - 0
110 - 0 B 1 0 0
0110 - 0 o110 - 0
oo0110 - - - 00110

aB)= . . . |addB)=|" | .

0 1 10 0 110
0 0 3 1] 0 01 1

Hence
(1 1 0 - ol [1 o - 0]
0110 ol |1 1 0 . 0
001 10 ol |0 110 . 0
x_ ' . . . ...

0 01 1 0] |0 01100
0 01 8| |0 . 110
0 0 1] |0 03 1

— N
[N
— O
o

o O

(e}

(an}

—_
DO~
_ o O
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1 0 ol [ 3 0 - 0
g 1o - - - -0 0110 - 0
oI 10 - - -0 00110 0
oo |
0 o1 10 0] o 0110
0 -0 1 1 0| |o 01 1
0 o1 1] [o - 0 1]
(1 3 0 - 0]
g 01 0 - 0
oI 210 0
0 .01 210
0 . 01 21
0 . 01 2

To compute F, expand det(Al; — x) along the last row. Thus
Fop=(A=1)Fu, @) + Gr—2
(since 3% = 1). Also it is easy to see that
(i) gy i (2) = AGr—2 — Gi—3.
Thus
(i) Fp = (A= 1){\Gk—2 — Gx_3} + Gpo.

Expanding Fj, along the first row we see that I}, = F,. Recall now from
2.6, that F, = (A — 1)Gg_1 — Gr—o and that Gx_1 = (A — 2)Gj_2 — Gx_3 =
(A +1)Gg—2 — Gi_3. Hence

(iii) F, = ()\ - 1){(A + 1)Gk,2 - Gk,'g,} — Gp_s.

Thus, from (ii) and (iii) we see that F — F, = (A — 1)Gr_o — 2Gp_o =
(A —=1)Gg—2 + Gi—2 = AGj_3. This shows (2).

We proceed with the proof of (3). Note that X'Y = w'diag ((a(8))?,
({6(B)}~)")diag (a(—B), {b(~B)} V) = u'diag (z, 5~ Ju, with  and y as
in (1). Now XY is conjugate to hdiag (x,y~!), so we can use 2.9 to compute
L,. By 2.9 and (1),

(iV) L, = {Fx + )‘FMk,k(a:)}Fy—l - )‘2FMk,k(I)FM1,1(y_1)‘
Thus, by (iv),
v) oLy 1) = a({Fy + A\Fyy (11, 1),
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Now, by (i) and (ii), Fy + A0 (@) = Fie — AGr—2 + MAGg—2 — G_3}. So

(Vi) F,+ )‘FMkk(x) =F), — AGj_o — AGp_3 + )\2Gk,2.
Hence, by (v) and (vi),
(vil) o(Ln,1) = a({Fy — AGjs — AGp_3}F,1,1).

Now modulo the ideal (A\2), F = (—1)*(1—)), A\Gj_o = (—1)F2 (kII)A
0, A\Gj_3 = (~1)F3(*7)X = (~1)F2A = (—~1)*A. Thus
(viii) F, — AGr_g — MGz = (—=1D)*(14+ X)) (mod (A\?)).
Now, by (2), F, = Fp — AGp_2 = (AF = X714 o) — (AL 4y =
A Ne=T oo Tt follows from 2.7.1, that
(ix) Fy=(-DF1+))  (mod (A\?)).
Hence by (vii), (viii) and (ix), a(L,,1) = a((1 + A)?,1) = —1, and (3) is
proved.
2.15. Suppose n=2k. Let « €F* and set u=u}(a). Let X =diag (ax, b, )u
and set T = ai:a,;l and y = b,;lbfc. Then

CK(Fthfl, 1) = a2 — 2.

Proof. Note that X*X~! = ufdiag (a}, (b,)~1)u~'diag (a; ', bg). A moment

of thought will convince the reader that u commutes with diag (af, (b})™1),
hence

(i) XXt =ty diag (z,y 7).
Set h = u'u~! and g = diag (z,y~'). Then
.. - . 1 a
(11) h b= dlag <Ik17 |:Oé 1_O[a2:| 7Ik1> .

We use 2.9, with A =z, B=y"!, h =ulu"!. By (i), X!X~! = hg. By 2.9,
(iii) Fxtx—l = FxFy—l + (ﬂ22 - 1))\F$FM1’1(y71) + (511 - I)AFMkyk(x)Fyfl

(Br1 — 1A Pr2A
+ det |: B\ (522 - 1))\ FMk,k(x)FM1,1(y—l).

Of course, by (ii), here 811 = 1, f12 = —a, B21 = @ and B2 = 1 — . Note
that by 2.5,

(iV) Fx = Fyfl = Qk

Further, by 2.11.1 and 2.11.4, Fyy, ,(,—1) = F,

(b1 )by SO by 2.5,

(v) Fapy oy -1y = Qr—1-
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Now by (iii), (iv) and (v), we get
Fyix—1 = Qu{Qr — &®AQi—1} + N Fyr () - Fary(y-1)-
Whence,
a(Fyix-1,1) = a(Qr{Qx — a®AQx1},1)
= (DM = 2D 4 (DR ()M
=—14+a’-1
=ao? -2
2.16. Suppose char (F) = 3, n = 2k > 8 and that k = 1 (mod 3). Let 5 €
{1, -1} and let a(B),b(8), X,Y andu be as in 2.14. Set x=(a(B))*(a(—3))~*
and y = (b(=p))"' (b(8))". Then
(1) Fp=F, =X+ (-1)"=F .,
(2) a(Fyty-1,1) =1.
Proof. Note that X'Y~! = wldiag ((a(B))%, ((b(8))")~1)u"tdiag ((a(—03)) 71,
b(—0)). Now a moment of thought will convince the reader that « commutes
with diag ((a(5))", ((b(8))")~"), hence
(i) Xty =ty diag (z,y 7).
Set h = u'u~! and g = diag (z,y~'). Then

.. _ . 11
(i) h~! = diag <Ikla L (] ,Ik1> :

Next note that, by 1.11, diag (a(83), {b(8)}71), diag (a(—8), {b(-B)} 1) €
Fix (), so, by 2.4, F, = F,. Also if F, = A\ + (=1)%, then, by 2.7.1,
Fy-1 = AF 4+ (=1)*. We now use 2.12.3 to compute F,. Take in 2.12.3,
By = bp(—p,1,...,1) and Cy = bg(B,1,...,1) (notice that f; = —( and
1 = B). By 2123, F, = (A — 1)Qr_1 — f*A\Qp_2 and since 3 = 1,
Fy = (A—1)Qp_1 — AQp_s. Notice now that AQj_; = N — Qp_1 + (1)1,
and AQy—2 = Qu1 — (~ 1)L, Hence F, = (X — Qq_y + (~1)F 1) — Qpy —
(Qr_1 — (—1)F 1) = \F —3Q;,_1 +2(—1)¥1. Since char (F) = 3, (1) follows.

Next, y=1 = ({b(8)} H(b(—pB)). By 2.11.4 and 2.11.1, My ;(y~!) =
(b, !,)tb—1 and so Fap 1) = F(b,:ll)tbkq’ hence by 2.5

(iii) Fapy a1y = Qi
For (2), we use 2.9, with A =z, B =y~!, g = diag (A4, B) and h = u'u~1.
By 2.9,
Fhg = FaFp + (B2 — D)AFaF N, (B) + (811 — DAy, (4)FB

(Bi1 — 1A Bi2A

+ det ,821)\ </622 _ 1))\ FMk,k(A)FMLl(B).
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By (1), Xty-t = hg and by (11), here ,811 = 1, ﬁlg = —1, ﬂgl =1 and
B22 = 0. Using 2.9, (1) and (iii), we get

Fxry-1= (A 4+ (=1D)){A + (1% = AQu-1} + N Fag ) - Fary 1 (3)-

Hence, a(Fyxty-1,1) = a((A\ + (=1)"){NF + (=1)* = XQx_1},1) = 1, as is
easily checked.

3. The Special Linear Groups.

In this section we prove Theorem 1.6 for the groups L,(q). We let L =
SLy(F). Of course all notation and definitions introduced in Section 1 are
maintained here. By 1.7 and 1.9.2, all we have to do is to find an element
X € L, such that B(X, X?"). We take

X = ay,.

3.1. Let S € {X'X, X! X1 Xt} and let R € AS2(X) N ASY(S). Then vy
is a characteristic vector of R.

Proof. Let h € ASY(X) N ASY(R). Note that since X is unipotent and
[X,h] € Z(L), [X,h] = 1. By 1.13, there exists § € F and 1 < r < n, such
that h — 81, € T,(r) (see notation in 1.1.10). Put T =h— (3L, j=m=r
and ¢ = 0. We’ll show that S, T, R, j, m and ¢ satisfy the hypotheses of 1.15.
Hence, by 1.15, vy is a characteristic vector of R.

Since (X"); ;41 = 1, while, (X*);, =0, for all 1 < i < n —1 and all
i+ 1<k <mn, and since X is unipotent lower triangular, for € € {1, -1},
it is easy to see that hypothesis (a) of 1.15 is satisfied. Of course V; =V, C
ker(T'). By definition, vj1 ¢ ker(T'). Since V,, =V, = ker(T') and since R
centralizes T, V), is R-invariant. By now we verified all hypotheses of 1.15
and the proof of 3.1 is complete.

3.2. Let S = XX'. Then:
(1) If char (F) # 3, orn—2# 0 (mod 3), then either a(Fg,n—1) #0 or

a(Fg,1) #0.

(2) If char (F) = 3 and n — 2 = 3,6 (mod 9), then a(Fs,n —2) # 0 #
a(Fg,n—3).

(3) If char(F) = 3 and n —2 = 0 (mod 9), then a(Fg,n —2) # 0 #
a(Fg,n—5).

Proof. By definition 1.2.4, Fg = F,,. So by 2.6.4,
= n+/
Fg=) (—1)"* ‘
=3 (")
=0
In particular, a(Fg,n — 1) = 1 — 2n and a(Fs,1) = (—1)**! (ngl) Let

p = char (F) and suppose a(Fs,n — 1) = a(Fg,1) = 0. It is easy to check
that we must have p = 3 and n = —1 (mod 3). So suppose char (F) = 3 and
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n = —1 (mod 3). Note that a(Fg,n—2) = (n—1)(2n—3), so a(Fs,n—2) # 0.
Ifn—2=3,6 (mod9), then a(Fg,n —3) = —(2”3_3) # 0 (mod 3). Finally,
ifn—2=0 (mod 9), then a(Fg,n—5) = —(2";5) # 0 (mod 3). We remark
that when n = 2, A is disconnected and there exists no path from X to S
in A, so evidently B(X, X?") holds.
3.3. (1) Let S € {X'X, X'X~!, X!}, then d(X,S) > 3.

(2) A(L) is balanced.
Proof. Let R € AS?(X) N ASL(S). By 3.1,

(i) vy is a characteristic vector of R.
Note that for all 1 <¢ <n—1, ;8 = v+ v;41, with v € V;. Thus
(ii) (O(v1,8))y =V.

Now if S = X!, then, by (i), (ii) and 1.14.1, R € Z(GL(V)), a contradiction.

Suppose S = X'X. Note that by 3.2, gcd{{i D ap—; # 0} U {n}} =
1, thus, by (i), (ii) and 1.14.5, R € Z(GL(V)), a contradiction. Finally
suppose S = X!X~!. Then, by 2.5, a(Fg,n — 1) # 0, and again, by 1.14.5,
R € Z(GL(V)), a contradiction. This shows (1). (2) follows immediately
from (1), since, by definition, B(X, X*) and then, by 1.9.2, B(X!, X), so by
definition, A(L) is balanced.

4. The Symplectic Groups and Unitary Groups in even
dimension.

In this section n = 2k > 4. Further, F is a field of order q2 and K < F
is a field of order ¢q. L is one of the following groups. Either L = Fix (1),
where 7 : SL,(K) — SL,(K) is the automorphism defined in 1.4.4, or
L = Fix (104), where 7oy : SL,(F) — SL,(F) is the automorphism defined
in 1.4.4 and 1.4.5. Thus, by 1.12.3, in the first case L ~ Sp,(q), and in
the second case L ~ SU,(q). The purpose of this section is to prove that
Theorem 1.6 holds for (the simple version of) L. We’ll pick two elements
X,Y € L and show that B(X,Y"!) and B(Y, X"). By 1.9.1, also B(Y*, X)
and thus the elements X, Y show that A(L) is balanced. In most cases, we’ll
take X =Y, but when char (F) = 3, it turns out that we must pick Y # X.
For the moment we fix elements 51,... ,0k_1,71,--- ,Y&—1, @ € K*. Using
the notation in 1.1.8 we let

a=ag(Br,.-.,Bk-1) ar = ap(y1, - 3 Ye=1)
b=0br(Brs---,Br-1) br = bp(v1, - Yk—1)
g = diag (a,b") g1 = diag (a1,b; ")

X =gu Y = giu.
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Towards the end of Section 4 we’ll specialize and give concrete values to
Bi,7vi: and «. Note that by 1.11, X,Y € L.

4.1. Let u=uj(a). Then:

. 1

(1) uut = dlag <Ik—17 |:Oé QQO;_ 1:| 7Ik—1)

_ . 2+1 a

(uut) T = dla‘g <Ik‘—1) |: & 1 7Ik—1 .

- . 1 o

(2) u lut = dlag <Ik—la |:Oé 1— 042:| 7Ik—1>
1-a® @
(u™'u")~! = diag <Ik17 [ aa ﬂ 7Ik1> :

3) [u.g']=1.
Proof. This is obvious.

4.2. Leteec {1, —1}. Then:
(1) XY = guu' 91; (X Yt) = (91)~ (u N7tg !
(2) XV =utulgTlgl and (X )t 2 (gi) Lg(u~tut) L,

(3) X = [a Or, k] with E some k x k matriz, such that E ), = «.

E b
€t / /
eyt _ |aa] Rip eyity—1 _ 11 o ; . /
(4) XYt = [Rll R2,2] (XYH= = [ ) bﬁbe] with R;; and R;

some k x k matrices. Further, the first k —1 rows of R1 2 are zero.

(5) Let S € {Y!, XY}, Then for 1 <i<k—1,v;S = v+ 511011, with
v €V; and 5i+1 € K*.

(6) Let S € {Y!, XY}, Then fork <i<mn—1, v;S™! = v+ di110i41,
with v € V; and d;41 € K*.

(7) Let S € {Y', XY}, then V = (O(v1, S)).

(8) Let S € {Y', XY"}, then Sk, # 0.

Proof. (1) is obvious. For (2), we have X 1Y? = u~tg~lulgl. By 4.1.3,
[g7%,uf] = 1, and (2) follows. (3) is clear, the (1, k)-entry of Fis a-(b~1)1 1 =
a.

To show(4) and (5), let 1 < i < k — 1, then v;u™tu! = v;, so v; X 1Y! =
vig~tgt. Also v;g € V;, so vig(uut) = v;g and v; XY"? = v;9g%. We conclude
that:

(i) For 1 <i<k—1,v;XY" =g},
Now the shape of X€¢Y? follows from (3) and (i), since, by (i), the first k — 1

rows of Ry are zero. Also the shape of (X¢Y?)~! follows from (3). For
(5), we use (i). Note that a¢ is unipotent, lower triangular and a} is upper
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triangular unipotent with (a!); ; = 0, for j > i+ 1, and (a!); ;41 # 0. This
easily implies (5), for S = XY*. For S = Y, v;Y! = v; + Br_;vis1, for all
1 <i<k—1, thus (5) holds for Y as well.

For (6), note that for h € {b},bib¢}, h; j =0, for j > i+ 1, and h; ;41 # 0,
for all 1 < ¢ < k — 1. This clearly holds for b’i and since this holds for
bl and ¢ is unipotent lower triangular, it also hold for b{b¢. Thus, by (4),
(6) holds for S € {Y!, XY'} and k +1 < i < n — 1. We compute that
v (YH ™ = vp(gh) 71 uh) ™t = vp(uh) ™t = vy — avpgr. Also vp (XYL =
V(YD TIX ¢ = (v, — avpy1) X € = 0 X € — avp 1 X6 Now v X € € Vy,
and v 1 X "¢ = vgsq (mod Vi), so (6) follows. (7) follows from (5) and (6),
since by (5), Vi C (O(v1,5)), and then by (6), (O(v1,S)) = V.

Finally, to show (8), note that vy X = v + vy, with v € V,_1, and by (5),
vY" € Vy. Thus for S € {Y', XY}, Spp = (Y. Now vpY! = vpulgl =
(vk + Qugt1)gt = vk + augr1gl. Now it is easy to check that (bl_l)k’l =
[Ty v # 0, thus (g))ks1n = (b7 k1 # 0, hence (V)i = (g8) k41 # 0
and (8) is proved.

4.3. Let e € {1,—1} and let S € {Y!, XY'}. Let R € AS*(X) N ASL(S9).
Then vy is a characteristic vector of R.

Proof. Let h € ASY(X) N ASY(R). Then, [h, X] =1, so by 4.2.3 and 1.13,
there exists 0 # § € K, and 1 <r <n — 1, such that h — 81I,, € 7,,(r). We
use 1.15. We take in 1.15, T'= h — 81,,. Note that R commutes with A and
hence with T'.

Suppose first that r < k—1, we take in 1.15 j = r = m and ¢ = 0. Notice
that by 4.2.5, hypothesis (a) of 1.15 is satisfied, hypothesis (b) and (c) of
1.15 are satisfied by definition, and we observed that hypothesis (e) of 1.15
is satisfied. Finally, since R centralizes T, V, is R-invariant. Hence 1.15
completes the proof in this case.

Suppose next that r > k, we take in 1.15, j = k— 1,/ =1 and m =
dim(im(7)). Notice that im (7") = V,, and im (T") is R-invariant. Also, by
4.2.8, Spn # 0, so clearly v, ¢ ker(ST) and hypothesis (c) of 1.15 holds.
Thus 1.15 completes the proof in this case too.

From this point to the end of Section 4 we specialize and set:
If K|=2,or [K| >3,0ork#1 (mod 3),
Gi=~v =1, forall 1 <i<k—1,in particular, X =Y.
If Kl=3and k=1 (mod 3),
ﬁi:’yizl, forall2§i§k71andﬁlzf%:ﬂ.
4.4. (1) If K| > 3, or k # 1 (mod 3), we can find a € K* such that
a(Fs,1) #0 for all S € {XY!, X1y}
(2) If K| = 3, or k =1 (mod 3), then for « = 1 we have a(Fg,1) # 0,
for all S € {XY!, XY},
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(3) If K| = 2, then for a = 1, gcd{{i : a(Fs,n —i) # 0} U {n}} is
relatively prime to 3, for all S € {XY*!, X 1Y},

Proof. For (1), note that by our choice of X and Y, X =Y. Further, Fy yt
is the polynomial H,, of 2.13. Thus, a(Fxxt,1) = —(k;rl) —(@®2+2)k+1
by 2.13.2. Also, by 2.15, a(Fx-1xt,1) = o — 2. The reader may now easily
verify (using also 2.13.3) that we can choose a € K* as asserted in (1).

So suppose |K| = 3 and k£ = 1 (mod 3). Then by 2.14.3, and 2.16, (2)
holds. Finally assume |K| = 2. Then (3) holds by 2.13.4-2.13.7 and by 2.15.

We now specialize further and choose « as in 4.4, in the respective cases.

4.5. Set A= A(L) and let e € {1,—1} and let S € {Y', XY'}. Then:
(1) da(X,S) > 3.
(2) BA(X,Y") and BA(Y, X?Y).
(3) A(L) is balanced.

Proof. Suppose dx(X,S) < 3 and let R € AS?(X) N ASY(S). Of course
R € AS2(X) N ASY(S), so by 4.3,

(i) v is a characteristic vector of R.

If S =Y?" then [R,S] =1, so by (i), 4.2.7 and 1.14.1, R € Z(L), a contra-
diction. So (1) holds in case S = Y*. So assume S = XY

Suppose first that |K| > 3, or |[K| = 3 and £ # 1 (mod 3), then using
44.1, (i), 4.2.7 and 1.14.5, we see that R € Z(L), a contradiction. This
shows (1) in this case. By (1), Bo(X,Y?) holds here, and since here X =Y,
1.9.2 implies (2) in this case.

Suppose |[K| = 3 and k¥ = 1 (mod 3). Then using 4.4.2, (i), 4.2.7 and
1.14.5, we see that R € Z(L), a contradiction. Hence (1) holds here and by
(1) and definition, By (X,Y") holds in this case. By Symmetry d(Y, X*) > 3
and d(Y,Y¢X?") > 3. Thus By (Y, X!) also holds and (2) holds in this case
as well.

Finally, suppose |[K| = 2. If L ~ Sp,(q), then Z(L) = 1, so [R,S] = 1,
and hence, by (i), 4.2.7 and 1.14.1, R = 1, a contradiction. So assume
L ~ SU,(q). Then |F*| = 3. Now 4.4.3, (i), 4.2.7 and 1.14.5 show that
R € Z(L), a contradiction. Again we see that (1) holds, and since X =Y
here, (2) holds here (as above). Note that (2) implies (3) by 1.9 and by
definition.

5. The Unitary and Orthogonal Groups in odd dimension.

In this section F is a field of order ¢? and K < F is the subfield of order g.
We let n = 2k+1 > 3 be an odd integer and U ~ SU(n,F) < SL(n,F) is the
special unitary group. We view U as the fixed points of the automorphism
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T0oq : SL(n,F) — SL(n,F), described in 1.12.3. We denote by U > O ~
SO(n,K), the subgroup O = U N SL(n,K). L denotes one of the groups
U or O. When L = O, we assume that n > 7 and that ¢ is odd (this is
because if ¢ is even or n < 7, O’ is either not simple, or isomorphic to simple
groups that we handled earlier). We continue the notation of Section 1. In
particular, V' is a vector space of dimension n over F.

Throughout this section A = A(L). The purpose of this section is to
prove that when L'/Z(L') is simple, A(L') is balanced (and hence, by 1.7,
A(L'/Z(L")) is balanced). For that we’ll indicate elements X,Y € L’ such
that By (X,Y?) and By (Y, X?) (see 1.10).

Notation 5.1. (1) given an element r = diag (Ix_1,s,Ix—1) € GL(n,F),
we denote s(r) := s (note that s € GL3(IF)).
(2) Let 6 € F*. We denote by ug(0) = diag (Ix—_1, s, [x—1), with

®

I
> O =
O = O
= o O

(3) Whenever we write u;(«), we mean u]'(«) (see 1.1.7).

5.2. Let a € F* and B1,...,0k—1 € K*. Set a = ax(B1,...,0k-1), b =
bk(ﬁl:"' 7ﬁ/€71)7 B = bk+1(a7/817"' 7/8]6*1) and g = dla‘g (a’ulvbil)' Let
u = ug(a)ugs1(a?)ug(d). Then:

(1) g€ O.
(2) gui (a) = diag (a, B™1).
(3) [g,u'] = 1.

Proof. (1) is 1.11. For (2), note that g = diag (a, z), with
e = u " (Be)u ] (Bra) - s (B).

Also upy1(a) = diag (Iy,u ™ (a)). Thus gugyi(e) = diag (a,h), with h =
2™ (@) = i (Be-1)up T (Br—z) - us T (B)uf T (@) = B

(3) follows from the fact that (uy(a))?, (up,1(a?))t, and (ug(6))! commute
with g.

5.3. Let o, 3,0 € F and set u = ug(a)ug41(8)uo(f). Then:

1 0 0

(1) s(up(@)urs1(8)) = @ 1 0].
0 4 1

0

0

1

1 0
(2) s(upp1(Bur(a)) = | a1
B
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uo(0) = up(1)ugy1(=0)up(—1)ugr1(0)
= 1 (1)ug(0) w1 (—1)ug(—0).

(4) up(0)T = uo(—90).
(5) u € Fix (10y) iff 8= a? and 0 + 09 = a4 FL.

Proof. (1) and (2) are easy to check. For (3) we have

s{ (Vs (~0)u(~ D1 6)}
(1 0 0] [1 00
=({1 1 0f-|1T 10
0 6 1] [0 6 1
(1 0 0]
=10 1 0f =s(up(®))
0 0 1]

and

For (4), note that by (3

w1 (1) uk(=0)ug41(—1)u
For (5), we have

&
N
s
= e
Il
I
o
i
s
S—

1 0 0
s(utoy) = Jox 1 0].
(aB—0)1 af 1

So the lemma follows.

Notation 5.4. Let «,0 € F such that § + §9 = o471
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(1) We denote
u (e, 0) = u(a, 0) = up(@)ursr (a?)uo(6)
= up+1(a?)up(a)uo(—09).
(2) We denote X («,6) = diag (ax, 1,b; ")u(a, §).

Note that we denote u(a, #) and X (a, #) only when 0 +609 = a9t so that
u(a, 0), X(a,0) € U.

5.5. Let o, 3 € F* and let u = u]fH(—a), w = ulf+1(—ﬁ) and € € {1,—1}.
Then:

(1) (wtue)~! = diag ([ LB } ,Ik_1>.

ea eaf+1
. 1
(2) wlu¢ = diag <[ t;sﬁ f ,Ik;—l) .

Proof. This is obvious.

5.6. Suppose char (F) = 3. Then:

(1) For B = bxy1, Fpip = Fri1 and Fpip-1 = Qgt1, in particular
Fpepl—1] £ 0 and Fyps[—1] = Quea[—1] = (~1)F (5 +2).

(2) Suppose k >4 and let B = by1(1,1,1,084,1,...,1) and C = biy1(1, 1,
1,94,1,...,1), with Byya = —1. Then for {T,Z} = {B,C}, and € €
{1,213, Frog (1] £0.

Proof. By definition 1.2.4 and by 2.6, if B = bgy1, then Fgig = Fy11 and by
2.5, Fpig-1 = Qry1. Next note that Fi[A\] = A —1, F5[A\] = A2 —3X+1 and
for m > 3, Fpu[A] = (A — 2)Fp—1[A] — Fin—2[A] (see 2.6). Since char (F) = 3,
F,,[-1] = —F,,—2[—1]. Hence

(1) Fpn[-1]#0 forallm > 1.

Further, for m > 1, Qu[—1] = (=1)™{1 — (=1) + (=1)2 = (1> +---} =
(=1)™(m +1). Hence

(ii) Qn[-1]=(-1)"(m+1), forallm>1.

Now (i) and (ii) imply (1).

For (2), let 61,,82, Ce. ,ﬁk,’}/l,’)/g,. LYk € F*. Let B = bk—i—l(ﬂlaﬁ% e,
6]6)) b= bk(ﬁQ?/B?)’ s 7/8k)7 C = bk+1(71>’727 R 7’7k’)a ¢ = bk(’Y2,’73a o 7’71{:)
and for 1 <4 <4, b; = by—1(Bit2,--- ,B) and ¢; = bg—i(Vita, ..., ). We
claim that

(i)  Feopy-1[=1] =1 = Bim) Fleny-1 [=1] = BinFeep,y -1 [-1].

(iV) FCtB—l [—1] = Fctb*1 [—1] — ﬁl’ychibfl [—1]
(V) If 5171 = 1, then F(CtB)—l[—l} = _F(c’ibl)*l[_l]'
(Vi) If ﬁl'}’l = 1, then FCthl[—l] = —ﬁg’ychébgl[—l].
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Indeed, (iii) follows from 2.12.2, and (iv) follows from 2.12.3. (v) fol-
lows from (iii). For (vi), note that by (iv), F.p-1]—1] = Fctlbl—l[—l] —
/BQ’YQFcébz—l[—l]. Thus, by (iv) again,

Foip-1[—1] = Fup-1[—1] — Fctlbfl[—l]

= Fayr[=1] = BoyaFpgyor [=1] = Fippa [
= */ﬁZ'YZFCQb;l[*l].

Let now B and C be as in (2). Then (171 = (373 = 1, so applying
(X) twice, we see that Fioep)-1[—1] = —Fap,)-1[-1] = Fpy-1[-1] =
Fi_3[—1], where the last equality follows from the fact that c3 = bg = bx_3.
Note now that (by 2.7.1), Fy_3[—1] = Fy_3[—1], so by (i), Fr_3[-1] # 0,
and hence Ficip)-1[—1] # 0. Next, by (vi), Foip-1[-1] = —Fcébgl[—l] =
—AFp 1 [F1 = BamFa, -1} = AQks[=1] + Qral-1]} =
—{(=1)*3(k —2) + (=1)**(k — 3)} € {1,—1}. (Note that this also works
when &k = 4 and 5, where —F ;- [—1] can be easily computed.) This com-
pletes the proof of (2).

5.7. (1) There are at least ¢ — 2 — [152] elements 6 € K such that the
polynomial 2% — 6x + & is irreducible over K.
(2) If § € K is as in (1) and o € F is a root of the polynomial x> — dz + 6,
then § = a9t = o + ad.

Proof. Consider the set of polynomials P := {22 — §z + 6 : § € K}. There
are ¢ polynomials in P. For 6 € K, denote ps = 2> — 6x + 6. For p € P, let
r(p) be the set of roots of p. Note that for 0,4 # 0 € K, |r(ps)| = 2 and if
7,0 € K are distinct, then r(p,) Nr(ps) = 0. Hence if ¢ is the number of
polynomials ps € P such 6 # 0,4 and ps has a root in K, then 2t +2 < ¢, so
t < [%2]. Thus |[{6 € K : ps has a root in K}| < [152] + 2, and (1) follows.

Let § € K as in (1). Let a be a root of ps in F. Then the other root of p;
is a4 so ps = (v — a)(x — a?) and hence § = a4t! = a? + a.

Notation 5.8. (1) We denote ZE={a € F-K:a+a? =i}
(2) We denote by D = {§ € K : ps[\] = A2 — A + 6 is irreducible over K}.

5.9. Set u=u(x,0) andw—u( p). Then:
1 1 o 0
(1) s(u) = 0 1 aff,
9 aq 0 0 1
1 0 1 —a 07
2 ()™= |-a 1 of ((s(w)™H=10 1 —a?f,
07 —af 1 0 0 1
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1 B p
s(uw') = |l af+1 ap + 31 ;
0 B0+a? Op+aif?+4+1
L+aB+09p7 B—aip? pl
s((wo) ™) =| —a— 107 alft+1 B,
01 —at 1
1 B p
s(ulw’) = |—a 1-ap —ap + B9 ,
07 BT —af phl— Bl 41
1—aB+0p?! —B+aip? pl
s((uw™twh) ™) = a— 034 1—aip? —p9].
0 ol 1

165

Proof. (1) is obvious. For (2), observe that u ™! = ug(—0)uss1(—a?)ug(—a),

SO

For (3)

s(u™h) =

s(uw') =

1 0 0]
-« 1 0
7 —a? 1

and (4), we compute:

1

—_ > Q =
%HO
o O
— —
——1

B
a af+1

OO =

0
N Yo" 1 0
_aq+1 —al 1

S

O~ D

p
5
1

p
ap + B4 ]

10 B0+al Op+alfl+1

(1 —p  po 1 0 0
0 1 —f|-|-a 1 0
0 0 1 07 —af 1
[1+aB+097 B—alp? pt
—a— B9 i394+ 1 —p34
i 01 —af 1
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For (5) and (6) we compute:

[ 1 0 0 1 8 p
suluw)=|-a 1 0 0 1 p4
(91 —a? 1] |0 0 1
[ 1 8 p
=|-a 1-af —ap+ B4

(1 -3 p? 1 0 0
s(w ™ =10 1 —pi-|la 1 0
0 0 1| [6 a1
[1—aB+0p? —B+alp? p

= a—60p1 1—aip? —p4
6 ol 1

5.10. Let X = X(«,0) and Y = X(3,p). Then:

(1) a(Fxye, 1) = ("31) + (@B + 09p7 + 2)k + 2957,
(2) a(Fx-1yt,1) =3 —af — 9B+ 0p9.
(3) If a (Fxyt,1) =0, then (a4p? — af)(k — 1) = (09p? — Op)k.
(4) If a(Fxxt,1) = 0, then (a7 — o?)(k — 1) = (6?7 — 6?)k. Further, if
a €E, then (a? —a)(k—1) = (07 —0)k.
Suppose further that o € =, and set 6 = a4+ a4 = 971, Then:
(5) If a(Fx-1xt,1) =0, then §% — 26 = 3 + 0971,
(6) If 0 = o, then o(Fxxt,1) # 0, while if 6 = a4, then either a(Fxxt, 1)
#0, or 2k — 1 =0 (mod char(K)) and 862 — 165 + 11 = 0.
(7) If 0 = « or o2, then either a(Fx-1xt,1) # 0, or 62 — 35 — 3 = 0.
(8) Suppose char (K) # 2. Suppose further that f = a?, p =60 and 0 #K,
then for {T,Z} ={X,Y}, a(Frzt,1) #0.
9 If B =0a% p=0 and 26 # 3 + 097L, then for {T,Z} = {X,Y},
OC(FT—lzt, 1) 7é 0.
(10) We can choose a € Z and 0 € F — K, with 6 + 09 = 9™ = §, such
that if we set X = X(«,0) and Y = X (a?,0), then either
(101)) ¢ =2,0 = o, and fore € {1,—1}, and Z € {X, Y}, a(Fzezt,1) # 0.
Or
(10ii) ¢ = 4,0 = a + 1 and there exists 3 € F — {a, a4), with 31! = ¢,
such that if we set W = X(f3,0), then for e € {1,—1}, and Z €
{X, Y, W},O&(erzt, 1) 7& 0. Or
(10iii) g # 2,4 and a(Frpez:,1) #0, for T, Z € {X,Y} and e € {1,—1}.

Proof. Set u = u(,0) and w = u(B,p). For (1), let z = alak, yp =
bpbt, and g = diag (zy,1,y; ). Note that Fyy: = Fy:x. Further Y'X =
wldiag (a}z,l,(b;l)t)diag (ak,l,bgl)u. Thus, clearly, F'xyt = Fjq, where
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h = uw'. By 5.9.4, h=! = diag (I},_1, s, [x_1), with
14+aB+01p1 B—alp? pi
s=s((uw) ™) =| —a—p191 ip14+1 —p2
04 —af 1
Thus, by 2.10 (with A = 2, and B = y;.1), a(Fig, 1) = a(R[N], 1), where
(i) R\ = (B2 A — 1) FaFp — (B33 — 1)AFAF), ((B)
—(Bi1 — VAP, 4 FB,
and the 3;; are given by matrix s above. Using 2.6, we see that
Fy = F, FMM(A) =G,_1 and Fp=F}.
Hence (i) implies
R[N = {(a?87 + DA = 1} Fi — (af + 09p")AGg—1 - Fy.

Now 2.6 gives
Fp=(~1)F {1 - <k ;r 1>A} (mod (A%))

Gr1 = (D) {k - (k _g 1>>\} (mod (A\%))

Fr= (D1 -2k - 1A} (mod (\?))
Hence modulo the ideal (\2),

RN = {(a98% + 1)) — 1} - {1 - (k s 1))\} 1= 2k — 1A}
+ (af + §1pT) Nk

= —1+{<k;1> +(aﬂ+9qpq—|—2)k:—|—ozqﬁq}>\.

This shows (1).

For (2), let z) = a,;la',;, Y = bk(blzl)t and g = diag (xg, 1,yx). Us-
ing 5.2.3, we see that X~'Y* = u~'diag (a; ', 1, by)w'diag (at, 1, (b)) =
u~twtdiag (a; ', 1, by )diag (af, 1, (b, 1)) = hg, where h = u~'w!. Thus,
Fyx-1yt = Fpy. By 5.9.6, h=! = diag (Ix_1, s, Ix—1), with

1—af+0p? —B+aip? p1
s =s((utwh)™h = a—6p1 1—aip? —p4
0 ol 1
Using 2.10 again (with A = x;, and B = y;), a(Fhg, 1) = (R[], 1), with
R[)] asin (i) and the ;; are given by the matrix s above. Using 2.5 and 2.11,

we see that
Fa=Qk, Fuypa) =Qk-1, Fp=Q
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Hence
R\ ={(1 —a?BY\ - 1}Q% — (—aB + 0pH)AQp_1 - Q.
Now
Qr=(—DF1=X) (mod (\?))
Qr—1= (="' (mod (N)).

Hence modulo the ideal (\2),
R ={(1—a?B8D)X—1}(1 — A% + (—afB + 0p)\
=—-14+{3—af—aip?+0pT}\.

This shows (2).
Suppose a(Fxyt,1) = 0. Applying o4, we get

a(Fyyt,1) = 0= a(Fxyt,1)oy,
hence
(@B +07p%)k 4+ a3 = (a6 + Op)k +
SO

(787 — aB)(k — 1) = (69" — Op)k

and (3) is proved. For (4), take Y = X in (3), to get (a??—a?)(k—1) = (#*1—
02)k. Further, (a??—a?) = (a?+a)(a?—a), and (021 —62) = (09+6)(09—0).
Soif @ € 2, (a? 4+ a) = a9 = 09 4 §. This shows (4).

From now on assume a € = and set § = 4!, For (5), take X =Y in (2)
and note that a? + a?? = (a + a?)? — 20471 = §2 — 26.

Suppose 0 = « and a(Fxxt,1) = 0. Then, by (4), (a? — a)(k — 1) =
(a? — a)k. Hence a? = «a, which is false, since a@ ¢ K. Suppose 0 = a4
and a(Fxxt,1) = 0. Then, by (4), (a? — a)(k — 1) = (o — a?)k hence
(2k — 1)(a? — a) = 0. As above, we get 2k — 1 = 0 in K, so (k;rl) =32
in K. Also, by (1), 0 = a(Fxxt,1) = ("1) + (a® + 620 + 2)k + o =
S+ (a?+a’+2)5+a% =4 +a?+a%. Since o + o’ = §2 — 26, we get
that 4 + 62 — 26 = 0. This shows (6).

For (7) suppose that & = «a or a?. Then, #971 = § so, by (5), if
a(Fx-1xt,1) =0, then 62 — 20 = 3+ 4, and 4% — 3§ — 3 = 0, this shows (7).

Assume the hypothesis of (8). Note that o437 — a8 = 0. Thus, by (3), if
a(Fxyt,1) = 0, then 0 = (627 — §*)k = §(69 — 0)k. Thus since § # 0 and
since we are assuming that 6 ¢ K, k = 0, in K. Then, (1) implies that 6 = 0,
a contradiction. By symmetry, (8) holds.

Assume the hypothesis of (9). Note again that a8 = ¢, so (9) follows
immediately from (2).
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For (10), assume Y = X(a4,6). Suppose first that char (K) = 2. Note
that by (4):

(i) If o, € F — K such that 6 4 07 = 4t
then for X = X («,0), a(Fxxt,1) #0.

This is because (4) implies that if &k is odd and «(Fx xt,1) = 0, then 0#9+60 =
0, while if k is even and a(Fx xt,1) =0, then a4 4+ a = 0.

For ¢ = 2, take § = 1, for ¢ > 2, pick 1 # § € D (note that this is
possible by 5.7). Further, if ¢ > 4, take & such that 62 4+ 6 + 1 # 0 (note
that this is possible). Let a € Z, with a9t = §. If ¢ = 2, take 0§ = q,
if g =4, take § = a+ 1 and if ¢ > 4, take § = o + 4. Note that 6 ¢ K.
When ¢ = 4, we take W = X(3,0), with § € F — (KU {«, a?}), such that
BTt = @9t = §. Note that such a choice of 3 is possible. Now, by (ii), for
all ¢ > 2, a(Fyzt,1) #0, for Z € {X,Y,W}.

Next, for ¢ = 4, 0971 = (a+1)7 = (a9+1)(a+1) = a? 1 +(al4a)+1 =
1. Of course, when ¢ = 2, #9*1 = 1. Also, by (2), for Z € {X,Y, W}, if
Z = X(7,0), then a(Fz-1z:,1) =3+ + 7% +1 =77+ 7% = (y +79)%
Since v ¢ K, for all possibilities of v and for ¢ = 2,4, a(Fz-14:,1) # 0.
Thus (10i) and (10ii) are proved.

We now assume that char (F) = 2 and ¢ > 4. Now 09" = (o + §)9F! =
(a948)(a+6) = a9 +-5(a94-a)+0% = §4+5240% = §. Hence, 3+091! = 5+1.
So if 2 — 26 = 3 + 09! then §%2 = § + 1, this contradicts the choice of §
(recall 62 +6 + 1 # 0). Hence, by (5), a(Fy-14:,1) #0, for Z € {X,Y}.

Suppose a(Fxyt,1) = 0. Then, by (3), (with 8 = af), we get 0 =
(607 + 0)%k = 6%k, so k = 0 (mod 2). Then by (1), (*{') + 46 = 0. Thus
k =2 (mod 4) (since ¢ # 0) and § = 1, contradicting the choice of 6. Thus
a(Fxyt,1) # 0; by symmetry, a(Fy xt,1) # 0.

Next note that we showed that §9*! = §. Thus #9! +3 = § + 1. Since
d#1,6+1+#0,s0by (9), a(Fr-1z:,1) =0, for {T,Z} = {X,Y}. Thus
(10iii) holds in case char (K) = 2.

So suppose char (K) # 2. Suppose further that ¢ # 5. We take 3 # 6 € D,
a € E, with a?"t = § and § = a. Since § ¢ K, (8) implies that for
{T,Z} = {X,Y}, a(Frge,1) # 0. Since § # 3, (and 09! = a4t = §), (9)
implies that for {T',Z} = {X,Y}, a(Fp-14¢,1) # 0. Next we show that we
can pick § € D, such that

(iii) 0#3 and 802 — 160 +11#0# 6% — 35 — 3.

By (6) and (7), this shows (10), for ¢ # 5. If ¢ > 13, then, by 5.7.1, |D| > 6,
so clearly, we can pick § # 3 such that (iii) holds. So suppose ¢ < 11.
Suppose char (K) = 3. Then 62 — 3§ — 3 # 0, so if ¢ = 9, then, by 5.7.1, we
can pick § (# 3) so that 862 — 166 + 11 # 0, while if ¢ = 3, take 6 = —1, so
(iii) holds in this case. For ¢ = 11, take § = 1. For ¢ = 7, take 0 = 2.
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Finally, suppose ¢ = 5. We take § = 1, a € Z, with a?t! = § and we
let 6 be as follows. If k # 2 (mod 5), 6 = 61 = a + 3(a — a?) = 20¢ — a,
while if £k = 2 (mod 5), § = 67 (note that § + 09 = a + a4 = a?"1). Note
that if # € K, then o € K, which is false. Thus # ¢ K. Hence, by (8),
for {T,Z} = {X,Y}, a(Frz:,1) # 0. Next, 0771 = (2a — a9)(209 — a) =
46 — 2(a? + a1) + 6 = —2(6% — 25). Thus

(iv) eIt =2,

By (iv) 0971 +3 = 0 # 24. Hence, by (9), for {T, Z} = {X, Y}, a(Fp-14,1)
#0. Also, 02 —26 = -1 # 0 =3+ 09, s0, by (5), a(Fy-14t,1) # 0, for
Z e {X,Y}

Next, 87 — 01 =2(a — a¥) — (0¥ — @) = 3(a — o) = 2(a? — ). So:

(v) If k#2 (modb5), 07 —60=2(a?— )
and if k =2 (mod 5), 87— 0 = 3(a? — a).

Suppose first that k£ # 2 (mod 5). Suppose a(Fxxt,1) = 0, then by (4)
and (v), (k — 1) = 2k so k = —1 (mod 5). Then, by (1), a(Fxxt,1) =
(k;l) +(a2+02q+2)]€+a2q — _(a2+92q+2)+a2q — Oé2q_042_92q_2 —
¥ —a? - 2a—-a?? -2=0%-0a®> -4’ +4 - -2=2#0, a
contradiction.

Suppose a(Fyy+,1) = 0. Then, by (4), and (v) (replacing « by a? in (4)),
—(k—1) =2k (mod 5), so k=2 (mod 5), a contradiction.

Finally, suppose k& = 2 (mod 5). Then, by (1), a(Fxx:,1) = (k;rl) +
(@ + 0%+ 2)k+a? =3+ 2(a?? + 629 + 2) + a? = 2+ 2027 + a? + 20% =
2+20%+a?+2(20 —a)? = 24202 +a® +2(4a*1 —4+a?) = —1+3a% # 0.

Suppose a(Fyyt,1) = 0. Then, by (4), and (v) (replacing o by o in
(4)), =(k — 1) = 3k (mod 5), so k = —1 (mod 5), a contradiction. This
completes the proof of (10) and of 5.10.

5.11. Let B1,...,Br—1, V1,--- ,Yk—1 € K*. Let also o, 0,3, p € F* such that
aq+1 = 0+0q7 /Bq—"_1 = P+pq Seta: ak(ﬂla ... 7ﬂk‘—1)z ay = ak(/yla .. ?’7]6—1)7
b = bk(ﬂl) 7ﬂk—1)7 bl = bk(/yla”' )’Yk—l)’ g = dlag (aa]-ab_l)} g1 =
diag (a1,1,b; "), B = u’f+1(—aq)diag(1,b), B = u’f“(—ﬂq)diag(l,bl), u=
u(a,0), w=u(f,p), X =gu and Y = giw. Finally let e € {—1,1}. Then:
(1) XY' = guw'gf, (XY*)~' = (gf) ' (uw) g~
(2) X7 =u"twg gl and (XY= (g) g(uTtw")
(3) X

3) X = [2 ng_ﬁl with E some (k + 1) x k matriz, such that E ), =
a # 0.
(4)
€t ! /
I eviy—1 _ |1 R
XY_[S T] (XY _[5’ B{Bf]
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with T, T, R, R/, S,S" some kxk, (k+1)x (k+1), kx(k+1), kx(k+1),
(k+1) xk, (k+1) x k, matrices respectively. Further, the first k — 1
rows of R are zero.

(5) Let S € {Y', XY}, Then for1 <i<k—1, v;S =0v+ 811041, with
v E€V; and 5i+1 e K*.

(6) Sgn #0, forall S € {Y!, XY}

(7) For S € {Y', XY}, there exists v € Vi, n € F and p € F* such that:

(71) k1571 = nupgr + pugas  (mod V).
(7ii) vS8™ = (4 pl D vpsr + pvpge  (mod V).
(7iii) In all cases p=—p%. If S=Y", n=1, while

if S = XY, n=1+eadp.

(8) For S € {Y!, XY}, V = (O(v1,8)) iff —p'~9 is not a root of Fy,
where Z = B, if S =Y" and Z = B!B¢, if S = XY
(9) If B#0, then V = (O(v1,Y)).

Proof. (1) is obvious. For (2), we have X 'Y* = u=lg~lwlgl. By 5.2.3,
[g71,w!] = 1, and (2) follows. For (3) recall from 5.4.1 that

U = upr1(a?)ug(a)up(—07).
Further by 5.2.2, gugy1(a?) = diag (a, B~1). Thus
X = diag (a, B~ uy(a)ug(—07).

Note now that

0 0
s(ug(@)up(—=09) =] a« 1 0
01

Hence (3) follows, the (1, k)-entry of E is a(B™1)11 — 09(B )12 =a-1—
07-0=a.

To show (4) and (5), let 1 <4 <k — 1, then vyu~tw! = v;, so v; X 1Y =
vig~tgt. Also v;g € V;, so vig(uw?) = v;g and v; XY = v;ggt. We conclude
that:

(i) For 1 <i<k—1,v;XV"=vg}.

Now the shape of XY follows from (3) and (i), since, by (i), the first k — 1
rows of R are zero. Also the shape of (X¢Y*)~! follows from (3). For
(5), we use (i). Note that a® is unipotent, lower triangular and a! is upper
triangular unipotent with (a!);; = 0, for j > i+ 1, and (a!);;41 # 0. This
easily implies (5), for S = XYt For S = Y, v;Y! = v; + y4_;vir1, for all
1 <i<k-—1,thus (5) holds for Y as well.
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Recall now that

1 B p
s(uw’) = |a aBf+1 ap + B4
0 BO+a? Op+alBl+1

[14+af+0%7 3—aip? pl ]
s((uw')™) = | —a—p97  alfl+1 —p9
i 04 —at 1|
1 B p
s(ulwh) = |—a 1-ap —ap+ B4
| 07 BT -l ph? —lBl+1

[1—aB+0p7 —B+aip? p

s((u_lwt)_l) _ a_gl@q 1_aqﬂq _5f1
i 0 af 1
Note now that vgg~' = vy = vpg (mod Vi_1), Vpy19 ' = vpyq and vgog~!

= vp12. Since uw! fixes Vy_1, we see that,

(XYY = v (ufw')gt  (mod Vi_1).
Thus modulo Vi, vx(XY") = (Bogs1 + pvky2)gi = Borra + p(v" + nun),
with v/ € (Vgy2,... ,0n_1), n € F*. This is because the (k, 1) entry of by ! is
n=y1Y2"" V1, and ¢g¢ = diag (a}, 1, (bfl)t). This shows (6), for § = XY
and it is easy to see that (6) holds for S = Y as well.

Next, modulo V, we have —p~ 3%y, (XY™t = —p~ 9390, (uw?) "t~ =
((aqﬁq+ﬁq+1/)—q)vk+1—ﬁqvk+2)g_1 = (aq5q+ﬁq+lp_q)vk+1—ﬁqvk+2- Since
BT = p+ p?, we see that —p~9B%;(XY!) ™! = (@989 + 1 + p' gy q —
B9v342. Note that v, 1 (XY™ = (09894 1)vgy1 — Blpyo (mod V). This
shows (7), for S = XY,

Let v € Vg, such that v(g!)~'g = vp. Then, modulo Vg,

—p 1Bl(X V)T = —p 7% (u ")
= (BT 971 = a9 v 41 — Bl012)
= (1= a8 + p'" Nopy1 — Blop42.
Note that v 1 (X 1Y)~ = (1-aBY v, 1 — fl42 (mod Vy). This shows
(7), for $ = X~1Y?,
Next
—p BT (YT = —p~ 5% (g1) T (wh) T = —pT B0 (w!) 7
= —p 1B% + p~ 1B vy — fluga
= —p" 1Bk + (L + p' " Nogg1 — flogta.
Also v (YH ™! = w1 — B9vgyo, thus (7) holds for S = Y and (7) is
proved.
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For (8), set W = (O(v1, S)). Set also Z = Bl if S =YY" and Z = BB,
if S = XYt By (5), Vi CW. Let n,u € F be as in (7iii). Since Vyx CW,

(ii) P 0 4 URg 1+ g €W,

Also, by (3), (4) and (7i), vgyidiag (I, Z) = nugs1 + pvgre. Thus, by (ii),
p g 1 + vprdiag (I, Z) € W, now (8) follows from (4), (5) and 1.17
(taking S™! in place of S in 1.17); note that (O(vy1,diag (Ix, Z))) =
<vk+1, c. ,vn>.

Finally, for (9), note that if 8 # 0, then p'=9 # —1, since 0 # B4! =
p+ pl. Since 1 is the only root of Fpt, —p'~% is not a root of Fpt, so (9)
follows from (8).

5.12. Let B1,...,Bk—1,71,--- s Yk—1 € K*. Let also o,0,8,p € F* such
that o9t = 0 + 09, It = p + p?. Set a = ap(P1,...,Bk—1), a1 =
ak(’}/la R 7’716—1)7 b= bk(ﬁl v 76]6—1)7 bl = bk(’)/l: R a’)/k—l); g = dlag (a7 17
b1), g1 = diag (a1, 1,b;)), u = u(a,0), w = u(B, p), X = gu and Y = gyw.
Finally let e € {—1,1}.

Let S € {Y! XY} and R € AS%(X) N ASY(S). Then vy is a character-
istic vector of R.

Proof. The proof is almost identical to the proof of 4.3. Note first that, by
5.11.3, X satisfies the hypotheses of 1.13. Let h € AS}(X)NAS!(R). Then,
[h, X] =1, so by 1.13, there exists 0 # f € K, and 1 <r <n — 1, such that
h — BI,, € T,(r). We use 1.15. We take in 1.15, T'= h — 31,,. Note that R
commutes with A and hence with 7T'.

Suppose first that » < k — 1, we take in 1.15, j = r = m and £ = 0.
Notice that by 5.11.5, hypothesis (a) of 1.15 is satisfied, hypothesis (b) and
(c) of 1.15 are satisfied, by definition and we observed that hypothesis (e)
of 1.15 is satisfied. Finally, since R centralizes T, V), is R-invariant. Hence
1.15 completes the proof in this case.

Suppose next that r > k, we take in 1.15, j =k —1, /=1 and m =k, if
r =k and m = dim(im (7)), if » > k. Notice that V,, is R-invariant. Also,
by 5.11.6, Sk.n # 0, so clearly vy ¢ ker(ST') and hypothesis (c) of 1.15 holds.
Thus 1.15 completes the proof in this case too.

5.13. For i € {1,2,3,4}, let oy € F* and set B; = u"(—ay)diag (1, by).
Let also € € {1,—1} and 1 # v € F*. Then:
(1) If Fptps] = 0 = Fpe g [1], then araz = agay.
(2) Suppose af ¢ K and az = af. Then «y is a root of at most one of the
polynomials Fpi e, Fpt g and Fpt pe.
(3) Suppose a? ¢ K and az = «f. Then either we can find j € {1,2}, such
that Fpip,[v] # 0 # FB;@B],—I[V]} or for {B,C} = {Bi, B2}, Fpec[y] #

0 # Fpig—1[v].



174 YOAV SEGEV AND GARY M. SEITZ

(4) If char (K) # 2 and q > 3, then we can find oy, 0 € K*, such that
Fptp, [—1],FB{B;1[—1],FB£B1 [—1],FB§B;1[—1] are all distinct from 0.
(5) Suppose that ¢ = 2, and that an ¢ K. Then, FB{Bl—l[")/] # 0. In

particular, we can pick oq € F—K such that Fpi g, [v] # 0 # Fpip [v]-

Proof. First observe that, for 1 <i <4, B; = bg41(ay,1,...,1). We mention
that for small values of k (k = 1,2 or 3), direct calculations show (1). For
the general case in (1), suppose Fitp,[y] = 0 = Fptp,[7]. Then, by 2.12.4,
(v = DEY] — a1007Gr—1[7] = 0 = (v = 1) Fi[7] — a3auyGp—1[y]. Suppose
ajag # agay. Then Gi_1[y] =0, and as v # 1, Fx[y] = 0. This contradicts
2.6.6. Using 2.12.5, it is easy to see that if Fpipo [v]=0= FB};BZI [7], then
ajag = azay. (2) follows immediately from (1), noticing that a%,a%q and
a‘f“ are distinct. (3) follows from (2) noticing that, by 2.12.4 and 2.12.5,
FBiB; [ = FB;B; [].

For (4), just choose ay, s € K* such that —1 is not a root of the poly-
nomial Fpip, = Fpip, = (A — 1)Fi — a102AGg—1 nor of the polynomial
FBiBgl = FBéBfl = (A= 1)Qk + 12 \Qk_1, using (1).

For (5), note that as ¢ = 2, 2.12.5 shows that, FBiBfl[)\] =A+1)Qk+
AAQr_1 = N 41+ a2 \Qr_1. Suppose v = 1. Then (since of = 1),
Fpipoilon] = o/t + 14 Qpoafan] = o™ +af 7 +ai ™ + -+ an. Recall
that a?+a;+1 = 0. Thus, if k—1 =0 (mod 3), FBiBfl[Oél] =a2+0=al, if
k—1=1 (mod 3), then FB{BII[Oél] =1+a; =0a?, andif k—1 =2 (mod 3),
FBiBfl[Ckl] = a1+ a2 +a; = af. Suppose v = af. Then, FBiBII[Oé%] =
a2 2 L1+ a1Qp_1]03]. Note that if k =0 (mod 3), Qp_1[a?] =0,if k=1
(mod 3), Qx_1[c?] = 1 and if £ = 2 (mod 3), Qx_1[03] = 1. Thus, if
k=0 (mod 3), then FBgBl—l[Oé%] =a?+1+a;-0=aq,if k=1 (mod 3),
FBiBl_l[aﬂ =a;+1+a-1=1andif k =2 (mod 3), FBgBl_l[af] =
1+ 1+ aj-a; = a?. This shows first part of (5). The second part of (5)
follows from (1), just choose oy € F — K so that F g [7] # 0.

Corollary 5.14. (1) Let oy € = and let € F such that 6 + 61 = o/f“.
Then we can pick a, 3 € {a1,al} such that if we set X = X (a,0) and
Y = X(8,0), then for {T,Z} ={X,Y} and S € {TZ!, T~ Z', T, 7'},
(O(v1,8)) =V. Further, if =2, a = (.

(2) Suppose ¢ = 4 and let 6 € F*. Suppose a1, an, a3 € F* are distinct
elements such that 6 + 69 = a?“, 1 < i < 3. Then there exist § €
{aq, a0, a3} such that for X = X(3,0), and S € {X X!, X~1Xt X'},
<O(1)1,S)> =V.

(3) If g # 3 is odd, or ¢ =3 and k # 1 (mod 3), then there are o, § € K*,
such that if we set X = X(a,0) and Y = X (0, p), with 6 = %042 and
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(O(v,8)) = V.
3andk >4, leta=ay(1,1,—1,1,1,... ,1) and b = by(1,1,—1,

(4) If ¢=3 an
1,1,...,1). Let X = diag(ay,1,b;")u(l,3) and Y = diag(a,1,
b~Vu(1,L). Then for {T,Z} ={X,Y} and S € {TZ!, T~ 2!, T, Z'},
(O(v1,8)) =V.

Proof. For (1), pick o, 8 € {a1,a?}. Let B = uft!(—a%)diag(1,b;) and
By = ul T (—p9)diag (1,bg). By 5.11.8, for € € {1, -1}, (O(vy, XY!)) =V,
iff —0179 is not a root of Fpige. Note that since  + 67 = off“ #0,0179#£
—1. Hence, using 5.13.3 (when ¢ > 2, notice that a3 ¢ K follows from the
equation af+a; = offﬂ), or 5.13.5 (when g = 2), we can pick a, 3 € {1, al}
such that —0'~9 is not a root of Fptpe and not a root of Fptpe (with a =g
when ¢ = 2, by 5.13.5). Of course, by 5.11.9, (O(v1,Y")) =V = (O(vy, X)),
this shows (1).
The proof of (2) is similar. Setting X; = X (e, 0) and

Bi = u]f+1(_ag)diag(1vbk)7 1 < { < 3a

we see, using 5.11.8, that for € € {1, -1}, (O(vy, X{X})) =V, iff _p1-4 ig
not a root of Fgig.. Again we observe that §'~9 # —1. Further, since a1, as

and ag are distinct, also, a%q,agq and agq are distinct, so by 5.13.1, there

exists 1 < ¢ < 3, such that v = —6'77 is not a root of the polynomial FB¢Bi
and FB;;Bi—l . '

For (3), notice first that, by 5.3.5, given a € K*, if we set § = («) = %o&
then X (a,f) € L and §9-! = 1. Hence if ¢ > 3, (3) follows from 5.11.8 and
5.13.4 (in the same way as we proved (1) and (2), noticing that since 6§ € K*,
6179 = 1), and if ¢ = 3, take o = 3 = 1 and use 5.6.1. Finally (4) follows
similarly using 5.11.8 and 5.6.2.

Theorem 5.15. (1) We can pick 0,a, 3 € F, with 6 + 09 = a9t = pit1,
such that if we set X = X(a,0) and Y = X(8,0), then:
(i) For {T,Z} = {X,Y} and S € {TZ', T2, T, Z'}, (O(v1,9)) =
V and:
(ii) For S € {TZ!, T~1Z'}, a(Fs,1) # 0.
(2) The commuting graph A(L') is balanced.

Proof. For (1), suppose first that g # 2,4. Then, by 5.10.10iii, we can find
a1 €Z,and € F—K, with 4609 = a‘{“, such that for all a, 8 € {ay,al},
if we set X = X(a,0) and Y = X (3,0), a(Freze,1) #0, for T, Z € {X,Y}
and € € {1,—1}. Now, use 5.14.1, to pick a, 3 € {a1,al}, such that for
(1,7} = {X,Y} and S € {TZ', T-'Z',T",Z"}, (O(vy,S)) = V. This
shows (1), in case q # 2, 4.
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Suppose next that ¢ = 2. Let o« € F — K. Then, by 5.10.10i, for
X1 € {X(o,a),X(a%,a)}, and € € {1,—1}, a(FXfX{,l) # 0. By 5.14.1,
there exists X € {X (o, ), X(a4, )}, such that V' = (O(vy,95)), for S €
{XXt X71X! X'} so (1) holds in case ¢ = 2, choosing Y = X. The proof
of (1) in case ¢ = 4, is similar,using 5.10.10ii and 5.14.2.

We proceed with the proof of (2). Set A = A(L). Suppose L ~ SU(n, q)
and let X,Y € L be as in (1). We show that Bo(X,Y?") holds. The proof
that Bx(Y, X?) holds is symmetric and by 1.9, A is balanced. Let S €
{XYt XYt Yt} Suppose R € AS?(X) N AS(S). By 5.12,

() vy is a characteristic vector of R.

Now if S = Y, then S commutes with R, so since V = (O(v,Y?)), (%)
implies that R € Z(L), a contradiction. Suppose S € {XY* X~1Y*}. Then,
by (ii) of (1), ged{{i : a(Fs,i) # 0} U {n}} = 1, so, by (*) and 1.14.5,
R € Z(L), a contradiction.

Suppose L ~ SO, (q). Pick X,Y as in 5.14.3 and 5.14.4. Since Z(L) = 1,
to show B (X, Y?) holds, it suffices, by 1.14.1, to show that V = (O(v1, S)),
for S € {XY!, X~'Y? Y}, but this holds by the choice of X,Y. By sym-
metry also Ba(Y, X?) holds and the proof of the theorem is complete.

6. The Orthogonal Groups in odd characteristic and even
dimension.

In this section F is a field of odd order and n = 2k > 8 is even. Let J be
the following n x n matrix:

0 0 010

0 0 0100

0 0 01000
J=1.- - .

0010

010 -

10 0 0

0 0 0 v

Let L ~ SO¢(F) be the subgroup of SL, (F) defined by L = {z € SL,(F) :
xJat = J}. Of course, for a suitable choice of v (v = (—1)¥) € = + and for
a suitable choice of v ((—1)*v a nonsquare in F) e = —.

We continue with the notation of Section 1. In addition welet f : VXV —
F be a bilinear form whose matrix with respect to the basis B = {v1,... ,v,}
is J.
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6.1. Let u € GL,(q) be a matriz of the form

(1 0 0 - 0 0]
a1 0 0 - : . 0 0
* a3 1 00 : . 00

B : . .o a; € F*) for all i.
¥ Qp—2 1 0 0
% . . . . >k an_l 1 0
0 0 0 0 1

Let h € GL(n,F) — Z(GL(n,F)) be a matriz commuting with w. Then:
(1) h has the form

M FE

=[r
where M is an (n—1) x (n—1) matriz commuting with My, ,,(u), ¢ € F*,
E is a column (n—1) x 1 matriz of the form (0,0,...,p)t, F is a row

1 x (n — 1) matriz of the form (0,0,...,0).

(2) Suppose u,h € L, and let p,0 € F as in (1). Then there exists € €
{1, —1} such that h;; =€, for all 1 <1i <mn. Further, 0 = —pf(vy,vy).
(3) Ifu,h € L, then there exists € € {1,—1}, and 1 <1’ <n—1, such that

t E
h—el, = [F 0}
with t' € T,—1(r") (see notation in 1.1.10).
(4) Suppose u,h € L and let t' and v’ be as in (3) and p as in (2). Suppose
that either p = 0, or ' # k — 1. There exists € € {1,—1}, i € {1,2}
and 1 <r <n—1, such that

Coryio |t Opeap
(h—el,) = |:01,n—1 0

where t € Tp_1(r).
(5) Suppose u,h € L and let t' and 1" be as in (3) and p,0 as in (2).
Suppose v’ =k —1 and p # 0. Then:
(51) k is even.
(5ii) If, in addition, (h—el,)? = 0, then we may assume that f(vy,v,) =
1 (so v =1) and if we set d =t} ,, then d? =02

Proof. Note that h commutes with the matrix u — I,,, and clearly for 1 <
i<n-—1,1im (u—TI,)" = Vp—i—1. Since h commutes with (u — I,,)", h fixes
im (u — I,)". Thus h fixes V;, for 1 <i <n —2. Also ker(u — I,) = (v1, vp),
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so h fixes (v1,vy,), thus h has the form

M FE
=[r <]
with M some (n — 1) x (n — 1) matrix and E,F and ¢ as in (1). Let

uy = M, n(u). Then

o MU1 E o ulM E
hu—[F c] and uh—[F c]

this shows (1).

For (2), note that v,h = vy + cvy, thus 0 # f(vyn,vn) = f(vph,v,h) =
2 f(vn,vyn). Thus ¢ = ¢, for some € € {1,—1}. Also, since u; commutes
with M, 1.13.2 implies that there exists 8 € IF, such that h;; = 3, for all
1 <i<n-—1. Since v is a nonsingular vector, it is easy to check that we
must have =1 or —1. Since det(h) = 1, 5 = € and the first part of (2) is
proved. For the second part we have 0 = f(vp—1,vn) = f(vn_1h,0vi+ev,) =
F (V' + evp_1 + pup, Ov1 + €vy,), with v/ € V,_5. But f(v1,v") = f(v,,v") = 0.
Thus 0 = f(vp—1,vn) = f(€Vp—1 + pvn, v +€v,) = €0+ epf(vn, v,) and the
second part of (2) is proved.

Next note that by (1), u; := My, ,(u), commutes with M so, by 1.13 and
(2), (M —el,—1) € Tp,—1(r"), for some 1 <’ <n—1. Thus (3) follows from
(1) and (2).

For (4), we use (3). If p = 0, then, by (2) also 8§ = 0, and so by (3), (4)
holds with ¢ = 1, » = v/ and t = ¢. Suppose p # 0. Note that EF is an
(n—1) x (n—1) matrix whose (n— 1, 1)-entry is pf and for (i,7) # (n—1, 1),
(EF);; = 0. Further 'E = 0,11 (the last column of ¢’ is zero), Ft' = 01 1
(the first row of ¢’ is zero) and FE = 0. Thus

» [t E] [t E] [()>+EF 0n-11
(h—eln)” = [F o} ' [F 0} - { Otn—1 0o |
Since we are assuming that p # 0 and v’ # k — 1, either v > k — 1, in which
case ()2 =0, and t = EF € T,_1(n —2). Or v < k — 1, in which case,
(t)? € T,—1(r), for some 1 < r < n—2, and then t := (/)2 + EF € T,,—1(r).
This shows (4).

Finally assume the hypotheses of (5). Suppose first that k is odd. Let
jo= "t then v/ +j = (k- 1)+ 5L = %L and ¢, . # 0. But
’Ururjh = + t;,+j7jvj + €Vpr g4, with v’ € Vj_l. But 0 = f(U,nurj,UTurj) =
f(opgjh, vy ih) = 2et, f(vj,vm45) # 0, a contradiction. Hence k is
even. To prove (5ii), set d = t§€71. We claim that t;_l,k = d. Indeed,
0 = f(vk,vn—1) = f(vrh,vn_1h) = f(dv1 + kaat%—l,ﬂl +o Tt tngl,kvk +
€Up—1 + pop) = ed + (—1)k+16t%717k, thus ¢, |, = (—=1)kd = d. Also the
(n — 1,1)-entry of (#)? is d* and the remaining entries of (#')? are zero.
Since (h — el,)? = 0, we must have (see the proof of (4)), (t)2 + EF = 0, so
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d>+0p =0. But p = —p?f(vn,vn) (see (2)), so d* = p*f(vn,v,). Hence,
f(vn,v,) is a square in F, so we may take f(v,,v,) = 1. Then d? = p?, and
since, by (2), 0 = —p, d* = 6%

Notation. For the remainder of this section, we fix the following nota-
tion. Let B1,...,8k-2,71,--- ,Vk—2 € F*. Let also o, € F*. We set a =
ak—1(B1,- - s Bk—2), a1 = ag—1(71,- -+ s Wk—2), b = bp—1(B1, ..., Br—2), b1 =
bkfl(f)/h s a’kaZ)v g = diag (aa 17671)7 g1 = diag (ala 17b1_1)7 B = bk(avﬂla

- Br—2); By = bp(B, 71, -+ s k—2), u = u" (o, 30%), w = w7 (B, §57%)
(notation as in 5.4.1), X = gu and Y = gyw. Finally, we let X = diag (X,1)
and Y = diag (), 1).

6.2. Let ¢ € {1,—1}, and S € {Y!, XY}, Set S = diag(S,1) and let
R € AS%(X) N ASY(S). Then vy is characteristic vector of R.

Proof. Let h € ASY(X) N ASY(R). Note that by 5.11.3, X satisfies the
hypothesis for u in 6.1, there exists e € {—1,1} and 1 < ' < n — 1, such
that

t FE
h—el, = [F 0}
with ¢/ € %_1(T,).

We'll show that there exists i € {1,2} such that if we set T := (h —el,,)",
then T, S and R satisfy all the hypotheses of 1.15, for a suitable choice of
j,m and £. Then the lemma follows from 1.15. First, R~!TR = T and
[R,S] € Z(L), so hypothesis (e) of 1.15 is satisfied. Note next that by

5.11.5:

(1) S satisfies hypothesis (a) of 1.15 for any j < k — 2.
We now distinguish two cases as follows.

Case 1. There exists i € {1,2} and 1 <r < n — 1, such that

(h—el,)' = [01 i_l 0”6111} where t € T, _1(r).

Let T := (h—€l,)", with i as above. Observe that M, ,(ST) = St, hence
we get from 5.11.6 (replacing k& by k — 1) that:
(ii) If r > k—1, then vi_1 & ker(ST) and Vi_o C ker(ST).

Next observe that if » > k—1 (and (ii) necessarily holds), n—r—1 < k—1
and im (T") = V,,—,_1 is R-invariant. Thus:

(iii) Ifr>k—1,thenn—r—1<k—1and V,_,_1 is R-invariant.

Hence if r > k—1,take j =k —2, m=n—r —1and £ =1 and, by (i),
(ii) and (iii), all hypotheses of 1.15 are met, so we are done.
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Next observe that if r < k — 1, then ker(T) = (vi,...,v,,v,) and the
radical of the form f, reduced to ker(7") is V,. Thus:

(iv) If r <k —1, then V, is an R-invariant subspace and v,11 ¢ ker(T).

Thus if r =k — 1, take m =r, j = k — 2 and £ = 1, and, by (i), (ii) and
(iv) we are done, while if r < k — 1, take j = m = r and ¢ = 0 and observe
that by (i) and (iv) we are done.

Case2. v'=k—1,p#0#0,v= f(vn,v,) =1 and for d =1} , d?> = 0°.

Note that by 6.1.4 and 6.1.5, either Case 1 holds or Case 2 holds. Let
T =X —el,. Write d = —€¢"6, with €’ € {1,—1}. Observe that ker(T) =
{v1,... ,Vk—1,0n + €"v}. First we claim that:

(v) There exists v € Vi_1 such that modulo Vi_1, we have
STt = nug, + pvpgr, with 7 € F and p e F*
{(vn + €"vp) — €v}S™ = v, — v,
Indeed, we use 5.11.7. We take in 5.11,n =2k —1=2(k—1)+1, o, 3, and

p (of 5.11) in the fixed field of o, (so p'~% = 1). Thus, for all possibilities of
S the following holds:

(vi) There exists v € Vi_1, n € F and p € F* such that
ST = U + puggr (mod V1)
vS8™ = (n+ Vv 4+ pvpgr  (mod Vi_q).
Where in all cases p = —(. If S = Y, n = 1, while
if S=XV, n=1+¢ap.
Thus, by (vi), modulo Vj;_; we get that
{(Un + E/I’Uk) _ 6//U}Sfl
= vn + " {nog + pogia} — {0+ Do + pogia}
= v (0" — (1 )" b + (e — Yo
= v, — .
This shows (v).

Let v and € be as in (v). Since v, v, + €"vy € ker(T), U := (vS~L, (v, +
¢"v,)S™1) C ker(ST). Notice that (v) implies that v, — ¢"vp € U + Vi1
and also that vS~™! = pvry1 (mod Vi) (p as in (v)). Hence we conclude
that U Nker(T) = (0). Since dim(U) = 2, and since dim(ker(7)) = k, we
get that dim(ker(7") Nker(ST)) < k — 2. But Vy_o C ker(ST) and hence

ker(T') Nker(ST) = Vy_o. Clearly ker(T') Nker(ST) is R-invariant, so we
conclude that:

(vii) Vi—9 is R-invariant.
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Observe that (ii) holds here as well, since M,, ,,(ST) = St, holds here as
well. Hence if we take m = k — 2 = j and £ = 1, we see that all hypotheses
of 1.15 hold here as well and the proof of 6.2 is complete.

6.3. Lete € {1,—1} and let S € {Y', XY'}. Set S = M, ,(S) and suppose
(O(v1,8)) = Vn—1. Then dpy(X,S) > 3, where A = A(L).

Proof. Let R € AS?(X) N ASY(S). By 6.2, vy is a characteristic vector
of R and since (O(v1,S8)) = Vy—1, Vn—1 is an R-invariant subspace. Thus
V- | = (v,) is R-invariant as well. Set Ry = M, ,(R). Since [R, S] € Z(L),
[R1,S] = £1I,_1 and since det([R1,S]) = 1, [R1,S] = I,—1. Thus [R,S] =1,
and since v is a characteristic vector of R and (O(v1,S)) = V-1, R1 =
+1,1. Of course R, , € {1,—1} and since det(R) = 1, R € Z(L), a
contradiction.

Theorem 6.4. A(L) is balanced.

Proof. In 5.14.3 and 5.14.4, we showed that we can pick X, ) such that for
{T.2} = {x, 0}, e € {1,-1} and S € {T", T°2"}, (O(v1,S)) = V1.
Hence the theorem follows from 6.3 and by definition.

7. The Orthogonal Groups in even dimension and even
characteristic.

In this section n = 2k > 8 is even and F is a field of even order. We keep
the notation of Section 1. In particular V is a vector space of dimension n
over F and B = {vy,...,v,} is our fixed basis of V. Let f be the symplectic
form on V whose matrix with respect to B is

00 .01
00 - - - 010
00 - -0100

S
0010
010 - :
10 - 0

For € € {4, —} let Q¢ be the quadratic form on V defined as follows. First
Q(v+w) = Q(v) + Q(w) + f(v,w), for all v,w € V. Second, Q(v;) = 0,
foralll <i<k—1andall k+2 <i <n. Wedefine Q°(vg) = Q(Vk+1) = Ve,
where v, = 0, when € = 4+ and when € = —, v, # 0, is such that v A2+ X+ v,
is an irreducible polynomial in F[A]. Of course V is an orthogonal space
of type € in the respective cases. We let ) = Q°. We denote by Q<(V, Q)
the full orthogonal group of type ¢ € {+,—} in the respective cases. We
let L be the commutator subgroup of O¢(V, Q). Thus L is a simple group
and L has index 2 in O¢(V,Q). The purpose of this section is to prove
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Theorem 1.6 for L. For that we’ll show that L is closed under transpose
(see 1.4.3) and indicate an element X € L such that Ba(X,X?") holds,
where A = A(L). Then, by 1.9.2, A is balanced. We'll define X shortly.
The following Theorem is useful.

7.1. Let g € O°(V,Q). Then g € L if and only if dim Cy (g) is even.
Proof. See [3], Theorem 3.
7.2. L is closed under transpose.

Proof. Regard J above as an element of GL(V'). Then J is an involution
and J' = J (J is symmetric). We claim that J € Q¢(V, Q). Indeed JJJ! =
J € O(V, f) and since v;J = vp41-4, for all 1 < ¢ < n, J preserves the
quadratic form @, since in both types Q(v;) = Q(vp+1—;). But for g € L,
gt =Jg 'J,s0g¢' € L.

Notation 7.3. (1) Let ¢ € GL(V) such that ¢ = diag (Ix_2,s, Ix_2),
where s is some 4 x 4 matrix. We denote s by s(g).
(2) Throughtout this section u := diag (Iy_2, s, [x—2), where

0

s =s(u) =

SO —= O =
—_— O = O
O = OO
= o O

(3) Throughout this section we let

g = diag (ak,blzl)
X =gu

where for m > 1, a,, and by, are as in 1.1.9. Note that since char (F) =
2, Gy = by

(4) We denote by C, the ordered basis (w; ... ,w,), where w; = v;, for
1<i<k—2 wg—q1 =Vg—1+ Vg + Vg1, W; = vjya, for k <o <n —2
Wp—1 = Vg + Vp+1 and wy, = vk + Vg4o. Thus

C = (v1,v2,...,U5—2, V=1 + Uk + Ukt1,Vkt2, - - - U, Uk + Vkt1, Uk + Ugt2)-
7.4. (1)
1 0 00 1 01 0
o100 . o101
sw=11 g1 0 () =10 0 1 0
01 0 1 0 0 0 1



ANISOTROPIC GROUPS

(3)
101
w010
slwl) =17 ¢ g
010
(4)
0
ty— t 0
s((uu) ™) = s(u'u) = ||
0

(5) s(u=tul) = s(uut) and s((u=tu?)~1) = s(

(6) g° ul = 1.

OO = O

o o O

t

S = O =

—_ o = O

183

Proof. (1) is by definition. Clearly u~! = u. For (3) and (4), we compute

1 0 0 0] [1 o 1
S(Wt)_o1oo 010
“ 11010 0 0 1
010 1] [000

[1 0 1 0] [t o o0

he1y |0 1 0 1 010
s((u)™) =10 0 1 ol |1 0 1
000 1] [0 10

_ o = O

_ o o O

O = O =

O = OO

_ o = O

= o o O

SO O

O = O =

S O = O

—_— O = O

(5) follows from (2). For (6) we have, v;g'u = v;g' = viug®, for i ¢ {k + 1,
k+2}. vprig'u = (Vg1 + - 4 vp)u = vp1 + v + - 4 v, and v ugt =
(Vk—1 + Vkt1)9" = k-1 + vk + o F U Vppag'u = (Vg o o)u =

Ok + Vg2 + -+ vp and vppoug’ = (Vg + Vg12)g" = Vg + Vg + o+
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7.5. (1)
10 - 0 T
110 0
0110 - 0
00110 0
0O - - 0110
0o - - - - 011
X = 1010 - 0
11110 0
111110 - 0
1111110 0
111 110
! 111 11 1]

where the blank spots are zeros. Also the upper submatrixz of X is a
k x k matriz and the lower submatriz of X is a k x (k + 2) matriz.
(2) The matriz of X with respect to the basis C is

n o - - - - 0 7
110 - - -0
0110 - -0
00110 -0
0 0110
0 01 1
[X]e = 110 - 0
1110 0
11110 0
11 10
11 Sl
10
L 1 1

where the blank spots are zeros. Also the upper submatriz of [X]c is a
(k—1) x (k—1) matriz, the middle submatriz of [X]|c is a (k—1) x k
matriz and of course the lower submatriz of [X]c is a 2 X 2 matriz.

(3) X eL.
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Proof. (1) and (2) are easy calculations and we omit the details. Next,
since Vy_1 and (vg4o2,... ,v,) are totally singular subspaces (in both types),
QuiX) =0, for 1 <i < k—1. Also, for k+2 < i <n, QuX) =
Q(Uk—1 + Uk + Vpy1 + Vg2 + oo+ ) = QUr—1 + Uk + Vpg1 + Vpy2) =
Q(vg—1 + vpao) + Qv + Uk+1) = 1+ 1 = 0. Further, for s € {k,k + 1},
( ) (Uk: 1+ 'Us) = Q(US)
We leave it for the reader to verify that XJX! = J, so X € O(V, f).
Since Cy (X) = (v1,vg + vk11), X € L, by 7.1.

7.6. Let B be the following (k+ 1) x (k + 1) matriz

1 0 - 0]

010 - 0

1110 - 0

3209119 0

0 : 0110

o - - 01 1

Then:

1 0 - 0]

010 - 0

1110 - 0

) |1 1110 0

11 1 0

11 1
(2) ) _ ) )
0110 0 0110 0
1010 - 0 1010 - 0
11010 - 0 00010 - 0
L N R
0 : 0101 0 0 0 1
0 : 01 1 11 1 1]
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Proof. (1) is easy to check. For (2), we compute

1 0 1 - o] [1 o - 0]
0110 - 0| |0 10 - 0
00110 - ol (1 110 - 0
pip_ |0 00110 0ol [0 0110 0
00 01 1| |0 : 0110
0 0 -0 1] [0 - - 0 1 1]
[0 1 1 0 0]
1010 - 0
11010 - 0
_ 001010 0
0 0101
0 0 1 1]
(1 0 1 - o] [1 0 - 0]
0110 0] |0 1 0 - 0
00110 o] (1 110 - 0
Bip-1_ (0001 10 o [1 1110 0
0 0 01 1| |1 1 10
0 0 -0 1] |11 - 1]
01 1 0 0]
1010 - 0
00010 - 0
000010 0
oo - - -« <« 01
_11....]_1_

7.7. Seta=ap_1 and v = v +vgy1. Let B be as in 7.6 and let e € {—1,1}.
Then:

(1) XX' = guu'g’, (XX~ = (¢") N(u'u)g~".

(2) XXt =wutg~lgt and (X1XH) 71 = (')~ Lgutu.

(3) X = [Zj Okél’kfrl} with E some (k+ 1) x (k — 1) matriz.
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a‘a’ R _ / ] .
(4) XXt = [R21 R;fj (XX~ = { ,; Btl’Bi] with Ry 1, Ra 2,

Ry9, Ry 5, Ra1, Ry | some (k—1)x (k—1), (k+1)x (k+1), (k—1) x
(k+1), (k=1)x(k+1), (k+1)x(k—=1), (k+1) x (k—1) matrices
respectively. Further, the first k — 2 rows of Ry 2 are zero.

(5) Let S € {X', X°X"'}. Then for 1 < i <k—2, v;8 = w + vj11, with
w € V. In particular, Vi_1 C (O(v1,5)).

(6) Let S € {X*, X°X"'}. Then vg_1S = w + vy, with w € V1.

(7)(7i) Let S = X, then vi_1S™' = vp_1 + Vg + Vig1 + Vppo, S~ =

Ok + Vg2, and V1S = vpi1 + Vpyo.

(7ii) Let S = XX, then vp_1S™' = vpyo, 1SS! = vpy1 + Vie, and
Vp41S™1 = vp + Vpyo.

(7iii) Let S = X 1X' thenvg_ 1S = vp_o+vpyo, VRS~ = Vpy1+Vk o,
and v 1S~ = v + Vppa.

(8) (O(v1,XY)) = (Vk_1,v + Vkt2, V43, - - ,Un). Further if we set W =
(O(v1, XY)), then W = (v,vp_1 + i), vX! = v and (vp_1 +vp) Xt =
v+ (vg—1 + vg).

(9) Let S = XX*'. Then:

(91) If k=1 or 2 (mod 3), then

<O(Ula S)> = <Vk2—17 UV, V42, V435 - - 7Un>-
(9ii) If k =0 (mod 3), then

(O(v1,9)) = <Vk—1, Vk42,V + Vp435,V + Vky3541,
1
Vg43j42,0 + v, 1 1 < j < gk - 1>.
Further, in (9ii), if we set W = (O(v1, S)), then W+ = (v,v'), where

v = (v1 + v3) + (va 4+ v6) + (v7 +v9) + - -+ + (Vk—2 + V),

vS=vand V'S =v+v.

(10) Let S = X1X*t. Then
<O(U1a S)> = <Vk717 UV, V42, V435 - - 7vn>-

Proof. (1) is obvious, recalling (see 7.4.2) that u~' = u. For (2), we have
XXt =u=tg~tulgl. By 7.4.6, [g7,uf] = 1, and (2) follows. For (3), just
observe that X is given in 7.5.

(4) follows from (3), except that we must show that the first £k — 2 rows
of Ry 2 are zero. This will of course follow from (5). To show (5), let 1 <
i < k — 2. Suppose first that S = X*. Then v;S = v;ulg’ = vig" = v; +viy1.
Next viuu! = v;, so v; X 1 X! = v;g7lgl. Also vig € Vi, so vig(uul) = vig
and v; X X! = v;gg'. We conclude that:

(*) For1<i<k—2 v;XY"=uvg%"
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Note that af, is unipotent, lower triangular and a}; is upper triangular unipo-
tent with (al);; = 0, for j > i+ 1, and (a});;+1 = 1. This easily implies
(5), for S = XYt

To show (6), note that X is given in 7.5.1, so we have vy_1 X' = vp_1+vp+
<-4, Next, vp_1 X X' = vp_1gun’g’ = (vp_g+vp—1)un'g’ = (vg_o+vp_1+
Vk+1)g" = Vk—2 + U + Vg1 + -+ + Uy Also vp1 X TIX = vp_quulg gt =
(Vk—1 +Vrt1)g gt = (1 + -+ Vg1 + Vpp1)g" = U1+ Uk + Vpg1 - + Un.

For (7) we compute vg_1(X) ™! = vp_1(¢") 1 uh) ™' = (vp_1 + vp)ul =
Vg1 + Uk + Vkg1 + Oppo. (X7 = 0p(g") M uh) T = vput = v + vpygo
and v 1 (X)) = vpp1(g) " Huh) 7! = (vpg1 + Vepe)ut = Vg1 + Vgyo. This
shows (7i). For (7ii) and (7iii), we use (7i). We compute (using (7i)) that,
for e € {1,—1}, Uk_l(XeXt)_l = (Vg—1 + Vg + Vg1 +Upp2) X e =1, we
get (Vg—1 4 vk + Ukt + Vkr2)uT g T = (Vg1 F Vks2)g Tt = Uppe. e = 1,
we get, (Vg—1 + Vg + Vg1 + Vpt2)gu = (Vg—2 + Uk + Vpt2)U = Uk—2 + Ugto.

Next, v (X X)) ™ = (vp+vpa2) X € Ife = 1, we get, (vptvpao)u g™t =
Vps2g ' = Vg1 + Vppo. If € = =1, we get (vp + vpp2)gu = (vp—1 + vi +
Vg1 + Vpg2)U = Vg1 + Upyo.

Finally, vk+1(XEXt)_1 = (Vk41 + Vky2) X7 If e = 1, we get (vgy1 +
Vps2)u g = (Vk—1 + Uk + kg1 + Vkg2)g Tt = U + Upga. If e = —1, we get
(Vk41 + Vg+2)gUu = Vgrou = v + vgro. This completes the proof of (7).

For (8), let W = (O(v1,X"%)). By (5), Vi1 € W. Next, by (7i),
V1 (X))t = vp_1 + Vg + Vg1 + Vpi2. Hence

(1) U+ Vg4 € W.

Using (3) and 7.6 and computing modulo Vy_1, (v + vp42)(XH) ™t = v +
Vg+2 + Vk4+3. Hence

(11) Vk+3 S W
Now, for k+3 <i<n—1, v;(X") " = v; + v;11. Hence, by (ii)
(iii) (Vk+3y -+ V) CTW.

Let W' = (Vk_1,v + U192, Vk+3,- .- ,Up). The reader may easily verify that
(v, v—1 + vk>L = W' and that v X! = v. We compute that (v;_q +vp) Xt =
(Vp—1 + vp)ulg" = (vk—1 + Vg + Vk1 + Vkt2)g" = (Vk—1 + Vk)g" + (Vrs1 +
Vpi2)gt = Vp_1 + Vpy1 = v+ vp_1 + vi. Hence (v,vp_1 + vy) is S-invariant,
and it follows that W' is S-invariant. It follows that YW = W' and (8) is
proved.

For (9), let S = XX and set W = (O(v1, S)). By (5), Vk—1 € W. Next,
by (7ii), vg_15~ = vgyo. Hence

(i/) Vk42 € W.
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Next, we mention that all our calculations are done modulo Vj;_; and we
use (4) and 7.6.2. We have vj425 ™! = v 4 vjy3. Thus

(it') v+ vpy3 €W.

Now 0571 = 0871 + v 1S~ = v, by (7ii). Thus

(iii’) vS™t = .

Next (v + vg43)S™1 = v + Vg2 + Vg4a, hence, by (I') and (ii’)
(iv") U+ Vgrg €W,

By (ii’) and (iv/)

(v') Vi3 + Ugpa € W.

Now if k = 4, then (v+ V10 +Vk34)S ™! = V+V+Vp 3+ Vke3+Vkgd = Vkid,
so vg € W. It is easy to check now that by (v'), (iv') and (ii’), (9i) holds.
So from now until the end of the proof of (9) we assume that k > 5.

Next (v 4 Vg2 + Vrga)S™ =0 + v + Vg3 + Vig3 + Vkss = Vgis. Thus
(Vi/) Vi+5 € W.
Suppose k = 5. By the above we get that V, U {v7, v+ vg, vg +vg,v19} C W.
Also, v190S™! = vg + v1p € W and (9i) holds. So from now until the end of

the proof of (9) we assume that k£ > 6.

Now vk+5S_1 = Vpya+Upre € W, thus v+vgi g+ Vi1 + V516 = V+Vka6 €
W, so by (it’)

(Vii/) V43 + Vk+6 S W

Now for i > k + 3, (v; + vi13)S™! = (vi_1 + vir2) + (vis1 + virq), since
Vg+2 + Vk+5 € W, we conclude from (vii’) that:

(viii') Fork+2<i<n-—3,v;,+vi3€W.

Now (v—3 +v,)S™ = (Vg + V1) + (Vn_2 + vy), so from (viii’) we get
(ix) Un—2 + vy € W.

Note also that by (') and (viii’),

(x) Ugyj € W, for all 2 < j <k, such that j =2 (mod 3).

Thus, by (x), if £ =2 (mod 3), v, € W and if k =1 (mod 3), v,—2 € W.
Thus, by (ix), if k = 1 or 2 (mod 3), v,—2,v, € W. It follows from (viii’)
that:

(xi) If k=1or2 (mod 3) then there exists v € {0,1} such that
Vgt €W, for all 2 < j <k, such that j =v (mod 3).

Since Vi3 + vgra € W, we get from (iv'), (x), (xi’) and (viii’) that:

(xii) ITk=1or2 (mod3), WD (Vi_1,Vk + Ukt1,Vkt2, Vkt3y--- »Un)-
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Notice that v+ = (Vx_1, Uk +Vk 1, Vk12, Vkt3, - - - ,Un) is S-invariant, as vS =
v, so (9i) holds.
Suppose k=0 (mod 3). We get from (ii’), (iv') and (viil’), that

(xili") v+ vpy; €W, forall 3 < j < ksuchthat j=0or1 (mod 3).
This, together with (x’), shows that

W= <Vk—1, Vk+42, U + V434,
. 1
U+ Vp43j41, Vk+3j+2, 0Vt 0 1 1 <7 < gk? - 1> cWw.

It easy to check that (v,v')" = W’. We show that v'S = v + v/; this implies
that (v,v') is S-invariant, and hence W’ is S-invariant, so (9ii) holds. We
compute that

v'S = {(v1 +v3) + ( )
= {(v1 +v2) + (v4 + v5)
= {(v1 + v2) + (v4 + v5)
= {(v1 +v2) + (va + v5)

+ (Vg1 + Vk42)g"
= {(v1 +v3) + (va + v6) + (v7 +v9) + - - + (Vp—5 + Vk—3) + Vr_2}
+ Vg1

(v7 +v9) + - - + (vp_2 + vi) }guu'g’

(v7 +vs) + -+ (vp_2 + vp_1) + vg Juu'gh
+ (Vg2 + V—1) + Vk + Vg1 + Vpp2 g’
+ (Ve—2 + vk—1) + vk }¢*

V4 + Vg

+ o+ o+

=v+v.

We now turn to the proof of (10). Set S = X1 X! and W = (O(vy, S)).
By (5), Vk_1 € W. Next, by (T7iii), vx_15~1 = v4_2 + vg2. Thus

(i”) Vk42 € W.
Next, for k +2 <i <n — 1, 1;87! = v;;1. Hence, by (i)
(i) v;eW, forall k4+2<i<n.

Also v, 87! = v+ vpio + -+ vy, so by (i)
(iti") veWw.

L = (Vi_1,0, V42,43, ... ,0,) and vS = v, (10) holds.

Again, since v
7.8. Let 1 # h € Cp(X). Write H = [h|c and set Z = [X]|c. Write

= diag (Z1, Z2), with Z1 = Mu_1)(n—1,)([X]c), and Zz = E (1)]
Then:

(1) h fizes (wr), (w1, wa), ... ,(Wi,... , Wy_4q).
(2) h fizes (w1, wp—1) and (Wi, W, Wp_1,Wy).
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(3) H has the form
R E
o=l 7]
such that:

(3i) In—2 # R is an (n — 2) X (n — 2) matriz commuting with Z, P =
[(15 (1)], with § € {0,1}, E is an (n—2) X 2 matriz whose first n—4
rows are zero, and E,_39 = 0. F is a 2 x (n—2) matriz whose last
n —4 columns are zero and Fy2 = 0.

(3ii) Hi; =1, forall1 <i<n.

(3iii) We fiz the notation o := Ey_31, B := En_21, v := Fy1. We have
a=FE, 20=1F,=1F;.
(4) There exists 1 <r <n —3, such that R — I,,_9 € T,_o(r). We fix the
letter r to denote this integer.
(5)
R—1I,9)*+EF F
F' 02,2
such that E'is a (n — 2) x 2 matriz with E},_5, = a(Ryp—2n-3 +9) (6
as in (3i) and a as in (3iii)) and E}; = 0 otherwise, ' is a 2 x (n—2)
matriz such that Fy, = a(R21 + 0) and Fj; = 0 otherwise. EF is
an (n —2) x (n — 2) matriz such that (EF)p,—31 = o = (EF),_22,
(EF)p—21=a(f+7) and (EF);; =0, otherwise.

Proof. First we mention that we think of A~ and H as the same linear oper-
ator, but they are distinct as matrices. The same remark holds for X and
[X]c. It is easy to check that ker([X]e —I,,) = (w1, w,_1), ker([X]e —I,)? =
(w1, wa, wy_1,wy). Further, for j > 2, im ([X]¢ — I,) = (wy, ... , Wn—j—2).
Thus (1) and (2) clearly hold.

Next, by (1), the first n — 4 rows of E are zero and by (2), the last n — 4
columns of F' are zero. Also, since (wy,wy,—1) is h-invariant, F; o = 0. Next

(H—In)2: (

gi_ % 0] [R E]_[4R ZE
“ |0 Z| |F P| T |ZF ZpP
qz_ [RE] [20 0] _[RZ EZ
“|F Pl |0 Z|  |FZi Pz

so since ZH = HZ, R commutes with Z; and P commutes with Z3. Thus
0
P = [Z p] . Now (vg + vgt1)h = Fiiv1 + p(vg + vg41). But 1 = Q(vg +

vk+1) = Q((vk + viy1)h) = p?, so p = 1. Further, (v + vgy1)h = Foqv +
Fy 209 + p1(vg, + V1) + (g + vk42). Hence Q((v + vgi2)h) = p* + ve + pu.
It follows that v = Q(vg + ver2) = Q((vg + vpy2)h) = u? + ve + p. Thus

,LL:OorlamdP:[clS ?,Withée{o,l}.
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Next since R commutes with 7y, 1.13 implies that, H;; = R;; = R;; =

Hj;, forall 1 <i,5 <n—2. Now
1= f(vlavn) = f(UlH,UnH)
= f(Hi1v1, Hn—on—2vn) = Hi1Hy—o .

Since Hi1 = Hyp—2,-2, we see that Hy; = 1. Since H,_1,-1 = P11 =1
and H,,, = Pop = 1, we see that H;; = 1, for all 1 < ¢ < n. Now
since R commutes with Z, 1.13 implies that R — I,,_o € 7,,_2(r), for some
1<r<n-3.

Let [g Z ] be the last two rows of £. Then the last two rows of Z1F

atp p

are [ @ P ] and the last two rows of EZy are [ } Since
B+up p

a+f ptu
Z1E =FEZy, p=0and o = p. Thus:

The last two rows of E are a 0 .
08 «@

Next let [2 2} be the first two columns of F. Then the first two columns

of ZoF are { P 0] and the first two columns of F'Z; are [ P O]
pty p YHRp

Thus p = . Hence:

The first two columns of F' are [s O} .

p
Next (vg+vgs1)H = pv1+vk+vky1 and observe that v, H = w+v, +a(vg+

. i
Vo), With w € (v, ..., Vk—1, Uk + Vg1, Vkt2, - - - s Un—1) © (U1, Vg + Vgg1) ™

Thus 0 = f(vk+vk+1,0n) = f((vk +Ok+1)R, vh) = f(pv1+ (Vg + V1), 0+
Un + (v + vk42)) = f(pv1+ (v + Vkt1), vn + (Vg + vk12)) = p+ . Hence
p = a. This completes the proof of (3) and (4), except that we must show
that R # I,_o. Now if R = I,,_, then, it follows that 0 = Q(v,—1) =
Q(vn-1H) = Q(un—1 + g +vp11)) = a. Also, since 0 = Q(vq) = Qv H),
B =0. Now ¢ (of (31)) must be 0; so since h € L, 7.1 implies that h = I,,,
contradicting h # I,,.
To prove (5) note that

_ 2 _ R_In—Q E R—In_g E
(H h)_[ F P-L| | F P—1

(R—1I,9)?+EF (R—I,—9)E+ E(P — I))
F(R—I,_5)+ (P - L)F FE+ (P - I)? '
Now, since the last column of (R—1I,,_2) is zero, (R—1I,,—2)F isan (n—2) x 2

matrix, whose (n—2, 1)-entry is @Ry, _2 ,,—3, and whose other entries are zero.
Hence it is easy to check that E' = (R — I,_2)E + E(P — I), is as claimed.
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Next, since the first row of (R — I,,_2) is zero, F(R — I),_2) is a 2 X (n — 2)
matrix whose (2, 1)-entry is Ry and whose other entries are zero. Hence,
it is easy to check that F/ = F(R—1,,_2)+ (P — I3)F is as claimed. Finally,
FE =035 and clearly (P — I3)? = 0. It is easy to check that EF has the
claimed shape and (5) is proved.

Before formulating the next lemma it is important that the reader will
recall that for a linear operator a on our vector space V', a; j is the (4, j)-entry
of the matrix of a, with respect to the basis B, unless otherwise specified (see
the beginning of Chapter 1).

7.9. Let 1 # h € C(X). Set T = h—1,. Write H = [hlc. Let
R,P,E, F.0,a,8,7 be as in 7.8.3 and r as in 7.8.4. Then:

(1) Suppose k —1 <r <n—3. Then, there exists i € {1,2} such that for
T :=T¢, we have:
(la) Vi—1 C ker(T).
(1b) There exists 1 < f < n, such that Tsp=0, foralll <s<n-—1,
and T), y # 0.
Further, one of the following holds.
(le) a#0#0,i=2, f=k+1 and imT = (v, avg + v + Vk41)-
(1d) a#0=9,i=2, f =2 and imT = (v, v2).
(le) a=0=46,i=1, f=n—r—2 and

imT = </U].7/U27 cee sy Un—r—2,Vk + Uk+1>'
(Iff) a=0=46,i=1, f=n—r—2 and
im (T) = <1}1,U2, cee s Un—r—3,Up—r—2 + N(vk + Uk+l)>7 IS .

(1g) a=0=6,i=1, f=n—r—2and imT =V, _,_o.
(lh) a=0=4,r=n—-3,i=1, f=k+1 and imT = (v1, v + Vg+1)-
(2) Supposer =k —2 a # 0 =235. Then either T? € T,(n — s), for some
s € {1,2}, or the following holds:
(2a) T2 =0, Hy_11 = a = Hy_94—1, Vy—1 Cker T, and
(2b) For all S € {X!, X X!, X1X'}, ker(ST)Nker T = Vj_o.
(3) Suppose 1 < r < k—1, but exclude the case of (2). Then one of the
following holds:
(3a) r =1, and T3 € T,(n — 1).
Bb) r>1, a#0+# 0, and ker T = {v1,..., 0, pvry1 + p(vk + vki1)},
with p, u € F*.
Be) r=k—2, a#0#0, He_11 = «, and ker T = Vj,_1. Further,
Ter—1=0, foralll1 <s<n-—1, and Ty, ,—1 # 0.
(Bd) r=k—-2,a#0#9, H—11 =, and im T? = (vy, vg + Vkg1)-
(3e) There existsi > 1 and 1 < m < k — 2, such that imT? = (v, ..
Vm), Vi1 C ker T and T* € T, (n — m).

0
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(3f) There existsi > 1, such that im ']I‘Z = (U1, , V-2, Vp—1+ U+ V1)
and Vi1 C ker T*. Further, (T*)sx—1 =0, for all1 < s <n—1,
and (T*), k-1 # 0.

Proof. Assume the hypothesis of (1). Note that since r > k — 1, Ryy =
Ry—2,-3 = 0. Notice also that (R —I,,_2)? = 0,,_2,—2. Suppose a # 0 # 6,
then it is easy to verify, using 7.8.5, that (1c) holds. Similarly if « # 0 = §,
then by 7.8.5, E' = 0,22 (E’ as in 7.8.5) and it is easy to verify using 7.8.5
that (1d) holds (both in the case when v = 0 and in the case v # 0). Hence
we may assume that o = 0.

We claim that:

(i) If r=n—3then d=0.

For suppose r = n — 3. Then v, H = R;,—21v1 + vy, + B(vg + vg41). Hence
0 = Q(vy) = Q(v,H) = Rp_21 + % Since by 7.8.3i, R # I,,_o2, we get
that 0 # R,—21 = (2. Also, 0 = f(vn, vk + Vky2) = f(nH, (vg + vkso)H) =
f(Rn—21v1+vn+B(vg+vks1), Y01+0 (Vg +vg+1)+(vp+vk42)) = v+5. Hence
v = . Now if § = 1, then we get that im (H — I,,) = fv1 + (v +vg+1). But
then dim Cy (h) = n—1 is odd, this contradicts 7.1, since h € L. So (i) holds.
Further, if r = n — 3, then, v, T = B%v1 + B(vi, + vpy1), VT = v 1T = Boy
and ker T = (Vi_1, vk + Vg+1,Vk42,--. ,Un—1). Hence (1h) holds. So from
now on we also assume that £k — 1 <r <n — 3.
Note that since a = 0, v + vg41 € ker(H — I,). Hence

(11) Uk’]T = ,Uk-Jr]_T

also, vy = Vgt + (Vg + Vgt2), so vg(H — 1) = vgyo(H — 1) + (v +
Vgt2)(H — Ip)) = Hiv1 +yv1 + 0(vg + vg41). It follows from (ii) that since
k—1<r<n-—3,

(111) Tk,nfr72 = TkJrl,nfoZ =0.

Since vg—1 + Vg + Vkt1, Uk + Vg1 € Ker (H — I,), vp—1 € KerT, so
since Vi_o C KerT, we get that Vy_; C ker T, so (la) holds. Also, since
R—1,9 € T, 5(r), and a« = 0, v;(H — I,) = vi(h —I,) € Vy_r_3, for
k+2<i<n-—1 Thus (h—1I,)in—r—2 =0, for k+2 <i<n—1. Finally,
since R — I, 2 € Z’L—Q(r)a Hn—2,n—7‘—2 # 0, so (h - In)n,n—r—Q # 0. We
showed that:

(iv) fa=0,then Ts, ,_2=0,foralll <s<n-—1,and Ty ,—r_2 #0.

So (1b) holds for f =n—r —2.

Suppose ¢ # 0. We leave it for the reader to verify that im T = (vq,vg, ... ,
Un—r—2,Vk + Vk+1). Hence (1e) holds.

Suppose next that 6 = 0 = 3, then either r > k — 1, in which case
imT = V,,_,_2 and (1g) holds, or r = k — 1, in which case (1f) holds, with
w=1.
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Finally suppose § = 0 # (. If r > k — 1, then (1f) holds, with u =
B/Hyp—2pn—r—2, and if r = k—1, then either (1g) holds (in case Hy,—2 1 = [3),
or (1f) holds (otherwise). This completes the proof of (1).

Assume the hypothesis of (2). Suppose first that (H — I,,)?> # 0. Notice
that since § = 0, 7.8.5 implies that
R—1I1,)2+EF 0p_2>

02,2 02,2
Also, since r = k — 2, (R — I,)? € T,_2(n — 4). Notice further, that by
1.13.3, Ryyii = Ryyss, for all 1 <i4,s < n —r —2. Thus the (n — 3,1)-
entry and the (n — 2,2)-entry of (R — I,)* are both equal to R7, ;. Since
(EF)p—31 = (EF)p_29 = a2, it is clear that (h—I,,)? € 7,,(n — s), for some
s € {1,2}.

Suppose next that (H — I,,)?> = 0. Then, the above considerations imply
that R,1;; = «, for all 1 <¢ < mn —r —2. Note that Vy_o C kerT. Also
vg—1(H —1p) = (Vg—1+ vk +vks1) (H—In) + (v +op 1) (H—In) = avi+av =
0. So vg—1 € ker T. Thus (2a) is proved.

Next note that dim(im (H —1I,,)) = dim(ker(H —1,,)), so since (H —I,,)? =
0, im (H — I,,) = ker(H — I,). Also v,(H —I,,) =v' 4+ Ry,_g k—1(vg—1 + vg +
V1) + 0o+ B(Vk + Vp11) + (v +Vp42) = V" + v+ (Ry—2 k-1 + 5) (v +
Vgt1), with v' € Vi_o and v" € Vy_;. Hence

(v) v (H — 1) = avg + (Ry—a 51 + B) (v + vg41)(mod Vi _1).
Since Vi_1 C ker(H — I,,), we get from (v) that

(H_In)Q = (

(vi) pug + pvg+q € ker(H — I,), for some u,p € F, with pu # p.
Thus
(vii) ker T = (V_1, pvk + pvg41) p,p as in (vi).

For (2b), we’ll show that if p, u are as in (vi) and S € {X!, X X, X1 X},
(vp_1S7L, (pvg + pvgs1)S~H) Nker T = (0). This easily implies ker TNker ST
has dimension < k—2. Since, by (vii) and 7.7.5, Viy_o C ker TNker ST, (2b)
follows. Let v € (vg_1S71, (pvg + pors1)S™1).

Suppose S = X!. By 7.7.7i, v = 0105157 + Os(pvp + pvpy1)S~! =
01 (ve—1 + Vi + Vg1 + Vg2) + O2(p(vk + Vig2) + (Vg1 + vig2)) = O1vk—1 +
(01 +02p)vi, + (01 + O2p) V1 + (01 +02(p+ 1) )vk42. Soif v € ker T, then, by
(vii), 1 +62(p+p) = 0. Thus, 01 +602p = Oap and 01 + 0o = bap. Tt follows
that Oapvg+62pvr41 € ker T. Hence, we may assume that opvg +6apvg1 =
PUk + pvkr1. Hence Oap+ p = O2p + p = 0. This is possible only if p = p, a
contradiction.

Suppose S = X X*. Then, by 7.7.7ii, v = 61vp_ 1S~ + 02 (pvg + pvg1)S ™!
= O1vgyo + Qg{p(ka + Uk+2) + ,U(’Uk + vk+2)} = Oquvy + Oopvpi1 + (91 +
O2(p + 1))vg+o. Soif v € ker(h — I,,), then, by (vii), 61 + 02(p + p) = 0 and
Oapvi, + O2pvp1 € ker T, which we have seen to be impossible.
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Suppose S = X~!X!. Then, by 7.7.7iii, v = O1vp_15~! + Oa(pvp +
,ukarl)Sfl = 01(vg—2 + Vgio) + Hg(p(ka + vpao) + p(vg + Uk+2)) and as in
the case S = X X!, we get a contradiction. This completes the proof of (2).

Assume the hypothesis of (3).

Casel. r=1.

t FE
By 7.8.5, (H — I,)? = [F, O
t 0

0 022

}, with ¢ € 7,,_2(2). Then, it is easy to

verify that (H — I,,)® = [ }, with ¢ € 7,,_2(3) and from that (3a)

follows easily.
So from now on we assume that r > 1.

Case 2. a#0#9.

Ifr#k—2,orr =k—2and Hy_1 1 # «, then it is easily checked that (3b)
holds. So suppose that r =k — 2, and Hi_;; = . Then v_1T = (vp—1 +
Vg +0k+1) T+ (vp+vg+1)T = avi+av; = 0. So clearly ker T = Vj,_1. Also, for
kE+2 <s<n—2,v,T € Vy_g. Further, (vp+vki2)T = yv1 +ave+ (vp+vg+1)
and vg42T = Ry 1v1+ R 2v2. Since v T = vp42T+ (vg +vg42) T, we conclude
that Ty ,—1 = 0. Also since (vy + vp41)T = avy, we see that Ty -1 = 0.
Hence, we see that Tsp_1 = 0, for all 1 < s < n —1. Now v,T = v +
R, 251 (’Uk,1 +vg +vpt1) + R, 9 kVg42+ B(vk +vg+1) + a(vg + vgy1), with
v/ € Vy—9. Hence, if R,,_o%_1 # 0, then T, ;1 # 0, and case (3c) holds.
Finally, suppose R,_2 ;-1 = 0. Then v,h = v, H = 0" + vy, + fwp—1 + awn,
with v € (Vg_2,vk49) and wyh = yv1 + avy + wp—1 + wy,. Hence 0 =
f(on,wyn) = f(vph,w,h) = v+ 6+ a. Hence f+ v = a. Also, vgi2h =
Ry 1v1 + Rp2v2 + vgy2. Hence, 0 = f(vkio,vn) = f(vky2h,vnh) = Ry 1.
So Ri1 = 0. Since f+v = «a, 7.8.5 yields (EF),_21 = o®. Then, since
Ri1 = Ryp—op-1 =0and Ry_11 = Ry_2 = a (see 1.13.3), we get, using
7.8.5, that (R — I,,_2)> + EF € T,,_s(n — 3). Now using 7.8.5, it is easy to
check that (3d) holds.

Case3. a#0=dandr#k—2;0or a=0.
Using 7.8.5 we get that
2 _ (R - In)2 +EF 0n72,2
02,2 02,2

Now if & = 0, EF = 0, while if a # 0 =, and 7 # k — 2, then (R — I,,)2 +
EF € T, (1), for some 1 <1’ < n — 2. Thus in either case

o 0 o]
H—1,)?= n
( n) 102p—2  O22 |

(H - In)

with ¢t € T, _o(r'), for some 1 <’ < n — 2. It follows that for some i,

4 0p—22]

H-1I,) =
( n) [02n—2  O22 |
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with ¢’ € T,_o(r"), for some k—1 < 7" < n—2. If " > k—1, we get case (3e).
So suppose 1" = k — 1. Clearly, imT? = (vy, ... ,Vk_2, V%1 + Vg + V1) and
Vi—1 C ker T%. So, to establish (3f), it remains to show that (T%); x—1 = 0, for
alll <s<n-1, and (’]I‘i)mk_l #0. Now for k+2 < s <n—1,v,(H—1I,)" €
Vi—2, 50 (T")s k-1 = 0. Further since (vj 4 vpt1)T" = (vg + vpg2)T* = 0,
UkTi = U]H_lTi = U;H_QTi € <U1>. Hence (Ti)hk_l = (Ti)k+17k_1 =0. Finally,
since t’ € Tp_o(k — 1), (T"), k-1 # 0. Thus, (3f) holds.

7.10. Lete € {—1,1} and let S € {X*, X°X"'}. Let R € CL(S) and suppose
v1 18 a characteristic vector of R. Then R = 1.

Proof. Set W = (O(vy,5)). Using, 7.7.8, 7.7.9 and 7.7.10, it is clear that W
is nonsingular (in all cases) and hence R centralizes WW. Set v = vy + vg41.

Suppose first that S = X*. Then, by 7.7.8, W+ = (v,¢'), with v/ =
Vg—1 + vk, vS = v and v'S = v+ v'. Clearly W+ is R-invariant and since
R e CL(S), vR = av and V'R = v + av’. Since Q(v) =1, a = 1. Hence R
centralizes (W, v) of dimension n — 1. Thus, by 7.1 (and since det(R) = 1),
R=1.

Suppose next that S = X X* and that k = 0 (mod 3). Then using 7.7.9
and arguing exactly as in previous paragraph we get R = 1.

Finally suppose S = XX’ and k # 0 (mod 3), or S = X' X*. By 7.7.9
and 7.7.10, dim(W) =n —1,so by 7.1, R = 1.

7.11. Let € € {1,—1} and let S € {X!, X°X'}. Suppose R € AS*(X) N
ASY(S). Then vy is a characteristic vector of R.

Proof. Let h € AS1(X) N ASI(R). We'll show that there exists i > 1, such
that if we set T = (h — I,,)*, then there are integers j,m, ¢ > 0 such that all
the hypotheses of 1.15 are satisfied for S,T and R. The lemma will follow
from 1.15. We’ll use 7.9, so we adopt the notation of 7.9. For a subspace
WCV,let GW) = (w € W : Q(w) = 0) (the singular vectors of W).

Casel. k—1<r<n-3.

In each case (1c)-(1h) of 7.9.1 we pick i as defined in these cases. We
take j = k — 2, in all cases. Notice that by 7.7.5, hypothesis (a) of 1.15 is
satisfied. We let m = dim{S(im7)} and ¢ = 1. Using 7.7.6 and (1b) of
7.9.1, we get hypothesis (c) of 1.15. The remaining hypotheses of 1.15 are
readily verified using 7.9.1.

Case2. r=k—2and a#0=09.

In this case, if (h — I,)? € T,(n — s), for some s € {1,2}, we take i = 2,
m=3s,j=k—2and { = 1. Otherwise we take i =1, j = k — 2 = m and
¢ =1. Using 7.9.2, we see that the hypotheses of 1.15 are satisfied.

Case 3. 1 <r < k—1, but Case 2 does not occur.

If case 7.9.3a holds, take i = n — 3 and m = 1, to get the lemma trivially.
If case 7.9.3b holds, take i = 1, j = m = dim(&S(kerT)) and ¢ = 0. If
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case 7.9.3c holds, take it = 1, j = k—2, m = k—1 and ¢ = 1. Notice
again that by 7.7.6, hypothesis (c¢) of 1.15 holds. If case 7.9.3d holds, then
S(im (h—I,,)?) = (v1) and trivially, (v1) is R-invariant. If case 7.9.3e holds,
take ¢ asin 7.9.3e, j = k — 2, m as in 7.9.3e and ¢ = 1. If case 7.9.3f holds,
take i as in 7.9.3f, j =k —2, m = dim{S(im (T)} = k — 2, and £ = 1. Using
7.7.6, the hypotheses of 1.15 are readily verified in cases 7.9.3e and 7.9.3f
and the proof of 7.11 is complete.

7.12. Let A = A(L), e € {1,—1} and let S € {X*, X X'}. Then dx(X,5)
> 4.

Proof. Suppose d(X,S) < 3 and let R € AS?(X)NASL(S). By 7.11, vy is
a characteristic vector of R and by 7.10, R = 1, a contradiction.

Theorem 7.13. A(L) is balanced.

Proof. Let A = A(L). Note that 7.12 implies that Ba(X, X") and by 1.9,
Bx(X', X), so A is balanced.

Chapter 2. The Exceptional Groups of Lie type.

In Section 8 we prove that for all exceptional groups of Lie type L ex-
cluding Er(q), the commuting graph A(L) is disconnected (Theorem 8.8).
In Section 9 we prove that if L = E7(q), then A(L) is balanced (see 1.3.2).

8. The Exceptional Groups excluding F;(q).

In this section L is a finite exceptional group of Lie type, excluding F7(q).
We take L = G, where GG is a simply connected simple algebraic group
and o is a Frobenius morphism. Hence L is one of the following groups:
232(22m+1)’ GQ(Q)a 2G2(32m+1)a 3D4(Q)a F4(q)a 2F4(22m+1)7 E6(Q)7 2E6(Q)7
Es(q). We exclude certain small cases where L is either solvable or L' is of
classical type. So we exclude 2B5(2), G2(2),2G2(3). The remaining groups
are all quasisimple, with the exception of 2Fy(2), which has derived group of
index 2. We let L* = L/Z(L). Of course Z(L) = 1, except when L = Fs(q),
in which case |Z(L)| = (3,¢ — 1), and when L = 2FEg(q), in which case
Z(L)] = (3,9 +1).

8.1. Assume G is a simply connected simple algebraic group and o is a
Frobenius morphism with quasisimple fixed point group G,. Let T be a o
invariant maximal torus. Suppose s € T, is an element such that s ¢ Sy, for
any o-invariant mazimal torus S, such that |Sy| # |T,|. Then Cq,(s) = Tp.
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Proof. Tt will suffice to show that Cg(s) = T. As G is simply connected,
Ca(s) = Cg(s)? ([1, II, 3.9]) and this is a reductive group. Write Cg(s) =
DZ, where Z = Z(Cg(s))? and D = Cg(s)’. Thus D is a semisimple group.
Note that T' < Cg(s) and that s is contained in all maximal tori of Cg(s)
(as maximal tori are self centralizing).

If D =1, then Cg(s) =T, as required. Suppose this is not the case and
let {D1,...,D,} be an orbit of (o) on simple components of D. Then o"
induces a Frobenius morphism on each D;. By [1, I, 2.9], this Frobenius
morphism normalizes a maximal torus contained in an invariant Borel of
D;. Taking images under powers of ¢ we get a maximal torus of each D;
with the same properties.

For the moment exclude the case where p = 2 and D; = By, C5. Then o”
acts on the various root systems, stabilizing the positive roots, and fixing
the root of highest height and its negative. Hence for each ¢, ¢” normalizes
Ji, the fundamental SLs generated by the corresponding root subgroups.
Also o normalizes J; ---J,. The centralizer in Cg(s) of this group is also
o-stable and so contains a o-stable maximal torus, say F.

There are two classes of o-invariant maximal tori in J;---J,.. These
correspond to maximal tori in the fixed point group (of type A;(q") of order
q¢" + 1 and ¢" — 1). Hence there are two classes of o-invariant maximal tori
of (Jy ---J,)E whose fixed points in Jj - - - J, have order ¢"+1 and ¢" — 1. A
representative of one of these tori, say T has fixed points of order different
than that of T, however, by earlier remarks, s € T,, contradicting the
hypothesis.

Finally consider the case p = 2, and D; = Bs, (5. This is only possible
when G = Fy. There cannot be more than one such simple component in D,
since the product of two has trivial centralizer, so cannot lie in Cg(s). Thus
D is o-invariant and we can use the same argument unless (D7), = Sz(q).
Here too there are at least two classes of maximal tori, so we can proceed
as above.

Corollary 8.2. Let G be a simple connected simple algebraic group and let
o be a Frobenius morphism of G such that G, = L. Let T be a o-invariant
torus and assume:

(a) If S < G is a o-invariant maximal torus such that |Sy| # |T,|, then
(1751, 1Ss]) = |1Z(L)].
(b) (175 = Z2(L)], |Z(L)]) = 1.

Let T} be the image of Ty in L*. Then T} —{1} is a component of A(L*).
Proof. We'll show that Cr-(s) = T, for every 1 # s* € TF. Let s €

Ty — Z(L). We claim that s ¢ S,, for every o-invariant maximal torus S
of G, such that |S,;| # |T,|. Indeed, since s € T, — Z(L), (b) implies that
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|s| 1 |Z(L)|, where |s| is the order of s. However, if s € S,, for some o-
invariant maximal torus S of G, then |s| divides (|T5|,|S,|). Hence, by (a),
|So| = ‘T0|-

By 8.1, Cr(s) = T,. Hence, from (b) we get that Cp«(s*) = T.

(e

Notation and definitions. We denote by ®,(x), the n-th cyclotomic
polynomial (of degree ¢(n)). Given a prime p and an integer b, the p-share
of b is the largest power of p dividing b.

8.3. Let n,a > 2 and let p be a prime. When (a,p) = 1, denote by dp(a)
the order of a mod p. Then:

(1) p| ®n(a) iff (a,p) =1, and n = p°d,(a), for some e > 0.
(2) If n >3, and p | n(a), then either n = dy(a), or the p-share of ®,(a)
18 P.

Proof. This is well-known, see, e.g., [9, p. 27].

Corollary 8.4. Let r be a prime, q a positive power of r and 2 < m < n.
Then:

(1) If m{n orif I is not a prime power, then (®,(q), ®m(q)) = 1.
(2) If > = pf, with v # p a prime and f > 1, then (2,,(q), Pm(q)) = ',
with t > 0.

Proof. Let p be a prime such that p | (®,(q), Pm(g)). By 8.3.1, p # r,
m = p“dy(q) and n = p®d,(q). Thus m | n and > = p®>~“. This shows
(1). It also shows (2), since, we just saw that there can be at most one prime
dividing (5 (q), ®m(q))-

In the following lemma we list the cyclotomic polynomials of degree < 8.
These are the relevant cyclotomic polynomials in calculating the order of
maximal tori in exceptional groups of Lie type.

8.5. The cyclotomic polynomials of degree < 8 are given in the following
table.
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The degree The cyclotomic polynomials

1 Oi(z)=ax—-1, Po(x)=x+1.

2 P3(x), P4(z)=22+1, &(x) =22 —x+1.

4 Ps(x), Pg(z)=2*+1, Pp(x)=2*—23+22 -2 +1,
Qp(r) =2 — 22 +1

6 Or(x), Pg(z) =25 +23+1,
<I>14(£U):3:6—x5—|—x4—:c3+3:2—x+1,
Pig(r) =28 — 23 +1

8 Pis(r)=aB —aT+2° — 2t + 22—+ 1, P(x) =28 +1,
Pog(x) =28 —ab + 2t —22 +1, Pyy(z) =2 — 2t + 1,

Dgp=a8+a" -5 -zt -3+ +1.

Proof. The degree of ®,,(x) is ¢(n) = Hle plmi_l(pi—l), where n = Hle Pyt
and it is easy to calculate the table.

Corollary 8.6. Let q be a positive power of a prime r. Then:

(1) (®12(q), f(q)) = 1, for any cyclotomic polynomial f(x) of degree < 4
distinct from ®qo(x).
(2) Let f(z) be a cyclotomic polynomial of degree < 6, distinct from ®g(x).
Then:
() If £(x) ¢ {®1(2), ®5(x)}, then (Do(q), (@) = 1.
(ii) The 3-share of ®9(q) is (3,9 — 1).
(i) If f(x) € {01(x), By(x)}, then (B(q), (@) = (3,q—1).
(3) Let f(x) be a cyclotomic polynomial of degree <6, distinct from ®15(x).
Then:
() If £(2) ¢ {®3(2), D)}, then (®15(q), () = 1.
(ii) The 3-share of ®15(q) is (3,q+ 1).
(i) If f(x) € {@a(x), Bo()}, then (Brs(q), F(a)) = (Bq+1).
(4) (®30(q), f(q)) =1, for any cyclotomic polynomial f(x), of degree <8,
distinct from ®so(x).
(5) Let f(x) be a cyclotomic polynomial of degree <6, distinct from ®14(x).
Then:
(i) If f(x) # P2(x), then (P14(q), f(q)) = 1.
(i) (®14(q), P2(q)) = (¢ +1,7).
(6) Let f(x) be a cyclotomic polynomial of degree < 6, distinct from ®7(zx).
Then:
(1) If f(l’) 7£ x —1, then ((I>7(Q)a f(Q)) =1
(ii) (®7(q),q—1) =(¢—1L7).
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Proof. (1): We have ®15(z) = 2% — 2% + 1, hence clearly (®12(q), ®1(q)) = 1.
Let ®12(z) # f(z) be a cyclotomic polynomial of degree < 4. Note that
®19(q) is odd and P12(q) = 1 (mod 3). Now, by 8.5, f(x) = &, (z), with
m < 12, so (1) follows from 8.4.

(2): Next ®g(z) = ¢+ ¢> + 1. Let ®g(z) # f(x) be a cyclotomic polyno-
mial of degree < 6. Since ®g(q) is odd, 8.4 implies that (Pg(q), P1s(q)) = 1.
Now, by 8.5 and 8.4, (®g(q), f(q)) = 1, except when ¢ = 1 (mod 3) and
f(z) = ®1(x) or ®3(x), in which case (Pg(q), f(q)) = 3!, for some t > 1.
Suppose ¢ =1 (mod 3), then d3(q) = 1, so by 8.3.2, the 3-share of ®g(q) is
3 and (2) follows.

(3): Next, ®15(x) = 2% —23+1. We already observed that (®15(q), ®9(q))
= 1. Let ®15(z) # f(z) be a cyclotomic polynomial of degree < 6. No-
tice that (®15(q), P1(g)) = 1. Since P;3(q) is odd, 8.5 and 8.4 imply that,
(®18(q), f(q)) = 1, except when f(z) = ®2(x) or Pg(z) and ¢ = —1 (mod 3),
in which case (®15(q), f(q)) = 37, for some t > 1. But by 8.3.2, if ¢ = —1
(mod 3), the 3-share of ®15(¢) is 3 and (3) holds.

(4): Let ®30(z) # f(x) be a cyclotomic polynomial of degree < 8 and
suppose (®30(q), f(q)) # 1. Now ®39(z) = 28 + 27 — 2% — 2t — 23 + 2 + 1,
so ®30(q) is odd. Notice that (®30(q), P1(¢)) = 1. By 8.5 and 8.4, f(x) =
®,,(z) for some 1 < m < 30. By 8.4, if p is a prime dividing (P30(q), f(q)),
then p =3 or 5. Now by 8.3.1, ®39(¢) # 0 (mod 3) and ®39(¢q) # 0 (mod 5)
so (4) follows.

(5): Let ®14(z) # f(x) be a cyclotomic polynomial of degree < 6 and
suppose (®14(q), f(q)) # 1. Now ®yy(x) = 2% — 2% + 2% — 23 + 22 — oz +
1, so ®14(q) is odd. Using 8.5 and 8.4, we see that f(z) = Py(z) and
(®14(q), P2(q)) = 7, for some t > 1. Hence ¢ = —1 (mod 7) and by 8.3.2,
t=1.

(6): Let ®7(z) # f(z) be a cyclotomic polynomial of degree < 6 and
suppose (®7(q), f(q)) # 1. Now ®7(x) =2 +2° + 2t + 23 +22 +2+ 1, 50
®7(q) is odd. Using 8.5 and 8.4, we see that f(z) = x — 1. Now ®7(z) =
(25 + 2% + 323 + 422 + 52+ 6)(z — 1) + 7. Hence (®7(q),q—1) = (¢ —1,7).

8.7. There exists a mazimal torus T, < L satisfying the hypotheses of 8.2.

Proof. We begin with the Suzuki and Ree groups ?Ba(q), 2Ga(q), 2Fi(q),
where p = 2,3, 2 respectively. Here ¢ = p*™*! and we set qg = V/q- Suppose
first that L ~ 2By(q). As is well-known, (see, e.g., [1, p. 191]) there are 3
classes of maximal tori in L of orders (¢—1), (¢—+/2q+1) and (¢++/2q+1).
So taking, e.g., |T,,| = ¢ — 1, we are done.

Suppose next that L = 2G5(q). Then, there are 4 classes of maximal
tori in L (see, e.g., [1, p. 213]) of orders (¢ — 1), (¢+ 1), ¢ — /3¢ + 1 and
q+ v/3q + 1 and taking, e.g., |T,,| = ¢ + /3¢ + 1, we are done.

Suppose that L = 2Fy(q). By [17], the order of a maximal torus of L either
divides [®1(q)][®2(q)]>®4(q)Ps(q), or is of order g3 +ev/2¢3 + g2 +ev2q0 + 1,
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€ € {1,—1} and hence divides ®12(q). Let |T,| = g4 +v2¢3 + @2 +v2q0 + 1
and let S, < L be a maximal torus with |S,| # |T,|. Since |T,| divides
®15(q), we deduce from 8.6.1, that (|7,|,|Ss|) = 1, except perhaps when
1So| = q& — V2¢8 + ¢ — V/2q0 + 1. But it is easy to check that (gj +v/2q3 +
@ +V2q0+ 1,05 — V24 + 43 — V20 +1) = 1.

Suppose L is one of the remaining types. Let S, < L be a maximal torus.
As is well-known, if n is the rank of L, then

(*) 1So| = g(q)

where g(z) is a polynomial of degree n, a product of cyclotomic polynomials.
If L = Ga(q), with ¢ # —1 (mod 3) we let |T,| = ®¢(q), while if ¢ = —1
(mod 3), we let |T,| = ®3(q). If L = 3Dy(q), we let |T,| = ®12(q). If
L = Fy(q), we let |T,| = ®12(q). If L = Eg(q) we let |T,| = Pg(q). If
L = 2Fg(q), we let |T,| = ®13(q). Finally, if L = Eg(q), we let |T,| = ®30(q).
In all cases T, exists (see, e.g., [1, pp. 304-305] and [5]). By 8.6 and (x),
T, satisfies the hypotheses of 8.2.

Theorem 8.8. Let L* be an exceptional finite simple group of Lie type.
Suppose L* is not of type E7. Then A(L*) is disconnected.

Proof. This is immediate from 8.2 and 8.7.

9. The group E7(q).

In this section ¢ is a prime power and L is a simple group with L = F7(q).
We let § = ged (¢ — 1,2). Recall that

L] = %qﬁ?’(q18 —D(q" = 1)(¢" = 1)(¢" = 1)(¢®* - 1)(¢° = 1)(¢* - 1).

Thus if L is the universal group of type E; defined over the field of ¢ el-
ements, then |Z(L)| = ¢ and L/Z(L) = L. We let A = A(L) be the
commuting graph of L. Our notation for graphs and the commuting graph
are as introduced in Section 1 (see 1.3), in particular, for a € A, A¥(a) =
{x € A:d(a,z) =1} (d is the distance function) and A(a) = Al(a).

The purpose of this section is to prove that A is balanced (Theorem 9.14),
we do this by showing that, in the notation of 9.2 (below), there exists a € A
such that Z(a) # 0. Then, by definition, for each b € Z(a), Ba(a,b) and
Ba(b,a), so A is balanced.

Notation. We denote SLS,(q) = SLy(q), SUn(q), according to whether € =
1, —1. Similarly for GL;, and PSLS,.

In what follows we take € = 1, unless 4 | ¢ — 1, in which case we take
e =—1. Of course 41 g —e.

9.1. (1) L contains a subgroup K = PSL§(q).



204 YOAV SEGEV AND GARY M. SEITZ

(2) K contains a subgroup H = GL5(q)/Z,q—c), which contains a cyclic
mazimal torus of order (¢ —¢€)/(2,q — €).

(3) Z(H) = Zg—e)/(2,4—c)> @ group of odd order.

(4) Let 1 #a € Z(H). Then Cr(a) = H.

Proof. View L = (L,)’, where L is an adjoint group of type E; and o is
a Frobenius morphism. Then L has index § in L,. There is a o-invariant
maximal rank subgroup A7 < L with center of order §. Then Ng. (A7) =
A7.2, the extra involution being the long word in a suitable Weyl group and
inducing a graph automorphism on A7. It follows from [1, I, 2.8], that there
are two classes of o-invariant conjugates of A7. For elements in one class o
induces a field morphism and on the other a graph-field morphism. Let E
be an element of one of these classes, determined by €. Then E, < L.

Let E=S Lg, the simply connected group of type A;. There is a surjective
homomorphism 6 : 2 — E, with kernel of order 4 or 1, according to whether
q is odd or even. Moreover, there is a Frobenius morphism of E, which we
also call o, which commutes with 6.

Now K = (E), = SL§(q) and this group contains H 2 GLS(q), which
arises by taking fixed points of a o-invariant subgroup of E of type AgT}.

Set K = #(K), so that K = SL§(q)/Z4,q—¢)- Our choice of e forces
K = PSLg(q) giving (1). B

Let D = 0(A¢T1) < E. Then D, and (AT} ), have the same order (see
the proof of (2.12) in [15]), so D, > 6(GLS(q)) as a subgroup of index
(4,q — €). Also D, covers L, /L.

Our choice of € implies that GLS(q) = J x S, where J = 0% (GL5(q)) and
S = Z3,4—¢)- Then 0 restricts to an isomorphism on J and setting H = 6(J)
we obtain (2). We note that H has index (2,q — €) in D,, and if the index
is 2, then there is an involution in D, which is in L, — L ((2.12) in [15]).
Also H contains a cyclic maximal torus of order (¢7 —¢€)/(2,q — ¢). Thus (2)
holds. (3) follows from (2) and our choice of e.

Fix 1 # a € Z(H). Then CE(a)O > D, a maximal rank group of type
AgTh. If the containment is strict, then C E(a)D would have to be a semisim-
ple group of rank 7. But a consideration of root systems shows that the only
such subgroups of F; containing Ag are of type A7 and such a group has
centralizer of order at most 2. Thus equality holds and taking fixed points

we have Cf (a) = D,. Intersecting with L yields (4).
9.2. Notation and definitions.

(1) 7 denotes the set of maximal tori in L of order (¢7 — €)/(2,q — ¢) as
in 9.1.2. Of course 7 is a conjugacy class of tori in L.

(2) Given T' € T, we denote by Ry < T, the unique subtorus of order
(g—¢)/(2,g—¢€). Welet Ap =T — Ryp. We set A = UperAr and we
let A = [A].
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(3) Given T € T, we let Hp = C(Rr).
Let a € A.
(4) We let ©(a) = A=3(a). We denote 0 = |©(a)|. We'll see in 9.3 below
that @ is independent of a.
(5) We let T'(a) = {b € A : d(a,ab) > 3 < d(a,a"'1b)}.
(6) We denote I'"(a) ={be A:acI'(b)}.
(7) We denote Z(a) = I'(a) NT*(a) N A>3(a).

9.3. Leta € A. Then:

(1) There exists a unique T' € T such that a € T. Further, Cr(a) =T.
Let T € T be the unique torus containing {a}. Then:

(2) A(a) =T —{1,a}.

(3) A%(a) =Hr —T.

(4) |AF(a)| = |AF(D)|, for allb € A and all k.

Proof. Let a € A. To show (1), suppose first that the order of a, |a| is not a
power of 7. We claim that a satisfies the hypotheses for s in 8.1. Recall that
if S, < L is a maximal torus, then |S,| = g(¢), where g(z) is a polynomial
of degree 7, a product of cyclotomic polynomials, hence the hypotheses of
8.1 follow from 8.6.5 if ¢ = —1 and from 8.6.6, if ¢ = 1. So suppose |a| is a
power of 7. Let T € T such that a € T. Since T is cyclic, 1 # a* € Ry,
for some k > 2. Then Cf(a) < Cr(a*) = Cr(R7), by 9.1.4. Hence, (1)
follows from inspecting Cp(a), where H = Hp. This shows (1). Now, (2)
is immediate from (1), and (3) is immediate from (2) and 9.1.4. Also (3)
says that A%(z) = A?(y), for z,y € Ar, so since T is a conjugacy class of
subgroups, (4) follows.

9.4. Let a € A and set © = O(a). Then:

(1) T(a) = A — ((aH(aANO)) U (a(a"tANO))).

(2) |T(a)] > X\ —26.
Proof. Note that {b € A : d(a,ab) < 3} = a~(aA N O(a)) and {b € A :
d(a,a='b) < 3} = a(a™*A N O(a)). Hence (1) holds. (2) is immediate from
(1)
9.5. There exists a € A such that |[I*(a)| > X — 26.

Proof. Let M = Maxpea|I*(b)|. Count the number of pairs X = {(a,b) :
a,be Aand b € I'(a)}. Using 9.4, we have A(A—=20) <3\ [I'(a)| = [X| =
Y open |TF(0)] < AM. Thus M > (X — 20) as asserted.

9.6. Notation. From now on we fix a € A such that [T™(a)] > A\ — 26, and
we set © = O(a), 2 = Z(a) and £ = |E|. Let T' denote the unique member
of T containing {a} and set H = Hr.

9.7. (1) [T(a) NT*(a)| > A — 46.
(2) €> X — 56.



206 YOAV SEGEV AND GARY M. SEITZ

Proof. |T'(a)NI™*(a)| > |T'(a)|—|A=T"*(a)| > (A—20)—(A—(A—20)) = A—46.
The proof of (2) is similar.
The remainder of this section is devoted to showing that = # (), or that

& > 0. It will be done by producing an upper bound to #. To estimate sizes
of subgroups we’ll use the following lemma.

9.8. Let 2 <a; <az<...<ay be integers and let €1, €2, ... e € {1, —1}.
Then
ay az o (0%
1@ +e)g® +e) (g™ +e)
2 — qa1+a2+~~+ak -

Proof. This is taken from [18, p. 2100]. We include the proof in [18]. For
i > 2, we have

Therefore the fraction

(g™ +€1)(¢™ + €2) - - (¢ + €x)
qa1+a2+~~-+ak

is at least

=1 =2 =2
K 1 1
5+ 57 1 1 1
>[[2—2=+5>2
— 1 1 K ’
el T 2 2 2

Proof By 9.1.2, |H| = 2q 3 |GL€( )| By 9.8, |SLs(q)| < 2¢*8. Hence,
T 6)]GLG( Q)| = m( ISLL(q)| < G- 6)(q—e) q*® < 3¢*. (2) follows
immediately from 9.8. Now |Ar| = |T — Rr| = 2q 3 {q —e—(¢g—¢)} =
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) q 9 (¢" — q). Since every element of A lies in a unique member of 7, we
get that
1Ll _ 14" —q
" —q)- | ==
2q—0 7] 78 e
1
= —s0™ ("= +)(¢"* =) (- 1)(¢" - D~ D(" - D(~1)
1 133
>
= 1451
by 9.8; notice that the argument in the proof of 9.8 applies even though we
have ¢% — 1 appearing twice in the last product.

Al = [A7|[T] =

Corollary 9.10. (1) Suppose 0 < ﬁql&g. Then £ > 0.
(2) Suppose 0 < ¢*?6. Then & > 0.

Pmof By 9.7.2, € > A—50. Now A—50 > 0, iff A > 50 iff § < ). By 9.9.3,

A> 133 50 1A > 15¢'33. (2) follows immediately from (1).

9.11. Let M = {h € H— {1} : ‘CL(h)| > q74}. Set Ml = UhemCL(h) and
= |M|. If u < ¢'?, then € > 0.

Proof. By 9.10.2, it suffices to show that 6 < ¢'?6. Of course, by 9.3.3, any
element in © centralizes a nontrivial element of H. Hence

145q

(1) o< |J cum).
heH—{1}
Let My = J{CL(Rh) : 1 # h € H—9}. Of course, M| <>y pepy—on [CL(R)]
< |H|g™ < ¢**. Also, J{CL(h) : 1 # h € H} = My UM, so by (i),
0 < |M,| + M| < ¢'25 + ¢125 < ¢1%6.
Hence, it remains to show that u < ¢'2°

9.12. Let x € H satisfy |Cr(z)| > q™*. Then one of the following holds:

(1) @ is unipotent of class Ay, |Cr(z)| < 2¢%, 2N H is a conjugacy class
of H and |H : Cy(z)| < 4¢'%.

(2) z is unipotent of class 241, |Crp(z)| < 2¢®, 2% N H is a conjugacy
class of H, and |H : Cy(x)| < 4¢%.

(3) = is semisimple, Cr(x)" = Eg(q) or 2Eg(q) according to whether ¢ = 1
or —1. Cp(x) = Cp(x)'S, where S is cyclic of order (¢ —¢€)/(2,q —€).
Hence |CL(z)| < 3¢™. Either |H : Cy(x)| = |GLS(q) : GLE(q)GLS(q)|
<4¢* or |H : Cy(z)| = |GLS(q) : GL§(q)GLS(q)| < 2¢*%.

Proof. Write x = su as a commuting product of a semisimple and a unipo-
tent element. Then Cf(z) < Cr(s). The latter group is obtained by taking
the set of fixed points under o from the centralizer in the algebraic group,
then intersecting with L. In the algebraic group the centralizer is a reductive
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subgroup of maximal rank and a trivial check of subsystems shows that the
only subsystems giving a large enough centralizer are of type F; or EgT}.
In the first case, s = 1 and in the latter case u = 1 in order to have large
enough centralizer (see [7]).

Suppose s = 1, so that z is unipotent. Then a check of [8] shows that =
has types A1, (241), or (3A1)”. Now x is contained in a subsystem subgroup
of L of type Ag. The Jordan form of a unipotent element of Ag determines
a subsystem group containing the unipotent element as a regular element.
Each of the relevant subsystems is a Levi factor, so by the classification of
unipotent elements,  must also be of type Ay,2A41, or 34; within Ag.

Now FE~r has just one class of subsystem groups of type A; and 2A4;, but
it has two classes of subsystem groups of type 3A4; and we claim that the
class (3A41)” is not represented in Ag. To see this start from a subsystem
group of type A, with centralizer Dg. Working in Ay Dg we see that there
are two classes of groups of type 3A;, with centralizers Dy, 4 A1, respectively.
Only unipotent elements of type (341)” have centralizer involving Dy, so the
former class is of type (341)”. On the other hand, the group 34; in Ag is
contained in A Ay, so from the centralizer of the first factor we get A4 < Dg
and from here we see that the full centralizer of 34 cannot contain Dy, so
this must be the class (34;)’, establishing the claim.

One checks that the centralizers of unipotent elements of type A; and
2A1 in AgT1 = G L7 are connected, so each type is represented by a single
class in GL%(q) ([1, I, 2.8]) and hence in H. Centralizers are given in [8], so
the numerical information in (1) and (2) follows by taking fixed points and
using 9.8.

Now suppose s # 1. We again consider the group A7 = E < L. It is
shown in (2.3) of [6] the the 56-dimensional restricted module for a simple
connected group of type E7 restricts to a subgroup of type A7 as the wedge
square of the natural module and its dual. In each of these three irreducible
modules the Weyl group of E; or A7 with respect to a maximal torus is
transitive on weight spaces within the module. The stabilizer in W (E7) of
a weight space is W (Es) and this is also the centralizer in W (E7) of the
central torus in C7(s).

Choose a o-invariant maximal torus R < E. Taking Weyl groups with
respect to R, it follows from the above paragraph that W (A7) has two
orbits on 1-dimensional tori in R, with centralizer of type W (Es). Each
has stabilizer in W (A7) of type W (A5)W (A1). So for such a 1-dimensional
torus, the centralizer in A7 is a reductive group with Weyl group of type
W (A5)W(A1). The only possibility is that the centralizer has the form
A5A1T1.

Elements of the above 1-dimensional torus are represented in E as images
of elements of SLg having one eigenvalue of multiplicity 6 and another of
multiplicity 2. Taking fixed points and working in GL%(q) we see that there
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are two types of semisimple elements in H of the correct type. In the
action on the natural 7-dimensional module one type has one eigenvalue of
multiplicity 6 and one eigenvalue of multiplicity 1, while for the other class
there is one eigenvalue of multiplicity 5 and another of multiplicity 2. The
conclusion follows.

Corollary 9.13. p < ¢'%.

Proof. For ¢+ = 1,2 let u; denote a unipotent element as in 9.12.1, and
set M; = ul' N H. Let Sy,S2 be subgroups of order (¢ —€)/(2,q — €) in
H corresponding to subgroups of GLS(g) with centralizer GLg(q)GL5(q) or
GL§(q)GL{(q), respectively. We claim that Cr,(S) = Cr(y), for S € {51, S2}
and 1 # y € S. This follows from the fact that the preimage of S in L has
centralizer of type EgT1, which is maximal among reductive subgroups of
E7. Recall that we defined M = {h € H — {1} : |Cr(h)| > ¢} and
M = Upeon Cr(h). By 9.12 we have

p=IMI< Y (O + Y ICL@)+ Y [CL@)|+ Y [Cu()]-

reM €M $ES{{ xES;I
Hence p < (2¢%)(4¢"%) + (2¢°")(4¢”) + (3¢")(4¢%) + (3¢")(4¢"?) < ¢'**.
Theorem 9.14. A is balanced.

Proof. By 9.13, u < ¢'?5, so by 9.11 ¢ > 0. Hence Z(a) # 0 and as we
remarked at the beginning of Section 9, this shows (by definition) that A is
balanced.

10. The Alternating Groups.

In this section A, denote the Alternating Group on {1,2,...,m}. The
purpose of this section is to prove the following theorem:

Theorem 10.1. Let m > 3 and let L = A,,. Then diam (A(L)) > 4.

Throughout this section n > 2 is a fixed even integer, such that n — 1 is
not a prime. We let G be the Symmetric Group on {1,2,... ,n}. We use
cyclic notation for permutations in G. We apply permutations on the right,
sofor o € G,and i € {1,2,... ,n}, io is the image of ¢ under o. In addition,
when we write a permutation as a product of cycles, the even numbers that
occur are bolded and enlarged. For example, if 1 < k < n is an odd number
congruent to 1 (mod 4), then

p=(1,59,---,k)k+1,k+3, . ,2k)

is the permutation with ip = i+4,if 1 <14 < k—4 is congruent to 1 (mod 4),
kp=1,ip=1i+2,if k+1<i<2k—2iseven, and (2k)p =k + 1.
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Another convention that we’ll use is that --- means continue with the
same pattern. Thus for example, in p, the --- after 9 means that 9p = 13,
13p = 17, and so on until we get to kK — 4. Another example is

n=(1,2,3,-- k-1k+3,. .. 4k)

isacyclesuch that in=i+1,1 <i< k-2, in=i+4,if k-1 <i<4k—4,
is congruent to 0 (mod 4) and (4k)n = 1.

Notation. (1) For a permutation o € G, we denote by supp (o) the set
of elements moved by o.
(2) We fix once and for all the letter g to denote the permutation

g=gn=1(1,2,3,--- m—-2n-1).
(3) We fix once and for all the letter s to denote the permutation
s=s5,=(3,4)(506) - (n—1,n).

4) Let p be a prime divisor of n—1. We write n, = 2=L. Thus n—1 = pn,,
P P P
(5) Let p be a prime divisor of n — 1. We denote

0, =g"".

The main result of this section, from which Theorem 10.1 follows, is the
following theorem.

Theorem 10.2. Letn > 2 be an even number. Suppose n—1 is not a prime
and let p, q be prime divisors of n—1, withp < q. LetT" = (6,, qu_ls). Then:

(1) T is a transitive subgroup of G.
(2) Ca(I') = {1}.

We'll now prove Theorem 10.1, under the assumption that Theorem 10.2
holds.

Proof of Theorem 10.1. Let L = A,,. We assume that Theorem 10.2
holds and we prove Theorem 10.1. Let d be the distance function on A(L).
Suppose first that m is even. If m—1 is a prime, then it is easy to check that
(gm)—{1} is a connected component of A(L). So assume m—1 is a composite
odd number. Let g = g, and s = s,,,. We’ll show that d(g,sg~'s) > 4. So
suppose d(g,sg~'s) < 4. Since C(g9) = (g), and C(sg~ts) = (sg~'s), there
are prime divisors p,q of m — 1 such that 7 := g,g(mp . , T, sg<1 qm> 5,50 s
(m=1) (1—=m)

is a path in A(L). But then z € Cp, <<g Po,sg s>>, so if p < g,

this contradicts Theorem 10.2, while if p > ¢, then inverting the path m and
(m—1) (1—m)
conjugating by s, we get that g,g ¢ ,sz"'s,sg » s,5¢7"
in A(L), and this contradicts Theorem 10.2.
Suppose next that m is odd. If m — 2 is a prime, then (g,—1) — {1}

is a connected component of A(L). So assume m — 2 is a composite odd

s is also a path
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number. Let g = ¢g;p—1 and s = s,,—1. Let p,q be prime divisors of m — 2.
(m-2)  (2-m)

LetI'=(g » ,sg ¢ s). By Theorem 10.2, {1,2,---,m—1} is an orbit

of I', so the centralizer of I' in L fixes m, and hence by Theorem 10.2, it
is trivial. Then, the same proof as in the case when m is even shows that
d(g,sg~1s) > 4.

10.3. Let p be a prime divisor of n — 1. Then:
1) = (1n,+1  (p—Dny +1)(2,mp+2,--- (P~ 1)1, +2) -
(np, 2np, -+ ,n —1) and 0, fizes n.
(2) Two indicesi,j € {1,2,--- ,n—1} are in the same orbit of 0, iff they
are congruent modulo ny.
(3) For all 1 < i < n —1, and all integers k,igk = k + i, in particular,
i0p = np—+1i, and i, = i—ny, where indices are taken modulo (n—1).
(4) ForoeG, and i, ke€{l,... ,n—1}, ific=j#n, then (k+i)g Fog" =
k+j and (i—k)gFog™ = j—k, in particular, (anri)Q;lUHp =np+7J,
(i—np)0poty ' = j—n, and (np—ng+i)ga)ggp ) = n,—n,+j,
where indices are taken modulo (n —1).
Proof. The proof is straightforward.

Important Remark. In order to verify the calculations in this section,
we emphasize that n, denotes n I; 1 and not %. In addition ig* = i + k,

modulo (n — 1) and not modulo n.

Notation. From now on we fix two primes p and ¢ dividing n — 1, such
that p < gq.
10.4.
(1) 0,150, = Mg+ 3,ng+4) (Mg +5,n+6)--- (N—2,n—-1)(1,2)(3,4)
- (ng — 2,1y — 1)(ng, m).
(2) bgs0," = (n—ng+2,n—MNy+3)--- (n—3,n-2)(n—1,1)(2,3)(4,5)
m-n,-3,n-n,—-2)(n-n,—- 1 n).
(3) Qq_lsé’qs = (ng,n—1,n=3,-- ,ng+4,n,+2, N, +3, N;+5,--- N2,
n,n,+1)1,2).
(4) 9(159;13 =24, - n-n,-1n-1,1,0nn-n,—-2n—-n,—4,
,3)(n—ng,n—-n,+1).
(5) [0p, 0, s] = g(”q*”P)9;159(189("?*”‘1)9(189;18.
(6) If p # q, then

g(”q—"p)gq—lsgqsg("p—”q) —
(np, N, —Ng, Ny —Ny—2,--- 2 n—1,n-3,-- ,n, +2,1,+ 3,1, + 9,

e —21,3,---,np,—ng— 10,0, + 1)(n, —ng + 1,0, — N, + 2).
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Proof. For (1), we have,
0,504 = (304,40,4)(504,60,) - - - (n — 1)0y,10,) =

(M, +3,n,+4)(Ny +9,n,+6)--- (0 —2,n—1)(1,2)(3,4)
“(nq -2,n, — 1)(”qa n)

where we use 10.3 to verify this equality, noting that 6, fixes n. (2) is proved
similarly.
We now prove (3). We first write 6, 's6, and s one below the other.

M, +3,n,+4) (N, +9,n,+6)--(M—2,n-1)(1,2)(3,4)
o (ng— 2,0, — 1)(ng,n)-
(3,4)(5,6)---(n—-3,n—-2)(n—1,Nn) =
Note that (3,4)(5,6) - (n, — 2,11, — 1) is canceled. Hence
= Mg+ 3,y +4)My+5,n,+6)---(M—2,n—1)(1,2)(ng,n) -
(ng, g+ D(ng+2,1n,+3)---(n-3)(Nn-2)(n—1,n) =
Now start with n, and carefully work though the product.
=(ngpn—1,n—=3,- ,ng+4,n,+2,0,+3, N, +9,-,
n-2nn,+1)(1,2).
Next we prove (4). We first write 6,50, " and s one below the other.
(n—ng+2n-n,+3)---(n—3,n-2)(n-1,1)(2,3)(4,5) - --
m-n,-3,n-n,-2)(n-n,-1.,n)-
3,4)(5,6)---(n—-3,n-2)(n—1,n) =
Note that (n —ng+ 2,0 -1, +3) - (n — 3,11 — 2) is canceled. Hence
=mn-11)2,3)4,5)--n-n,-3,n—n,—2)(n—-n,—1,n)
3,4)(5,6)---(n—ny—2n-n,—-1)(n—n,,n—-n,+1)(n—1,n)
=24, - n-n,-1n-1,1,0,n-n,—2,n—n,—4,
,3)(n —ng, 1 —1n, + 1).

We now compute [0, 89(]_18] = 9;150q59p50(1_13. Recall that by definition,
0p = g" and 6, = g". Hence [0, 50, 's] = g(”q*”P)9;189(139(”1’*%)9(139;15.
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Finally,

g(”q_”p)gq—lsgqsg(”p_”q)
=g (g, n—1,n—3,--- ng+4,n,+2,0,+3,10,+5,
oon-2nn,+1)1,2)gMw ),

Now using 10.3.4 we get

=(np,N, —NgN,—N,—2,--2n—1,n-3,
np+2,0,+3.n,+5,- . n—2

1a31"' anp_nq_lvnanp—l_1)(np_nq+17np_nq+2)'

10.5. Suppose n, —ng > 2, then:

(1) The fized points of [0, s0;s] are
3,4,... ,np—ny,—3,n,-N,— 2N, -N,}

where if n, —ng = 4, then {4} is the unique fized point.
(2) If n —ny —ng =2 (mod 4), then [0, 50, s] =

(1,2)
(np—nq—l,n—nq—Q,n—nq—G,---,np,np—nq+2)'
(np—2,np—4,---,np—nq+1,np—nq+4,
n,-n,+6,-- n,-1n,+1)-
(n—ngn—ng—4, - ,np+4,n,+2n,+5n,+9,--- . n-n,-1)-
(n—1,n-3,--- ,n—-n,+2n-n,+1n-n,+3,--- . n-2n,

n,+3,n,+7,---.n-n,-3).
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(3) If n —np —ng =0 (mod 4), then [0),s0;'s] =
(1,2)
(np—ng—1,n—ng—2,n—ng—6,---,np+ 2,
n,+o5n,+9,... n-n,-3,
n—1,n-3-- n-n+2n-n,+1n-n,+3,--- . n-2n,
n,+3n,+7,-- n-n,-5n-n,-1,
n—ngn—ng—4,--- ,np+4,np,np—nq+2)-
(np —2,mp —4,--+ ,n, —ng+ 1,1, — N, + 4,
n,-n,+6,---.n,-1n,+1).
Proof. Note, n, — ny > 2 implies n, > 5. By 10.4.5,
[Hp,SQ(;ls] :g(”‘f”p)e(;lseqsg(”?*”‘ﬂ ~9q39;15
so by 10.4, [0,, s0;'s] =
(np, Ny — Ny, Ny —Ny—2 - 2n—1,n—3,- ,n—ng-,ny+2,
n,+3n,+95,--- n-213-,n,-n,—1,n,n0n,+1)-
(np —ng+ 1,1, — N, + 2) -
2,4, - n-n,-1n-1,1,0,n—n;—2,n—n,—4,---,3)
(n—ngn—1n,+1).
Now we leave it for the reader to verify that the fixed points are as claimed.

Casel. N —N,—1N,—2=0 (mod 4).
We write the cycles of [0, s0, 5] and let the reader verify the product.
0y, seq_ls] =

(np—ng—1,n—ng—2,n—ng—6, - ,ny,N, —N,+2)-

(np —2,mp—4,--- ,n, —ng+ 1,0, — N, +4,
n,-n,+6,---,n,-1n,+1)-
(n—ngn—ng—4, ,np+6,n,+2N,+5n,+9,--- . n-n,-1)-
(n—1,n-3,--- ,n—-n,+2n-n,+1n-n,+3,--- . n-2n,
n,+3,n,+7,--- . n-n,-3).
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Case2. N —N,—N, =0 (mod 4).

[917789(1_18]:

(172)
(np—ng—1,n—ng—2,n—ng—6,---,np,+ 2,
n,+5n,+9,--- . n-n,-3,
n—1n-3--,n-n,+2n-n,+1n-n,+3,--- . n-2n,

n,+3n,+7,-- n-n,-5n-n,-1,n-n,,
n—ng—4, ,ny+4,n, 0, -0, +2)-
(np—2,mp — 4, ,np—ng+ 1,0, — N, +4,

n,-n,+6,---.n,-1n,+1).

10.6. Suppose n, —ng = 2. Then:
(1) If n —2n, = 2 (mod 4), then [6,,s0,'s] =

(ILn—np,n—mnp—4,-,np,+2,0,+5n,+9,--- n-n, -1,
n—1n-3-- n-—n,+4Nn-N,+3,Nn-n,+5,--- Nn-2n,
n,+3n,+7,-- n-n,+1ln-n,+2n-n,—2--,n,4,32)-
6,8, .n,+1,n,-2,,n,—4,---,53).

(2) If n—2n, =0 (mod 4), then [0),s0;'s] =

(Ln—np,n—ny,—4,--- ,np,4,2)-
6,8,--- .n,+1n,-2n,—4,---,53)-
(n—1,n=3,--- ,n—n,+4N-1N,+3,Nn-1n,+9,
-n-2nn,+3n,+7,--- n-n,-1).

(n—mp+2mn—mp—2,---,np+2N,+51N,+9,--- . n-n,+1).
Proof. By 10.4.5, [Gp,sﬁq_ls] =
g(”q—np)gq—lsgqsg(”p—”q) .

9q30q_13
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so by 10.4, (replacing ng by n, — 2), [0, 50, 's] =
(np,z,n—l,n—?),--‘ n—=ny+2,- n,+ 2,
n,+3n,+95,---.n-21nn,+1)3,4).
2,4, - ,Il—np+1,n—1,1,1’l,n—np,n—np—2,~- ,3) -
(n—mn,+2,n-n,+3).

Case 1. N —2n, -2 =0 (mod 4).
We write the cycles of [6), 89;18] and let the reader verify the product.

~1

[Gp,sﬁq s] =
(l,n—np,n—np—4,~--,np+2,np+5,np+9,~--,n—np—l,
n—1n-3-- n-n,+4Nn-N,+3Nn-n,+5--- n-2n,

n,+3n,+7,-- n-n,+1n-n,+2n-n,—2--,n,4,32)-
6,8, . n,+1n,—2n,—4,---,53).

Case2. N — 21N, =0 (mod 4)
[epa 59;15] =
(Ln—np,n—ny,—4,--- ,np,4,2) .

6,8,--- .n,+1n,-2n,—4,---,53)-
(n—1,n—3,--- ,n—np+4,n—np+3,1’1—1’lp—|—5,
-n-2nn,+3n,+7,--- n-n,-1).
(n—np+2,n—np—2,-++,mp,+2,0,+0,0,+9,--- n-n,+1).

We can now complete the proof of Theorem 10.2.
Proof of Theorem 10.2. First we show that (1) implies (2). Since I' is
transitive, Cg(I") is a semi-regular subgroup of G. But [#,, Cq(I')] = 1, and
6, has a single fixed point, hence Cq(I") = 1.

We proceed with the proof of (1). Assume first that p = ¢. Then
Hqsﬂq_ls € I'. Recall from 10.4 that

Oqsﬁq_ls =
2,4,--- n-n,—1n-1,1,0nn-n,—2,n—n,—4,
,3)(n—ngn—n,+1).

Hence {1,2,3,4,--- , 11 —n, — 1} are in the same orbit of I. However,
since ¢ > 3, n —ng — 1 > ng, and the above set contains a representative



ANISOTROPIC GROUPS 217

from each orbit of 6;. Hence {1,2,---,n — 1} are in the same orbit of T',
and looking at Hqsﬁq_ls, we see that n is also there.

Suppose next that n, —n, > 2. Note that [6), 30;13] € I'. Assume first
that n — ngy —np = 2 (mod 4). We use 10.5.2. We write the cycles in
[0p, 39(1_13]

o1 =(1,2)
02:(np—nq—l,n—nq—Q,n—nq—ﬁ,---,np,np—nq+2)
og3=(np—2,np—4, - ,np —ng+1,

n,-n,+4n,-n,+6,--- n,-1n,+1)
os=n—ngn—ng—4,--- ,np+4,n,+2,

n,+95n,+9,---.n-n,+1)
os=Mm—-1,n—3,,n—n;+2,n-N,+1n-n,+3,

-.n-2nn,+3n,+7,--- n-n,-3).
Recall that the orbits of 6, are
Xi={i,np+i,2np,+i,---,(p—1)ny,+i}, 1<i<n,

Let O be the orbit of 1 (under I'), then supp (01) € O. Note that 1,n,+1 €
X1 hence supp (03) € O. Note that n,—1,n—2 € X,, _1, hence supp (o5) C
O. Note that 2,1, + 2 € Xy, hence supp (04) € O. Also ny,,n —1¢€ X, ,
hence supp (02) C O. Since no two elements in Fix ([0, s0; 's]), are in the
same orbit of 6,, O = {1,2,--- ,n} and I is transitive.
Assume next that n —ng —n, =0 (mod 4). We use 10.5.3. We write the
cycles in [0, 56,1 s]
m=(1,2).
Yo=(Mnp—ng—1ln—ng—2,n—ng—6,-- ,n,+2,
n,+5n,+9,-.-.n-n,-3,
n—1n-3--,n-n,+2n-n,+1n-n,+3,--- . n-2n,
n,+3n,+7-- n-n-5n-n,-1,
n—ngn—ng—4,- ny+4,n, N, — N, + 2).
v3=(np—2,np—4,--- ,np —ng +1,

n,-n,+4n,-n,+6,--- . n,-1n,+1).
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Let O be the orbit of 1. Then supp (y1) € O. Then, as 1, n, +1 € Xy,
supp (v3) € O, and as 2, n, +2 € Xy, supp(y2) € O, so as above, O =
{1,2,--- ,n}.

Finally, suppose that n, —n, = 2. Assume first that n—2n, =2 (mod 4).
We use 10.6.1. We write the cycles in [6,, 50, *s]
ar=(1,n—npn—n,—4,- ,n,+2,0,+5n,+9..- n-n,—1,

n—1,n-3,- n-n,+4N-N,+3N-1n,+95,--- N-2n,

np+3,np+7,-~- Nn-n,+1n-n,+2n-n, -2 ,n,4,2).

as= (6,8, n,+1n,—2n,—4,---,53).

Let O be the orbit of 1. Then supp (o) € O. Then as 1, n, + 1 € Xj,
supp (a2) COso O ={1,2,--- ,n}.

Finally, assume that n — 2n, =0 (mod 4). We use 10.6.2. We write the
cycles in [0, 56, s]

Bi=(1,n—npn—n,—4,-- ,n,4 2)

Be=(6,8,--- ,n,+1,n,—2,n,—4,--,53)
fg=(n—-1,n—-3,--- ,n—n,+4,
n-n,+3n-n,+5---n-2nn,+3n,+7,--- n-n,-1)
Bi=(n—ny+2n—mn,—2,--,n,+2,0,+5n0,+9,-.- n-n,+1).
Let O be the orbit of 1. Then supp (#1) € O. Then as 1, n, +1 € X,
supp (42) € O, and as 3, n, +3 € X3, supp(f3) € O. Now, since 2,

np+2 € Xo, supp (1) € O, s0 O ={1,2,--- ,n}. This completes the proof
of Theorem 10.2.

11. The Sporadic Groups.

In this short section we point out the following theorem.

Theorem 11.1. Let L be a Sporadic finite simple group. Then A(L) is
disconnected.

Proof. Let L be a sporadic group. We show that there exists a prime p =
p(L), such that if z € L is an element of order p, then Cf(z) = (x). Of
course (z) — {1} is a connected component of A(L). We use the Atlas [2].
The following table gives the value of p(L).
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L |pL)| L |pL)| L |p(L)
My | 11 Mo | 11 Moy | 11
Moz | 23 Moy | 23 Cop | 23
Coy | 23 Cos | 23 J1 19

Jo 7 J3 19 Jy 43
Figy | 13 | Fiys | 23 || Fily, | 29

F 71 Fy 47 Fs 31

Fy 19 He 17 || McL | 11
HS 11 Suz | 13 || O'N | 31
Ly | 67 || Ru | 29

12. Concluding results.

In this section we prove Theorem 4 of the introduction and present related
results on division algebras. In addition, we include a number of results and
remarks related to the commuting graph of the classical groups. Throughout
& will denote a connected reductive algebraic group over an algebraically
closed field defined over an infinite field K. Let &(K') denote the K rational
points.

12.1. ([10, Thm. 2.2].) Let & be a connected nonabelian reductive group
defined over an infinite field K. Then &(K) is Zariski dense in &.

12.2. Let K be an abelian field and & a nonabelian reductive algebraic group
defined over K. Then:

(1) 8(K)/Z(6B(K)) does not have finite exponent.

(2) Let Z < Z(®(K)). If A/Z is an abelian normal subgroup of 6(K)/Z,
then A < Z(B(K)).

(3) B(K) is not solvable.

Proof. By 12.1, &(K) is Zariski dense in &. As centralizers of elements in &
are Zariski closed, it follows that Z(&(K)) < Z(®). Then &(K)/Z(&(K))
is Zariski dense in 8/Z(6(K)).

(1): If 8/Z(B(K)) has exponent n, then, as the set of elements of order
n in &/Z(&(K)) is Zariski closed, this forces /Z(B(K)) to be of finite
exponent. But this is clearly false as seen by considering a torus.

Let Z < Z(&(K)) and suppose 1 < A/Z < &(K)/Z with A/Z abelian.
The Zariski closure, say B/Z, of A/Z in &/Z is abelian (indeed the center of
Nuca Co/z(Za) is a closed abelian subgroup of &/Z containing A/Z). Also
B/Z is normalized by &(K)/Z. Now normalizers are closed, so B/Z is an
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abelian normal closed subgroup in &/Z. But as & is a connected reductive
group, B < Z(®), a contradiction. This proves (2) and (3) follows.

Corollary 12.3. Let D be a division algebra over K. Then D* is not solv-
able.

Proof. This follows from 12.2.3 by noting that D* can be realized as the K
rational points of GLg4, where d = deg(D).

We can now derive Theorem 4 of the introduction.

Theorem 12.4. Let D be a finite dimensional division algebra over a num-
ber field K. Let N be a noncentral normal subgroup of D*. Then D*/N
solvable.

Proof. Let S := SLi(D) be the elements of D* whose reduced norm is 1.
Then N/(N N S) = NS/S is abelian, so by 12.2.2, N NS is noncentral in
D* (alternatively, use [13]).

Hence it suffices to show that if M is a noncentral normal subgroup of
SLyi(D), then SLi(D)/M is solvable. Here we take & a simple, simply
connected algebraic group of type A,, such that &(K) = SL;(D).

Suppose M <1 &(K) and M is not central. We apply Theorem 2 (of the in-
troduction). If T'= ), then M = &(K) and there is nothing to prove. Thus
we suppose 1" # ). Hence we can consider &(K) < [],cp &(K,), via the di-
agonal embedding. By Theorem 2, M = &(K)NL, where L <[], cp &(K,),
with L open. Then &(K)/M = &(K)/(6(K)NL) = &(K)L/L and so it
suffices to show that [],., &(K,)/L is solvable.

Notice that for each v € T, [6(K,), L] < &(K,)N L is a normal subgroup
of &(K,) and of course [, &(K,)/L is an image of [ [, o1 (B (K,)/[B(Ky),
L]). So it suffices to show that &(K,)/[&(K,), L] is solvable. Let M,
(resp. L,) be the projection of M (resp. L) on &(K,). Since M is non-
central in &(K), M, and hence L, is noncentral in &(K,). Then, by 12.2.2,
[B(Ky), L] = [&(K,), Ly is noncentral in &(K,). Then, by [12] (see also
[10, Prop. 1.8, p. 32]), [B(K,), L] contains Cs, for some s, where Cj are the
congruence subgroups of &(K,) = SLi(D,) (where D, = D ®k K,). These
congruence subgroups are defined in [10, p. 31 (1.4.4)]. Since &(K,)/Cs is
solvable ([10, Corollary, p. 32]), we are done.

Next we focus our attention on the commuting graph of the classical
groups. We mention that as noted in Theorem 5 of the Introduction, the
elements x,y required for showing that A(L) is balanced can be taken as
opposite unipotent elements. We remark that except for some small cases
this usually implies d(x,y) = 4. To see this note that Cr(x),CL(y) contain
root elements r, s lying in root groups corresponding to opposite long roots of
the root system. The normalizer of these root groups are opposite parabolic
subgroups, hence contain a common Levi factor. Choosing 1 # ¢ in this Levi
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factor (which is possible in all but a few cases) we have a path z,7,¢, s,y of
length 4.

In the following theorem we use the same € notation as given in the
beginning of Section 9.

Theorem 12.5. Let G(q) be a simple classical group with ¢ > 5. Then
A(G(q)) is disconnected if and only if one of the following holds:
(i) G(q) ~ L (q) and n is a prime.
(ii)) G(q) ~ L5(q), n — 1 is a prime and q — € | n.
(ili) G(q) ~ San(q), 05,,(q), or Ot1(q) and n = 2°, for some c.
Moreover, if A(G(q)) is connected then diam (A(G(q))) < 10.

Proof. Let G (q¢) denote the corresponding quasisimple classical group and let
V be the natural module for G (q). For a nondegenerate subspace W < V', we
write I(W) for GL(W),GU (W), Sp(W) or SO(W), in the respective cases.
We let C?(W) < G(q) be the subgroup acting trivially on W+ (and acting
trivially on a specified complement U, in the case when G (q) ~ SLy(q), the
complement U in this case will be clear from the context).

For the orthogonal groups we assume that dim(V) > 7. First suppose
that G(q) does not satisfy any of the conditions (i)-(iii). Here we will show
that diam (A(G(g))) < 10. The following is the key step.

() Each g € G(q) is at distance at most 3 from some unipotent element
in A(G(q)).

We proceed by contradiction assuming that (%) does not hold. If g is the

commuting product of a nontrivial unipotent element and a semisimple el-

ement, then (x) is obvious. Therefore g is a semisimple element.

Let h be a preimage of g in G(g). Then h is contained in a maximal
torus T of I(V). When I(V) ~ SO2,+1(q), all maximal tori are contained
in SO5,,(q), for ¢ = 1 or —1, so here all considerations can be reduced to
even dimensional orthogonal groups and we therefore ignore odd dimensional
orthogonal groups in the following.

The action of T on V' is completely reducible and given by Lemma 2 of [16]
(the ¢ > 5 hypothesis is sufficient to establish that lemma). Alternatively,
one can obtain a suitable torus working directly from a decomposition of V
under the action of h. In any case, T' preserves a decomposition V = V; L
i Ve L Vi@ Vi) L. L (Ve @ V), where if we set dim(V;) = 7;,
1 <i</¥ thenry >...>r and for k < i < ¢, dim(V;) = dim(V}), with
both subspaces being totally singular.

Corresponding to this decomposition we have T' = T} X - - - X Ty, such that
for 1 <4 < ¥, T; induces a Singer cycle on V; and for k < ¢ < £, T; also
induces a Singer cycle on V/. We note that k = ¢ in the general linear case.
Also for 1 < i < k, one of the following holds: |T;| = ¢"* — 1, ¢"" + 1 (with r;
odd), ¢"/?2 +1, ¢"/2 + 1, with I(V;) = GL,,(q), GU,,(q), Spr,(q), or SO, (q),
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respectively. We make a series of reductions under the assumption that (x)
fails to hold for g.

Step 1. dim(V;) = 1, for each i > k.

For suppose k < i < ¢ and dim(V;) > 1, T; < GL,,(q) (GL,(¢?) in the
unitary case) with dual action on V; and V. Then T; contains a subgroup
Z; of order ¢ —1 (¢® — 1 in the unitary case) which induces (inverse) scalars
on V;, and V;’ . Elements of Z; have determinant 1 and since we are assuming
¢ > 5, we can find a noncentral element of Z; in G(q). Since all elements
of this group centralize unipotent elements of GL,,(q), we obtain (x) in this
case, a contradiction.

Step 2. (< k+1,if G(q) # 05,(¢). Otherwise ¢ < k + 2.

For suppose ¢ > k. Then Z;., centralizes G(Vk+2 @ --- @ V/), so this
group contains no unipotent elements. Hence either ¢ = k+ 1, or G(q) is an
orthogonal group and ¢ =k + 2.

Step 3. k=¢.

First assume k = 0. Then Step 1 and Step 2 show that either dim(V') = 2,
or dim(V) = 4, with G(¢) ~ O, (¢) (as G(q) is simple). In either case (i)
or (iii) holds, a contradiction. Now suppose 0 < k < £. Then Z, commutes
with G (V1®---®Vj) and the latter group contains unipotent elements unless
either V1 @ --- @ V} is a 2-dimensional orthogonal space or a 1-dimensional
unitary space (we already mentioned that k£ = ¢ if G(q) ~ L,(q)). In
the former case Step 2 implies dim(V') < 6, against our supposition. And
in the unitary case, dim(V) = 3 and hence satisfies (i). This is again a
contradiction.

Step 4. r1 > 1.

Suppose r; = 1. This can only occur for G(q) = L5,(¢). We are assuming
that (i) does not hold, so here k = n > 4. Then (T} x T3) N G(q) contains a
noncentral subgroup of order ¢ — € centralizing unipotent elements in G (V3@
-+- @ V%), a contradiction.

Step 5. Either V.=V or G(q) = L5,(q), V = V1 @ V, and dim(V3) = 1.

It follows from Step 4 that T} contains noncentral elements of G(g). Since
we are assuming that () does not hold, G(Va @ - - - & V;) contains no non-
identity unipotent elements.

If G = Lf,(q), this forces dim(Va @ --- @ Vi) < 1. In the symplectic case,
necessarily V' = Vi. We argue that this holds for the orthogonal case as
well. For otherwise, £k = 2 and dim(V2) = 2. Hence dim(V}) > 5. But then
there are noncentral elements of Ty which centralize unipotent elements of
G(V1), a contradiction.

We now treat the remaining configurations. First assume V = V7, so that
r1 =n. If G(q) = LS,(q), then |T| = ¢" —e. Also n is odd in the unitary case.
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We are assuming that n is not a prime, so we may write n = rs, with r,s > 1
and such that s is odd in the unitary case. Then there is a (cyclic) subgroup
E < T of order ¢" — € intersecting G (¢) in a noncentral subgroup. As T acts
irreducibly on V', E acts homogeneously, so that V = W; & --- & Ws, with
each W; of dimension r and irreducible under the action of E. In the unitary
case where s is odd, it is easily checked that we may take W nondegenerate
and perpendicular to the remaining summands. Now h centralizes E which
in turn centralizes a Singer cycle in G’(Wl) This Singer cycle centralizes a
unipotent element in G(Wy @ - - - @ W) so we have (%), a contradiction.

In the symplectic and orthogonal cases, we have |T'| = ¢ + 1. Here we
are assuming that n is not a power of 2, so the same argument works.

The final case is where V' = Vi @ V3, with dim(V2) = 1 and G = L;,(q).
Then r1 = n — 1. If n — 1 is not a prime, we argue as above, working in
SLS,_1(q). Suppose n — 1 is a prime. Then 7' contains a subgroup of order
(q — €)? which induces scalars on V;. Intersecting with @(q) we get a group
of order ¢ — € so this gives a noncentral element centralizing a unipotent
element of G(V7), unless ¢ — € | n. This concludes the proof of ().

It is now an easy matter to show that A(G(q)) is connected of diameter
at most 10. By (x) g is at distance at most 3 from a nontrivial unipotent
element of G(q). The center of a maximal unipotent subgroup of G(q)
contains long root elements. Hence ¢ is at distance at most 4 from a long
root element.

Now let g,9" € A(G(q)). Let u,u’ be long root elements at distance at
most 4 from g, ¢’ respectively. It is well-known that either u,u’ commute,
lie in an extraspecial p-subgroup (hence commute with the center), or lie in
a group J = SLa(q) generated by the long root subgroups corresponding to
u, . In the latter case, we can choose a root element w lying in a conjugate
of J and commuting with J. This completes the argument.

To complete the proof of the theorem we now assume that G(q) satisfies
either (i), (ii) or (iii). Here we argue that A(G(q)) is disconnected. If (i)
holds with n = p a prime, then GL;(q) contains a cyclic maximal torus T'
of order ¢ — e. If p = 2, then we immediately see that opposite unipotent
elements cannot be joined. So assume pisodd. Let h € F = TﬂSL;(q) with
h ¢ Z(SL;(q))- So h acts irreducibly on V. Suppose y € SL5(q) centralizes
h projectively. Hence h¥ = hz, where z € Z(SL;(q)). The centralizer of h
and of hY in § L;(q) is E, so y normalizes E, hence induces an automorphism
on E of order dividing p. Hence z has order dividing (p,q — €). So either
z =1, or is of order p. In the latter case, by 8.3, |E/(E N Z(SL;(q)))| has
order prime to p, so we may assume h has order prime to p, and this also
forces z = 1. But the centralizer of h in SL;(q) is £, so the image of F'—{1}
in G(q) is a connected component of A(G(q)).
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The same argument applies if (iii) holds, taking 7" to be a Singer cycle of
order ¢" + 1 and noting that the resulting torus of the simple group has odd
order.

The last case is where (ii) holds with n —1 = p a prime and ¢ — € dividing
n = p+1. In this case take a decomposition V' = V; L V5, with dim(V;) = p.
Then GL (q) contains a maximal torus 77 x T of order (¢ —€)(q¢—¢€). The
resulting torus E < SL (q) has order (¢” — ¢) and in the simple group the
torus has order (¢” — €)/(q — €). The argument is thus the same as in the
case where (i) holds. This completes the proof of Theorem 12.5.

Remarks. (1) In the papers [19] and [4] the connected components of
the prime graph of all nonabelian finite simple groups are determined. It is
easy to see that the prime graph is connected if and only if the commuting
graph is connected. Thus the nonabelian finite simple groups L for which
A(L) is disconnected are known. We note that in the connected case of
Theorem 12.2 we prove that the diameter of A(G(q)) is bounded.

(2) We assume g > 5, in the above result, in order to simplify the state-
ment and the proof. With extra work one should be able to obtain infor-
mation for smaller values of q. However, there will be additional examples
where the graph is disconnected.
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