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The K-groups, the range of trace on Ky, and isomorphism
classifications are obtained for simple infinite dimensional
quotient C*-algebras of the group C*-algebras of six lattice
subgroups, corresponding to each of the six non-isomorphic
5-dimensional connected, simply connected, nilpotent Lie
groups. Connes’ non-commutative geometry involving cyclic
cocycles and the Chern character play a key role in the proofs.

1. Introduction.

It is known that there are only six non-isomorphic 5-dimensional connected,
simply connected, nilpotent Lie groups. These groups are denoted by G5 ;(j
= 1,...,6), and were studied in great detail in Nielsen’s paper [10]. In
[9], Milnes and the author have studied a natural lattice subgroup Hs ; of
Gs,;. These subgroups are higher dimensional analogues of the well-known
discrete Heisenberg group Hs, (but with more complicated multiplication
rules inherited from Gs ;). The main result of [9] is an identification of all
the simple infinite dimensional quotient C*-algebras of the group C*-algebra
C*(Hs ;) — more specifically, they consist, respectively, of the ‘primary’ al-
gebras Ag’l, Az:i, Ag’?’, Agfp, A2’5, Ag’ﬁ, (where 0, ¢ are irrational and are
independent in the 5,2 and 5,4 cases), other simple C*-algebras isomorphic
to matrix algebras over irrational rotation algebras (of any size and any irra-
tional parameter), and a few more which are expressed as crossed products
by the integers.

The objective of this paper is to find the K-groups, the range of the trace
on Ky, and obtain a classification for the ‘primary’ simple quotient C*-
algebras amongst themselves. Since each of these algebras is isomorphic to
a crossed product by the integers, one uses the Pimsner-Voiculescu six term
exact sequence [13] to compute their K-groups and Pimsner’s Theorem on
the tracial range [12]. For the algebras Ag’l >~ Ay @ Ay, Agfp, Ag’?’, Ag’f‘o,
application of the Pimsner-Voiculescu exact sequence is not hard. This
is done briefly in Section 2, and included for comparison and completion.
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For the algebras AZ’S and AZ’G, however, the application of the Pimsner-
Voiculescu sequence is not so straightforward, as the action of the underlying
automorphism (of the crossed product) on K, requires some careful work.
More specifically, in order to calculate this action we make use of Connes’
non-commutative geometry involving cyclic cocycles and the Connes Chern
character [3] in order to decipher K-group elements. This is dealt with in
Sections 3 and 4, which are the main parts of the paper. In summary, we
obtain the following result on the K-groups and range of the trace on Kj:

Algebra | A3 A} Apt Agfo AS® Ag;j, Ay® AYC

Ko=K,=|7? 7° 78 7* 78 73 z* Vi

. Ko =2+ | Z60 76 ZO+ZO®> ZO+TZyp ZO+ZO* ZO0-+Zo 70 760+ Z76*

Here, we have included the well-known result for the irrational rotation
algebra Ag = A3 ([13] and [14]), as well as for the Heisenberg C*-algebra
A} studied by Packer in [11] (where it is referred to as class 2). (According
to the convention adopted in [8] and [9], the superscripts on A}, AJ indicate
the dimensions of the discrete nilpotent groups for which these are simple
infinite dimensional quotients of the associate group C*-algebra — namely,
the discrete Heisenberg group H3 and the discrete group H,4 introduced in
[8], respectively.)

The determination of the simple infinite dimensional quotients arising
from 6-dimensional discrete nilpotent groups Hg ; has been done by Milnes
in [6] and [7] for He 4 and Hg 10 and by Junghenn and Milnes in [5] for Hg 7.
It is known that there are exactly twenty-four non-isomorphic 6-dimensional
connected, simply connected, nilpotent Lie groups Gs; (j = 1,...,24) (see
Nielsen [10]), each of which contains a natural lattice subgroup Hp ;. In the
7-dimensional case, there are by contrast uncountably many non-isomorphic
such Lie groups.

Notation. Throughout the paper we shall adopt Connes’ and Rieffel’s con-
vention and write

e(t) = e,

Briefly, recall Pimsner’s procedure [12] for finding the range of the trace
in the case of crossed products by the integers. Let A be a C*-algebra (for
us unital) and o an automorphism of A. Let = be a trace state on A x, Z
and use it also to denote its restriction to A. Let ¢ : R — R/7, Ky (A) denote
the quotient map. For an element [u] in ker(o, —id,) C K;(A), where u is in
Un(A) (the nxn unitary matrices in A), consider the element of R/z, Ky(A),
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called the “determinant” of [u], given by

Alu] = ¢ (1 / e Tr><é<t>s<t>-1>dt)

21

where ¢ : [a,b] — Up(A) is a piecewise continuously differentiable path such
that £(a) = 1 and £(b) = o(u)u~!. Pimsner’s result [12] (Theorem 3) is
that the following is a short exact sequence:

0 —— 7,.Ko(A) —— 7,.Ko(Axy7Z) —— A(ker(o, —idy)) —— 0

where ¢ is the canonical inclusion (as subgroups of R) and ¢ is the restriction
of the canonical map gq.

2. The C*-algebra Ag’k for k =1,2,3,4.

2.1. The C*-algebra Ag’l. Let us first look at the C*-algebra Ag’l gener-
ated by unitaries U, V, W, X satisfying

(2.1) UV =AVU, WX =\XW, UW=WU,
UX = XU, VW =WV, VX =XV,

where A = e(f) and 0 is irrational (as in [9], Section 1). It is clear that
it is isomorphic to the simple C*-algebra Ag ® Ag. We prefer to view it,
however, as the crossed product (Ag @ C(T)) x, Z where Ay is generated
by U,V, C(T) by W, and 0 = Adx. So o fixes U,V and o(W) = AW.
Since ¢ is homotopic to the identity automorphism (in the sense of [1],
5.2.2), the Pimsner-Voiculescu sequence yields that K (AZ’I) is isomorphic
to K;j(Ag ® C(T?)) (j = 0,1), which is isomorphic to Z®. (One can also
use the Kiinneth Theorem [16] to get K;(Ag ® Ap) = Z8.) From Pimsner’s
range of trace formula, one needs to know the generators of the kernel of
idy — ox in K1(Ag ® C(T)). But id, — o, = 0. It is easy to show that
a basis for K;i(Ag ® C(T)) consists of the following set {[V], [U], [W], [£]}
where { = (1 —e) ® 1 + e® W and e is a Powers-Rieffel projection in Ay of
trace #. This follows from the short exact sequence

0 —— Ag@CQ(T) —Z> Ag@C(T) c Ay 0

where Cp(T) is the ideal of functions in C'(T) vanishing at 1, ¢ is evaluation at
1, and i is inclusion. Using the Bott periodicity isomorphism s° : Kq(A4y) —
K1(Ay @ Cy(T)) (as given by Connes [4]) one has s’[¢] = [1®@1+e® (W —
1)] = [¢], giving us the fourth basis element. For the range of trace, and
since we already know that 7.(Ko(Ag)) = Z + Z6, we need to compute the
“determinant” of each basis element. From U,V,W we get determinants
already in Z + Z0, since o(V)V* = o(U)U* =1 and o(W)W* = X = e(0).
For £ one has

o) =((1-e)@1+Xe@W)-(1—e)@1+exW")=((1—¢)+Xe)® 1.
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A path of unitaries connecting this element to the identity is simply n; =
(1 —e)+e(the)®1 for 0 <t < 1. Thus
ot I 2
i Jy (nm; ) dt = 37 )y 2miftr(e)dt =6
since 7(e) = 6. From Pimsner’s trace formula one therefore obtains
t.(Ko(AY")) = Z + 76 + 7.6

One now has the isomorphism classification for the algebras Az’l for non-
quartic irrationals @ (i.e., those that are not zeros of an integral polynomial
of degree at most four). Therefore, for two such non-quartic irrationals 6, 6,
the algebras Ag’l and AZ}1 are isomorphic if and only if ' = n 4 6 for some
integer n.

The C*-algebra ASZ The C*-algebra Ag:i is generated by unitaries U, V,
W satisfying
(2.2) UV = \VU,  UW =uWU, VW =WV,
where © = e(¢) and A = e(f) are assumed to be independent elements
of the abelian group T, so that in fact the algebra is simple. (See [9],
Section 2.) This algebra can be realized as the crossed product C(T?) x., Z
where C(T?) is generated by V, W and v(V) = AV, (W) = uW. Since this
automorphism is homotopic to the identity, the Pimsner-Voiculescu sequence
gives KJ(Agji) = 7% since K;(C(T?)) = Z?, for j = 0,1. Since K;(C(T?))
has basis [V], [IW] and since v(V)V* = e(0) and v(W)W* = e(¢), one easily
obtains the range of trace as
2
T.(Ko(Ag)) = Z+ 70 + Zg.

(This does in fact hold also for rational 8, ¢, but one must use the canonical
trace on the crossed product.) The classification for the algebras Ag’i now
follows:
Proposition. For independent irrationals 0,¢ the C*-algebras Ag’z and
AZ}2¢, are isomorphic if, and only if there exists X € GL(2,Z) such that
[0" ¢') = [0 ¢]X.
Proof. Given X = [2}] in GL(2,Z) the substitutions V' = VeW?, W' =
VeWd satisfy the relations

Uv' = \ubv'u, UW' = Xuw'u, VW =w'v’,
so that U, V', W', which already generate Ag:i, also generate Aib2+b .cO+d

hence these algebras are isomorphic. Conversely, if Ag’i and A2}2¢/ are iso-
morphic then by the above one has Z + Z0 + Z¢ = 7 + 76" + Z¢'. Writing
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each of ¢',¢" in terms of #,¢ (modulo Z) and vice versa, and using their
rational independence, one easily obtains a matrix X in GL(2,Z) such that

[0" ¢ = [0 ¢1X. O

The C*-algebra A2’3. The C*-algebra AZ’?’ is generated by unitaries U, V,
W, X satisfying
(2.3) UV =XVU, UX = )\XU, VX =XV,

VW = AWV, Uw =Wwu, WX =XW.
where A = e(6) and @ is irrational. (See [9], Section 3.) One can view
this algebra as the crossed product Ag Xy, 7, where Ag is the Heisenberg
C*-algebra generated by the unitaries U, V, X satisfying the three relations
in the first line of (2.3), and v(X) = X, v(U) = U, v(V) = AV. Since this
automorphism is also homotopic to the identity, and since K j(Ag) = 73,

the Pimsner-Voiculescu exact sequence immediately gives K (Ag’g) = 75 for
7 = 0,1. To find the range of the trace on Ky using Pimsner’s Theorem
we will need to do the following. The Pimsner-Voiculescu exact sequence
applied to Ag, viewed as the crossed product Ay x,7Z (where Ay is generated
by U, X and 0 = Ady) is

id*—U*:
Ko(Ag) “2=7=0 Ki(Ag) —=— Ko(Ad)

54 lao

i* Zd* —Ox
Ki(4;) «——— Ki(49) «—— Ki(4).
Recall from Lemma 1.2 of [13] that the group K;(Ag X, Z) is generated by
classes of unitaries of the form
1®I,-F)+Fz(V'®I,)F,

where F'is a projection in M, (A) and = € M, (A). (Here, V is the canonical
unitary of the crossed product: o(a) = VaV~1.) In addition, from page 102
of [13], the connecting homomorphism d; : Kj(A X, Z) — Ky(A) is given
on classes of such unitaries by

(2.4) H(A®I,—F)+ Fe(V '@ IL,)F] = [F].
Lemma. A basis for K1(Aj) is {[U], [V], [£]} where
€= (1—e)+ew'Vie

and e € Ag = C*(X,U) is a Powers-Rieffel projection of trace 6 and w is a
unitary in Ay such that wew™! = V~leV.

Proof. From the above exact sequence we see that d; is surjective and thus
K1 (A}) contains elements that are mapped by &1 to [1] and [e]. Applying
(2.4) with F = 1 one has 6;[V 1] = [1]. To find an element that §; maps to
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[e], note that V~1eV is a projection in Ay whose trace is 6, so by Rieffel’s
Cancellation Theorem [15] there exists a unitary w in Ay such that wew—*
V~1eV. Now it is straightforward to see that (1 —e)+4ew 1V ~leis a unitary
in A} (with inverse (1 — e) + eVwe). Therefore, one has

(1 —e) +ew 'Vl = [e].

Finally, on K1 (Ap), ids — a, maps [X] to zero and [U] to [X], hence [U] is
the third basis element. g

First, since v(V)V =t = X\ = e(—0), Pimsner’s Theorem gives us 6 in the
range (which is already contained in the range of the trace on Ko(A3)).
Since e is in Ay = C*(X,U), which is fixed by v, one obtains for £ (since
Vw commutes with e)

(€)= (1 —e) + A 'V 7le) - (1 —e) + Vwe) = (1 —e) + Ae.

This is exactly the same situation we had for the algebra Ag’l which yielded
62 in the trace range. Therefore one concludes in the same manner that
7.(Ky (A§’3)) = Z+70+76* which also yields the same type of classification
statement as for the case of the algebra Ag’l above (namely, for non-quartic
irrationals 6).

The C*-algebra Agf;. The C*-algebra Ag:;i is generated by unitaries U, V,
W satisfying

(2.5) WV =UVW, WU = AXUW, VU =puUYV,

where p = e(¢) and A = e(f) are assumed to be independent. This algebra
is Packer’s Heisenberg C*-algebra of class 3 [11]. As shown in [9], Section 4,
this algebra is simple with a unique trace state. As in [9], we can view AZ:;
as the crossed product Ay %, Z, where Ay is generated by U,V, and o is
the “Anzai” automorphism o(U) = AU, o(V) = UV. Since o, induces
the identity map on Ky(A44), and since on Ki(Ay) = Z[U] 4+ Z[V] one has
(ide — o )[U] = 0, (idi — 04)[V] = —[U], the Pimsner-Voiculescu exact
sequence gives KO(AZZZ;) = K; (Agﬁ)) = 73. Now Pimsner’s machine states
that the range of trace is obtained from that of 7,K¢(Ay) = Z + Z¢ and
from the class [U]. But o(U)U* = XA = e(0) so that one has

. Ko(Ayy) = L+ L + 7.

The classification for underlying algebras is the same as for the algebras Ag’i
above.

Proposition. For independent irrationals 0,¢ the C*-algebras Ag’j5 and

Ag;iﬁ, are isomorphic if, and only if there exists X € GL(2,Z) such that

[0" '] =10 ¢1X.
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Proof. Since the group GL(2,Z) is generated by the matrices [} 1], [{}],

it suffices to check that AZ’; and Agzg 4o A€ isomorphic to Ag:j). To get the
algebra Ai’fé, onelets W =V* V' =W* U’ = u\U* so that the universal
relations (2.5) are checked for W/, V' U’ in place of W, V, U, respectively, and
with © and A switched. To get the algebra Azzg o in the same manner one
lets W =W, V' =WV, U’ = AU which satisfy (2.5) with A remaining the
same and p replaced by Au. Conversely, if Ag:;t and Ag;ib’ are isomorphic

then exactly as in the proof of previous proposition one shows that there is
a matrix X in GL(2,Z) such that [¢' ¢'] = [0 ¢]X. O

3. The C*-algebra AZ’S.

Let us view the commutative 3-torus C(T?) as generated by its three canon-
ical unitaries X, W, V', where X (r, s, t) = e(r), W(r,s,t) = e(s), V(r,s,t) =
e(t). The C*-algebra Ag’5 can be viewed as the crossed product C(T?) x, Z
where

(3.1) o(X) =X, o(W)=XW, oV)=WV.

(where A = e()) which was introduced in [9] (Section 5). When 6 is ir-
rational, AZ’B is the unique C*-algebra generated by unitaries X, W,V,U
satisfying the relations

(3.2) UV =WVU, UW=XWU,  UX=AXU,
VW =WV, VX =XV, WX = XW.

We shall prove the following result.
Theorem 3.1. For any 6 (rational or irrational) one has
Ko(A)°) =17%,  Kyi(4)°)=1"

If 0 is irrational, and if T is the unique trace state on A2’5, then T+ Kq (AZ’E’) =

Z + 76. (This yields the usual isomorphism classification for irrational 0
. 5,5 ~u 45,5

upon noting that Ay” = A",

The Pimsner-Voiculescu exact sequence corresponding to the above
crossed product is

Ko(C(T?)) =% Ko (C(T3) —2—  Ko(A)7)
(3.3) 54 lso
Ki(Ay%) < Ki(C(T%) {27 Ky (C(T3))

and our goal is to compute id, — o, at the Ko and K7 levels.
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The Connes Chern character on K, (C(T?)). First we need to find con-
crete bases for the K-groups of C(T3). It is already known that Ko(C(T?)) =
74 and K1(C(T3)) = Z*. Let B denote the Bott projection in My (C(T?))

given by
1-f g
B = _
[ g f}
where f,g € C(T?) are smooth functions satisfying
(3.4)
((Z)#Tr)(Ba B, B) _6¢(f7g g / f gxgy gygm] dedy =1,

where g, := 0g/0x, which is just the Connes pairing of [B] with [¢] (this
number being often called the ‘twist’ of B in the C*-literature), where ¢ is
the fundamental cyclic cocycle on T?:

1
) = g [[ UL = £ir? dady,
211 T2
For 1 <i < j <3, let P;; denote the Bott projection in My(C(T?)) in the
variables 7, j. More specifically,
Pio(r, s, t) = B(r, s), Pi3(r, s, t) = B(r,t), Py3(r, s, t) = B(s,t).

Putting b;; = [P;;] — [1] (the Bott elements), it is not hard to check that
{[1], b12, b13, b3} is a basis for Ko(C(T?)). Now the (numerical) Connes
Chern character chg is the homomorphism

chg : Ko(C(T?)) — 24

given by
cho(z) = (v(z), (@, P12), (T, ¢P13), (, Pa3))

where
s ) = o | / UL = £ 2] diydisdas

is a cyclic 2-cocycle on C(TB) and f := J0f/0xy. (Henceforth, all triple
integrals are over the 3-torus.) From (3.4) one gets

([Pij]; [Dre]) = i k0
which gives

chy[1] = (1,0,0,0), chg[b12] = (0,1,0,0),
Ch()[b13] = (0, 0, 1, 0), Cho[bgg] = (0, 0, 0, 1),

so that chg is injective on Ko(C(T?)).
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Lemma 3.2. One has the following action of ox on Ko(C(T?)):
o 1] = [1], o4 (b12) = b1,
ox(b13) = b1z + b1z,  0x(b23) = b1z + b1z + bas.

Proof. For simplicity consider the change of variables (u,v,w) = (r 4+ 0,7 +
s, s +t), and note that by the chain rule one has

6)Th(u v, w) = hy(u,v,w) + ha(u, v, w),
gsh(u v, w) = ho(u,v,w) + hs(u, v, w),
%h(u,v,w) = h3(u7va U]),

which can be simplified by writing
8?5 h(u, v, w) = hi(u, v, w) + hit1(u, v, w)

where hy =0, and 1 = r,x92 = s, z3 = t. From this one gets

a9 (1, 0, w) g2 G(u, v,w) = (g + gi1) (G + Fj1) (v, 0)

and

82 g(u,v w)ag g(u,v,w) — 62 g(u,v w)ai g(u, v, w)

= [(9i + 9i+1)(9; + Tj41) — (95 + 95+1)(G; + Fir1)|(u, v, w).

Now if we write
1—f g]
P = _
“ [ g f

where f, g depend only on the 7, j coordinates (i < j), then
f(u,’U,’LU) g(u’vaw):l

U,’U,U)) f(’LL,’U,U})

]_ _
o(P;;) = _
e ="
for which one has

([o(Pij)); [re]) = (¢>ke#T1")( (Pij),0(Pj), 0(Pij))
= _6¢k£ u v w),g(u v w) g(u,v,w))

T 2w // F w0, w) | g9 (0, w) i 5 (u, 0, w)

g(u v w)aikg(u,v,w)] drdsdt

—5. // fu,v,w) (gk+gk+1)(§e+§e+1)

= (ge+ gesn) (G0 + gkm] (u, 0, w) drdsdt.
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Now since the transformation (u,v,w) = (r 4+ 6,r + s,s + t) has Jacobian
determinant 1, the change of variables formula gives

(lo(Pij)]; [Pre))
omi // flr:s.t) [9k+9k+1)(9£+9g+1)

= (ge+ ges1) (G0 + gkm} (. s,t) drdsdt

= ([Pij], [#rel) + {[Pij): [Br,041]) + ([Pisls [Prt1,e]) + ([Pij], [Pr+1,041])
= i k050 + i k05041 + 05 k1050 + 0g k105,041

where ¢3¢ = ¢4 = 0. One thus gets

([o(Pw)][d12]) =1, ([o(Pr2)]; [¢13]) =0, ([o(Pr2)], [$23]) = 0,
(o(P3)],[¢12]) =1, (lo(P3)],[¢13]) =1, ([o(P13)], [¢23]) = O,
(o(P3)];[¢12]) =1, (lo(Pa3)],[¢13]) =1, ([o(Pa3)], [¢23]) = 1

which yields
cho[o(Pi2)] = (1,1,0,0), cholo(Pi3)] = (1,1,1,0),
cho[o(P23)] = (1,1,1,1)
and the injectivity of chg thus yields the following equalities in Kq(C/(T?))
ox(b12) = b12, o4 (b13) = bia + by3, 04 (b23) = bia + b13 + bas.

These give the desired result. O

We now turn our attention to Kj.

Lemma 3.3. A basis for K1(C(T?)) is {[X],[W],[V], [£]}, where £ = I, +
(V — 1) ® Piy is a unitary in Ma(C(T3)) and Py is the Bott projection in
the variables X, W.

Proof. This immediately follows from the Kiinneth Theorem applied to the
tensor product expansion of K1(C(T?)) = K1(C(T?) ® C(T)) and using the
individual generators of each factor. O

Lemma 3.4. The action of ¢ on K1(C(T3)) is given by
o[ X] = [X], o [W]=[X]+[W], ou[V]=[W]+[V], o.[f]=[¢]+[W].

Proof. The only nontrivial part is to show o.[¢] = [{] + [W] (the rest follow
trivially from the definition of ¢). From Lemma 3.2 one has [0(P12)] =
[P12], and since C(T?) has the cancellation property, there is a unitary R
in My(C(T?)) (which depends only on the first two variables) such that
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O’(Plg) = RP12R*. Hence

oul¢] = [I2+ WV = 1) ® 0(P12)]

— I, + (WV — 1) ® RPsRY]

= [R(I2+ (WV —1) ® P1o) 7]

=2+ WV -1)® P

=L+ (W-1)® P+ [+ (V-1)® P

=+ 2+ (W-1)© P

and now we claim that [Ir + (W — 1) ® Pi2] = [W]. It is enough to show

that this equality holds in K1(C(T?)) (since all concerned variables here are
the first two — involving X, W). This is shown in the following remark. O

Remark. Let us view the 2-torus T? as T x [0, 1] with the endpoints of
the interval identified. Recall that the Bott projection in My(C(T?)) can be
given by P(x,s) = M(z,s)egM (x,s)* for 0 < s <1, where

0 1
s _ cos(ms/2) —sin(ﬂ's/Z)] oo — [1 0}

M(z,s) = E® { } E%,

= |sin(ws/2)  cos(ms/2) 0 0]’

where M : T x[0, 1] — Us(C) is smooth (but clearly M is not in Mo(C(T?))),
and E° satisfies the usual exponential property. In our case above, the
unitary V corresponds to z and W (z, s) = e(s). The unitary n := Io+ (W —
1) ® P can now be written as

w0

’)7—IQ+(W—1)®M€QM*—M(IQ+<W—1)®60)M*_M|:O

}M*

Now an explicit path of unitaries ¢t + 7; in My(C(T?)) connecting 1 to

L P
(3.5) ne(x,s) = M(z, ts) F(OS) (1)] Mz, ts)*.

(For each t one has n;(x,0) = n(x,1) = I so that i, € My(C(T?)).) It
follows, in particular, that n and W give the same class in K;(C(T?)). The
explicit form of the unitary path (3.5) is used in the trace computation
below.

In view of Lemmas 3.2 and 3.4 one obtains, from the Pimsner-Voiculescu
exact sequence (3.3), the Ky and K groups of AZ’S as stated in Theorem 3.1.
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Tracial Range on KO(A2’5). To complete the proof of Theorem 3.1 we now
use Pimsner’s Theorem. In the present case, the quotient map is ¢ : R —
R/7.(Ko(C(T?))) = R/Z, since the range of the canonical trace state = on
Ko(C(T?)) is Z. From Lemma 3.4 the kernel of id, — o, in K;(C(T?)) is
generated by the classes [X] and [¢] — [V]. For [X], since 0(X) = AX, one
clearly has A[X] = ¢(6). For [{]—[V], it suffices to show that A([{]—[V]) =0,
and this will complete the proof that T*KO(A2’5) =Z+Z60. As in the proof
of Lemma 3.4, we noted that

o(€) = RE(I+ (W — 1) @ Pio) R* = REMW, M*R*

where R is a unitary in My(C(T?)) such that o(Py2) = RP;oR*, and I +
(W —1)® Pig = MW M* (in the notation of the above remark). Writing
Vi =[Y 9] and similarly for Wy, we have [¢] — [V] = [£V;*]. Thus one has

([P
S i
L 1 R | R

Letting ¢t — R; be the standard unitary path such that Rg = I and R; =
[2 ..] one considers the following path of unitaries in My(C(T?))

s )

where 7, is the path defined by (3.5) such that ny = Wy, m = MW M*.
The path ~; clearly connects the above element to the identity. Now it
is straightforward to see that (v ® Try)(47;) = (v ® Tra)(mn;)), since the
fact that both P, and R} appear in y; leads to their cancellation under the
trace. Since 7; has the form (3.5), one similarly obtains (z ® Tra)(:n;) = 0.
Therefore, A([(V{*]) = 0 which completes the proof of Theorem 3.1.

4. The C*-algebra Azﬁ.

The C*-algebra A2’6 can be characterized as the unique C*-algebra (when
0 is irrational) generated by unitaries U, V, W, Z such that

(4.1) ZV =V Z, ZU=Vuz, W =WwZ,
Uv =WwVvU, UW =\WU, VW =WV.

(As in [9].) It will be convenient to present AZ’G as the crossed product
(C(T) ® Ap) %, Z, where C(T) is generated by W, Ay is generated by V, Z,
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and v = Ady := U( )U* is the automorphism given by
v(W) = AW, v(Z)=VZ, v(V)=WeV=WV.
The aim of this section is to prove the following.

Theorem 4.1. For any 6 (rational or irrational) one has
Ko(A4)%) =7,  FK.(4)°) =17"
If 0 is irrational, and if T is the unique trace state on A5’6, then ’L'*K()(Ag’6) =
7.+ 7.0 + Z.6%. (This yields the isomorphism classification for non-quartic
irrationals 6 upon noting that Ag’ﬁ &~ A?fe.)
Since ZV = AV Z, let p = V*g + f + gV be a Powers-Rieffel projection
of trace 0, where f = f(Z), g = g(Z) are C* real functions of Z satisfying

the usual properties that would make p a projection. Among these, to be
used below, are (after interpreting f, g as functions of period 1 on R)

(4.2) fE+60)=1—f(t)for0<t<1-6,
g(t) = f()g(t) = g(t) f(t + 0) for all ¢,

[ror-[ e

where we may assume, with no loss of generality, that % < 0 < 1, and where
the dot indicates usual differentiation of a real function. Recall that g is
supported on [6, 1] on which it is given by (f — f2)/? and f = 1 on [1 -6, 6].

Lemma 4.2. One has the following equalities in Ko(C(T) ® Ag) for irra-
tional 6:

vilpl = [p] + ([Pwy] = [1]) + ([Pw,z] — [1])
vl P z] = [Pw.z] + [Pw,y] = [1].
Proof. We first compute the Connes Chern character for the algebra C(T) ®

Ay. Consider the canonical cyclic 1-cocycles g and ¢;,j = 1,2, of C(T)
and Ay, respectively, given by

o0, f1) = = / 8 (Mt

21
L 0 0 ,.1 _i 0 1
L@y (@Y), pa(aal) = o r(a%z(a"))

where 0y, 07 are the canonical derivations of Ay, and 7 is the canonical trace.
Let p denote Connes’ canonical cyclic 2-cocycle of Ay

901(an xl) =

(20,21, 22) = % v (2° [y (e))62(a?) — 6(2")ov (a2)]) -

The Connes Chern character now takes the form of the group homomorphism
chy : Ko(C(T) ® Ag) — (Z +76) & 73
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given by taking the Connes pairings with the various cup products as

Cho(.%') = (’L’(l‘), <l‘,900#801>, <$7900#902>7 <l‘,’17(]#,0>)

where 7 is the canonical trace of C(T). It is straightforward to check that
it assumes the following values on the basis for Ko(C(T) ® Ay) given by the

classes {[1], [1 ®pl, [Pwyv], [Pwz]}:

(4.3) cho[1] = (1,0,0,0)
cho[1 ®p] = (,0,0,1)
cho[Pw,v] = (1,1,0,0)
cho[ P 2] = (1,0, 1,0).

(This follows immediately from the multiplicative property of Connes’ canon-
ical pairing with respect to tensor products of algebras, see [3, IIL.3].) It is
immediate that chg is injective on Ky (for any ).

It is clear that z(v(p)) = 6. So to compute cho(v(p)), we will have to calcu-
late the above three 2-cocycles on v(p). First, we show that ([v(p)], To#p) =
1. Since p = V*g + f + gV, where f = f(Z),9 = g(Z), one has v(p) =
V*W*G + F + GWV, where F =v(f) = f(VZ), G=v(g9) = ¢g(VZ), and
hence

(zo#p)(v(p), v(p), v(p))

= (vo#p)(W*V*G + F + WGV, W*V*G + F + WGV,

W*V*G+ F+WGYV)

=p(F,F,F)+3p(F,GV,V*G) + 3p(F,V*G,GV).
(In the expansion, the only possibly nonzero terms are ones of the form
(To#p)(We ... ,WP... W€...) where a + b+ c = 0.) First, it is easy to
verify that

I/_152V =y, U_15vl/ =0y +0z.

We thus see that p(F, F, F') = p(f, f, f) = 0 since dy(f) = 0. Next, we have

2mip(F, GV, V*Q)
T (F[0v(GV)oz(V'G) — 02(GV)dv (VG)))
 (F[(6v(G )V+2m‘GV)V*5Z(G) (G (=2miV*C + V5 (G))])
T (F[(0v(G) +2miG)6z(G) — 62(G)(—2miG + v (G))])
7 (f[(6v(9) +6z(g) + 2mig)dz(g) — 02(9)(—2mig + dv(g) + 6z(9))])
= 2mit(f902(g) + 62(9)g]) = 2miz(fiz(g%)).

Similarly, one checks that

p(F,V*G,GV) = —o(V fV*64(g%)).
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Therefore, using the properties (4.2) one gets

(To#p) (v(p), v(p), v(p)) = 3e((f — VfV)iz(g%)) = L.
Fix j = 1,2 and for simplicity let 1) = po# ;. From the definition of the
cup product it can easily be shown that

(4.4) Y(a® @°,al @b, a® @ b?)

= 900(&2&07 al)gpj(bobl’ b2) - 900(&0&17 a2)gpj(b2b0’ bl)
for a* € O(T) and b* € Ay. We want to calculate 1 (v(p), v(p), v(p)). From
p=Vg+f+gVandv(p) =W*@V*G+1® F+ W ® GV and upon
expanding the expression ¥ (v(p),v(p), v(p)) we note that the only possibly

nonzero terms are of the form ¢ (We... ,Wb... W¢...)fora+b+c=0.
Hence using (4.4) and the cyclicity of ¥ we get

YW RVGHIQF+WRGV, W@V'G+1F+W GV,
W QV*G+1F+W®GV)
=yp(W"QV*'G, 1QF, WGV)+y(W*V*G, WGV, 1Q F)
+Y(1F, W'V'G, WGV)+yp(1F, 1 F, 1QF)
+Y(1F, WGV, W@ V*G)
+Y(WRGV, W*V*G, 1 F)+¢y(WeGV, 1@ F, W*@ V*G)
=3y(W*@V*G, 1@ F, W®GV)
+3YW*@V*G, WGV, 1 F)+¢y(1®F, 1 F, 1 F).

Note that (1 ®@ F, 1® F, 1 ® F) = 0 since pg(xz,1) = 0. Also, since
wo(W*, W) =1 one has

YW*RV*G, 10 F, W GV) = —po(W*, W)p;(G*, F)
= —i(G*, F),
YW* @ V*G, WRGV, 1® F) = @oo(W*, W)p;(V*G*V, F)
= @j(V*G*V,F)
and hence
(v (p), pottps) = =3p;i(G*, F) + 3¢;(V*G?V, F).
First, for j = 1, one has
2mip1 (G?, F) = w(v(9?)dv (v(f))) = ©(g%02(f)) = —2(f52(¢%))
and
2mip1 (V¥ G2V, F) = 2(V*u(g*)Vov (v(f))) = 7(V*4*Véz(f))
=1(g°0z(V fV*))
= —t(VfV*62(g*))
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hence by (4.2)
(v (p), pottpr) = V(w(p), v(p),v(p) = 557((f = VV*)oz(4%) = 1.
When j = 2, one similarly gets
p2(G* F) = —957(f32(9°),  w2(V'G*V,F) = —gLa(VfV*02(9%))

and thus (v(p), po#p2) = 1. Therefore, cho(v(p)) = (6,1,1,1) from which
one concludes the equality in the lemma. The proof of the second equality
in the lemma follows in a similar way (in fact more like the proof of the
third equality in Lemma 3.2 except with Ay in place of C(T?)). O

Since
K (C(T) ® Ag) = [K1 (C(T)) @ Ko(Ag)] @ [Ko(C(T)) & K (Ag)] = 72 & 22

it is easily seen that it has as basis the four elements [W], [Z], [V], [(], where
(:=W®p+ (1 —p). From Lemma 4.2 one has

[v(p)] + [po] + [po] = [p] + [P] + [Q]

where P = Py v, Q = Pw,z, and pg = [} §]. Therefore, there exist integers
m,n and an invertible matrix w over C(T) ® Ay such that

v(p) @po P poPer = wp®P Q@ eg)w !

where eg = I, ® O,,. By suitably enlarging m one could assume that w is
connectable to the identity by a smooth path of invertibles (upon replacing
w by w®w™!). So let t — wy be such a path with wy = I,w; = w. Let

P=p®po®po ey, and (=Wap +(I-p)

so that v(p') = w(p® P® Q D ep)w ! and it is easily seen that [v(¢')] = [¢']
in K of C(T) ® Ag. Now since [('] = [¢] + (n + 2)[W], one gets v.[¢] = [].
It now follows that on K;(C(T) ® Ap) one has

ker(vs —id,) = ZIW] + Z[¢],  Im(vs —id,) = Z[W] + Z[V].

In view of the basis in (4.3) and the second equality in Lemma 4.2, on
Ko(C(T) ® Ag) one has

ker(v, — idy) = Z[1] + Z([Pwv] — [1]),
Im(v, —id.) = Z([Pw,v] — [1]) + Z([Pw,z] — [1]).

The Pimsner-Voiculescu exact sequence for AZ’G = (C %, Z, where C' :=
C (T) ® Ap:

Ko(C) M= Ko(C) —— Ko(A)9)

I l
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now immediately yields KO(A2’6) = Kl(A2’6) = Z*, as stated in Theo-
rem 4.1.

It remains to obtain the range of the trace on Ky. For convenience, let
us use the notation

X

for block diagonal matrices. One then has (since W is central in C(T) ® Ayp)

(4.5)

V()T = (AW @uwpaPoQ@e)uw ! +(I—wpdP®Q®e)w "))
(Wl (p@po®po®er) + (I —p®po®po®e))

AW @p+(1-0p) W-tep+(1-p)
| AWeP+(I-P)| 4 |Wl@P+(I-P)
"YW eQ+I-Q) Y |[WleQ+(I-Q)

)\W®60—|—(I—60) W71®€0+(I—€0)

For 0 <t <1, let t — a; be a smooth path of invertibles in C*(W,V) =
C(T?) such that ap = [V 9] and a1 = A\W @ P+ (I — P), let ¢t — b, be a
smooth path of invertibles in C*(W, Z) = C(T?) such that by = [} 9] and
by =AW ®Q+ (I —Q), and let t — ¢; be a smooth path of invertibles in
C*(W) = C(T) such that ¢ = [} 9] and ¢1 = AW ® e + (I — ep). Let

e()yW @p+ (1 —p)
— at
= bt

Ct
and consider the smooth path
o -1, —1
Ve = (wengwy ny ) - mé

where £ is the right-most matrix in (4.5). Clearly, 7o = I and v = I/(CI)C/_I.
Now v; := wynpw; 'n; ! being a commutator, one obtains (under the trace)
(r ® Tr)(vpv; ') = 0. Hence

(v @ Tr)(3y, ') = (v @ Tr) (i, )
= 21if7(p) + (v @ Tr)(ay b) + (v @ Tv) (beby )
+ (v @ Tr)(ée )
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and since 7(p) = 6, ones gets

Al('] = q(;m. /Ol(r ® Tr)(%q/t_l)dt>
2

—q (1 /01 [mﬂ? + (t®@ Tr)(awa; ) + (v @ Tr) (bb; )

+(T® Tr)(c'tc;l)} dt)

= q(6?)

since the last three integrals are integers (as a¢, by, ¢; are paths of invertibles
in matrix algebras over C(T?)). Now as ¢ : R — R/(Z + Z6), one deduces
that 7,.Ko(A°%) = Z + 76 + 76°.

1
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