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In this paper we give a classification of simple stable singu-
larities of Lagrange projections of the first open Whitney um-
brella, the simplest singularity of Lagrange varieties. Our clas-
sification extends the AD FE-classification, due to Arnold, of
simple stable singularities of Lagrange projections of smooth
Lagrange submanifolds. We also prove a criterion of equiva-
lence of stable Lagrange projections of open Whitney umbrel-
las which is analogous to Mather’s fundamental theorem on
stable map-germs.

0. Introduction.

The systematic investigation of singularities of Lagrange mappings started
in 1972 with V.I. Arnold’s paper [1]. A Lagrange mapping is the projection
of a Lagrange variety in a cotangent fibration onto its base. In the paper
[1] it was discovered that singularities of Lagrange mappings of nonsingular
Lagrange varieties are classified by degenerations of critical points of smooth
functions and the discrete part of their classification is indexed by Coxeter’s
groups A, D,,, E,,. This is the so-called AD E-classification of simple stable
singularities of Lagrange mappings.

However, in applications singular Lagrange varieties appear. Among them
open swallow tails and open Whitney umbrellas are very frequently encoun-
tered. Open swallow tails occur in the so-called obstacle problem about
singularities of the distance on Riemannian manifold with boundary [2], [9],
[20], [16]. Concerning open Whitney umbrellas see [8], [9], [13], [15]. They
appear naturally in various situations; for instance, as singularities of the
generalized Cauchy problems [9], [11], singularities of Riemannian invari-
ants [18], and singularities of tangent developables [19], [20], [14] as the
Legendre counterpart. In [9] the discrete part of local classification of La-
grange mappings of open swallow tails is carried out and some singularities
of Lagrange mappings of open Whitney umbrellas are found. See also [22].

In this paper, we give the full discrete part of local classification of La-
grange mappings of the open Whitney umbrella of type one, or the first open
Whitney umbrella. More accurately, we classify simple stable singularities
of mappings of the first open Whitney umbrella. This problem was inspired
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by the classification problem of the composition of an isotropic mapping
and a cotangent fibration. (A smooth mapping is called isotropic if the pull-
back of the symplectic structure is equal to zero.) If the isotropic mapping
is an immersion then the discrete part of local classification of the above
compositions is the AD F-classification. Otherwise, the isotropic mapping
can have singularities, first of all, open Whitney umbrellas [8]. Therefore,
our classification gives the answer for simple stable compositions of the first
open Whitney umbrella and a cotangent fibration.

We recall, in the ADE-classification and its generalizations, that stable
mappings of Lagrange manifolds are classified by means of families of func-
tions — generating families [3], [25]. Also in our problem, namely, the classi-
fication problem of stable projections of Lagrange varieties under Lagrange
fibrations, the usage of generating families remains a powerful method, how-
ever in a different manner. Namely, we fix a Lagrange variety, while La-
grange fibrations are taken arbitrarily. A Lagrange fibration are regarded
as a family of Lagrange submanifolds, and each Lagrange submanifold has
a generating function. Thus we describe the Lagrange fibration by means
of the family of the generating functions of the Lagrangian fibers, that is,
the generating family of the Lagrange fibration. Then we describe stability
and simplicity of Lagrange fibrations with respect to symplectic diffeomor-
phisms preserving the Lagrange variety, by means of the generating families.
Similar methods are applied to other problems [23], [24].

First we recall the notions needed to state our main result.

Definition. A smooth fibration 7 : £ — Y is called Lagrange if its space

FE is a symplectic manifold and the fibers of 7 are Lagrange submanifolds of
E.

For example, the cotangent fibration of a smooth manifold is Lagrange.

We consider the classification problem of singularities on a Lagrange va-
riety under various Lagrange projections. A subset of a symplectic manifold
of dimension 2n is called a Lagrange variety if it has a stratification with
maximal dimension n such that the symplectic form vanishes on each stra-
tum.

Definition. Let A C E be a Lagrange variety. Two Lagrange fibrations
m, 7' : E — Y are called A-equivalent and denoted by m ~p 7’ if n’oT = com
where o is a diffeomorphism of Y and 7 is a symplectic diffeomorphism of
E which preserves A.

There are two basic notions for the classification problem — stability and
simplicity.

Definition. A germ of Lagrange fibration 7 : (E,z9) — Y is called sta-
ble with respect to A-equivalence, or A-stable, if for any sufficiently small
Lagrange perturbation of any its representative 7 : U — Y, 20 € U C F
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there exists a point z € U such that the germ of the perturbation at z is
A-equivalent to the original germ 7. (See [9], [15].)

Definition. A germ of Lagrange fibration 7 : (E, z9) — Y is called simple
with respect to A-equivalence, or A-simple, if there exists its representative
m:U —Y, zo € U C E such that the number of A-equivalence classes
of the germs (U,z) — Y for all z € U of all sufficiently small Lagrange
perturbations of 7 is finite.

Let Ay be the first open Whitney umbrella given by the following para-
metric form:

(1) pr=mxat, pp=1>/3, p3=---=p,=0, a1 =1/2,

where t is the parameter, (p,z) = (p1,...,Dn,*1,...,%,) are local coordi-
nates in E such that w = dp A dz, and n > 2. See [8], [9], [13], [15].

Then A is an n-dimensional algebraic Lagrange variety (Lemma 3), whose
singular locus (A1) = {p = 0,21 = 0,22 = 0} is a nonsingular submanifold
of E of dimension n — 2.

Remark that, at a regular point zg € A, there exists a system of sym-
plectic coordinates (p,z) around (FE, zp) such that A; is defined by {p; =
0,...,pn =0}.

Now a Lagrange fibration is given by a family of Lagrange submani-
folds. It is well-known that a smooth Lagrange submanifold is locally given

by z;r = wp,(pr,xs),p; = —wa,(pr, ), where I,J is a decomposition of
{1,2,...,n} and w(ps,xs) is a smooth function.
Definition. Let W : R" x R®™ — R be a smooth function of p;, s, and
y = (y1,-..,Yn), which satisfies the condition of nondegeneracy:
W,
det Pry |1 £0
Wasy

where INJ =0, IUJ ={1,...,n}. Then W is called a generating family of
the Lagrange fibration 7 : (p, z) — y whose symplectic structure and fibers
are given by the formulas

W = dp/\dm, 7T_1<y) = {$] = Wpl(p17xJ7y)7 pJ = _WIJ(p17$J7y)}-

(Locally 7 is a fibration in consequence of nondegeneracy of W.)

For example, the natural Lagrange projections (p,z) — p and (p,z) — x
are given by the generating families —xy and py respectively.
Then the main result of this paper is the following:

Theorem 1. Let us consider a germ of a Lagrange fibration at a point of
the first open Whitney umbrella Aq. If our germ is simple and stable with
respect to Ai-equivalence then it is Ai-equivalent to the germ at the origin
of the fibration defined by one of the following generating families:
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Classification of simple stable projections at regular points A; =
=" =pn=0}.

Ar) W1, pn,¥) = 91P1 + -+ + YnDnj
) W(z1,p2,---,pn,y) = 227 + 027+ ymo12? — iz +yapa +

oo+ Ynpn, wheren >m —1>1 and A} ~p, A if m is even;

D7:’|r:z) W(xly T2,P3,++3DPn, y) = $%332i$gl71+y3333172+' . '+ym71$%_y1$1 -
Yoo + Ysps + -+ + Ynpn, wheren >m —12>3;

Ey) W(21,%2,p3,- .., Pn,Y) = T3 = 2% + ys2123 + yaz122 + Y523 — y171 —
Yoo + Ysps + -+ + Ynpn, where n > 5;

E7) W(z1,22,D3, ., Pn,Y) = T3 + 2123 + y32123 + Y4122 + Y523 + Y613 —
Y121 — Y2%2 + Y3ps + - - - + YnDn, where n > 6;

Eg) W (21,292,053, .-, Pn,Y) = T3 + T3+ ys2125 + yax1 23 + ys2172 + Y6 s +

yw% — Y171 — Y22 + Y3p3 + - -+ + YnpPn, where n > 7.

Classification of simple stable projections at singular points.

S3) W(p,y) = y1p1 + - - + Ynpn, where n > 2;

SE) W(z1,p2,. -, Pny) = Lemi1 + Ysea + - + Ym—1€m + Y121 + yop2 +
s 4 YpPpn, where eg, = ac’f, €okt1 = wlf_lpg, n>m-—12>3, and
St o~p, S, if mois even;

Ts) W(p1,@2,p3, -, Pn,Y) = T + y3p122 + yax3 + y1p1 + Yoo + y3ps +
oo 4 YnPn, where n > 4;

Us) W(xz1,22,D3,-,Pn,Y) = T + Y327 + yaz122 + Y523 + y121 + yaz2 +
Y3p3 + - + YnPn, where n > 5;

Vs) W(p1,p2,%3,D4, - -, Pn» Y) = T3+ yap123+Yspaxs+y1p1 +yap2 +ysws+
Yapa + -+ + Ynpn, where n > 5.

Generic Lagrange fibration is stable with respect to Ai-equivalence if n <
4. If n > 4, there exists a Lagrange fibration such that any its sufficient
small perturbation has an unstable germ.

Remark. The change (¢, p2, z2) — —(t, p2, T2) shows us that S, ~,, S, if
m is even.

We examine examples from the list of Theorem 1.
(1) The singularity Sy, n = 3. The generating family is given by

W = z1pa + Y3z + 1121 + yapa + y3ps,
and the Lagrange fibration is given by
Y1 = —p1—p2—2r123,

Yo = —x1+ 22,
Yys = 3.
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The composition with the parametrization of the open Whitney umbrella is
given by

t3
y1 = —wat — 3 z3t?,
2
Ya = _5 + x2,
Yys = 3.

The caustic of the singularity Sy is a surface with a cuspidal edge (Figure 1).
The edge consists of As-points and the Sy-point (the origin). The tangent
line to the edge at the origin consists of S3-points and the origin. In fact,
the caustic is the tangent developable of the cuspidal edge, consisting of the
tangent lines to the cuspidal edge.

Figure 1. Sj-caustic.

(2) The singularity T5, n = 4. The generating family is given by
W (p1, 22, p3,P1,y) = T3 + y3p122 + yaxh + Y101 + Y272 + y3p3 + yapa.
Then the Lagrange fibration is given by

Yypr = T1 — T2x3,
= —po— 32— -2
Y2 b2 xT5 — T3P1 XT2X4,
Yys = I3,
Ya = T4,

and the composition with the parametrization of A; is given by

2
Yy = §t3— 273,

v = —g - 322 — mowst — 2womy,
Ys = @3,

Yo = T4

This provides the example of stable projection of corank two at the singular
point in the smallest dimension.
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Recall that, in the general singularity theory of mappings, the classifi-
cation of C'"*°-stable map-germs is reduced to their classification up to the
contact equivalence [17] IV. Also recall that, in Lagrange singularity theory,
the Lagrange classification of Lagrange stable immersion-germs is reduced
to the classification of function-germs up to the right equivalence. Naturally,
in our classification problem, we need an analogous result to establish the
actual classification.

Definition. Let 7 : (F, z9) — (Y,yo) be a germ of Lagrange fibration. We
call the germ of Lagrange submanifold (7~ !(yg), 20) C E the central fiber of
the germ 7.

Definition. Let A C E be a Lagrange variety. Two germs of Lagrange
submanifolds L, L’ C E are called A-equivalent and denoted by L ~, L' if
they are the same with respect to a symplectic diffeomorphism preserving
A, namely if there exists a symplectic diffeomorphism 7 : £ — E such that

7(A) = A and that 7(L) = L'.

Definition. The germs L and L’ are called formally A-equivalent and de-
noted by j®(L) ~p j°°(L) if their co-jets are the same with respect to
a symplectic diffeomorphism preserving A. More accurately, j°(L) ~p
J°°(L') if there exist parametrizations ,7' : (R",0) — E of L, L’ respec-
tively, and a symplectic diffeomorphism 7 : E — E preserving A such that
Ji(0) = (7 01)(0).

We say that A C E is an open Whitney umbrella if A is the image of an
open Whitney umbrella f, j : (R",0) — (E,0) in the sense of [13]. We have
open Whitney umbrellas A, 0 < k < [n/2]; Ag is a Lagrange submanifold
and A; is the first open Whitney umbrella already introduced.

Then we prove and use in this paper the following;:

Theorem 2. Let A C E be an open Whitney umbrella. Then two A-stable
germs of Lagrange fibrations w,7' : E — Y are A-equivalent if and only if
their central fibers are A-equivalent. Moreover, m and 7' are A-equivalent if
and only if their central fibers are formally A-equivalent.

Consider the case when A is a Lagrange submanifold (k = 0). Then we
may take symplectic coordinates (p,z) with A = {& = 0}. Recall the funda-
mental theorem of Lagrange singularity theory [3]: Two germs of Lagrange
submanifolds in T*R" are Lagrange equivalent for the canonical projection
T*R™ — R™ if and only if their generating families are stably RT-equivalent.
Moreover, a Lagrange submanifold is Lagrange stable if and only if its gen-
erating family F'(q,x), ¢ being the inner variables, is an R*-versal defor-
mation of F(q,0) [3]. So, two Lagrange stable Lagrange submanifold are
Lagrange equivalent if their generating families are deformations of stably
R*-equivalent function germs. Besides, we recall the notion of “contact
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equivalence” for Lagrange manifolds due to Golubitsky and Guillemin [10].
Then two germs L, L’ of Lagrange submanifolds are contact equivalent via
a symplectic diffeomorphism in the sense [10] if and only if L,L’ are A-
equivalent in our sense. Let L, L’ be the graphs of the differentials of func-
tion germs h(zx), h'(x) which have an order > 3. Then the germs L and L’ are
A-equivalent if and only if h and h’ are right equivalent ([10], Prop. 4.2.). In
general L, L' are A-equivalent if and only if F'(¢,0) and F’(¢’,0) are stably
R*-equivalent, for the generating families F(q,z), F(q,x) of L, L' respec-
tively. Therefore, Theorem 2 is a quite natural generalization of the funda-
mental theorem of Lagrange singularity theory. Also it is a Lagrange coun-
terpart of the Mather’s theorem “two A-stable mappings are A-equivalent
if and only if they are K-equivalent” [17] in ordinary singularity theory of
stable mappings. See also [15] §6.

In the next section we give the formal classification of central fibers of
simple stable projections of the first open Whitney umbrella A; up to Aj-
preserving symplectic diffeomorphisms (Theorem 3). Theorem 3 follows
from Theorem 4 which is reduced to technically key Lemma 1. In §2, we
prepare Lemmas needed in the following section. In particular, we give
explicit equations defining the first open Whitney umbrella. Then Lemma 1
is proved in §3. Theorems 2 and 1 are proved in §4. In §5 we describe
relations between our study and simple stable compositions.

For the proof of Theorem 1 we use explicit equations defining the first
open Whitney umbrella. In order to carry out classifications of simple stable
projections of general open Whitney umbrellas applying the method used in
the present paper, we need to get explicit equations for them. That problem
is left open.

The authors would like to thank the referee for the helpful comments.

1. Normal forms of fibers.

We start to prove Theorem 1 with finding formal normal forms for separate
fibers which pass through singular points of the first open Whitney umbrella
A1 with respect to symplectic diffeomorphisms preserving A itself.

Definition. A germ of Lagrange submanifold L. C F is called simple with
respect to A-equivalence, or A-simple, if the number of A-equivalence classes
of all germs of the kind 7(L) is finite, where 7 : E — FE is any sufficiently
small symplectic perturbation of the identity diffeomorphism.

In particular, a A-stable germ of Lagrange fibration is called simple with
respect to A-equivalence, or A-simple, if there exists its representative such
that the number of A-equivalence classes of all its germs is finite.

In coordinates (p, z) such that w = dp A dx, any Lagrange submanifold is
locally given by at least one of the 2" generating functions w(pr,x ;) by the
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formulas:
xr = wp, (pr,x), ps=—wa,(pr, )
where INJ =0 and TUJ ={1,...,n}.

Theorem 3. Let us consider a germ of a Lagrange submanifold at a sin-
gular point of the first open Whitney umbrella Aq. If our germ is Ai-simple
then it is formally Aq-equivalent to the germ at the origin of the Lagrange
submanifold defined by one of the following generating functions:
53) w(pl, cee ,pn) = O,’
SE) w(@1,p2, .., Pn) = Eemar where esy = ok, eop1 = i Ipa, m > 4,
St o~py, Sy, if mois even;
T5) w(pla €T2,P3,--- ,pn) = ZL‘%;
Uﬁ) w(.%'l,.%'2,p3, v 7pn) = .’IJ%,’
Vo) w(p1,p2, 3,4y, Pn) = w% where n > 3.
Non-simple germs occur in families of Lagrange submanifolds depending
generically on at least 5 parameters. In generic 4-parametric families such
germ do not occur.

Remark. The change (t, p2, z2) — —(t, p2, ¥2) shows us that S, ~,, S, if
m is even.

Proof. Theorem 3 follows from the following Theorem 4. ([l

Definition. Let A C E be a Lagrange variety. Two germs w, w’ of generat-
ing functions are called formally A-equivalent and denoted by w ~4 w’ if the
corresponding germs of Lagrange submanifolds are formally A-equivalent.

Theorem 4.

1. A germ of a Lagrange submanifold at a singular point of the first open
Whitney umbrella A1 is Ai-equivalent to the germ at the origin of
the Lagrange submanifold defined by a generating function w(pr,xy)
such that wy,(0) = wy,(0) = wy,2,(0) = 0 and one of the following
conditions is satisfied:

1) J=0 (c=2);
2) J={1} (c=3);
3) J = {2} wpwz(o) 0, wwzﬂ»‘zﬂﬁz( ) #0 (c = 4);
4) J = {2}7 Wpyxo (0) Wgozows (0) =0 (C = 5);
5) J = {3}7 Wp;x3 (0) wp2$3( ) 0, w063:v3w3( ) #0 (C = 5)f
6) J = {3}7 Wp;x3 (0) = Wpya3 (O) Wzzrszs (O) =0 (C - 6);
7) J = {172}7 w$2$2$2(0> #0 (C - 5)7'
8) J = {1,2}, Wayzya,(0) = 0 (c = 6)
9) J = {173}7 wp2$3(0) =0 (C - 6);
10) J = {273}7 wplfﬂz(o) - wp1$3(0) =0 (C - 7);
11) J = {374}7 Wp;x3 (0) = Wpyay (O) = Wpazs (0) = Wpaay (0) =0 (C - 9);
12) #J >3 (¢ =8)
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Such germs occur in families of Lagrange submanifolds depending ge-
nerically on at least ¢ parameters. Case 8 is adjacent to Case 4; Cases
10 and 11 are adjacent to Case 9.

II. In the above cases:
1) w e~y 0
2) w is not Aj-simple or 3 m > 4 such that w ~p, +epy1 where
€ = w'f, €211 = SC]f_lpz,'
3) W ~A x27
7w ~Aq 'T2’
5) w~p, 333,
4,6,8-12) w is not Aq-simple.
The non-A1-simple germs from Case 2 have infinite codimension. They are
adjacent to SZ.

Proof. 1. The singularities of the first open Whitney umbrella A; are defined
by the equations py = -+ = p, = 21 = 12 = 0. After a shift we get
wp,(0) = wy,(0) = 0. If some principal minor det ||ws ,+,, (0)|| # 0 where
J' C J, then we can change I — IUJ" and J — J\J'. Therefore, we assume
Wy ,z,(0) = 0. After renumbering among ps, ..., p, we reach one (but not
only one) of the following cases: J = 0, J = {1}, J = {2}, J = {3},
J ={1,2}, J ={1,3}, J = {2,3}, J = {3,4}, or #J > 3. In order to
eliminate some of these cases let us note that we can replace ¢ — j in I and
Jgriin Jif wy,;(0) # 0 wherei € I and j € J.

The singularities of the first open Whitney umbrella A; form a subman-
ifold of codimension n + 2. So, germs passing through singularities of A
occur in families of Lagrange submanifolds depending generically on at least
2 parameters. This is the case J = 0. The other cases require the extra
number of parameters which is equal to the quantity of conditions for the
second and third derivatives.

II. Tt is sufficient to prove Cases 1, 2, 3, 7 for n = 2 and Case 5 for n = 3.
This follows from the equivalence w ~z, wo where wo(pr,zs) = wlp,,=o0,
I' =1In{1,2}, and I” = IN{3,...,n}. The equivalence is performed by
the symplectic diffeomorphism

(pfapjvxfaxJ) = (pI)pJ +@IJ)QSI _ﬂ)/p]alij)

where w = w — wg. This diffeomorphism preserves A1 because it shifts the
plane py» = 0 along only x;» (preserving pr, py, xp, and x ;) that follows
from the equality wl,,,—o = 0.
The following infinite chains
lo=13=.. .
2= 2 = ... OF 25=>2= =24 =207 =210 =

36=3=>38=> ...,
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56 = 5 = bg = ...,
T3=>T3=T3= ...
of propositions of the following Lemma 1 prove Cases 1, 2, 3, 5, 7 respectively.
The Propositions 4., 6., and 9, of Lemma 1 imply the Propositions 4, 6,
8-11 of Theorem 4 because Case 8 is adjacent to Case 4 and Cases 10, 11
are adjacent to Case 9.
It remains to prove that Case 12, namely, #J > 3 is not Aj-simple.
Indeed, the tangent plane to the first open Whitney umbrella A; at the
point

pr=aot, po=1t/3, p3=--=p, =0, x1=1t>)2
is defined by the equations:
tdp1 — xodxr1 — t2dry = 0, dpy—tdex1 =0, dps3=---=dp,=0.
Along the curve
p=t, p=t/3 py=-=p, =0,
r1=12)2, xzo=1t> a3=---=1x,=0

our tangent plane is defined by the equations
dpi — tdx1 —tdxo =0, dpy—tdx1 =0, dps=---=dp,=0

and tends to the plane dp; = -+ = dp, = 0 as t — 0. Therefore, the
case #.J > 3 is adjacent to the class of ordered pairs of germs of smooth
Lagrange submanifolds whose tangent planes have three-dimensional inter-
section. This class is not simple up to symplectic equivalence because, ac-
cording to [10], it corresponds to the so-called Py class consisting of the
germs of smooth functions at critical points of corank 3. Moreover, the
symplectic equivalence of ordered pairs of Lagrange germs corresponds to
the stable right equivalence of the germs of smooth functions (see [10]). But
the Ps class contains a continuous invariant up to stable right equivalence
[3]. This invariant comes from linear equivalence of cubic forms of three
variables. O

Lemma 1. Let ay = degpr and 35 = deg x; be positive integer quasidegrees
and Ay D A1 D ... be the corresponding quasihomogeneous filtration in the
algebra of germs at 0 of smooth functions of pr and xy. Then
)n=2J=0,acr=ae=1, w € A, 1 >2 = w; ~p, 0(mod Aj11);
2l)n:2,J:{l},ﬁl:2,a2:3,wl€AZ,lZ4:>wlNAl +e
(mod A1) if w & (9p3 — 823) + Aj1, and wy ~p, 0(mod Apiq) if
w; € (9p3 — 823) + Apy1;
2?) n =2, JZ{I}, 61 =2, ag =3, deAd,d>lZ4:>:|:€l+deAl
+e; (mod Agyr);
36) n=2,J ={2}, 1 =3, fa =2, ws € Ag, W zpzpzr # 0 = W6 ~a, T3
(mod A7);
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M n=2J={2}, a1 =3, =2 wg € Ag, d > 6 = a3+ wy ~a, T3
(mod Agy1);

56) n =3, J = {3}, ac1 = a2 =3, B35 = 2, wg € As, Wezsusz5 7 0 =
we ~p, =5 (mod Az);

5)n=3,J={3},a1=a2 =3, 3=2,wg € Ag, d > 6 = z5+wy ~p, 73
(mod Ad+1),’

n=2J={1,2}, 0 =B =1, w € A, | >3 = w ~p, £}
(mod A1) if wp ¢ (z1) + Aj41, and w; ~p, 0(mod Aj4q) if wy €
(z1) + Apy1;

™Mn=2 J={1,2}, fi=PF=1,wg € Ay, d>1>3 = L2} +wy ~p,
+2b (mod Agy1);

49 )n =2, J ={2}, oy =2, By =1 = A4/ A5 contains a continuous
invariant with respect to Ai-equivalence;

6.) n=3,J={3}, a1 =2 =2, f3=1= Ay/ A5 contains a continuous
invariant with respect to Ai-equivalence;

9,) n=3,J={L3}, fi=1,a2=2, f3=1, Ay = {ws € A3 | w3 pya; =
0} = A5/ Ay contains a continuous invariant with respect to A -equiv-
alence.

2. Hamiltonian vector fields.
It is well-known that a vector field which preserves the symplectic structure
w = dp A dx is locally defined by its Hamiltonian H:
t=H, p=-—H,.
Let L(w) be the Lagrange submanifold given by a generating function
w(pr,vy):
(2) L(w) = {zr = wy, (p1,2), ps = —wa,(pr,2s)}

and H(w) denote the derivative of the generating function when the La-
grange submanifold is perturbed by the vector field with a Hamiltonian H.

Lemma 2. H(w) = H| ) + const.
Proof. Indeed, (pr,xj) are coordinates on L(w) and for any two points
A, B e L(w)

B

B
uf = w(B) - wlt) = [ v
A

A

along any path on L(w) joining A and B, where ¢; = x;dp; — pydx ;. After
differentiating along our Hamiltonian vector field we get

B

() + i + e, = [ 110
A
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where H (1) is the derivative of 1); along our Hamiltonian vector field. The
Cartan formula implies that

B B
/H(ﬂ}l) = /d(l‘lﬁl — pyiy) — pdx + idp
A A

B

B

= /d(xlﬁl —pyig+H) = (x1pr —pyij+H) N
A

Comparing the two last equalities and taking into account (2) we get

B B
H(w)‘ :H‘ . 0
A A

Open Whitney umbrellas A = Ay = f,, x(R™) are real algebraic sets in
R?". In fact, the complexification f¢ : C* — C?" of the parametrization
f : R®™ — R?" is proper and one to one. Therefore fc(C") is a complex
algebraic set in C?", and fc(C") NR?" = f(R") is a real algebraic set.
However, for the explicit classification, we need, furthermore, the explicit
equation of A.

Let Z(A1) C R[p, 2] be the ideal consisting of all polynomials which vanish
on the first open Whitney umbrella A;.

Lemma 3.
Z(A1) = (p? — 22123, 3p1p2 — 4a3x9, 2p171 — 3p2w2,9p3 — 873, p3, ..., ).

Proof. Tt is sufficient to prove this when n = 2. Let Z;(Ay) = (#3/3 —
p2,t2/2—x1, txa—p1) C R[t, p1, p2, 21, 2] be the ideal defining the parametric
form (1) of the first open Whitney umbrella A; if n = 2. Then the nine
polynomials t? — 2z1, tp1 — 2z122, 3tps — 43:%, 2txy — 3pa, txo — p1, pf —
21’@%, 3p1p2 — 43:%@, 2p111 — 3paxo, ng — 8:6‘% form a Grobner basis of the
ideal Z;(A1) with respect to the lexicographic order. Hence, the four last
polynomials which do not depend on ¢ generate Z(A1) C R[p1, p2, 1, 22]. O

3. Proof of Lemma 1.

In Cases 1;, 2, 2ld, 36, 3%, 56, 5%, 7, 7ld we use the standard homotopy
method. Namely, let w; be a family of generating functions depending
smoothly on a parameter 7 and H, be a smooth family of Hamiltonians
satisfying the homological equation

H-(w:) 4+ 0;w; =0

on a segment [0, 1]. Besides, the corresponding Hamiltonian vector fields vy
are assumed to be tangent to the first open Whitney umbrella A; and to
preserve the origin (vg, (0) = 0). For the Hamiltonians H, these conditions
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mean H-|p, = 0 and 0,H,(0) = 0,H,(0) = 0 respectively. So, taking into
account Lemma 2 we can rewrite the homological equation as

HT’L(W.,—) +0w, =0, H;€ H(Al) =&® (m2 ﬂI/(Al))

where &; is the algebra of smooth functions on the segment [0, 1], m is the
maximal ideal in the algebra of germs at 0 of smooth functions on E, and
T'(Aq) is the ideal consisting of all germs which vanish on the first open
Whitney umbrella A;.

Now solving the Cauchy problem

9r(p,x) = vm, (9-(p,2)),  go(p,x) = (p, )
with respect to a family of diffeomorphisms g, on the segment [0, 1] for small
(p,z) we get the equivalence wy ~p, w; performed by the local symplectic
diffeomorphism g; preserving A; and 0.

Let H(A1)|1(w,) C & ® Ag be the restriction of the ideal H(A1) onto the
family of Lagrange submanifolds given by the family w,(pr,zs) € & ® Ag of
generating functions and Gr H(A1)|rw,) C £-®Ag be the quasihomogeneous
ideal generated by the principal quasihomogeneous parts of the germs from
H(A1)|L(w,)- Let us note that

GrH(A1)| ;) N (€ ® Ag) = H(A)| 1, N (Er @ Ag)  (mod Er @ Agyr).
Therefore, in the considered cases, the homological equation
HT|L(wT) +0rw; =0 (mod & ® Agt1), Hr € H(A1)
is solvable because
Orwr € GrH(A1)| ) N (€ ® Ag)
that is shown below in each case.

1;) Let w; = Tw;. According to Lemma 3,

2 2 2 2 3
-2 , 3 —4 , 9p5 — 8 € H(A
P T1T5 () D1P2 XT1X2 L) Do 4a ( 1) I

wr wr wr

(@)’
Since L(w;) = {z1 = z2 =0(mod & ® A1)}, the principal parts of these
polynomials are p?, 3p1p2, 9p3. Therefore, Gr H(A1)|(w,) D (P3,p1P2,13) =
E Q@ As.
2;) Let w; = ae;+w; (mod A;11) where w; is a quasihomogeneous element of
the ideal (9p3 —8x3) such that degw; = [, w, = a(T)e; +7w;, a(0) = sign(a),
a(l) = a. According to Lemma 3,

2p1z1 — 3 , 9p5 — 87 € H(A

P11 P22 Lwr) D2 L1 o, (A1) Liws)
Since L(w;) = {p1 = —0p,wr, 2 = Op,w7}, the principal parts of this poly-
nomials are Flwy, 9p3 — 8z7. Therefore, Gr H(A1)|1(,) D (a(r)er,9p3 —
823) 3 O,w, if a(1) =0 or a(r) # 0 for V7 € [0, 1].
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21d) Let w; = +e; + Twy. According to Lemma 3,
3 — 42 .2 -3 , Op3 — 8z e H(A
pipy —A0iTa| s 2pion = 3para) o 9p2 =8 (A1) L)

Since
L(w;) = {p1 = FOp, &1 (mod Aj_1), 2 = £0p,e; (mod A;_2)},

the principal parts of these polynomials are

F(3p20a, €1 + 4x%8pzel), F (22104, €1 + 3p20p,€1) = Fley, 9p§ — Sx?.

But

k
3p20z, € + 433%61,2 e = {

ke if e =af
(8k/3+4)e;11 (mod (9p3 — 8z3)) if e = zipo

and GrH(A1)|L(wT) D (eri1,e1,9p3 — 823) D & @ A
36) Let wg = ap? + baj (mod A7), wr = a(7)p? + b(7)z3, a(0) = 0, b(0) =
sign(b), a(l) = a, b(1) = b. According to Lemma 3,

p% — 2x1x§‘L( ) 2p1x1 — 3paTs : € 'H(Al)‘

Wr (wT

L(wr)
Since
L(wr) = {21 = 2a(7)p1, po = —3b(7)a3},
the principal parts of these polynomials are p?, 4a(7)p3+9b(7)z3. Therefore,
GrH(A1)|Lw,) D (p1,b(1)x3) 3 Orwr if b(7) # 0 for Vr € [0,1].
The change (pa, x2) — —(p2, z2) shows us that 3 ~y, —z3

Sg) Let w, = x% + Twq. According to Lemma 3,

2 2 2
—9 ‘ . 3pips — 4 it — 3 ‘ e H(A
P1 T1To L(wn) P12 122 Lwr) P1x1 P22 Lwn) ( 1) L(ws)

Since L(w;) {xl = O(mod Ay), p2 = —3x2 (mod Aj) } the principal parts
of these polynomials are p?, —9piz2, 923. Therefore, GrH (A1) L(w,) 2
(pl,p1$2,$2) &r ® Ag.

56) Let wg = a11p1 + aiop1p2 + agep3 + bxd (mod A7), wy = ani(7)p} +
a12(7)p1p2 + azz(7)p3 +b(1)23, a11(0) = a12(0) = a2 (0) = 0, b(0) = sign(b),
a11(1) = ai1, a12(1) = a12, aza(1l) = age, b(1) = b. According to Lemma 3,

Pt — 2$1w§‘L( X 3p1p2 — 495%%2’ ;

L(WT)
9]93—837?‘“ . P3T3 : € H(A1)

wr wr L(ws)

wWr

Since L(wr) = {x1 = 2a11(7)p1 + a12(7)pa, 22 = ar2(7)p1 + 2a22( D2, p3 =
—3b(T 1'3} the principal parts of these polynomials are pl, 3p1p2, 9p27
—3b( )x3. Therefore, GrH(A1)|z(w,) D (p?, pip2, p3,b(T)z3) > Orw, if b(7)
# 0 for V7 € [0, 1].
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The change (p3, z3) — —(ps, z3) shows us that 3 ~y, —z3.

53) Let w; = 23 + Twy. According to Lemma 3,

p% - 21}1.’17%‘ ) 3p1p2 - 433%1‘2‘ ’ 9p§ - 8‘7;:15‘ )
wr) L(wr) wr)

: : e H(A ( .

p1p3’L(w7) p2p3’L(wT) p3$3’L(wT) ( 1) L(ws)

Since L(w,;) = {z1 = 0(mod Ay), z2 = 0(mod A4),p3 = =3z} (mod As)},
the principal parts of these polynomials are p%, 3p1p2, 9p§, —3p1:c§, —3p2w§,
_ng Therefore, GTH(A1)|L(W7—) o (p%7p1p2)p%aplx§7p2x§ax%) = gT & AG'

7)) Let w; = axb + x1w;_1 (mod A;,1) where w;_; is a quasihomogeneous
germ such that degw; | = [ — 1, w, = a(7)zb + 721w;_1, a(0) = sign(a),
a(l) = a. According to Lemma 3,

2 2 2
— 217 , 3 —4a:x‘ ,
Y41 12L( ) P1P2 12|

Wr OJT)

W) — 3 ’ . 9p2 — 83 e H(A .

P11 P2T2 Lws) P2 L1 Liw. H(A1) L(ws)
Since L(w;) = {p1 = —0pwr, p2 = —0,w-}, the principal parts of these
polynomials are —2x123, —4x3wy, —2110,w, + 3la(7’)xl2 + 3721290, W1,
—8a3. Therefore, Gr H(A1)|w,) D (a3, #iws, 2123, a(7)ah) 5 drw, if a(r) =
0 or a(r) # 0 for V7 € [0, 1].

7?) Let w; = :|:fL’l2 + Twg. According to Lemma 3,

2

p; — 2z123 ) 3pip2 — 4CC%$2‘L )

‘ wr wr

2p1x1 — 3p2$2‘L( . 9p3 — 893?‘ € H(Al)‘

wWr L(ws

L(wr)

Since L(w;) = {pl = 0(mod A;), py = Flzb (mod Al)}, the principal

parts of these polynomials are —2x1x%, —41’%952, i3lxl2, —83::13. Therefore,

GrH(A)|r(w,) D (23, 22, 122, 25) D &, @ Aj.

In Cases 4., 6., and 9, we consider the Lie algebra of germs of Hamiltonian
vector fields which are tangent to the first open Whitney umbrella A; and
preserve 0. For the Hamiltonians H these conditions mean H|y, = 0 and
O,H(0) = 0, H(0) = 0 respectively. So, our Lie algebra is the ideal m? N
7'(A1) where m is the maximal ideal in the algebra of germs at 0 of smooth
functions on E and Z’(Aq) is the ideal consisting of all germs which vanish
on the first open Whitney umbrella A;.
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Let B = A4/ A5 in Cases 4, 6, and B = A5/ Ay in Case 9,. In all these
cases our Lie algebra m? NZ’(A;) acts on B by the formula from Lemma 2:
H(w) = H|[,)- But it turns out that, for any w € B,

dimm?® N Z'(A1)| 1) < dim B
It remains to check these inequalities.
4,) Let w = ap? + bp123 + cxj € B where B = Ay /As. Then
Lw) = {yjl = 2apy + bx%, po = —2bp1ro — 4637%} ,

2 2
-2 ‘ eB, 2 -3 ‘ e B,
P1 T1Z9 L(w) pP1x1 D22 L)

w

3p1po — 422 ‘ :92—8ﬂ =0 (mod As).
D1D2 T1T2 L(w) D2 L L(w) (mo 5)
Therefore, according to Lemma 3,
dim m? mI/(Al)‘L(w) <2
but dim B = 3.
6.) Let w = alp% + aopip2 + agp% + blplxg + bgpzl’% + c:v% € B where B =
Ay/As. Then
L(w) = {&1 = 2a1p1 + agp2 + b123, x2 = azp1 + 2azps + byas,
p3 = —2bip1z3 — 2bopozs — dexs ),
Pt — 2:5133%‘ =p? (mod As) € B,
L(w)

3p1p2 — 437%$2’L( = 3p1p2 (mod As) € B,

w

2 — ‘ 5 2 3‘ = 3 d ) )
P11 — 3paTo L(W)EB 93 8x1L : 9p5 (mod Aj) € B P3| )EB

w (w

p1p3

= x'ng’ =0 (mod As).

=x
173 o

_ — 2
p2p3’L pg‘L

L(w) () (w)
Therefore, according to Lemma 3,

dim m? ﬂI’(Al)‘L(w) <5

L(w)

but dim B = 6.

9,) Let w = ax1ps + blx‘? + ng%xg + b3x1x§ + b4a;§ € B where B = A%/ Ay.
Then

L(w) = {pl = —apy — 3b1x% — 2byz1T3 — bgac%, To = ary,

p3 = —bgl‘% — 2bgxix3 — 3b4x§},
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P 21‘11‘5‘ = —2a%z3 (mod A4) € B,
L(w)
3pip2 — 4x%x2‘ = —4ax? (mod Ay) € B,
L(w)
2p1zy — 3p2x2‘L( ): —baxips — 6blx“1’ — 4b2x%x3 — 2b3x1:c§ € B,
w
9p2 — 843 Q.3
D5 8.7}1‘ = —8z7 (mod A4) € B,
L(w)
= —boa? — 2bsalas — 3byziad € B ‘ - € B
T1p3 L) 277 3L1L3 4123 y  X2P3 L) ar1ps L) )
_ 2 2 3
p3x3‘ = —ngll'g — 2()33:1373 — 3[)4.%‘3 € B,
L(w)
2
= = = O d .
p1P3‘L(w) p2P3‘L(w) ps‘L(w) (mod Ay)

Therefore, according to Lemma 3,
dim m? OI/(AI)‘L(w) <4
but dim B = 5.

4. Stable Lagrange mappings.

In this Section we prove Theorems 1 and 2. Theorem 1 follows from Theo-
rem 2, the proved Theorem 3, and the following Lemma 4.

Definition. Let A C E be a Lagrange variety. The germ at 0 of the La-
grange fibration given by a generating family W(py, z s, y) such that w(py, x5
= W(pr,x,0) is called A-versal if

T (ML) + (Wyly=0, )r = Ao

where Z'(A) is the ideal consisting of the germs of all functions on E which
vanish on the Lagrange variety A, L(w) C E is the Lagrange submanifold
defined by the generating function w, and Ay is the algebra of germs at 0 of
smooth functions of p;y and x ;.

Remark. This is nothing but the Givental’ versality [9] for the Lagrange
mapping A C £ — Y when the Lagrange fibration is defined by the gen-
erating family W. Also, in the case A is an open Whitney umbrella, the
Givental’ versality condition is equivalent to that the parametrization of A
is Lagrange stable with respect to the Lagrange fibration in the sense of
[13], [15] (Theorem 2 from [13], page 216).

Lemma 4. The germs of Lagrange fibrations from Theorem 1 are stable
with respect to A1-equivalence.
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Proof. Let ay = degpr and G5 = degx; be positive integer quasidegrees,
Ao D A; D ... the corresponding quasihomogeneous filtration in the algebra
of germs at 0 of smooth functions of p; and z;, and GrZ'(A1)|L(,) C Ao
the quasihomogeneous ideal generated by the principal quasihomogeneous
parts of the germs from Z'(A1)|r,,)- Let us note that

GrZ' (A1) ’L NAg = I/(Al)‘L(wT) NAg; (mod Ag4q).

By analogy with the cases 1;, 2;1, 3¢, 74, 5% from the proof of Lemma 1 we
get
S3) w(p1,p2) =0, a1 =z =1 = GrZ'(A1)|pw) D (pT, P12, p3) = As;
Si) w(xl,pg) = iem_H, ﬁl = 2, ay =3 = GI‘I/(Al)’L(w) D (6m+1,6m+2,
Ip2 — 823) D Am1;
Ts) w(py,xe) =3, %1 =3, a3 = 2= GrZ’ (A)|Lw) D (p?, p123, 23) = Ag;
Us) w(w1,z0) = £25" 3, B1 = Pa=1= GrZ'(A1)|L(w) D (23, 23w9, 2123,
xén_g) D Ap—3;
Vo) w(pr,p2,23) = o3, a1 = ag = 3, f3 = 2 = GrZ'(A1)|(w) D (p1. p1p2,
p3,73) D Ag.
Therefore, the Nakayama lemma implies that

S3) I'(A1)| L) 2 (01, 12, P3);
quﬁ) I/(Al)’L(w) ) (€m+1,6m+2,9p2 8$:{’);
Ts) T'(M)|pw) 2 (07, 0123, 23);
Us) T (Al)\L (w) D (43, 23w, w123, 27 70);
Vs) T Al)\L (w) 2 (P17P1p2,p27$3)~

Hence, in the case of an arbitrary n:

S3) T'(A1)|Lw) 2 (3, p1p27p27p3,---,pn);
vatz) I/(Al)‘L(w) (em+17 €m+2, 9p2 81':%7]737 s apn);
Ts) T'(A1)|L(w) D (03, 123, 25, 3, - .- ,pn);
Us) T (Al)\L (w) 2 ($1:$1$2,$1$%7$2 s D35+ 5 Pn);
Vo) Z'(M1)|L(w) D (PT, P1P2, D3, 23, D45 - - Pn)-
So, our germs of Lagrange fibrations are Aj-versal. According to Theo-
rem 3 from [9], they are stable with respect to Aj-equivalence. O

Proof of Theorem 1. The classification at regular points is just a rewrite of
Arnold’s theorem. The classification at singular points follows from Theo-
rem 3, Lemma 4, and Theorem 2. U

Now we are going to prove Theorem 2.

Lemma 5. Let r be a nonnegative integer or r = oo. Let i : (R",0) —
(E,0),7 : (R™,0) — (E,0) be germs of Lagrange immersions with j"i(0) =
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j"1'(0). Then there exists a germ of symplectic diffeomorphism T such that
i’ =701, and that j77(0) = j"idg(0).

Proof. It is sufficient to show in the case ¢ is the inclusion of the zero-
section R® — T*R™ and ' : R" — T*R" is defined as the graph of dh for
a function h : R” — R with ordgph > r + 1. Then 7 may be defined by
(p;x) = (p+ dh(z), ). O

For a germ of symplectic manifold (E,0) and a germ of Lagrange sub-
manifold (L,0) C (E,0) at a base point 0, we denote by Sp(£, L) the group
consisting of germs of symplectic diffeomorphisms (E,0) — (E,0) preserv-
ing L. Take a Lagrange fibration 7 : (£,0) — (Y,0) having L as the central
fiber: 7=1(0) = L. We denote by Lag(E, ) the group consisting of 7-fiber
preserving symplectic diffeomorphism-germs (E,0) — (E,0). Notice that
Lag(E,m) C Sp(E, L).

Lemma 6. Lag(E, ) is a deformation retract of Sp(E, L). More ezactly,
there exists a mapping D : Sp(E, L) x [0,1] — Sp(FE, L) with the properties:

(1) D(7,0) =7, D(1,1) € Lag(E,7), (1 € Sp(E, L)).

(2) D(7,t) =1, (7 € Lag(E,m),t € [0,1]).

(3) D(t,-) : E x [0,1] — E is smooth on E x [0,1] for each T € Sp(F, L)
and continuous on a compact neighborhood of 0 x [0,1] in E x [0,1]
with respect to C*°-topology, when T is considered as a variable.

(4) J1(D(1,8)[£)(0) = jidL(0), (T € Sp(E,L),0 <t <1).

In particular, each element of Sp(E,L) is connected to an element of
Lag(E, ) by a smooth path, fizing the 1-jet of the restriction to L, within
Sp(E, L).

Proof. It suffices to show when E = T*R" with the canonical coordinates
(p,x), L = {x =0} and 7 : T*R"™ — Y = R" is the standard projection
w(p,x) = x. Let 7 € Sp(F,L). Set 7(p,x) = (P(p,x),X(p,x)). Then
X(p,0) = 0. Remark that the Jacobi matrix A = (0X/0x)(0,0) is regu-
lar. Now consider the graph I'(7) of 7 in T*R"™ x T*R", with coordinates =
(p,z;p',2"). Then I'(7) is a Lagrange submanifold with respect to the sym-
plectic form Q = . dp,Adz;—>", dpiAdx; of T*R" xT*R™. Consider the La-
grange projection II : T*R" x T*R™ — R?" defined by I(p, z,p’, 2') = (p, 2').
Then Iy : I'(7) — R?" is a germ of diffeomorphism at 0. Also consider
the projection II' : T*R™ x T*R™ — T*R™ defined by IT'(p, z; p/, 2) = (p, x),
then ®(7) = II' o (Il|p()) ™" : R*® — T*R™ is a germ of diffeomorphism at
0. If we set ®(p,z’) = (p,z(p,2’)), then the condition that 7 preserves L is
interpreted to the equation z(p,0) = 0. Moreover 7 € Lag(E, ) if and only

0
if 2(p,2’) does not depend on p. Remark that (E?m’) (0,0) is equal to the
x

inverse matrix of A.
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Now take the generating function H = H(p,z") of I'(7) for the 1-form 6§ =
> pidey + Y7 xidp;: We have (H|py)*(dH) = 0|p(;), and © = 0H /Op, p’ =
0H/0z'. Then (0H/Jp)(p,0) = 0. Now we write H(p,2') = ho(2') +
Sy hi(2)pi+1(p,2'), I(p, 2') being of order > 2 for p. Then h;(0) = 0,1 <
i <n and (0I/0p)(p,0) = 0. Moreover 7 belongs to Lag(E,w) if and only
if the generating function H = H(p, ') of T'() is an inhomogeneous linear
function with respect to p, namely if I(p,z’) = 0. Then we set Hy(p,z') =
ho(z") + >0 hi(a")p; + (1 — t)I(p,2’),0 < t < 1. The restriction of II' to
the graph of dH; in T*R™ x T*R" is a diffeomorphism, and therefore dH;
defines a family of symplectic diffeomorphisms 7 : (I*R",0) — (T*R",0)
in Sp(E, L). Then we set D(7,t) = 7. The points (1), (2), (3) and (4) are
clear. g

Now we set
F:={f:(R",0) — (T"R",0) | fis isotropic of corank < 1},
Sp-A:={(o,7) | o € Diff(R",0), 7 € Sp(T*R",0)},

Lag-A: = {(o,7) | 0 € Diff(R",0), 7 € Lag(T*R", )}
= Diff(R",0) x Lag(T*R", 7),
group of ordinary Lagrange equivalence with respect to the canonical fibra-
tion 7 : T*R™ — R"™, 7(p, ) = z, and set
Lag-K := {(o,7) € Sp-A | 7(L) = L} = Diff(R",0) x Sp(T*R", L),

where L = 771(0), the central fiber. Then the group Lag-A (resp. Lag-K)
acts on F naturally: (o,7)f := 7o f oo !. Moreover we recall that
Ji(n,2n) := {j"f(0) | f € F} is a submanifold of the ordinary jet space
J"(n,2n) [12]. Then Lag-A (resp. Lag-K) acts on Jj(n,2n) naturally as
well.

Lemma 7. Let f, f' € F. If f, f' are Lagrange stable and Lag-K-equivalent,
then they are Lag-A-equivalent.

Proof. Since f, f' are Lag-K-equivalent, there is a (o, 7) € Lag-K with /' =
7o foo ! By Lemma 6, there is a smooth path 7, € Sp(E, L),0 <t <1,
with 79 = 7,71 € Lag(FE, ) and j'(7|)(0) = j'(id|£)(0). We set f; := 1o f.
Then we have fo = f' oo.

Remark that f;,0 <t <1 are Lagrange stable ([13], Theorem 1.2, [15],
Theorem 1.1). Therefore f;,(0 < ¢ < 1) are finitely Lag-.A-determined
([15], Theorem 1.3), so we may discuss on an isotropic jet space Jj(n,2n)
of sufficiently high order. (This argument is analogous to the ordinary one.

See [21].)
The vector field v = Oh : (R™,0) — T(T*R"™) along fi, belongs
t=to
to the tangent space tfo(mnVy) + wfo(myVIs,) at fi, to the Lag-A-orbit,
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for each tp € [0,1]. (See [13], [15] for the notations.) In fact there exists
1 € myV I, such that v — no fi, has null generating function. So we have
€ €V with tf(§) = v—nofi, (cf. [13], Lemma 4.3). Then ¢ is tangent to the
stratum through 0, with respect to the stratification of R", by the types of
open Whitney umbrellas. Since ¢f(£) must vanish at 0, and f is immersive
along each stratum, we see v vanishes at 0. Thus, by Mather’s Lemma ([17]
IV, pp. 534-535), we see that j" f;(0), (0 < ¢ < 1) belong to the single Lag-
A-orbit in Jj(n,2n). In particular j" fo(0) and j" f1(0) belong to the same
Lag-A orbit. By the determinacy, we have fy and f; are Lag-A-equivalent.
Since fp and f’ are Lag-A-equivalent, and f; and f are Lag-A-equivalent,
we see that f and f’ are Lag-A-equivalent. O

Proof of Theorem 2. Let m,7" : (E,0) — (Y,0) be A-stable Lagrange projec-
tions. Set L = 7~1(0) and L' = 7'~1(0), and assume L and L’ are formally
A-equivalent. By taking symplectic coordinates, we may assume E = T*R"
and 7 : T*R™ — R" is the standard fibration.

Then j°°i(0) = j*°(7 0 4')(0), for some parametrizations ¢ of L and i
of L' and for a symplectic diffeomorphism 7 preserving A. By Lemma 5,
there exists a symplectic diffeomorphism 7" with j°°7/(0) = j°°id(0) and
i = 7" o7 oi. Remark that 7/ needs not preserve A. Set f' = 7' o f
for a parametrization (open Whitney umbrella) f : (R",0) — (E,0) of
A. Then f’ is symplectically equivalent to f [13], and j°°f'(0) = j*° f(0).
Moreover (f,m) is Lagrange stable (Theorem 1.2 of [13]). Then as shown
in [15] Theorem 1.3, f is finitely Lag-A-determined, and therefore (f’, )
and (f,7) are Lagrange equivalent by (o,7"), namely, 7"’ o f' = f oo and
7" € Lag(FE,w). Set 11 = 7" o7’ o7. Then 7(A) = A and 7 (L) = L.
Therefore L and L’ are A-equivalent.

Now take a symplectic diffeomorphism m : (£,0) — (£,0) such that
m = n or [3]. Set f = 7'51 o f. Since mw is A-stable, we see that f is
Lagrange stable with respect to 7. So is f, since 7/ is A-stable. Since
71 01 maps L to L and f(R™) to f(R™), f and f are Lag-K-equivalent, by
Lemma 8 below. Thus, by Lemma 7, f and f are Lag-A-equivalent: For a
(0,73) € Lag-A, f = 130 foo™!. Then 13073 preserves A and 7’ o073 = 7.
Therefore m and 7’ are A-equivalent. O

5. Simple stable compositions.

Here we remark that our result is applied to the classification problem for
compositions of an isotropic mapping and a Lagrange fibration [13], when
the isotropic mapping is the first open Whitney umbrella. For this, first
recall the notion of C'*° normalization [6], [7] in the special case we need:
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A map-germ f : (R",0) — (RP,0) is called a C*° normalization if f is C*°-
right-left equivalent to an analytic map-germ f’: (R™,0) — (RP,0) which is
a normalization of the image.

Recall that a map-germ f : (R™,0) — (F,0) is called an open Whitney
umbrella of type k if f is symplectically equivalent to a polynomial map-germ
fag o (R",0) — (T*R",0) explicitly given in [13], namely foo = 7o f,
for a diffeomorphism o : (R™,0) — (R™,0) and a symplectic diffeomorphism
7:(E,0) — (E,0).

Remark that the normal form f,  of open Whitney umbrellas is an ana-
lytic normalization of the image, and therefore any open Whitney umbrella
is a C'°°-normalization. The following lemma is a special case of Theorem
1.11 of [7]:

Lemma 8. Let f : (R",0) — (F,0) be a C* normalization. Denote by
f(R™) the well-defined germ of the image of f. If a germ of diffeomorphism
h:(E,0) — (E,0) preserves f(R™), namely if h(f(R™)) = f(R™), then there
exists a germ of diffeomorphism o : (R™,0) — (R"™,0) such that ho f = foo.

Then we have:

Lemma 9. Let f, f': (R™,0) — (E,0) be open Whitney umbrellas of same
type k, and w, 7' : (E,0) — (Y,0) Lagrange fibrations. Then the following
conditions are equivalent:

(1) There exist a diffeomorphism o : (R™,0) — (R™,0), a symplectic diffeo-
morphism 7 : (E,0) — (E,0) and a diffeomorphism 7 : (Y,0) — (Y,0)
with f"oo =70 f and ©’ o1 = T om. (Lagrange equivalence of (f, )
and (f',7'), in the sense of [15].)

(2) There exists a symplectic diffeomorphism 7 : (E,0) — (F,0) and a
diffeomorphism 7 : (Y,0) — (Y,0) satisfying 7(f(R™)) = f'(R™) and

moT=To.

Proof. The implication (1) = (2) is straightforward. (2) = (1): First as-
sume 7' = m. Since both f and f’ are symplectically equivalent to the
parametrization f, i, there exist diffeomorphisms ¢’,¢” : (R",0) — (R™,0)
and symplectic diffeomorphisms 7/, 7" : (E,0) — (E,0) such that f oo’ =
70 fpr and ffoo” = 1"0 fop. We set Ay = fnx(R"). Then we see
that 7"~' o 70 7/(A) = Ag. By Lemma 8, there exists a diffeomorphism
o : (R™,0) — (R™,0) such that 7""Y o707 o fr ) = furo0c”. Then we
have To f = f'oc” 00" 00’1,

In general case, apply the above argument to f and T'o f’, for a symplectic
diffeomorphism 7 : (E,0) — (E,0) satisfying 7’ = 7o T ([3]). O
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