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We define real and p-adic topological Lie algebra functors
on the category of topological (Hausdorff) groups which ex-
tend the usual Lie algebra functors on the categories of real
resp. p-adic Lie groups, and study their properties.

0. Introduction.

We define real and p-adic topological Lie algebra functors on the category of
topological (Hausdorff) groups which extend the usual Lie algebra functors.
The method is a refinement of ideas developed in Lashof [20], which allow the
set Hom(R, G) of one-parameter subgroups to be made into a real topological
Lie algebra, for every topological group G whose identity component Gq is
a pro-Lie group. The main goals are the following.

1. First, we want to equip the set Hom(R, G) of one-parameter subgroups
of a topological group G with a topological Lie algebra structure by means
of continuous homomorphisms from G into real Lie groups, for more general
topological groups than those accessible by Lashof’s original approach. We
do this by assigning topological Lie algebras to arbitrary topological groups
functorially in a first step—which is of independent interest—and then in a
second step describe a class of groups for which Hom(R, G) can be identified
in a natural way with the associated Lie algebra, the class CILg of topological
groups which “carry their real Lie algebra.”

2. The second main goal of this article is the creation of tools for the

investigation of totally disconnected, locally compact groups, a powerful

structure theory of which was begun in [35]. We introduce p-adic Lie alge-
loc

bra functors AQp and ﬁ& which are well-adapted to the setting of totally
disconnected, locally compact groups: They have the desirable property of
describing “local properties” of such groups in the sense that the Lie al-
gebras are unchanged (up to natural isomorphism) under passage to open
subgroups, which form a basis of identity neighbourhoods here. We also
introduce a so-called “p-adic component” of a topological group, which, as
far as locally compact groups are concerned, is a p-adic analogue of the
connected component.
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3. The third goal is the investigation of properties of the real and p-adic
topological Lie algebra functors, e.g., their behaviour on products, quotient
maps, and embeddings. In particular, we want to point out differences
between the real and p-adic cases. It is clear that p-adic Lie algebra functors
cannot behave as nicely as their real counterparts. For example, any p-adic
Lie algebra functor on a full subcategory of the category of Hausdorff groups
subsuming all p-adic Lie groups, which extends the usual p-adic Lie algebra
functor, has to be discontinuous (as the functor it extends).

4. The real and p-adic Lie algebra functors on the categories of real and p-
adic Lie groups, respectively, allow many different extensions to topological
Lie algebra functors on the category of Hausdorff groups. In fact, by very
natural constructions, we shall obtain 15 real topological Lie algebra functors
and 9 p-adic topological Lie algebra functors. Our forth goal is to show
that all of these functors are distinct (i.e., not naturally isomorphic). To
this end, we evaluate the various Lie algebra functors on several selected
examples of topological groups. These explicit calculations are also intended
as illustrations of the general abstract theory.

The structure of the article is as follows.

In Section 1, we assemble the category-theoretical formalism concerning
categories of projective systems, as a prerequisite for our studies.

Many of the topological Lie algebras we shall be dealing with are pro-
jective limits of finite-dimensional Lie algebras and are therefore so-called
“weakly complete” topological vector spaces. Important properties of such
spaces are recalled in Section 2.

In Section 3, we describe how projective systems of Lie groups can be
associated with topological groups in a functorial fashion. These projective
systems are then used to define real and p-adic Lie algebra functors on the
category of topological groups (Section 5).

In Section 4, we have a closer look at projective limits of Lie groups, and
at pro-Lie groups. The material assembled in this section is mostly known,
at least in special cases (e.g., for locally compact groups), but since we
found it hard to find direct references for the general assertions, full proofs
are given.

In Section 6, we study the behaviour of our topological Lie algebra func-
tors on various classes of well-behaved topological groups. Restricted to the
category of pro-Lie groups, all of the real Lie algebra functors defined in
Section 5 turn out to be naturally isomorphic to Lashof’s topological Lie
algebra functor (Proposition 6.11). We also consider the behaviour of some
of the real Lie algebra functors on the variety of Hausdorff groups generated
by real Lie groups, and on the class of topological groups G which “carry
their real Lie algebra” in the sense that Hom(RR, G) can be made a topolog-
ical Lie algebra in a natural way. Most of the positive results established in
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this section are specific to the real case, and counterexamples in the p-adic
setting are given.

Not all of the functors defined in this article preserve direct products
(Example 7.5), but at least partial results concerning the behaviour on direct
products are available (Section 7, also Corollary 10.4).

In Section 8, we compute the real Lie algebras associated with 9 selected
examples of topological groups, and deduce that the 15 real Lie algebra
functors defined in Section 5 are pairwise not naturally isomorphic. The
p-adic Lie algebra functors are shown to be distinct in Section 12, after a
more detailed discussion of the p-adic Lie algebra functors in Sections 9
through 11.

As a preliminary for our studies of the p-adic Lie algebra functors on the
category of locally compact groups, we have a closer look at the topologi-
cal Zy-Lie algebra functor Hom(Z,, ) on the category of abelian topological
groups (Section 9). In particular, given a continuous homomorphism G — H
between locally compact groups, we determine which continuous homomor-
phisms Z, — H lift to continuous homomorphisms Z, — G (Corollary 9.3).

It is well-known that Lashof’s topological Lie algebra functor maps quo-
tient morphisms between locally compact groups to quotient morphisms of
topological Lie algebras ([18], Lemma 1.3). In Section 10, we establish
analogous results for our p-adic Lie algebra functors (Corollary 10.3, Corol-
lary 10.7), and describe further properties of the p-adic Lie algebra functors
specific to their behaviour on the category of locally compact groups.

We remark that the p-adic Lie algebra functors defined here cannot be
used to equip the set I'(Q,, G) of germs at 0 of local p-adic one-parameter
subgroups of G (which can be interpreted as the usual p-adic Lie algebra
of G when G is a p-adic Lie group) with a p-adic Lie algebra structure for
arbitrary totally disconnected, locally compact groups G, and not even for
pro-p-adic Lie groups, as the examples show. However, whenever the local
(or global) p-adic Lie algebra of a totally disconnected, locally compact
group (see 5.7, 5.3) has finite dimension, it can be identified with a quotient
of this set (Section 11). In the general case, such a quotient is still a dense
subset of the Lie algebra (Corollary 10.2). Applications of the p-adic Lie
algebra functors in the theory of locally compact groups will certainly be
difficult. Ome obstacle is the absence of an analogue of the exponential
function Hom(R,G) — G, X +— X (1), which provides a link between a
locally compact group and its real topological Lie algebra.

Additional examples and remarks are assembled in Section 13.

In the final section, we construct further real topological Lie algebra func-
tors, which assign the correct topological Lie algebras to all Banach-Lie
groups.
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1. Categories of projective systems.

Although this article necessarily has to involve category-theoretical ideas,
we try to keep the formalism at a minimum. In this section, we assemble
the required terminology and preliminaries concerning projective systems;
we content ourselves with aspects of the general theory (as developed in [17],
Chapter IV, §1) which will be sufficient for our purposes. In Section 6, limits
to arbitrary functors are needed in connection with continuity questions of
functors; see [21] on the definition of these. See also [11] and [13] for
additional information.

1.1. If A is a category, we define the category A™ of projective systems in A,
as follows. The objects of A™ are the projective systems in A; recall that a
projective system over I in A is a pair S = ((Xj)ier, (¢ij)i<;), where I is a
directed set, each X; is an object of A, and ¢;; : X; — X; is a morphism
for i < j such that ¢;; = idx, for all ¢ € I and ¢;j o ¢pjr = ¢, whenever
1 < j < k. Note that we do not fix a directed set I. If S is a projective
system in A as above and 7 = ((Yj);es, (¥jk)j<k) is another projective
system in A, then a morphism & — 7 in A™ is a pair (o, (7;)je), where
o:J — I is an order preserving map and (7;);es is a family of morphisms
nj + Xo@) — Yj such that vy, oy = 1j © @p(j)o) for all j < k in J;
we then also say that the pair (o, (1;);es) is compatible with the directed
systems S and 7. If H = ((Hg)kek, (Xk1)k<1) is another projective system
in A and (7, (Ck)kex): 7 — H is a morphism, the composition (7, ((x)ker) ©
(0,(nj)jes) is defined as (o o 7, (Ck © Nr(x))kek)-

1.2. If B is another category and F': A — B is a functor, we obtain a functor
FT: AT — BT via (Xy)ier, (¢45)i<j) — (F(Xi))ier, (F(¢i5))i<j) on objects
and (o, (nj)jes) — (0, (F(n))jes) on morphisms.

1.3. A cone over § € obAT is a pair (X, (¢;)icr) of an object X € obA
and a family of morphisms ¢; : X — X; such that ¢;; o ¢; = ¢; whenever
i <j. A cone (X, (¢)icr) is a projective limit cone over S if for every cone
(Y, (¢i)ier) over S, there exists a unique morphism ¢ : Y — X such that
¢; 0o = 1p; for all i € I; then X is said to be a projective limit of S.

1.4. Let (X, (¢s)icr) be a cone over S = ((Xj)ier, (¢ij)i<j) € obA™ and
(Y, (¥j)jes) be a projective limit cone over T = ((Yj) e, (¥jk)j<k) € ObA™;
let (o, (1;)jes) be amorphism & — 7. Then (X, (7;0¢,(j))jes) is a cone over
T, which induces a morphism n: X — Y determined by t; on = n; 0 ¢y ;).
If, in the preceding situation, (X, (¢;)icr) is a projective limit cone over S,
we write {iinm =

1.5. Now suppose that there exists a functional class which associates with
every projective system S in A a projective limit cone, whose projective
limit object we denote by lim §. Then clearly lim: A™ — A is a functor,
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where lim is defined on morphisms as described in the previous paragraph.!

—

1.6. In the category TG of topological (Hausdorff) groups and continuous
homomorphisms, a projective limit cone over S = ((G;)ier, (¢ij)j>i) is given
by G = 1limG; = {(zi)ier € [lic; Gi = (0 <j = oij(x;) = @)}, to-
gether with the morphisms ¢; := pr;|g. A similar construction works in the
category of topological Lie algebras over a topological field K. Note that
the sets underlying these projective limits are the projective limits of the
sets involved; also note that the existence of the functional classes described
above is guaranteed here by the preceding explicit description of projective
limit cones. It is important for the constructions envisaged here that, unlike
the conventions in [33] or [20], we do not require that the morphisms in a
projective system of topological groups and the corresponding limit maps
be quotient morphisms (i.e., surjective and open).

2. Weakly complete topological vector spaces.

Let K denote the field of real numbers, or a p-adic field. A locally convex
topological vector space V over K is called weakly complete if it is complete
and its topology coincides with the associated weak topology o(V, V') (see
[23] on topological vector spaces over Q). We need to recall some basic
properties of weakly complete locally convex spaces (cf. [14], [19], [30]):

Proposition 2.1. A locally convex space V over K is weakly complete if and
only if V is isomorphic to K! for some set I, if and only if V is isomorphic
to a closed vector subspace of K! for some set I. If V is weakly complete,
the following holds:

(a) Any closed vector subspace Vi of V is weakly complete, and there exists
a closed vector subspace Vo of V' such that V = V& Vs as a topological
vector space.

(b) If also W is weakly complete and f: W — V is a morphism with dense
image, then f splits, whence f is a quotient morphism. In particular,
every continuous linear bijection between weakly complete topological
vector spaces is an isomorphism of topological vector spaces.

Finally, for every set I, the continuous linear functionals on K are precisely
the linear combinations of point evaluations at the elements of I.

'Unlike [21] and part of the category-oriented literature, the author does not want to
use a special model of set theory but stick to the standard von Neumann-Bernays-Godel
axioms. This accounts for some technicalities; e.g., it would not be enough to assume the
mere ezistence of projective limit cones here.
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3. Associated projective systems of Lie groups.

Let K be the field of real numbers, or a p-adic field. In this section, we
define functors G which associate with every topological group a projective
system of K-Lie groups. It should be mentioned that K-Lie groups are
not assumed to be second countable here; e.g., every discrete group is a
K-Lie group. All K-Lie groups are finite-dimensional, unless qualified as
“Banach-Lie groups” or “direct limit Lie groups,” which need not be finite-
dimensional. Occasionally, real Lie groups will simply be referred to as “Lie
groups,” without specification of the field R.

3.1. Let G € TG (a shorthand for ‘G € obTG’). We consider the class € of
morphisms (continuous homomorphisms) f: G — H; into K-Lie groups Hy
such that f has dense image. Then 2 can be pre-ordered by declaring
f < g if and only if there exists a morphism h : H, — Hy such that
f = hog. Note that h =: ¢, is unique whenever it exists, because g has
dense image. The class € is directed, since given f, g € €, the corestriction
of (f,g): G — Hy x Hy to the closure of im (f,g) will be an upper bound
for {f,g}. Consider f and g as equivalent if f < g and g < f; let Ix(G)
denote a set of representatives for the equivalence classes. Such a set exists,
since the cardinalities of the groups Hy are bounded. Then Ix(G) C € is
a directed set, and Gk (G) := ((Hy) rere (), (@r9) f<g) is a projective system
of K-Lie groups.

3.2. To avoid set-theoretic difficulties, it is important to note that no choice
of Ix(G) needs to be involved but Ix(G) can be determined unambiguously,
as follows: We let Z(G) be the set of all continuous homomorphisms g: G —
(G/N,0y) =: Qq, where N is a closed normal subgroup of G and O, a group
topology on the abstract group G/N such that Q4 can be embedded into a
K-Lie group. If Q, = G/N, equipped with the quotient topology, and Qg
is a K-Lie group, we set f, := g. Otherwise, the canonical completion H,
of Qg in its left uniform structure (as defined in [2], Chapter II, §3.7, Defi-
nition 4), with canonical embedding e,: Q4 — Hy, can be equipped with a
unique topological group structure such that e, : Q4 — H, becomes a ho-
momorphism; then Hj is a K-Lie group. We set f, :==e409: G — Hy. Then
Ix(G) := {fy: g € Z(G)} satisfies our needs. Note that, by construction,
the set Jx(G) of quotient morphisms G — G/N onto K-Lie quotients of G
is a subset of Ix(G).

3.3. Now suppose that & : G — L is a morphism of topological groups.
For every f € Ix(L), there exists a unique o(f) € Ix(G) such that o(f) is
equivalent to the corestriction hy of f o ® to the closure of its image. Let
Ay denote the inclusion map imh; — Hy, and define puy := Ay o Phyo(f);
thus py o o(f) = fo® Then Gg(®) := (0, (is)er (L)) is compatible
with the projective systems Sk (G) = ((Hy) rery(a), (9£9) r<g) and &g (L) =
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((H})ere(ry (#,)£<g); to check this, we have to verify that ¢;, o pg =
od

ff © Po(fro(g) for all f < g in Ig(L). Clearly hy > hy via ¢fg|;$§()(b, hence

also 0(g) > o(f); since o(g) has dense image, the assertion now follows from
Mfo¢a fo(g) U(g):foq):¢}gogoq):¢}goﬂgoa(g)'

3.4. f ¥: L — T is another morphism, define o’(f), #’, N}, and p/; for
f € Ix(T') in analogy to the definitions of o(f), hf, Af, and uy above.
Given f € Ix(T), we obtain f oW = p) o o'(f), where o'(f) € Ix(L).
Now o'(f) o @ = pigr(5) 0 o(0’(f)); hence foWo® = wysoa(a'(f)), where
wy = 'y o por(f)- Note that o(o'(f)) € Ix(G) and that wy is an embedding.
For f € Ix(T), define o”(f), h' etc. as above for the morphism ¥ o ®.

Since o(o’(f)) has dense image, we have hy = wf\im“’f oo(d’(f)). Thus
O'”(f) = G<U,(f))’ a‘nd ¢h// // - Wf‘imwf. NOW ,U )\” [e) (Zsh” // =
)\’Jﬁ owf|im°"f = '“/f o () shows that G (V) o Sk () = Sk (V¥ o @) indeed.

Thus 6k : TG — (LIEk)™ is a functor; here LIEx denotes the category of
K-Lie groups and continuous homomorphisms.

4. Projective limits of Lie groups.

Again, let K = R or K = Q, for some prime p. In this section, we give
various characterizations of projective limits of K-Lie groups, and give char-
acterizations of pro-K-Lie groups. We show that the forgetful functor from
the category GPLg of TG-projective limits of K-Lie groups into the cate-
gory TG has a left adjoint ( )x : TG — GPLg. All of the real topological
Lie algebra functors constructed in the following shall coincide on GPLp,
and we shall see that they have particularly good properties on this class of
topological groups.

Definition 4.1. Let GPLk be the full subcategory of TG whose objects
are projective limits of K-Lie groups, i.e., topological groups which can
be made the projective limit (in TG) of some projective system of K-Lie
groups. Let g : LIEx — GPLkg and Uk : GPLg — TG be the respec-
tive inclusion functors (which forget the special type of group). Then
(k= {El o i o 6k defines a functor TG — GPLg, which associates

with every Hausdorff group G a TG-projective limit Gk of K-Lie groups.
We define a morphism 7% : G — Gx via z — (f () fer(a)-
The following fact will be used repeatedly:

Lemma 4.2. Suppose that (G, (¢;)icr) is a projective limit cone of a projec-
tive system ((Gi)icr, (¢ij)i<j) € TG™. Then {gb;l(V): ie I,V eN(G)}
is a basis for the filter N1(G) of identity neighbourhoods of G.
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Proof. It follows from the explicit description of projective limit cones given
in 1.6 that the sets of the form (,cp ¢;*(V;), where F is a finite subset
of I and V; € N1(G;) for i € F, form a basis for the filter N7(G). Suppose
that U € N1(Q) is of this form. By directedness of I, there is j € I such
that j > i for all i € F; then ¢, (V) C U, where V := ;cp ¢, (Vi) €
M (Gj). (]

Lemma 4.3. 7711% has dense image in Gx, for every G € TG.

Proof. We have Gk < [] ferg(c) Hy, with limit morphisms ¢ = pre|gy for
f € Ix(G). Let y = (yf)felK(G) € Gk and U be a neighbourhood of y
in Gk; it follows from Lemma 4.2 that there exists g: G — Hy in Ix(G)
and V' € N, (H,) such that ng_l(V) C U. Since g € Ig(G) has dense image,
there is z € G such that g(x) € V. Then ¢,(n%(z)) = g(z) € V entails
ng(x) € 6,1 (V) CU. O

Proposition 4.4. The functor ( )x: TG — GPLxk is a left adjoint for the
forgetful functor Uk : GPLx — TG, with unit of adjunction ng. In other
words, for every morphism ®: G — P into a projective limit P of K-Lie
groups, there exists a unique morphism ®: Gg — P such that ® o 77]1% = o.

Proof. Let ® : G — P be a morphism into a projective limit P of K-Lie
groups. Since 77]% has dense image by Lemma 4.3, there is at most one
morphism ®: Gg — P such that ® o n¢ = ®. It only remains to prove the
existence of ®.

Suppose first that P is a K-Lie group. Set H; := im ® and f := ®|s;
then there is a uniquely determined g € Ix(G) and a uniquely determined
isomorphism ¢,: Hy, — Hy such that f = ¢r40g. If e: Hy — P denotes the
embedding, we set ® := ¢ o brg 0 Og (Where ¢g: Gx — Hy is the respective
limit map). Then ® o 5§ = @ indeed.

Now consider the general case where there exists a projective system
S = ((Pi)ier, (Vij)i<r) € LIEE of K-Lie groups P;, and morphisms ;: P —
PZ such that (P, (1;)icr) is a projective limit cone over S in TG. We set

®; ;=)0 ® for i € I; then (G, (P;)) is a cone over S. For every i € I, there
is a unique morphism ®;: Gg — P; such that ®; o nK = ®; by the special
case treated above. The uniqueness of the ®;’s implies that (G, (®;)icr)
is a cone over S. Now (P, (1;)) being a projective limit cone, we obtain a
unique morphism @ : GK — P such that 1); o ® = ®; for all i € I. Then
Yio(Ponf) = 0nf =®; =1 o ® implies ® o nf = ®. O

Remark 4.5. The preceding consideration shows in particular that for ev-
ery morphism : G — K of topological groups, there exists a unique mor-
phism 9k : Gxg — Kk such that wKonHCg = nfgow Then 7k : idrg — Ugo( )k
is a natural transformation.
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Our next aim is to show that the class GPLx of projective limits of Lie
groups is closed under the formation of cartesian products, closed subgroups,
and also under the formation of Hausdorff quotients whenever these are
complete.

Lemma 4.6. Suppose that S = ((Gi)ier, (Vij)i<j) s a projective system
of K-Lie groups, (G, (1)) a projective limit cone over S in TG, and K
a closed subgroup of G. Then (K, (¢Z|?)) is a projective limit cone over
the projective system ((Kz)lel,(l/)m%)lgj) =: K of K-Lie groups, where
Proof. We may assume that the projective limit cone (G, (v;)icr) is of the
special form described in 1.6. It is easy to see that K is a projective system;
its projective limit topological group specified in 1.6 is the subgroup P =
{r e G: (Viel)y(r) € K;} of G. Then K < P clearly. It remains to show
that P < K. To this end, suppose that 2 € G\ K. Since K is closed in G, we
have K = (¢ NL(G) KU; using Lemma 4.2, we deduce that there exists i € 1

and V € N1(G;) such that = & K, '(V). The latter set being a union of
cosets of ker ¢;, we deduce that 1;(x) & ¥;(K; H(V)) = i (K)wi(v; (V).
Since im1); is a subgroup of G; and @bi(?/);l(V)) = V Nimv;, we infer
that ;(z) & ¥i(K)V D ¢(K) = K;, whence z ¢ P. We have proved
that P < K: Hence P = K indeed. O

Recall that a class W of Hausdorff groups is called a variety of Hausdorff
groups if W is closed under the operations of forming subgroups (S), quo-
tient groups with respect to closed normal subgroups (Q), arbitrary carte-
sian products (C) (and under passage to isomorphic topological groups),
see [16]. If A is a class of Hausdorff groups, there is a smallest variety
V(A) of Hausdorfl groups such that A is a subclass of V(A). If, in addi-
tion to the operations above, (P) denotes the formation of finite cartesian
products and (S) the formation of closed subgroups, it can be shown that
V(A) = SCQSP(A), see [4], Theorem 2, also [25], Theorem 7. Since finite
products, closed subgroups, and Hausdorftf quotients of K-Lie groups are K-
Lie groups, the variety of Hausdorff groups generated by the class of K-Lie
groups has the form

(1) V(LIEg) = SC(LIEk)
(see [16], [9]).
Proposition 4.7. For a Hausdorff group G, the following conditions are
equivalent:
(a) 77]1%: G — Gk is an isomorphism of topological groups;

(b) G is a TG-projective limit of K-Lie groups;
(¢c) G € V(LIEk), and G is complete.
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Furthermore, every G € V(LIEk) admits a dense embedding into a complete
Hausdorff group G € V(LIE).

Proof. The implications “(a)=-(b)” and “(b)=-(c)” are trivial.

(¢)=(b): If G € V(LIEk) and G is complete, then G is isomorphic to a
subgroup S of a product P = [[,.; H; of K-Lie groups H; by Equation (1);
we only need to show that S is a projective limit of K-Lie groups. To this
end, note that P = 1{£n [L;cr Hi is the projective limit of the projective

system of finite partial products [[,c» H; and respective restriction maps;
given a finite subset I’ of I, the limit map [[;c; H; — [[,cp Hi =: P is
the restriction map pryp := (pr;)ier. Since G is assumed to be complete,
S is closed in P. Now Lemma 4.6 shows that S is a projective limit of a
projective system of closed subgroups of the partial products Pp: All of
these are K-Lie groups.

(b)=-(a): Suppose that (G, (¥;);cr) is a projective limit cone in TG over a
projective system ((G)ier, (¢ij)i<;j) of K-Lie groups. By Proposition 4.4, for
every i € I there is a morphism «;: Gxg — H; such that «; o n]g = 1);. Since
(v;)icr separates points on G, we deduce that 77]% is injective. Let O be the
topology on G’ := im 77]}% which makes the bijection 77]1% \G’ an isomorphism
of topological groups. Then O is finer than the topology induced by Gk,
since 77]}% is continuous. On the other hand, the topology on G is the initial
topology with respect to the family (;);er, whence O is the initial topology
with respect to the family («;|g)ier; since every «; is continuous, we deduce
that O coincides with the topology on G’ induced by Gk, whence nﬂcg is an
embedding. Now G being complete, G’ is closed in Gk; on the other hand,
G’ is dense in Gg by Lemma 4.3: Thus G’ = Gk and 7§ is an isomorphism
of topological groups.

By Equation (1), every G € V(LIEg) is isomorphic to a subgroup S of
some cartesian product P of K-Lie groups. Now the closure S of S in P
is a complete group which contains S as a dense subgroup, and S, being a
subgroup of P, is a member of V(LIEk). O

Corollary 4.8. GPLk is closed under the formation of closed subgroups
and cartesian products; if G € GPLk and N is a closed normal subgroup
of G such that G/N is complete, then G/N € GPLk. In particular, GPLg
s closed under the formation of TG-projective limits.

The remainder of this section is devoted to special projective limits of
K-Lie groups, the so-called pro-K-Lie groups. A topological group G a pro-
K-Lie group if Jg(G) is cofinal in Ix(G) and (G, (f) fese(c)) is a projective
limit cone over the projective system ((Hy) re . (a)s (9£4) r<g) =t T (G). Note
that if the first condition is satisfied, the second is equivalent to 77]% being
a topological isomorphism. Let PLgk be the full subcategory of TG whose
objects are the pro-K-Lie groups. For later use, we recall:
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Lemma 4.9. Let ((G))ier, (¢ij)i<j) be a projective system in TG, with pro-
jective limit cone (G, (qi)icr); let f: G — H be a morphism into a real Lie
group H. Then there is © € I such that kerq; < ker f; hence if ¢; is a
quotient map, there exists a morphism g: G; — H such that f = g o g;.

Proof (cf. [33], p.26). Let U be an identity neighbourhood in H which con-
tains no nontrivial subgroup. Then all subgroups contained in the iden-
tity neighbourhood f~!(U) of G are subgroups of ker f. It follows from
Lemma 4.2 that there is ¢ € I with kerg; C U: Then ker ¢; < ker f. O

The definition of pro-K-Lie groups given here is in accordance with that of
a pro-LIEg-group in the sense of [13], Definition 1.17, where pro-P-groups
are defined for arbitrary properties P of topological groups. Let us verify
now that a Hausdorff group G is a pro-Lie group (i.e., a pro-R-Lie group) if
and only if it is an LP-group in the sense of Lashof [20], Definition 3.1, i.e.,
if and only if G is a projective limit of a projective system ((Gi)icr, (¢ij)i<;)
of (real) Lie groups such that all bonding maps ¢;; are quotient morphisms
and so are all limit maps ¢;: G — G;.

Lemma 4.10. Let G be a Hausdorff group. The following conditions are
equivalent:

(a) G is a pro-Lie group;

(b) G is an LP-group;

(¢) N(G) :={ker f: f € Jr(G)} is a filter basis which converges to 1 in G,
and G is complete.

Proof. The implications “(a)=-(b)” and “(b)=-(c)” are trivial. If (c) holds,
Jr(G) is a directed subset of Ig(G), whence we can form the projective limit
P .= limf p (G)Hf; let m¢: P — Hy be the limit morphism for f € Jr(G).
— fedq
There is a unique morphism p: G — P such that mpou = f for all f € Jr(G).
Since (IN(G) = {1}, the morphism p is injective; every f € Jr(G) being
a quotient morphism, we deduce from N(G) — 1 that p is an embedding
with dense image (cf. [9], [16]). The isomorphic image being closed by
completeness of G, we deduce that p is a topological isomorphism. This
implies that (G, (f)fem(q)) is a projective limit cone over the projective
system ((Hy) fes(q), (9rg)r<g).- We deduce from Lemma 4.9 that Jr(G) is
cofinal in Ig(G): Thus G is a pro-Lie group. O

See also [16] and [9] for characterizations of locally compact pro-Lie and
pro-p-adic Lie groups, and [1] for structural investigations of locally compact
pro-Lie groups. We remark that if G is locally compact, Jx(G) is cofinal
in Ix(G), as follows directly from [3], Chapter III, §8.2, Corollary 1 to
Theorem 2. For later use, we recall that a topological group G is called a
residual K-Lie group if nﬂcé is injective.
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Note added in proof. At the time of writing of this article, it was an open
question whether every projective limit of Lie groups is a pro-Lie group,
and our results are formulated accordingly. In the meantime, an affirmative
answer to this question was obtained by K. H. Hofmann and S. A. Morris
[15].

5. Definition of the Lie algebra functors.

In this section, we define 15 real topological Lie algebra functors on the
category of Hausdorff groups, and 9 p-adic topological Lie algebra functors.
Any of these functors extends the real or p-adic Lie algebra functor on the
category of real or p-adic Lie groups, respectively, and the functors are
pairwise not naturally isomorphic, as shall be verified in Sections 8 and 12.

5.1. Recall that the Lie algebra functor on the category of real Lie groups is
defined via Lg(G) := Hom(R, G), canonically equipped with a real Lie alge-
bra structure, and Lgr(v) := Hom(R, ¢) for morphisms ¢: G — H between
Lie groups. We consider L as a functor into the category of topological real
Lie algebras, i.e., real Lie algebras equipped with a vector topology making
the Lie bracket continuous.

5.2. Similarly, the p-adic Lie algebra of a p-adic Lie group G can be real-
ized as Lg,(G) := I'(Qp, G), the set of function germs at 0 of local p-adic
one-parameter subgroups of G, i.e., local homomorphisms Q, — G. To see
this, we may assume that G is a linear Lie group, in view of Ado’s Theo-
rem ([3], Chapter I, §7.3, Theorem 2) and [3], Chapter III, §4.2, Lemma 3
and Theorem 2. Then each local p-adic 1-parameter subgroup X of G sat-
isfies the differential equation X’ = X’(0)X and hence, being analytic, is
determined on a zero-neighbourhood by its derivative X’(0); and conversely,
every tangent vector at the identity element arises in this way. Here, a local
homomorphism Q, — G is a continuous homomorphism X : U — G, de-
fined on an open subgroup U of Q,; its function germ at 0 is the equivalence
class [X] of all local homomorphisms Y such that Y ~ X, where ¥ ~ X
means that X and Y coincide on a neighbourhood of 0. In this picture,
we have Lq, () = I'(Qp,v) for a morphism v : G — H between p-adic Lie
groups, where I'(Q,, ¢): I'(Q,, G) — I'(Q,, H) is defined via [X] — [¢) o X].

5.3. Now let K be R or Q, for some prime p. Then Lk := limo (Lg)" oGk is

a functor from TG into the category of topological K-Lie algebras. For G €
TG, the topological Lie algebra Lk (G) is called the (global) K-Lie algebra
of G. Being a closed vector subspace of a product of finite-dimensional vector
spaces, L (G) is a weakly complete locally convex space, by Proposition 2.1.
If G is a locally compact group, we can repeat the construction above with
Ix(G) replaced by its cofinal subset Jx(G) and obtain a functor L on the
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category ILCG of locally compact groups which is naturally isomorphic to
Lk|Lce-

Note that I'(R,e) := Hom(R,e) : TG — SET and I'(Qp,s) : TG — SET
(defined as above) are functors into the category of sets and maps. For
G € TG, we define g : T(K,G) — Lg(G), X — (T'(K, f)(X)) fer.(c)- Then

we have:

Lemma 5.4. rg : I'(K,e) = Fx o Lk is a natural transformation, where
Fk is the forgetful functor from the category of topological K-Lie algebras to
the category of sets. In other words, r]g oI'(K,9) = Lg(¢) o r]g, for every
morphism ¢: G — H.

Proof. In the proof, we use the notation for the case where K = Q,; if K = R,
the brackets “[” and “]” are to be ignored. Let [X] € I'(K,G). For f €
Ix(H), we let hy be the corestriction of f o to the closure of its im-
age. We let o(f) € Ix(G) be the unique representative which is equivalent
to hy, and A\y:imhy; — Hjy be the inclusion map. Then the f-coordinate
of Lr(¢)(rg([X])) is [Af o @n,a(s) © o(f) © X] = [f 0 ¢ o X], which coin-
cides with the f-coordinate of rf (T'(K,)([X])). Hence Lk (v)(r&([X])) =
ri(T(K, v)([X])) indeed. a

5.5. We can define further topological K-Lie algebra functors as follows:
Given a topological group G, we let Ag(G) be the K-Lie subalgebra of Lg (G)
generated by the image of rﬂg, and let Ag(G) be its closure. For every
morphism ¥: G; — Ga, the continuous Lie algebra homomorphism Lk (V)
maps Ag(G1) into Ag(Ge), as follows from the naturality of rk; the same
holds for the closures. Thus by restriction and corestriction of the Lie algebra
homomorphisms, we obtain functors Ax and Ag. These are linked by the
natural transformations ik, jk given by the inclusion morphisms
g i

Ak (G) — Ak (G) — Lk (G).
Note that every Ag(G) is weakly complete, being a closed subspace of L (G).

5.6. Since every morphism ¥ : G — H of topological groups maps the
components (and path components) into each other, the assignments G —
L%(G) := Lr(Go) (where Gy is the identity component of G) and G
LY¥°(G) := Lr(Garc) (where Gare is the path-component of the identity
in G) yield further real topological Lie algebra functors. Similarly, we define

AY = Ago(e)g, Ap := AR o (s)o, AXC := A o (e)arc, and A < := Ag o (e)arc.

5.7. Note that the real Lie algebras defined in 5.6 are unaffected by pas-
sage to open subgroups; in contrast, the global real Lie algebra can change
(Example 8.3). The same phenomenon occurs in the p-adic case: We shall
encounter a totally disconnected, locally compact group G with an open,
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compact, normal subgroup U such that Lq,(G) = {0} but Lg,(U) # {0}
(Example 12.2). In this setting, it would not make sense to pass to the
component; still, it is possible to define Lie algebras which are unaffected by
passage to open subgroups. To this end, we consider the set U(G) of open
subgroups of a topological group G, which is directed via inverse inclusion;
it UV € U(G) and U C V, we let kyy : U — V denote the inclusion
map. Then R(G) = ((U)UEM(G)v(kVU)UQV) e TG™ If®: G — Lis a
morphism of topological groups, we set 7(U) := ®~}(U) for U € U(L), and
(v = @\TU(U). We put R(®) := (7,(Cv)veu))- It is easy to check that
R: TG — TG" is a functor. We set

. -
P limo Ag o R, Ay’

:=limoAg oR, and L)¢°:=limoLf o R.

We call 1}0°(@) the local K-Lie algebra of G. Note that ﬁﬂzc(G) and I)2°(G)
are weakly complete locally convex spaces, for every Hausdorff group G.
Clearly all maps I'(Qp, kg) are bijections, and also the maps I'(R, kqr),
since every open subgroup U of G contains the path component of G. Then

(T(K,G), (r{ o T(K, kcv) Dveua))

is a cone over Lg(R(G)), considered as a projective system in SET, and
hence induces a map p%: I'(K, G) — L2%(@).

5.8. There are further interesting subgroups of a topological group G which
can be associated in a functorial fashion, for instance the subgroup cg(G)
of G generated by the set Rr(G) := {X(1): X € Hom(R,G)} of group ele-
ments which lie on one-parameter subgroups of G, and the subgroups cg, (G)
of G generated by the set Rg,(G) := {X(1): X € Hom(Z,,G)} of elements
which lie on p-adic local one-parameter subgroups of G. We call Rg(G)
the set of K-reachable elements of G, and cx(G) the proper K-component
of G. The K-component of G is defined as Cx(G) := ck(G), the closure of
the proper K-component. The (proper) Q,-component of G is also called
its (proper) p-adic component. Let us say that G is K-connected, respec-
tively, properly K-connected, if it coincides with its K-component and proper
K-component, respectively. It is plain that every morphism ¢ : G — H be-
tween topological groups maps ¢k (G) into cx(H ), whence we can make cg

a functor by defining cg (¢) := w@gg)) on morphisms.

Then L%Xp := Lk o ¢k, A%Xp := Ag o ¢k, and K%Xp := Ak o cx define
topological K-Lie algebra functors. Further functors might be obtained by
replacing cg by Cr in the preceding definitions, but these would be natu-
rally isomorphic to the ones just defined, by the following proposition: We
therefore refrain from introducing extra terminology.
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Proposition 5.9. Let G be a Hausdorff group, and D be a dense subgroup
of G; let e: D — G denote the embedding. Then Lg(e): Lg(D) — Lk(G)
is an isomorphism of topological Lie algebras.

Proof. Lie groups being complete, every morphism f € Ix(D) extends to
a morphism f: G — H ¢ with dense image; conversely, the restriction g|p
of g € Ix(G) to D is a morphism with dense image, and ¢ is uniquely
determined by g|p. Hence Gk(e) is an isomorphism, which implies that so
is Lx(e). O

Remark 5.10. It is plain from the above that cx(G) is a strongly char-
acteristic subgroup of G, i.e., ¥(ck(G)) C cx(G) for every continuous en-
domorphism v of G. Hence every simple topological group G has trivial
proper K-component or is properly K-connected. For example, PSL,(Q))
is properly Q,-connected, for all n € N. If S is a simple topological group
which contains an element of order p, then S is properly Q,-connected. For
example, PSLy(Q)) is properly Qs -connected, for every prime p. Note that
Cr(G) = Gy whenever Gy is a pro-Lie group (]20], Theorem 3.5), hence in
particular whenever G a pro-Lie group ([20], Lemma 3.9) or locally com-
pact [38]. It should also be mentioned that the set Hom(Q,,G) of global
p-adic one-parameter subgroups of a p-adic Lie group tends to be very small
in general; e.g., Hom(Qp,Z,) = {0}, since every morphism Q, — Q,, is lin-
ear. Interesting information on global p-adic one-parameter subgroups of
linear groups can be found in [28].

It is important to note that all of the functors we have constructed assign
the proper K-Lie algebras to K-Lie groups (up to natural isomorphism).
This follows from the following proposition:

Proposition 5.11. Let K,L € {R}U{Qp: p prime}. Then

for every K-Lie group G.

Proof. Assume K = L first. Then id : G — G is an upper bound for
Ix(G), hence Lg(G) = Lk (G); noting that 7§ is a bijection here, we obtain
Ak(G) = Ax(G) = Lg(G). f K # L and f € J.(G), the group H; will
be discrete, since f has open kernel by [3], Chapter III, §8.1, Proposition 1.
Thus Ly(G) = L (G) = {0}. O

Section 6 makes it rather clear that A%Xp and K%Xp are the most reasonable
real topological Lie algebra functors; in the setting of totally disconnected,
locally compact groups, Al& and KI& seem to be the p-adic topological Lie
algebra functors with the most reasonable properties. Figure 1 elucidates
the relations between the various functors defined above. In this figure,
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the arrows describe some of the natural transformations between the cor-
responding functors which are rather obvious from the above construction.
For the sake of completeness, we give some more explanations, for the left
diagram, say. The horizontal arrows in rows 1, 2, 3, and 5 (counted from top
to bottom) designate the natural transformations ig o cg, jr © cr, ir © ()arc,
Jr © (ares iR © ()o, Jr © ()o, ir, and jgr, respectively. The horizontal arrows
in the 4th row are the natural transformations
¢ 1<Eeru(G)Z]R and G = 1<E1UGL{(G')]R’

respectively. The first and second vertical arrow in the first column depict
the natural transformations given by G — Agr(cr(G) — Garc) and G —
Ar(Garc — Go), respectively. The third natural transformation is defined as
follows: Given a topological group G, we have Gy < U for every U € U(G);
if ey : Go — U denotes the embedding, the cone (AR (G), (Ar(ev))veu(a))
induces the natural morphism A%(G) — A(G). The lower-most arrow in
the first column denotes the natural transform which associates with G € TG
the limit map AR¢(G) = @AR(U ) — Ar(G). The vertical arrows in the

middle column and right column are defined analogously. Note that all
horizontal arrows correspond to embeddings of topological Lie algebras. All
vertical arrows in the first column correspond to surjective morphisms of
topological Lie algebras, except for the arrow A?R — Al°¢ which corresponds
to morphisms with dense image: These assertions follow easily from the
naturality of rg. Thus all vertical arrows in the second column correspond to
quotient morphisms of topological Lie algebras, by the preceding observation
and Proposition 2.1.

A%Xp < KE{XP AN L%Xp
! ] !
A%&rc SN A]?JC SN L%rc
! lo !
— —ex
A, — Ay — LY A?Q);p — AQp — Lg;p
! ! ! ! ! !
N o RR o I Ag, = Rg, & Lg
! ! ! 7 7 7

Figure 1. The various Lie algebra functors and natural
transformations between them.

Remark 5.12. The reader might wonder whether it is possible to associate
K-Lie algebras to a topological group G for arbitrary local fields K. This is
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indeed not possible by the ideas presented here. The reason for this is that
the analytic structure on such a group is an extra information in general,
which is not encoded in the topological group structure. For example, take
K =TFy(X)) and G := (K, +) = Z(2)MN x Z(2)N (where Z(2) denotes the
cyclic group of order 2). Then G = G™ for every n € N, and we cannot hope
to recover the Lie algebra K from the topological group G.

6. Behaviour of the Lie algebra functors on special classes of
topological groups.

In this section, we have a closer look at several classes of topological groups,
and study the behaviour of the Lie algebra functors on these. In particular,
we describe and study a class CLLg of topological groups whose Lie alge-
bras Ag "(G) can be used to make I'(K, G) a topological Lie algebra Ak (G)
(where K is R or Q). In doing so, we achieve the first goal formulated in the
Introduction: We use one of our topological Lie algebra functors to turn the
set Hom(R, G) of one-parameter subgroups into a topological Lie algebra,
for rather general topological groups G.

In the real case, various positive results can be obtained. We show
that Fo A is a continuous functor, where F' is the forgetful functor from the
category of topological real Lie algebras to the category of abstract real Lie
algebras. On the subcategory GPLgr of CLg, all of the 15 real topological
Lie algebra functors defined above coincide (up to natural isomorphism),
and these functors are continuous on GPLg. It is also shown that the func-
tor Lr|y(Lig,) maps embeddings to embeddings.

Most of the results obtained in the real case do not have analogues in the
p-adic case, as the examples show. Several differences between the real and
p-adic cases are recorded (in accordance with the third goal formulated in
the Introduction). The most severe difference is not specific to the p-adic Lie
algebra functors defined here: Any p-adic Lie algebra functor which extends
the usual p-adic Lie algebra functor is discontinuous.

At the end of this section, we briefly clarify the relation of our construction
to Lashof’s Lie algebra functor, and to other classical constructions.

6.1. Categories of well-behaved topological groups. In Section 4, we
already encountered the class GPLg of projective limits of Lie groups and
its subclass PLR of pro-Lie groups (as well as p-adic analogues). It turns
out that Hom(R, G) can be made a Lie algebra for more general classes of
topological groups, which we introduce now.

Definition 6.1. We say that a topological group G carries its K-Lie al-

gebra if sﬂcé = r&K(G”AEXp(G) is a bijection; we use this bijection to make
I'K,G) =T(K, cx(G)) a topological Lie algebra Ax(G). We let CLLg be the
full subcategory of TG whose objects are the groups which carry their K-Lie
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algebras. If ¢¥: G — H is a morphism in CLg, we set Ag(v) := I'(K,v); it
is immediate from Lemma 5.4 that Ak (%)) is a continuous Lie algebra homo-

morphism, that Ak is a functor, and that sg: Ag — AHZXPICLK is a natural

isomorphism. We call a residual (real) Lie group G special if TH?Q(G) has im-

age A%XP(G), and let SRLg be the full subcategory of TG whose objects are
the special residual Lie groups. Finally, we let IP’ILI% be the full subcategory
of TG whose objects are those Hausdorff groups whose identity components
are pro-Lie groups (the class of groups dealt with in Lashof [20]).

Let us have a look at examples now, and clarify the relations between the
various classes of topological groups defined so far. The knowledge of the
Lie algebras of some of these simple examples will be exploited later when
we determine the Lie algebras of more complicated topological groups. Sev-
eral basic differences between the real and p-adic cases will already become
apparent.

Recall that Hom(R, A)co., equipped with compact-open topology and
pointwise addition, is a real topological vector space, for every abelian topo-
logical group A ([14], p. 334 ff); furthermore, Hom(R, e)¢ o, is a functor from
the category TAB of abelian topological Hausdorff groups into the category
of (abelian) topological Lie algebras over R. If V is a topological vector
space, we let V' denote its topological dual space (the space of continuous
linear functionals), and V* its algebraic dual space, the space of all linear
functionals on V.

Proposition 6.2. Let K,L € {Q,: p prime} U {R}. Then the following
holds:

(a) Every K-Lie group G carries its LL-Lie algebra.

(b) If G1,...,Gy are Hausdorff groups which carry their K-Lie algebras,
then so does their cartesian product G =[]}, G;.

(¢) Thereis a sequence (Gyn)nen of finite groups whose cartesian product G
does not carry its p-adic Lie algebra for any prime p.

(d) The natural map uf : Hom(R, A)eo. — Ag(A) induced by r§ is a
surjective morphism of abelian topological real Lie algebras over R, for
every abelian topological group A. The mapping uﬁ is injective if A
is a residual Lie group, which holds if and only if the dual group A

separates points on A. Whenever uﬁ is injective, A carries its real

Lie algebra. If A is a locally compact abelian group, then uﬁ s an
isomorphism of topological vector spaces.

(e) Ewery real locally convex space V' is a special residual Lie group, and
Ar(V) =2V, where V,, denotes V', equipped with its weak topology
a(V,V'). Furthermore, Ag(V) = Lg(V) = (V')*, equipped with the
weak x-topology. The locally convex space V' is a projective limit of Lie
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groups if and only if it is weakly complete, in which case it is a pro-Lie
group.

(f) If G is a locally compact group such that G /Gy is compact, then G is a
pro-Lie group. In particular, every compact group is a pro-Lie group,
and every connected locally compact group is a pro-Lie group. Also
every locally compact abelian group is a pro-Lie group.

(g) PLg C GPLg C SRLg C CLg holds, and PLg C PLY C CLg; here
Ag(G) = Ar(G) = Lg(G), for every G € GPLg, and the mapping r§
is a bijection. In contrast, PLq, ¢ ClLq,, for every prime p, and the
mapping rgp neither needs to be injective nor surjective for a pro-p-
adic Lie group G, not even if G is compact.

Proof. (a) If p, q are primes, and G is a p-adic Lie group, then G carries its
g-adic Lie algebra. To see this, assume p = ¢ first. Since cq,(G) = Cg, (G) is
a p-adic Lie group, we may assume that G is Q,-connected. Now id: G — G
is an upper bound for Ig,(G), whence Lo, (G) = Aq, (G) = Lo, (G), where
Lg,(G) =T'(Qp, G) as a set and the preceding isomorphism is r(gp as a map.
If p # ¢, we have I'(Qq, G) = {[1]} since every morphism Z, — G is locally
constant. Since also every morphism from the p-adic Lie group Cg,(G)
into ¢g-adic Lie groups has open kernel, we have A?Q}Zp(G) = Aq,(cq,(G)) =
Ag,(Cq,(G)) = {0} (Proposition 5.11). The remaining cases can be proved
along the same lines.

(b) It suffices to show that a direct product G of two Hausdorff groups G,
and Go carries its K-Lie algebra if G; and G2 do so. The notation in the
following proof is adapted to the p-adic case; if K = R, all brackets “[”
and “|” are to be ignored. Since cx(G1 x G2) = cx(G1) X cx(G2), we may
assume that G and Gy are properly K-connected. For i € {1,2}, we let
pr; : Gi x Ga — G; and Pr; : T'(K,G;) x I'(K,Ga) — I'(K,G;) denote
the respective canonical projections, and ¢; : G; — G7 X G the canonical
embedding x — (x, 1), resp., y — (1,y). It is plain that the mapping

h:= ('K, pr), ['(K,pry)): T'K,G) — TI'(K,G;)xTI'(K,Gs),
[X] +—  ([pry o X], [pry 0 X])

is a bijection, with inverse ([X1],[X2]) — [(X1, X2)] (where we choose rep-
resentatives X; and Xs with a common domain of definition in the p-
adic case). Note that Ly (pr;) orf o h™! = r]% oI'(K,pr;) o A=t = r]% o
Pr; for i € {1,2}. Here rﬂ% and r% are injective, since G; and Go are
properly K-connected and carry their K-Lie algebras: We therefore deduce
that (Lg(pry), Lx(pry)) o r& is injective, whence so is r%. We use the bijec-
tion h to transport the K-Lie algebra structure of A\x(K,G1) x Ax(K, G2)
(which is I'(K, G1) x I'(K, G2) as a set) to I'(K, G). If we can show that this
structure makes r]% a Lie algebra homomorphism, its image will be a Lie
algebra, hence coincide with Ax(G). To this end, suppose that f € Ix(G).
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Let ¢¢: Lx(G) — Lx(Hy) denote the restriction of the canonical projection
[er () Lx(Hy) — Lx(Hy). Then

(¢porf oA )([X1],[Xa]) = [fo (X1, X2)]
= [(foEloXl)-(fOEEQOXQ)]
= [foe’flOXl]—i—[fOEQOXg],

where the dot in the second line denotes the pointwise product, and the last
equality holds by the Trotter Product Formula (see [3], §3.3, Proposition 4),
since im f o 1 and im f o e9 centralize each other. Thus

prorfoh ! =prolr(er) ot o Pry + ¢ o Lig(e2) 0 15 o Pro

is a Lie algebra homomorphism Ak (G1) x Ak (G2) — Lk (Hy), being a sum of
two Lie algebra homomorphisms whose images centralize each other. Since f
was arbitrary, we conclude that rﬂcg oh~!is a Lie algebra homomorphism into
the projective limit Lie algebra Lk (G). Hence so is r]% .

(c) Choose a bijection N — P, i +— p; onto the set P of all primes;
given i € N, set G; := Z(p}) x - -+ x Z(pt), where Z(m) denotes the cyclic
group of order m € N. For any prime p, we can embed Z, into G :=
[Licy Gi: Thus I'(Qp, G) # [0]. Being compact and totally disconnected,
G is a pro-p-adic Lie group. Fix p € P, p = p;, say. It is easy to see
that cg,(G) = Cq,(G) = [];5;Z(p"). Now every f € Jg,(Cq,(G)) has

Co, (G
open kernel, whence H is discrete; therefore LeXp (G) = {0} and TQSP )

is not injective, whence G does not carry its p—adlc Lie algebra. Indeed,
let U be an open, compact Campbell-Hausdorff subgroup in Hy, i.e., an
open compact subgroup isomorphic to a Zjy-submodule of the Lie algebra
of Hy, equipped with the Campbell-Hausdorff multiplication (cf. [3], §4.2,
Lemma 3 and Theorem 2). Then U is torsion-free. Now V := f~}(U) is an
open subgroup of Cg, (G); since tor(Cg, (G)) contains P, ; Z(p"), it is dense
in Cg, (G), whence V Ntor Cp,(G) < ker f is dense in V. Thus V' < ker f,
using that ker f is closed.

(d) Let A be an abelian topological group, and f € Ig(A). Then Hy
is an abelian Lie group; the compact-open topology on Hom(R, Hy) =
Lr(Hy) is the Hausdorff vector topology. All mappings Hom(R, f)c.o. :
Hom(R, A)co. — Hom(R, Hy)co. being morphisms of topological vector
spaces, so is uj : Hom(R A)co. — Ar(A), X — (Hom(R, f)(X))ferm(a)-
Thus imuf = im7§ = Ag(A) is an abelian topological Lie algebra indeed.
Clearly A is a residual Lie group if the characters separate points on A. Con-
versely, if A is a residual Lie group and f € Ir(A), then Hy is an abelian Lie
group and hence is a locally compact, abelian group, whose characters sepa-
rate points on Hy: We easily deduce that the characters of A separate points
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on A. Now if A is a locally compact abelian group, then the characters sep-
arate points on A, whence A is a residual Lie group. By the preceding, uﬁ
is a continuous linear bijection. By [14], Theorem 7.66 (i), the topological
vector space Hom(R, G)c.o. is weakly complete; since also Ag(A) is weakly
complete, we deduce from Proposition 2.1 that u]{é is an isomorphism of
topological vector spaces, and Ag(A4) = Ar(A).

(e) Let V be a real locally convex vector space; then V' — Hom(R, V)c.o.,
v — (t — twv) is an isomorphism of topological vector spaces, with inverse
expy : Hom(R, V)¢ — V, X — X (1). The Hahn-Banach Theorem entails
that V is a residual Lie group; we deduce with Part (d) that V = Ag(V) as a
vector space. Next, we use that V is connected and locally path connected.
If f: V — Hy is a morphism in Ig(V'), the density of f(V') in Hy implies
that Hy is connected. Let H ¢ be a universal covering Lie group of Hy, with
universal covering morphism c: H ¢ — Hy; there exists a unique morphism g:
V — ﬁf such that cog = f. Note that Hy is abelian, since f has dense
image. Being an abelian simply connected Lie group, H ¢ is isomorphic
to R™ for some n. This implies that g is linear, and now h := g\img is a
linear map onto the finite dimensional real vector space im h; note that any
such map is a quotient morphism. We have shown that the set K of linear

quotient maps onto finite-dimensional real vector spaces is cofinal in Ig(V').
If ¢: Lg(V) — Lr(Hy) denotes the limit map for f € Ig(V'), we have

(2) eXpyy, 0 ¢ © g o exp‘_/1 =f

for f € K, where expy, is an isomorphism; the topology on Ag(V) is the
initial topology with respect to the family (¢7|a.(v))rex- We easily deduce
that the topology on V' which makes s% o exp;/1 = r]}@AR(V) o exp‘;1 an
isomorphism of topological vector spaces coincides with the weak topology
on V. It follows from Equation (2) that the mappings ¢ o g are surjec-
tive, for every f € K; this implies that Ag(V) = imrg is dense in Lg(V),
whence Ag(V) = Lg(V). Since (V’)* is the completion of V,,, we obtain
Lr(V) = (V')*. It remains to observe that if n is an isomorphism, then V'
is isomorphic to a subspace of a product of finite-dimensional spaces and
therefore is weakly complete. The converse is clear.

(f) See [24], p. 175, and [14], Corollary 7.54.

(g) Every pro-Lie group G € PLg is a projective limit of Lie groups.
Let G be a TG-projective limit of Lie groups now; then (G, (f) fery(c)) is a
projective limit cone over Sr(G), as follows from Proposition 4.7 (a). Given
(Xf)fGIR(G) S LR(G), we have Xf = ER(¢fg)-Xg = ¢fg o Xg for all f,g €
Ir(G) such that f < g: Therefore (R, (Xy)rer,(g)) is a cone over Gg(G),
which induces a unique morphism X : R — G such that fo X = Xy for
all f € Ig(G). Thus r§ : Hom(R,G) — Lg(G) is a bijection, from which
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we deduce that Ar(G) = Ar(G) = Lg(G) indeed. Note that G is a residual
Lie group, since Ir(G) separates points on G. Since Cg(G), being a closed
subgroup of G, is a projective limit of Lie groups (Lemma 4.6), TIER(G) is
a bijection. Noting that the natural map Lg(cr(G)) — Lr(Cr(G)) is an
isomorphism of topological Lie algebras and using the naturality of rg, we
deduce that T'[ER(G) is a bijection. Thus G carries its real Lie algebra and
is a special residual Lie group. Let GG be a special residual Lie group now.

Then cr(G) is a residual Lie group as well: Thus Ig(cr(G)) separates points

cr(G) .

on cg(G), which implies that 7" is injective. By the definition of special

residual Lie groups, TR( ) has image Ar(G). Thus G carries its real Lie
algebra. Thus PLg C GPLg C SRLg C CLg, and then obviously also
PLY C CLg; [20], Lemma 3.9 shows PLg C PL}. Let us show now that
the containments just proved are strict. We consider the simple p-adic Lie
group S := PSLy(Q,) (for any prime p), and set G := R x S. Then G is not
a residual Lie group, since every morphism into a real Lie group has S in
its kernel. However, G carries its real Lie algebra, since cg(G) = R. Thus
SRLg C CLg. Furthermore, G € PL{ but G ¢ PLg; thus PLg C PLJ.
Next, consider any locally convex real vector space V which is not complete.
Then V € SRLg C CLg but V ¢ GPLg and V ¢ PLY, by (e). Thus
GPLg C SRLg and PL$ C CLg.

The group G constructed in the proof of (¢) is a totally disconnected,
compact group and therefore pro-finite, thus a pro-p-adic Lie group for every
prime p. However, as observed above, it does not carry its p-adic Lie algebra:
The mapping rgp is not injective for this group. The Hausdorff group G
constructed in Example 7.5 below is a compact, totally disconnected group,
and hence a pro-p-adic Lie group; the mapping rgp is not surjective for this
group. [l

6.2. Behaviour of the real Lie algebra functors on these categories.
In this subsection, we study the behaviour of the real topological Lie algebra
functors on the categories GPLpg, IP’IL]%, CLR, and on the variety V(LIER) of
Hausdorff groups generated by the class of real Lie groups.

Let us have a closer look at the category GPLg of TG-projective limits
of Lie groups first. We show that Ar|gpr, is a continuous functor,? and we
show that all of the 15 real topological Lie algebra functors defined above
coincide on GPLg (up to natural isomorphism).

Proposition 6.3. For every TG-projective limit G of real Lie groups, we

have \g(G) = Ag’gp(c) AP(G) = LEP(Q) = AZ(G) = AR (Q) =
LE“(G) iA%(G) = A2(G) = LY(G) = Ng(G) = A'(G) = () =
Ar(G) = Ar(G) = Lr(G). Here, the first isomorphism is s§, and the other

2Recall that a functor is called continuous if it respects limits of small diagrams.
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isomorphisms are the natural morphisms described in Figure 1. The real
topological Lie algebra functor Ar|gprL, i continuous and extends the real
topological Lie algebra functor Lr on the category of real Lie groups; up
to natural isomorphism, it is uniquely determined by these properties. In
particular, A\r|gpL, respects direct products and projective limits.

Proof. The subgroups Gy, Cr(G), and Gare of G, as well as any open sub-
group U of G, are closed subgroups of GG and therefore are TG-projective lim-
its of Lie groups (Corollary 4.8). We have Hom(R, cg(G)) = Hom(R, Garc) =
Hom(R, Cg(G)) = Hom(R, Gy) = Hom(R,U) = Hom(R, G); using that 7§
is a bijection for every projective limit of Lie groups P, the naturality of rg,
Proposition 5.9, and Proposition 2.1, we easily deduce that all of the nat-
ural morphisms between the topological Lie algebras associated with G are
isomorphisms of topological Lie algebras.

Now suppose that S is a small category (i.e., a category whose class of
objects is a set), and F': S — GPLR a functor; let us write G; := F(7)
and Fy := F(¢): G; — Gj for i,j € obS, ¢ € Hom(i,j). Suppose
that G € GPLg is a limit in GPLgr of the functor F, with limit maps
7 G — G; for i € obS (cf. [21], Chapter III, §4).3 We claim that
(Ar(G), (Ar(7i))icob s) is a limit cone over the topological Lie algebra func-
tor Ag o F'. To see this, note that there is a unique continuous Lie algebra
homomorphism @ : Ag(G) — lim Ar(G:) = {(Xi)icobs € [Licob s AR(G):
Ar(Fy)(X;) = X; for alli,j € obS and ¢ € Hom(7, j)} such that I; o ® =
Ar(mj) for all j € obS, where II; : lim Ag(G;) — Ar(Gj), (X;) — X is
the limit map. Now, for every (X;);cobs € lim Ar(G;), we obtain a cone
(R, (Xi);eobs) over F'; by the universal property of G, there is a unique
continuous homomorphism X : R — G such that Ag(m;)(X) =m0 X = X,
for all ¢ € ob S. The latter condition being equivalent to ®(X) = (X;);cob 5+
we deduce that @ is a bijection. As any continuous linear bijection between
weakly complete spaces, ® is a topological isomorphism. O

As a special case, we obtain:
—-arc

Corollary 6.4. A;P(G) = AZP(G) = LgP(G) = AF(G) = Ap (G) =
L&(G) 2 A% (G) = K]%(G) = LY(G) holds, for every G € PLY.

On the variety of Hausdorff groups V(LIEgR), the functor Lr respects
embeddings:

3We mention that G is a TG-limit of the functor F here, as follows from Corollary 4.8;
the reader can therefore think of G as the topological group

{(xi)ieobse H Gi: Fy(zi) =zjforalli,j €obS and ¢ € Hom(i,j)} ,
icob s

with limit maps m;: G — Gi, (2;), oL g F i- The proof does not make use of this addi-

tional information.
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Proposition 6.5. The real topological Lie algebra functor L]R|V(]L]HE]R) has
the following properties, and is uniquely determined by these (up to natural
isomorphism):
(a) The functor Lr|Lig, is naturally isomorphic to the real Lie algebra
functor Lr on the category of real Lie groups;
(b) Lr|gpLg is a continuous functor;
(¢) If G,H € V(LIER) and ¢ : G — H is an embedding of topological
groups, then Lr(e) : Lr(G) — Lr(H) is an embedding of topological
Lie algebras. If € has dense image, then Lr(e) is a topological isomor-
phism.

Proof. (a) and (b) were established in Proposition 5.11 and Proposition 6.3,
respectively. Now suppose that G, H € V(LIEgR) and suppose thate: G — H
is a topological embedding. By Proposition 4.7, there exist dense embed-
dings eg: G — G and ey : H — H into certain G, H € GPLr. There exists
a unique continuous homomorphism : G — H such that Zoeg = ey o¢; it
is easy to see that £ is an embedding of topological groups since ¢ is so. It
remains to note that Lr(ey) o Lr(e) = Lr(€) o Lr(eq), where Lr(ey) and
Lr(eq) are isomorphisms of topological Lie algebras by Proposition 5.9 and
Lg(g) = rl o Hom(R,2) o (r§)~! is an injective continuous linear map be-
tween weakly complete topological vector spaces and therefore a topological
embedding; this implies that so is Lr(e). If € has dense image, Lr(¢c) is an
isomorphism by Proposition 5.9. Thus (c) is verified.

The functor Lg|yigy) is determined up to natural isomorphism by prop-
erties (a), (b), and (c), since every G € V(LIER) is a dense subgroup of a
projective limit of Lie groups by Proposition 4.7. O

Although it is not clear whether Ag has the good properties described in
Propositions 6.3 and 6.5 on all of ClLg, we can obtain analogous results if
we consider Ag as an abstract Lie algebra functor (forgetting the topology
on the topological Lie algebras):

Proposition 6.6. The functor F o Ag from CLLg into the category of real
Lie algebras and Lie algebra homomorphisms is continuous and maps embed-
dings to injective Lie algebra homomorphisms; here F' denotes the forgetful
functor from the category of real topological Lie algebras into the category of
real Lie algebras.

Proof. The continuity of Ag can be shown along the lines of the proof of
Proposition 6.3; the only difference is that since Ag(G) = Ar(G) need not
be weakly complete if G € CLy is a CLg-limit of groups G; € CLg, we
cannot deduce that the bijective continuous Lie algebra homomorphism &:
Ar(G) — lim Ag(G;) is an isomorphism of topological Lie algebras.* Still, ®

4The author does not know whether this pathology really occurs.
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is an isomorphism of Lie algebras. Note that CLg-limits need not coincide
with TG-limits a priori, but this does not matter in the proof.® It is obvious
that Ag = Hom(R, ¢) maps injective homomorphisms to injective Lie algebra
homomorphisms. O

Remark 6.7. We have observed above that Ar|gpr, is the unique contin-
uous functor on the category GPLR of TG-projective limits of Lie groups
which extends the Lie algebra functor Lr on the category of Lie groups; put
otherwise, it is the right Kan extension of Lg to GPLg (cf. [21], [13], [17]).
It was already noted in Hofmann [13] that Ag|py, is the right Kan extension
of L to the category PLg of pro-Lie groups.

None of the Lie algebra functors introduced here respects direct limits.

Remark 6.8. Let K = R or K = Q,. Consider the strict directed system
SLi(K) — SLa(K) < ---, with embeddings A +— diag(A,1); the direct
limit topological group of this directed system has underlying group SL«, (K)
C 1+ K&N ¢ KNXN the group of N x N-matrices A differing from the
identity matrix at only finitely many positions, with determinant det(A) =
1; here SL, (K ) < SLo(K) via A — diag(A, 1) (cf. [8]). It follows from the
fact that SL, (K ) is simple for n in some cofinal subset of N that SLo(K) is
a simple group. Since dimg sl,(K) — 0o as n — oo, we easily deduce that
every morphism from SL.(K) into a (finite-dimensional) K-Lie group is
trivial. Thus Lg (SLoo(K)) = {0}. On the other hand, liinsln(K) = sl (K)
is a nontrivial Lie algebra. We remark that it is still possible to identify
sloo(K') with I'(K, SLo (K)) here, as a special case of [8], Section 5 and [8],

Corollary 8.4.
6.3. The contrasting p-adic case. In Proposition 6.2 (g), we already en-

countered a difference between the real and p-adic cases. In this subsection,
we describe further important differences.

The most important difference concerns continuity properties of the func-
tors. In contrast to Remark 6.7, any p-adic Lie algebra functor which ex-
tends the usual p-adic Lie algebra functor Lg, has to be discontinuous, since
already Lg, does not respect a certain TG -projective limit.

Example 6.9. We have Lo, (Zy) = Q,, where Z, = limZ(p"). However
Lo, (Z(p"™)) = {0} for every n € N, whence lim Lq, (Z(p")) = {0}.

In contrast to Proposition 6.5, the p-adic Lie algebra functors constructed
here do not respect embeddings, not even of pro-finite groups.

Example 6.10. Let G be the topological group defined in the proof of
Proposition 6.2 (c); as observed there, there exists a subgroup Z of G iso-
morphic to Z,. Let e: Z < G be the embedding. We have Lg,(Z) = Q,
and Lg, (G) = {0}, whence Lq, (¢) = 0.

5The author does not know whether this pathology really occurs.
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Thus Lg, does not map embeddings to injective Lie algebra homomor-
phisms in general, not even embeddings of pro-finite groups. Neither do the
other p-adic Lie algebra functors defined in this paper (by the same coun-
terexample). In particular, unlike the real case, if ¢»: H — G is a morphism
between locally compact groups and ¢: ker¢) < H, then im Lo, (¢) can be a
proper subset of ker Lo, (¢), i.e., Lg, is not left exact (and the same problem
occurs for the other p-adic Lie algebra functors).

Despite these problems, the p-adic Lie algebra functors do have specific
good properties on the category of locally compact groups, as we shall see
in Section 10 below. For example, we shall see that both Lg, and LI& map
quotient morphisms between locally compact groups to quotient morphisms
(Corollary 10.3, Corollary 10.7).

6.4. Relation to Lashof’s functor and other classical constructions.
Let us clarify the relation to Lashof’s construction now. If G is a pro-Lie
group, the Lie algebra of G in Lashof’s sense is defined in [20] only up to an
isomorphism of topological Lie algebras, depending on the choice of projec-
tive system. Using the projective system 7 (G) defined after Corollary 4.8,
we obtain a canonical realization,

lr(G) :=lim Lr(Hy).
§(G)i=lm ()
If ¢: G — K is a morphism between pro-Lie groups, Lashof associates with
it the unique continuous Lie algebra homomorphism (g (¢): {r(G) — (r(K)

such that ¥ oexpy = expy o fr (1)), where the exponential function of a pro-

Lie group G is defined via exps := lim expy, ([20], Theorem 3.11);
— fer(G) !

here expyy, : Lr(Hy) — Hy, X +— X(1). More generally, if G € PLY, Lashof
associates the topological Lie algebra (%(G) := (gr(Go) with G; then (%
becomes a functor if we define ¢ () := fg(1o) for morphisms ¢: G — K
in PLY, where ¢ 1= 1[50

Proposition 6.11. There is a natural isomorphism ©: Lg|p, — ¢r and a
natural isomorphism ©°: LY |pro = 5.
R

Proof. If G is a pro-Lie group, we deduce from the cofinality of Jg(G)
in Ig(G) that the natural map
0% lim Lr(H lim Lr(Hf), (X — (X
ELLLB, r(Hf) — @ r(Hyp)s  (Xp)renre) = (Xf)femc)
is an isomorphism of topological Lie algebras. Note that, if Y = (Y}) rc 1, ()
is an element of (g(G), we have f(expg(Y)) = expy, (Yy) = Yy(1) for f €
Jr(G); in particular, given X € Hom(R, G) we have f(exps(0%(r§(X)))) =
f(X(1)) for all f € Jr(G), which implies X (1) = exps(0%(r§(X))). No

=
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suppose that ¢ : G — K is a morphism between pro-Lie groups. Given
X € Hom(R, G), we have

(foexpgo®f oLr(y) 0r§)(X) = (foexpgo®f orf)(yoX)
= (foyoX)(1)
= (fou)((expg 0O o r§)(X))
for all f € Jr(K). Since Jg(K) separates points on K and r§ is bijective, we
deduce that exp 0 ©K oL (1))o(0%) ™! = thoexps. Now OF oLy (¢))o(0©F)~1
being a continuous Lie algebra homomorphism, we deduce from the defining
property of fg (1)) that fr(¢)) = K o Lg(¥) o (09)7L, ie., lr(1)) 0 OF =
0% o Lr(1)). We have proved that ©F is a natural isomorphism. It is plain
that (©%)¢ := ©%° defines a natural isomorphism @°: LR‘]P’]LD% = LR O

Remark 6.12. The usual Lie algebra functor on the category LCG of lo-
cally compact groups and continuous homomorphisms coincides with Ar|Lcg;
thus the Lie algebra of the locally compact group G is the topological Lie
algebra Ar(G) = (2 (G) = AY(G), with underlying set Hom(R, G), the set
of one-parameter subgroups of G.

Remark 6.13. Note that it is possible to identify the topological Lie al-
gebra Lr(G) with Hom(R, Ggr) as a set, for arbitrary G € TG. To see
this, note that Sg(ng) is an isomorphism, whence Lg(n§) is an isomor-
phism of topological Lie algebras. Now Ggr being a projective limit of Lie
groups, s7% : A\g(Gr) — Ar(Ggr) = Lr(Ggr) is an isomorphism of topo-
logical Lie algebras as well. Thus Lg(G) = Ar(GRr) via the isomorphism
d% := (s%)"ToLg(n%), and it is easy to see that d: Lg - Ago( )g is a natu-
ral isomorphism. In particular, the argument shows that Lr = Lr|gprzo( )r.
However:

Remark 6.14. If G is an arbitrary Hausdorff group, it is not clear at all how
the set Hom(R, G) of one-parameter subgroups of G might be turned into a
Lie algebra. A strategy different from the one pursued here is to try to make
Hom(R, G) a Lie algebra directly by means of the Trotter Product Formula
and the Commutator Formula: E.g., this works for the Banach-Lie groups,
and for countable strict direct limits of finite-dimensional Lie groups [8];
see [5] for a very general approach along these lines.® In general, the groups
which can be given a Lie algebra in this way need not be objects of CLLg, and
also the Lie algebras we associate with them will not be the Lie algebras
one would like to obtain in general. For example, let H be an infinite-
dimensional separable Hilbert space, and G := GL(H) = B(H)*; by [29],
Theorem 12.37, we have cg(G) = G. Then G carries a natural Banach-Lie
group structure (cf. Section 14); the Banach-Lie algebra of the Banach-Lie

5We should also mention the “quotient approach” to Lie groups here [37].
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group G is B(H), a Lie algebra all of whose finite-dimensional represen-
tations are trivial, since any proper Lie algebra ideal of B(H) has infinite
codimension ([27], Theorem IV A). Since G = cg(G), we deduce in view of
the naturality of the exponential function that every morphism from G into
(finite-dimensional) Lie groups is trivial. Thus Ly *(G) = Lg(G) = {0}.
It is certainly a drawback of the Lie algebra functors defined up to now
that they do not associate the desired Lie algebras with Banach-Lie groups
in general. In Section 14, we briefly outline how topological Lie algebra
functors on TG can be defined which associate the correct topological Lie
algebras to Banach-Lie groups.

7. Preservation of direct products.

Throughout this section, let K = R or K = Q,, for some prime p. As ob-
served in the preceding section, A\g = AEXP|CLR, considered as a functor into
the category of (abstract) real Lie algebras, preserves limits, and hence pre-
serves direct products in particular. In this section, we address the problem
whether the functors defined on all of TG preserve direct products.

Theorem 7.1. The functors Ax and Ag respect finite direct products.
Moreover, if (G;)ier is a family of Hausdorff groups and G its cartesian
product, with canonical projections pr;, then the map V = (Ax(pr;))iers
Ax(G) — Tlie; Ax(Gi) is surjective and open. If K = R, then V is an
isomorphism of topological Lie algebras. Provided it respects the direct prod-
ucts of all finite subfamilies occurring,” the analogous assertions hold for
the functor L.

Proof. In the following, we use the notation corresponding to the case K =
Qp; if K = R, the brackets “[” and “|” are to be ignored. Let Gi, G
be topological groups, and G be their direct product. Then we have, for
i € {1,2}, the canonical inclusion morphism ¢;: G; — G, and the canonical
projections pr; : G — G;. The canonical projection Lg(G1) X Lg(G2) —
Lk (G;) will be denoted by Pr;. We consider the following continuous linear
maps:

¢ := (Lx(pry), Lx(pry)): L (G) — Lk (G1) x Lr(G2),  and
P = LK(€1) oPri + LK(EQ) o Pry: LK(Gl) X LK(GQ) — LK(G).

Clearly ¢ is a morphism of topological K-Lie algebras. To see that ¢ is a Lie
algebra homomorphism as well, suppose that X € Lg(G1), Y € Lg(G2), and
f € Ig(G). Then X is of the form ([X,])ger, (a), say- Set Hy :=im f oey,
and hy := (foey)|H; denote the inclusion Hy — Hy by p1. To ease notation,
let us assume that hy € Ig(G1). Then the f-coordinate of Lx(e1).X is given

by [p1 © Xp,]. With analogous notation, the f-coordinate of Lk(e2).Y is

"The author doesn’t know whether Ly respects finite direct products in general.
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[20Yy,]. Note that H; and Hy centralize each other, since so do the images
of £1 and 2. Hence, by the Commutator Formula, [3], §3.3, Proposition 4,
the Lie bracket of [u; o Xp,| and [u2 o Yj,| vanishes. Thus the images of
Lk (g1)oPry and Lg(e2) o Prg centralize each other, whence v is a Lie algebra
homomorphism.

Now let [X] € I'(K, G) be given, and f € Ix(G). In view of the naturality
of 7k, the f-coordinate of (¢ 0 ¢ o r§)([X]) is given by

[foeropryoX]+[foegopryoX]
=[(foeropr;oX) - (foezopryo X)] =[foX],

where the second equality is obtained from the Trotter Product Formula [3],
Chapter III, §4.3, Proposition 4, again using that ime; and imeo centralize
each other. Thus (¢ 0 ¢)(rg([X])) = rq([X]) for all [X], whence the restric-
tion of ¥ o ¢ to Ax(G), and indeed to Ag(G), is the identity. Similarly, one
recognizes that the restriction of ¢ o9 to Ag(G1) X Ag(G2) is the identity,
and so is its restriction to Ax(G1) x Ax(G2). This proves the assertions on
finite products.

Suppose now that (G;)ier is a family of Hausdorff groups, with direct
product G. For every finite subset F' of I, we set prp := (pr;)icr and Prp :=
(Pri)ier, where Pr;: [[,¢; Ax(Gj) — Ak(G;) is the canonical projection.
Furthermore, we let ep: [[;,c Gi — G denote the canonical inclusion, and
we set v := (Ak(pr}))ier, where pr} is the canonical projection []. . G; —
G;. Then the diagram

jEF

Ae([Ler G0 M5 Re(G) Y e Bx(Gy)
\id lﬁAK(er) lPI‘F

AK(HiEF Gi) - HieF Ak (Gi)
commutes. Since 7 is an isomorphism by the above, we conclude that
Prp(imV) = [[;cp Ax(G;). Since F' was arbitrary, imV is dense in the
product [];.; Ax(G;). By Proposition 2.1, V is open and surjective.

Now assume that K = R. If 0 # X := (X)) € Ar(G), then
there is g € Ir(G) such that X, # 0. We now use that [[,c;G; =

lim ( )Hie 7 Gi in a natural way, where ®(I) is the directed set of fi-
—Fed(I

nite subsets of I. By Lemma 4.9, there is F' € ®(/) and a morphism
h: P := [LicpGi — Hy such that g = h o prp. There is k € Ig(P)
such that k ~ h, and it is easy to see that the k-coordinate of Ag(pry)(X)
is nonzero. This implies the injectivity of V in the real case. The remainder
is plain. O

Remark 7.2. Note that Cx(G) = [[;c; Cx(Gi), Gare = [[;c;(Gi)are, and
Go = [[;c;(Gi)o in the situation of Theorem 7.1. This allows us to deduce
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the analogues of the theorem for the functors Ay " and Ap?, AZ¢ and Ag <,

as well as for the functors A% and K%.

Theorem 7.3. Let G, H € TG such that Lg(U x V') = Lg(U) xLg (V) nat-
urally for all U € U(G), V € U(H). Then L2%(G x H) = II2°(G) x LS (H).
If (Gi)ier is a family of Hausdorff groups, with direct product G := [[;c; Gi,
such that Lx ([ [;cp Ui) = [Licp Lx(Us) naturally for all finite subsets F of I
and U; € U(Gy), then (LS (pr;))ier : L2S(G) — [Lics L2%(Gy) is a quotient
morphism of topological K-Lie algebras.

Proof. The assertions are immediate consequences of Theorem 7.1. For ex-
ample, since {U x V: U € U(G),V € U(H)} is cofinal in U(G x H), it is
easy to see that L2¢(G x H) = lim Lg(U x V) 2 lim Lg (U) x lim Lg (V) =

L2°(G) x Lo (H). 0

Problem 7.4. The author does not know whether the mapping V defined
in Theorem 7.1 will be injective in general in the case where K = Q,. The
same applies to the corresponding mappings in Theorem 7.3 and Corol-
lary 10.4 below.

Example 7.5. The following example shows that the functor Ag, does not
preserve infinite direct products in general. We note first that a local p-
adic one-parameter subgroup X : U — Q, of (Q,,+), defined on an open
subgroup U of @, is uniquely determined by its function germ at 0. To see
this, suppose that W is an open subgroup of Q, contained in U. Since Q,, is
a Q-vector space, we have unique divisibility. Noting that U C (J,cnp™ "W,
the claim follows.

Now consider the compact, totally disconnected group G := ZE. By
Proposition 5.11 and Theorem 7.1, the map 9 := (Lq, (pr,,))Jnen: Lo, (G) —
Lo, (Zp)" is surjective; here Lo, (Z,) = Ag,(Z,) = Q,. Since réi is a bi-
jection, we may consider 1 as a map Lq,(G) — [(Qp, Zp)N. We set 6 :=
w‘AQP(G)' The mapping §: I'(Qp, Zp) — Qp, [X] — X'(0) is an isomorphism
of abelian topological Q,-Lie algebras; we put x := N o 6. We claim that
x(im rgp) = (*°, the space of bounded sequences of p-adic numbers; then
also x(Aq, (G)) = £, since x is a homomorphism of abelian Q,-Lie algebras,
whence x(Ag,(G)) # Q) indeed, i.c., im6 # Ag,(Z,)". Note that G will
also provide an example of a group such that r&) is not surjective, once we
have verified the claim. One part is clear: If z = (2, )pen € £°°, thereisk € Z
such that z, € p*Z, for all n € N; then Z: p~*7Z, — G, t — t(z,) is a local
p-adic one-parameter subgroup of G such that X(r(gp([Z])) = (zn)nen. Thus

£°° < im# indeed. Now suppose that X : kap — (@ is any local p-adic one-
parameter subgroup of G; put X, := pr,, o X. Then X, (t) = X, (0)t € Z,
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for all t € p*Z,, as follows from the above discussion: Thus X/,(0) € p~*Z,
for all n € N. This implies that y(im rgp) C (.

8. The real Lie algebra functors are all different.

In this section, we show that the real topological Lie algebra functors AIeRXp7

ACXP rexp jrarc AMC tarc A0 {9 0 N loc #loc rloc
AR ) L]R 5 AR ) A]R ) LR ) AR7 AR? L]Rv AR7 AR) LRa A]R ) A]R ) L]R are

pairwise not naturally isomorphic, by explicit calculation of the real Lie
algebras for nine selected examples.

8.1. Let Gy := Q, equipped with the topology induced by R. Then cg(Q) =
Qarc = Qo = {0}, and U = Q for every open subgroup U of Q. Using that Q
is dense in R, we deduce from Proposition 5.9 that Llﬁc(Q) ~ 1r(Q) =

—“arc

R. However, all of Ag®(Q), Az " (Q), LyP(Q), AF¢(Q), Ay (Q), LE(Q),

AL(Q), A%(Q), LAU(Q), AL(Q), A(Q), Az(Q), and Az(Q) are the zero
algebra {0}.

8.2. Let Go = F' be a connected, locally connected, dense, proper subfield F
of C (see [6]). The path component P of F' being an ideal, either F' is totally
pathwise disconnected or F' is path-connected. The latter cannot be true
since it would entail that P is an analytic subgroup of C and hence a vector
subspace: Thus F' is totally pathwise disconnected. Note that U(F') = {F'}
by connectedness. We easily deduce that LY(F) = LI¢(F) = Lg(F) =

exp

Lg(C) = R?, whereas all of AgP(F), Ap " (F), LeP(F), AZ(F), Ay (F),

Lare(F), AQ(F), Ra(F), NS(F), RO(F), Ar(F), and A (F) are the zero
algebra.

8.3. Let I be a set such that card(l) > 2%, and consider the locally compact
semidirect product G3 := G := T!xSym(I), where the group Sym(I) of all
permutations of I is equipped with the the discrete topology and acts on the
product T! by permuting indices. Then T! < ker f, for every f € Ir(G),
cf. [9], proof of Theorem 5.2 (a). Hence Hy is discrete for all f € Jr(G),
and Ag(G) = Ag(G) = Lg(G) = {0}. On the other hand, we have cg(G) =
Garc = Go = T!, and T' is an upper bound for U(G) with respect to inverse
inclusion. We easily deduce that all of Ag " (G), ART(G), Ly P(G), A¥(G),

82°(G), LE(G), A(G), Rp(G), 1§, N(G), Rg"(G), and LEY(G) are
isomorphic to R’.

8.4. Let G4 := V be a real locally convex vector space of dimension N.

Then V 2 Ag(V) as an abstract vector space by Proposition 6.2 (e), whence

Lg(V) is an infinite-dimensional vector space. By a Baire argument, the

completely metrizable topological vector space RY must have uncountable

dimension: The same then holds for every infinite-dimensional weakly com-
—€exp

plete space. Thus all of A (V), L P(V), Ag (V), La(V), K%(V), L2 (V),
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ﬁﬁc(V), 1)9°(V), Ag(V), and Lg(V) have uncountable dimension, whereas
) =

AR(V) = AgP(V AZC(V) = AQ(V) = ARS(V) have countable dimen-
sion.

8.5. Let G5 := G be the additive subgroup of the Banach space V := L}(R)
consisting of the classes of those Lebesgue integrable functions which take
integer values almost everywhere; equip G with the norm-topology. Let
€: G — V be the embedding. It is well-known that G is a contractible,
locally contractible group, and that every one-parameter subgroup of G is
trivial. Let K be the set of linear surjective maps f: V — Hy in Ig(V)
such that Hy is a finite-dimensional vector space; as observed in the proof
of Proposition 6.2 (e), K is a cofinal subset of Ig(V'). Similarly, let x be the
set of surjective morphisms f: G — Hy in Ir(G) onto finite-dimensional
vector spaces Hy. We claim that s is cofinal in Ir(G). To see this, let
f: G — Hy be in Ir(G); then Hy is an abelian, connected Lie group, and its
universal covering Lie group H ¢ =: W is an abelian, simply connected Lie
group and therefore is a finite-dimensional real vector space. Ife:W — Hy
is a covering morphism, there exists a unique morphism f G — W such
that co f f. Then im f is a path-connected subgroup of W' and hence is
an analytic subgroup. Thus im f is a vector subspace Wy of W; it remains
to observe that there is g € x such that g ~ ﬂwf, and g > f. Note that
if f € K, then f|g = foe is surjective as well, so that foe is equivalent to an
element of k. To see this, note that f(G), being a path-connected subgroup
of the vector space Hy, is a vector subspace. Using that f is a continuous
linear map, we deduce that f(G) = f(QG) = f(V) = Hy. Here f is uniquely
determined by f|q, since span G is dense in V. Conversely, every morphism
f: G — W in k extends to a morphism g: V — W. Indeed, since W is a
torsion-free divisible group, f has a unique extension to a homomorphism h:
QG — W. If U is a convex, symmetric zero-neighbourhood in W and r > 0
such that f(B,(0)NG) C U, where B, (0) denotes the open ball with radius r
around 0 in LY(R), then h(B,(0) N QG) C 2U. To see this, suppose that
¢ € G and n,m € N such that ¢ € B,.(0); we may assume n = 1 without
loss of generality. Then h(%gb) = % f(#). If k is the smallest natural number
such that kr > ||¢||1, we find k disjoint measurable subsets Xi,..., X of R
such that ¢ = Z§:1 ¢ 1x;, where [|¢ 1y, |1 < r. We have f(¢1y,) € U for
all j, and thus f(¢) € kU, whence h(L¢) € %U. It remains to note that
Lol < rand rk < |¢[|; + r, whence
b llolhtr _floh | 1 2
m rm rm  m

thus h(L¢) € 2U indeed. We deduce that h is continuous; QG being a
dense subgroup of V, there exists a unique extension of h to a morphism
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g:V — W, and g is linear. The preceding observations imply that G (e)
is an isomorphism of projective systems, whence Lg(e) : Lr(G) — Lgr(V)
is an isomorphism of topological Lie algebras. By Proposition 6.2, we have
Lr(V) = (V/)* =2 L*°(R)*; in particular, Lg(G) # {0}. We deduce that
{0} # L¥YG) = LY(G) = L%(G) = Lr(G), whereas Hom(R,G) = {0}
entails that all of AZP(G), Ax " (Q), LEP(G), AZ(G), Ay (G), AY(Q),
K%(G), Aloe(@), ﬁﬁC(G), Ar(G), and Ag(G) are the zero algebra.

8.6. Again, let F' be a connected, locally connected, dense, totally pathwise
disconnected subfield of C. Since F' is locally connected, the identity com-
ponent M := (F*)g of F* = F\{0} is an open subset of F'. The closure
of M in C* is an open subgroup of the connected group C* and hence is all
of C*. Then A := CxC* (where C* acts on C via multiplication) is a con-
nected locally compact group; we consider B := F'xM as a dense subgroup
of A. Let 7 be an irreducible continuous unitary representation of A on an
infinite-dimensional complex Hilbert space H; for example, we can take the
representation m on H = L?(C) given by

m(b,a)(f)(z) := |a] - ¢ 0 - f(az)

for (b,a) € A, 2 € C, f € L*(C). Then also 7 := 7|p is irreducible. We
define Gg := G := HxB. If f: G — Hy is in Ig(G), we deduce as in the
preceding example that there is a morphism ¢g: ‘H — R" for some n such
that kerg < ker f; hence ker f N H contains a nontrivial vector subspace.
Now the largest vector subspace V of H contained in ker f NH is invariant
under all automorphisms of the topological group H which leave ker f N'H
invariant. Since ker f NH is a normal subgroup of G, we deduce that V is
invariant under the action of B. The irreducibility assumption yields V = H,
whence H < ker f. Thus, if ¢: G — B denotes the quotient morphism,
Sr(q) is an isomorphism. Note that U(G) = {G}, since G is connected.
Thus L¢(G) = LY(G) = Lr(G) = Lr(B) = Lg(A) is a nontrivial finite-
dimensional Lie algebra, A%(G), K]%(G), Alee, ﬁﬁc(G), Ar(G), and AR(G)
is the zero algebra, whereas A" (G), ART(G), Lz P(G) AZC(G), Ag (@),
and LY °(G) are infinite-dimensional abelian Lie algebras.

8.7. Let M be any connected locally compact group which admits an ir-
reducible continuous unitary representation 7 on an infinite-dimensional
Hilbert space H (see 8.6). By [32], there exists a quotient morphism
q: T — M from a totally disconnected topological group 1T onto M; then
T := mwogq is an irreducible continuous unitary representation of 7" on H. We
claim that G := G7 := 'H T is an example of a topological group satisfying
AIIE&?C(G) # A% (G). To see this, suppose that U is an open subgroup of G.
Since U NH is an open subgroup of H, we have UNH = H. This entails that
U=H,,xV,where V := UNT is an open subgroup of T. Now ¢(V') being

Tlv
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Figure 2. The entry ¢ indicates that the abstract Lie alge-
bras associated with G; by the functors indexing the respec-
tive row and column are not isomorphic.

an open subgroup of M, the connectedness of M implies that ¢(V) = M.
Thus 7|y is an irreducible continuous unitary representation of V' on the
infinite-dimensional complex Hilbert space H. As in 8.6, we deduce that
H C ker f, for every f € Ix(U). On the other hand, im(X) C ‘H for every
one-parameter subgroup X : R — U of U = H | ,xV, the group V being

totally disconnected. We deduce that Ag(U) = {0}. Thus AR%(G) = {0}.
In contrast, we have A% (G) = Ar(H) = H,, by Proposition 6.2 (e), which is
an infinite-dimensional abelian topological Lie algebra.

8.8. Let H be the Heisenberg group associated with R; thus H := RxRxT
as a topological space, with multiplication given by (x,y,z)(2',y,2") =
(x 4+ 2/, y + o/, 22'€""). Let 7 be the Schrodinger representation of H
on H := L*(R); then 7 is an irreducible, continuous, unitary representa-
tion, see [26], Lemma A.VIIL.2; the torus acts via scalar multiplication.
Let A := G5 be as in 8.5, and f: A — R be a surjective morphism; we
make the topological space K := A x A x T a topological group by setting
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(z,y,2)(@ ), ) = (x + 2,y + ¢/, 22 eTWFE)) . Then ¢ == f x f x idr,
K — H is a surjective morphism, whence 7 := mwo1 is an irreducible, contin-
uous, unitary representation of K. We set Gg := G := H X K; then Gare =
G, and cp(G) = HxT. As above, we find that every morphism from G
into a Lie group has H in its kernel: Thus AF°(G) = AF(K) = Ar(K).
If h: T — K is the embedding, Hom(R, ) : Hom(R,T) — Hom(R, K)
is a bijection. Since rg is a bijection onto Ag(T) = R, we easily de-
duce that Ar(h) maps Ar(T) onto Agr(K), whence the latter is at most
one-dimensional. Let F' be a finite-dimensional complex vector subspace
of H now; then F and F are invariant under the multiplication action
of T, and hence are normal subgroups of HxT; we obtain a quotient map
q: HxT — (HxT)/F+ = FxT. It is easy to see that Ar(q) is surjec-
tive, whence Ap ¥ (G) = Ar(HxT) is infinite-dimensional. Thus ART(G) is
infinite-dimensional as well, whereas Ap (@) has finite dimension.

8.9. Let £: R — T? be a morphism with dense image Gy := im&. Then
G = (@) and AFP(G) = Az P(G) = Ar(G) = R, whereas LyP(G) =
Lr(G) = Lg(T?) = R2.

The information assembled in the preceding examples suffices to conclude

. — -0
that the Lie algebra functors AIeRXp, X%Xp, L%Xp, AFC, A%rc, L& A9, Ag,

LY, Alﬂgc, Aﬂzc, LIH%C, Ar, Ar, and Ly are pairwise not naturally isomorphic,

see Figure 2. Indeed, we have shown more: The functors are not even
pairwise naturally isomorphic when considered as functors into the category
of abstract Lie algebras.

9. Zp-Lie algebras of abelian topological groups.

It is our next goal to study the specific behaviour of the p-adic Lie algebra
functors on the category of locally compact groups (Section 10 below). As a
prerequisite, in the present section we assemble information concerning the
natural Z,-Lie algebras of abelian topological groups.

On the category TAB of abelian topological groups, we can consider the
functor Hom(Q,, ) into the category of topological abelian Q,-Lie algebras,
and the functor Hom(Z,, ¢) into the category of abelian topological Z,-Lie
algebras (the Hom-groups being equipped with the compact-open topology,
addition being defined pointwise, and multiplication via (rX)(t) := X (rt)).
To see that given G € TAB, the topological abelian group Hom(Q,, G) is a
topological Q,-vector space, recall that if V' is a Qp-vector space and V a
filter in V', then V is the neighbourhood filter at 0 of a Q,-topological vector
space topology on V if and only if:

(a) For every U € V, there is W € V such that W + W C U;
(b) Every U € V is absorbing, that is, for every « € V, there is n € N such
that p™x € U for all m > n;
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(c) For every U € V, there exists a balanced set W € V (i.e., a set satis-
fying Z,W = W) such that W C U;

(d) For every U € V, there exists W € V such that W C pU.
The sets |K,U| := {X € Hom(Q,,G) : X(K) C U}, where K ranges
through the compact subsets of Q, and U through the identity neighbour-
hoods in G, generate a filter V. Since Hom(Q,, G) is a topological group,
V satisfies Condition (a). Now given K and U, note that K’ := Z,K is
balanced, hence so is |K',U] C |K,U|. For every X € Hom(Q,, G), the
open subset X 1(U) in Q, contains a ball p™Z, for some m. Furthermore,
there is n € Z such that K C p"Z,. Then p*X € |K, U] holds, for every
k > m — n, whence the latter set is absorbing. Note that Condition (d)
is satisfied since |[p~'K,U| C p|K,U]. Hence Hom(Q,, G) is a topological
vector space over Q. The proof that Hom(Z,,, G) is a topological Z,-module
is similar: We have to check Conditions (a), (b), and (c) above.

The restriction map Hom(Q,, G) — Hom(Z,, G) is a morphism of topo-
logical Z,-modules. Furthermore, we have Q,-linear mappings

G el

[]
Hom(Qy, G) —5 T(Qp, G) 2 Ag, (G),

where we define addition and scalar multiplication on I'(Q,, G) analogously
to the definitions for Hom(Q,,G), and set tgp = 7’&|AQP(G); here ng
denotes the mapping which assigns the germ [X] to a morphism X : Q, —
G. The map [](gp need not be surjective: E.g., Hom(Q,,Z,) = {0} but
I'(Qyp, Zyp) = Qp; it also does not have to be injective in general. For instance,
the discrete Priifer p-group G := Z(p*°) is isomorphic to Q,/Z,, whence
Hom(Q,,G) # {0}; however, I'(Q,,G) = {0} since G is discrete. The
mapping tgp need not be injective (as the group constructed in the proof of
Proposition 6.2 (c) shows), but it is always surjective in the abelian setting
(since rgp is linear).

Given an abelian topological group G, we define expg : Hom(Z,,G) —
G via X — X(1); note that expg is a continuous homomorphism, since
Hom(Z,, G) is equipped with the compact-open topology, which is finer than
the topology of pointwise convergence. Let F' denote the forgetful functor
from the category of topological Z,-modules to the category of abelian topo-
logical groups. Plainly exp,,:id - F' o Hom(Z,,s) is a natural transforma-
tion.

Let us have a closer look at the functor Hom(Z,, ¢) now.

Theorem 9.1. The functor Hom(Z,,, e) has the following properties:

(a) If G is an abelian topological group, H is a closed subgroup of G,
and oo : H — G s the inclusion morphism, then Hom(Zy, o) is an
isomorphism onto its image {X € Hom(Z,,G):im X < H}.
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(b) For every morphism 3: G — H between abelian topological groups, we
have ker(Hom(Z,, 3)) = Hom(Z,, ker(/3)).

(¢) If G and H are compact abelian groups and ~v: G — H is a quo-
tient morphism, then Hom(Zp,~) : Hom(Z,,G) — Hom(Z,, H) is a
surjective morphism of topological Z,-modules.

(d) If (Gy)ier is a family of abelian topological groups, with direct prod-
uct G, then (Hom(Zy,pr;))icr : Hom(Zy, G) — [[;c; Hom(Zy, G;) is
an isomorphism of topological Z,-modules. Similarly, Hom(Zy, e) re-
spects projective limits.

Proof. (cf. [14], Proposition 7.38).

(a) Let « : H — G denote the inclusion morphism. It is plain that
Hom(Z,, &) : Hom(Z,, H) — Hom(Z,, G) is a continuous injective homomor-
phism with image {X € Hom(Z,,G): im X < H}, whence we may identify
im (Hom(Z,, o)) with Hom(Z,,, H) as an abstract abelian group. If U is an
open identity neighbourhood in H, there exists an open identity neighbour-
hood V in G such that HNV = U. Then |Z,,V |y = |Zp,U |cNHom(Z,, H)
proves that Hom(Z,, o) is open onto its image, i.e., an embedding of topo-
logical Z,-modules.

(b) The sets clearly coincide; now use (a).

(c) The discrete Priifer p-group Z(p>) is divisible, whence it is an injective
object in the abelian category of discrete abelian groups ([7], Theorem 21.1;
cf. [11] for the terminology). In view of Pontryagin duality, the dual group
Z(p>®)" = Z, is a projective object in the abelian category of compact
abelian groups: This is what (c) asserts.

(d) The proof of (d) is analogous to the real case treated in [14], Propo-
sition 7.38; we shall not need it in the following. ([l

The following question arises naturally:

Problem 9.2. If G, H are compact abelian groups and v: G — H is
a quotient morphism, we have seen in Theorem 9.1 (c) that Hom(Z,,~) :
Hom(Z,,G) — Hom(Z,, H) is a continuous surjective homomorphism of
Zp-modules. Is it true in general that Hom(Z,,~) is also open, hence a
quotient morphism?

We conclude this section with a number of applications of Theorem 9.1 (c).
If G is a locally compact group, let P(G) be the set of periodic elements of G;
recall that an element g € G is called periodic if the subgroup generated by g
is relatively compact. If G is a totally disconnected, locally compact group,
then P(G) is closed in G, see [36].

Corollary 9.3. Let ¢ : G — H be a morphism between locally compact
groups, and Y : Z, — H be a morphism. Then there exists a morphism

X:7Z, — G such that 9o X =Y if and only if v=1({Y(1)}) N P(G) # 0.
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Proof. Suppose that X exists; then clearly X (1) € P(G) and X(1) €
Y1 {Y (1)}). Conversely, if there is z € v~ 1({Y(1)}) N P(G), we let A
be the closed subgroup of G generated by x. Then A is a compact abelian
group, and Y (Z) < B := ¢(A). Using the density of Z in Z, and the fact
that B is compact, we deduce that Y (Z,) C B. By Theorem 9.1 (c), there
is X € Hom(Zp, A) such that ¢|% o X = Y|B. Thus X, considered as a
morphism Z, — G, satisfies o X =Y. O

Corollary 9.4. Let ¢ : G — H be a morphism between locally compact
groups. Then (Rg,(G)) € Rq,(H); an element y € H is contained

in ¥(Rq,(G)) if and only if y € Rg,(H) and ¢~ ({y}) N P(G) # 0.

Proof. Since ¢ o X € Hom(Z,, H) for every X € Hom(Z,, G), it is obvi-
ous that 1(Rg,(G)) € Rg,(H). The remainder follows immediately from
Corollary 9.3. U

As a special case, we obtain:

Corollary 9.5. Let q: G — @ be a quotient morphism between compact
groups. Then 4(Rg,(G)) = Ro,(Q). a(cq, (G)) = cq,(Q), and ¢(C, (G)) =
C@p (Q)'

10. Qp-Lie algebras of locally compact groups.

When restricted to the category of locally compact groups, the p-adic Lie
algebra functors behave much better than they do on the whole category of
Hausdorff groups. In this section, we describe various results specific to the
locally compact case.

The investigation of the p-adic Lie algebras Lq, (G) for locally compact
groups G can be reduced to the case where G is totally disconnected, since
every morphism f: G'— Hy into a p-adic Lie group H factors through the
totally disconnected group G/Go, whence Lo, (7) : Lg,(G) — Lq,(G/Go)
is an isomorphism (here 7 : G — G/Gp denotes the canonical quotient
morphism).

Proposition 10.1. Let G and H be totally disconnected, locally compact
groups, and q: G — H be a quotient morphism. ThenT'(Qp,q): I'(Qp, G) —
I'(Qyp, H) is surjective. The same conclusion holds if G and H are arbitrary
compact groups.

Proof. Let U be a compact open subgroup of G; then ¢(U) is a compact
open subgroup of H. If [Y] € I'(Q,, H), we may assume that the represen-
tative Y is chosen such that imY C ¢(U) and such that Y has domain of
definition p"Z, for some n € Z. Then Y7 := Y (p™e): Z, — H is a morphism
with image in ¢(U), and by Corollary 9.3, there is a morphism X;:Z, — G
such that go X1 =Y7. Then go Xi(p~"e) =Y. (|
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We abbreviate K := Q, for the rest of this section.

Corollary 10.2. If G s a totally disconnected, locally compact group, or if
G is a compact group, then imr§ is dense in Lg(G), i.e., Ax(G) = Lg(G).
Also, im p$ is dense in II2°(Q).

Proof. Suppose that X = (Xj)fer, (@) € Lr(G), and suppose that U is
a neighbourhood of X in Lg(G). We may assume that U is of the form
Lk (G) N[ Ifery () Us, where Uy is open in Lk (Hy) and Uy = Lx(H) unless
f € F for some finite subset F' of Ix(G). Let g be an upper bound for F
in Ix(G). Since G is locally compact, Jx(G) is cofinal in Ix(G). We may
therefore assume that g is a quotient morphism. By Proposition 10.1, there
exists Y € I'(K, Q) such that I'(K,g)(Y) = X,. Then ¢(Y) € U, which
proves that im 7§ is dense in Lk (G).

Now suppose that X = (Xv)yecu(a) € [}2°(G) and that V is a neighbour-
hood of X in Li¢°(@); without loss of generality V = L}2° N Hoeue) Vo
where each Vi is open in Lg(U) and Vy = Lg(U) unless U € F for
a finite subset F' of U(G). Then W := (| F is an upper bound for F.
Since r¥ has dense image, there exists Y € I'(K,W) = I'(K, G) such that
iy (Y) € Nyep Lx(kuw) (V). Then p§(Y) € V. O

The following result is the p-adic analogue of [18], Lemma 1.3:

Corollary 10.3. Suppose that G, H are locally compact groups and q: G —
H is a quotient morphism. Then Lg(q): Lx(G) — Lk(H) is a quotient
morphism.

Proof. Set G' := G/Gy, H := H/Hp, and let g: G — G', h: H — H’
denote the canonical quotient morphisms; there is a unique quotient mor-
phism ¢’ : G’ — H’ such that ¢’ o g = hogq. Since Lg(g) and Lg(h) are
isomorphisms, we only need to show that Lg(q’) is a quotient morphism,
i.e., we may assume that G and H are totally disconnected. By naturality
of rg and Proposition 10.1, we conclude that im Lk (g) 2 imLg(q) o 7§ =
im rﬂlg oI'(K,q) = imrg, which is dense in Lg(H) by Corollary 10.2. Now

Proposition 2.1 applies. ([

Corollary 10.4. Suppose that G1,...,Gy are locally compact groups, and
G their direct product. Then Lx(G) = Lg(G1) X -+ x Lrg(Gr). If (Gi)ier
s a family of locally compact groups, almost all of which are compact, with
cartesian product G, then V := (Lx(pr;))ier : Lx(G) — [Lic; Lr(Gi) is a
quotient morphism.

Proof. Reduce to the disconnected case; now the hypotheses of Theorem 7.1
are satisfied in view of Corollary 10.2. O

Corollary 10.5. Suppose that U, G are locally compact groups and that
a: U — G is an open embedding. Then Lk («) is a quotient morphism.
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Proof. We may assume that U and G are totally disconnected. Since a(U)
is open in G, we deduce that T'(K, «) is a bijection. Now proceed as in the
proof of Corollary 10.3. O

Corollary 10.6. Suppose that G is locally compact, and U an open sub-
group of G. Then the canonical morphism my : U2S(G) — Lg(U) is a
quotient map.

Proof. We can reduce to the totally disconnected case. Now 7y o pﬂ(g = rﬂg
shows that im rﬂg C im7y, whence im 7y is dense in Lg(U). The claim
follows from Proposition 2.1. O

Corollary 10.7. The analogues of Corollary 10.3 and Corollary 10.4 hold
for the functor LIH%C. An analogue of Corollary 10.4 holds for the func-
tor L%Xp; also an analogue of Corollary 10.3 holds for this functor, with
the restriction that all groups involved have to be totally disconnected.

Proof. Let G and H be locally compact groups and ¢: G — H be a quo-
tient morphism. Then q]qU,l(U) is a quotient morphism, for every U € U(H),
whence L (kyg-1(1)) : Lik(¢~*(U)) — Lg(U) (where kyq—1 () is defined
as in the definition of R) is a quotient morphism of topological Lie alge-
bras, by Corollary 10.3. From the preceding and Corollary 10.6, we de-
duce that I)2°(¢) has dense image; now Proposition 2.1 shows that 1}2%(q)
is a quotient morphism. In the case where G and H are totally discon-
nected, we know from Proposition 10.1 that I'( K, ) is surjective; then clearly
I'(K, ck(q)) is surjective as well. As in the proof of Corollary 10.3, this im-
plies that Ly *(¢) = Lk (ck(g)) is a quotient map. The analogue of Corol-
lary 10.4 for the functor Ll]féc follows immediately from Corollary 10.4 and
Theorem 7.3. The analogue for the functor L]%Xp follows from Corollary 10.4
and Remark 7.2. O

11. Groups of finite p-adic dimension.

If G is a totally disconnected, locally compact group, then LBE(G) is a
weakly complete topological Lie algebra and hence is isomorphic to QII) for
a set I, where card(l) = dime(Ll&(G)’ ) is uniquely determined. We call
card([) the (local) p-adic dimension of G. The global p-adic dimension of G
is the dimension of Lg,(G)". In the following, we show that for every locally
compact group G of finite p-adic dimension, the set I'(Q,,, G) of germs at 0 of
local p-adic one-parameter subgroups, modulo suitable equivalence relations,
can be identified with the local p-adic Lie algebra of G.

Proposition 11.1. Suppose that G is a totally disconnected, locally com-
pact group of finite p-adic dimension. Then pgp : T(Qp, G) — Ll&(G) is
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surjective. If G is a locally compact, totally disconnected group of finite
global p-adic dimension, the map r(gp: I'(Qp, G) — Lo, (G) is surjective.

Proof. We abbreviate K := Q,. Assume that G has finite p-adic dimension;
the case of finite global p-adic dimension can be treated similarly. Since
the finite-dimensional Lie algebra I}2°(G) is the projective limit of the Lie
algebras Ly (U) and the limit maps 7y : L2S(G) — Lg(U) are surjective
by Corollary 10.6 for all U € U(G), there exists an open subgroup W of G
such that the canonical morphism my : I2¢(G) — Lg(W) is an isomor-
phism. Similarly, since L (W) is finite-dimensional, there exists f € Ix (W),
f: W — H such that Lg(f) is injective. By the cofinality of Jx(W) in
Ix (W), we may assume that f is a quotient morphism: Then Lk(f) is an
isomorphism, using Corollary 10.3. Since H is a p-adic Lie group, r]{g is sur-
jective. Using Proposition 10.1 and the naturality of rk, we deduce that rHV(V
is surjective. Now my o pﬂcg = rHV(V shows that pﬂcé is surjective. ]

Remark 11.2. If G is a locally compact group of finite p-adic dimen-
sion, we use the surjection pgp to define a Lie algebra structure on the set

['Qp, G)~ :=T(Qp, G)/ker pgp. We write [[X]] for the equivalence class of

[X]. Let mgp denote the map obtained by factoring pgp through I'(Q,, G)™;

then mgp is an isomorphism of Lie algebras. If ¢v: G — H is a morphism,

where G and H are locally compact groups of finite p-adic dimension, then
L(Qp,¥)~ : T(Qp, )~ — T'(Qp, H)™,[[X]] — [[¢ o X]] is well-defined and
makes I'(Q,, )~ a functor from the category DISCq, of totally disconnected,
locally compact groups of finite p-adic dimension into the category of (finite-
dimensional) p-adic Lie algebras; mq, : I'(Qy, e)~ — L10§|ID>HS<CQP is a natural
isomorphism.

Problem 11.3. Is there a topological group G (preferably locally compact
and totally disconnected), such that im rg is a proper subset of Ag,(G)?
If not, we could always identify Ag,(G) with I'(Q,, ), modulo a suitable
equivalence relation. The analogous question in the real case seems to be

open as well.

12. The p-adic Lie algebra functors are all different.
. . —exp -
The p-adic Lie algebra functors Ag;p, Ag, ; Lg;p, Aq,, Ag,, Lq, LI&, Al&,
and ﬁ& are pairwise not naturally isomorphic (and nor even are the com-
posites of the forgetful functor to abstract p-adic Lie algebras with these
functors). To see this, we compute the p-adic Lie algebras of five examples.

12.1. Let G; :=V := Q](?N), equipped with any locally convex topology. By

Section 9, we have a continuous Qp-linear map tép o []&) : Hom(Q,, V) —
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A, (V). It is easy to see that every x € Hom(Qp,V) is Qp-linear, and
that the mapping expy : Hom(Qp, V) — V, k — k(1) is an isomorphism
of topological vector spaces, with inverse v +— (z +— zv). Thus ¢ = t&p o

[]ép o exp‘_,1 is a linear map. By the argument given in Example 7.5, []&)

is an isomorphism, and tép is surjective as a linear map into an abelian
p-adic Lie algebra whose image generates the latter. We deduce that ¢ is
surjective. If v € V is a nonzero element, the p-adic Hahn-Banach Theorem
(cf. [23]) shows that there exists a continuous linear functional g: V' — Q,
such that g(v) # 0. Now the quotient map f: V — V/kerg is an element
of Ig,(V), and the f-coordinate of t(v) is the germ at 0 of the mapping
Qp — V/kerg, z — z(v + kerg), a nonzero element of Lg,(V/kerg). We
have proved that v is an isomorphism of vector spaces. Thus Ag,(V) has
countable, infinite dimension; this implies that Ag, (V) and Lg, (V) have
uncountable dimension. Note that V' = cq,(V'); thus Lg;p(V) = Lo, (V),

exp

Ag;p(V) = Ag,(V) and K@p (V) =Ag, (V). It is easy to see that AI&(V) =
Ag,(V), whence this Lie algebra has countable, infinite dimension; thus

ﬁéi(‘/) and LI&(V) have uncountable dimension.

12.2. Let I be a set of cardinality > 280 and consider the locally compact
semidirect product G = G := Z]I)NSym(I ) and its open, compact, nor-
mal subgroup U := Zé. Then every morphism from G into a p-adic Lie
group has U in its kernel, see [9], proof of Theorem 5.2, whence every p-
adic Lie quotient of G is discrete. Hence Lo, (G) = {0} and therefore also
Ag,(G) = Ag,(G) = {0}. Now the open, normal subgroup U of G has
a nontrivial p-adic Lie algebra: By Theorem 7.1, we have a quotient mor-
phism of topological Lie algebras V: KQP(U ) — @i. We deduce from Corol-

lary 10.6 that LI&(G) is an infinite-dimensional Lie algebra as well. Now G

being locally compact and totally disconnected, we have ﬁéi(G) = LBE(G)

as a consequence of Corollary 10.2. This in turn implies that AI&(G) has
infinite dimension. The proper Q,-component cg,(G) contains U and all
p-torsion elements of Sym(I ); since in the proof of [9], Theorem 5.2, the
permutation ¢ can always be assumed to have order p, every morphism
from cg,(G) = Cq,(G) into a p-adic Lie group has U in its kernel, so
that AgP (G) = AGP(G) = Ag,”(G) = {0}

12.3. Let G3 := G := Q, equipped with the topology induced by Q,. Then
I'(Qp,U) = {[0]} for every open subgroup U of G (using that there is no
nontrivial continuous homomorphism from Z, into a countable torsion-free

group), whence Ag, (G) = Ag, (G), Al& (G) and KI&(G) are the zero-algebra.
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Figure 3. The entry ¢ indicates that the abstract Lie alge-
bras associated with G; by the functors indexing the respec-
tive row and column are not isomorphic.

Also cg,(G) = {0}, whence AgP(G) = Ag,"(G) = LgP(G) = {0}. On the
other hand, Lo, (G) = Lg,(Qp) = Q,, and LS (G) = LE(Q,) = Q.

12.4. Set U := Q% and G4 := G := UXZ, where Z acts by the shift ac-
tion. Then cq,(G) < U, since every morphism Z, — Z is trivial, and
then clearly cg,(G) = U. Thus Kg;p(G) = Ag,(U) has (Q,)% as a quo-
tient by Theorem 7.1; we deduce that both Kg;p (G) and Ag;p(G) have

infinite dimension. Now let f € Ig,(G); then K := f(U) is an abelian
p-adic Lie group, of dimension d, say. It follows from [3], §4.2, Lemma 3
and Theorem 2 that K has an open subgroup Ky isomorphic to Zg. Then
V := f~}(Ky) NU is an open subgroup in U; we therefore find some n € N
such that W := (Q,){""+h} < V. Now it is easy to see that every contin-
uous homomorphism Q, — Q, is linear, whence every morphism Q, — Z,
vanishes. W being a Q,-vector space, we easily deduce that f|y, which
maps into Ky = Zg, vanishes. Thus W < ker f; using the shift action, we
find that U Nker f is dense in U and therefore that U < ker f. Thus f
factors through G/U = Z, which implies Lg,(G) = Lg,(Z) = {0}. Then
Ao, (G) = KQP(G) = {0} as well.

12.5. Consider G5 := G := PSL,(Q) as a dense subgroup of PSL,(Q,) and
equip it with the induced topology. Since G is countable, Rg,(G) = tor,(G)
is the subset of p-torsion elements of G; in particular, every X € Hom(Z,, G)
has open kernel. It is evident that GG contains an element of order p; the
simplicity of G yields cq,(G) = G. Thus Kg;p(G) = Ag;p(G) = Ag,(G) =
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{0}, whereas L?Q);p(G) = Lq,(G) = Lg,(PSL,(Qy)) = Lg,(PSL,(Qy)) are
nonzero Lie algebras.

Figure 3 will help the reader verify that these examples suffice to show

exp FeXP 1 exp - 1 —doc 1
that the functors AQp » Mg, L@p , Ag,, Ag,, L, A&, Ag,, and L&; are

pairwise not naturally isomorphic.

13. Further examples and remarks.

Remark 13.1. We remark that continuous linear isomorphisms between
subspaces of weakly complete spaces (as encountered above) need not be
isomorphisms of topological vector spaces. To see this, note that Proposi-
tion 2.1 entails that the closed graph theorem holds for linear mappings be-
tween weakly complete spaces. Now the topological dual space (RY) 22 RM)
has countable dimension, whereas the algebraic dual (RY)* has uncount-
able dimension. Therefore there exists a discontinuous linear functional «
on RY. By reason of dimension, there exists an isomorphism of vector spaces
k: kera — R{Z3-} Pick an element zo € RN such that a(zg) = 1 and
define ¢: RN — RN via ¢(z) := (a(x), k(2 — a(x)x0)). Then 9 is a discon-
tinuous linear automorphism of RY. By the above, the graph V of 1 is not
closed in W := RN x RN, Let pry: W — RN be the projection W — RN onto
the first coordinate. Then 6 := pr;|y is a continuous linear bijection onto
the weakly complete space RY. However, 6 is not a topological isomorphism
since V', not being closed in W, cannot be complete.

Remark 13.2. As in the preceding remark, let ¢ be a discontinuous linear
automorphism of RY, equipped with the product topology. Then g; := RN,
together with the restriction maps prp := (pr;);er for finite subsets F' of N,
is the projective limit topological Lie algebra of the projective system of
finite-dimensional abelian Lie algebras R, together with the restriction
maps. Let go := RY, equipped with the topology which makes 1) a home-
omorphism onto the cartesian product RY. Then go, together with the
mappings prp o, is another projective limit of the projective system above.
Both g; and go have the same underlying abstract Lie algebra, but their
topologies are different. Thus [20], Theorem 2.10 is incorrect.

Remark 13.3. Let pq,...,p, be distinct primes, and G; be a p;-adic Lie
group for ¢ = 1,... ,n. By Proposition 6.2 (a) and (b), G := [[;_; G; carries

exp

its p-adic Lie algebra A@p (G) = Ag,(G), for every prime p. If we choose
Campbell-Hausdorff groups H), in Ag,(G) (almost all of which are trivial),

8The error seems to be located in line 10 of the “proof” of the cited theorem. It does
not seem to make any sense to say that the underlying [abstract] Lie algebra is linearly
compact, as there is no topology on an abstract Lie algebra.
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the group GG will be locally isomorphic to HpeIP H,. Hence we can recon-
struct G locally from the family A(G) := (Ag,(G))pep: the object A(G)
completely determines the local structure of G. Of course, one cannot ob-
tain such an easy description of the local structure for more general classes
of groups.

14. Extension of the Banach-Lie algebra functor.

In this final section, we construct topological Lie algebra functors on the
category of Hausdorff groups which even assign the desired topological Lie
algebras to all real Banach-Lie groups.

In the following, BLIEr denotes the full subcategory of TG whose ob-
jects are (possibly infinite-dimensional) real Lie groups in the sense of [3],
Chapter III, §8.1, Definition 1; in order to distinguish these from the finite-
dimensional Lie groups considered before, we follow the custom of calling
such Lie groups Banach-Lie groups. To every real Banach-Lie group G can
be associated a complete normable topological real Lie algebra £(G) in a
functorial fashion (cf. [3]). We let exps: £(G) — G denote the exponential
function of G ([3], Chapter III, §6.4, Theorem 4).

Recall that a real Banach-Lie group H is called an analytic subgroup of a
real Banach-Lie group G if the group underlying H is a subgroup of G, the in-
clusion map €: H — G is continuous (hence real analytic), and b := im L(e)
is a closed Lie subalgebra of £(G); then there is an identity neighbour-
hood W in H such that ey is a topological embedding, and £(¢)|? is an
isomorphism of topological Lie algebras, which we use to identify L£(H)
with b (cf. [22]). The following lemma is essential:

Lemma 14.1. Suppose that G and H are real Banach-Lie groups, and sup-
pose that f : G — H is a continuous homomorphism. Then there ex-
ists an analytic subgroup K of H, with Lie algebra € := im L(f), such
that K contains im f as a dense subgroup, and such that the homomorphism

fI%: G — K is continuous. K is uniquely determined by these properties.

Proof. See [10], Corollary 24.6 for the existence of K; its uniqueness is
obvious. O

In view of Lemma 14.1, we can proceed as in Sections 3 and 5, with the
only difference that instead of replacing continuous homomorphisms into Lie
groups by their corestrictions to the closure of the image (which was our gen-
eral philosophy in Section 3), we replace them by their corestrictions to the
analytic subgroups provided by Lemma 14.1 now. Thus, given a topological
group G, we let Q denote the class of continuous homomorphisms G' — H
into Banach-Lie groups Hy such that f has dense image; we pre-order this
class and define an equivalence relation as in Section 3, and determine a
set S(G) of representatives of the equivalence classes in the same way in
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which we determined Ig(G) in Section 3. Given f < g in S(G), we have
a unique continuous homomorphism ¢, : H; — Hy such that ¢, 09 = f;
in this way, we obtain a projective system B(G) := ((Hy)es(q), (9fg)r<g)
of Banach-Lie groups. If ®: G — L is a morphism of topological groups,
we define B(®): B(G) — B(H) along the lines of the definition of Sg(®) in
Section 3. We define Ly, := h;no(ﬁ)”o B: then, as in the finite-dimensional

case discussed above, one verifies that Ly, is a real topological Lie algebra
functor which extends the Lie algebra functor £ on the category BLIER of

real Banach-Lie groups. Clearly, we might define further real topological

. < 0 —+0 “arc
Lie algebra functors Apan; ABan, LBan> ARans ABans Lisens ASS, ABan:

L%ggn’ A%_g;n’ Ag);n, L%Xaril’ A%);I;’ AeBXaI;
of Ag,... ,K%Xp in Section 5; any of these functors extends the Banach-Lie
algebra functor £, in contrast to the functors defined earlier. We have to
pay a price: The topological Lie algebras defined in this section cease to be
weakly complete in general (infinite-dimensional Banach spaces not being
weakly complete), so that we lose a property which was so useful in our

discussion of the functors defined in Section 5.

now, in analogy to the definitions
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